LAPLACIAN COFLOW FOR WARPED G,-STRUCTURES
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ABSTRACT. We consider the Laplacian coflow of a Ga-structure on warped products of the form M7 =
MS x; S1 with M® a compact 6-manifold endowed with an SU(3)-structure. We give an explicit
reinterpretation of this flow as a set of evolution equations of the differential forms defining the SU(3)-
structure on M% and the warping function f. Necessary and sufficient conditions for the existence of
solution for this flow are given. Finally we describe new solutions for this flow where the SU(3)-structure
on M6 is nearly Kihler, symplectic half-flat or balanced.

INTRODUCTION

The first author to consider flows of Ga-structures was Bryant in 2006, [3]. Concretely he considered
the Laplacian flow of a Ga-structure:

7Pt = Aro(t),
starting from a closed 3-form ¢ defining the Go-structure. Az is the corresponding Hodge Laplacian,
given by the formula A; = #7d7 %7 d7 — d7 *7 d7 *7.

In the last years there has been a lot of fundamental works on this issue. In [5] it was proved the short
time existence and uniqueness of solution on compact manifolds. The first examples of long time solutions
to this flow were described in [8]. These examples consist on non compact nilpotent Lie groups endowed
with a one-parameter family of closed Go-structures such that satisfies the Laplacian flow equation for
all ¢t € (a, +o0) with a < 0.

Recent papers by Lotay and Wei [17, 18, 19] derived important properties of the Laplacian flow as long
time existence or convergence results. Even more recently Fino and Raffero on [11] obtained sufficient
conditions for the existence of solution of this flow on warped products of the form M® x; S' with
M a 6-dimensional manifold endowed with an SU(3)-structure. Recall that, if (B, gp) and (F,gr) are
Riemannian manifolds and f is a non-vanishing differentiable function on B, then the warped product
W = B x; F consists on the product manifold B x F endowed with the metric g = 7§ (gp) + f275 (9r)
where m; and 7w are the projections of W onto B and F respectively. They also reinterpret the flow as
a set of evolution equations on M?® involving the differential forms defining the SU(3)-structure and the
warping function f. More details about the Laplacian flow of a closed Ga-structure can be found in the
reviews [9, 16] and the references therein. Another interesting result concerning this flow was due to Xu
and Ye in [23], where they proved long time existence and uniqueness of solution for this flow starting
near a torsion free Go-structure.

In this work we consider the so-called Laplacian “coflow” of Ga-structures. This coflow was introduced
by Karigiannis, McKay and Tsui in [15] and can be considered as the analogous of the Laplacian flow of a
closed Go-structure where the 3-form ¢ is now considered to be coclosed instead of closed. Equivalently
this flow can be stated as:

0
Fri o(t) = —A7 #7 p(t),

where the 4-form #7¢ is closed and #7 denotes the Hodge star operator. These authors considered more
natural to define this flow with a minus sign in order to make it more likely to the heat equation. In order to
obtain solutions they consider 7-dimensional manifolds M® x L' with L' = R or S! where M is endowed
with a Calabi-Yau or a nearly Kéhler structure. Grigorian in [13] introduced the modified Laplacian
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coflow, which consists on a modified version of the Laplacian coflow, proving short time existence and
uniqueness of solution for this modified flow. He also derives the modified Laplacian coflow for warped
Ga-structures of the form M® x ; L' obtaining solution for M° being Calabi-Yau or nearly Kihler. Long
time solutions for the Laplacian coflow on non compact nilpotent Lie groups were described in [1]. In this
work we present solutions for the coflow on warped products where the base manifolds are Lie groups
endowed with metrics belonging to the Gray-Hervella classes W) @ W @ Ws.

The paper is structured as follows. In Section 1 we give an introduction to SU(3) and Ge-structures.
Section 2 is devoted to Go-structures of the form M x; S' (M being compact and endowed with an
SU(3)-structure) whose induced metric describes a warped product. In particular in Theorem 2.3 we
give an explicit description of the torsion forms of such a Go-structure in terms of the torsion forms
of the SU(3)-structure on the base manifold and the warping function. In Section 3 we reinterpret the
Laplacian flow and coflow of a Ga-structure as a set of evolution equations of the SU(3)-structure and we
describe the Laplacian coflow operator of the warped Gs-structure by means of the torsion forms of the
SU(3)-structure and the warping function. In particular for the Laplacian flow we reobtain the equations
due to Fino and Raffero in [11]. Finally the goal of Section 4 is to obtain new examples of solutions of
the Laplacian coflow constructed as warped products where the base manifolds are 6-dimensional and
they are endowed with nearly Kéhler, symplectic half-flat or balanced SU(3)-structures.
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1. SU(3) AND G2-STRUCTURES

In this section we review some preliminaries concerning SU(3) and Ga-structures. More concretely we
present these structures, their corresponding SU(3) and Gs type decomposition of the spaces of differential
forms and finally their torsion forms.

1.1. SU(3)-structures. An SU(n)-structure on a differentiable manifold M>" consists on a triple (g, J, ¥)
where (g,.J) is an almost Hermitian structure on M?" and ¥ is a complex (n,0) form, satisfying

(—1)”("_1)/2 (%)n\ll AT = %w",

with W the conjugated form of ¥ and w the Kihler form of the almost Hermitian structure. An SU(n)-
structure can equivalently be described by the triple (w,%4,1%_) where ¥4 and ¢_ are, respectively the
real and the imaginary part of the complex form ¥. In what follows we will focus on SU(3)-structures on
6-dimensional manifolds. Note that in this case, the metric g, 4, can be recovered from (w, 4 ,?¢_) as

gwﬂbi (Xu Y)UOZG =-3 (LX)W A (LYer) A ¢+7

where ¢ denotes the contraction operator, volg = %w?’ and X,Y e X(M®).
The presence of such structure on a manifold M® can also be characterized by the existence of a local
basis of 1-forms {e!,...,e®} such that (w,v,1_) can be described as:

w=c¢e'2 e+ 656,

(1)

w+ — e135 _ 6146 _ 6236 _ 6245, w_ _ —6246 4 6235 4 6145 + e1367

where we denote, as usual in the related literature, e* the wedge product e’ A ¢/ and e“* the wedge
product e’ A e/ A e¥. In the following, a basis in which the SU(3)-structure has the expression (1) will be
called an adapted basis.
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In [6] it is described how the intrinsic torsion of an SU(3)-structure, namely 7, lies in a space of the
form

TEW%®W5®W3®W4®W57

where W; denote the irreducible components under the action of the group SU(3). This torsion can be
described by the exterior derivatives of w, 1, and _ and also in terms of the so called torsion forms.
This latter description is given in [4] where the authors consider the natural action of the group SU(3)
on QF(M?5), the space of k-forms on M. Thus, the different spaces of forms Q¥(M?) can be splitted into
SU(3) irreducible subspaces as follows:

QY(MO) is irreducible,
02(M°) = QF(M®) @ A (M°) @ QF(M°),
with
QF(M®) = {fuw|f e CP(MO)},
QF(MO) = {x6J(n A1) € QH(MO)} = {0 € Q*(MO)|Jo = o},
Q2(MS) = {0 € D2 (MO)|o Ay =0,%6J0 = —0 Aw} = {0 Q*(M®)|Jo = —0,0 Aw? =0};
and
O*(M°) = QF (M®) @ Q2 (M®) © QF(M®) @ 2}, (M),
with

QM) = {fvs| feCo(MO)}, QM) = {nrw[neQ(MO)} = {yeQ(M°)|x Jy =1},
Q2 (MP) = {fy-|feCo (M)},  Q}(M°) = {ye P (M°)|yrw =07+ =0},

where g denotes the Hodge star operator associated to the induced metric g, 4, and the volume form
volg. Notice that Q%(M6) denotes the SU(3)-irreducible space of k-forms having dimension d. Decompo-
sitions of the spaces of k-forms for k£ = 4,5 and 6 need not to be detailled since they can be achieved via
the Hodge star operator, #sQ%(M®) = Q5~%(M6).

With all these previous descriptions the derivatives of w, 1 and 1_ can be decomposed into summands
belonging to the SU(3)-invariant spaces as follows (see [4] for details):

dw = %Baoer + %mﬂ/}, + 11 Aw+ s,
(2) dipy = Tew?+ T AYL — Ty AW,
dy_ = 0'()0J2+7T1/\’lb,—0'2/\w,

where o¢, 79 € C*(MO), 71,11 € QY (M®), 72, 09 € Q3(MO) and v3 € O3, (MO) are the torsion forms of the
SU(3)-structure.

Some classes of SU(3)-structures that are useful for our purposes are given in Table 1.

Class | Non-vanishing torsion forms | Structure
{0} - Calabi-Yau
Wr o) Nearly Kéhler
Wy 02 Symplectic half-flat
Ws V3 Balanced

TABLE 1. Some classes of SU(3)-structures
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1.2. Go-structures. A Go-structure on a 7-dimensional differentiable manifold consists on a three form
¢ defining a metric, namely g,, a volume form vol; and a 2-fold vector cross product, see [7, 14]. The
metric g, can be recovered from ¢ as

1
9o (X, Y)voly = g (txp) A (ty ) A,

with X,Y € X(M7). The presence of such structure on a manifold M7 can be characterized by the
existence of an adapted basis, i.e. a local basis of 1-forms {e',...,e”} such that ¢ can be described as:

— 6127 347 567 135 _ 146 236 245

® +e +e te e —e —e

Concerning the intrinsic torsion of a Ga-structure, namely 7, in [7] it is described how this torsion lies
in a space of the form

TeXi®X®Xs® Ay,

where X; denotes the irreducible components under the action of the group G,. Thus, we can distin-
guish between 16 different classes of Go-structures, the so-called Ferndndez-Gray classes, which can be
characterized by the behavior of the exterior derivative of ¢ and 7 where %7 is the Hodge star operator
induced by the Ga-structure. In [3] it is given a description of the derivatives of ¢ and #7¢ as summands
belonging to the different Go-invariant spaces &;.

In order to obtain this description it is considered the natural action of the group Gy on QF(M7).
Thus, the different spaces of forms Q¥(M7) can be splitted into Go-irreducible subspaces as follows:

QY(MT) is irreducible,
QH(MT) = (M) @ Q34 (MT),

with
Q2(MT) = {#7(n A #7p)|n € QY(MT)} = {0 € P} (MT)|o A p =2 %7 0},
0L (M7) ={o e R (MT)|o Ao =—#70};
and

Q}(MT) = B (MT) © B(MT) © Q57 (M),
with

QF(MT) = {fol feC®(MT)}, Q3,(M7) = {7 e B}(MT)|y A o =7 A x79 = 0}
QM) = {x7(n A )| e QY (MT)},

Similarly to the previous case, Q’;(M ) denotes the Go-irreducible space of k-forms which has dimen-
sion d. For the rest of dimensions (k = 4,5,6 and 7) use the relation: +7Qk(M7) = Q7% (MT).

Thus, the derivatives of ¢ and #7¢ can be decomposed into summands belonging to the Go-invariant
spaces as follows (see [3]):

(3) de =170 %7 9+ 371 A @ + #7T3, d(#7) =411 %7 0+ T2 A @,
where 79 € C*(M7), 71 € QY(M7), 7 € Q3,(M7) and 73 € Q3,(M7) are the torsion forms.

In particular:

1
@ T0=?*7(dg0/\(p), To = — sy d w7 @+ 47 (71 A #70),
T1=%*7 (x7dp A @), T3 = #7dp — To — 37 (T1 A ).

The principal Ferndndez-Gray classes are given in Table 2:



LAPLACIAN COFLOW FOR WARPED G2-STRUCTURES 5

Class | Non-vanishing torsion forms | Structure
P — Parallel
Xy To Nearly Parallel
X, T Closed
Xs T3 Coclosed of pure type
Xy 5! Locally conformal parallel
X @ As T0,T3 Coclosed

TABLE 2. Some classes of Ga-structures

2. WARPED G3-STRUCTURES

Consider two Riemannian manifolds, namely (F, gr) and (B, ¢p), and f a non-vanishing real differen-
tiable function on B. The warped product, denoted as B x F', consists on the product manifold

W=BxF

endowed with the metric g = 7§ (gp) + f273 (gr) with m1 and 72 being the projections of W onto B and
F' respectively.

Starting from an SU(3)-structure (w, 1+ ) over M9, and considering a function f € C*(M?9) it is possible
to construct a Go-structure ¢ over M7 = M® x ST such that:

(5) p=fwnds+(ahy —BY_),

with s the coordinate on S' and a, 8 € R satisfying o + 32 = 1. Thus, the metric and the volume form
of this Gg-structure are given in terms of the SU(3)-structure by:

9o = Guapy + f2ds?, voly = foolg A ds.

Observe that g, = gf, so M 7 is in fact a warped product. In what follows we will call warped Ga-structure
to this Ge-structure (5).

Remark 2.1. If we consider the pair («, 8) = (1,0), this definition of warped Ga-structure is exactly the
one already given in [11].

The metrics g, and g, on the base manifold M 6 and the warped product M6 x S ! respectively
define two star operators *g and #7 related by the following:

Lemma 2.2 (Lemma 3.2, [11]). Let n € Q¥(M®) be a differential k-form on M5, and let *s and =7 be the
Hodge star operator determined by the SU(3)-structure and the warped Go-structure, respectively. Then

x70) = fxem Ads,
x7(n A ds) = (—1)kf_1 *6 7).

Hence from (5) and the previous lemma it can be checked that

1
(6) w1 = 0P+ [ (@ + Buy) A ds.
Remark 2.3. The key idea of this section is to study how the Go-geometry of the warped product M6 ><jcS'1
forces conditions on the SU(3)-geometry of the base M®. Having this idea in mind, we are going to describe
the torsion forms (4) of the warped Go-structure in terms of the torsion forms of the SU(3)-structure and
the warping function.

In the spirit of [20, Theorem 3.4] we can prove:
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Theorem 2.4. Let (M6 w,vy) be an SU(3)-manifold with torsion forms mg, 0o, T1,v1, T2, 00 and vs.
Then, the torsion forms (4) of a warped Ga-manifold (M™ = M x; S1, ¢) are given by

n = 2(am - Boy),
o= Lagy+ Bmo)fds + Lo,
(7)™ = —aoy—fma+ §s (02 A w?) Ads— 5w (12 A (- + fit))
m = | 2amo — Boo)fw — § o (s A (avry — Bu-)) + flams = Boa) | A ds = §x (15 A w)—

£ (amo — Boo)(arpy — Bip-) — #eus,
where n; are the following 1-forms:
1 1 1
n = }d6f +m v, = ?d6f +m =20, n3= }de —m + 1.

Proof. The result holds after long computations where the definition of the spaces Q%(M6) are used. As
hint, let us write down the expressions for dy, #7(dy) and d(*7¢). From (5) and (6) one gets:

3 3
dp = <df/\w—2faow++2f7row+fu1 /\w+fu3> A ds
+(am — Boo)w? +m1 A (ay — BY_) — (amy — Bo2) A w,
1 3 3
#7(dp) = —f7 #6 (df Aw)+ 500+ 5oy — #6(11 A W) — *6 V3
+[2f(amo — Boo)w + fx6 (11 A (atpy — BY-)) + a fmy— B foa] Ads,
d(+70) = v Aw?+ [—f(aag + Bma) A w + flaoy + Bro)w? + (df + fr1) A (anp_ + 61/4)] A ds.
Finally, from (4) and using Lemma 2.2 the result is achieved after long and standard computations.

O

Most of the Ferndndez-Gray classes of Go-structures are characterized in terms of the cancellation of
some of their torsion forms (see Table 2). Using expressions (7), the cancellations of 79, 71, 72 and 73 are
expressed by using the SU(3)-torsion forms of the base M® and the warping function f.

Corollary 2.5. Let (MS w,v) be an SU(3)-manifold. Thus, the torsion forms of the warped Ga-
structure satisfy:

T():()(:){i) amy — Bog = 0.
it)  aog+ By =0,
=0+
i)  m =0.

iv)  m2 =0,
=0 <
v) aog + B = 0.

vi)  amy— Bog =0,
/UY’Z) N3 = 07
73=0 <
viil)  amg — Bog =0,
ir) wv3=0,
In Table 3 we show how the Ga-geometry of the warped product M® x ; St forces conditions on the
SU(3)-geometry of the base MS.

Remark 2.6. From Corollary 2.5, 73 = 0 implies 79 = 0, therefore nearly Parallel structures can not be
achieved as warped Ga-structures of the form (5).
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Class Go-torsion forms SU(3)-torsion forms Class
o, =T =v; =0
P To=T1=T2=73=0 ' ! ' 0
def =0
g =00 =m1 =v3 =0
Xo To=T1=73=0 amy — PBoz =0 W5 @ W
Fdof = —1n
w9 =00 =v1 =0
X3 To=T11=72=0 aog + Bre =0 W;£®W3®W5
%dtsf: -7

Xy To=T2=73=0 wEowiews

aog + B =0
X1 D A3 T1=72=0 acy + Bra =0 wiowifowsews

v =0, %de =-m

TABLE 3. Relation between torsion forms of the warped Ga-structure and the SU(3)-structure

3. THE LAPLACIAN FLOW AND COFLOW OF WARPED G2-STRUCTURE OF THE FORM M® x ; S1

Recall the definitions of the Laplacian flow and coflow, that are respectively:

o [Fe0 =D, [ S 0) = ),
dz p(t) = 0, dr (xp(t)) = 0,

where (t) is a one-parameter family of Ga-structures and A, #; denote the Laplacian and the Hodge
star operator induced by ¢(t) for every t.

Our objective in this section is to particularize the Laplacian flow and coflow considering one-parameter
families of Ga-structures obtained as warped products, i.e.

(8) p(t) = f(t)w(t) A ds + (appi (1) + By (1))

From the previous expression, we derive the following:

ot ot
Z0me(0) = | 20 (3020 + av-(0) + 1) (550+0 + a5 0-0)) | nds + 3720

? d d ? d
o) = ( 2 fO)wt) + f{O) 5 wt) ) Ads+az(t) — By-(1),
) ( ot ) ot ot

ot

Now we focus on the 3-form Az, resp. the 4-form A7 7 ¢. For a generic Ga-structure, considering
the formulas given in (3) of the exterior derivatives of ¢ and #7¢, a description of the Laplacian in terms
of the torsion forms can be given as

(10) Arp =dr(Te — 47 (11 A #70)) + #7d7 (00 + 3 %7 (T1 A @) + T3).

Since the Laplacian commutes with the Hodge star operator, Azx7 = #7A7, combining (7) and (10)
it is also posible to describe A7 x7 ¢ of a warped Geo-structure in terms of the torsion forms of the
SU(3)-structure and the warping function f for particular classes of Go-structures.

Provided that we are interested in the Laplacian flow, resp. coflow, we consider the 3-form A,yp, resp.
the 4-form Ay #7 ¢, when ¢ is closed, resp. coclosed. Let us start with the closed ones:
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Proposition 3.1. Let ¢ be a warped closed Ga-structure (5) on MS x; St where (w,14) is an SU(3)-
structure on M. Then A7 has the following expression:

Arp = —dg(aog + Bma) + dg *¢ (1/1 A (o + B¢+)) + f[l/1 A xg(v1 A w?) — dg *6 (V1 A w2)] A ds,

where ame — foo = 0.
In the particular case that the warping function f is constant (dgf = 0), then

Az = —dg(aos + Bma).
Proof. Since ¢ is closed, 1o = 71 = 73 = 0 and by (10)
Arp = dr7y,
where in view of (7)
T2 = —aoy — By + #(11 A (ap- + Bipy)) — f e (11 A w?) A ds.
For the case f constant, since %d6 f = —uv1 (see Table 3) then v; = 0 and the result holds. O
Consider now coclosed Go-structures:

Proposition 3.2. Let ¢ be a warped coclosed Go-structure (5) on M® x 5 S1 where (w, ) is an SU(3)-
structure on M®. Then Ay %7 ¢ has the following expression:

A7z = 3(am — foo)[(ame — Boo)w? + 1 A (atpy — BY—) — (amy — Boa) A w] + d *6 (m1 A w)
—ds(#6v3) + Sdg(amg — Bog) A (athy — Bip_)
+f[2d6(om'0 — Bog) Aw + (amg — Bog) (—2m1 A w — 3opYy4 + 3met— + 2v3) + dg(amy — Bos)

=11 A xg(m1 A (aapy — BY_) + dg %6 (m1 A (athy — ) — w1 A (amp — ﬁ@)] A ds,

where ao; + m; =0 for i =0,2.
Moreover, if f is constant, then
(11)

A7*7s0 = %

(amy — Boo) ((ame — Bog)w? — (amy — Boa) A w) — ds(*6v3)
+5ds(amo — Bog) A (athy — By-)

+f|2dg(amo — Bog) A w + (amg — Bog) (—300t4 + 3meth— + 2v3) + dg(amy — 602)] A ds.

Proof. The condition ¢ being coclosed is equivalent to 71 = 72 = 0 and as a consequence of (10):
A7 w7 ¢ = #7A700 = dr(Top + 73).
Now, using (7):
Arxrp = d?[f<2(04770 — Boo)w + #6(m1 A (thy — BY_)) + (amy — 502)) A ds

+3(amo — Boo)(avs — B-) + #o(m A w) = wovs).

and the result follows. In order to prove (11), observe that m; = 0 according to Table 3.
O

Remark 3.3. In what follows, and similarly as in [11], we restrict our attention to the case of the
warping function f is constant over the base manifold MS.

In order to obtain solutions of the Laplacian flow of a warped closed Gs-structure, combining the
expressions (9) and Proposition 3.1, we can set the system of equations that must be satisfied:
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Proposition 3.4. For a closed warped Go-structure (5), the equation of the Laplacian flow (LF) is
equivalent to:

0
FR)w(®) + f(t)5w(t) =0,
0 0

a§¢+(t) - ﬁgfﬁ—(t) = —dg(aoa(t) + Bma(t)).
where ama(t) — Boa(t) = 0.
Remark 3.5. For the particular case of (o, ) = (1,0), we recover the system already studied by Fino
and Raffero in [11, Prop. 5.2].

Similarly, for the coflow, we get the following system of equations:

Proposition 3.6. For a coclosed warped Go-structure (5), the equation of the Laplacian coflow (LcF) is
equivalent to:

aw;(t) = —3(am(t) — Boo(t))?w?(t) + 3(am(t) — Boo(t))(ama(t) — Boa(t)) A w(t)
+2dg (#6v3(t)) — 3dg(amo(t) — Boo(t)) A (apy(t) — By_(1)),
f'(®)

(B (£) + ap_ (1)) + <g‘9¢a+t(f) N awgf“) _

—(amo(t) — Boo(t)) [=3o0(t)y4(t) + 3mo(t)y— () + 2vs(1)]
L —dG(Oéﬂ'g(t) — 602(t)) — 2d6(a7r0(t) — ﬂdo(t)) AN w(t),
where ao;(t) + pmi(t) =0 fori=0,2.

ft)

Corollary 3.7. For the particular case of (o, 8) = (0,1), the Laplacian coflow becomes:

&u;(t) = —300(t)%2w?(t) + 300 (t)o2(t) A w(t) + 2dg(*6v3(t)) — 3dgoo(t) A P_(t),
(12) £t o (1) )
f(t) ¢+ (t) + at = —30'0(t) 1/J+ (t) + 20’0(t)l/3(t) + d602(t) + QdGUo(t) A\ (JJ(t)

Remark 3.8. For the Laplacian coflow we chose the parameters («, ) to be (0,1) in order to obtain
equations depending on the torsion forms 0,0 and vs (see (2)) which are the ones that appear in the
canonical definitions of the SU(3)-structures, nearly Kahler, symplectic half-flat and balanced, respectively
(see equations (19), (22) and (28) in the next sections).

4. NEW SOLUTIONS TO THE LAPLACIAN COFLOW

Our main objective is to provide new solutions ¢(t) for the Laplacian coflow (12). In what follows we
will consider one parameter families of warped Ga-structures (8) on G x S, being G a Lie group. The
underlying SU(3)-structures (w(t), ¥+ (t),¥—(t)) are left-invariant and can be locally described as

w(t) = x'2 + 234 + 256,

13
(13) Do) = 135 — 146 _ 4236 _ 1245y (1) = 246 4 235 4 145 4136
where {2%(t)} denotes for every ¢ a local adapted basis, 2% stands for z*(t) A 27(t) and 2“* stands for
2% (t) A 27 (t) A 2¥(t). Our ansatz consists on stating that
(14) a'(t) = fit)h',
where fi(t) are differentiable non-vanishing real functions satisfying f;(0) = 1 and {h!,... A%} is an

adapted basis for the SU(3)-structure for ¢ = 0. Notice that (14) defines in fact a global basis since we
are considering parallelizable manifolds.
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Observe that the volume induced by ¢(t) is given by volz(t) = f(t)vols(t) A ds where

6 6
volﬁ(t) _ 1L'123456(t) _ Hfi(t)h123456 _ Hfi(t)’UOIG,
i=1

i=1
that is
6
(15) voly(t) = (H fi(t)> f(®)volg A ds.

Direct computations show:

(16) aw(t) _ i ( ék:fl(t) + fék(ﬂ) x?kfl(t) A Z‘Qk(t).

o) £ H
& 22<i’jvk’l>ﬂ<fi<t>*fj«t) RORNI0)
with 7 = {(1,2,3,4),(1,2,5,6),(3,4,5,6)}.

(17)

f'(t)
f®)

) _ (PO, RO B0 RO
) Vel + =5 = (f(t)+f1(t)+fs(t)+fs(t)>

) PO RO B0 RO
ke (f(t) oM fi(t) fk(t)> ’
with Z = {(1,4,6), (2,3,6), (2,4,5)}.

As we mentioned before, the Go-geometry of the warped product imposes conditions on the SU(3)-
geometry of the base MS. Concretely, the Gy-structure is coclosed if and only if the corresponding
SU(3)-structure lies on the space Wi @ Wi @ W3 @ W5 (see Table 3). Notice that if we consider a
one-parameter family of SU(3)-structures (w(t), ¥+ (t)) belonging to the previous space for any ¢, then
the corresponding warped Go-structure will remain coclosed for any ¢. Moreover, in what follows we
will impose that (w(t), ¥+ (t)) belongs to Wi, W5 or Wi for any ¢t. Now we particularize (12) for some
interesting cases of SU(3)-structures lying on these particular subspaces.

4.1. The nearly Kéahler case (W, ). Recall that a nearly Kéhler SU(3)-structure satisfies
3 2

(19) dw = 75 g0 'l/)+, d’l/)+ = O, d'l/}_ = ogw .

In particular, o9 = v3 = 0. Particularizing (12) for o2(t) = v3(t) = 0, we get

aw;t(t) = —300(t)%w(t) — 3doo(t) A ¥_(1),
J;g)) Py (t) + awgt(t)  Bo0(t) (1) + 2dec0(t) A ().

Observe that with this particular ansatz, the left-hand side of the first equation above is a combination
of the 4-forms 21234 1256 and 3456 (see (17)); however, it can be easily proved that if 7 is a one-form,
then 1 A 1_(t) never belongs to the space generated by 2234 21256 and 2346 unless 7 = 0. Therefore,
we need dgoo(t) = 0, which means that og(t) is constant as a differentiable function on M®.

Now, the previous system simplifies as:

a2 (%)

= —300(t)%w?(t),
(20) o o, (1)
5000+ 20 oo, 0.

Let us solve this system (as before, we denote f;(t)f;(t) simply as fi;).
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ow?(t)
ot

Proof. Using the symplectic operator L : Q4(M) — QI2(M) defined by L(n) = n A w, the previous
equation can be expressed as:

P s () = 0 o= 1 (2750 3000 u0)) <0,

It happens that L is injective for ¢ < n — 1, being dim M = 2n [2]. Since in our case n = 3, we have that

Lemma 4.1. If

= —300(t)2w?(t), then, fio = faa = fs6, where fi(t) are the functions in (14).

L (2(7‘;5)% olt)? ()):o Qo) _ 3w

Using (16), aé’it) = —300(t)?w(t) if and only if

[ BN (B0 AOY (B0 ROY_ 3
(fl(t) " f2(t)) - <f3(t) " f4(t)> - (fs(t) + f6(t)> = —500(t)",

which is equivalent to say

d d d 3
a(lnfu) = g(lnfsz;) = ﬁ(lnf%) = —iao(t)Q.
In particular,
So oo he o S
f3a " fre T fse ’
where ¢; are constants. Since f;(0) = 1, we obtain that fi3 = f34 = f56. O

For the second equation we get:

Lomma 4.2, 1f 58 () + 220 = 00020 1), then, £1(6) = £20), Jo(0) = ul0), 5(0) = o)

where f;(t) are the functions in (14).

ad}gt(t) = —300(t)? 1 (), then:

S0 fi39)) = 5 () fras)) = (070 Fose)) = 5 (0T (0)Foss)) = 3o (t)”.

In particular, observe that:

Proof. Arguing as before, if %M(t) +

d d d FO) i\ fik (:)&_
GO F0) = O ) 5 (nEEE) <0 e —ooms Ly,
where ¢ is a constant and we have used the fact that f;(0) = 1. So:
d d d d
5 (f () f135)) = — (In(f(t) fras)) = — (In(f(t) f236)) = - ((f(t) fas5)) =

f13 = foa, fia= fa3,  fi5 = fos,
Ji6 = fas5,  f35 = fa6, [f36 = [a5,
— f1(t)* = fo(t)?, f3()* = fa(t)?, f5(t)* = fo(t)* <= f1(t) = fa(t), fs(t) = fa(t), fs(t) = fo(2),

where for the last equivalence we have used that f;(¢) are continuous functions satisfying f;(0) = 1. O

We can combine the two previous results to conclude that f;(t) = f;(t) fori,j = 1,...,6. If we denote
fi(t) = F(t) for all i = 1,...,6, then (w(t), ¥+ (t)) has the particular form:

(21) w(t) = F2(t)w,  ¢u(t) = FP(t)vy,  o-(t) = FP(t)v-.

Lemma 4.3. Let (w(t),¥+(t)) be the one-parameter family of SU(3)-structures given in (21) where
(w,¥+) is a nearly Kahler structure. Then (w(t), ¥+ (t)) is nearly Kahler for all t if and only if oo(t) =

o0
m(t)”



LAPLACIAN COFLOW FOR WARPED G2-STRUCTURES 12

Proof. Equation (21) implies that dw(t) = F%(t)dw, and di_(t) = F3(t)di_. Since (w,1+) is nearly
Kahler, one has
3

dw(t) = —io—on(t)m, dip_(t) = oo F3(t)w?,
or equivalently
dult) = —5 Fsvet) and - db_() = ).

Fi)”

70 and the result follows. O

Therefore, (w(t),1+(t)) is nearly Kéhler for all ¢ if and only if oo (t) VAOL

In the next result we show how to solve the Laplacian coflow in this particular case.

Proposition 4.4. Let MS be a manifold endowed with a nearly Kihler structure (w,+). Then the
one-parameter family of warped Ga-structures on M° x ¢ S' given by

3/2 2
p(t) = <1 — ? t) (cwnands—1_) and = p(t) = < — ? t) (;wQ +cpy A ds>

2 \1/2
s a solution of the Laplacian coflow for t € (—oo7 %), being f(t) = c(l — 3% t) , ceR*.
0

Proof. From Lemmas 4.1, 4.2 and 4.3, the system (20) with (w(¢),v4 (¢)) nearly Ké&hler for all ¢ is
equivalent to

4F'(t)F(t) = —303,

LB () + 3F' (1) F(t) = —303.
whose solution is

Fo-(-%E)" go-e(1- )"

and the result follows. O

Corollary 4.5. In the conditions above, the volume form induced by the one-parameter family of warped
Go-structures on M X f St is such that

lim wvol7(t) =0,

t—T—
where T = &% is the maximal existence time of the solution.
0
. 302 7/2
Proof. Just observe that, using (15), vol7(t) = c(l -5 t) volg A ds. O

Remark 4.6. Not many examples of nearly Kdhler manifolds are known. Recently, new complete exam-
ples on S and S3 x S3 have been described in [12] and [21]. Next we solve the Laplacian coflow using an
explicit example of nearly Kdhler structure appeared in [21].

Example 4.7. Consider the sphere S3, viewed as the Lie group SU(2) with the basis of left-invariant
one-forms {\', A2, A3} satisfying

A" =A% Nt = A AN = 12
Thus, su(2) @ su(2) is the Lie algebra of S® x S and its structure equations are:

su(2) @ su(2) = (A2, A3 A2 28 18 12

with {v'} the basis of left-invariant 1-forms on the second sphere. The pair (w,v ) with

w=1—8()\1 AP XAV AR AP,

V3

¢+=a()\%/\yl—/\l/\1/23—)\13/\1/2—1—)\2/\1/13—|—)\12/\1/3—)\3/\u12),

where w is the Kdhler form and 1 is the real part of the complex (3,0)-form, defines a nearly Kahler
SU(3)-structure on S3 x S3. Observe that the basis {\!, v'} is not adapted to the SU(3)-structure.
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Consider {h', ..., hS} the basis of left-invariant 1-forms on S3 x S3 given by

SIS W 42 Lo i Y3 g V3 e a1

3 6 6 6" 6 6 3 6
This basis is adapted to the SU(B)—structure and (w,v¥4) turns out to be nearly Kdahler with og = —2.
Therefore, in view of Proposition 4.4, the one-parameter family of warped Ga-structures on (5% x S3) x s S*

given by

Ve,

3/2
@) = (1=6¢) " [c(h!2 + B 4 B%) & ds + 216 — B2 — 136 — 135
and )
sp(t) = (1 _ 6t) [h1234 1+ RI26 | 3456 | (135 _ pl46 _ p236  p245) ds],

Nl=

where f(t) = c (1 —6t)2, is a solution of the Laplacian coflow for all t € ( — 0, %)

4.2. The symplectic half-flat case ()5 ). Recall that a symplectic half-flat SU(3)-structure satisfies

(22) dw=0, dypp =0, dp_=—09rw.
In particular, o9 = v3 = 0. Particularizing (12) for og(t) = v3(t) = 0, we get
ow?(t)
ot 7
23
= PO,y 200

0 Py (t) + En = dgo, (t)

Now, we get necessary conditions in order to solve the Laplacian coflow. Arguing similarly as
Lemma 4.1 and providing that o¢(t) = 0, it is straightforward to see that the first equation of (23)
holds if and only if

1 1 1

(24) fa(t) = A0} fa(t) = H@) fe(t) = (A0}

In this setting, the behaviour of the induced volumen is volz(t) = f(t)volg A ds (see (15)).
The following technical result, that makes use of equation (18), states how to solve the coflow in the
symplectic half-flat case:

Lemma 4.8. Consider a warped coclosed Ga-structure ¢ on M5 X g St where (w,4) is a symplectic
half-flat SU(3)-structure. Then (t), given by (8), is a solution of the coflow (23) using the ansatz (14)

if and only if f(t), f1(t), f3(t) and f5(t) satisfy:

fr@) i) | fst) | f5) fr@) i) fst) ()
T I 1 10 2 R (O I 10 R TR )
py < PO O AO RO PO R0 A0 R
&) A 0 f0)] &) A @) S
where functions A135(t), A146(t), A2se(t), Aaas(t) are such that

dgoa(t) = A1ss (1) — Apae(t) a0 — Agse(t)a®® — Agus(t)2®*,
and (w(t), P4 (t)) is symplectic half-flat for all t.

In order to obtain examples and inspired in the solutions given in Proposition 4.4, we will consider the
functions f;(t) of potential type, i.e.

(26) fi(t) = (1 + kt)™
with «; and k real numbers. Thus the solutions of the coflow are of the form:
(27)

@(t) = F() [(1L+ k) H2h12 4 (14 k)™ 4 (1 4 kt)*> 2] A ds
o (1 + kt)a2+o¢4+a6h246 + (1 + kt)a2+a3+a5h235 + (1 + kt)a1+a4+a5h145 + (1 + kt)oc1+a3+a5h136’

where the basis {h!, ..., h®} is defined in (14).
Next we solve the Laplacian coflow on unimodular solvable Lie algebras.
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Example 4.9. Consider the Lie algebra e(1,1) @ e(1,1) whose structure equations are
e(1,1)@e(1,1) := (0,0, —h'*, —h'3 K25 —p26),
The corresponding connected and simply connected Lie group G admits a left-invariant symplectic half-
flat structure which is given canonically by (1) in basis {h'}. Let us consider a one-parameter family of
SU(3)-structures given by (13) with x'(t) = f;(t)h' being fi(t) of potential type as in (26). The structure
equations of ¢(1,1) @ e(1,1) with respect to the time-dependent basis {z*(t)} are
(0,0, —(1 + kt)ya—or—aapld (1 4 g)*a—oa=cagl3 (1 4 k)20 —(1 + kt)~*22%0),
In order to obtain solutions for the Laplacian coflow, and in view of (24), we can set
as = —aq, ay = —az, and oag=—as.
With these values, we impose the preservation of the symplectic half-flat condition. It is easy to verify
that dw(t) = 0 for all t; ¥, (t) remains closed if and only if a1 = a3 = 0, since
dps(t) = (= (L + k)™ + (1+ k)@ 7209) 21235 4 (— (14 k)™ + (1 + kt) 01 T203) 51246,
So, (w(t),v+(t)) is symplectic half-flat for all t if and only if a1 = as = a3 = ag = 0. Observe that the
structure equations are simply:
¢(1,1)@e(1,1) := (0,0, —z'4, —z'3, 2% —220).
Finally, to solve the second equation of (23) we make use of (25). Since (w(t),¥+(t)) is symplectic
half-flat for all t, oa(t) = — =¢ dp_(t), see (2), and therefore
doy(t) = =235 4 22116 4 22236 4 22,245,

which means that A;ji(t) = —2. We obtain the system

LW 4 kas(1+kt)™ = —2

Fio)

I — koas(1+ k)™t = —2.

which can be solved taking
as =0 and f(t) =ce ™, ceR*.
Therefore, the one-parameter family of Ga-structures on G x ¢ S* given by (27)
o(t) = ce 2 (12 + b3 4 h35) A ds — h246 4 235 4 p145 | p136

is a solution of the Laplacian coflow for all t € R. Since lim;_,p f(t) = 0, where T = +00 is the mazimal
existence time of the solution, we obtain that lim; 1 vol,(t) = 0.

n [10], the authors classify the 6-dimensional unimodular solvable Lie algebras admitting symplectic
half-flat SU(3)-structure and show that all the corresponding solvable Lie groups admit a co- compact
discrete subgroup. In addition to the Lie algebra e(1,1) @e(1, 1), in terms of an adapted basis {h*}%_; to
the SU(3)-structure, the structure equations of these algebras are the following;:

951 ®R = (0,0,0,h',0,h'3),

Ag},fl,l @R = (h6,—h26, _p3 6 0 0),
A;‘llfa’l OR = (ah15 + h35,fah25 + h45, _pl5 4 ah35,7h25 _ ah45,0,0),
ge,vs = (0,—2h°°,0,—Rh",0,n'%),
92’38 = (2h36,0, —h26, K% — 26 _p23 _ 24 p23),
gy 1711871 = (—hY5 £ B30 B2y A6 _pl6 35 26 4 pd5 0 ).

In Table 4 we present long time solutions to the Laplacian coflow for Gs-structures obtained as warped
products of solvmanifolds endowed with symplectic half-flat SU(3)-structures. These solutions can be
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obtained as follows: consider Lemma 4.8 with the potential functions given in (26) and a warping function
also of potential type

f)=c(1+kt)?, ceR*
Thus, using (25), we obtain a linear system of equations in «;, 8 and k that can be easily solved. Known
the values of «;, 8 and k and considering (27) we can give an explicit description of the solutions of the
Laplacian coflow for each example. We also include the value of doa(t) in each case, necessary to compute
the parameters of the solutions.

Lie algebra dos(t) (a1, ..., ag) g k
95, ®R Aigs = —2(1 + kt) 220200 (666668 |5 3
A7 @R Avge = Agzs = —4(1 + kt)** (0,0,0,0,—3,%4) |3] —4
AsTr @R | Arss = Agas = —da®(1 + kt) 720 (0,0,0,0,3,-%) | 1] —4a?
dors | A= 6Lkttt |G i3 b |4 o
98,38 Agzs = —6(1 + kt)?o1 s (=% 58668 |5| 2
I BN [ SR S S O
Agys = —2(1 + kt)2a1+2as—2as
96, 1711871 A1ss = aus = —4(L+ k&) (0,0,0,0, év _%) % —4
Arg6 = Asze =
—2(1 + kt)?*5 (=1 + (1 4 kt)?*172s)
TABLE 4. Solutions of the Laplacian coflow in the SHF-case
In particular, in any case lim;_,p— f(t) = 0, where T = _Tl is the maximal existence time of the

solution, and therefore, lim,_,p- volz(t) = 0.

4.3. The balanced case (Ws). Recall that a balanced SU(3)-structure satisfies

(28) dw=vs, dypy =0, dyp_=0.
In particular, o9 = 09 = 0. Particularizing (12) for o¢(t) = o2(t) = 0, we get
Ow?(t
) (g (t)),
> FO, o 2
+ j—
10 i (t) + Fra 0.

In this case, we can apply Lemma 4.2 with o((t) = 0 (compare the second equations in (20) and (29))
obtaining the same conclusion, i.e., for(t) = far—1(t) for k = 1,2,3. Now, the behaviour of the induced

volumen is vol7(t) = f1(t)%f3(t)%f5(t)2f(t)vols A ds.

Similarly to Lemma 4.8, we can set:

Lemma 4.10. Consider a warped coclosed Ga-structure ¢ on M® x5 S' where (w,+) is a balanced
SU(3)-structure. Then ¢(t), given by (8), is a solution of the coflow (29) using the ansatz (14) if and

only if f(t), f1(t), f3(t) and f5(t) satisfy:

31234(t) =2 (flgt; fSE 3) 5 BlQSG(t) =2 (;ﬁgi; + :;igg) ) B3456(t) =2 (;ﬁgi; * fi)gg) 7
(t

where functions B1as(t), Biase(t), Bsass(t) are such that
de(*13(t)) = Biaza(t)x'*** + Biase(t) %% + Bayse(t) x>0,
and (w(t), ¥+ (t)) is balanced for all t.
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The examples that we present in this case are the 6-dimensional nilpotent Lie algebras admitting
balanced SU(3)-structures, that are classified in [22]. In terms of an adapted basis to the balanced
SU(3)-structure, the structure equations are:

by = (0,0,0,0,2h2 + (2\6 - 2) i3 4 (f2 _ 2%2) K 2h31 4212+ 4v2R2 — 42830,

(
hs = (0,0,0,0,0,—2h'2 + 2r%*),
h4 = (0a0507072h13ah14 + h23)7
hbs = (0,0,0,0,h'3 — h24 1t 4 p23),
h6 = (0703070>h133h14)7

h1_9 _ (0,0,—h15,—h25,0,—h13 _ h24).

We present long time solutions for the Laplacian coflow of Go-structures obtained as warped products
of balanced nilmanifolds endowed with SU(3)-structures. These solutions remain balanced for any ¢.
As before, with the notation in Lemma 4.10 and functions of potential type (26) giving an explicit
description of these solutions is equivalent to obtain the values of the parameters «;, 3 and k. Solving
the corresponding linear equations these values are given in Table 5. The solutions ¢(t) of the coflow are

of the form (27). We also include the value of d x v5(t) in each case, necessary to compute the parameters
of the solutions.

Lie algebra d * v3(t) (o1, , ag) 3 k
bo Bigay = —128(1 + kt)~4o1+20s (%7%7%7%77%’*%) *% —192
b3 Bioss = —8(1 + kt) 41 +2as (E 9 9 T JYE Y S JU O ]
ba Biags = —6(1 + kt) 201~ 20at2es || (1 1L L1 0_1y 11 g
bs Biogq = —4(1 + kt)72n—20at20s | (L L L L L 1)y 11 6
be Bigsg = —2(1 + kt)=21—2ast2es || (LA Ll Lyl 1) 3
_ Biags = —2(1 + kt) 2017203 +2as
b1g (3,1,0,0000 | -] -2

Biase = —2(1 + kt) 721 +2as =205

TABLE 5. Solutions of the Laplacian coflow in the balanced case

Observe that in these cases, lim,_,p— vol;(t) = lim,_,p— (1+kt)201+20s+20548 = Jim, . (1+kt)~" = 0,
where T' = ’Tl is the maximal existence time of the solution.
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