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Let A be a separable, unital, simple, Z-stable, nuclear C*-algebra, and let a: G —
Aut(A) be an action of a discrete, countable, amenable group. Suppose that the
orbits of the action of G on T(A) are finite and that their cardinality is bounded.
We show that the following are equivalent:

(1) « is strongly outer;

(2) a®idz has the weak tracial Rokhlin property.

If G is moreover residually finite, the above conditions are also equivalent to
(3) a@®idz has finite Rokhlin dimension (in fact, at most 2).

If 9. T(A) is furthermore compact, has finite covering dimension, and the orbit space
0.T(A)/G is Hausdorff, we generalize results by Matui and Sato to show that « is
cocycle conjugate to a ® idz, even if « is not strongly outer. In particular, in this
case the equivalences above hold for « in place of @a®idz. In the course of the proof,
we develop equivariant versions of complemented partitions of unity and uniform
property I' as technical tools of independent interest.
© 2022 The Author(s). Published by Elsevier Masson SAS. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

RESUME

Soit A une C*-algébre nucléaire, unifére, simple, Z-stable, et soit av: G — Aut(A)
une action d’un groupe discret, dénombrable et moyennable. Supposons que les
orbites de l'action de G sur T'(A) soient finies et que leur cardinalité soit bornée.
Nous montrons que les énoncés suivants sont équivalents :

(1) o est fortement extérieur;
(2) a®idz posséde la propriété traciale faible de Rokhlin.
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Si en plus G est résiduellement fini, les conditions ci-dessus sont également
équivalentes a :

(3) a®idz a dimension de Rokhlin finie.

Si en plus 9.T(A) est compact et de dimension finie, et l’espace des orbites
0.T(A)/G est Hausdorf, nous généralisons les résultats de Matui et Sato pour
montrer que «a est conjugué par cocycles & a ® idz, méme si o n’est pas fortement
exterieur. En particulier, dans ce cas, les équivalences ci-dessus sont valables pour
a a la place de a ® idz. Au cours de la preuve, nous développons des versions
équivariantes des partitions complétées de 'unité et de la propriété uniforme I'
comme outils techniques d’intérét indépendant.
© 2022 The Author(s). Published by Elsevier Masson SAS. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

This paper concerns the structure of group actions by discrete, countable, amenable groups on separable,
simple, unital, nuclear, Z-stable C'*-algebras. One of the main themes of research in operator algebra theory
in the past several decades has been the Elliott program to classify simple, nuclear, separable C*-algebras
by K-theoretic data. The Elliott program is now essentially complete: simple nuclear separable C*-algebras
which satisfy the Universal Coefficient Theorem and absorb the Jiang-Su algebra Z ([39]) are classified
via the Elliott invariant. Moreover, this classification cannot be extended to the non-Z-stable case without
enlarging the invariant and without significant new ideas. The property of Z-stability is a regularity condition
for simple C*-algebras, analogous to the McDuff property for type II; factors. We refer the reader to [72] for
a recent survey and further references concerning the classification program and Toms-Winter regularity, as
a detailed exposition of these topics is beyond the scope of this paper.

The analysis of group actions on operator algebras is a natural and important line of research which has
been studied intensively for C*-algebras as well as in von Neumann algebra theory. It is closely related to
the classification program discussed above, particularly via the crossed product construction. Specifically,
given the role of Z-stability in the Elliott program (or the related regularity properties in the Toms-Winter
conjecture), it is important to understand how robust the class of simple, nuclear, separable, Z-stable C*-
algebras is, in particular with respect to standard constructions such as crossed products. The following is
an important open problem in this context.

Problem 1.1. Let A be a separable, simple, nuclear, Z-stable C*-algebra, and let a.: G — Aut(A4) be an
action of a discrete countable amenable group G. Find conditions that ensure that A x, G is also separable,
simple, nuclear, and Z-stable.

In the above setting, nuclearity and separability are always guaranteed since G is amenable and countable.
By a celebrated result of Kishimoto [40], A X, G is simple whenever «, is outer for all g € G \ {1}. The
main task, then, is to find general conditions that entail preservation of Z-stability.
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The Rokhlin property and its various generalizations form a collection of regularity conditions for group
actions on C*-algebras, whose roots stem from the Rokhlin Lemma in Ergodic Theory. This result was first
extended to von Neumann algebras, starting with Connes’ work for the case of a single automorphism ([9,
Theorem 1.2.5]; see also [70, Chapter XVII, Lemma 2.3]). Connes’ result was later generalized by Ocneanu
in [55, Section 6.1], and used to prove that all outer actions of a discrete countable amenable group G
on the hyperfinite II; factor are cocycle conjugate. In the context of actions on C*-algebras, early works
include the studies of cyclic and finite group actions on UHF-algebras by Herman and Jones ([28,29]), and
Herman and Ocneanu ([30]), and later for automorphisms on UHF and AT -algebras by Kishimoto ([41-43]).
A connection with permanence of Z-stability was made in [33], where it was shown that for actions of the
integers, the reals or compact groups, Z-stability is preserved when passing to the crossed product, provided
the action has the Rokhlin property. Other results for Rokhlin actions of compact groups can be found in
[18,20,21].

Although the Rokhlin property is relatively common for actions of the integers, there are significant
K-theoretic obstructions for finite group actions (and hence actions of groups which have torsion). This was
studied in depth by Izumi [37,38] and spurred additional work [61,27]. Attempts to circumvent impediments
of this sort led Phillips to introduce the tracial Rokhlin property [58], where the projections in the Rokhlin
property are assumed to have a leftover which is small in trace. Among other applications, the tracial
Rokhlin property has been used in [13] to study fixed point algebras of the irrational rotation algebra Ay
under certain canonical actions of finite cyclic groups.

The tracial Rokhlin property does not bypass the most obvious obstruction to admitting Rokhlin actions:
the existence of nontrivial projections. The need to study weaker versions of these properties led to two
further generalizations. The first one, called the weak tracial Rokhlin property, which replaces projections
with positive elements, has been considered in [31,62,51,53,71,23].

A different approach was taken in a paper by the second author, Winter, and Zacharias [34], who intro-
duced the notion of Rokhlin dimension. In this formulation, the partition of unity appearing in the Rokhlin
property is replaced by a multi-tower partition of unity consisting of positive contractions, the elements
of each tower being indexed by the group elements and permuted by the group action. Rokhlin dimension
zero then corresponds to the Rokhlin property, but the extra flexibility makes finiteness of the Rokhlin
dimension a much more common feature. This notion has primarily been used as a tool to show that various
structural properties of interest (such as Z-stability or finite nuclear dimension) pass from an algebra to the
crossed product. Rokhlin dimension has been extended and studied for actions of various classes of groups;
the generalization which is pertinent for this paper is in work of Szabd, Wu, and Zacharias for residually
finite groups ([68]). We refer the reader to [17,19,32,35,24] for further generalizations.

This work focuses on actions on simple C*-algebras, and aims to improve upon related works by Matui-
Sato ([51,53]) and by Liao ([48,49]). We study the relationships between strong outerness, the weak tracial
Rokhlin property and finite Rokhlin dimension by showing that they are equivalent in many cases of interest.
More specifically, we obtain the following main results.

Theorem A. Let A be a separable, simple, nuclear, unital, stably finite, C*-algebra, let G be a countable,
discrete, amenable group, and let a: G — Aut(A) be an action. Suppose that the orbits of the action induced

by a on T(A) are finite and that their cardinality is uniformly bounded. Then the following are equivalent:

(1) « is strongly outer.
(2) a ®idz has the weak tracial Rokhlin property.

When G is residually finite, then the above are also equivalent to:

(8) a ®idz has finite Rokhlin dimension.
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(4) a ®idz has Rokhlin dimension at most 2.

This theorem is restated as Theorem 7.8 and proved in Section 7. The definitions of strong outerness,
the weak tracial Rokhlin property, and Rokhlin dimension are provided in Section 2.

The first precursor of this result is Theorem 5.5 in [13], where (1) < (2) is shown under the additional
assumptions that A has tracial rank zero, A has a unique tracial state, and G is finite. Matui and Sato
proved (1) < (2) in the case that A is nuclear and has finitely many extreme tracial states, and the group
G is elementary amenable ([53, Theorem 3.6]). This was later extended by Wang to all discrete countable
amenable groups in [71, Theorem 3.8]. Here, we remove all the smallness assumptions on the extreme points
of T(A), although we still have some non-trivial requirements on the size of the orbits for the induced action
on T'(A). This is made possible by developing an equivariant version of complemented partitions of unity
from [6]; see more on this below.

The equivalence (1) < (3) of Theorem A generalizes Liao’s work in [48,49], where a similar result is proved
for Z™-actions, under the additional assumptions that T'(A) is a Bauer simplex with finite dimensional
extreme boundary, and that the group acts trivially in 7'(A). Our method of proof differs significantly from
Liao’s (other than in the use of complemented partitions of unity to remove the topological assumptions
on 0,T(A)), in that we obtain the Rokhlin towers by embedding suitable model actions on dimension drop
algebras into the central sequence algebra of A. The advantage of our approach is that it does not require
any restrictions on the group: in particular, we are able to treat groups with torsion, as well as groups that
are not finitely generated. (The application of property (SI) in [48, Theorem 6.4] makes essential use of the
fact that Z has no torsion, and the same applies for the generalization to Z™ in [49].)

Our next main theorem improves upon results of Sato from [63] (which in turn generalizes results from
[53]). The main theorem in [63] requires for the group to act trivially on the trace space, whereas we can
weaken this assumption to a condition on the orbits analogous to the one in Theorem A.

Theorem B (Theorem 8.5). Let A be a separable, simple, nuclear, stably finite, Z-stable, infinite-dimensional,
unital C*-algebra. Let G be a countable, discrete, amenable group, and let a: G — Aut(A) be an action.
Suppose that 9. T(A) is compact, that dim(0.T(A)) < oo, that the orbits of the induced action of G on

0T (A) are finite with uniformly bounded cardinality, and that the orbit space 0.T(A)/G is Hausdorff. Then
« 1s cocycle conjugate to a ®@idz.

The conditions on the trace space are met, for instance, when the G-action induced by a on 9,T(A)
factors through a finite group action. We do not know whether the restriction on the topology of the trace
space or the way in which the group acts on it can be relaxed. Some progress has been made in the recent
paper [73], where the methods here developed are combined with arguments from topological dynamics to
show equivariant Z-stability for actions of Z, assuming that 0.T(A) is compact and finite-dimensional.

The arguments in this paper make an essential use of an equivariant version of uniform property I' and
complemented partitions of unity (CPoU). The non-equivariant versions are methods introduced in [6] in
order to prove one of the remaining implications of the Toms-Winter conjecture, and were further developed
in [7]. Roughly speaking, complemented partitions of unity provide a technique for globalizing properties
which occur fiber-wise in the von Neumann algebras associated to the GNS representations of the traces,
to properties holding uniformly over all traces; we adapt this method to allow gluing dynamical properties.
As this is of independent interest, we record here what is proved in this respect, which can be thought of
as a dynamical analogue of [7, Theorem 4.6]. The definitions of the terms in the theorem below appear in
the relevant parts of the paper.

Theorem C. Let A be a separable, simple, nuclear, unital, stably finite, C*-algebra with no finite-dimensional
quotients. Let G be a countable, discrete, amenable group and let a: G — Aut(A) be an action such that the
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induced action on T(A) has finite orbits bounded in size by a uniform constant M > 0. Then the following
are equivalent:

(1) (A, ) has uniform property T.
(2) (A, ) has complemented partitions of unity with constant M.
(3) For everyn € N there is a unital embedding of the matriz algebra M, — (AY N A’)

al/{

If A is also Z-stable and simple, then the previous conditions are equivalent to
(4) (A, ) is cocycle conjugate to (A® Z,a® idz).

Theorem C is the combination of Theorem 5.7, which covers the equivalence of the first three conditions,
and Theorem 7.6, which adds the last condition.

The paper is organized as follows. In Section 3 and Section 4 we modify ideas from [6] in order to
develop equivariant analogues of uniform property I' and complemented partitions of unity. The main goal
in Section 5 is to use techniques from the previous two sections to obtain that, under our assumptions, we
can equivariantly embed model actions on the hyperfinite IIy-factor into the central sequence algebra of
uniform-tracial ultrapowers. Section 6 is a technical section, devoted to constructing model actions of finite
groups which have Rokhlin-type towers on dimension drop algebras; those are needed in order to lift actions
from the uniform-tracial central sequence algebra to the norm central sequence algebra. Section 7 contains
the proofs of Theorem A and Theorem C. The last section provides a proof of Theorem B.

2. Preliminaries
2.1. Trace norms

For a unital C*-algebra A, the trace space of A, denoted T'(A), is the compact subspace of the dual of A
(endowed with the weak™ topology) consisting of all states 7 of A such that 7(ab) = 7(ba) for all a,b € A.

We say that a trace 7 € T'(A) is faithful if 7(a*a) > 0 for all a € A\ {0}. Given a trace 7 € T'(A), the
associated trace seminorm || - |2, on A is given by

lallz,r = 7(a*a)'/,
for all a € A. For a closed subset T'C T'(A), we set || - ||2,7 = sup,e7 || - ||2,~, which is a seminorm on A. We
use the abbreviation || - [|2,, for || - [l2,7(4). Notice that || - ||2,7 is in fact a norm if 7' contains at least one

faithful trace. This is always the case, for instance, when A is simple and admits a trace.

Let G be a discrete group, and let a: G — Aut(A) be an action. Then a naturally induces an action o*
of G on T(A) by affine homeomorphisms," given by «;(7) = 7 0 ag-1 for all g € G and all 7 € T(A). We
say that a trace 7 € T(A) is a-invariant if 7 o oy = 7 for all g € G, and we denote by T'(A)* C T'(A) the
space of a-invariant traces. Note that T'(A)* is always non-empty if G is amenable ([60, Theorem 1.3.1]).
Given 7 € T'(A) such that the orbit G - 7 is finite, we set

o, 1
DI

oceG-T

If T C T(A) is G-invariant, then o, is isometric with respect to | - [|2,7 for all g € G.

! The action a* is the restriction of the dual of a to T(A) C A*, hence the notation.
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2.2. Ultrapowers

Let A be a C*-algebra, let G be a discrete group, and let a: G — Aut(A) be an action. We denote by
£>°(A) the C*-algebra of all bounded sequences in A with the supremum norm, endowed with the G-action
given by pointwise application of «. For a free ultrafilter & on N (which we will fix throughout), set

a(A) = {(an) € £(A): lan|[ = 0}.

lim
n—U
This is a closed, two-sided G-invariant ideal in £>°(A). We define the norm ultrapower of A to be the quotient
Ay =L°(A)/cy(A), and denote by ay: G — Aut(Ay) the induced action. We denote by ma: £°(A) — Ay
the equivariant quotient map.

Given a closed subset T'C T(A), we set

Jr = {(an)nen € Ay: lim ||ay|l2,r = 0}.
n—U

Then Jr is a closed, two-sided, ideal in Ay, and it is G-invariant if T' is. If 7 € T'((A), we abbreviate Ji} to
Jr. For T'=T(A), we abbreviate Jp(4) to Ja, and call it the trace kernel ideal. The associated quotient

A" = Ay/Ja

is called the uniform tracial ultrapower of A. We denote by o¥: G — Aut(AY) the induced action, and
by ka: Ay — AY the equivariant quotient map. We abbreviate k4 to x whenever the algebra A is clear
from the context. Given a subset S C Ay, the commutant of S in Ay is denoted by Ay N S’, and we use
similar notation for subsets of AY. The following useful fact will be used repeatedly; see [45, Proposition
4.5, Proposition 4.6]:

Lemma 2.1. Let A be a separable C*-algebra, let G be a discrete group, let a: G — Aut(A) be an action, let
S C Ay be a separable G-invariant subset, and set S = k(S). Then k restricts to a surjective, equivariant
map

ki (Ay NS, ay) = (AUNT o).

Like the norm ultrapower, the uniform tracial ultrapower of a C*-algebra A satisfies countable saturation
properties that allow us, via reindexing and diagonal arguments, to derive exact statements in AY from
approximations in || - ||l2,73,(4) or in || - ||2,7(4). For future reference, we isolate this in the following remark.

Remark 2.2. The notion of saturation is a fundamental and classical concept from model theory, which has
also been formalized for C*-algebras (see [16, Section 4.3], and see [26] for an extension to the equivariant
setting). Among operator algebraists, all instances of saturation in the context of ultrapowers are usually
reduced to an application of a technical lemma known as Kirchberg’s e-test [44, Lemma A.1]. We also refer
to this technical tool when invoking ‘countable saturation’ in our proofs.

Given a sequence (7, )neN in T(A), there is a trace 7 € T'(Ay) given by 7(a) = lim,,_y 7, (a,) whenever
(an)neN € €°(A) is a representing sequence for a. We call traces of this form limit traces, and denote by
Ty (A) the set of all limit traces on Az. Since any limit trace vanishes on Jy4, with a slight abuse of notation
we also regard the elements in Ty, (A) as traces over AY. We denote by T;3(A) the set of all traces in Ty,(A)
which arise from sequences of traces in T(A)“. (This set should not be confused with the set Ty, (A)*¢ of
G-invariant elements of Ty,(A), which may a-priori be larger.)
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A straightforward computation shows that for (a,),en in €°°(A) with corresponding class a € Ay, we
have ||al|2,7,,(a) = 0 if and only if lim,, sz [|ay ]2, = 0. In particular, this shows that

Ja=A{a € Au: |lall2z,a) = 0}

The ideals Jp(4) and Jp 4y are not equal in general, even if G is amenable. (Take, for example, A = C(S b
and G = Z acting on it via irrational rotations.) While the tools that we develop in this work are suitable
for studying the quotient Ay/Jr(a)~, the kind of conclusions that we are interested in refer to the quotient
Ay /J4 = AY. In general, it is not clear how to transfer information from one to the other. The assumptions
in our main results concerning the size of the orbits of a* are used to do this.

Proposition 2.3. Let A be a C*-algebra such that T(A) is nonempty, let G be a discrete group, and let
a: G — Aut(A) be an action. Suppose that the cardinality of the orbits of a* is uniformly bounded. Then
|- [l2,rca)e and || - |2, are equivalent, and in particular Ja = Jp(aye.

Proof. Given 7 € T(A), set 7@ = |G—1¢\ Y wc.r 0 One readily checks that 7@ € T'(A)*, and that 7(a) <
|G - 7|7%(a) for all a € A;. Let M > 0 be a uniform bound for the orbits of a*. Given for a € A, we have

Ha 2,T(A)e < ||a\|27u < M1/2HCLH2,T(A)“' O

Given a C*-algebra B and a G-action v: G — Aut(B), we write B? for the fixed point algebra of «. The
following simple lemma follows from a straightforward reindexation argument, which we omit.

Lemma 2.4. Let A and B be a separable unital C*-algebra, let G be a countable discrete group, and let
a: G — Aut(A) be an action. Suppose there exists a unital homomorphism ¢: B — (Ay N A")*. Then for
any separable subset S C (Ay)* there exists a unital homomorphism ¢ : B — (Ay N S")*u.

2.8. W*-ultrapowers

We will also need to use tracial ultrapowers for von Neumann algebras, so we recall this notion as well.
Let (M, 7) be a tracial von Neumann algebra, and set

U, = {(an)nen € £2°(M): Han”?J = 0}.

lim
n—U
We denote by MY the quotient MY = (>°(M)/cy +, and call it the W*-ultrapower of (M, ).

There is unfortunately a notational conflict, since the notation MY could mean both the W *-ultrapower
of (M, 1), or the uniform tracial ultrapower of M regarded as a C*-algebra. Both notations are by now well
established in the literature, and we will always make it clear which one we are referring to. In practice,
little confusion should arise since we will never consider the uniform tracial ultrapower of a von Neumann
algebra.

Denote by 7, the GNS representation associated to 7. Most tracial von Neumann algebras we deal with in
this note are of the form 7,(A)"” for some separable, simple, unital C*-algebra A and some trace 7 € T(A).
The canonical and implicit choice of faithful, normal trace on 7,(A)” is (the unique tracial extension of) 7.
We will often use the notation M. to abbreviate 7, (A)".

2.4. Strong outerness

Let A be a C*-algebra, and let 7 € T(A) be a trace. Note that if § € Aut(A) and 7 is left invariant by
0, then 6 extends uniquely to a trace-preserving automorphism of 7,(A)"”, which we denote by 67.
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Definition 2.5. Let A be a simple, unital C*-algebra with nonempty trace space, and let § € Aut(A) be an
automorphism. We say that 0 is strongly outer if 87 is outer for every 7 € T(A) satisfying 7060 = 7.

An action o: G — Aut(A) of a discrete group G on A is said to be strongly outer if o is strongly outer
for all g € G\ {1}.

A strongly outer automorphism is clearly outer. The reverse implication is, however, false. For example,
let A= @~ M and let 6 be the approximately inner order 2 automorphism of A given as the limit of
Ad(ug), where up =11 QU ® ... QU ® 1o, | My and v; = diag(—1,1,1,1,...,1). One can check that
the sequence uy is Cauchy in the trace norm, and therefore 67 is inner, although 6 is not inner (see [50]).

2.5. Rokhlin dimension

The notion of Rokhlin dimension was first defined for actions of Z and finite groups in [34], and later
extended to residually finite groups in [68]. A group G is residually finite if for every g € G\ {e} there is a
normal subgroup H < G of finite index such that g ¢ H.

Definition 2.6 (/68, Definition 4.4]). Let G be a countable, discrete, residually finite group, let A be a
separable, unital C*-algebra, and let a: G — Aut(A) be an action. Given d € N, we say that a has Rokhlin
dimension at most d, written dimgek(a) < d, if for any normal subgroup H < G of finite index, there are
positive contractions fgij) e AynA forj=0,...,dand g € G/H, such that:

(1) (aq)g<f%j)) = % for all j = 0,...,d and g € G and € G/H,
(2) fOFD =0forall j=0,...,dand g,h € G/H with g # h,

(3) Z?:O ZyeG/H fﬁ(]) =1

There is a related notion, called Rokhlin dimension with commuting towers, where the elements fgﬁj ) are
assumed to moreover pairwise commute (see [34, Definition 2.3.b] and [68, Definition 9.2]). We will not deal
with this notion here.

We record here an equivalent definition of Rokhlin dimension, which uses approximations instead of
ultrapowers.

Proposition 2.7 ([68, Proposition 4.5]). Using the notation from Definition 2.0, we have dimgok(a) < d if
and only if for any normal subgroup H < G of finite index, for any finite subset Gy C G, for every e > 0 and
for every finite subset F' C A, there are positive contractions fg(j) €A, forj=0,...,d and forg € G/H,
satisfying:

(a) [Jag(£f¥) - fg%)H <cforallj=0,....d, for all g € Go and for allh € G/H,
(b) ||f§(j)f§)|| <eforallj=0,...,d and for allg,h € G/H with g # h,
J ,
(c) ||t *‘ijo deG/H fﬁ(])H <é&;
(d) Hafgﬁj) — fg(])aH <e foralla € F, for allg € G/H and for all j =0,...,d.

2.6. The weak tracial Rokhlin property
We begin by recalling some terminology.

Definition 2.8. Let G be a discrete group, and let § > 0. Given finite subsets K, S C G, we say that S is
(K, §)-invariant if
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’Sm M 98|z a-2)s]

geK

The existence of (K, d)-invariant subsets of G for every finite set K and § > 0 is Fglner’s characterization
of amenability.

The next definition goes back to Ocneanu’s notion of the Rokhlin property for actions of amenable groups
on von Neumann algebras and specifically on the hyperfinite II;-factor; see [55, Chapter 6].

Definition 2.9. Let G be a discrete, amenable group, let A be a simple, separable unital C*-algebra, and
let a: G — Aut(A) be an action. We say that « has the weak tracial Rokhlin property if for any finite
subset K C G and any § > 0, there are n € N, (K, ¢)-invariant finite subsets Si,...,S, C G, and positive
contractions fy 4 € Ay NA' for £ =1,...,n and g € Sy, such that

1) (o) gn-1(fen) = fog forall £ =1,...,nand all g,h € Sy,

2) fogfen=0forall{,k=1,...,n, g€ Sy, k €Sy, whenever (¢, g) # (k, h),
)
)

3) 1— Z?:l ZgESz feg € Ja,
4) for 7 € Ty(A), for £ = 1,...,n and for g € Sy, the value of 7(f,,) is independent of 7 and g, and is

(
(
(
(

positive.

Definition 2.9 is inspired by Wang’s [71, Proposition 2.4], except for item (4), which is inspired by Matui
and Sato’s [53, Definition 2.5.3]. In particular, our definition of the weak tracial Rokhlin property extends
that of Matui-Sato to groups that are not necessarily monotileable.

Remark 2.10. Condition (4) in Definition 2.9 was used in a predecessor of this paper ([22]) to prove that
actions with the weak tracial Rokhlin property have equivariant property (SI) whenever the underlying
algebra has property (SI), which is needed in the proof of implication (1) = (3) of Theorem C. In this
paper, we rely on the more general results from [67]; thus item (4) above is no longer used to prove the
other implications. Nevertheless, we carry out the proof of (1) = (2) in Theorem C so as to obtain Rokhlin
towers also satisfying condition (4), as we believe that such a stronger condition might prove to be useful
in future applications.

3. Equivariant uniform property I

In the theory of von Neumann algebras, property I was originally introduced by Murray and von Neu-
mann ([54]) in order prove the existence of non-hyperfinite II-factors. A II;-factor M with trace 7 has
property I if its central sequence algebra MY N M’ is non-trivial. Dixmier later showed that in this case
property I is equivalent to the requirement that the II;-factor MY N M’ is diffuse ([12]), that is, for ev-
ery n € N there are orthogonal projections py,...,p, € MY N M’ such that Tyw(p;) = 1/n. This latter
formulation of property I' inspired an analogous definition for uniform tracial ultrapowers, which has been
recently introduced in [6, Definition 2.1] and systematically studied in [7].

In the next two sections we borrow some of the main ideas in [6] and [7], and adapt them to the equivariant
setting. We work with actions of discrete countable groups; for some statements, the group will be assumed
to be amenable as well. We start with the definition of uniform property I' for actions of countable discrete
groups on unital separable C'*-algebras.

Definition 3.1. Let G be a countable, discrete group, let A be a unital, separable C*-algebra with non-empty
trace space, and let a: G — Aut(A) be an action. We say that (A, «) has uniform property T if for every
n € N and every || - |[2,73,(a)-separable subset S C AY, there are projections p1,...,pn € (AN 5" with
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(1) Xjapi=1,
(2) 7(ap;) = L7(a) foralla € S, all 7 € Ty(A) and all j =1,...,n.

When « is the trivial action the definition above coincides with the definition of uniform property I' as
given in [6, Definition 2.1].

Remark 3.2. In Definition 3.1, we could have equivalently required that the projections p1, ..., p, belong to
(A4 N A")*" and only require that condition (2) holds for all a € A; this follows from separability of the
sets S considered in Definition 3.1, along with a standard diagonal argument (Lemma 2.4).

In [6, Proposition 2.3], it is shown that unital separable Z-stable C*-algebras with non-empty trace space
have uniform property I', since it is possible to embed matrix algebras of arbitrary dimension into the central
sequence algebra of the uniform tracial ultrapower. A modification of that argument allows us to show that
equivariantly Z-stable actions of discrete countable groups on such algebras have uniform property I'.

Proposition 3.3. Let G be a countable, discrete group and let A be a separable, unital, Z-stable C*-algebra
with non-empty trace space. Let a: G — Aut(A) be an action and suppose that (A, «) is cocycle conjugate
to (A® Z,a®idz). Then for any || - ||2,1,(a)-separable subset S C AY and every n € N, there exists a
unital *-homomorphism M, — (AY N S’)O‘M. In particular (A, «) has uniform property T.

Proof. By Lemma 2.4, we can assume that S = A. By Theorem 3.7 in [66], because « is cocycle conjugate
to a ® idz, there is an equivariant embedding ¢: (£,idz) — (Ay N A’, ay). Note that the image of ¢ is
contained in the fixed point algebra (Ay N A’)°. With k: Ay — AY denoting the canonical equivariant
quotient map (see Lemma 2.1), it follows by simplicity of Z that ko ¢: Z — (AY N A’ )O‘u is a unital
embedding. Since Z has a unique trace 7z, we have for all z € Z:

122,72 = l5(p(2)) |27 (a)-

It follows that ko is (|| -||2,2-| - [|2,73,(a))-contractive. The completion of C*-norm unit ball of Z under the
norm ||||2,-, is the C*-norm unit ball of 7 (£)” = R. As the C*-norm unit ball of A is ||-||2 7, (4)-complete
([6, Lemma 1.6]), it follows that & o ¢ extends to a unital homomorphism R = 7, (Z)"” — (AY N AN By
restriction, there is also a unital homomorphism p: M,, — (AY N A’ )"“u.

Let eq,...,e, € M, be the canonical diagonal projections, and set p; = p(e;) for all j =1,...,n. Then
condition (1) in Definition 3.1 is automatically satisfied. To check (2), let a € S, let j = 1,...,n, and let
T € Ty(A). The map M,, — C defined by b — 7(p(b)a) is a (not necessarily normalized) trace on M, hence
a multiple of the canonical trace 7as, on M,,. Taking b = 1 we deduce that the multiple is 7(a), so that
7(p(b)a) = Tar, (b)7(a). Now taking b = e;, we get 7(p;ja) = L7(a), as desired. O

The following proposition is an equivariant version of [6, Lemma 2.4]. It roughly states that, in the
presence of uniform property I', positive contractions can be replaced by projections when computing tracial
values in AY.

Proposition 3.4. Let G be a countable, discrete group and let A be a separable, unital C*-algebra with non-
empty trace space. Let a: G — Aut(A) be an action and suppose that (A,«) has uniform property T'. Let
S, S0 € AY be || - |21, (a)-separable subsets and let b € (AY N S’)O‘u be a positive contraction. Then there
exists a projection p € (A4 N S such that T(ab) = 7(ap) for all a € Sy and T € Ty(A).

Proof. We follow closely the proof of Lemma 2.4 in [6]. By countable saturation of ultrapowers (see
Remark 2.2), it suffices to find, for every n € N, a positive contraction e € (AuﬂS’)au with [le—e?||o,7,(a) <
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1/n, and such that 7(ab) = 7(ae) for all @ € Sy and 7 € Ty (A). Fix n € N and let fi1,..., f, € C([0,1]) be
given by the following graph:

Set S = SU {b}. Using uniform property I for (A, a), let py,...,p, be projections in (AY N §’)au such that
for all ¢ € S and all 7 € Ty(A) we have

ij =1 and 7(pjc) = %T(C). (3.1)

j=1

Notice that ¢ = %Z?Zl fij(t) for all ¢ € [0,1]. Set e = Z?Zl pifi(b) € (A¥ N 51" Fix a € Sy and
7 € Ty(A). Using at the last step that b = 1 Z?zl f;(b), we have

n

7(ea) = Z 7(p;j f;(b) (L) Z = 7(ba).

Jj=1

Moreover, using at the second to last step that Z;'L:1 fi— sz <1, we get

e =) = St (50 — 02 E Y Srh50) - f02) < 2r(1) =

=1

1
—

2

Using that e — e is a positive contraction (because this is the case for f; — ff and the p;’s are orthogonal),

we conclude that

:\'—‘

le = €llam,ay = sup 7((e—€*)?) < sup T(e—e?) <
T€TY (A) T€TY(A)

as desired. O
4. Equivariant complemented partitions of unity

In [6] uniform property T is used to infer the existence of well-behaved partitions of unity in the central
sequence algebra of uniform tracial ultrapowers, for nuclear separable C*-algebras. Here we introduce the
equivariant version of that definition.

Definition 4.1. Let A be a separable, unital C*-algebra with non-empty trace space, let G be a countable,
discrete amenable group, and let a: G — Aut(A) be an action. Given M > 0, we say that (4, «) has
complemented partitions of unity (CPoU) with constant M, if for any | - ||27,,()-separable subset S C A,
for any n € N, for any aq,...,a, € A4 and for any 6 > 0 with

sup min{7(ay),...,7(an)} <9,
TeT(A)>

there exist projections py,...,p, € (A4 N S’)O‘u such that
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(1) Xjapi=1,
(2) 7(a;p;) < MoT(p;) for every T € T5(A) and j =1,...,n.

We say that (A, «) has CPoU if there is a constant M > 0 such that (A, «) has CPoU with constant M.
Note that actions as in the above definition always have invariant traces.

Remark 4.2. It is not clear to us whether the above definition is the right one for general amenable group
actions. Specifically, one may want to take the supremum over all T(A) in the displayed inequality and
require that (2) holds for traces in T7/(A). On the other hand, we will only work with actions for which the
cardinality of the orbits of the induced action on T(A) is bounded, and in this case the two versions are
equivalent by Proposition 2.3.

The intuition behind the name complemented partition of unity is the following (see also the discussion
after Definition G in [6]): condition (1) implies that the elements pi,...,p,, when identified with the
functions p; on Ty(A) which send 7 to 7(p;), form a partition of unity, while condition (2) asserts that
p; is approximately subordinate to 1 — @;, the complement of &;. Indeed when 7(1 — a;) = 0, and hence
7(aj) = 1, condition (2) forces 7(p;) = 7(a;p;) < MdT(p;), and thus 7(p;) = 0.

The main differences between our Definition 4.1 and the one in [6, Definition 3.1] are the requirements
that p1,...p, have to be o¥-invariant, the restriction to invariant traces and the presence of the constant
M. The motivation for this constant is of technical nature?; it will play a role in the proof of Theorem 4.3,
where we show that for an action « of an amenable group on a nuclear C*-algebra A, uniform property
I" implies the existence of invariant CPoU. The proof of Theorem 4.3 is not only inspired by some of the
results in [6, Section 3], but also directly uses some of them ([6, Lemma 3.6]). In the proof of Theorem 4.3
we need to uniformly bound the images of some elements in A via traces in T'(A), starting from a bound
on the images of invariant traces, which is where the constant M appears.

Theorem 4.3. Let G be a countable, discrete, amenable group, let A be a separable, nuclear, unital C*-algebra
with non-empty trace space and let a: G — Aut(A) be an action. Suppose that the induced action on T(A)
has finite orbits bounded in size by some uniform constant M > 0, and that (A, «) has uniform property T'.
Then (A, «) has CPoU with constant M.

Proof. We fix a || - [|2,7,,(4)-separable subset .S C AY | positive elements a1, ...,a, € A and § > 0 with

sup min{7(a1),...,7(an)} <9.
TET(A)™

We divide the proof into two claims. The first one does not require the use of uniform property I'; it is
an equivariant version of Lemma 3.6 in [6].

Claim 4.3.1. Suppose there exist t > 0 and a projection q € (AuﬂA’)O‘M such that T(q) =t for all 7 € Ty (A).
Then there are positive contractions by, ... b, € (A4 NS such that

(1.a) 3°7_  7(bjq) =t for all T € Ty(A),
(1.b) T(ajbjq) < MéT(bjq) for all T € TF(A) and for j =1,...,n.

2 1t is in fact possible to show that (A, «) has CPoU with constant M if and only if it has CPoU with constant 1 (we refer to
[15] for a discussion on this). This technical improvement makes no difference in this paper.
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17

Since G is countable, by replacing S with |J, . o¥(S) we may assume that S is o¥-invariant. Fix ¢ > 0

geG Vg
and a finite subset F C G. By saturation of AY (Remark 2.2), it suffices to find positive contractions

bi,..., b, € AU NS satisfying (1.a) and (1.b) and

max ma Qg (0 <e.
qe;(j 1X | ( b;) (A)
Use amenability of G to find a finite subset K C G such that
9K AK|
—F <€
|K|
for all g € F. For each j = 1,...,n, set a} = ﬁ > ke Qx-1(aj), which is a positive element in A. For

7 € T(A)*, we have 7(a}) = 7(a ) and in particular

sup min{7(a}),...,7(a),)} < 4.
TET(A)™

Because 7 < M7 (see subsection 2.1 where the notation 7@ is introduced), we deduce that

sup min{7(a}),...,7(al)} < M.
TET(A)

Apply [6, Lemma 3.6] to aj,...,al, to find positive contractions b},...,b, € AY N S’ satisfying conditions
(1.a) and (1.b) in this claim. For j =1,...,n, set

/ Ll

keK
Since S is aM-invariant and since b}, ...,b!, commute with S, it follows that by, ...,b, also commute with
S. Moreover, a routine computation shows that for all ¢ € F' and for j = 1,...,n we have
lgKAK |

||04 (bj) —b; HZTM(A) K|

On the other hand, for every 7 € Ty/(A) and every j = 1,...,n, we have
(bjq) |K| Z (®5)q) |K| Z
keK keK

Thus, by (1.a) we have 377, 7(b;q) = t.

Let 7 € T3(A) and j = 1,...,n. In the next computation, we use the fact that ¢ is G-invariant and that
T=TO o/lj,l at the second step, and the above displayed equation at the last step in combination with the
fact that 7 is G-invariant, to get

T(ajbjq) = |K| Z m(ajoll( (t))q

keK
Z (-1 (a;)bq)
k:EK
(\K\ Zak 1(az)b; q)
keK

(1.b)
=T7(ajbiq) < Mér(biq) = Mot (bjq).
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This proves the claim.

By saturation of ultrapowers (see Remark 2.2), the set I of all numbers ¢ € [0,1] for which there are
orthogonal projections p1, ..., p, € (AY N S’)O‘M such that

(i) 7(XCj=, pj) =t for all T € Ty (A),
(i) 7(a;p;) < Mot(p;) for all 7 € T} (A) and all j =1,...,n,

is closed, and it is clearly non-empty as it contains zero. Let ty be the maximal element in this set. Then
(A, @) has CPoU if and only if tg = 1. Set s = to+ 2=, Then to < s9 < 1 and s¢ = tg if and only if to = 1.

n

Claim 4.3.2. so belongs to I (and thus sg =tg =1).

Let p1,...,pn € (A4 N S’)“u be projections satisfying (i) and (ii) above for t5. Set ¢ = 1 — Z?Zlﬁj,
and note that 7(¢) = 1 — to for all 7 € Ty (A). Apply Claim 4.3.1 to S = S U {q} in place of S to obtain
bi,...,by € (AYN S’)au satisfying conditions (1.a) and (1.b) for 1 — ¢y in place of t. Use Proposition 3.4 to
find projections p}, ..., p,, € (A4 NS such that

7(gbj) = 7(qp;) and 7(a;qb;) = T(a;qp}) (4.1)
forall j=1,...,n and all 7 € Ty, (A). Set

T:AUSU{qaﬁlwﬂaﬁnapllv""p;}'

Use uniform property I' for (4, a) to find orthogonal projections eq, ..., e, € (AY N T’)O‘u which add up to
1 and satisfy

1
T(ejy) = ET(Z/) (4.2)
for all 7 € Ty(A), for all y € T and for all j =1,...,n. For j =1,...,n, set
al/l

pj = B; +apje; € (AY NS

Since ¢ L pj, it follows that p; is a projection. Moreover, p; L py if j # k. For 7 € Ty4(A) we have
n (4.2) L 1 [
(Xn) = () + o (X )
j= j= j=

(5),(4.1) 1
o+ n § 7(q ])

j=1
. 1-—1t
(1:a) to + 0 = S50.-
n
In addition, given 7 € T)7(A), for j =1,...,n we have
T(ajp;) = 7(a;p;) + 7(a;qpje;)
(4.2)

— 1
=" 7(a;p;) + ET(%'QP})

(#4),(1.) N MS
< 67 (ps) + TT(QP})



90 E. Gardella et al. / J. Math. Pures Appl. 162 (2022) 76-123

= Mér(p; + qpie;) = MoT(p;).

It follows that pi,...,p, witness the fact that so belongs to I, as desired. This proves the claim and the
theorem. O

Invariant CPoUs are the main technical ingredient for the ‘local to global’ arguments employed to prove
the implications (1) = (2) and (1) = (3) of Theorem A. This allows us to avoid the machinery involving
W*-bundles developed in [48,49,22] (and in the non-dynamical setting in [1]), which required the assumption
that T'(A) is a Bauer simplex. Lemma 4.5 asserts that, in the presence of CPoU, if a polynomial identity is
(approximately) satisfied in each individual tracial completion of (A, «v), then the identity is (exactly) satis-
fied in (AY, aM). To explicitly describe how this transfer works, we begin by establishing some terminology.

Definition 4.4. Let G be a discrete group. Given a tuple of non-commuting variables z = (z1,...,z,) and
g€ G, set g-x= (9 21,...,9 x), which we also regard as a tuple of non-commuting variables. By a
G-x-polynomial in the variables Z we mean a #-polynomial in the variables {g - Z: g € G}. Let A be a
C*-algebra and let a: G — Aut(A) be an action. Given a tuple & = (z1,...,z,), given a G-+-polynomial
Q(Z), and given a coefficient tuple a = (ay,...,a,) € A", the term @(a) is computed by interpreting each
g-x; as agla;) for j=1,...,r.

Lemma 4.5. Let A be a separable, unital C*-algebra with non-empty trace space, let G be a countable, discrete
group, and let a: G — Aut(A) be an action such that the induced action on T(A) has orbits which are
uniformly bounded in size. Assume further that (A, «) has CPoU. For m € N, let Q., be a G-x-polynomial
in Ty + Sm non-commuting variables, and let (a;);en be a sequence in A. Suppose that for every e > 0,
for every n € N and for every T € T(A)?®, there are contractions wl € M., for j € N, such that, for

J
m=1,...,n we have

HQ7YL(7T7'(a1)7 ce 77TT(a’7'm)7wI7 ceey w;—m)HQJ <e.

Then there are contractions w; € A4, for j € N, such that

Qm(a17~~‘va’r‘muw17' "7wsm) S JT(A)”?
for all m € N.

Proof. Fix M > 0 such that (A, «) has CPoU with constant M. Let € > 0 and let £ € N. By saturation of
(A4, oM) (see Remark 2.2), it is sufficient to find contractions w; € AY, for j € N, such that for all m < ¢
we have

sup  ||Qmlar,...,ar, ,wi,...,ws, )2, <Ee.

TETY (A)
By assumption, for each 7 € T(A)® there are contractions w] € M, for j € N, such that form =1,...,¢

we have

~ ~ 3
||Qm(7TT(a1)7 s 77r‘r(a7"m)ﬂw1—v s 7w;—m)||§,r < m

By Kaplansky’s density theorem, we can choose contractions w} € A with zﬂ; = WT(ij-) for all j € N. For
each 7 € T(A)?, set
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¢
2
b, = Z )Qm(al,...,arm,wf,...,wgm) . (4.3)
m=1
Then
¢ 2
be) =Y IQmlar,. ar, ol w3, < 7
m=1

Use compactness of T(A)® to find 71,...,7, € T(A)* such that

82

sup min{7(b,,),...,7(b; )} < —.
TET(A)™ M

] )
P1s--,Pn € (AY N S’)au adding up to 1 such that

Set S = {wh ...,wjr-”,aj:j € N}. Since (A,«) has CPoU with constant M, there are projections

7(br,p;) < °7(p;) (4.4)

for all T € T5(A) and j = 1,.

For k € N, set wy, = 23 1p]wk Those are contractions in AY. Fix j = 1,...,n. Because py,...,p, are

oY-invariant projections which commute with all elements in S, we have

Qmat,...,ar, ,W1,..., W ) ’ E Dj

Qm(ay, ..., a0, , w7, ..., w7 )

Sm

(13
Zpa

As a consequence, given 7 € T)7(A) we have
)

2
T(pj’Qm(al,...,arm,w;{,...,wTJ' )‘ )

||Qm(a17~-~7a7“m7w17"'7w3m)”§,7 = T(‘Qm(a’lw' '7a?“m7w17"'7w8m)

NE

1

<.
Il

M=

7(p; br,)

<.
I
—

(4.4) 27-(p ) B 52
i) = .

IA
hE
™

<.
I
-

This concludes the proof. O

Remark 4.6. By countable saturation of ultrapowers (see Remark 2.2), the assumptions of Lemma 4.5 are
satisfied if (and only if) for every 7 € T(A)* there exist contractions w} in the von Neumann ultrapower
MY for j € N, such that

Qu(r(@r), - o (ar, ) ] w], ) = 0,

Sm

for all m € N. This amounts to saying that the polynomial relations one wishes to realize in (AY, o) are
ezactly realized in the tracial ultrapower of every GNS closure.
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As pointed out in [6, Remark 4.2.iii], there is a notable difference when employing CPoU in ‘local to global’
arguments over trace spaces, as opposed to older techniques relying on W*-bundles and on the assumption
that T'(A) is a Bauer simplex. Indeed, when 9.7(A) is compact, it is enough to consider extreme traces
in order to obtain an analogue of Lemma 4.5 (see [1, Lemma 3.18]). Concretely, this allows one to work
exclusively with von Neumann algebras of the form m.(A)” for 7 € 9,T(A); when A is nuclear, those
are always isomorphic to the hyperfinite II;-factor R. The same applies in the dynamical setting if one
furthermore assumes T'(A)* = T'(A); see [48], [49] and [63]. This is not the case in our framework, since we
want to remove the requirement that 9,7'(A4) is compact (except for Section 8) and we work in a situation
where in general T(A)* # T(A); we may even have T(A)* N 9. T(A) = 0. As a consequence, we are forced
to consider all traces in order to apply Lemma 4.5, and thus find approximate solutions in general (tracial)
GNS representations, not just factorial ones. The next section provides a concrete example of this approach.

5. Tracial ultrapowers of actions of amenable groups

The main objective of the current section is the following result, which plays a key role in the proofs in
both Section 7 and Section 8. Given a group G and a normal subgroup N < G, throughout the rest of the
paper we let gy : G — N denote the quotient map.

The goal of the present section is to prove the following result.

Theorem 5.1. Let G be a countable, discrete, amenable group, let A be a separable, simple, unital, stably
finite, nuclear C*-algebra, and let a: G — Aut(A) be an action such that the orbits of the action induced
by a on T(A) are finite and that their cardinality is bounded, and assume that (A, o) has CPoU. Let N be
a normal subgroup of G' such that o is strongly outer for all g € G\ N, and let pug/n: G/N — Aut(R) be
an outer action on the hyperfinite Iy factor R. Then there exists an equivariant, unital embedding

(R,pnG/noaqn) — (Au nA' au).

The strategy for proving Theorem 5.1 is as follows. First, we construct equivariant, unital embeddings
of (R, uc/n © qn) in the central sequence algebra of the weak closure of each individual invariant trace of
A. After that, we apply Lemma 4.5 to glue those embeddings using CPoU, thus obtaining an equivariant,
unital embedding (R, ug/n o qn) — (AY' N A’ o), thanks to Proposition 2.3. The first part translates into
proving the existence of equivariant embeddings of (R, e n © gn) into the central sequence algebras of
hyperfinite, not-necessarily factorial type II; von Neumann algebras with respect to suitable outer actions;
see Theorem 5.4.

We begin with some preliminaries.

Definition 5.2. Let A and B be unital C*-algebras, let G be a discrete group, and let a: G — Aut(A) and
B: G — Aut(B) be actions.

(1) We say that (A,a) and (B, ) are conjugate if there exists an isomorphism ¢: A — B satisfying
poay = fgop forall g € G. In this case, we say that ¢: (A, a) — (B, B) is an equivariant isomorphism.

(2) An a-cocycle is a function u: G — U(A) satisfying ugn = ugag(up) for all g,h € G. In this case, we
define the cocycle perturbation o of a to be the action given by ag = Ad(u,) o a, for all g € G. (The
cocycle condition guarantees that this is indeed an action.)

(3) We say that (A, «) and (B, 8) are cocycle conjugate, written (A, o) Zc. (B, 8), if there is an a-cocycle
w such that (4, a") and (B, ) are conjugate.

We say that (A, «) (tensorially) absorbs (B, ) if (A, ) Zee (A @min B, a ® ).
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Similar notions apply to actions on von Neumann algebras, where tensorial absorption is considered with
respect to the von Neumann tensor product ®.

Proposition 5.3. Let (M, 7) be a separably representable, type I, von Neumann algebra, let G be a countable,
discrete, amenable group, let v: G — Aut(M, 1) be an action and let §: G — Aut(R) be an action such
that (R, 9) is cocycle conjugate to (®nENR’ X ,end)- Suppose that (M,y) absorbs (R,0). Then there is a
unital equivariant homomorphism (R, ) — (MY N M’ ).

Proof. Observe that if (Ao, 7o) is cocycle conjugate to (N71,7v1), then (VY NN, 7)) is conjugate to (NY N
N, ~4), since the inner automorphisms induced by a yo-cocycle act trivially on the central sequence algebra
N N NG, Tt is therefore enough to show that there is a unital map

(R,6) = (MBR)M N (MBR), (v@d)4).

In turn, it suffices to find a unital map (R,6) — (RY NR’,d%), since the latter is unitally contained in
(MBRUN(MBR)', (v®6)). We use the notation (R, §) to abbreviate (Q),,cnR, &Q),,end)- By assumption
(R,8) e (R,5), and hence (RY NR’,64) is conjugate to (R MR, 64); thus, it suffices to find a unital
map (R,0) — (ﬁu ﬂﬁ/, 5“). Let ¢,,: (R,8) — (R,6) be the equivariant unital inclusion in the n-th tensor
factor. Then (¢n)nen: R — R" is the desired unital map. O

We recall that an automorphism « of a von Neumann algebra M is said to be properly outer if for every
a-invariant central non-zero projection p in M, the restriction of o to pMp is outer. Notice that if M is a
factor, an automorphism is properly outer if and only if it is outer. An action v: G — Aut(M) is said to
be properly outer if -y, is properly outer for every g € G \ {e}.

When (M, 1) is a IIj-factor, the following is a well-known result of Ocneanu [55]. The version we give
here for hyperfinite II; von Neumann algebras follows from the classification of actions of discrete amenable
groups on semifinite, hyperfinite von Neumann algebras in [65] (see also [64, Section 3]).

Theorem 5.4. Let (M, 7) be a separably representable, hyperfinite, type II; von Neumann algebra and let G
be a countable, discrete, amenable group. Fiz an action v: G — Aut(M, 1) which preserves 7. Let N be a
normal subgroup of G such that ~y, is properly outer for all g € G\ N and let pg/n: G/N — Aut(R) be an
outer action. Then

(M,7) Zee (MR, Y ® (1a/N ©qn))-
Proof. Denote by C the center of M, and let (X,v) be its von Neumann spectrum, so that (C,7|¢) =
(L*(X,v), [y dv) as tracial von Neumann algebras. Without loss of generality, we assume that (X,v) is a
standard Borel probability space. By [70, Theorem XVI.1.5], there is an isomorphism M = C®R. Therefore,
by [69, Corollary IV.8.30], we can identify every b € M with a decomposable element | )? b,dv, where each
by €R.

Given an arbitrary action a: G — Aut(M, 7), which will later be taken to be either v or v ® pg/n o qn,
we let 0% the measurable G-action on (X, v) induced by «. We recall the notion of the ancillary groupoid
and ancillary action associated to «, as well as the cocycle conjugate invariants introduced in [65]. We refer
to [65] for details (see also [64, Section 3] and [36]). There exists a measurable map a: X x G — Aut(R)
such that, given b = f)? bedv € M,

Gag (bog () = g (b)a, (5.1)
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for every (z,g) € X x G. Denote by G, := X x G the measured transformation groupoid (with unit space
X) corresponding to the G-action induced by « on X. Let

Ho ={(z,9) € Go 1 0g(x) =2}, and N, :={(z,9) € Hq : Gy 4 is inner}.

Note that N, is an invariant of cocycle conjugacy. Choose a Borel function U: N, — U(R) such that
an, = Ad(U(n)) for every n € N,. The ways in which the unitaries in the image of U interact with each
other and with the rest of the action is described via a relative cohomology class x,, which is also a cocycle
conjugacy invariant of a (see [64, Section 2] for the precise definition).

We identify M and M®R throughout. Note that v and v ® (ug/n © qn) induce the same action on
the center of M, which we will denote simply by . It follows that the groupoids G, and G g (ug,yoqy) ar€
isomorphic, which in turn implies that H = H,g (g, yoqn)- It follows then by [64, Theorem p. 324] that the
two actions are cocycle conjugate if and only if N, = ./\/:Y®(HG/NOQN) and x, = X4® (e oan) - (The invariant
0 does not play a role when M is finite.)

Claim 5.4.1. Let g € G and x € X satisfy o4(x) = x. (In other words, (z,9) € Hy = How (g, yoqn)-) Then

(v® (MG/N o qN))w,g =Ya,g ® (NG/N © QN)!]'

We show that the two automorphisms are equal on all elementary tensors by ® by € R®R (which we
identify with R). We have

_— 5.1
(Y@ (/N ©qN))z.g(bo @ by) w (Y@ (kayn 2 qn))g(1p=(x) ® bo @ b1)s

= Yg(lpeo(x) @ Do)z ® (ayn © qN)g(b1)

1)

1t

Ya,g(bo) © (G /N © g ) g(1)-
This computation proves the claim.

Claim 5.4.2. Fiz g € G\ N. We claim that
v({z € X: (z,9) € ", and Vg 18 inner}) = 0.

Denote by Y the set in the above displayed equation, and note that Y is Borel. To prove the claim,
assume by contradiction that v(Y) > 0. By [47, Theorem 3.4], there is a non-zero central projection ¢ € M
such that -, is inner on ¢ M. This contradicts the assumption that v, is properly outer (since g ¢ N).

Let g € G. Using Claim 5.4.2, and up to removing a o-invariant measure zero set from X, we can assume
that if there is z € X such that (x,g) € N, implies g € N. Similarly, it follows from Claim 5.4.1 that if
there exists © € X such that (x,g) € N’Y@(HG/NO(IN)’ then g € N. In fact, if g € G\ N, then (ug /N oqn)g is
outer, which in turn forces ¥, 4 ® (ua/n © qn)g to be outer as well.

Finally, let (z,g) € X x N. Using Claim 5.4.1 in the second to last equivalence, we have

(x,9) € Ny & 74,4 is inner
E Va9 ®IdR = Ya,g @ (pa/n © qN)g is inner
At (m)x,g is inner

= (l',g) € N’Y@(MG/NOQN)'
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The equality X+ = Xy@(ue yoqy) follows by the definition of the invariant y ([64, Section 2]). Let U: N, —

U(R) be a Borel map such that 7, = Ad(U(g)) for every g € N,. Note that (v ® (pg/n © qN))n = Tn @idr
by Claim 5.4.1. Let V: N — U(R®R) be given by V =U ® 1g. Then

(Y® (neyn o an))g = Ad(V (g))

for every g € N,. This finishes the proof. O
We record here the following consequence of Theorem 5.4, which will be needed in Section 8.

Corollary 5.5. Let (M, 1) be a separably representable, hyperfinite, type II, von Neumann algebra, let G be
a countable, discrete, amenable group and let v: G — Aut(M,7) be an action which preserves . Then for
every d € N, there is a unital homomorphism My — (MY N M')’Yu.

Proof. By taking G = N in Theorem 5.4, it follows that (M,~) absorbs (R,idg) tensorially. By
Proposition 5.3, it follows that there exists a unital embedding R — (MY N M’ )VM. Since there exists
a unital homomorphism My — R for every d € N, the conclusion follows. O

The following result is the main application of CPoU in this section, and it is last ingredient we need in
order to prove Theorem 5.1.

Proposition 5.6. Let G be a countable, discrete group, let A be a separable, unital C*-algebra with non-empty
trace space, and let a: G — Aut(A) be an action. Suppose that the induced action on T(A) has finite orbits
bounded in size by some constant, and that (A,«) has CPoU. Let : G — Aut(B) be an action of G on
a separable, unital C*-algebra B, and suppose that for every T € T(A)* there exists an equivariant, unital
homomorphism

(B.8) = (MM, (7)),
Then there exists an equivariant, unital homomorphism (B, B) — (AY N A’ o%).

Proof. For each 7 € T(A)?, fix an equivariant, unital homomorphism
o (B,B) = (MZ AM., (M)“).

Let {an}nen be a countable dense subset of the unit ball of A. Let D; be the unit disk in C and
set Q1 = Q[i] N D;. Let By be a countable dense subset of the unit ball of B containing 1p, which is
invariant under the adjoint operation, multiplication, multiplication by scalars from Q1, and the operation
(z,y) — %(ac + y). Since G is countable, we can assume without loss of generality that By is S-invariant.
Let {b,}nen be an enumeration of By such that by = 1. Fix non-commuting variables z,y, z, w, and for
A € Q1 and g € G define the following G-*-polynomials:
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Clearly, Qiq(b,) = 0 if and only if n = 0. Given n,m € N there is a unique k' € N such that

(n,m)

Q+(bn,bm,bk(+ )) = (. Similarly, there is a unique k(xn my € N such that Qx(bn,bm,bk(x )) = 0. Analo-
* k), k9 € N such that

n)»''nr''n

gously, given n € N, A € Q1 and g € G there are unique k

Q*(bm bk;) =0, Q/\(bm bk;\L) =0, Qg(bnv bkﬁ) =0.

Since ¢, is an equivariant, unital homomorphism, we have Q;q(¢-(15)) = 0, moreover for every n,m € N,
A € Qg and g € G we have

Q+(pr(bn), o7 (bm); o (byr ) =0, Qx(r(bn), or(bm); or(byx 1)) =0,

(n,m) (n,m)

and

Qx (¢ (bn), ‘P‘r(bk;)) =0, Qx(pr(bn), @T(bké)) =0, Qg(@‘r(bn)a @T(bk%)) =0.

Finally, for all n,m € N we have

Q[‘w](@‘r(bn)vmr(am)) =0,

since ¢, (b,) belongs to the relative commutant of M, and thus commutes with 7.(A). By Lemma 4.5 (see
also Remark 4.6) and Proposition 2.3, we can find contractions b/, € AY, for n € N, such that

(a) Qia(by) =0, that is by = 1 4u,
(b) for every n,m € N, we have Q4 (¥),,b,,,b’ )=0=Qyx (b, .V ),

nsyYm> k(tbm) nyvmy VX

(n,m)
(c) for every n € N, A € Q; and g € G, we have

Q*(b;u ;c;;) = Q)x(b:w ;Cfi) = Qg(b,nv ;Q:Z) =0,
(d) for all n,m € N we have Q. 1(b;,, 7-(am)) = 0.

Let ®y: By — AY be the map defined by sending b,, to b, for all n € N. This map is unital by (a), it
is additive and multiplicative by (b), and it is *-preserving, equivariant and Q;-homogeneous by (c). It can
be therefore extended uniquely to a Q[i]-linear, equivariant, unital homomorphism ®q: span(By) — AY.
The image of ® is contained in AY N A’ by (d). Notice that ®, is contractive, since it is contractive on By,
which is dense in the unit ball of span(Byp). This, along with the fact that span(Bp) is dense in B, allows
us to extend uniquely ®( to an equivariant, unital homomorphism (B, 5) — (Au NnA, au), as desired. O

Proof of Theorem 5.1. For every 7 € T'(A)*, we abbreviate m,(A)” by M. Then (M, ) is a separably
representable, hyperfinite, type II; von Neumann algebra. Moreover, the dynamical system (M, a) absorbs
(R, pa/n ©qn) by Theorem 5.4, since ay is properly outer whenever a, is strongly outer (see, for example,
[25, Remark 2.17] or [67, Proposition 5.7]). The dynamical system (R, pe/n © gn) is cocycle conjugate to
(@neNR’ & ,enta/n ©qn) by [55, Theorem 2.6], therefore by Proposition 5.3 there exists an equivariant,
unital embedding

eri (Ropgyn o an) = (MY M, (@),
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Claim 5.6.1. There exists a unital, monotracial, separable, simple, jic /N © qn-invariant C*-subalgebra B of
R‘Li

We recall that being a finite von Neumann algebra, the hyperfinite II;-factor R has the strong Dizmier
property (see [2, Definition I11.2.5.16, Theorem II1.2.5.18]). This means that for every a € R the norm-
closed convex hull of {uau*: v € U(R)} intersects the center in exactly one element which, in this case, is

necessarily 7z (a). Given any ¢ € R, we can thus find a countable set W C U(R) such that the intersection
II-1

of conv{ucu*: w € W} = with the center of R is precisely {rr(c)}. If C C R is a C*-subalgebra containing

1.
W U {c}, then the ideal I in C' generated by ¢ contains conv{ucu*: u € W} ' particular, I contains

the scalar g (c), and thus I = C if ¢ is a non-zero positive element. Furthermore, since all traces on C
Il

are constant on conv{ucu*: uw € W} | they all map ¢ to Tr(c). Therefore, given a norm-separable C*-
subalgebra C C R, the strong Dixmier property can be used a countable number of times to obtain a
separable, simple, unital, monotracial C*-algebra By containing 1% such that C' C By C R. On the other
hand, using the fact that G is countable, we can find a separable, (/N © gn)-invariant C*-algebra By, such

that By C B{ C R. By iterating this construction we can build an increasing sequence
ByCByC---CB,CB,C- CR,

such that B, is separable, simple, and monotracial, and such that B;, is separable, and p¢/y o gy-invariant,
for every n € N. It follows that the inductive limit of this sequence is monotracial, separable, simple,
(tayn © g )-invariant and it contains 1z. This proves the claim.

Let B be a C*-subalgebra of R as in the above claim, and let 3 denote the restriction of ug/n o gn to
B. By restricting ¢, to (B, ), we obtain an equivariant, unital embedding (B, 8) — (MY N M’ (a™)%).
By Proposition 5.6, there exists an equivariant, unital homomorphism ®: (B, 8) — (AY N A’, o*), which is

injective as B is simple. Since B has a unique trace 7p, the map ® is (|| - ||l2,75-|| - [|2,7,,(4))-contractive. As
moreover the norm-unit ball of A is || - ||5, 1, (4)-complete (see [6, Lemma 1.6]), the map ® can be extended

by continuity to an equivariant unital embedding (R, ug/n © qn) — (AYNA' o). O

The following is the main result of this section. It is an equivariant version of [7, Theorem 4.6], and
summarizes the results of this and the previous section.

Theorem 5.7. Let A be a separable, unital, nuclear C*-algebra with non-empty trace space and with no
finite-dimensional quotients. Let G be a countable, discrete, amenable group and let a: G — Aut(A) be an
action such that the induced action on T(A) has finite orbits bounded in size by a constant M > 0. Then
the following are equivalent:

(1) (A, ) has uniform property T',

(2) (A, ) has CPoU with constant M,

(3) for every n € N there is a unital embedding M, — (AY N A’)O‘M.

Proof. (1) = (2) follows by Theorem 4.3, while (3) = (1) is an immediate consequence of the definition
of uniform property I', and both these implications do not require the assumption that A has no finite-
dimensional quotients.

3 This claim is immediate for certain specific outer actions of G/N on R, such as the Bernoulli shifts. On the other hand, and
even though any two outer actions of G/N on R are cocycle conjugate, it is not clear how to obtain the claim for an arbitrary
outer action only using that it is true for some outer action, due to the 1-cocycle.
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(2) = (3). Since A is nuclear and has no finite-dimensional quotients, M, is a hyperfinite, type 113
von Neumann algebra for every 7 € T(A). By Theorem 5.4 and Proposition 5.3, the dynamical system
(R,idr) embeds unitally into (MY N M., (™)) for every 7 € T(A)*. Given n € N, by composing with a
unital embedding M,, — R we get a unital equivariant embedding (M,,,idys, ) — (MY N M", (a™)%). The
conclusion then follows by Proposition 5.6. O

6. Model actions with Rokhlin towers

In this section, we analyze specific model examples of actions of residually finite groups which either
have finite Rokhlin dimension or satisfy part of the definition. This is a technical step in our proof of the
equivalences of Theorem A (see Theorem 7.8) concerning the Rokhlin dimension of the dynamical system
(A, «): it will be shown that under the assumptions of Theorem A, strong outerness of a implies that those
model actions can be embedded equivariantly into the central sequence algebra of A.

We begin by computing the Rokhlin dimension of a natural product-type action.

Proposition 6.1. Let G be a finite group. Set D = @), .y B?(G)®" @ C). Denote by X\: G — U((*(G)) the
left regular representation. Define an action a: G — Aut(D) by ay = @,y AANS" @ 1), for all g € G.
Then dimpgek (o) = 1.

Proof. Given m € N, set D,,, = B({*(G)®™ @ C) and let a(™: G — Aut(D,,) be the action given by
af™ = Ad(A\2™ @ 1) for all g € G.

Claim 6.1.1. Let € > 0 and fix ng € N. Then there exist m € N with m > ng and positive contractions
fg(]) € Dy, for g € G and j = 0,1, satisfying

(1) aém)( ,(Lj)) = fg(fl) for all g,h € G and for all j =0,1,
2) 919 =0 for all g,h € G with g # h and for all j = 0,1,
(3) [1- oo Syea 157 < =

For the ¢ > 0 given, choose m € N such that |G|™~! > 1/e and also m > ng. By Fell’s absorption
principle ([3, Theorem 2.5.5]), if 7: G — U(H) is any finite dimensional representation of G on a separable
Hilbert space H, then A ® 7 is unitarily equivalent to a direct sum of dim(#) copies of A. It follows that
A®™ is unitarily equivalent to the direct sum of |G|™~! copies of A, and thus A®™ @1 is unitarily equivalent
to ( Lci‘:lil A) @ 1. We fix such an identification for the remainder of the proof.

Since A contains a copy of the trivial representation 1, there is a unitary representation NG U (V') such
that A is unitarily equivalent to 1 & X. Then A®™ @ 1 is unitarily conjugate to the diagonal representation
diag(1, X 1, X, 1... ,X, 1), where the trivial representation appears |G|™~! + 1 times and Py appears |G|™~1
times.

For g € G, let §, € £%(G) be the corresponding Dirac function, and let e, € B(¢?(G)) be the projection
onto the span of d,. By taking a suitable unitary conjugation of the e,, we find projections p, € B(C & V)
satisfying ZgEGp!] =1 and Ad(1 @Xg)(ph) = pgp, for all g, h € G. Similarly, let ¢, € B(V & C), for g € G,
be projections satisfying > .5 g, =1 and Ad(xg @ 1)(gn) = ggn for all g,h € G.

Let ag: [0, |G|™71] — [0,1] be defined as ag(z) = g, and set a; =1 —ao. For g € G, set

F19 = diag(0, ao(1)gy, - - - ao(|G]™)gq)

and
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0 = diag(ar()py, - -, a1 (|GI™H)pg, 0).

These are positive contractions satisfying conditions (1), (2) and (3) above, and the claim is proved.

We note that, since G is a finite group, it suffices to take H = {e} in Definition 2.6. The claim shows
that there exist Rokhlin towers in D satisfying conditions (a), (b) and (c) in Proposition 2.7 for d = 1 and
H = {e}. We now explain how to find new towers satisfying these conditions in addition to condition (d).
Let F C D be a finite set. For the ¢ > 0 given above, find nyg € N such that for every n > ng, the unital
equivariant embedding ¢,,: (D,,, ™) < (D, a) into the n-th coordinate satisfies

S
len(z)a — apn (@)l < 52|

forall z € D,, and all a € F. Use the claim to find m € N with m > ng and positive contractions f;j ) € D,,,

for g € G and j = 0, 1, satisfying conditions (1), (2) and (3) above for the tolerance /2. One checks that
the positive contractions gom(fg(j)) € D, for g € G and j = 0,1, satisfy conditions (a) through (d) in
Proposition 2.7, as desired. It follows that dimgek(a) < 1.

Finally, dimgek(«) = 0 is impossible because the unit of D is not divisible by |G| in Ko(D). O

Using the computation above, we will show that certain canonical actions on dimension drop algebras
admit Rokhlin towers that satisfy all the conditions in Definition 2.6 except for centrality. We define these
actions next.

Definition 6.2. Let G be a finite group, and let £ € N. We denote by I((;k) the dimension drop algebra
k

(k) 21\ ®k 2\ @k f(0) € B(A(G)®*) @ 1,

1y = e C([0,1], B(¢“(G @ BU(G)"aC)): .

¢ {f (01.BE@™ o BEG™ 2 0): L) s ek )

We denote by ug): G — Aut(]ék)) the restriction to Iék) of the action of G on C([0,1]) ® B(?(G)®*)
8(62(G)®k @ C) given by idC([O,l]) & Ad(/\®k) ® Ad()\®k @ 1¢).

Proposition 6.3. Let ¢ > 0, let G be a finite group, and adopt the notation for (Igc)7 ugf)) from Definition 6.2.
Then there exist k € N and positive contractions fé]) € Iék), for g€ G and j =0,1,2, satisfying

(a) H(M(CI;))Q( }(Lj)) — féiL)H <e forj=0,1,2, and for all g,h € G,
(b) ||f_(§j)f}(lj)\| <e forj=0,1,2, and for all g,h € G with g # h,
(0) 1= Spea 137+ 17| <.

Proof. By Proposition 6.1 (see specifically the claim in its proof), we can find k¥ € N and positive contrac-
tions fg(J) € B(2(G)®* @ C), for g € G and j = 0, 1, satisfying

(i) [AAAEF @ 1)(F1) — F9|| < & for all j = 0,1, and for all g,h € G,
(i) |fY 9| < e for all j = 0,1, and for all g, h € G with g # h,
(i) Hl e (F + ~,5”)H <e.

For g € G, denote by e, € B(¢{*(G)) the projection onto the span of §, € £2(G). Then Ad(\,)(en) = egn
for all g,h € G,and > _, e, = 1. Regard e, as an element in B(¢2(G)®*) = B(¢%(G))®* via the first factor
embedding.

geG
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Let hg € C(]0,1]) denote the inclusion of [0,1] into C, and set hy =1 — hg € C([0,1]). For g € G and
7=0,1,2, set

U e s 1.
79 = hofy’ ifj=0,1;
J hie, ifj=2.
One checks that conditions (a), (b) and (c) in the statement are satisfied, completing the proof. O
Next, we give a recipe for constructing unital equivariant homomorphisms from (Iék), ,ugc )); see
Theorem 6.7. We do so in a generality greater than necessary, because the proof is not more complicated
and in fact the higher level of abstraction makes the argument conceptually clearer.

We need some preparatory facts about C'(X)-algebras first. The following definition is standard. For a
C*-algebra A, we denote its center by Z(A).

Definition 6.4. Let X be a compact Hausdorff space. A unital C(X)-algebra is a pair (A, () consisting of
a unital C*-algebra A and a unital homomorphism ¢: C(X) — Z(A). If A is a unital C(X)-algebra and
U C X is open, then ((Co(U))A is an ideal in A. Given = € X, the fiber over x is the quotient

A(z) = A/C(C(X \ {z}))A.

For a € A, we write a, for its image in A(x).

If (A,C4) and (B, (p) are unital C'(X)-algebras and ¢: A — B is a homomorphism, we say that ¢ is a
C(X)-homomorphism if ¢ o (4 = (p. If this is the case, then for every z € X, the map ¢ induces a unital
homomorphism between the corresponding fibers, which we denote by ¢, : A(x) — B(x).

As is customary, we will usually suppress ¢ from the notation for C'(X)-algebras. Recall that if A is
a C(X)-algebra and a € A, then the function x +— |la.|| is upper-semicontinuous. We assume that the
following proposition may well be known, but we were not able to find it in the literature.

Proposition 6.5. Let X be a compact Hausdorff space, let A and B be unital C(X)-algebras, and let : A —
B be a C(X)-homomorphism. Then ¢ is injective (respectively, surjective) if and only if v, is injective
(respectively, surjective) for all x € X . In particular, ¢ is an isomorphism if and only if .. is an isomorphism
for every x € X.

Proof. We begin with the assertion regarding injectivity. Assume that ¢ is injective, and fix x € X. Arguing
by contradiction, assume that ¢, is not injective, and find a € A such that ||a;|| = 1 and ¢, (a,) = 0.
By upper-semicontinuity of the norm function on B, there is an open neighborhood U of x such that
l¢(a)yll < 1/2 for all y € U. Let V be an open neighborhood of z such that V' C U. Let f € C(X) be
supported on V and such that f(z) = 1. Using part (ii) of Lemma 2.1 of [10] at the fourth step, we get

1= [lf(@)ax] < lle(fa)ll = [l fe(a)ll < sup [|f(y)p(a)yl < 1/2.

yev

This contradiction implies that ¢, is injective, as desired.

Conversely, assume that ¢, is injective for all z € X and let a € ker(i). Since a, € ker(yp,) for all x € X,
we must have a, = 0 for all x € X, and thus a = 0.

We now prove the statement about surjectivity. Assume that ¢ is surjective, and let x € X. Denote by
4. A — A(z) and 78: B — B(z) the corresponding quotient maps, and note that 72 o ¢ = ¢, o 2. Let
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¢ € B(z), and find b € B such that 72(b) = c. Since ¢ is surjective, there is a € A with ¢(a) = b. Then
vz (az) = p(a), = c¢. Thus ¢, is surjective.

Conversely, assume that ¢, is surjective for all z € X. Let b € B and let ¢ > 0. Given z € X, find
c®) ¢ A(x) such that ¢, (c®)) = b,. Since 72 is surjective, we find a(*) € A such that af”) = @ Since
the norm function on A is upper-semicontinuous, there exists an open set U, C X containing x such that
||g0(a7(f))—by|| < e for every y € U,. Since X is compact, we can find 1, ..., 2z, such that i = {Uy,, ..., Uy, }
covers X. Let fi1,..., fn € C(X) be a partition of unity subordinate to U, and set a = Z?:I fial®i) € A.
Then ||¢(a), — by|| < & for every x € X, and hence ||p(a) — b|| < e by part (ii) in Lemma 2.1 of [10]. Since

€ > 0 is arbitrary, we conclude that ¢ is surjective. O

Remark 6.6. Let n € N. Recall that the matrix algebra M, is the universal C*-algebra generated by
elements {eq ,}p_, satisfying e; ye1; = 0 when k # 1, elykef’j = Oy jer1 for all j,k =1,...,n and such
that e1,1 is a projection. By setting e; = €] ;e1 for every j,k =1,...,n, it is well-known that M,, is also
the universal C*-algebra generated by {e; r}i1<jr<n With the relations 3;,1@ =ey,; and e; jep ¢ = 0; ke for
every i,4,k, £ =1,...,n. We will use freely both representations.

The following is an equivariant version of a well-known characterization of the dimension drop algebra
from [59, Proposition 5.1]. As it is not clear how the proof in [59, Proposition 5.1] can be adapted to the
equivariant setting, we give here a different and more explicit proof.

Theorem 6.7. Let G be a finite group, let B be a unital C*-algebra, and let : G — Aut(B) be an action.
Letn € N, let v: G — M, be a unitary representation, and suppose there is a rank-one projection e in M,

such that vge = e for all g € G. Suppose that there exist a completely positive contractive equivariant order
Z€ro map

§: (Mn, Ad(v)) — (B, B)

and a contraction s € BP satisfying £(e)s = s and £(1) + s*s = 1. Let v be the restriction to Iy.nt1 of the
action of G on C([0,1]) ® M,, @ My11 given by

ide (o)) ® Ad(v) ® Ad(v @ 1c).
Then there exists a unital, equivariant homomorphism ¢: (I nt+1,7) — (B, B).

Proof. Denote by D the universal C*-algebra generated by the set {s, f;r: j,k =1,...,n} of contractions

satisfying:

(R.1) fig=fejforall j,k=1...,n,

(R.2) fixfom = 0kefj;fjm foral jk,{,m=1,...,n,
(R‘S) f1718 = S)

(RA) S0, 5+ 5% =1

It is clear that B admits a unital homomorphism from D. Most of the proof consists of showing that
D is isomorphic to the dimension drop algebra I, ,,+1, which will then give us a unital homomorphism
@: In nt1 — B. The last step will be to show that the map ¢ can be chosen to be equivariant.

Consider the following matrices in M,,,,11) (each vertical line comes after n+1 entries, and the horizontal
line appears after n rows):
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1 0 0 0[0 0 -« 0 0[--]0 0 -«- 0 0
0 1 0 0/0 0 «- 00|00 - 00
0 0 1 0/0 0 0 0 0 0 0 0
Fia
0 0 0 0/0 0 00 00 00
0 0 0 0/0 0 0 0 0 0 00
00 0 0[1 0 00 00 00
00 000 1 00 00 00
00 000 0 10 00 00
Fio =
0 0 0 0|0 0 0 0 00 00
0 0 0 0/0 0 0 0 0 0 00
00 0 0[0 0 00 10 00
00 000 0 00 0 1 00
0 0 000 0 00 00 1 0
Fl,n:
0 0 0 0|0 0 00 00 00
0 0 0 0/0 0 0 0 0 0 00
00 0 1/0 0 00 00 -« 00
00 0 0/0 0 0 1 00 -« 00
0 0 0 0/0 0 0 0 0 0 0 1
Fipy1 =
0 0 0 0|0 0 00 00 0 0
0 0 0 0/0 0 0 0 0 0 0 0

The elements Fi j, for j = 1,2,...,n + 1, are partial isometries satisfying Fy jF1; = 0 when j # 1,
FyjFy; = 0;;F11 for all i,j € {1,2,...,n+ 1}, and Z?;Lll FY ;F1j = 1. Therefore they generate a unital
copy of M,,+1. We identify I,, ,,+1 with the algebra of continuous functions from [0, 1] to M, (n41) such that
f(1) is in the C*-algebra generated by {F1 x| k=1,2,...,n+1} (which is isomorphic to M,,+1) and f(0) is
in the commutant of the C*-algebra generated by {F1 | k=1,2,...,n+ 1} (which is isomorphic to M,,).

Denote by p: [0,1] — [0, 1] the identity function. For j,k = 1,...,n, let fj € I,.ny1 be the matrix-valued
function which, written in block form where each block has size (n + 1) x (n + 1), has in its (j, k)-th block
the diagonal matrix valued function diag(1,1,...,1,1 — p), and 0 elsewhere. Let § be the matrix-valued

—_———

n times
function
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00 o »00-:--0 0}---00-- 0 0
00 0 0|0 O o vp|--{00 - 0 0
3 00 0 0|00 0 O 0 0 0 p
5= 5
00 0 0|00 - 0 0 00 0 0
00 0 0|0 0 . 0 0 00 0 0

where each vertical dividing line represents n + 1 entries.

One checks that the functions fjﬁ for j,k=1,...,n and 5 satisfy the relations defining D. Fix a unital
homomorphism 7: D — I,, ,41 satisfying «(f;x) = fjk for all j,k=1,...,n and 7(s) = 5. We will show
that 7 is an isomorphism.

Claim 6.7.1. The following identities hold:

(1) fiifik = fikfenr forall jk=1,... n.
(2) For j=1,...,n, we have sfj15 = 0.

The first equality follows from item (R.2) in the list of relations defining D. The following computation
establishes the second identity:

(sfins) (sfjas) = s"f1;8"sf;1s
RA) -

=3 fl,j(l_z.fi,i>fj,13
i=1

R.2) «
="s"ffi1s — s f1if55 18

(R2) .3 (R3)
='s f12,13 -5 ff:ls =" 0.

This proves the claim.
Set
b=s"s+ Z finss*fi; =s"s+ss" + Z finss™fi;. (6.1)
j=1 j=2

Note that b is a positive contraction (since all of the summands in its definition are pairwise orthogonal
positive contractions). One checks that 7(b) = p- 1, and therefore sp(b) = [0, 1].

Claim 6.7.2. The element b belongs to the center of D.
Let j,k=1,...,n. Then

R'Q * * R'2 * *
fj,kb(:) fiks™s+ fif5158 fir and bfjx 2 sfik + 5,185 f16fr k-

We show term by term that both expressions agree, which will imply the claim. For the first terms in both
right hand sides, we have
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(R.4) . (R.2) (R.2)
Fiaws™s "= i\ 1=D fui | = Fiw = Fiwfun = Fie = fii ik
i=1

2 (1 - 2; fi,i) fik () s*sfjk-
P

For the second terms in both right hand sides, we have

. R.2 N R.3 .
[iifi1ss” fik ) fia(f1,18)8" ik ) finss™ fik
R.3) « R.2) %
L fias(fi18)" fie = f3,188" f1k fr k-

Likewise, using the fact that sf;1s =0 foralli=1,...,n, proved in Claim 6.7.1, we get

sb=ss5"s+s Z finss™fi, = ss™s. (6.2)

=1

2 *2

Moreover, by Claim 6.7.1, s*s* = s*sf; 15 = 0, which implies s*2s? = 0 and therefore

2 =0, (6.3)

which allows us to compute, using (R.2) and (R.3) for the second equality and using (6.3) and (R.3) for the
third equality:

n
2
bs = s*s° + E finss™fiis =s"sfiis+ fi188" fi1s =0+ ss™s = sb,.
i=1

This completes the proof of the claim.

It follows that b endows D with a C([0, 1])-algebra structure, and the map 7 is a C([0, 1])-homomorphism.
For ¢ € [0, 1], denote by D(t) and by I, n+1(t) the induced fibers, and by m;: D(t) — I, n+1(t) the corre-
sponding unital homomorphism. By Proposition 6.5, it suffices to show that m; is an isomorphism for all

€ [0,1].

The fiber I,, y+1(t) is isomorphic to M,, if t = 0, to M,,41 if t = 1, and to M,, ® M,,+1 otherwise. Since m;
is unital for all ¢ € [0, 1], it suffices to show that the fibers D(t) are also isomorphic to those corresponding
matrix algebras. Denote by f; 1(t), s(t) and b(¢) the images of the elements f; , s and b in the fiber D(?).

Case I: t = 0. Here b(0) = 0. In particular, as b(0) > s*(0)s(0), it follows that s(0) = 0. Therefore,
{f5,6(0)}7 ,—; generates D(0), and these are precisely the matrix units of M,. Thus D(0) = M,,.

Case II: ¢t = 1. Using b(1) = 1, we compute

W )5 (1)s*(1)s(1) Z fin(1 (1).f1,5(1)

(R.3),(6.3)

0+ (s(1)s*(1)* + s(1)s™(1) fra( Z fin (1 (1) f1,;(1)

(R.2)

(s(1)s™(1))?

Thus s(1)s*(1) is a projection, so s(1) is a partial isometry. Therefore, s*(1)s(1) is a projection as well,
which is orthogonal to s(1)s*(1) as s*(1)s(1) 4+ s(1)s*(1) < 1. By (R.4), we have Z?Zl fi;(1) =1—s*s(1).
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The summands on the left hand side are pairwise orthogonal, and right hand side is a projection. Therefore,
[5.;(1) are pairwise orthogonal projections for j = 1,2,...,n. It therefore follows that f; (1) are partial
isometries, which satisfy f; x(1)fe,m(1) = 0k,efjm(1) for all j,k,&,m=1,...,n

Thus, the family {fi ;(1)};=1,2,...n U {s(1)} generates D(1), and it also satisfies the relations from Re-
mark 6.6, which shows that the C*-algebra they generate is isomorphic to M, ;1.

Case II: t € (0,1). Here b(t) =t1. For j,k,£=1,...,n, set

1 1

ms(t)fl,j(t)S*(t)fl,k(t) and dy = ms(t)fl,z(t).

Cik =

We verify that these elements satisfy the conditions from Remark 6.6, where we regard {c; i }; r<n as matrix
units of the form {e; ;};<,2 and each dy as e; ,,24,. To that end, note that

ts(t) f1,1(t)?*s" (1) = s(t)f1,0(t) - t1- f11(t)s™(t)
st ) (s70) +ij, S (1) f15(8)) Fra (D57 (2)

(R.2)

s(t) f1,1(t)s™(t)s(t) f1,1(t)s™ (1)

(R.3)

s fiab)s Ot
sOf12(0)(1= 3 fial®) Fra(B)7 (1)

(R.4)

(R.2)

s (F11(0)? = F1a () )5 (1),
Likewise, we see that
(1) f1a(®)s* (1) = 50 (F1a(t) = 12 (0?)s* ().
Thus
S(OFE1 (1) (1) = (1= )s() fra ()™ (1), (6.4)

and therefore

s (Fa0)? = Fa®)s"(@®) = 10— Os(0)fra(t)s" (1 (6.5)
41— 0)s(0)1.4(0)5 (8) fra 0)

We can now verify that the elements c;; and d, from above satisfy the conditions from Remark 6.6. For

any j,k,4,m=1,...,n we have:
CjkCom = u_%)gs(t)flyj(t)s*(t)fl’k(t) fma(t)s(t) fe1(t)s™(t)
o m@sam,ms*(t) (F1a(®25()) fea(®)s™ (1
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(R.3) 1

S =gz (D5 05" OO fea (D)5 (1)

L b s O (I—Zf“ ) fea (0)s° (1

(R 2) 1
Oham it =y
(6.5) 1 .
6k m5] £ (t _ t2)2 . t(l — t)S(t)le(t)S (t)le(t) = 5]{77,7,6]',@6171

s (fa(t)? = fa®)?)s (1)

For j,k=1,...,n, we have:
1
(R2) o 1
e e R OURORNO
(6.4) 1 (Rg
= j’kt(l—t)2 (1_t) ()fl,l(t) () = 6 kC1,1
Similarly, for j,k,£ =1,...,n we have:

i = g a5 (O 0) - et ()

) b= D05 (D200

Y bt g D0 @) o

(R

and likewise dgc;k = 0. By Remark 6.6, it follows that {cjﬁk, d; }jﬁkylzlw,n generates a copy of My, (ng1)-
Claim 6.7.3. The set {cj i, d;: 3, k,l=1,...,n} also generates D(t).

It suffices to show that this family generates s(t) and {f1 ;(¢)}7_;. Indeed,
VIS ends LS 505 (s f14(0)
J
2 1_t22 Dfalt (1—mem ) f15(0)
Y o Z ) (£07 = £500°)

(R.4),:(R~2) ﬁs(t) ((1 . S*(t)S(t))Q . (1 . s*(t)s(t))3)

(62 ﬁ(ﬂ 1= (1= 0)°) (1) = (1)

Given j,k =1,...,n, we want to show that f;(t) = >_j_, ¢ jeon + (1 — t)djdg. We have
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éjlc;gj@,k - 2ij1 (1) fea(0)5" (1) - 5(0) (1) (5o 1)
o QZfﬂ () feat (1fzfmm )) Fre(®s" (O fra(t)
) ijfﬂ et = fo.00)s° (1) a0
(R-4) t2(11 a1 = 5" s0)” = (1= 5" (O5())s" (O fra ()
) g - D505 (01400

and
A=0dd = s L0 D)
(R:2), (R0 ﬁfﬂ@)(l — fra®) fra(®)
®R2) ﬁ( Fia®Fx(t) = £ fi(t) fra(t)

ALY s (= S O80) (al0) = Lia (100

Moreover
Fiassfusfin S s fuafie S fusst fu

and

% R.2) * (R.3) *
fj,lSS f1,jfj,1f1,k (: fj,lSS f12,1f1,k = fj,lSS f1k-
Thus, by definition of b and by the fact that b(t) =t we obtain

(1=0dde = (=5 OsO) LD = [aOf14(0)
1

B t(1 — )(1 = b()(f5.k () = f5,1() f1k(1))

(R2) 1

= k) = 15O ik (1)

(R.2) (1*mem )f]k

D L e st f0(0).

Combining those observations, we get

107
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- * * 1 * *
e + (L= Ddidy = SO0 O D) + 5 OO f;4(0)

k=1
(fi1(t)s(t)s™(t) frafre(t) + s™(t)s(t) fk(t))
(fi,1(t)s(t)s™ () fr,5f5k(t) + 5" (t)s(t) f k(1))

—
jos]
N
=

S S N S A

(5" @) + 3= L (05(0)s" (8) frm (D) fi.(0)
m=1

b(t) fik(t) = fik(t).

o~ | =

This proves the claim, so have proved that D is isomorphic to I, y,11.

By universality of I, ,41, there is a unique unital homomorphism ¢: I, ,+1 — B satisfying ¢(f; ;) =
&(e; ;) forall 4,5 =1,...,n and ¢(s) = s. (To lighten the notation, we use the same letter s to denote the
given element in B and the element s in the universal C*-algebra I, ,41.) We are left with checking that ¢
is equivariant.

Note that 3 leaves ¢(I,, n+1) invariant. Furthermore, using the fact that vger,1 = er,1 and ey ; = ey 1€y j,
we have vge j = ey for j =1,...,n and for all g € G. It follows that

By(p(b)) = s"s + 55" + > &(vge;1)s5"E(e1,;v})

Jj=2

for all g € G, we deduce thus that 5,(¢(b)) = (b) for all g € G. Thus, the restriction of 5 to ¢(I,,n+1) is
an action via C([0, 1])-automorphisms. It follows that it suffices to check equivariance on each fiber.

Let t € (0,1). Define finite-dimensional Hilbert spaces Ho, H1 and Ho, contained in ¢(I, n41)(t), via
Ho = span{gi(c1.1)},

H1 =span{p(c;k): j,k=1,...,n} and Ho =span{p(d;):l=1,...,n}.

Then Ho, H1 and Ho are invariant under 3. Set E = span{ey 1,€1,2,...,€1,n}. Note that there are natural
isomorphisms H; = E®E and Ha = E, the first one given by identifying e; j®e1  with ¢; , and the second
one given by identifying e; j with dy, for 5,k = 1,...,n. With these identifications, §; acts as vy ® vy on Hy
while leaving Hy fixed, and acts as vy on Ha. Thus, the action induced by 3 on the fiber corresponding to
some t € (0,1) is conjugate to Ad(v ® (v @ 1¢)). The end-cases t = 0 and ¢ = 1 are verified similarly, thus
concluding the proof. O

We will apply Theorem 6.7 in the proof of Theorem 7.8, at the end of next section, to representations v
of the form A®*: G — U(£2(G)®F), for k € N, where ) is the left regular representation.

7. Regularity properties for actions of amenable groups

This section is devoted to the proofs of Theorem A and Theorem C, starting with the latter. The
equivalence of item (4) with the other items in Theorem C, which is stated under the assumption of Z-
stability, is actually obtained in the presence of equivariant property (SI). This property, which we recall
below, is an adaptation to the equivariant setting of Sato’s property (SI), which first appeared in [62] and
was further used in [52], [51], [53], [63].

Definition 7.1. Let G be a countable, discrete, amenable group, let A be a unital, separable C*-algebra with
non-empty trace space, and let a: G — Aut(A) be an action. We say that (A, ) has equivariant property
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(S1) if for any positive contractions a,b € (Ay N A’)*¢ such that a € Ja and sup,,cn |1 — 0" |l2,7,4) < 1,
there is s € (Ay N A’)*u such that bs = s and s*s = a.

We also need the following analogue of Kirchberg’s o-ideal ([44, Definition 1.5]) in the equivariant setting.
For Z-actions, this notion was considered in [48].

Definition 7.2. Let G be a discrete group, let B be a C*-algebra, let 5: G — Aut(B) be an action, and
let J C B be a (S-invariant ideal. We say that J is an equivariant o-ideal (with respect to (), if for every
separable, B-invariant subalgebra C' C B, there is a positive contraction = € (J N C')? with zc = ¢ for all
ceCnlJ.

A o-ideal is simply an equivariant o-ideal with respect to the trivial action. The trace kernel ideal J,4
is a o-ideal by [45, Proposition 4.6]. Recall that J, (defined in subsection 2.2) is the kernel of the quotient
map k,: Ay — MY (see [45, Theorem 3.3]); it is also a o-ideal (see [45, Remark 4.7]).

It is easy to see that if a finite group acts on a C'*-algebra, then any o-ideal is automatically an equivariant
o-ideal: one simply averages the positive contraction in the definition of a o-ideal to obtain a fixed one.
When the group is amenable, one can average over Fglner sets to get equivariant o-ideals in ultrapowers,
as we show below.

Proposition 7.3. Let A be a unital C*-algebra with non-empty trace space, let G be a countable, discrete,
amenable group, let a: G — Aut(A) be any action. Let T C T(A) be a G-invariant closed subset. Then
Jr C Ay is a G-invariant, equivariant o-ideal in Ay.

Proof. Abbreviate Jr to J. It is clear that Jr is a G-invariant ideal in Ay. Let C' C Ay be a separable,
ay-invariant subalgebra. Since J is a o-ideal in Ay, ([45, Proposition 4.6, Remark 4.7]), there is a positive
contraction z € J N C’ with xc = ¢ for all ¢ € C' N J. By Kirchberg’s e-test ([44, Lemma A.1]), it is enough
to prove that for every finite subset K C G and every € > 0, there is a positive contraction y € J N C’ with
l(aw)k(y) —yl| <eforall k€ K and yc=cforall ce CNJ.

We fix a finite subset K C G and ¢ > 0. Using amenability of G, find a finite subset F' of G such
that [kFAF| < §|F| for all k € K. Set y = ﬁ >_ger(au)g(z). Since C is ay-invariant, it follows that
(as)g(z)c = c for every g € G and c € C, therefore yc = c for all c€ C N J. For k € K, we have

o) =1 = |7 (@) - (ou)y(a)
geF

| X @ - ()

gEF\(kFUkK—1F)

1
< 7] > | () g (x) — (aas)g()]]
gEF\(kFUK—1F)
\kFAF| e
<9 <92 - =g,
=SSR ST

Since J is an ay-invariant ideal, the positive contraction y also belongs to J. Finally, it is also easy to check
that y commutes with C, since C is also invariant under ay,. This concludes the proof. O

We record the following consequence of Proposition 7.3, which is used repeatedly in the sequel. Recall
that r: (Ay N A, o) — (AY N A’, o) denotes the canonical quotient map (Lemma 2.1).
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Corollary 7.4. Let A be a unital separable C*-algebra with non-empty trace space, let G be a countable,
discrete, amenable group, let a: G — Aut(A) be any action. Let B be a separable, nuclear C*-algebra, let
B: G — Aut(B) be an action, and let

U: (B,3) — (AYNn A o)

be an equivariant completely positive order zero map. Then there exists an equivariant completely positive
order zero map ®: (B, ) — (Au N A, ay) satisfying ¥ = ko P.

Proof. By the Choi-Effros Lifting Theorem [5] there is a completely positive map ®¢: B — Ay N A’ such
that ¥ = k o ®j. Let C be a separable, ay-invariant subalgebra of Ay, containing A U ®y(B). Since J4 is
an equivariant o-ideal by Proposition 7.3, there exists « € (J4 N C’)** such that zc =cforallc € JoNC.
Define ®: B — Ay NA" by &(b) = (1 —x)Po(b)(1 —z) for all b € B. One readily checks that ® is completely
positive, contractive, order zero and equivariant, and that K o ® = kK o &y = ¥, as required. O

Another useful consequence of Proposition 7.3 is the following dynamical analogue of [45, Theorem 3.3].
We point out that the following lemma also follows from the main result of [14].

Lemma 7.5. Let A be a separable unital C*-algebra, let G be a discrete group, let a: G — Aut(A) be an
action and 7 € T(A)®. Then the quotient maps k : Ay — AY and K, : Ay — M, restrict to surjective,
equivariant maps

K (Ay N A — (A4 0 A"
Kt (Ay N A = (MY A MDY

Proof. We only show the statement for x : Ay — AY, as the proof for &, : Ayy — MY is analogous. Given
a € (A4n A’)O‘u, there is b € Ay such that k(b) = a. Let C C Ay be the separable C*-algebra generated
by A and b. By Proposition 7.3 there is « € (J4 N C’)*¢ such that zc = ¢ for all ¢ € J4 N C. This implies
that b := (1 — x)b belongs to (4y N A")* and it satisfies k(b') =a. O

Theorem 7.6. Let A be a separable, unital, nuclear, C*-algebra with non-empty trace space and with no
finite-dimensional quotients. Let G be a countable, discrete, amenable group and let a: G — Aut(A) be an
action such that the induced action on T(A) has finite orbits bounded in size by a constant M > 0. Then
the following are equivalent:

(1) (A, ) has uniform property T',
(2) (A, ) has CPoU with constant M,
(3) for every n € N there is a unital embedding M,, — (A4 0 A",

If A is moreover simple and Z-stable, then the above are also equivalent to:
(4) (A, ) is cocycle conjugate to (AR Z,a® idz).

Proof. The equivalence of (1), (2) and (3) was already proved in Theorem 5.7, and (4) = (3) is
Proposition 3.3. It remains to show that (3) = (4). Fix a unital embedding ¥: My — (AY N A’)au, which
we regard as a unital equivariant homomorphism W: (Ms,idys,) — (AY N A’, o). By Corollary 7.4, there
exists an equivariant completely positive contractive order zero map ®: My — (Ay N A')* making the
following diagram commute:
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(Au N A/)a“

)

M, (AU N AN,

Note that 7(®(e1,1)™) = 1/2 for all 7 € T4 (A) and for all m € N. Set ¢; = ®(eq,1) and ¢z = P(e1,2). Then
c1 >0, coch=ci, and cicy = caci = 0.

By [67, Theorem B], the dynamical system (A, «) has equivariant property (SI). Using this, fix a contraction
s € (AyNA")* satisfying s*s =1 — 25:1 cjcj and 15 = s. By Theorem 6.7, the elements c1, c2, s generate
a copy of the prime dimension drop algebra

Iy ={f€C([0,1], Mo ® M3): f(0) € M2 ®1, f(1) € 1® M3}

so there exists a unital homomorphism I 3 — (Ay N A’)*. By repeatedly using Lemma 2.4, we can find
a countable sequence of unital homomorphisms Is 3 — (Ay N A’)* with commuting ranges, and therefore
a unital homomorphism IS?B‘,X’ — (Ay N A")ou. By [11, Theorem 1.1}, Z embeds unitally in Ig?go, and in
particular, we obtain a unital homomorphism Z — (A, N A")*%. This implies, by [66, Theorem 2.6], that «
is cocycle conjugate to a ® idz. O

We now turn our attention to the proof of Theorem A. We briefly describe our strategy for proving
(1) = (2). First, we prove the existence of projections with properties analogous to those in Definition 2.9
for Bernoulli shifts on the hyperfinite II;-factor ggeGR = R. Then Proposition 5.3 and Theorem 5.4 are
used to show that there are similar projections also in the central sequence algebra of each fiber M. for
T € T(A)*. Using Theorem 5.1 we then perform a ‘local to global’ argument via CPoU to glue these
projections and obtain a Rokhlin tower in AY N A’. Finally, we exploit the fact that J4 is an equivariant
o-ideal (Definition 7.2) to lift those towers to Ay N A’ and conclude the proof.

We start by addressing the first part, namely the existence of projections satisfying conditions analogous
to those in Definition 2.9 for the Bernoulli shift on R. We do this in the following proposition, using the
tiling result for amenable groups from [8].

Proposition 7.7. Let G be a countable, discrete, amenable group, and let Bg: G — Aut(R) be the Bernoulli
shift acting by left multiplication on the indices of the elementary tensors of @QGGR 2 R. Given a finite
set K C G and § > 0, there are (K, 0)-invariant, finite sets Si,...,S, C G and projections p; 4y € R for
{=1,....,n and g € Sy, such that

(i) (Ba)gn—1(pe,n) = peg for all £ =1,...,n and all g,h € Sy,
(11) pogbrn =0 foralll,k=1,...,n, g € Se, k € Sy, whenever (¢,g) # (k,h),

(iti) 3oir Yges, Prg = 1

(iv) Tr(pe,g) is positive and independent of g € Se.

Proof. Fix a finite set K C G and § > 0. Fix an embedding 6 of L>(]0,1]) with the Lebesgue measure in
R, and let 3¢ be the Bernoulli shift on & 4ecL>([0,1]). Notice that the embedding 6 naturally induces an
equivariant embedding

CR @Lw([oa 1])7BG — @Rv ﬁG ’

geG geG
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where © sends, for every g € GG, the g-th coordinate of the domain to the corresponding g-th coordinate of
the codomain via 6.

Set X = [],c5[0, 1] with the product measure. It follows that @QGGLOC([O, 1]) = L>®°(X), and that fg
induces an action on X which is easily seen (and well known) to be measure preserving and ergodic. By [8,
Theorem 3.6] there are (K, §)-invariant sets S1,...,S, € G and projections py 4 € L(X) for £ =1,...,n
and g € Sy such that

(i)’ (Bg)gh—l(ﬁgyh) =prgforalll=1,...,nandall g,h € 5,
(ii)" pe,gPr,n =0forall £,k =1,...,n, g € S¢, k € Sy, whenever (¢, g) # (k, h),
(i) 3771 Yges, Prg = 1.

It is clear then that the projections ps 4 = O(p¢,q) for £ =1,...,n and g € S, satisfy conditions (i), (ii) and
(iii) of the statement.

Finally, item (iv) is an automatic consequence of the uniqueness of 7 as a (faithful) normal trace on R,
which is therefore Sg-invariant. More specifically, for every £ = 1,...,n, by condition (i) and Sg-invariance
of Tr, the value 7 (pe,4) is independent of g € S;. Thus, if 7r(pe,y) = 0 for some ¢ =1,...,n and g € S,
then by faithfulness it follows that pe = 0 for all h € Sy. Therefore, up to discarding some of the S;’s, we
obtain a family of projections satisfying condition (iv). O

Although (iii) implies (ii) in the statement of the above proposition, we state it explicitly because it is
a condition that can be lifted along quotient maps via o-ideals; see in particular the proof of (2) = (1) in
Theorem 7.8.

For the reader’s convenience, we reproduce the statement of Theorem A.

Theorem 7.8. Let A be a separable, simple, nuclear unital C*-algebra with non-empty trace space, let G
be a countable, discrete, amenable group, and let a: G — Aut(A) be an action. Suppose that the orbits of
the action induced by o on T(A) are finite and with uniformly bounded cardinality. Then the following are
equivalent:

(1) « is strongly outer,
(2) a®idz has the weak tracial Rokhlin property.

When G is residually finite, then the above statements are also equivalent to:

(8) a®idz has finite Rokhlin dimension,
(4) a ®idz has Rokhlin dimension at most 2.

Proof. Note that « is strongly outer if and only if a ® idz is strongly outer. By replacing a with a ® idz,
we may assume that (4,a) 2. (A® Z,a®idz).

(2) = (1). The argument is mostly standard, but we include it since we work with a slightly different
notion of the weak tracial Rokhlin property. Fix ¢ € G\ {1} and 7 € T(A)*. We denote as usual the
von Neumann algebra generated by 7m.(A) by M, and note that o, extends to an automorphism aj
of M., even though « does not necessarily induce an action on M. Fix K = {g} and § = 1/2. Let
S1,...,S, be a family of ({g},1/2)-invariant subsets of G, and f, 5, € Ay NA’, for { =1,...,nand h € Sy,
be contractions as in Definition 2.9. Let x,: Ay — MY be the quotient map (see Lemma 2.1), and set
pen = K (fon) € MY N M. Since Sy ZhESz pe.n = 1, we can assume that {p1 5 }res, is a collection
of non-zero, pairwise orthogonal (hence distinct) projections. By ({g}, 1/2)-invariance of Si, there exists
h € S7 such that gh € 51, thus we have
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(aT)Z;(pl,h) = (aT)z;hhfl(pl,h) = P1,gh-

It follows that the automorphism (a7)¥ acts non-trivially on the family {pi }nes,. Therefore (a™)¥ acts
non-trivially on MY N M’ which in turn implies that ag is outer, as desired.

(1) = (2). Assume that « is strongly outer. Let S¢ be the Bernoulli shift on R (see Proposition 7.7),
which is an outer action. Since (A, «) is assumed to be cocycle conjugate to (A ® Z,a ® idz), we deduce
from Theorem 7.6 that (A, ) has CPoU. By Theorem 5.1 (with N = {e}), there exists a unital, equivariant
embedding ¥: (R, fg) — (AY N A" o).

Let K C G be finite and let § > 0. Using Proposition 7.7, find (K, §)-invariant finite subsets Sy, ..., S, of
G and projections pp g € R, for £ =1,...,nand g € Sy, satisfying (i) through (iv) in Proposition 7.7. Denote
by T& the unique trace on R. By lifting the projections W(py ,) along the surjective map r: AyNA’ — AYNA’,
we find positive contractions ey, € Ay N A’, for £ =1,...,n and g € Sy, satisfying:

(a) (ow)gn-1(een) —evg € Jafor £=1,...,n and for all g,h € S,

(b) ergern € Ja for £,k =1,...,n,and for all g € Sy, h € Sk, whenever (¢,g) # (k, h),
)
)

(c) 1- Z?:l desz erg € Ja,
(d) 7(e,g) = T(¥(pe,g)) = Tr(De,p) > 0 for all 7 € Ty (A), for £ =1,...,n and for all g,h € S,.

Let C be a separable G-invariant subalgebra of Ay, containing A and the finite set {e;: £ =1,...,n,h €
S¢}. By Proposition 7.3 there exists a positive contraction z € (J4NC")* satisfying xc = cfor all c € CNJ 4.
For¢{=1,...,nand g € Sy, we set fy s = (1 —x)epq(1 —z) € AyNA’. We claim that these elements satisfy
the conditions of Definition 2.9.

Condition (3) in Definition 2.9 is satisfied by item (c) above and because z € J4. To check (1) in
Definition 2.9, let £ =1,...,n and g,h € Sy. Observe that (1 — x)c = 0 for every ¢ € C' N Jy, and use this,
along with invariance of x, to get

(aw)gn-1(fen) = fog = () gn-1((1L = z)egn(1 —2)) = (1 = 2)erg(1 — )
_ @
=(1—2) ((awr)gn-1(een) —erg) (1 —2z) = 0.
To check condition (2) in Definition 2.9, let £,k = 1,...,n, let g € Sy and let h € Sy with (¢, g) # (k,h).
We use [z,e4] = 0 at the second step to get

b
Frofin = (1 - 2)eay(1 — 2)2epn(l —z) = (1 — 2)eggenn(l — ) L 0.

Finally, for item (4) of Definition 2.9 observe that, given 7 € Ty, (A), for £ =1,...,n and for all g € Sy, we
have

T(fe.g) = T(1 —x)erg(1 — ) = T(epq) + T(er,gx) + T(zer,4) + T(TELGT)

= T(eg)g).

Hence 7(f¢,4) = Tr(pe,g) > 0, and this value depends only on ¢ by condition (iv) of Proposition 7.7.

From now on, we assume that G is residually finite.

(3) = (1). Fix g € G\ {1} and 7 € T(A)%. Abbreviate 7, (A)" to M, and let k,: Ay NA" — MY N M’
be the equivariant quotient map. Since G is residually finite, there is a finite-index, normal subgroup H < G
such that g ¢ H. Using the fact that d = dimgck(a) < o0, find positive contractions fg ) e Ayn A , for

j=0,...,dand k € G/H, which satisfy, for j = 0,...,d, for all g € G and for all &,k € G/H with k #%
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d
R =00 3 3 AP =1 and (au), () = 2.

g
J=0%keGc/H

Fix jo = 0,...,d such that KT(fkijo)) is not zero for some (and hence all) k € G/H. Note that the positive

contractions /’437(]%(]‘0))7 for k € G/H, are thus pairwise orthogonal and satisfy (aT)g’ (kr (fg))) = nT(f%)).
Since g ¢ H there is k € G/H such that gk # k. In particular, (ozg)u acts non-trivially on MY N M’; thus
ag cannot be an inner automorphism of M.

(4) = (3). This implication is trivial.

(1) = (4). Let H be a normal subgroup of G of finite index. After identifying R with the weak closure of
Q,.en B(C?(G/H)), denote by iy the action given by @,y Ad(Ag,1)- Since (4, @) Zee (AR Z, a®idz),
by Theorem 7.6 the dynamical system (A, «) has CPoU. As moreover « is a strongly outer action, we can
apply Theorem 5.1 to obtain an equivariant, unital homomorphism

v (Rv HaG/H © qH) - (AM N A/a aZ/l).
Fix e > 0, and let k € N be given by Proposition 6.3. Denote by

o (B(@Q(G/H)@k), Ad(AEE,) o qH) L (AY N A M)

the restriction of ¥ to B(¢2(G/H)®*) C R. By Corollary 7.4, there exists an equivariant completely positive
contractive order zero map

pi (BUE(G/H)®), AAONES ) 0 an ) — (Au N A )

such that the following diagram commutes:

Ay N A
B(2(G/H)E) AN A

We denote by e € B(¢2(G/H)) the projection onto the constant functions, and regard e®* as a projection
in B(/2(G/H)®*). One can verify that

T(p(e®F)™) = T(p(e®F)™) = T(p(e®*)) = 1/[G : H]*

for all 7 € Ty (A) and for all m € N, using that ¢(e®¥) is a projection.

By [67, Theorem B], the system (A, «) has equivariant property (SI), so we can pick a contraction
s € (AyN A satisfying s*s = 1—p(1) and p(e®*)s = s. By Theorem 6.7, there exists a unital equivariant
homomorphism

9: (Iék}Haﬂg/)H OQH) — (Az/{ ﬁA/,Oéu).

Let féj) € Ié,k/)H, forg € G/H and j = 0, 1, 2, be positive contractions as in the conclusion of Proposition 6.3.

Then the positive contractions 6( fgij )) € Ay N A’ satisfy the conditions of Definition 2.6 up to €. Since € > 0
is arbitrary, the result follows by saturation of A;; (Remark 2.2). O
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8. Equivariant Z-stability

We conclude the paper with the proof of Theorem B, which improves the main result of [63] by allowing
the group to act nontrivially on T'(A). In the case of integer actions, the recent paper [73] used the techniques
in this work to remove the assumptions that we make on the induced action G ~ T'(A).

We recall the following equivalent definition of covering dimension from [46]: a topological space X has
(covering) dimension m € N, in symbols dim(X) = m, if m is the minimal value such that every open cover
O of X has a refinement O' = Oy U --- U Oy, such that the elements in O are pairwise disjoint, for every
7 =0,...,m. If no such value exists, we say that X has infinite dimension.

Under the assumptions of Theorem B, it is proved in Theorem 7.6 that (A, «) is (£,idz)-stable if and
only if for all d > 2 there exists a unital homomorphism My — (A4y N A’)*. The strategy to prove the
existence of such homomorphisms is, once again, via a ‘local to global’ argument over the trace space. More
specifically, in Corollary 5.5 we use results from Section 5 to show that for every 7 € T(A)® and every
d € N, there exists a unital homomorphism My — (MY N M’ )(QT)M. Then, in Proposition 8.4, we glue these
maps together to obtain a unital homomorphism My — (AY N A’ )O‘u.

To perform this gluing argument, since in this case we do not assume that (A, «) has CPoU, we rely on
the techniques from [45, Section 6, 7], which make essential use of the assumption that 9.7(A) is compact
and finite-dimensional. Those arguments could also be carried out using Ozawa’s work on W*-bundles in
[56] (see for instance [48], [49]), whose role in our setting is replaced by AY. (One can show that AY is
isomorphic to the ultrapower of the W*-bundle associated to the tracial completion of A when 9.T(A) is
compact.)

The main ‘local to global’” argument is contained in Proposition 8.4; it is an equivariant analogue of [45,
Proposition 7.4, Lemma 7.5]. Related arguments in the equivariant setting, under the additional assumption
that a* is trivial on 9,T(A), can be found in [63], [48], [49].

We start with a preliminary lemma.

Lemma 8.1. Let A be a unital, separable C*-algebra such that 0.T(A) is compact. Let G be a countable,
discrete group, and let a: G — Aut(A) be an action. Suppose that the orbits of the induced action o* of G
on 0.T(A) are finite with bounded cardinality, and that the orbit space 0.T(A)/G is Hausdorff. Then the
averaging function 0. T(A) — T(A) mapping 7 € 9.T(A) to 7® = ﬁ Y wec.r O 18 continuous.

Proof. Since A is separable, both 9.T(A) and T(A) are metrizable. It is therefore enough to show that
if (7n)nen is a sequence in 0.T(A) such that 7, — 7 in 0.T(A), then 7% — 7% in T'(A). Fix ¢ > 0 and
ay,...,a € A.

Since the orbits of the G-action on 9.7 (A) have bounded cardinality, upon passing to a subsequence we
can assume without loss of generality that there is N € N such that |G - 7, = N for every n € N. Let G-
be the stabilizer of 7 and let S = {s1,...,sm} be a set of representatives of left cosets of G, with s; = e.
In particular |G - 7| = |S| = M. Let V be an open subset of 9.T(A) such that

(i) eV,
(i) oy, (V) NV =0 for every 1 < j < M,

(iii) [o(aw; (ai)) — T(as;(ai))| < e, forall o € V, all j < M and all i < k.
Claim 8.1.1. There exists m € N such that G - 1, C UJIVil oy (V) for every n > m.

Suppose this is not the case. Up to taking a subsequence, for every n € N, let 0, € G - 7, such that
On ¢ Ujjvil oy, (V). By compactness of 9. T'(A), up to taking a subsequence, we can assume that o, converges
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to some o € 9,T(A). Since 9. T(A)/G is Hausdorff, it follows that o € G -7 C Ujﬂ/il oy (V), which is a
contradiction. This concludes the proof of the claim.

Givenn > m,let {01, ...,0K n} be the intersection G-7,,NV . Therefore, as each o, is a homeomorphism,
it follows that G - 7, = UJ 105,(G -7, NV), and that in particular N = M - K, so K does not depend on
n > m. Finally, for all i < k and every n > m big enough so that 7, € V, we conclude that

M K 1 M
|Tr?(az) T ( ZZ Oh,n as] az) - o T Oés] az))‘

J: h=1 MJ:1
M K 1 M K

:_’_ nas] az s Tas] az ’

MIK gg 4 K ;;

MK (iii)

< M—ZZ onnlas;(ai)) — (s, (a:))] < e O

We fix some notation for the next couple of propositions.

Notation 8.2. Let A be a unital C*-algebra such that 9,T(A) is compact, let G be a countable group, and
let a: G — Aut(A) be an action. Recall that a* denotes the affine action of G on T'(A) induced by «;
see subsection 2.1. Let o™ : G — Aut(C(9.T(A))) be defined as ag*(f) = foa;_, for every g € G and
all f € C(0.T(A)). Note that o** is the restriction of the double-dual action to C(9.(T'(A4))) C A**, thus
justifying the notation.

Let T: A — C(9.T(A)) be the unital, completely positive map defined as T (a)(7) = 7(a) for all a € A
and all 7 € T(A). Then T: (A, ) — (C(0.T(A), a**) is equivariant, since for g € G, a € A and 7 € 9. T(A)
we have:

T(ag(a))(r) = 7(ag(a)) = T(a)(ag- (7)) = a" (T (a))(7).
The following proposition is an equivariant version of [45, Corollary 6.8].

Proposition 8.3. Let A be a separable, simple, nuclear, infinite-dimensional, unital C*-algebra. Let G be a
countable, discrete, amenable group, and let a: G — Aut(A) be an action. Suppose that 0. T(A) is compact
and nonempty.

Let {f,gj): 1 <j<ml <k <sj}bean o -invariant partition of unity in C(9.T(A)) such that
f,gj)f,sj) =0forallj=1,....mand allk,h =1,...,s; with k # h. Given € > 0, a compact subset 2 C A
and a finite subset Go C G, there exist positive contractions c,(cj) €A forj=1,...,m,and fork=1,...,s
such that

3

(1) 1P — b7 <afor allbeQ

(2) sup;co, 1(a) ‘fk (1) = (k )| <e,

(3) ckj)cﬁf = Oij’ allh=1,...,s; such that h # k,
(4) ||og(cy (J) (J) | < ¢ forall g € Gy,

(5) 25 OZk 1(Ck )? < 1+eo.

Proof. Let T: A — C(9.,T(A)) be the unital, completely positive equivariant map from Notation 8.2. By
[45, Proposition 6.6], when 9.T'(A) is closed, the induced map Ty : Ay — C(0.T(A))y maps the unit ball
of Ay onto the unit ball of C(9.T(A))y. Moreover, denoting by Mult(7;,) the multiplicative domain of Ty,
we have
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Jaq C Mult(’ﬁ,{) CJa+ (Au N A/),

and the restriction Tz: Mult(Ty) — C(9.T(A))y is a surjective homomorphism whose kernel is J4 ([45,
Proposition 6.6.vi]). Moreover, the unital completely positive map Tys: (Ay, o) — (C(0T(A))u, i) is
equivariant by Notation 8.2.

Let C be the (oj/-invariant) C*-subalgebra of C'(0.T(A))y generated by the family {f;ij)hgjgm,gkgsj.
By the previous observations, there is an injective homomorphism ®: C' — (AYN A’ )’lu satisfying 7(®(f)) =
f(r) for 7 € 0.T(A) and f € C. Regarding ® as an equivariant map (C,idc) — (AY N A", oY), by
Corollary 7.4 there exists a completely positive, contractive, order zero map W such that the following
diagram commutes:

(Az,{ N A/)a“

/ l*@

C - (AU (A7)

The positive contractions ¥( ,gj )), for 1 <j <mand 1l <k < s;, are pairwise orthogonal, and hence can

be lifted to pairwise orthogonal positive contractions (d;jzl)neN €l>®(A),for1 <j<mandl<k<s,.

We can thus find n € N big enough so that setting c,i D —q

the required elements. 0O

kn,forallj—l ,mand k=1,...,s;, gives

The following equivariant analogue of [45, Proposition 7.4, Lemma 7.5] extends [49, Corollary 3.2] and
[48, Proposition 3.3] to all amenable groups, while at the same time relaxing the assumptions on the induced
action G ~ T'(A).

Proposition 8.4. Let A be a separable, simple, nuclear, infinite-dimensional, unital C*-algebra, let G be a
countable, discrete, amenable group, and let a: G — Aut(A) be an action. Suppose that 9. T(A) is compact,
that dim(0.T(A)) < oo, that the orbits of the induced action of G on 0.T(A) are finite with bounded
cardinality, and that the orbit space 0.T(A)/G is Hausdorff. Then, for every d € N, there exists a unital
homomorphism : My — (A4 N A’)au

Proof. Fix d > 1 and let 7 € T(A)“. By the assumptions on A, the von Neumann algebra M is a separably
representable, hyperfinite, and type II;, thus by Corollary 5.5 there is a unital homomorphism

0,: My — (MY A M)

The rest of the proof is divided into two claims, respectively inspired by Proposition 7.4 and Lemma 7.5
n [45].

Claim 8.4.1. Lete > 0, let m € N, let Gy C G be ﬁnite and let Q C A be compact. Then there exist an open

cover O of d,T(A), and families V) = {<p ...,Lp,«] } for 3 =1,...,m, consisting of unital completely
positive contractive maps cp,(C 7). Mg — A, fork=1,...,r;, such that all open sets V € O are a*-invariant,
and for every j=1,...,m, and k € {1,...,7;} we have

(1.a) Hgom (J) (a)|| < ellall for all a € My and for all b € Q,

(1.b) Hcp(J) (l)(b) — S)(b) ,(j) H < g|la||||b]| for alli=1,...,m withi# j, allh=1,...,r;, and for
all a,b € My,
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(1.c) Hag(gog)(a)) - cp,(cj)(a)H < gllal| for all g € Gy, and for all a € My,
(1.d) for every Ve O and every j =1,...,m there is k € {1,...,r;} such that

sup [ (a"a) o (@)" o @), < ellal?,

for all a € My.
We call the tuple (O; @M ... &™) an (g,Q, Gy)-commuting covering system, in analogy with Definition 7.1
in [45].
To prove the claim, fix 2 C A and Gy C G as in the statement. Let 7 € 9. T(A) and set
T = L Z oeT(A)*
|G ' T| ceG-T .

By Lemma 7.5 and by the Choi-Effros Lifting Theorem [5], there exists a unital, completely positive, con-
tractive map € such that the following diagram commutes:

(Au N Al)a“

/ lm

M, (MY, A ML) D™,

ey

Applying the Choi-Effros Lifting Theorem again, we find unital, completely positive maps 6,,: My — A,
for n € N, such that (6, )nen: Mg — £2(A) lifts 6.

Let M be an upper bound for the cardinality of the orbits of the G-action a* on 9.T(A). By choosing a
map far enough in the sequence, we claim that there exists a unital completely positive map p,: My — A
satisfying

(a) |ler(a)b—bpr(a)]] <ellall for all a € My and all b € F,
(b) llag(pr(a)) — ¢r(a)| < ella| for all g € G and all a € My,
() llor(a*a) — - (a)* pr(a)ll2ra < ellal|?M/? for all a € M.

Conditions (a) and (b) are immediate, since Gy and F are finite, and the unit ball of My is compact. To
justify condition (c), note that 6(a*a) — 6(a)*A(a) belongs to J,« for all a € My, as 6 is itself a lift of the
homomorphism 6.«

By compactness of the unit ball of M, and Lemma 8.1, we can find an open set V. of 9.T'(A) containing
7 such the inequality in (c) holds also when substituting || - ||2,7o with || - ||2,0« for all ¢ € V. Set V; =
Ugec @g(V7), and note that again for every o € V; the inequalities in item (c) hold with respect to the
| - ||2,0e-norm. Arguing as in Proposition 2.3, we see that ¢ < Mo® for every o € 9.T(A), which in turn
implies that

lpr(a*a) = ¢r(a) - (a) 2.0 <ellal,

for all a € My and all o € V.
We finish the proof of the claim by induction on m. When m = 1, we cover 9.T(A) by the open sets V.
obtained in the previous paragraph and, by compactness of 9. T(A), we can find an integer 71 € N and traces
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Ty o oy Try € 0.T(A), such that O = {V;,,...,V,_ }isa cover of 9.T(A). Then O and @ = {r,,..., ¢, }
satisfy the desired properties.

Assume that we have found an open, a*-invariant cover @’ and families ®) for j = 1,...,m — 1,
satisfying the conditions in the statement. Let M} denote the unit ball of M. For every 7 € 9,T(A), find
a map ¢,: My — A and an open, o*-invariant neighborhood W, of 7 as in the first part of the proof for
the finite set

m

U U AP (M) C

m

instead of Q. Find an integer 7, € N and traces Tl(m), ™ e LT (A), such that {W_em),..., W _m)} is
an o*-invariant cover of 9.T(A). Let O be the family of a*-invariant open sets of the form V N Wﬂi:;” for
k=1,...,rmand V € @, and set &™) = {cpT(m), ce <p7(m)}. Then O and {<I)(j)}1§j§m satisfy the desired
properties. ' o

Claim 8.4.2. Let ¢ > 0, let m = dim(9.T(A)), let Go C G be finite and let Q@ C A be compact. Set
m = dim(9,T(A)). There exist completely positive contractive maps ... (™ My — A satisfying

(2.a) ||y (a)b— b@/} N(a)|| < e forallj=0,...,m, for alla € M} and all b€ Q,

(2.) |9 (a)p® (b) — pF)(b)p9) (a)|| < & for all j,k =0,...,m with j # k, and for all a,b € M},
(2.¢) |log (¥ (a)) — w(j)(a)H <e forall g € Gy, for all j =0,...,m, and for all a € M},

(2.d) |p9) (1)) (a*a) — Y9 (a)* V) (a)||au < € for all j =0,...,m, and for all a € M},

(2.¢) supreqiay T( Lo v (1) — 1) <e.

Let (O;®M ... &™) be an (£/2,9Q, Go)-commuting covering system given by Claim 8.4.1. Since the
orbit space 9.T(A)/G is Hausdorff (in addition to compact and second countable), it is metrizable. Moreover
since the quotient map 7: 9.T(A) — 0.7 (A)/G is open and all orbits are finite, 7 preserves the topological
dimension ([57, Proposition 2.16]). In particular, dim(9.T(A)/G) = dim(9.T(A)) = m. Find a refinement
P of 7(0O) witnessing dim(9.T(A)/G) = m, and let O’ be the collection of preimages of the elements of P.
Every open set in O is then a*-invariant, being a preimage of a set via the map w. Since the preimages

of disjoint sets are themselves disjoint, we can decompose O’ into finite subsets Of,..., 0., such that
O; = {Vl(] ), cee VS(J.J )} consists of pairwise disjoint open subsets of 9.T'(A) which are moreover a*-invariant.

It is clear t.hat (O’ is a refinement of O, since the latter is composed of invariant open sets.
Let {f:j = 0,....,mk = 1,...,5;} C C(8.T(A))/G be a partition of unity of 9, T(A)/G with
Supp(f(j)) C W(V(])) forj=0,...,mand k=1,...,s;. Forevery j =0,...,mand k=1,...,s;, define

f}ij) — ]?;gj) om € C(9.T(A)).

It is immediate that each f,gj) is a**-invariant. Moreover, the family {féj): ji=0,...mk=1,..., sj} C
C(0.T(A)) is also a partition of unity of 9.7'(A) with supp(f,ij)) C Vk(J) = 7r_1(7r(Vk(J))) for j =0,.
and k = 1,...,s;, since all elements in O’ are a*-invariant. For a fixed j, the functions fl(j), ey s(]]) are

pairwise orthogonal, since they have disjoint supports.
For every j € {0,...,m} and k € {1,...,s;}, there is a unital completely positive map ga(J) My — A
belonging to ®) such that conditions (1.a ) (1.d) in Claim 8.4.1 hold. Set

m 2

K = max {8 max 3 4 - sj} , €0 = E—, (8.1)
0<j<m =
Jj=
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and
Q=0U{p(a):ae M},0<j<m1<k<s;}.

By Proposition 8.3, there are positive contractions c(j) €A forj=0,...,mand k= 1,...,s;, satisfying
the following for all j =0,...mand k=1,...,s;:

(i ||bc(J j)H < gg for all b € Q,

(i) [t — Y (j)\|<€0f0ralli_0 omandall £=1,...,s;,
1/2
(i supTeaTAnfk (1) = ()] < &,

)
)
)
(iv) ¢ j) (] =0forall £=1,...,s; such that ¢ # k,
(4) (") — e < co for all g € G,
)

S Y ()2 <1+ <.

(vi

Fix j € {0,...,m}, and define a linear map ¢ : My — A by

Sj )
a) = ch(g)(p,(c])(a)c(ﬂ
k=1

for all @ € My. As all céj ) are mutually orthogonal positive contractions, it follows that ¢7) is completely
positive and contractive.

It remains to show that ¢(®, ... (™) satisfy the conditions of the claim. The verification of conditions
(2.a) and (2.b) is the same as verification of conditions (i) and (iii) in the proof of [45, Lemma 7.5]. To
verify condition (2.¢), fix g € Gy, an index j € {0,...,m}, and a contraction a € M;. We have

g (7 (@)) ~ 0P (a 9 (ag(e (@) = (@) ef?|| + 25520
(iv) . . . . c
< max e (ag(ef (@)~ o @) 6| + 3
() ol e (L)
<
< max Jlog(ef’ (@) ¢ (@)] +5 < e

Item (2.d) corresponds to condition (iv) in [45, Lemma 7.5], and can be inferred as follows. Fix j =
0,...,mand a € M}. For k=1,...,s;, set

Ty, = ()20 (a%a) — o (a)* (V)20 (a),

and note that ||Tx|| < 2. Fix 7 € 0.T(A). Then

[P (a*a) = 6P (@) ¢ (@2 Hzc T,

2 7)
= nax e T,
By the above computation and since T(A) is convex, it is enough to prove that Hc chk7) H2 < ¢ for every

k:1,...,8j.FiXk:l,...,sj.IngéVk , then
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j j ),2 )yay1/2 j (iif)
e Tuci ||, < ITulllle”llar < 27 () < 20(f)? < 260 <,

as desired. Assume instead that 7 € Vk(j). Set D,(cj) = wgcj)(a*a) - wéj)(a)*go,(f)(a), which is positive by the
Schwarz inequality for completely positive maps ([4, Corollary 2.8]). Then

. ) (i) N o () (D)2
”cl(CJ)chgCJ)”ZT < Hc}(@a% D(J)CI(CJ)» H

k T+3€0

2,

< H(D](Cj))l/2cl(€j)72(Dl(€j))1/2H2T + 3¢
< HD;@Hz; + 3¢ (121) g +3eg0 <,

which concludes the proof of (2.d). Item (2.e) is verified in the same way as condition (v) from [45, Lemma
7.5], and we omit the proof. This proves the claim.

By iterating Claim 8.4.2 for larger and larger 2 C A, Gy C G, and for smaller and smaller € > 0, we obtain
m = dim(9,T(A)) completely positive, contractive, order zero maps (@, ... ™ : My — (AY N A’)“M
with commuting images. Moreover, by condition (vi) on the cgcj ), it follows that Z;n:o ¢U)(1) < 1, which in
combination with (2.e) from Claim 8.4.2 yields ZT:O yU)(1) = 1. By [45, Lemma 7.6] this gives a unital
homomorphism 1: My — (A4 N A as desired. O

For the reader’s convenience, we reproduce the statement of Theorem B here.

Theorem 8.5. Let A be a separable, simple, nuclear, Z-stable unital C*-algebra with non-empty trace space.
Let G be a countable, discrete, amenable group, and let a: G — Aut(A) be an action. Suppose that 9.T(A)
is compact, that dim(9.T(A)) < oo, that the orbits of the induced action of G on 3, T(A) are finite with
uniformly bounded cardinality, and that the orbit space 0. T(A)/G is Hausdorff. Then « is cocycle conjugate
to a®idz.

Proof. By Proposition 8.4, for every d € N there exists a unital homomorphism
@i My — (AY 0 AN,
The conclusion follows by the implication (3) = (4) in Theorem 7.6. O
We record the following immediate combination of Theorem 8.5 and Theorem 7.8.

Corollary 8.6. Let A be a separable, simple, nuclear, Z-stable unital C*-algebra, let G be a countable, discrete,
amenable group, and let a: G — Aut(A) be an action. Suppose that 9. T(A) is compact, that dim(9.T(A)) <
00, that the orbits of the induced action of G on 0. T(A) are finite with uniformly bounded cardinality, and
that the orbit space 0. T(A)/G is Hausdorff. Then the following are equivalent:

(1) « is strongly outer.

(2) « has the weak tracial Rokhlin property.

(8) when G is residually finite, o has finite Rokhlin dimension.
(4) when G is residually finite, we have dimpek () < 2.

The difference between the above corollary and Theorem 7.8 is that here we do not assume that a absorbs
idz; since 9.T(A) is compact finite dimensional and 9,7 (A)/G is Hausdorff, this assumption follows from
Theorem 8.5.
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