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Abstract

The superintegrability of several Hamiltonian systems defined on three-dimensional config-
uration spaces of constant curvature is studied. We first analyze the properties of the Killing
vector fields, Noether symmetries and Noether momenta. Then we study the superintegrability
of the Harmonic Oscillator, the Smorodinsky-Winternitz (S-W) system and the Harmonic Oscil-
lator with ratio of frequencies 1:1:2 and additional nonlinear terms on the 3-dimensional sphere
S3 (k > 0) and on the hyperbolic space H® (k < 0). In the second part we present a study
first of the Kepler problem and then of the Kepler problem with additional nonlinear terms in
these two curved spaces, S (k > 0) and H3 (k < 0). We prove their superintegrability and we
obtain, in all the cases, the maximal number of functionally independent integrals of motion.

All the mathematical expressions are presented using the curvature s as a parameter, in
such a way that particularizing for k > 0, kK = 0, or K < 0, the corresponding properties are
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Introduction

A Hamiltonian system is superintegrable if it is integrable in the Liouville sense and it admits more
globally defined constants of motion than degrees of freedom. If the system has three degrees of
freedom and it admits five functionally independent integrals of motion then the system is maxi-
mally superintegrable. At the classical level superintegrability means that all bounded trajectories
are closed while at the quantum level this property is related to the degeneracy of the energy levels.
The two best known examples of these systems are the harmonic oscillator and the Kepler-Coulomb
problem. In fact, probably the first and oldest study on this matter was the theorem of Bertrand
[T, 2] (although of course without using this word) which states that the only central potentials for



which all bounded trajectories are closed are just these two particular systems: isotropic oscillator
and Kepler potential. In these two cases the additional integrals of motion are the components of
the Fradkin tensor [3] for the harmonic oscillator, and of the Runge-Lenz vector in the case of the
Kepler system [4] [].

Fris et al [6] studied the superintegrability in the Euclidean plane and proved the existence of
four families of superintegrable systems with quadratic in the momenta constants of motion; two
of these families were related with the harmonic oscillator and the other two with the Kepler
problem. This research was then continued in three-dimensional Euclidean space by Evans [7] and
then other systems were studied in different situations as on spaces with constant curvature [8]—
[21], on two-dimensional pseudo-Euclidean spaces [22]-[24], on spaces with conformally Euclidean
metrics [25]-[33] and even on more general curved spaces [34]—[38] (see [39] for a review). Most of
these systems were endowed with quadratic integrals of motion but systems possessing integrals of
motion of higher-order have also been studied [40]-[46], mainly in the two-dimensional Euclidean
space. We also mention some other recent articles dealing with different aspects of superintegrability
[47-[50].

In the present paper we analyze the superintegrability first of the oscillator and the Kepler systems
and then of some oscillator-related and Kepler-related Hamiltonian systems on three-dimensional
spaces of constant curvature, that is, on the Sphere $% and the Hyperbolic space H3. Actually, the
paper is related to some previous papers that were also concerned with similar problems. Some
of them were related with classical Hamiltonian systems on two-dimensional spaces [11], 14, [15],
[51, 52] and others were devoted to the quantum superintegrability on S? and H? [53, 54, 55] and
also on S3 and H? [56, [57].

It is clear that spherical and hyperbolic spaces are endowed with quite different geometrical
properties but nevertheless some dynamical properties (as for example those related with the inte-
grability of Hamiltonian systems) can be studied by making use of a joint approach valid for the
two types of spaces. So, the main idea is to study at the same time in a joint or unified form (and
not as two different studies) both situations: dynamics on the sphere (curvature k positive) and
dynamics on the Hyperbolic space (curvature x negative). With this aim we will make use of the
similar notation and techniques introduced in the above-mentioned previous articles. The following
points summarize the main characteristics of this approach.

(i) All the mathematical expressions are presented using the curvature k as a parameter, in such
a way that particularizing for k > 0, Kk = 0, or ¥ < 0, the corresponding properties are obtained
for the system on the sphere S3, the Euclidean space IE*, or the hyperbolic space H?, respectively.

(ii) The limit when x — 0 is always well defined and when x = 0, all the characteristics of the
Fuclidean system are recovered.

(iii) Many different x-dependent potentials can be constructed satisfying properties (i) and (ii).
Nevertheless, if we require that the superintegrability must be preserved, then this condition de-
termines a particular x-dependent function among all the possible curved version of the Euclidean
potential,

A consequence of this approach is that we obtain the following result



(iv) All the fundamental properties of the superintegrable Euclidean system continue to hold for
the curvature-modified Hamiltonian with x # 0 (in both cases k > 0 and k < 0) but they appear
in a modified k-dependent way.

The main idea is that the spherical and hyperbolic versions of the harmonic oscillator and Kepler
system can be considered as deformations of the well known Fuclidean systems, and conversely,
the Euclidean harmonic oscillator and Kepler system are very particular cases of the more general
“curved” systems. This fact remains also true for the noncentral systems obtaining by adding some
additional nonlinear terms to these two important central potentials.

In more detail, the plan of this article is as follows: In Section 2 we first present the notation
and then we study the existence of Killing vector fields, the Lagrangian and the Hamiltonian for
the geodesic free motion, the existence of Noether symmetries and the properties of the Noether
momenta. Then in Section 3 we first study the harmonic oscillator on S? and H? and then an
oscillator-related Hamiltonian with three nonlinear terms of the form ki/x2, ko/y?, and k3/22.
In Section 4 we study the noncentral 2:1:1 oscillator also with additional nonlinear terms and in
Section 5 first the Kepler problem and then we analyze a Kepler system modified with the three
k-dependent nonlinear terms k1 /22, k2/y? and k3/z? and we prove that it is also superintegrable
but with constants of motion of fourth order in the momenta. Finally, in Section 6 we make some
final comments.

2 Geodesic motion, k-dependent formalism, Killing vector fields,
and Noether momenta

In the following, all the mathematical expressions will depend of the curvature k as a parameter,
in such a way that for kK > 0, kK = 0, or kK < 0, we will obtain the corresponding property of the
Hamiltonian system particularized on the three-dimensional spaces Sphere S3, Euclidean space IE3
and Hyperbolic space H3.

In order to obtain appropriate curvature-dependent expressions we will make use the following
curvature-dependent trigonometric and hyperbolic functions:

cos /KT it kK >0, ﬁsin KT if K >0,
Cu(r) = 1 if k=0, Sk(z) = x if k=0, (1)
coshyv—rz if Kk <0, \/%7 sinhy/—kx if Kk <0,
and the k-dependent tangent defined in the natural way
Sk()
Tk(z) = 5
(@) =& @)

so that the Euclidean limits are correctly defined
lim 0 Cn(x) =1, limkso SK("E) =z, limg.o TK($) =,

(these functions, that were used in the papers [51]-[57] mentioned in the introduction, have also
been used by other authors, see, e.g. [13, 2I] and [58, 59]). In this way we can express in a single



k-dependent formula the differential element of distance ds?(k) in geodesic spherical coordinates
(r,6,¢) on the three three-dimensional manifolds Sphere S, Euclidean space IE? and Hyperbolic
space H3

ds*(k) = dr?® + S2(r) df* + S2(r) sin® §d¢? (2)

where we recall that r denotes the geodesic distance to the origin (North pole in the spherical case)
and not the radius of a sphere. It reduces to

ds? = dr® 4 sin®rdf?* 4 sin’ rsin® 0 dp?
dsg = dr® +r*d6* +r’sin® 0 d¢”,
ds*, = dr?+ sinh®r d#? + sinh? rsin® 6 dp? ,

in the three particular cases of the unit sphere (x = 1), Euclidean space (v = 0), and ’unit’
Lobachewski space (k = —1).

2.1 Lagrangian formalism, Noether symmetries, and Noether momenta

We recall that a vector field X € X(Q), defined on a Riemann manifold (Q, g), is called a Killing
vector field when it preserves the metric in the sense that the Lie derivative with respect to X of the
tensor metric g vanishes. A three-dimensional Riemann manifold with constant curvature admits
six linearly independent Killing vector fields, that generate six different one-parameter groups of
continuous isometries of the manifold, and that can be grouped in two sets of three vector fields.

(i) Three r-dependent vector fields that we denote by X, j =1,2,3,

0 sin ¢

Cdr)) [(cos 8 cos @) i (

Sk T)
)

(
Xo = Gsindsing) 5+ (S [foostsing) gy + (o

0= o) 5= (G5 ) 00 35

(ii) Three x-independent vector fields that we denote by Yj, j =1,2,3,

o ﬁ_ cos ¢ 2 B g_ sin ¢ E _3
Yi=-sing <tan9> 0p’ Yo =coso (tan@) 0p’ Ys= 0p’

0
d¢
0
¢

Xlz(sinecos¢)§+< ) 57l

sin @

) 571

sin 6

Everyone of these six vector fields is the generator of a one-parameter group of diffeomorphisms
preserving the metric ds2, that is, a one-parameter group of isometries of the Riemannian manifold.
Moreover if we denote by €2, the the volume form determined by the metric g,

Q. =]gldr NddANdep = S2(r)sinfdr AdO Adp, |g|=detg,
then they also preserve the volume form, that is,

Lx, Q. =0, LyQ,=0, i=1,23,



where Lx denotes the Lie derivative with respect to the vector field X.

Moreover, they close the following Lie algebra,
[X17X2]:_K/}/37 [X27X3]:_I€Y17 [X3)X1]:_K/Y27

Yi.Y2]=-Ys, [¥2.%]=-Y1, [¥5.Yi]=-Ya,

that represents the Lie algebra of the isometries of the three-dimensional spherical, Euclidean, and
hyperbolic spaces. Notice that in the limit kK — 0 we recover the Euclidean algebra and the vector
fields X, j = 1,2,3, commute between themselves.

The Lagrangian for the geodesic free motion is given by the kinetic term determined by the metric

1 .

L(r,0,¢,v,,09,v) = Ty(Kk) = (5) (vg + Sz(r) Ug + Si(r) sin? 9’03)) , (3)
where the parameter x can take any real value. Three particular cases are k = —1, kK = 0, and
k=1

1
Li(r,0,0,v,v9,v4) = (5) (Uf + sin? rvg + sin? r sin? 01}35) ,
1
Lo(r,0,¢,v,,v9,v4) = (5) (v,? + 72 vg + 72 sinzﬁvi) ,
1
L_(r,0,0,v,v9,v4) = (5) (vf + sinh? 7 v3 + sinh? r sin? 91)(275) .

This kinetic Lagrangian possesses six exact Noether symmetries, because L = T, (k) is invariant
under the action of the six Killing vectors in the sense that we have

X{(Ty(k)) =0, Y (Ty(k) =0, i=1,2,3,

where X! and Y;' denote the tangent lifts (or complete lifts) of X; and Y; to the velocity phase
space T'Q where Q is Q = 5%, Q = IE? or Q = H?, according to the value of x.

Theorem 1 Noether Theorem: Fach Killing vector field is a symmetry of the geodesic Lagrangian
L =1T,, and hence it determines a constant of the ‘geodesic’ motion.

If we denote by 0, the Lagrangian one-form:

oL oL oL
0L = 8UT dr + %da + ai%d(,b

= v dr+ S2(r)vgdf + S2(r) sin? O vy do

then the associated Noether constants of the motion (that are usually known as Noether momenta)
are given by the following:



(P) The three k-dependent functions Pj(k), Pa(k), and Ps(k), defined as
P =i(X1)0,, P,=1i(X2)0L, P3s=1i(X3)0,
that are given by
Py = (sinfcos @) v, + (Cx(r) Sk(r))[(cos b cos ¢) vg — (sin O sin @) vy ,

Py = (sinfsing)v, + (Cx(r) Sk(r))[(cos b sin @) vy + (sinf cos @) vy)
Py = (cosf)v, — (Cx(r)Sk(r))sinbuvy. (4)

(J) The three k-dependent functions Pjq, Pjo, and Pjs3, defined as
Pp=iY1)0p, Pp=iY2)0L, P;3=i(Y3)0L,

that are given by

P —S%(r ) (sin ¢ vg + sinf cos B cos pvy) ,
Py = Si(r) (cos ¢pvg — sinf cosfsinpugy),
Pj3 = S2(r)sin®Ouvy. (5)

These Noether momenta satisfy the following property:

Property 1 The Noether momenta P; and Py;, i = 1,2,3, are constants of the motion for the

geodesic motion.

d d
Sp=T.(P)=0, —P;=T(Ps)=0
dt L(F) a7 1(Pri)

where I';, denotes the dynamical vector field

0 0 0 0 0 0
F =
I UTE) —1—1)98 +v¢a¢+fr —l—fe +f¢8v

with the Lagrangian forces (fy, fg, f4) being given by

fr = Cul(r)Sk(r)(vi + sin6 vi) ,
2
fo = —<m>vrv9 + (cos@sin 9)1}3)
_ Ur Vg
fo = 2(TH(T) +tan9)v¢

2.2 Hamiltonian formalism

Under the Legendre transformation the point (7,0, ¢, v,,vg,ve) of the velocity phase space goes to
the point (7,6, ¢, pr, pg, pg) of the phase space given by

Pr ="0r, Po= Si('r) Vg, D¢ = Si(r) Sin2 91)¢



so that the expression of the k-dependent Hamiltonian is

H(r) = (%) ( o sil(r) (pg * sii%9>> ’ (6)

and the images of the six Noether momenta are

P, = (sinfcos¢)p, + ((Sj:((:))
(r)

sin ¢

sin 0

) [(cos 0 cos p) pg — ( )p(b} ,

P = (sindsing) -+ (S5 ) [(cosOsin ) o + (55 o]
Py = (cosf)p, — ((Sj:((:))) sin 6 pg , (7)

and

. cos 6 cosf. .
Py = —(singpy + (Sme)cos ¢py), Pyo=cos¢py— (Sme)sm ¢py, Prz=ps. (8

These new six Noether momenta P;, Pj;, ¢ = 1,2, 3, Poisson commute with the Hamiltonian
{P,,H}=0, {Py,H} =0, i=1,23,
and the Noether momenta P; satisfy the Poisson bracket relations
{P1,P,} =kPj3, {Py,Ps}=kPp, {P3,Pi}=kPjs.

We remark the positive sign in these Poisson brackets (in contrast with the negative sign in the Lie
brackets). The reason is that the Lie bracket between two Hamiltonians vector fields satisfy the
property [Xy, Xg] = — X( 4. That is, the map from the Lie brackets into the Poisson brackets
([-, -] = {-, -}) is linear but introduces a change of sign, it is an anti-isomorphism.

In what follows, as the Noether momenta Pj; coincide with components of the angular momen-
tum, we just write J; instead of Pj; and we write the other defining Poisson relations as.

{Ji,c1P1 + coPy + c3P3} = coP3 — c3Po, {Ja2,c1P1+ coPo + c3Ps} = e3Py — 1 Ps3,
and

{Jg ,c1 P+ coPy + 03P3} =c1 P — Py

Making use of the expressions of the functions P;, ¢ = 1,2, 3, and of the angular momenta J; we
obtain that the sum of their squares take the values

Ca(r) C2(r) é
Pl + P+ P = 2+( ) +<”7>2, JE+J5 4+ J5 = +
1 2 3 = Pr S2(r) Po Si(?“) Sin2 0 Py 1 2 3 P@ sinZg’
and therefore the x-dependent Hamiltonian can be rewritten as a linear combination of the squares
of the six Noether momenta.

Hw) = (5) (P4 PR+ B+ w (24 B3+ 03)) (9)

We close this section mentioning that this property, that is, expressing the Hamiltonian as a
function of the Noether momenta (instead of the canonical momenta) is important for the process
of quantization of the system; see [55] for the free particle and [60], 61] for general properties of the
Killing vector fields and Noether momenta approach to quantization.



3 Oscillator related Hamiltonian with nonlinear terms k; /22, ko /y?,
and k3/2>

In this section we consider particular examples of Lagrangians of mechanical type where poten-
tial terms are added to the geodesic term that correspond to the harmonic oscilator and to the
Smorodinsky-Winternitz system.

3.1 The Harmonic Oscillator on the 3-dimensional sphere S* (x > 0) and Hy-
perbolic space H? (k < 0)

The following curvature-dependent function represents the Hamiltonian of the isotropic harmonic
oscillator on the spherical (k > 0), Euclidean, or hyperbolic (k < 0), three-dimensional spaces with
constant curvature &

1 1 v, 1
Hn:f(2+ (2+ ))—f—fonTQT, 10
so that, in this way, the potential of the harmonic oscillator on the unit sphere (k = 1), on the
Euclidean space, or on the unit Lobachevsky space (k = —1) arise as the following three particular
cases ) ) )
VlziaQtanzr, %=§Q2T2, V_lziaQtanhzr.

The Euclidean oscillator Vy, that is a parabolic potential without singularities, appears in this
formalism as making a separation between two different situations (see Fig. 1). In the spherical
case the potential has an infinite potential barrier on the geodesic circle r = 7/(24/k) so that, in
this case, the motion is confined on a three-dimensional half-sphere. The hyperbolic potential Vj,
k < 0, is a well with finite depth since lim,_,oV,; = 1/|x|.

A quantization of this system was studied in [56] and the Schrédinger equation determined by
this Hamiltonian was solved in [57] (the radial Schrédinger equation becomes a k-dependent Gauss
hypergeometric equation that can be considered as a k-deformation of the confluent hypergeometric
equation that appears in the Euclidean case) but making use of another system of coordinates (see
Appendix II). We also mention that this oscillator was also studied in [62] using as an approach
first a stereographic projection and then both Poincaré and Beltrami coordinates.

First, in both cases, spherical (k > 0) and hyperbolic (x < 0) spaces, the Hamiltonian system
has spherical symmetry and therefore the three components (Ji, Jo, J3) of the angular momentum
are time preserved in time evolution.

Now let us consider the following three complex functions
My, =P +ia(Tk(r))(sinfcos¢), M, =Py+ia(Tk(r))(sinfsing),

Ms,, = Py +ia(Tk(r))(cosb),
where P;, i = 1,2, 3, are the Noether momenta given by . Then we have

{MlK,H(K)}:i)\,{OéMlﬁ, {MQ,{,H(H)}:i)\KO[MQ,{, {MgK,H(K)}:i)\KO[Mgn,



where A, denotes A\, = 1/ CZ%(r). Therefore the moduli | Mj,, | of the three functions Mj, j = 1,2, 3,
satisfy

d d d . . . )
= My = (& MM> M.+ M, (aM;;) — (i AeaMy) M, + My (—idea M) = 0,
d , /d . d . _ . . .
= | Mo |2 = <£ MQK) M;, + Moy (ﬁMQR) = (i ApaMo ) M, + Moy (—idea M3,) = 0,
d 2 d * d * . * . *
| My |2 = (@ MgK)M:,, + Ms, (aMM) = (i MMz )M, + Mag(—i Asa M3,) =0,

Therefore the following three x-dependent functions

Ki1x = PE+a?(T%(r))(sinf cos)?,
Koo P? +a? (T%(r))(sinf sin ¢)?
Ksse = Pi+a®(T%(r))(cosh)?, (11)

are constants of motion
{Kiw ,Hk)} =0, {Kow,H(k)} =0, {Ks3.,H(r)}=0.

For the same reason we also have that the complex functions M;. M, , i # j, are constants of
motion

(M1 My, H(r)} =0, {MasMz,, H(rk)} =0, {Mz:M;j,,H(r)} =0,

If a complex function is a constant of motion for a real Hamiltonian system then it determines two
different real constants of motion, its real and imaginary parts:

My M;,, = Kiox +iaJs, Moy.M;, = Koz, +iady, Ms.M{, = K31, +iaJa,

The imaginary parts Im(M;, My, ), @ # j, are related to the components J, k = 1,2,3, of the
angular momentum, Im(Mmen) = €, Ji. Furthermore, the three functions Kjj., such that
Re(M;M;) = Kijx, i # j, that are given by

Kioe = PiPy+a®(T2(r))(sin)*(cos ¢sin ),
Koz = PoPs+a®(T2(r))(sinf cosf)(sin ),
K31, = P3P+ a?(T2(r))(sinf cos)(cos ¢), (12)

Poisson commute with the Hamiltonian
{K12R7H(’{)}:07 {K23H>H(’{)}:07 {Kng,H(/{)}:O.

These six functions can be considered as the six independent components of the x-dependent
symmetric Fradkin matrix

Ki1x Ki2x Kize
[Kijr) = | K21 Koow Kosw |+ Kijw = Kjir
K31x Kgzax K33k

10



and we can summarize all the Poisson brackets with the Hamiltonian in a single equation
{Kiys Hw} =0, ij=1,2.3

Note that the expression of Kjj, depends on the Noether momenta instead of on the canonical
momenta. We also note that the functions K, are quadratic in the Noether momenta P;, ¢ = 1,2, 3,
and as the Noether momenta are linear functions of the canonical momenta p,, a =, 0, ¢, the result
is that these functions are also quadratic in the canonical momenta in the given chart.

The algebraic properties of [Kjj.], that represents the curvature-dependent version of the Fradkin
tensor [3], are summarized in the Appendix I.

Another important point is that the Hamiltonian can be rewritten as a sum of the three functions
Kjjw, j = 1,2,3, and the square of the three angular momenta

1
H(k) = B <K11;~;+K22H+K33H+/€(J12+J22+J§)>. (13)

This is an interesting property since it shows that, on spaces of constant curvature, the angular
momentum has a direct contribution to the total energy of the system, and, as mentioning in the
previous section, it is also important in the quantization process [55], 60, [61].

The Poisson brackets of these functions are as follows
{Kuk, i} = {Kaw, Jo} = {Ks3s, J3} =0,
{c1 K11k + cai, Koo + Ksge + £(J3 + J3)} =0,
{c1Kao + c2J2, K11 + Kz + £ (J7 + J3)} =0,
{c1 K330 + c2J3, K11 + Kogw + £ (J7 + J3)} =0,
where ¢; and co are arbitrary constants.

We recall that, although the three components (Jy,J2,J3) of the angular momentum do not
commute, it is always possible to select a three dimensional Abelian subalgebra generated, for
instance, by H, J? + J2 4+ J2 and J3. In addition, the above Poisson brackets relations show the
existence of other triplets of commuting first integrals as (Ki1x, J1, Kook + K33, + K (J22 + Jg)),
(Kaow, J2, Ki1s + Kage + & (J2 + J2)), or (K33, J3, K11 + Kook + K (JZ + J2)).

All these results can be summarized in the following proposition:

Proposition 1 The k-dependent classical Harmonic Oscillator defined on the 3-dimensional sphere
S3 (k> 0) and on the Hyperbolic space H? (k < 0) by

1 1 P} 1
Hx) = 2 ( & S2(r) (p(% + sin(§9)> + §a2 TR(r)

is superintegrable with the mazximal number of functionally independent constants of motion. It is

spherically symmetric so the three components (Ji, Ja, J3) of the angular momentum are integrals

of motion (this implies Liouville integrability). In addition there is a family of six k-dependent

quadratic functions Kij., 1,7 = 1,2, 3, that can be considered as the siz components of the curvature-

dependent version of the symmetric Fradkin tensor.

11



3.2 The Smorodinsky-Winternitz (S-W) system on the 3-dimensional sphere
S3 (k > 0) and on the hyperbolic space H? (x < 0)

In what follows use is made of the following notation
X = Sk(r)sinfcos¢, yx = Sk(r)sinfsing, z,=Sx(r)cosb, (14)
such that their Euclidean limits are
lm ,0(Z sk, Yr, 2x) = (rsiné cos @, r sin @ sin ¢, r cos 6)

that correspond to the expression of the Cartesian coordinates (x,y, z) when written in spherical
coordinates. We note that the Poisson brackets of these functions with the Noether momenta (7))
are given by

{SU,{,Pl} = {y/{,P2} = {ZN7P3} = Cn('r)a

where we recall that lim .0 Cx(r) = 1.

In this section we analyse the following Hamiltonian function which is the spherical (k > 0),
Euclidean, or hyperbolic (k < 0), version of the three-dimensional Smorodinsky-Winternitz (S-W)
[63] with curvature k:

2
1 1 Dy 1 k1 ko k3
Hsw() =5 (0 + gy (B + i) ) 3 T+ [+ 5] 09

SW(”) 2 Dy + S%(T) Dy + sinZ 0 + 2 « TH(T) + l‘% + y‘% + Z/% ( )
(the Euclidean version of this system, that is also known as the ‘caged oscillator’ [64] [65], (66, [67],
can be considered as the three-dimensional version of the isotonic oscillator [68], [69]). First, the
components (Ji, Jo, J3) of the angular momentum are not constants of the motion anymore, but
the following three angular momentum related functions

2 Z Yr 2 2z T
Kp=J3+2(kas + k), Kp=J3+2(kg5 + k%),
yK ZK xlﬂ'« ZH

2 3/2 2
KJ3=J3+2(k1x—%+k2y—£), (16)

are constants of the motion:
{Kn,Hsw(k)} =0, {Kj,Hsw(k)} =0, {Kj,Hsw(r)}=0.

They are functionally independent, that is dKj3 A dKjo A dKj3 # 0, and satisfy the following
Poisson bracket relations:

{Kn,Kjpo+Kj3} =0, {Kjp,Kn+Kjp}=0, {Kj,Kn+Kjp}=0.

So this system is Liouville integrable (for all the values of ) with a fundamental set of three
integrals of motion (Hsw (), Kji, Kjj + Kk 5 © # j # k) that Poisson commute.

12



On the other hand, the following three functions Kjj;., j = 1,2, 3, related with the Noether
momenta Pj, j =1,2,3,

2k
Ky, = P2 2 (m2 : 2 L
1 i+ a7 (Ty(r))(sinf cos§)” + (Tw(r)sin 6 cos ¢)?
_ p2 2 (m2 ] in )2 2k
Kpw = Py +a”(Ty(r))(sind sin¢)” + (T (r) sin 0 sin ¢)?
2k
Kas, = p2 2 2 2, M 1
33 $+a (Th0)(eos0)° + s (17)

are also constants of the motion

{Kir,Hsw(r)} =0, {Kox,Hsw(r)} =0, {Ks3x,Hsw(r)}=0.

Moreover, we have the following two important properties. First, the following equality is satified

1
Hgw (k) = (5) (Klm + Koo + K33 + £ (Kj1 + Ky + KJ3)> + Kkt 4 k2 + k3) . (18)
Second, the Poisson brackets among these functions are as follows:
{Kiir, Kn} = {Kook, Ky} = {Ks3x, Kj3} =0,
{e1 K + 2K g1, Kooy + Ksze + 6 (K2 + Kj3)} =0,
{c1 Kook + 2K yo, K1+ Kaze + 6 (K1 + Ky3)} =0,
{c1 K33k + 2K g3, K1 + Koo + 6 (K1 + Kj2)} =0,

where ¢; and co are arbitrary constants.

Therefore triplets of commuting first integral are, for instance, (K1, K1, Koo, + K33, + (K jo +
Ky3)), (Ko2x, Kj2, K11k + K33x + 6(K 1 + K3)), or (K33, K13, K115 + Kook + 6(K 1 + K2)).

We can summarize all these results in the following proposition:

Proposition 2 The k-dependent classical Harmonic Oscillator with three additional nonlinear
terms defined on the 3-dimensional sphere S3 (k > 0) and Hyperbolic space H? (k < 0)

o) = 3 (7 + g 08+ greg) 30 1200+ (5 + 3],

represents the curvature-dependent version of the 3-dimensional Smorodinsky-Winternitz system,
because

P2
ti o Hww () = Hw = 5 (7 + 5 (v + e»+‘y‘ﬂﬁ+f+ﬂ
It is superintegrable with two sets of three quadratic integrals of motion. A first set of three angular
momentum-related functions Ky;, i = 1,2,3, that are curvature-independent, and a second set of
three k-dependent functions K, i = 1,2,3. Two of the functions of the second set can be chosen
for the total set of five functionally independent integrals of motion.

13



3.3 Oscillator 1:1:2 on the 3-dimensional sphere S* (x > 0) and on the Hy-
perbolic space H? (k < 0) with two nonlinear terms of the form 1/z? and

1/y?

It is well known that the properties of non-central potentials are more complicated to study that
those of the central ones (the first negative property is that the angular momentum is not an
integral of motion). Nevertheless the oscillator with ratio of frequencies 2:1 appears in [6] in the
list of superintegrable two-dimensional Euclidean potentials and the three-dimensional oscillator
with ratio 2:1:1 also appears in the list of Evans [7]. The superintegrability of the 2:1 oscillator on
the two-dimensional sphere S? and the hyperbolic plane H? was study in [52]. Now we consider
the three-dimensional system with two additional nonlinear terms.

The following curvature-dependent function represents the Hamiltonian of the harmonic oscillator
with ratio of frequencies 1:1:2 on the spherical (k > 0), Euclidean, or hyperbolic (x < 0), three-
dimensional spaces with constant curvature x with two additional k—dependent nonlinear terms of
the form 1/z2 and 1/y2

2
_Llis L oo, P ki ko
Huale) = 5 (0 + gy (0 + ) + Vel + 53+ (1)

where V112(k), that denotes the potential of the 1:1:2 oscillator, takes the form

Tx(r)cos
1 — K (Tx(r)cosh)?’

1 1
% ey S S
na(k) =5’ k(22 + y2)

(mi + y?i + 4A§R> , A= (20)
where the factor 1/(1 — k(22 + 32)) and the function A,, are obtained as three-dimensional gen-
eralizations of similar functions obtained in [70] in the study of the two-dimensional 1:2 oscillator.
It is clear that this particular function satisfies the appropriate Euclidean limit

1 (V 4,‘7>:, 422+ 2 4 2
1M x—0 112(:%)—1—1;%—1—%% 2a (= +y~ + Z>+x2+y2
The following three quadratic functions are integrals of motion:
2 2
K. = P32+4042A§H7 KJ3 :J§+2k2(ﬁ) _}_le(yi) ,
Yk Ty
K (P2 + KJ2) + (P2 + kJ2) + a2(1 + 4 A2)< Tt Y )
- K K [6% K A A —
T T e T w(aZ + )
1 — ka? 1 — ky?
2k ) 2k (). (21)
Yk Ty

These three functions (K3, K3, Ki94) are functionally independent, that is dKs, A dKj3 A
dK19, # 0, and satisfy the following Poisson bracket relations:

{Kss, Hiz(k)} =0, {Kys,Hnz(k)} =0, {Kiw,Hnz(s)} =0,
which express that they are first integrals and they also Poisson commute among themselves

{Ks.,Kj3} =0, {Kj3,Ki2:} =0, {Ki2,K3:}=0,

14



that is, they generate an Abelian Lie subalgebra; therefore this k-dependent Hamiltonian is com-
pletely integrable in the Liouville sense. Moreover, an interesting property is that the Hamiltonian
Hiy12(k) can be rewritten as follows:

1
Hi2(k) = 3 <K3n + Kok + HKJS) :

Furthermore, this k-dependent system admits two additional integrals of motion of Runge-Lenz
type explicitly given by

L o (tanbcosgy o 2k
Krpy = —-Pi2t+a (7(3”(7“) )Amwn lecn(T)(m%),
B o (tanfsingy o 2k
Kniz = Poita? (S0 ) AL = 2k 0n) (05 (22)

that are functionally independent, that is dKrr1 A dKgrro # 0, as well as functionally independent
of the other three. Therefore this Hamiltonian system possesses five functionally independent
integrals of motion, three of them in involution and we can conclude:

Proposition 3 The curvature dependent Harmonic Oscillator, with ratio of frequencies 1:1:2 and
two additional nonlinear terms of the form 1/x2 and 1/y?, defined on the 3-dimensional sphere S>
(k > 0) and on the Hyperbolic space H® (k < 0)

1 1 P} ki | ke
e =30+ g+ ) v+ 5+
112(k) 5 \Pr + SZ(r) Py + sin20 + Viia(k) + 22 + 2
where Vi12(k) denotes the following k-dependent potential
1 1 Tw(r)cosé
Vi = — 2 —( 2 2 4A2 ) y Azn == )
n2(r) 2% 1= k(x2 +y2) Tt Yt A 1 — k& (Tk(r)cosh)?

such that it satisfies the appropriate Fuclidean limit
Py
sin? §

L 9,9, 9 o k1| k2
))4‘504 (l’ +y +4Z>+?+?,

. 1 1
lim ,0H112(k) = 3 (Pg + o) (pg +

1s superintegrable with a mazximal number of five functionally independent constants of motion. It
admits three constants of motion (Ksx, Kiox, Kj3) that Poisson commute among them and, in
addition, this system possesses two r-dependent quadratic functions Krr;, j = 1,2, of Runge-Lenz

type.
4 Kepler related Hamiltonian on the 3-dimensional sphere S® (x >

0) and on the hyperbolic space H? (x < 0)

Another prototypical example of integrable system is the Kepler problem and therefore we fix in
this section our attention on such a problem in the three-dimensional spaces considered in the
preceding sections.
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4.1 Kepler Hamiltonian

The following curvature-dependent function is the spherical, Euclidean, or hyperbolic, Kepler
Hamiltonian with curvature s

2
1 1 Dy k
H /@:7(2+ (2+ ))+ , 23
K( ) 9 Dy Si(r> Pg SiIl2 0 Tn(r) ( )
i.e., the potentials of the Kepler problem on the unit sphere (kx = 1), on the Euclidean space, or on
the unit Lobachevsky space (k = —1), arise as the following three particular cases
k k k
"7 tan(r) 07 '™ tanh(r)

The situation is rather similar to the one obtained in Section [B.1] for the harmonic oscillator. Also
in this case the Euclidean function Vi = k/r appears in this formalism as making a separation
between two different behaviours (see Fig. 2).

This potential is central (for all the values of k) so the three components (Ji, Ja, J3) of the angular
momentum are integrals of motion, namely

{Jl,HK(FJ)}:O, {JQ,HK(H)}:O, {Jg,HK(H)}:O.

and therefore this curvature-dependent system, as any other central potential, is Liouville inte-
grable. Moreover, as in the Euclidean case, there exists an additional set of integrals of motion,
because the following three functions

Kripn = (PaJs— P3Js) + k(sinfcos ¢),
Kgrre = (P3J1— PiJ3)+ k(sinfsing),
Krrs = (PiJa— PoJy) + k(cosb), (24)

that are functionally independent
dKgrr1 A dKpr2 N dKgrs # 0,
are integrals of motion
{Kr11,Hx(k)} =0, {Kprre,Hrx(k)} =0, {Kprrs,Hr(k)}=0.

They must be considered as the curved version of the standard Runge-Lenz vector. Their Poisson
brackets are given by

{Kpi1, Krro} = —2J3(Hi (k) — 5 (J§ + J5 + J3)),

{Kprr2, Kris} = —2J1(Hi (k) — K (JE + J5 + J3)),
{(Krrs,Kri1} = —2J2(H (k) — K (JE + J5 + J3)),

and the Poisson brackets of each one with the angular momenta are

{J1,c1Kpr1 + c2KRro + c3sKprs} = coKprrs — c3Kgro,

16



{J2,c1KRrp1 + coKRpa + c3KRpr3} = c3sKpr1 — c1KRr3,
{J3,c1KRL1 + coKRpro + c3Kpr3} = c1Kpra — c2KRrpa
where c1, c2, and c3 are arbitrary constants.

The preceding results are summarised in the following proposition:

Proposition 4 The r-dependent Kepler Hamiltonian defined in the 3-dimensional sphere S3 (k >
0) and Hyperbolic space H® (k < 0)

(i i)

1
H i 2
K (k) ( rt sin® 6 Tw(r)

1
2 Sx(r)

1s superintegrable with very similar properties to those of the standard Euclidean Kepler Hamilto-
nian. It is spherically symmetric, with the three components (J1,Jo, J3) of the angular momentum

as constants of motion, and it also possesses three quadratic constants of motion (Krr1, Krr2, Krr3)
representing the components of the curvature-dependent version of the Runge-Lenz vector.

4.2 Kepler related Hamiltonian with nonlinear terms k;/x2, ko/y?, and k3/2>

In this section we will study the following Kepler-related Hamiltonian

Hg123(k) = %) (p? + Sil(r) (pg + si]fge)) * T,ir) * [% * IZZ " ];;;j ’

K

(25)

where the three additional nonlinear terms, ki /x2, ko/y? and k3/z2, are just the same as in the
S-W system studied in the previous section

This Hamiltonian admits two different sets of constants of motion. A first set is related with the
angular momentum and the second set related with the Runge-Lenz vector but of fourth order in
the momenta.

First, the components (Jy, Ja2, J3) of the angular momentum are not integrals of motion anymore
but the following three angular momentum related functions

2 2 2 2
K= 2+ 2k (2) 2k (2)7, Ko = 3 + 2k (22) 2k (22,
yH Z){ xl{ ZK;

Kj3 = J32+2k1(i/::)2+2k2(2,:)2’ (26)

that are functionally independent, dK j1 A dKjo A dK j3 # 0, Poisson commute with the Hamilto-
nian, {K;, Hx123(k)} =0, i = 1,2, 3, and satisfy the following Poisson bracket properties

{Kjn,Kpp+Kjp}=0, {Kjp,Kn+Kpt=0, {Kj,Kn+Kp}=0.

So this system is Liouville integrable (for all the values of k) with a fundamental set of three
integrals of motion (Hx123(k), Kyi, Kjj + Kk 5 i # j # k) that Poisson commute.
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Second, the three k-dependent Runge-Lenz functions obtained in the previous section, and
characterizing to the potential k/Tx(r), are no longer integrals of motion. Now we prove that
this system admits three quartic constants of motion. We will obtain them making use of a
method already used in [33] in the study superintegrable systems on three-dimensional conformally
Fuclidean spaces and that it is related with the existence of certain complex functions.

Let us now denote by R, i = 1,2, 3, the following Runge-Lenz-related functions
. k k k
Rix = Kpgr1+2(Ck(r) Sk(r))(sinf cos ¢) (% + % + ﬁ) ,

2
Lic Yk 2K

. . kl kg kig
Rox = Kprro +2(Ck(r) Sk(r))(sinfsin @) (;% + 2 + 2) ;
ki ko ks
Rs. = Kpus+ 2(Calr) Se(r))(cos6) (;2 to 2) , (27)

where the quadratic functions Kgry;, i = 1,2, 3, were defined in the previous section.

In fact, in the particular case (k # 0,k1 = ko = k3 = 0), these three functions reduce to three
components of the Runge-Lenz vector. These functions are not (in the general case) integrals of
motion but when one of the additional terms is not present then the corresponding function R;
becomes an integral of motion. That is, we have the following property

If k'] =0 then {R;f{ s H}(123(/€)} = 0,

where R;» .o and Hye155(k) denote the function R, and the Hamiltonian Hp123(k), respectively, but

without the kj-term.

Let us first remark that the functions x., yx, 2zx, and the Noether momenta P;, i = 1,2, 3, satisfy
the following relation
TPt + Yy P2 + 26 P3 = pr Sk(r) -

Then the three functions R;., j = 1,2,3, and the three x-dependent functions

(Pr Sk(r)/miy  (PrSu(r)/Ys,  (PrSk(r))/2k

are related among them by the time derivatives. More precisely, we have

1 1
{Rix,Hrg123} = —2k1 A1, ;(Pr Sk(r)), {*(pr Sk(r)) ,HK123} = Mg Rk,

Tk
1 1
{RQK, , HK123} = - 2k2>\2:‘€ ;(pr SH(T)) s {7 (pr Sn(r)) >HK123} = >\2Ii R2H7

1 1
{R3x, Hr123} = — 2k3A3, — (pr Sk(7)) , {;(pr Sk(r)) ,HK123} = A3 R3s,

2K

where the coefficients A, 7 = 1,2, 3, take the forms

1 1
M= 5, A= —7%3, A= 5.
a2 T y? T 22

The properties of these functions are stated in the following proposition
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Proposition 5 Let Nj., j = 1,2,3, denote the following complex functions
r O\l : r . r
NlH:Rlli—i_i\/%(p i’i( )) ) NQH:RQ.%"FI\/%(Z)T?/R( )) 3 N3H:R3H+1\/%(prszﬁ( )>7
K K K
Then the time derivatives of these functions satisfy the following relations

d d

d
%Nlﬁ,:_ivzklAlﬁNL‘i7 %NQH:_i\/szAQnNQny %NSH:_iV2k3A3KN3H'

Therefore the moduli | Nj | of the functions Nj,, j = 1,2, 3, satisfy

% N |? = (% Nm)Nﬁ +N1H<%Nf}) = (—iv/2k1 Mg +imAlﬁ)(NlﬂNfﬁ) =0,

& N = (5 Now ) N3 N (S N3.) = (/32 Do +1v/2hs Aaw) (NN, ) = 0

% | N3w|? = (% N3/~6)N§ + NSK(%N:;@) = (—iv/2k3 A3 +i\/%>\3n)(N3nN§K) =0.

Hence the three functions Kgj, j = 1,2, 3, given by

rSk(7)\2 rSk(7))2
Kpi = | N |* = R}, + 2k (pi()> , Kpo=|No |* = R3, + 2k2 (p ( )> )
K Yk
r Srl(T)) 2
Kps = | Naw |2 = B2+ 2ks (pz()) , (28)

are quartic constants of motion:
{KRj, Hx123(k)} =0, j=1,2,3.

The preceding result can be summarised in the following proposition:

Proposition 6 The k-dependent Kepler Hamiltonian with three additional nonlinear terms, ky/x2,
ko/y2, and k3/z2, defined on the S-dimensional sphere S® (k > 0) and on ghe hyperbolic space H3

(k<0)
1 1 j k ki ke k3
Hia(e) = 5 (v + gy (7 + 515)) mrptal
waml) =5 Pt gy Wt Geg) ) P Tl T T
with Fuclidean limit
, 1o 17y D3N\ k [k ke ks
i o Hoealr) = 5 (oF+ 75 (v + )+ 5+ [T+ 5+ 35

is mazximally superintegrable with a first set of three angular-momentum-related quadratic constants
of motion (K j1, K jo, K j3) and a second set (Kr1, Kra, Kg3) of three curvature-dependent constants
of motion of fourth order in the momenta.
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5 Final comments

We have studied the superintegrability of Hamiltonian systems defined on three-dimensional con-
figuration spaces of constant curvature. As observed in the Introduction the two more important
superintegrable systems are just the harmonic oscillator and the Kepler problem and because of
this we have focused our study on these two systems (usually known as Bertrand potentials) as
well as to some other related systems obtained from them by addition of nonlinear terms.

There are certain important points that are fundamental for the approach presented in this
article. We mention two. First, we have presented a curvature-dependent formalism (all the
functions depend of k as a parameter) but, given a superintegrable Euclidean system, then many
different x-dependent potentials can be constructed with the same flat limit; the important point
is that if we require that the superintegrability must be preserved then this condition singles out a
very particular system among all the possible curved version of the Euclidean system. Second, the
curvature-dependent formalism we have presented permit us the study of the Hamiltonian system
at the same time in both curved manifolds; that is, spherical (curvature s positive) and hyperbolic
(curvature k negative). This is also a very important point since these two spaces are geometrically
rather different but, in spite of this, first the Hamiltonian function H (k) and then all the integrals
of motion K, can be expressed in an unique form valid for the two spaces.

We have proved the quadratic superintegrability (and we have obtained all the integrals of motion)
of three oscillators; the isotropic harmonic, the Smorodinsky-Winternitz (S-W) system, and the
2:1:1 oscillator with nonlinear terms

e The Harmonic Oscillator on the 3-dimensional sphere S (x > 0) and Hyperbolic space H?

(k < 0)
pé 1 2 2
2 J—
(w3 + SinQH)) + 50 THr).

1) = 5 (v + g2

) Ll 1 1 5 5
ig%H(ﬁ)_Q(T—i_ <0+sn 9>)+2ar.
e Isotropic harmonic oscillator with additional terms of the form ki /22, ka/y2, and ks/22:

) eientos 458
<p0+s1n 20 —1—2a Ti(r) + $H+yn+z;% '

Hsw (k) = % (p,% 3 1( )

2
- i 1 1 P 1 ki ke K
im0 SW(K)_i(pz+ﬁ(pg sin§9)) 50427"2 [ 1 2 3}

e Oscillator 1:1:2 on the 3-dimensional sphere S® (k > 0) and on the hyperbolic space H?
(k < 0) with two nonlinear terms of the form 1/x2 and 1/y2:

) 3ot G o[

Hypa(k) = ; ( -+ 821(7“) (pg +

sin? 6 1— k(22 +y2) 2 oy
2
. 1 1 p 1 ki ko
im0 o) = 5 (0 4+ 5 (6 + 55)) + 5 0% @ P+ 4+ [+ 5]
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and we have also proved the quadratic superintegrability of the Kepler problem with curvature x
and the higher-order superintegrability of the Kepler problem with additional nonlinear terms:

e Kepler Hamiltonian on the 3-dimensional sphere S (k > 0) and on the hyperbolic space H?
(k < 0)
1

Hg (k) = 2 ( P Szl(?”) (p3 * siiz)G)) * Tnk(r) ‘

e Curvature-dependent Kepler Hamiltonian with three additional terms of the form k; /22,
ko/y?, and k3/z2

2
1 1 D k ki ko ks
K123(K) 2 Prt r Po+ sin2 0 + Tw(r) - x2 * y2 * 22

2
. 1 1 p k k1 ko ks
ti o Hicia() = 5 (7 + 5 (h+ 155)) + 5+ [+ o + 5

We finalise with the following two comments. (i) In the two cases, oscillator and Kepler, the
existence of several integrals of motion appears as related with the properties of certain complex
functions (functions Mj, for the oscillator in Sectionand functions NVj, for Kepler in Section.
In fact, a very similar situation was already obtained in ref. [33] in the study of superintegrable
Hamiltonian systems on 3-dimensional conformally Euclidean spaces. A natural question is if
this complex-related method is limited to these two particular systems or it can be applied to
other different Hamiltonian systems. (ii) The study of classical superintegrability can also be
considered as a first step for the study of the corresponding quantum versions (we recall that
quantum superintegrability is related with the degeneracy of the energy levels as in the hydrogen
atom). The behaviour of the functions M;, and Nj, shows a certain relation with the properties
of classical ladder functions studied in [7I]. An interesting point is if the quantization of the
functions M, and N;. as appropriate operators can be related with quantum ladder operators.
Thus, quantum version of the properties presented in this paper can also be considered as a matter
to be studied.

6 Appendix I. Properties of the matrix [Kj;,]

The symmetric matrix [Kjj.] of the k-depending integrals of motion, {Kjj. , H(x)} = 0, obtained
in the section (3.1)) represents a generalization of the Fradkin tensor [3] for the dynamics of the
curvature-dependent Hamiltonian H (k). Now we present its more important algebraic properties

(i) The trace of the matrix [Kj;.], that in the Euclidean case is just the Hamiltonian, is now
the Hamiltonian plus a curvature-dependent term (related with the angular momentum) that
vanish in the Euclidean limit

tr[Kiju] = K1 + Koow + Kaze,  t0[Kije] + 6 (J7 + J5 + J3) = 2H (k) .
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(ii) The matrix [Kjj.] is singular, that is, det[K;;;] = 0. In fact, the six matrix elements Kjj, =
Kjix, 1,j = 1,2,3, are six different integrals of motion for the Hamiltonian H (k) and, as
only five of them can be independent, the equation det[K;] = 0 states an algebraic relation
between them.

(iii) The action of [Kj;] on the angular momentum is given by

Kiix Kiox Kize J1
K1 Kaox Koazg Jo | =0,
K31, K3ox K33k J3

that can be rewritten as the following three equations
Kk + Ki2sJo + K134 J3 =0,

Ko J1 + Kook Jo + Koz J3 =0,
K31 J1 + K325J2 + K33, J3 = 0.

The contraction of [Kjj,] with the angular momentum gives zero.
(iv) The following relations between the components of the matrix are true:
2 2 _ 2 12 2 2 _ 2 12
xKKQQE_zxnymKﬂn_}'yﬁKllm = (Cn(r)) J3 , y/@K33m_2ynan23m+zﬁK22/@ = (Cn(r)) Jl y

Z,%Klln — 2251 K315 + $iK33H, = (CH(T))2J227
where we recall that lim ,,_,o Cx(r) = 1.

(v) The following relations between the components of the matrix are true:

2 2 12 2 2 72 2 2 12
Ki1xKook — Kiy, = a7 J5 . KoopKsse — Kis, = 7 J7,  KazueBi1x — K31, = a7 J5 .

(vi) The following three algebraic properties are true

Kijntintje = 2(xk +yi+20)H(K) — (JT+J5 4+ J5),
KijinPy = (pr Su(r) (2H(5) = 53 + J3 + J3) )
KijuPPj = (PP + P;+ P§)?+ o*(Tu(r)’p2,

where we have made use of the following equality

TP + Y Po + 2 P3 = pr Si(r) .
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7 Appendix II. Two other alternative approaches

We have studied the dynamics on the curvature constant spaces S® and H? by making use of the
curvature-dependent trigonometric and hyperbolic functions Cj(z) and Sx(z). In this way the
expression of the differential element of distance ds?(x) and the kinetic function T,(k) take the
following form when written in geodesic polar coordinates (r, 6, ¢)

ds*(k) = dr? + S2(r) df* + S2(r) sin® 6d¢?

and

1
L=Tyk)= (5) (U,% +8%(r) vg + 8% (r) sin? 9113)) )

Next we present two other different approaches that can be obtained from this one by making
use of a change of the geodesic distance r but preserving the angular coordinates.

1. Let us consider the k-dependent change (7,0, ¢) — (p,0,¢) given by p = S,(r). Then, when
written in these new coordinates, the k-dependent metric and kinetic term become

2 dr? 2 192 2 .2 2
ds, = —— + p“db* + p~sin” 0 do” ,
1—kp?
and

1 v2 _
L=Tyr)=(3) (17” + p?v3 + p? sin® Gvi) .
In this case, the Lagrangians of the harmonic oscillator and Kepler problem take the form
1 v 29 9.2, 9\ O P
L) = () (Tt + 70+ Psin®00) - 5 (755

and

1 v2 /1 — K p2
u@:()(p+fﬁ+ﬁmﬂm@—k<“p>.

1~k p? p
This formalism was used for example in [54] 55| 56] [57]

2. Let us now consider a new x-dependent change (7,6, ¢) — (R, 0, ¢) given by R = Ty (r). Then,
when written in these new coordinates, the k-dependent metric and kinetic term become
dp? R? dp? p?

ds? = in?  dp>
% (1+/€R2)2+(1+/<;R2)+(1+RR2)SIH o

and

1 v? R2 v? R2sin%6
L=T — (= R 6 2
() Q)Q1+KR%2+(L+RR%+(1+ﬁR%“0

In this case, the Lagrangians of the harmonic oscillator and Kepler problem take the form

1 v2 R%v? R2Zsin? 0 a?
L — (= R 0 2 —7R2
() (2)((1+/<;R2)2+(1+HR2)+(1+11R2) i) -G
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Figure 1: Plot of the potential V;, o = 1, as a function of r, for k < 0 (lower curves), k = 0 (dashed
line) and k > 0 (upper curves).

and

v2 2,2 2 6in?2
L(/{):(l)<( I R* v R 0 2) k

AN 2 PR Ry = S CErey ) ) By

This approach is the one studied by Higgs in Ref. [72] (the study of Higgs was originally
limited to a spherical geometry but the idea can be extended to the hyperbolic space).

We note that both radial variables, p and R, are well defined. In the hyperbolic £ < 0 case the
two functions S (r) and Tx(r) are positive for 7 > 0 and concerning the spherical k£ > 0 case this
property is also true because then r is restricted to a bounded interval.

The situation can be summarised as follows. We have obtained three alternative ways of describ-
ing the Lagrangian/Hamiltonian systems on spaces of constant curvature: the original trigonomet-
ric/hyperbolic formalism and the two other approaches obtained from it. Of course, each one of
these three different approaches has its own characteristics and advantages.
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Figure 2: Plot of the Kepler potential —1/ T (r) as a function of r, for the unit sphere K = 1
(upper curve), Euclidean potential (dashed line), and unit Lobachewski space K = —1 (lower curve).
The three functions are singular at » = 0 but the Euclidean function Vj appears in this formalism
as making a separation between two different behaviours. In fact Vj is the only potential that
vanishes at long distances.

25



References

[1]
[2]

=

J. Bertrand, “Theoreme relatif au mouvement d’un point attiré vers un centre fixe”, C. R. Acad. Sci.
Paris 77, 849-863 (1873).

F.C. Santos, V. Soares and A.C. Tort, “An English translation of Bertrand’s theorem”, arXiv:0704.2396
(2007).

D.M. Fradkin, “Three-dimensional isotropic harmonic oscillator and SU3”, Am. J. Phys. 33, 207-211
(1965).

H. Goldstein, “Prehistory of the Runge-Lenz vector”, Am. J. Phys. 43, 737-738 (1975).

H. Goldstein, “More on the prehistory of the Laplace or Runge—Lenz vector”, Am. J. Phys. 44, 1123—
1124 (1976).

T.I. Fris, V. Mandrosov, Y.A. Smorodinsky M. Uhlir and Winternitz P., “On higher symmetries in
quantum mechanics”, Phys. Lett. 16, 354-356 (1965).

N.W. Evans, “Superintegrability in classical mechanics”, Phys. Rev. A 41, no. 10, 5666-5676 (1990).

J.J. Slawianowski, “Bertrand systems on spaces of constant sectional curvature. The action-angle anal-
ysis”, Rep. Math. Phys. 46, 429-460 (2000).

E.G. Kalnins, J.M. Kress, G.S. Pogosyan and W. Miller, “Completeness of superintegrability in two-
dimensiona constant-curvature spaces”, J. Phys. A 34, 4705-4720 (2001).

A. Ballesteros, F.J. Herranz, M. Santander and T. Sanz-Gil, “Maximal superintegrability on N-
dimensional curved spaces”, J. Phys. A 36 (7), L93-1L99 (2003).

J.F. Carifiena, M.F. Rafiada and M. Santander, “Central potentials on spaces of constant curvature:
The Kepler problem on the two-dimensional sphere S? and the hyperbolic plane H?”, J. Math. Phys.
46, 052702 (2005).

A. Ballesteros, F.J. Herranz and F. Musso, “The anisotropic oscillator on the 2D sphere and the
hyperbolic plane”, Nonlinearity 26 (4), 971-990 (2013).

C. Gonera and M. Kaszubska, “Superintegrable systems on spaces of constant curvature”, Ann. Physics
346, 91-102 (2014).

M.F. Ranada, “The Tremblay-Turbiner-Winternitz system on spherical and hyperbolic spaces: super-
integrability, curvature-dependent formalism and complex factorization”, J. Phys. A 47, no. 16, 165203
(2014).

M.F. Ranada, “The Post-Winternitz system on spherical and hyperbolic spaces: a proof of the superin-
tegrability making use of complex functions and a curvature-dependent formalism”, Phys. Lett. A 379,
no. 38, 2267-2271 (2015).

C. Quesne, “Quantum oscillator and Kepler-Coulomb problems in curved spaces: Deformed shape
invariance, point canonical transformations, and rational extensions”, J. Math. Phys. 57, 102101 (2016).

A. Ballesteros, F.J. Herranz, S. Kuru and J. Negro, “The anisotropic oscillator on curved spaces: a new
exactly solvable model”, Ann. Physics 373, 399-423 (2016).

C. Quesne, “Families of quasi-exactly solvable extensions of the quantum oscillator in curved spaces”,
J. Math. Phys. 58, 052104 (2017).

T. Hakobyan, A. Nersessian and H. Shmavonyan, “Symmetries in superintegrable deformations of os-
cillator and Coulomb systems: holomorphic factorization”, Phys. Rev. D 95, no. 2, 025014 (2017).

26


http://arxiv.org/abs/0704.2396

[20]

[21]

C.M. Chanu and G. Rastelli, “On the extended-Hamiltonian structure of certain superintegrable systems
on constant-curvature Riemannian and pseudo-Riemannian surfaces”, SIGMA Symmetry Integrability
Geom. Methods Appl. 16, 052 (2020).

C. Gonera and J. Gonera, “New superintegrable models on spaces of constant curvature”, Ann. Physics
413, 168052 (2020).

M.F. Ranada, “Superintegrabe n = 2 systems, quadratic constants of motion, and potentials of Drach”,
J. Math. Phys. 38, 4165-4178 (1997).

A.V. Tsiganov, “The Drach superintegrable systems”, J. Phys. A 33, no. 41, 7407-7422 (2000).

R. Campoamor-Stursberg, “Superposition of super-integrable pseudo-Euclidean potentials in N = 2
with a fundamental constant of motion of arbitrary order in the momenta”, J. Math. Phys. 55, no. 4,
042904 (2014).

E.G. Kalnins, J.M. Kress and W. Miller, “Second-order superintegrable systems in conformally flat
spaces. Two-dimensional classical structure theory”, J. Math. Phys. 46, no. 5, 053509 (2005).

E.G. Kalnins, J.M. Kress and W. Miller, “Second order superintegrable systems in conformally flat
spaces. Three-dimensional classical structure theory”, J. Math. Phys. 46, no. 10, 103507 (2005).

J.J. Capel and J.M. Kress, “Invariant classification of second-order conformally flat superintegrable
systems”, J. Phys. A Math. Theor. 47, no. 49, 495202 (2014).

M.F. Ranada, “Superintegrable deformations of superintegrable systems : Quadratic superintegrability
and higher-order superintegrability”, J. Math. Phys. 56, no. 4, 042703 (2015).

W. Szuminski, A.J. Maciejewski and M. Przybylska, “Note on integrability of certain homogeneous
Hamiltonian systems”, Phys. Lett. A 379, no. 45-46, 2970-2976 (2015).

M.F. Ranada, “Superintegrable systems with a position dependent mass: Kepler-related and oscillator-
related systems”, Phys. Lett. A 380, no. 27-28, 2204-2210. (2016).

A.P. Fordy, “A note on some superintegrable Hamiltonian systems”, J. Geom. Phys. 115, 98-103 (2017).

A.P. Fordy and Q. Huang, “Superintegrable systems on 3 dimensional conformally flat spaces”, J. Geom.
Phys. 153, 103687 (2020).

J.F. Carinena, M.F. Rafiada and M. Santander, “Superintegrability of 3-dimensional Hamiltonian sys-
tems with conformally Euclidean metrics. Oscillator-related and Kepler-related systems” J. Phys. A:
Math. Theor. 54, no. 10, 105201 (2021).

E.G. Kalnins, J.M. Kress and P. Winternitz, “Superintegrability in a two-dimensional space of noncon-
stant curvature”, J. Math. Phys. 43, 970-983 (2002).

A. Ballesteros, A. Enciso, F.J. Herranz and O. Ragnisco, “A maximally superintegrable system on an
n-dimensional space of nonconstant curvature”, Phys. D 237, 505-509 (2008).

A. Ballesteros, A. Enciso, F.J. Herranz, O. Ragnisco and D. Riglioni, “Quantum mechanics on spaces
of nonconstant curvature: the oscillator problem and superintegrability”, Ann. Physics 326, no. 8,
2053—-2073 (2011).

A. Ballesteros, A. Enciso, F.J. Herranz, O. Ragnisco and D. Riglioni, “Superintegrable oscillator and
Kepler systems on spaces of nonconstant curvature via the Stéckel transform”, SIGMA Symmetry
Integrability Geom. Methods Appl. 7, 048 (2011).

J.F. Carinena, F. Herranz, and M.F. Ranada, ‘Superintegrable systems on 3-dimensional curved spaces:
Eisenhart formalism and separability”, J. Math. Phys. 58, no. 2, 022701 (2017).

27



39)
[40]
ja1]
[42]
143]
[44]

[45]

[46]

[47]
[48]
[49]
[50]
[51]
[52]
[53]
[54]
[55]

[56]

[57]

W. Miller, S. Post and P. Winternitz, “Classical and quantum superintegrability with applications”, J.
Phys. A Math. Theor. 46, no. 42, 423001 (2013).

I. Popper, S. Post and P. Winternitz, “Third-order superintegrable systems separable in parabolic
coordinates”, J. Math. Phys. 53, no. 6, 062105 (2012).

S. Post and P. Winternitz, “General Nth order integrals of motion in the Euclidean plane”, J. Phys. A
Math. Theor. 48, no. 40, 405201 (2015).

I. Marquette, M. Sajedi and P. Winternitz, “Fourth order superintegrable systems separating in Carte-
sian coordinates I. Exotic quantum potentials”, J. Phys. A Math. Theor. 50, no. 31, 315201 (2017),

A .M. Escobar-Ruiz, J.C. Lépez Vieyra and P. Winternitz, “Fourth order superintegrable systems sep-
arating in polar coordinates. I. Exotic potentials”, J. Phys. A Math. Theor. 50, no. 49, 495206 (2017).

A. Marchesiello and L. Snobl, “An infinite family of maximally superintegrable systems in a magnetic
field with higher order integrals”, SIGMA Symmetry Integrability Geom. Methods Appl. 14, 092 (2018).

A .M. Escobar-Ruiz, J.C. Lépez Vieyra, P. Winternitz and I. Yurdusen, “Fourth-order superintegrable
systems separating in polar coordinates. II. Standard potentials”, J. Phys. A Math. Theor. 51, no. 45,
455202 (2018).

I. Marquette and P. Winternitz, “Higher order quantum superintegrability: a new ”Painlevé conjec-
ture””, Integrability, supersymmetry and coherent states, 103-131, CRM Ser. Math. Phys. (Springer,
2019).

L. Shang and Q. Huang, “On superintegrable systems with a cubic integral of motion”, Commun. Theor.
Phys. (Beijing) 69, no. 1, 9-13 (2018).
Yu.A. Grigoriev and A.V. Tsiganov, “On superintegrable systems separable in Cartesian coordinates”,

Phys. Lett. A 382, no. 32, 2092-2096 (2018).

W. Szuminski, “On certain integrable and superintegrable weight-homogeneous Hamiltonian systems”,
Commun. Nonlinear Sci. Numer. Simul. 67, 600-616 (2019).

S. Ghazouani and S. Insaf, “Superintegrability of the Dunkl-Coulomb problem in three-dimensions”, J.
Phys. A: Math. Theor. 53, no. 3, 035202 (2020).

M.F. Ranada and M. Santander, “On harmonic oscillators on the two-dimensional sphere S2 and the
hyperbolic plane H2”. J. Math. Phys. 43, no. 1, 431-451 (2002).

M.F. Ranada and M. Santander, “On harmonic oscillators on the two-dimensional sphere S2 and the
hyperbolic plane H2. IT”, J. Math. Phys. 44, no. 5, 2149-2167 (2003).

J.F. Carinena, M.F. Ranada and M. Santander, “The quantum harmonic oscillator on the sphere and
the hyperbolic plane”, Ann. Physics 322, no. 10, 2249-2278 (2007).

J.F. Carinena, M.F. Ranada and M. Santander, “The quantum free particle on spherical and hyperbolic
spaces: a curvature dependent approach”, J. Math. Phys. 52, no. 7, 072104 (2011).

J.F. Carinena, M.F. Rafiada and M. Santander, “The quantum free particle on spherical and hyperbolic
spaces: a curvature dependent approach. 117, J. Math. Phys. 53, no. 10, 102109 (2012).

J.F. Carinena, M.F. Ranada and M. Santander, “The harmonic oscillator on three-dimensional spherical
and hyperbolic spaces: curvature dependent formalism and quantization”. Internat. J. Theoret. Phys.
50, no. 7, 2170-2178 (2011).

J.F. Carinena, M.F. Ranada and M. Santander, “Curvature-dependent formalism, Schrodinger equation
and energy levels for the harmonic oscillator on three-dimensional spherical and hyperbolic spaces”, J.
Phys. A 45, no. 26, 265303 (2012).

28



[58] C.M. Chanu, L. Degiovanni and G. Rastelli, “The Tremblay-Turbiner-Winternitz system as extended
Hamiltonian”, J. Math. Phys. 55, 122701 (2014).

[59] C.M. Chanu and G. Rastelli, “Extended Hamiltonians and shift, ladder functions and operators”, Ann.
Phys. 386, 254-274 (2017).

[60] J.F. Carifiena, M.F. Raniada and M. Santander, “Quantization of Hamiltonian systems with a position
dependent mass: Killing vector fields and Noether momenta approach”, J. Phys. A: Math. Theor. 50,
465202 (2017).

[61] J.F. Carifiena, M.F. Ranada and M. Santander, “Killling vector fields and quantisation of natural
Hamiltonians”, In the book: Classical and Quantum Physics, G. Marmo et al Eds, Chapter 7, pp.
121-145. Springer Proceedings in Physics 229, 2019.

[62] A. Ballesteros and F.J. Herranz, “Maximal superintegrability of the generalized Kepler-Coulomb system
on N-dimensional curved spaces”, J. Phys. A: Math. Theor. 42, 245203 (2009).

[63] N.W. Evans, “Superintegrability of the Smorodinsky-Winternitz system”, Phys. Lett. 147, no. 8-9,
483-486 (1990).

[64] N.W. Evans and P.E. Verrier, “Superintegrability of the caged anisotropic oscillator”, J. Math. Phys.
49, no. 9, 092902 (2008).

.G. Kalnins an . Miller, “Structure theory for extende epler-Coulom classical superinte-
65] E.G. Kalni d W. Miller, “S h f ded Kepler-Coulomb 3D classical i
grable systems”, SIGMA Symmetry Integrability Geom. Methods Appl. 8, 034 (2012).

[66] C.M. Chanu, L. Degiovanni and G. Rastelli, “Extended Hamiltonians, coupling-constant metamorphosis
and the Post-Winternitz system”, SIGMA Symmetry Integrability Geom. Methods Appl. 11, 094 (2015).

[67] G Gubbiotti and D Latini, “A multiple scales approach to maximal superintegrability”, J. Phys. A:
Math. Theor. 51, 285201 (2018).

] Y. Weissman and J. Jortner, “The isotonic oscillator”, Phys. Lett. A 70, 177-179 (1979).
D. Zhu, “A new potential with the spectrum of an isotonic oscillator”, J. Phys. A 20, 4331-4336 (1987).

=
S X

=
=

M.F. Raniada and M. Santander, “On some properties of harmonic oscillator on spaces of constant
curvature”, Rep. Math. Phys. 49, no. 2, 335-343 (2002).

[71] L. Delisle-Doray, V. Hussin, S. Kuru and J. Negro, “Classical ladder functions for Rosen-Morse and
curved Kepler-Coulomb systems”, Ann. Physics 405, 69-82 (2019).

[72] P.W. Higgs, “Dynamical symmetries in a spherical geometry I”, J. Phys. A 12, no. 3, 309-332 (1979).

29



	1 Introduction
	2 Geodesic motion, -dependent formalism, Killing vector fields, and Noether momenta 
	2.1 Lagrangian formalism, Noether symmetries, and Noether momenta 
	2.2 Hamiltonian formalism

	3 Oscillator related Hamiltonian with nonlinear terms k1/x2, k2/y2, and k3/z2
	3.1 The Harmonic Oscillator on the 3-dimensional sphere S3 (>0) and Hyperbolic space H3 (<0) 
	3.2 The Smorodinsky-Winternitz (S-W) system on the 3-dimensional sphere S3 (>0) and on the hyperbolic space H3 (<0) 
	3.3 Oscillator 1:1:2 on the 3-dimensional sphere S3 (>0) and on the Hyperbolic space H3 (<0) with two nonlinear terms of the form 1/x2 and 1/y2 

	4 Kepler related Hamiltonian on the 3-dimensional sphere S3 (>0) and on the hyperbolic space H3 (<0) 
	4.1 Kepler Hamiltonian
	4.2 Kepler related Hamiltonian with nonlinear terms k1/x2, k2/y2, and k3/z2

	5 Final comments 
	6 Appendix I. Properties of the matrix [Kij]
	7 Appendix II. Two other alternative approaches 

