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Vortex phase diagram of rotating superfluid 3He-B
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We present a theoretical calculation of the pressure-temperature-field phase diagram for the vortex phases of
rotating superfluid 3He -B. Based on a strong-coupling Ginzburg-Landau functional that accounts for the relative
stability of the bulk A and B phases of 3He at all pressures, we report calculations for the internal structure
and free energies of distinct broken-symmetry vortices in rotating superfluid 3He -B. Theoretical results for the
equilibrium vortex phase diagram in zero field and an external field of H = 284 G parallel to the rotation axis,
H ‖ �, are reported, as well as the supercooling transition line, T ∗

V (p, H ). In zero field the vortex phases of
3He -B are separated by a first-order phase transition line TV(p) that terminates on the bulk critical line Tc(p) at
a triple point. The low-pressure, low-temperature phase is characterized by an array of singly quantized vortices
that spontaneously breaks axial rotation symmetry, exhibits anisotropic vortex currents and an axial current
anomaly (D-core phase). The high-pressure, high-temperature phase is characterized by vortices with both bulk
A phase and β phase in their cores (A-core phase). We show that this phase is metastable and supercools down
to a minimum temperature, T ∗

V (p, H ), below which it is globally unstable to an array of D-core vortices. For
H � 60 G external magnetic fields aligned along the axis of rotation increase the region of stability of the A-core
phase of rotating 3He -B, opening a window of stability down to low pressures. These results are compared with
the experimentally reported phase transitions in rotating 3He -B.

DOI: 10.1103/PhysRevB.101.024517

I. INTRODUCTION

The velocity field of a superfluid is irrotational. Neverthe-
less superfluids can approximate solid body rotation when
confined in a container rotating at constant angular speed.
Corotation is achieved by the nucleation of an array of vor-
tices, each of which possesses a quantum of circulation. In
superfluid 4He, or in a spinless, s-wave BCS superfluid the
condensate wave function, or order parameter, is a complex
scalar field. The quantum of circulation is then κ = h/M,
where h is Planck’s constant and M is the mass of the
fundamental constituent of the condensate [1,2].

Quantization of circulation reflects the single-valuedness
of the condensate wave function, and nontrivial topology of
the degeneracy space of the order parameter manifold. In
a cylindrical container vortices align parallel to the angular
velocity, �, and corotation is achieved at an average areal
vortex density of nV = 2�/κ2. Long-range, repulsive interac-
tions lead to a two-dimensional lattice of rectilinear vortices,
which for axially symmetric vortices is a two-dimensional
hexagonal lattice with intervortex spacing, d , determined by
d2 = κ/

√
3�, which depends only on fundamental constants

and the speed of rotation. Thus, for 4He, or an isotropic
BCS superfluid, once a sufficient number of axially sym-
metric vortices nucleate to form the vortex lattice no fur-
ther symmetry-breaking phase transition is expected until the
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density approaches a critical density at which neighboring
vortex cores overlap and superfluidity is destroyed at an
upper critical rotation speed of �c2 ≈ κ/ξ 2. For superfluid
3He which is a BCS condensate of Cooper pairs with κ =
h/2m3 ≈ 0.066 mm2/s [3] and a core size ξ ≈ 20–80 nm over
the presssure range p = 0–34 bar, �c2 � 107 s−1, which is
experimentally inaccessible.

However, the ground state of superfluid 3He is a time-
reversal invariant, spin-triplet, p-wave topological superfluid
that breaks orbital and spin rotation symmetries, SO(3)L ×
SO(3)S, in addition to U(1)N gauge symmetry, but is invariant
under joint spin and orbital rotations, SO(3)L+S [4]. The
resulting degeneracy space allows for a number of unique
topologically stable defects [5,6], including quantized vortices
with different internal core structures [7,8]. This opens the
possibility of multiple superfluid phases characterized by
distinct vortex structures.

Indeed experimental evidence of multiple vortex phases
in rotating 3He -B was reported soon after the first rotat-
ing milli-Kelvin cryostat in Helsinki was operational [9,10].
Using nuclear magnetic resonance (NMR) spectroscopy the
vortex array in rotating superfluid 3He -B was detected as
a change in the level spacing of the spin-wave bound-state
spectrum proportional to the vortex density, �ωsw ∝ nV ∝ �,
for rotation speeds, � = 0.2–1.7 rad/s [10,11]. A disconti-
nuity in �ωsw/� at T ∗

V ≈ 0.6 Tc was the signature of a first-
order phase transition associated with the vortex array [9,10].
The rotation-induced NMR bound-state frequency shift also
depends on the relative orientation of the NMR field and
the angular velocity, i.e., there is a gyromagnetic splitting,
δωgyro ∝ nVH · MV, indicative of an intrinsic magnetization
generated by the circulation of the spin-triplet Cooper pairs
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in the region of the vortex core, MV = MV �̂, the magnitude
of which depends on the internal structure of the vortex
core [10].

There are two equilibrium phases of 3He -B under rotation.
Over most of the p-T phase diagram rotating 3He -B is be-
lieved to be defined by an array of line defects that are singly
quantized mass vortices, each of which spontaneously breaks
rotational symmetry, manifest by an anisotropic, double-core
structure (D core) of the Cooper pair density. This structure
for the low-temperature, lower pressure vortex phase was
discovered by Thuneberg based on numerical solutions of the
GL equations that did not constrain the order parameter to be
axially symmetric [8]. At higher temperatures and pressures
the phase of rotating 3He -B is believed to be an array of
vortices in which local rotational symmetry is restored, but
time-reversal symmetry is broken via the nucleation of both
the chiral A phase and the nonunitary β phase in the core. The
stability of 3He -B with an array of A-core vortices with ferro-
magnetic cores was argued based on a symmetry classification
of axially symmetric B phase vortices and the observation of
a measureable gyromagnetic effect from vortices in rotating
3He -B by Salomaa and Volovik [7]. However, a quantitative
theory of the relative stability of the A- and D-core vortex
phases as a function of pressure, temperature and magnetic
field was beyond the scope of existing theory of superfluid
3He until now.

Based on a recent formulation of the strong-coupling
Ginzburg-Landau theory that accounts for the relative stability
of the bulk A and B phases of 3He for all pressures [13,14], we
report calculations of the internal structure and energetics of
topologically distinct vortices in rotating superfluid 3He -B. In
particular, we report a theoretical calculation of the pressure-
temperature-field phase diagram for the vortex phases of rotat-
ing superfluid 3He -B. Theoretical results for the equilibrium
vortex phase diagram in zero-field and in an external field of
H = 284 G parallel to the rotation axis, H ‖ �, are reported,
as well as the supercooling transition, T ∗

V (p, H ), defining the
region of metastability of the A-core vortex phase. Central
results reported here include the equilibrium phase diagram
based on precise numerical solutions of the strong-coupling
theory for the vortex phases of rotating 3He -B shown in
Fig. 1, as well as the region of a metastable A-core phase.
Also shown in Fig. 1 are the experimental results for the
first-order phase transitions between distinct vortex phases
in rotating 3He -B, both on cooling and on warming. The
transitions on cooling for H = 284 G over a wide pressure
range agree with the theoretically determined metastability
transition, T ∗

V (p, H ), at which the A-core phase is globally
unstable for pressures p � 20 bar. Furthermore, the transition
on warming at p = 29.3 bar and H = 284 G is in close agree-
ment with our determination of the equilibrium transition line,
TV(p, H ), at that pressure and field. We discuss the phase
diagram in more detail in Sec. V. These results provide strong
theoretical support for the identification of the vortex phases
of 3He -B as those originally proposed: the low-temperature,
low-pressure D-core vortex phase by Thuneberg [8], and the
high-pressure, high-temperature phase as an array of A-core
vortices. The A-core vortex phase first described by Salomaa
and Volovik was originally proposed as the low-temperature
vortex phase [7].
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FIG. 1. The vortex core transition line, TV(p, H ), for H = 0 G
(solid green) separating the A-core and D-core vortex phases of
3He -B terminates at a triple point (pvc , Tvc ) = (18.40 bar, 2.19 mK).
In a magnetic field the vortex core transition line extends to low
temperatures down to p = 0 bar, as shown for H = 284 G (dashed
green). For comparison the Bulk AB transition lines for are shown
in blue for H = 0 G (solid) and H = 284 G (dashed). The A-core
phase supercools down to the metastability limit, T ∗

V (p, H ), shown
as the purple dashed line for H = 284 G. Experimental data for the
transition on cooling (red diamonds) agree well with the supercool-
ing transition, while the data point at p = 29.3 bar taken on warming
(red square/circle) agrees well with the calculated equilibrium vortex
phase transition. The experimental data are from Ref. [12].

In Sec. II we begin with a description of the strong-
coupling GL theory that is the basis for our analysis summa-
rized in Fig. 1. In Sec. III we describe the stationary state vor-
tex solutions of the strong-coupling GL theory, including their
topology and broken symmetries. We describe the key features
of the axisymmetric A-core vortex phase as well as the nonax-
isymmetric D-core vortex, including their internal topology,
mass currents, and magnetic properties. Visualization of the
amplitude and phase structure of vortex states leads us to
identify the mechanism responsible for the phase transition to
the D-core phase at TV(p, H ). In Sec. IV we discuss the local
magnetic susceptibilities of the A- and D-core vortices, and
the resulting field evolution of the equilibrium A- to D-core
transition. We discuss the metastability of the A-core phase in
Sec. V, and the analysis underlying the supercooling transition
line, T ∗

V (p, H ), shown in Fig. 1. Our numerical results for the
stationary states of the free energy functional are based on a
fast converging algorithm described in Appendix B.

II. GINZBURG-LANDAU THEORY

The B phase of superfluid 3He is the p-wave, spin-triplet
Balian-Werthamer state that is invariant under joint spin and
orbital rotations as well as time reversal, H = SO(3)L+S × T.
The corresponding degeneracy space of 3He -B allows for
a unique spectrum of topologically stable defects, including
several quantized mass current vortices with distinct bro-
ken symmetries [7,8,15]. Topological defects often host dis-
tinct inhomogeneous phases, confined within their cores, but
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embedded in the order parameter field of the ground state [16].
Thus, a theoretical description of vortices in rotating 3He -B
requires a theory allowing for all possible realizations of the
order parameter for spin-triplet, p-wave pairing.

The GL theory is formulated as a functional of the or-
der parameter, the amplitude for the condensate of Cooper
pairs, 〈ψσ (p)ψσ ′ (−p)〉 in the spin-momentum basis. For spin-
triplet, p-wave Cooper pairs the condensate amplitude can be
expressed in terms of a 3 × 3 matrix order parameter, Aαi, of
complex amplitudes that transforms as the vector representa-
tion of SO(3)S with respect to the spin index α = {x′, y′, z′},
and as the vector representation of SO(3)L with respect to
the orbital momentum index i = {x, y, z}. The GL free energy
functional is expressed in terms of linearly independent in-
variants constructed from Aαi, A∗

αi and their gradients, ∇ jAαi

and ∇ jA∗
αi. In particular, the GL functional can be expressed

in terms of free energy densities [13,17],

F[A] =
∫

V
d3r ( fbulk[A] + ffield[A] + fgrad[A]), (1)

where the bulk free energy density is given by one second-
order invariant and five fourth-order invariants,

fbulk[A] = α(T )Tr{AA†} + β1

∣∣Tr{AAT }∣∣2

+ β2[Tr{AA†}]2 + β3 Tr{AAT (AAT )∗}
+ β4 Tr{(AA†)2} + β5 Tr{AA†(AA†)∗}, (2)

where A† (AT ) is the adjoint (transpose) of A.
The nuclear Zeeman energy for spin-triplet pairs also plays

a role in the determination of the vortex structure and phase
diagram for the vortex phases of rotating 3He -B, even for
relatively weak fields. The dominant field-dependent term in
the GL functional is a bulk term representing a correction to
the nuclear Zeeman energy from the condensate of spin-triplet
Cooper pairs,

ffield[A] = gz Hα (AA†)αβ Hβ. (3)

Note that microscopic pairing theory implies gz > 0 [17], in
which case there is a cost in Zeeman energy for S = 1, Ms = 0
triplet pairs projected along H.

Spatial variations of the order parameter also incur a cost in
kinetic and bending energies described by the gradient terms,

fgrad[A] = K1A∗
α j,kAα j,k + K2A∗

α j, jAαk,k + K3A∗
α j,kAαk, j, (4)

where Aαi, j ≡ ∇ jAαi. The gradient energies and related cur-
rents are discussed in more detail in Sec. III D.

The nuclear magnetic dipole-dipole interaction energy per
atom is of order, n (γ h̄)2 ∼ 10−4 mK. This is a very weak per-
turbation compared to the binding pairing energy of Cooper
pairs of order, Tc ∼ 1 mK. Nevertheless, the dipolar energy
plays a central role in the NMR spectroscopy of the super-
fluid phases of 3He, and specifically the spectroscopy of the
vortex phases of rotating 3He -B, because the dipole energy
couples the spin and orbital degrees of freedom of the spin-
triplet, p-wave condensate. Thus, in addition to the primary
contributions to the GL functional [Eqs. (2)–(4)], the mean
nuclear dipole-dipole interaction energy, contributes to the GL
functional a term second-order in the order parameter,

fdipole = gD
[|Tr{A}|2 + Tr{AA∗} − 2

3 Tr{AA†}], (5)

where the material parameter, gD, is determined by mea-
surement of the slope of the square of the longitudinal
resonance frequency, ωB, for bulk 3He -B gD = 3

5βB(1 +
F a

0 )−1 Tc(d (h̄ωB)2/dT |Tc ) [17,18], where F a
0 is the exchange

interaction for normal-state quasiparticles in units of the
Fermi energy per atom of 3He, and βB determines the bulk
order parameter of 3He -B (cf. Sec. II A). The nuclear dipole
energy is too weak to affect the relative stability of the vortex
phases. But, when treated perturbatively, describes the dipolar
energy of textures in rotating 3He -B that are modified by the
vortex currents and the intrinsic magnetization generated by
rotation. These hydrodynamic and hydromagnetic effects are
discussed in detail in Refs. [10,17]. Here we are interested in
the internal structure and stability of the vortices in rotating
3He -B, and thus we can neglect the nuclear dipole energy in
our analysis of the energetics of the vortex phases.

A. Material parameters

The material parameters, α, {βi| i = 1, . . . , 5}, gz, and
{Ka| a = 1, 2, 3} multiplying the invariants defining the GL
functional, which in general are functions of temperature and
pressure, are determined by the microscopic pairing theory
for 3He [19]. The coefficient of the second-order invariant
determines the zero-field superfluid transition [13,17,20],

α(T ) = 1
3 Nf (T/Tc − 1), (6)

where Nf = m∗k f /2π2h̄2 is the single-spin normal-state den-
sity of states at the Fermi level expressed in terms of the
quasiparticle effective mass, m∗, and Fermi wave number, k f .
The latter is determined by the particle density n = k3

f /3π2.
In addition, the Fermi momentum, p f = h̄k f , Fermi velocity,
v f = p f /m∗, and Fermi energy, E f = 1

2v f p f , determine the
GL material parameters, all of which depend on pressure via
the equilibrium particle density (see Table II in Appendix A).

For the homogeneous bulk phase it is convenient to rep-
resent the order parameter matrix in terms of an amplitude
and normalized matrix, A = � a where Tr{aa†} = 1. Then for
any stationary solution of the bulk free energy functional,
Eq. (1), the pair density is �2 = |α(p, T )|/2βa, where βa is
a local minimum of the functional β[a] = β2 + β1|Tr{aaT }|2
+ β3Tr{aaT (aaT )∗} + β4Tr{(aa†)2} + β5Tr{aa†(aa†)∗}. The
corresponding bulk free energy density for the stationary
solution is then, fa = 1

2α�2
a = − 1

4α2/βa.
In weak-coupling BCS theory the relative values of the five

fourth-order materials parameters are uniquely determined,

2βwc
1 = −βwc

2 = −βwc
3 = −βwc

4 = βwc
5 , (7)

where βwc
1 = − 7Nf ζ (3)

240(πkBTc)2
. (8)

As a result the weak-coupling BCS formulation of GL
theory predicts a unique bulk phase, the Balian-Werthamer
(BW) state [21] defined by AB

αi = �B δαi/
√

3 where �B =√|α(T )|/2βB, which is the ground state at all pressures in
zero magnetic field. The magnitude of the B-phase order pa-

rameter is defined by βB ≡ β12 + 1
3β345 where βi jk... = βi +

β j + βk + · · · . In the weak-coupling theory βwc
B = 5

3 |βwc
1 |.

For comparison, the bulk A phase, first discussed as a
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possible ground state of 3He by Anderson and Morel (AM)
[22], is defined by AA

αi = �A ẑα (x̂i + iŷi )/
√

2, where �A =√|α(T )|/2βA with βA ≡ β245, which in the weak-coupling
limit becomes βwc

A = 2|βwc
1 |. Thus, in weak-coupling theory

the A phase is never stable relative to the B phase.
For inhomogeneous states the coefficients of the gradient

energies determine the response of the order parameter to
strong perturbations, e.g., the spatial variations, both suppres-
sion and growth, of order parameter components in the cores
of vortices and topological defects. In the weak-coupling limit
the stiffness coefficients are all given by

Kwc
1 = Kwc

2 = Kwc
3 = 7ζ (3)

60
Nf ξ

2
0 , (9)

where ξ0 = h̄v f /2πkBTc is the Cooper pair correlation length
in the T = 0 limit. At temperatures close to Tc the correlation
length for spatial variations of the order parameter is given by
the GL coherence length,

ξ =
√

K1

|α(p, T )| = ξGL

(1 − T/Tc)
1
2

, (10)

where ξGL = (7ζ (3)/20)
1
2 ξ0 in the weak-coupling theory for

the gradient energies.
The strength of the quadratic Zeeman energy for spin-

triplet pairing is given by

gwc
z = 7ζ (3)

48π2

Nf (γ h̄)2[(
1 + F a

0

)
kBTc

]2 , (11)

where γ is the nuclear gyromagnetic ratio for the 3He nucleus
and F a

0 is the exchange interaction. The latter is ferromagnetic,
varying from F a

0 = −0.723 at p = 0 bar to F a
0 = −0.778 at

melting pressure, p = 34 bar. Thus, combined with the large
effective mass at high pressures the nuclear magnetic suscep-
tibility is enhanced by an order of magnitude relative to the
Pauli susceptibility at the same density. This enhancement was
the basis for ferromagnetic spin-fluctuation exchange models
for the superfluid transition to spin-triplet pairing [23]. For
convenience we include all relevant material parameters as a
function of pressure, with references to measured values, in
Appendix A.

B. Strong-coupling theory

A strong-coupling formulation of GL theory that accounts
for the relative stability of the bulk A and B phases, and
specifically the bulk A-B transition line, TAB(p) for pressures
above the polycritical point, p � pPCP was introduced in
Ref. [13]. This strong-coupling GL functional is defined by
the fourth-order GL material parameters,

βi(p, T ) = βwc
i (p) + T

Tc
βsc

i (p). (12)

The weak-coupling parameters, βwc
i (p), are obtained from the

leading order contribution to the Luttinger-Ward free-energy
functional as an expansion in the small parameter Tc/Tf ,
where Tf ≈ 1 K is the Fermi temperature. The βwc

i (p) are
expressed in terms of pressure-dependent material parameters

as shown in Eq. (7) and can be calculated from the material
parameters provided in Table II in Appendix A.

The next-to-leading order corrections to the weak-coupling
GL functional enter as corrections to the fourth-order weak-
coupling material coefficients. These terms are of order
�βsc

i ≈ βwc
i (T/Tf )〈wi|T|2〉, where 〈wi|T|2〉 is a weighted

average of the square of the scattering amplitude for binary
collisions between quasiparticles on the Fermi surface [24].
At high pressures, strong scattering of quasiparticles by long-
lived spin fluctuations largely compensates the small parame-
ter T/Tf , resulting in substantial strong-coupling corrections
to the weak-coupling theory, and the stabilization of the AM
state as the A phase [25].

In the analysis of the stability of the vortex phases of
3He -B we use improved results for the strong-coupling pa-
rameters based on a recent determination of the effective
interactions and scattering amplitudes that account for the
body of normal-state thermodynamic and transport data on
liquid 3He over the full pressure range below the melting
pressure, as well as the heat capacity jumps for the bulk A
and B phases at Tc(p) in zero field [14]. The results of this
analysis provide a quantitative theory for the thermodynamic
properties of the bulk A and B phases of superfluid 3He at all
pressures, including a quantitative determination of the bulk
A-B transition line, TAB(p), for pressures above the polycritial
point, pPCP, as well as the temperature dependence of the
free energy, entropy and heat capacity at all temperatures
below Tc. The strong-coupling corrections to the β-parameters
obtained from microscopic theory [14], listed in Table II in
Appendix A, reproduce the heat capacity jumps for the A
and B transitions over the full pressure range. In particular,
the A phase correctly appears as a stable phase above the
polycritical point pPCP = 21.22 bar. However, in the standard
formulation of the GL theory in which the βi parameters are
evaluated at Tc, and thus treated as functions only of pressure,
the A phase is the only stable phase for all temperatures and
pressures above pPCP, i.e., the standard fourth-order GL theory
fails to account for the bulk A-B transition at TAB(p).

In Ref. [13] the missing A-B transition line was traced to
the omission of the temperature dependence of the fourth-
order β parameters in the neighborhood of a triple point. The
latter is defined by the intersection of the second-order tran-
sition line given by α(Tc, p) = 0, and the first-order boundary
line separating the A and B phases given by �βAB(TAB, p) ≡
βA − βB = 0, where βA ≡ β245 and βB ≡ β12 + 1

3β345. At the
PCP we have TAB(pPCP) = Tc(pPCP). But for p > pPCP the
lines separate, and we must retain both the temperature and
pressure dependences of �βAB(T, p) to account for TAB(p) in
the vicinity of pPCP. The degeneracy between the A and B
phases near pPCP is resolved by retaining the linear T depen-
dence of the strong-coupling corrections to the β parameters.
The suppression of the strong-coupling terms originates from
the reduction in phase space for quasiparticle scattering with
decreasing temperatures and is the basis for the temperature
scaling of the strong-coupling corrections in Eq. (12). The
analysis and predictions for the vortex phases of superfluid
3He reported here are based on the strong-coupling material
parameters calculated and reported in Ref. [14], combined
with the known pressure-dependent material parameters, m∗,
v f , Tc, and ξ0 as listed in Table II in Appendix A, and the
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temperature scaling in Eq. (12) that accounts for the reduction
in strong-coupling effects below Tc. The resulting bulk phase
diagram predicted by strong-coupling GL theory accounts
remarkably well for the experimental A-B transition line,
TAB(p), as shown in Fig. 1, as well as the heat capacity
jumps of the bulk A and B phases. We emphasize that the
predictions of the relative stability of the A and B phases by
the strong-coupling GL functional is validated by microscopic
calculations of TAB(p) [14] based on the formulation of the
strong-coupling theory developed in Refs. [19,24–26].

III. VORTEX STATES IN SUPERFLUID 3He -B

For rotating equilibrium of superfluid 3He -B the intervor-
tex spacing for singly quantized, axially symmetric vortices

organized on a hexagonal lattice is d = (κ/
√

3�)
1/2 . For an

angular velocity of � = 1.7 rad/s the vortex unit cell di-
mension is d = 0.150 mm ≈ 6.7 × 103ξ0 at p = 18 bar. Thus,
most of the vortex unit cell is occupied by a texture of the bulk
B phase,

Aαi(r) = �B Rαi[n̂, ϑ] ei�, (13)

where Rαi[n̂, ϑ] is an orthogonal matrix that defines the
relative angle of rotation, ϑ , about the local axis n̂, between
the spin and orbital coordinates of the Cooper pairs.

The texture, n̂(r), is determined by a competition of sur-
face and bulk nuclear dipolar enegies, modified by the pair-
breaking and orienting effects of the vortex flow and the
intrinsic vortex magnetization. These textural energies are
treated perturbatively after the vortex structure is calculated
for a fixed choice of the relative orientation of the spin and
orbital coordinates of the Cooper pairs [8,17]. In particular,
we can neglect the nuclear dipole energy for distances r <

ξD = √
K1/gD � 15 μm ≈ 6.7 × 102 ξ0 at p = 18 bar. Thus,

we can choose a convenient computational cell dimension
ξ0  dc  ξD which allows a converged solution at distances
well beyond the vortex core, but still at distances well within
the dipole coherence length. Thus, we can omit the dipole
energy and work in a convenient spin- and orbital coordinate
system. We use the basis of aligned spin and orbital coordi-
nates to determine the vortex structures and free energy of
the vortex states, and in the calculations reported here the
computational cell dimension is dc = 60ξ , where ξ is the
temperature-dependent coherence length defined in Eq. (10).

A. Euler-Lagrange equations

To determine equilibrium and metastable vortex phases
we obtain stationary solutions of the strong-coupling GL
functional, F[A], defined by Eqs. (1)–(4). The equilibrium
and metastable states in zero field are solutions of the Euler-
Lagrange equations of F[A] defined by the functional gradi-
ent, G[A] ≡ δF/δA† = 0,

−α(T )Aαi + K1∇2Aαi + (K2 + K3)∇i∇ jAα j

−2[β1A∗
αiTr{AAT } + β2AαiTr{AA†} + β3(AAT A∗)αi

+β4(AA†A)αi + β5(A∗AT A)αi] = 0. (14)

In zero magnetic field, at distances far from the core of a
quantized vortex, |r| � ξ , the order parameter approaches the

bulk B phase order parameter with a global phase that reflects
the topological winding number of the vortex,

Aαi(r) −−−→
r→rc

�B√
3

δαi ei�(r), (15)

where �(r) is constrained by phase quantization,
∮ ∇� ·

d� = p 2π with p ∈ {0,±1,±2, . . .}, which we enforce with
�(r) = pφ imposed on the computational boundary, where φ

is the azimuthal angle in cylindrical coordinates defined with
respect to the phase singularity.

For external fields parallel to the axis of rotation, H =
H ẑ, we must add a term representing the Zeeman energy,
−gzH2 δαz Azi, to the left side of Eq. (14). In an external
magnetic field we must also modify the boundary condition to
incorporate gap distortion by the Zeeman energy on the bulk
B-phase order parameter. The boundary condition in Eq. (15)
is replaced by

Aαi(r) −−−→
r→rc

1√
3
[�⊥(δαi − ẑα ẑi ) + �‖ẑα ẑi] ei�(r), (16)

where the field-induced gap distortion of the order parameter
is given by

�⊥ = �B

√
1 + β12

β345

H2

H2
0

, (17)

�‖ = �B

√
1 − 2β12 + β345

β345

H2

H2
0

, (18)

where H0 ≡ √|α(p, T )|/gz is the field scale at which the bulk
B phase is strongly deformed or destroyed.

In order to obtain stationary state solutions to the GL equa-
tions a simple method is to find a solution of the discretized
time-dependent GL equation [17],

∂Aαi

∂t
= −�

δF
δA∗

αi

≡ −� G[A]αi, (19)

which relaxes to a stationary state satisfying Eq. (14),
G[A]αi = 0. Here we use the quasi-Newton, Limited-
memory Broyden-Fletcher-Goldfarb-Shanno algorithm (L-
BFGS) [27,28] to obtain stationary state solutions of G[A] =
0 that is far more efficient than relaxation based on Eq. (19).
Our implementation of the L-BFGS algorithm is outlined in
Appendix B, where we also provide a benchmark comparison
of the improvement in rate of convergence to a solution of
the GL equations using the L-BFGS algorithm compared to
relaxation [29]. In Appendix C we provide a benchmark of
our GL equation solver.

In general there are multiple stationary-state solutions to
Eq. (14). As a result convergence to a steady-state solution can
also be influenced by the initialization of the order parameter.
Thus, in addition to the boundary condition at the edge of
the computational cell, we use targeted initialization of the
order parameter to find stationary states with different sym-
metries. The free energy of the converged stationary solutions
determines the equilibrium phase. For example, to obtain a
stationary solution for the D-core vortex, either equilibrium
or metastable, a nonaxisymmetric initialization of the order
parameter is used which converges to the targeted vortex
efficiently. If the targeted vortex state is not a local minimum
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FIG. 2. Left panel: The axially symmetric B-phase vortex (“o vortex”) has a hard core with a node in �(r). Center panel: The axially
symmetric A-core vortex (“v vortex”) has a suppressed, but nonvanishing, condensate density in the core which is predominantly the order
parameter for the bulk A phase. Right panel: The D-core vortex has a “double-core” structure that spontaneously breaks axial rotation
symmetry. All plots are of the condensate density, |�(r)|2 ≡ Tr{AA†}, in units of that for the bulk B phase, �2

B ≡ Tr{ABA†
B}. The solutions

of the GL equations for the o-vortex, A-core, and D-core vortices correspond to p = 10 bar and T = 0.25Tc, p = 34 bar and T = 0.75Tc, and
p = 20 bar and T = 0.55Tc, respectively.

then symmetry breaking at the initialization stage will not
yield a vortex with that broken symmetry.

Our analysis based on the strong-coupling free energy
functional identifies the three stationary state vortex solutions
for 3He -B in zero magnetic field, originally discussed by
Ohmi et al. [15] (o vortex), Salomaa and Volovik [7] (A-
core vortex), and Thuneberg [8] (D-core vortex). Figure 2
illustrates the basic structure of these three vortices in terms
of their condensate densities. The o vortex is “singular” with
condensate density vanishing at the vortex core center. The
A-core vortex has a “superfluid core” with finite condensate
density in the core. The D-core vortex breaks rotational sym-
metry exhibiting a double core structure, also with a finite
condensate density.

Initialization and soft modes of the order parameter

The stationary “o vortex” is obtained by initialization of
the order parameter as a singly quantized local B-phase vor-
tex of the form Aαi(r) = 1√

3
�B tanh(|r|/√2ξ ) δαi exp (iφ).

However, to target vortices with lower symmetry we need to
break additional symmetries, and it is useful to identify the
soft modes of the order parameter associated with relative
spin-orbit rotation symmetry of bulk 3He -B.

In the absence of boundaries, magnetic fields, rotation
and neglecting the nuclear dipole energy the bulk B-phase
order parameter has a large degeneracy space associated with
relative spin-orbit rotations described by the rotation matrix
Rαi[n̂, ϑ], which defines the orientation of the spin coordi-
nates of the Cooper pairs relative to the orbital coordinate
axes.

For the analysis of the internal structure of vortex states
in rotating 3He -B, and their relative energies, the spin-
orbit rotational degeneracy is partially resolved by the vortex
flow. At distance scales ξ  r  ξD the spin-orbit rotational
degeneracy is a soft mode leading to some amplitudes of
the order parameter developing long-range, power-law tails
∝1/r, 1/r2. The slow spatial variations of these modes for
vortices in 3He -B is discussed in detail in Refs. [15,17,30,31].

In our analysis we use the asymptotic behavior of the soft-
modes to target specific stationary vortex solutions. For the A-
core vortex, we initialize the components, Axz and Azx, to vary
as 1/r and components, Axy and Ayx, to vary as 1/r2 for |r| >

5ξ . To target the D-core vortex, we initialize by breaking axial
symmetry by introducing a change in sign between the Axz and
Ayz amplitudes and seed the cores of the amplitudes with 4π

phase winding [cf. Eq. (25) in Sec. III B] by initializing Axz,
Azx, Ayz, and Azy with nonzero values in a small region of the
core near r = (0, 0).

B. Axially symmetric vortex states in 3He -B

For axially symmetric, singly quantized vortices, the cir-
culation of each vortex in the asymptotic limit, |r| � ξ ,∮ ∇� · d� = 2π , is satisfied by �(r) = φ. The resulting mass
current and moduli of the amplitudes for all components of the
order parameter are axially symmetric. The simplest axially
symmetric vortex is the local B-phase vortex first discussed
by Ohmi et al. [15]. The B phase of 3He is invariant under
joint spin and orbital rotations. Thus, for axially symmetric
vortices, or vortices with weakly broken axial symmetry, it
is instructive to represent the order parameter in the ba-
sis of angular momentum eigenvectors, {λμ|μ = −1, 0,+1},
where λ0 = ẑ and λ± = (x̂ ± iŷ)/

√
2 [15]. These basis vec-

tors satisfy the orthogonality relations, λμ · λν∗ = δμν . We can
transform a p-quantized vortex from the spin-orbit aligned
Cartesian basis to the angular momentum basis by writing

Aαi(r) = �B√
3

∑
μ,ν

λμ
α [Aμν (r)]λν

i , (20)

where Aμν (r) ≡ Cμν (r) eiNμνφ are the complex order param-
eter amplitudes in the angular momentum basis, expressed
in terms of amplitudes, Cμν (r), and phases, φμν = Nμνφ.
The Nμν are integer winding numbers for the phase of the
μ, ν component. Asymptotically, for a p-quantized vortex of
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FIG. 3. Amplitudes and phases of the components of the o vortex
at p = 10 bar and T = 0.25 Tc, shown on a square grid with x and y
ranging from [−5 ξ, +5 ξ ]. The computational grid was 60 ξ × 60 ξ

with grid spacing h = 0.1ξ . The o vortex retains the maximal sym-
metry of the stationary vortex solutions for the B phase; axial rotation
symmetry and time-reversal symmetry are preserved. Amplitudes
with N = 0 and N = 2 vanish by symmetry. Thus, the o vortex has
vanishing condensate density in the core.

the B phase,

Aαi(r) −−−→
|r|→∞

�B√
3
δαi eipφ. (21)

A p-quantized B-phase vortex that is also axially symmet-
ric is an eigenstate of the generator for axial rotations,

Jz Aαi(r) = jh̄ Aαi(r), (22)

with j ∈ {0,±1,±2, . . .}. The total angular momentum pro-
jected along the axis of symmetry, Jz = Lcm

z + Lint
z + Sint

z , is
the sum of the operator for the center-of-mass orbital angular
momentum of the Cooper pairs, Lcm

z = −ih̄∂φ , and the inter-
nal orbital and spin angular momentum operators, Lint

z and Sint
z .

The latter yield

Lint
z λν = ν h̄λν, Sint

z λμ = μh̄λμ. (23)

The condition in Eq. (22) must also apply to the asymptotic
limit in Eq. (21), which requires j = p. Imposing the axial
symmetry condition, JzAαi(r) = p Aαi(r), for any |r| then
fixes the phase of each (μ, ν) component, Nμν = p − μ − ν.
Thus, the form of the order parameter for a p-quantized,
axially symmetric vortex becomes [15]

Aαi(r) = �B√
3

∑
μ,ν

λμ
α [Cμν (r) ei(p−μ−ν)φ] λν

i . (24)

For a singly quantized (p = 1) B-phase vortex we can orga-
nize the components into a matrix labeled by the orbital and
spin angular momentum indices,

[Aμν] =

⎛
⎜⎝

C++ e−iφ C+0 C+− e+iφ

C0+ C00 e+iφ C0− e+2iφ

C−+ e+iφ C−0 e+2iφ C−− e+3iφ

⎞
⎟⎠. (25)

In Fig. 3 we show the amplitude and phase structure of
a stationary solution of Eq. (14) for the most symmetric
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FIG. 4. Amplitudes and phases of the components of the A-
core vortex at p = 34 bar and T = 0.75 Tc, shown and computed on
the same grid as that in Fig. 3. The key amplitudes defining the
A-core vortex are the amplitudes with zero phase winding: the A
phase C0+ and the spin-polarized β phase, C+0. The amplitudes with
winding number N = 2, C−0, and C0− are also important in terms
of the relative stability between the A- and D-core vortex states, as
discussed in Sec. III C.

singly quantized vortex state in 3He -B. This is the “o vortex,”
or “normal-core vortex,” which is “singular” in the sense
that all nonvanishing components incur a phase winding,
and therefore force these amplitudes to vanish as |r| → 0.
This is clear from the results shown in Fig. 3 where the
dominant components are C+−, C00, and C−+, all of which
vanish as |r| → 0. Each of these dominant amplitudes have
the same phase winding, φ+− = φ00 = φ−+ = φ, as shown
in the corresponding phase plots of Fig. 3. In addition, the
o vortex develops very small subdominant amplitudes, C++
and C−−, with phase windings of N++ = −1 and N−− = +3,
respectively, also shown in Fig. 3.

A key observation regarding the o vortex is that the two
amplitudes with zero phase winding, C0+ and C+0, are iden-
tically zero. The amplitude C0+ represents the equal-spin,
chiral A phase with intrinsic angular momentum J int

z = +h̄
from the orbital state of the Cooper pairs, while C+0 is the β

phase, also with J int
z = +h̄ from the spin state of the Cooper

pairs. Components with zero phase winding can support finite
amplitudes in the vortex core. This was the observation of
Ref. [7], and the basis for the prediction of a ferromagnetic
vortex in which both amplitudes, C0+ and C+0, are finite in
the core. This is the “A-core” vortex, which is a stationary
solution of the GL equations [Eqs. (14)].

At sufficiently high pressure the strong-coupling correc-
tions that stabilize the bulk A phase also stabilize the A-core
vortex as the lowest energy vortex phase in 3He -B. As a
result the A-core vortex has a “superfluid core,” with finite
condensate density, Tr{AA†} as shown in Fig. 2. Furthermore,
the vortex circulation induces, via the Barnett effect [32],
a substantial spin polarization in the form of the β phase,
discussed in more detail in Sec. III E.

Figure 4 shows a stationary solution of Eqs. (14) with
axial symmetry which hosts both the chiral A phase (C0+)
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and β phase (C+0) with nonzero amplitudes in the vortex
core. Note the large A-phase density, as well as the finite,
but reduced, β-phase density in the core. Since there is
no phase winding to suppress these amplitudes they grow
to values near the corresponding homogeneous bulk values
of a superposition of confined A and β phases. Thus, the
ratio of the two condensate densities in the A-core vortex
is of order |C+0(0)|2/|C0+(0)|2 ≈ 0.1 at p = 34 bar based
on the strong-coupling enhancement of the A phase as
shown in Fig. 4.

C. Nonaxial symmetric vortex states in 3He -B

Axial symmetry forces amplitudes with winding numbers
N = 2, i.e., C0− and C−0, to be quadratically suppressed in
the core as is shown in Fig. 4 for the A-core vortex (these
amplitudes are zero by symmetry for the o vortex).

For doubly quantized vortices the quadratic suppression of
the core amplitude, combined with the cost in kinetic energy,
generally leads to dissociation of doubly quantized vortices
into a pair of singly quantized vortices in order to recover lost
condensation energy for fixed total circulation.

Thus for the A-core vortex, if the amplitudes with N = 2
winding numbers were to dissociate into a pair of N = 1
vortices, then the result would be a gain in condensation
energy due to increased condensate amplitudes C0− and C−0

in the core.
The cost of dissociation is the potential reduction in core

energy from the amplitudes with zero phase winding. For
the A-core vortex these amplitudes, C0+ and C+0, with N =
0 are favorable because of strong-coupling energies. Thus,
there is a competition between a gain in condensation en-
ergy by dissociation of the amplitudes with N = 2 winding
numbers and the loss in condensation energy of the N =
0 amplitudes favored by strong-coupling and Zeeman en-
ergies. This competition is responsible for the stabilization
of the D-core vortex as the temperature is lowered below
TV(p, H ), where strong-coupling energies are no longer suffi-
cient to stabilize the axially symmetric A-core vortex, shown
as the solid (dashed) green phase boundary for zero field
(H = 284 G) in Fig. 1.

At low pressures and low temperatures where strong cou-
pling energies are relatively small the A-core vortex is no
longer competitive with the D-core vortex. Furthermore, the
o vortex is never competitive with the D-core vortex, since
forcing the N = 0, 2 components to vanish incurs too large a
cost in condensation energy for the o-vortex compared to the
D-core vortex, even in weak-coupling theory.

The splitting of the N = 2 vortices into a pair of N = 1
vortices is shown clearly in the plots of the phases φ0− and
φ−0 in Fig. 5, as is the growth in the amplitude for these com-
ponents compared to their suppressed values in the A-core
vortex. What is also clear is that the origin of the broken axial
symmetry is the splitting of the N = 2 phase singularities.
This splitting of the C0− and C−0 vortices along the y axis
breaks axial rotation symmetry, and generates a substantial
uniaxial anistropy in the amplitudes C0− and C−0, as well
as all other components. The connection between the broken
axial symmetry of the D-core vortex and the dissociation
of the N = 2 vortices in C0− and C−0 along the y axis is

C++ φ++ C+0 φ+0 C+− φ+−

C0+ φ0+ C00 φ00 C0− φ0−

C−+ φ−+ C−0 φ−0 C−− φ−−

−π

0

π

P
ha

se

0

0.5

1.0

A
m

pl
it
ud

e

FIG. 5. Amplitudes and phases of the components of the D-core
vortex at p = 20 bar and T = 0.55 Tc, shown and computed on the
same grid as that in Fig. 3. The key amplitudes and phases defining
the D-core vortex are those with N = 2 phase winding, C0− and C−0.
The D core accommodates the double phase winding by dissociation
into two N = 1 vortices, allowing the corresponding amplitudes to
grow. This is important for the stability of the D-core vortex relative
to the A core and o vortex, as discussed in Sec. III C. The dissociation
of the N = 2 vortices is responsible for the broken axial symmetry
that is clearly shown in all the amplitudes and phases.

particularly evident in the mass current distribution discussed
below and shown in the right panel of Fig. 6, where the pair
of dissociated mass current vortices located at y ≈ ±1.5 ξ

dominate the internal structure of the D-core vortex mass
current distribution.

D. Mass current density

Galilean invariance in pure 3He has important implica-
tions for the transformation of velocities and mass currents
in both normal and superfluid 3He. In particular the order
parameter transforms as Aαi(r)

u−→ Aαi(r) e−i2mu·r/h̄ under a
Galilean boost with velocity u. Thus, the phase of the or-
der parameter undergoes a local gauge transformation, or
equivalently, vs ≡ (h̄/2m)∇ϑ , transforms as a velocity field
under a Galilean boost, vs

u−→ vs − u. Galilean invariance also
implies that the free energy density transforms as f

u−→ f −
j · u + O(u2) where j is the mass current density. For a boost
from the rest frame of the normal excitations, i.e., vn = 0,
the gradient terms in the GL free energy density transform
as fgrad

u−→ fgrad − js · u + O(u2). Thus, by carrying out the
boost transformation we obtain the superfluid mass current
density in the rest frame of the excitations, expressed in terms
of Cartesian components,

js,i = 4m

h̄
�[K1 A∗

α j∇iAα j + K2 A∗
α j∇ jAαi + K3 A∗

αi∇ jAα j].

(26)
Far from the vortex core the phase gradient is small,

|∇ϑ |  π , or equivalently the flow velocity is small com-
pared to the maximum sustainable condensate velocity, i.e.,
vs  vc = h̄/ξ . Thus, the current reduces to its value in the
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FIG. 6. Left: Axially symmetric current density of the A-core vortex for p = 34 bar and T = 1.86 mK. The current is strongly suppressed
to zero by the growth of the A and β phases in the core for |r| � 2.5ξ . Center: Anisotropic mass current flow field of the D-core vortex at
p = 20 bar, T = 1.23 mK. Right: Expanded view of the current near the center of the D core showing the double-vortex structure as the source
of the anisotropic current density. Currents are scaled in units of jc defined in Eq. (28).

London limit governed by the local B phase order parameter
in Eq. (21),

js = 2

(
2m

h̄

)2(
K1 + 1

3
(K2 + K3)

)
�2

B vs, vs  vc. (27)

The mass current recovers axial symmetry in the limit |r| →
∞, however, the anisotropic corrections to axial flow decay
slowly as 1/r2. Equation (27) provides the characteristic scale
for the vortex mass currents in rotating 3He -B,

jc = 2(2m/h̄)2(K1 + (K2 + K3)/3)�2
B (h̄/ξ ). (28)

Figure 6 shows the flow field for the mass current of both
the A- and D-core vortices. The A-core vortex has an axial
vortex flow that collapses and vanishes rapidly in the zero
phase-winding region of the A- and β-phase core, |r| � 2.5ξ ,
as shown in the left panel of Fig. 6. By contrast the broken
axial symmetry of the D-core vortex is evident in the center
panel of Fig. 6. A zoomed region of the anisotropic core is
shown in the right panel which clearly shows the origin of
the uniaxial anisotropy of the current flow is the dissociation
of the N = 2 vortices of C0− and C−0 into a pair of N = 1
vortices at y ≈ ±1.5ξ .

Another remarkable property of the D-core vortex, first
reported in Ref. [17], is the prediction of an axial current
anomaly, i.e., the local pattern of currents flowing along the
axis of circulation, but with zero net mass transport and zero
phase gradient along the vortex axis [33]. The z-axis current
density can be expressed as

js,z = 4m

h̄
�[K2 A∗

α j∇ jAαz + K3 A∗
αz∇ jAα j] (29)

= 4m

3h̄
�2

B �[K2 C∗
μνeiνφ∂νCμ0 + K3 C∗

μ0∂
∗
νCμνe−iνφ],

(30)

where ∂0 = ∂z and ∂± = (∂x ∓ i∂y)/
√

2. Figure 7 shows the z-
axis current for the D-core vortex for the same pressure and

temperature as that for the vortex currents in Fig. 6, also in
units of jc. The axial current density spans an area of order
A ≈ 100 ξ 2 ≈ 6.25 μm2.

An idea for detection of the current anomaly along the
z axis is to inject electrons into rotating 3He -B from the
outer, radial boundary. Electrons in 3He -B form mesoscopic
ions of radius R ≈ 1.5 nm [34]. The capture of these ions by
D-core vortices should lead to transport of the ions along the
D-core vortex lines driven by the axial currents. Detection
of the ions by imaging on the top and bottom surfaces of
the rotating vessel containing superfluid 3He -B, in much the
same way in which vortices in rotating superfluid 4He were
first imaged [35], would provide direct evidence of the axial
mass currents [36].
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FIG. 7. Axial mass current of the D-core vortex at p = 20 bar
and T = 0.55 Tc. The current density is scaled in units of jc.
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E. Intrinsic vortex orbital and spin angular momentum

To obtain the large-scale structure of the vortex lattice for
superfluid 3He -B in equilibrium with a confining boundary
rotating with a constant angular velocity, �, we must trans-
form the free energy functional to the frame corotating with
the boundary potential. Equilibrium in a rotating frame is
achieved by a Legendre transformation [37], F ′ = F − J · �,
where J = L + S is the total angular momentum of liquid
3He, including the orbital fluid angular momentum, L, and
the nuclear spin angular momentum of 3He. The Legendre
transformation leads to several energy scales associated with
equilibrium in a rotating frame. The dominant effect of −J · �

is the entrainment of the normal fluid into corotation with
velocity vn = � × r. However, the superfluid velocity field
is irrotational, and thus superfluid 3He -B minimizes the
kinetic energy and accommodates corotation by the forma-
tion of a lattice of quantized vortices. A key observation is
that the orbital component of the Legendre transformation,
−L · �, is achieved by introducing a gauge potential, a =
(2m/h̄)(� × r). In particular, the gradient energy transformed
to the corotating frame can be written in terms of a kinetic
energy density expressed in terms of the covariant derivative
of the order parameter, ∇ → D = ∇ − ia, and a coupling
to the circulation of the gauge potential, ∇ × a = (4m/h̄)�,
to the intrinsic orbital angular momentum of the Cooper pairs,
f ′
grad = f ′

kin + f ′
orbital,

f ′
kin = K1(DkAα j )

∗(DkAα j )

+ 1

2
Ks[(D jAα j )

∗(DkAαk ) + (DkAα j )
∗(D jAαk )], (31)

f ′
orb ≡ −Lorb · � = 4m

h̄
Kaεi jk �(A∗

αiAα j )�k, (32)

where Ks = K2 + K3 and Ka = K2 − K3. In weak-coupling
theory Kwc

a = 0, however, particle-hole asymmetry and
strong-coupling corrections give Ka ≈ (kBTc/E f )2 Kwc

1 , and
thus to an intrinsic orbital angular momentum of order Lorb =
λorb(nh̄/4) (�/E f )2, with λorb ∼ O[ln(E f /kBTc)]. The intrin-
sic orbital angular momentum is too weak to affect the relative
stability of the vortex phases at typical rotation speeds.

However, there are perturbations that are important in
understanding the vortex structure and NMR signatures of
the vortex phases of 3He -B. In particular, in addition to the
nuclear dipole energy there is a contribution to the nuclear
Zeeman energy that is linear in the external field defined
by the invariant, f ′

z = −m · H, where in terms of Cartesian
components,

mδ = g′
z �(AA†)αβ εαβδ, (33)

where m (s ≡ m/γ ) is the intrinsic nuclear magnetization
(spin) density of the Cooper pairs. The bulk B phase is time-
reversal symmetric with sbulk ≡ 0. Thus, the gyromagnetic ef-
fect observed in rotating 3He -B is a manifestation of intrinsic
spin polarization of vortices, driven by vortex currents in the
core region. This is a vortex manifestation of the Barnett effect
[32], discussed in the context of vortices in the 3P2 neutron
superfluid predicted to exist in the interiors of rotating neutron
stars [38,39].

The intrinsic magnetization (spin polarization) for axially
symmetric vortices takes a simple form when expressed in
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FIG. 8. Magnetization profiles, mA and mD, for the A- and D-
core vortices, respectively. Insets: density plots of the same. For the
A-core phase: p = 34 bar T = 0.75 Tc = 1.86 mK. For the D-core
phase: p = 20 bar T = 0.55 Tc = 1.23 mK.

terms of amplitudes defined in the angular momentum basis,

m(r) = m0

∑
ν

(|C+ν |2 − |C−ν |2) �̂ + m⊥(r). (34)

In addition to the axial component of the magnetization there
is a transverse magnetization density, m⊥(r), which integrates
to zero for all stationary vortex states, both the axially sym-
metric o vortex and A-core vortex with m⊥ = m⊥(r)r̂, as well
as the axially asymmetric D-core vortex. The magnitude of the
intrinsic magnetization density is given by [38,39],

m0 ≡ g′
z�

2
B ≈ n(γ h̄) ln(E f /kBTc)(�B/E f )2. (35)

While all spin-triplet vortices generate an intrinsic spin po-
larization, symmetry constraints on the phase winding of the
order parameter components that inhabit the vortex core, as
well as strong-coupling terms in the free energy functional
that stabilize vortex core states with zero phase winding, lead
to vortex-core magnetic moments that reflect the symmetry
of the vortex core order parameter. In the case of the high-
pressure phases of rotating 3He -B the A-core vortices, which
host the ferromagnetic β phase in the core, possess a substan-
tial nonvanishing magnetization density in the cores. The D-
core vortex phase also has a substantial vortex magnetization,
which also reflects the double-core structure of that phase.
The vortex magnetization density is shown for both phases in
Fig. 8. The total magnetic moment of the A- and D-core vortex
phases, M = ∫

dr m(r) exhibits a discontinuity at the first-
order vortex phase transition. For example, the magnetization
per unit length (M/Lv), per vortex jumps from MA/Lv =
2.95 m0ξ

2 in the A-core phase to MD/Lv = 5.36 m0ξ
2 in the

D-core phase at T = 2.0 mK and p = 15.0 bar.
The direction of the vortex magnetization is selected by the

angular velocity, mV = m(r)�̂. As a result the linear Zeeman
energy, f ′

z = −m(r)�̂ · H is the origin of the gyromagnetic
effect observed in the NMR spectrum for the phases of
rotating 3He -B.
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Insets: density plots of the same.

IV. MAGNETIC SUSCEPTIBILITY

At sufficiently low magnetic fields the magnetization is
determined by the nuclear Zeeman energy,

FZeeman = −1

2

∫
d3r Hαχαβ (r)Hβ, (36)

evaluated with the zero-field order parameter, i.e., neglecting
order parameter distortion by the external field. For fields H ‖
ẑ the corresponding local magnetic susceptibility is

χzz(r)/χN = 1 − 2gz

∑
i

|Azi(r)|2. (37)

Figure 9 shows our results for the local susceptibilities of
the A- and D-core vortices. The D-core vortex has the larger
susceptibility, and thus we expect that the equilibrium vortex
transition line to shift to higher temperatures with the appli-
cation of a weak magnetic field. This is indeed what we find
from self-consistent solutions of the the GL equations when
we include the Zeeman energy in Eq. (3). Figure 10 shows
the evolution of the equilibrium vortex transition temperature
with field, TV(p, H ), for p = 34 bar. The initial increase of TV

with field is indicative of susceptibilities for the A- and D-core
vortices. However, at fields H � 40 G the transition tempera-
ture reaches a maximum, then decreases with increasing field,
such that TV(p, H = 284 G) = 1.755 mK < TV(p, H = 0) =
1.787 mK. The increase in TV relative to the zero-field transi-
tion for H � 60 mK results from distortion on the vortex-core
order parameters by the field, which dominates the Zeeman
term even at relatively low fields due to the near degeneracy
of the two vortex phases. This leads to the equilibrium vortex
phase transition line, TV(p, H ), for H = 284 G shown in
Fig. 1. The equilibrium transition line, TV(p, H ), as well as the
supercooling transition line, T ∗

V (p, H ), are reported for fields
H||�||ẑ, and for the background B-phase order parameter
given in Eq. (16). Our results neglect the dipolar interaction
within the computational cell, ξ  dc  ξD, but include the
effects of vortex counterflow and field-induced gap distortion.
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FIG. 10. Field evolution of the equilibrium vortex transition tem-
perature at p = 34 bar.

The weak nuclear dipole energy of 3He -B confined in the
cylindrical experimental cell used in the rotating 3He -B
experiments reported in Ref. [10] introduces a large-scale
texture of the background B phase that varies on the scale of
the cell radius, R ≈ 2.5 mm [40]. A discussion of the effects
of nonaxial magnetic fields, as well the possibility of weak
inhomogeneous broadening from large scale textural effects,
on the vortex phases and p-T -H phase diagram is outside the
scope of this article.

We note that Kasamatsu et al. recently published a report
on the effects of nonaxial magnetic fields on the structure of
vortices in rotating 3He -B [41]. They use the set of strong-
coupling GL material parameters obtained from analysis of
several experiments by Choi et al. [42]. However, their cal-
culations are based on the standard GL free energy functional
[17]. This limits their analysis of relative stability of vortex
phases in 3He -B to pressures below the polycritical point
pressure, pPCP = 21.22 bar, and temperatures very close to
Tc, thus precluding an analysis of the stability of phases
over the experimentally relevant region of the p-T -H phase
diagram. Our analysis, based on the strong-coupling GL
theory discussed in Sec. II, allows us to explore the entire
pressure range, and specifically the phase diagram above the
polycritical point pressure and temperatures below the bulk
A-B transition, which is the region most relevant to the phases
and phase transitions observed in rotating 3He -B.

V. EQUILIBRIUM AND METASTABILITY TRANSITIONS

The experimental transition between the two distinct vortex
phases of rotating 3He -B is hysteretic as shown in Fig. 1 of
Ref. [12]. The vortex phase transition on cooling occurs at
much lower temperature than the phase transition on warming.
This is indicated on the pressure-temperature phase diagram
for p = 29.3 bar the transition on cooling occurs at T ∗

V =
1.43 mK while the transition on warming occurs at a higher
temperature which we estimate to be TV = 1.81 mK. The
latter was identified as the temperature at which the NMR
satellite frequency splitting measured on warming merges
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with that measured on cooling. There is some uncertainty
in this value because both A- and D-core vortices are local
minima of the free energy functional. Thus, on warming the
heat flux of quasiparticles may heat the vortex cores and
prematurely convert some D-core vortices to A-core vortices.
Thus, a smooth extrapolation of the NMR splitting on warm-
ing yields TV ≈ 1.85 mK, also indicated in Fig. 1. This is
the only data we found in the literature for the transition
on warming. The data for the transitions on cooling for all
reported pressures were obtained from Fig. 2 of Ref. [12].
All data reported in Fig. 1 of this report were converted
from the Helsinki temperature scale to the widely accepted
Greywall scale according to TGreywall = 0.89 THelsinki [43]. The
transitions on cooling all exhibit a sharp drop in the NMR
frequency at the same temperature independent of rotation
speed. There is no further supercooling, indicating that T ∗

V is
a global instability below which there is only one phase that
is a local minimum of the free energy.

The theoretical results we report for the phase diagram
in Fig. 1 are based on precise numerical solutions of the
strong-coupling GL equations for the vortex phases of ro-
tating 3He -B. The experimental transition on warming at
p = 29.3 bar and H = 284 G is in close agreement with our
determination of the equilibrium transition line, TV(p, H ),
at that pressure and field. We identify the warming transi-
tion as the equilibrium vortex phase transition, i.e., point in
the (p, T ) plane where the free energies of the two phases
are equal. This interpretation is based on our calculations
of the free energies of the high-temperature, high-pressure
A-core phase and the low-temperature, low-pressure D-core
phase. In particular, the equilibrium transition line calculated
as the locus of points where the A- and D-core free energies
are equal is shown in Fig. 1 for zero field as the solid green
line. This transition line terminates on the bulk transition
line at a triple point [pvc , Tc(pvc )]. Thus, there is a window
within the B phase where the A-core vortex phase is the
equilibrium phase even in zero field, with the A phase and
β phase inhabiting the cores of vortices within the A-core
phase. The A phase is able to grow within the B-phase vortex
core because of the suppression of the B-phase amplitudes
with winding number N = 1: C00, C+− and C−+ and the
absence of any suppression for the N = 0 amplitudes: C0+
and C+0. Thus, with strong-coupling support for the A phase
the A-core vortex is stabilized at sufficiently high pressure
and high temperature in the region shaded in green in Fig 1.
Also shown is the equilibrium region of the A-core vortex
phase for the field of H = 284 G ẑ. Note that the equilibrium
region of the A-core phase is extended to lower temperatures
(cf. Fig. 10) and pressures within the range, TV(p, H ) < T <

TAB(p, H ), as shown by the dashed green line in Fig. 1. Our
analysis also shows that the region between the transition at
TV(p, H ) and the transition at T ∗

V (p, H ) corresponds to the
region in which the high-temperature A-core vortex phase is
a metastable local minimum of the free energy, but is not
the global minimum. Thus, the A-core phase supercools to
the lower temperature, T ∗

V , below which the high-temperature
A-core phase is globally unstable to the D-core phase. Indeed,
the observed transitions on cooling for H = 284 G, over
the pressure range 20 bar � p � 34 bar, agree well with our
theoretically determined metastability transition, T ∗

V (p, H ), at

which the A-core vortex phase is globally unstable to the
D-core vortex phase.

The supercooling transition at T ∗
V (p, H ) shown as the

dashed purple line in Fig. 1, and the much larger region of
metastability of the A-core vortex phase (shaded in pink),
was obtained by starting at high pressure and high temper-
ature in the region of global stability of the A-core vortex
phase, then lowering temperature slightly below TV(p, H ),
where the D-core vortex is the global miniumum, and
initializing the order parameter with the higher tempera-
ture A-core order parameter field plus a small admixture
(“seed”) of the D-core order parameter, i.e., Ainit(p, Tnew) =
AA-core(p, Tlast ) + ε AD-core(p, Tnew), where ε  1. Through-
out the region bounded by TV(p, H ) and T ∗

V (p, H ) (shown
in pink) the vortex initialized with the D-core perturbation
returned to the axially symmetric A-core phase. The super-
cooling transition, T ∗

V (p, H ), was the locus of points where
the A core was globally unstable. We note that results for
the supercooling transition require a fine computational grid.
For a coarse grid of h = 0.5ξ the supercooling transition is
lower than that shown in Fig. 1, but converges to the reported
transition line for h � 0.15ξ . The phase transition lines shown
in Fig. 1 were obtained on a 60ξ × 60ξ computational grid
with grid spacing h = 0.1ξ . Our numerical annealing proce-
dure used to identify the region of metastability of the A-core
phase agrees remarkably well with the experimental results
for the transition obtained on cooling, both in the magnitude
of the supercooling at pressures above pcv

, as well as the rapid
crossover in slope of T ∗

V (p, H ) with pressure at the lower
pressures approaching pcv

. However, our region of metasta-
bility does not extend as low in pressure as the experimentally
reported transitions on cooling. Our interpretation of the latter
is that below pcv

strong-coupling energies are never able to
stabilize the A phase in the vortex core, without assistance
from the Zeeman energy. This results in the termination of
the supercooling line on the equilibrium A-core vortex phase
boundary at a pressure near pcv

. We are not able to resolve
the origin of the discrepancy in the minimum pressure for
the metastable A-core phase within the strong-coupling GL
theory. Such a resolution may require new experiments under
rotation with pressure sweeps, or perhaps implementation of
the full quasiclassical strong-coupling free energy functional
extended to inhomogeneous phases.

VI. SUMMARY AND OUTLOOK

The recent development of a strong-coupling Ginzburg-
Landau theory that accounts for the relative stability of the
bulk A and B phases has provided an opportunity to examine
the relative stability of the vortex phases discovered in rotating
3He -B and to predict, based on known material properties of
superfluid 3He over the full pressure range, the equilibrium
and metastable vortex phase transitions. We are able to verify
the local and global stability of all the stationary solutions
to the strong-coupling GL theory over the full (p, T ) plane.
Only the A- and D-core phases are global minima anywhere
in the (p, T ) plane. The results we report provide strong
theoretical support for the identification of the experimentally
observed phase transitions as the equilibrium and supercooled
phase transitions between the high temperature A-core vortex
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phase with broken time-reversal and mirror symmetries (pro-
posed by Salomaa and Volovik [7]), and the low-temperature,
low-pressure D-core vortex phase with broken axial symmetry
(proposed by Thuneberg [8]). Furthermore, both of these tran-
sitions are driven by the decrease in strong coupling energies
at sufficiently low pressures and temperatures defined by the
metastability line T ∗

V (p, H ). In addition, the broken rotational
symmetry of the D-core vortex is identified with the instability
of the components within the core with 4π phase winding.
Once strong-coupling energies are suppressed by sufficiently
low temperature or pressure the doubly quantized vortices
dissociate to gain condensation energy, and as a result break
axial symmetry.

We conclude with the two forward looking observations.
First, the success of the strong coupling GL theory, evident by
the results for the vortex phase diagram, provides a theoretical
tool for studying a wide range of problems involving inho-
mogeneous phases with complex symmetry breaking and/or
novel topological defects, in the strong-coupling limit, that
were not previously accessible. A recent example is the anal-
ysis of the experimentally measured Bosonic collective mode
frequencies (“Higgs masses”) of superfluid 3He -B using a
time-dependent extension of the strong-coupling GL theory
in Ref. [44], which provided consistent experimental results
for the strength of the f -wave pairing interaction in superfluid
3He over the full pressure range [45], a material parameter
that is important for understanding ground states and excita-
tions of superfluid 3He at high pressures and high magnetic
fields. Second, the strong-coupling GL theory is supported
by the microscopic strong-coupling pairing theory based on
leading order corrections to the weak-coupling BCS theory
originating from binary collision scattering between fermionic
quasiparticles of the normal phase of liquid 3He [14]. Further
development of a quantitative microscopic strong-coupling
pairing theory to inhomogeneous, nonequilibrium states is
well within reach.
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APPENDIX A: MATERIAL PARAMETERS

Tables I and II summarize the pressure dependent material
parameters that determine the properties of the superfluid
phases in strong-coupling theory.

APPENDIX B: NUMERICAL METHODS

The search for stationary states of the Ginzburg-Landau
functional leads to the Euler-Lagrange equations (14), which
are coupled, nonlinear partial differential equations (PDEs)
for the 18 components of the 3He order parameter. The
method of relaxation based on the discretized version of
Eq. (19) to improve the approximate solution at each step
along the gradient direction until one reaches the steady-state
solution is generally inefficient. Instead, we employ an effi-
cient numerical method developed to solve the multicompo-
nent field equations, e.g., the order parameter for topological
defects in superfluid 3He. The method is based on the L-
BFGS optimization algorithm [28] summarized below.

In Newton’s method, we solve the equation

xk+1 = xk + αk pk, (B1)

where αk ≡ α represents a fixed step size at each step labeled
by k, and pk = −H−1

k Gk is the search direction where Gk

is the functional gradient defined in Eq. (14). Hereafter we
follow standard notation [28] and denote the inverse Hessian
simply by Hk . We implement this algorithm by storing the
order parameter, Aαi(x, y) as a four-dimensional (α, i, x, y)
array of complex numbers represented by xk at step k. At
each iteration, the order parameter is updated along with
the step size and search direction. Storing the exact inverse
Hessian, Hk , requires calculating a matrix of N × N second
derivatives which is computationally expensive. Instead, we
use the L-BFGS quasi-Newton minimization algorithm. This
requires us to solve Eq. (B1) to determine a step size, αk , that
minimizes the function f (αk p̂ + xk ) at each iteration, where
the direction p̂ is constructed from the approximation to the
inverse Hessian Hk , using Gk and xk . We require the inverse
Hessian to be symmetric and positive definite. To determine
Hk+1 we solve the minimization problem

min
H

||Hk − H ||, H = H†, Hyk = sk, (B2)

where sk = xk+1 − xk, yk = Gk+1 − Gk , where Gk is the func-
tional gradient of the GL functional at iterate k, Gk =
δFk/δA∗

αi,k . The unique solution to this minimization prob-
lem is obtained by rewriting the minimization problem in
terms of a weighted Frobenius norm, which transforms the

TABLE I. Coefficients of a polynomial fit to the strong-coupling β parameters from Ref. [14] of the form βsc
i = ∑

n a(i)
n pn.

n βsc
1 βsc

2 βsc
3 βsc

4 βsc
5

0 −9.849 × 10−3 −4.193 × 10−2 −1.322 × 10−2 −4.747 × 10−3 −8.987 × 10−2

1 −5.043 × 10−2 −1.177 × 10−1 −5.428 × 10−2 −3.788 × 10−1 −6.925 × 10−1

2 2.205 × 10−2 −4.322 × 10−2 9.559 × 10−2 −1.774 × 10−1 8.761 × 10−1

3 −2.557 × 10−2 8.793 × 10−2 −6.419 × 10−2 1.735 × 10−1 −5.929 × 10−1

4 5.023 × 10−2 −8.598 × 10−2 −9.310 × 10−3 1.878 × 10−1 2.904 × 10−2

5 −2.769 × 10−2 3.639 × 10−2 1.862 × 10−2 −1.522 × 10−1 8.870 × 10−2
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TABLE II. Material parameters for 3He vs pressure, with the particle density n = k3
f /3π 2 from Ref. [46], the effective mass, m∗, and Tc

from Ref. [43], the exchange interaction, F a
0 , is from Ref. [47], the Fermi velocity, v f = h̄k f /m∗, calculated from the Fermi wavelength, k f ,

and the coherence length is ξ0 = h̄v f /2π kBTc. The strong-coupling parameters, βsc
i , in units of |βwc

1 |, are from Ref. [14].

p[bar] n[nm−3] m∗/m F a
0 Tc[mK] v f [m/s] ξ0[nm] βsc

1 βsc
2 βsc

3 βsc
4 βsc

5

0.0 16.28 2.80 −0.7226 0.929 59.03 77.21 −0.0098 −0.0419 −0.0132 −0.0047 −0.0899
2.0 17.41 3.05 −0.7317 1.181 55.41 57.04 −0.0127 −0.0490 −0.0161 −0.0276 −0.1277
4.0 18.21 3.27 −0.7392 1.388 52.36 45.85 −0.0155 −0.0562 −0.0184 −0.0514 −0.1602
6.0 18.85 3.48 −0.7453 1.560 49.77 38.77 −0.0181 −0.0636 −0.0202 −0.0760 −0.1880
8.0 19.34 3.68 −0.7503 1.705 47.56 33.91 −0.0207 −0.0711 −0.0216 −0.1010 −0.2119
10.0 19.75 3.86 −0.7544 1.828 45.66 30.37 −0.0231 −0.0786 −0.0226 −0.1260 −0.2324
12.0 20.16 4.03 −0.7580 1.934 44.00 27.66 −0.0254 −0.0861 −0.0233 −0.1508 −0.2503
14.0 20.60 4.20 −0.7610 2.026 42.51 25.51 −0.0275 −0.0936 −0.0239 −0.1751 −0.2660
16.0 21.01 4.37 −0.7637 2.106 41.17 23.76 −0.0295 −0.1011 −0.0243 −0.1985 −0.2801
18.0 21.44 4.53 −0.7661 2.177 39.92 22.29 −0.0314 −0.1086 −0.0247 −0.2208 −0.2930
20.0 21.79 4.70 −0.7684 2.239 38.74 21.03 −0.0330 −0.1160 −0.0249 −0.2419 −0.3051
22.0 22.96 4.86 −0.7705 2.293 37.61 19.94 −0.0345 −0.1233 −0.0252 −0.2614 −0.3167
24.0 22.36 5.02 −0.7725 2.339 36.53 18.99 −0.0358 −0.1306 −0.0255 −0.2795 −0.3280
26.0 22.54 5.18 −0.7743 2.378 35.50 18.15 −0.0370 −0.1378 −0.0258 −0.2961 −0.3392
28.0 22.71 5.34 −0.7758 2.411 34.53 17.41 −0.0381 −0.1448 −0.0262 −0.3114 −0.3502
30.0 22.90 5.50 −0.7769 2.438 33.63 16.77 −0.0391 −0.1517 −0.0265 −0.3255 −0.3611
32.0 23.22 5.66 −0.7775 2.463 32.85 16.22 −0.0402 −0.1583 −0.0267 −0.3388 −0.3717
34.0 23.87 5.82 −0.7775 2.486 32.23 15.76 −0.0413 −0.1645 −0.0268 −0.3518 −0.3815

minimization problem to a new basis under a unitary transfor-
mation. The Frobenius norm can then be calculated explicitly
and minimized. Transforming back to the original basis we
obtain the solution

Hk+1 = (1 − ρksk y†
k )Hk (1 − ρkyks†

k ) + ρksks†
k, (B3)

where ρk = 1/(y†
ksk ). Equation (B3) is known as the BFGS

update [28], and is an approximation to the inverse Hessian
Hk+1 given an initial inverse Hessian Hk . Thus, we now
solve Eq. (B1) with a search direction given by pk = −HkGk

which is calculated in terms of inner products of the form
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FIG. 11. Rate of convergence of the iterative solution of the GL
equations expressed in terms of the free energy at each interaction,
k, for the o vortex at p = 10 bar, T = 0.25 Tc normalized by the bulk
B-phase free energy integrated over the same volume. The L-BFGS
algorithm is shown in green, and the relaxation algorithm is shown
in red.

〈yk|Gk〉, 〈sk|Gk〉. This makes the solution of Eq. (14) straight-
forward with

sk = xk+1 − xk, yk = Gk+1 − Gk . (B4)

We initialize the inverse Hessian with H0 = 1, then update
according to

Hk = s†
k−1yk−1

y†
k−1yk−1

. (B5)

This is an approximation to the inverse Hessian matrix along
the most recent search direction. For the L-BFGS update at
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FIG. 12. Free energies for the A- and D-core vortex states versus
magnetic field calculated using our GL solver for the set I GL pa-
rameters at p = 34 bar. The core contribution to the free energies are
calculated as in Ref. [41] by subtracting the bulk and hydrodynamic
contributions to the B-phase energy, and normalizing the result in
units of the bulk B-phase energy at each field.
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iteration k we have the current iterate as xk and we store a lim-
ited memory set of vector pairs {si, yi} for i = k − m, . . . , k −
1. Thus, by choosing an initial approximate inverse Hessian
H0

k we obtain by repeated iteration of Eq. (B3) the L-BFGS
algorithm [28],

Hk = (V †
k−1 · · ·V †

k−m) H0
k (Vk−m · · ·Vk−1)

+ ρk−m(V †
k−1 · · ·V †

k−m+1)sk−ms†
k−m(Vk−m+1 · · ·Vk−1)

+ ρk−m+1(V †
k−1 · · ·V †

k−m+2)sk−m+1s†
k−m+1

× (Vk−m+2 · · ·Vk−1) + · · · + ρk−1 sk−1 s†
k−1. (B6)

The arrays sk, yk which encode the order parameter and
functional gradient are stored as five-dimensional complex
arrays where one component of the array is a memory index
and the other four components represent the orbital, spin and
spatial degrees of freedom in the x-y plane. The L-BFGS
algorithm is used to calculate the stationary states by solving
Eq. (14) for the full (p, T ) plane. In Fig. 11 we compare
numerical relaxation with the rate of convergence of the

L-BFGS algorithm for the axially symmetric o vortex. The
performance of the L-BFGS algorithm is essential in being
able to calculate the equilibrium and metastable phase dia-
gram on reasonable timescales.

APPENDIX C: BENCHMARKING THE GL SOLVER

We tested our code against others by comparing our results
for the free energies of the A- and D-core vortex states with
those reported in Ref. [41] based on their choice for the GL β

parameters. Figure 12 shows results based on our GL solver
using GL parameter set I of Ref. [41] for p = 34 bar. Our
result is in excellent agreement with the result reported by
Kasamatsu et al. in their Fig. 5(d) for the same GL parameters,
including the crossing field of H ≈ 100 G. N.B. While these
are local minima of the GL functional for this parameter
set, they do not represent realized solutions at this pressure
because this set of GL β parameters does not account for
the relative stability of the bulk A and B phases for pres-
sures above pPCP = 21.22 bar. Nevertheless, the comparison
provides a benchmark and additional confidence in our GL
solver and numerical results.
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