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Strong Law of Large Numbers for Iterates
of Some Random-Valued Functions

Karol Baron and Rafal Kapica

Abstract. Assume (€2, .27, P) is a probability space, X is a compact met-
ric space with the o-algebra % of all its Borel subsets and f : X X
Q — X is # ® o/-measurable and contractive in mean. We consider
the sequence of iterates of f defined on X x QY by f%(z,w) = z and
fH(zyw) = f(f”fl(x,w),wn) for n € N, and its weak limit w. We show
that if ¢ : X — R is continuous, then for every x € X the sequence
(I, qp(fk (z, ')))neN converges almost surely to [, tdm. In fact, we
are focusing on the case where the metric space is complete and separable.

Mathematics Subject Classification. 37H12, 39B12, 60B12, 60F15.

Keywords. Random-valued functions, Iterates, Strong law of large num-
bers, Convergence in law, Almost sure convergence.

1. Introduction

Fix a probability space ({2, 7, P) and a metric space X.

Let # denote the o-algebra of all Borel subsets of X. We say that f :
X x Q — X is a random-valued function (shortly: an rv-function) if it is
measurable with respect to the product o-algebra 8 ® 7. The iterates of such
an rv-function are given by

Pz, wi,wo, .. ) =2, [M(x,wi,ws,...) = f(f"_l(a:,wl,wg, ) wn)

forn €N,z € X and (w1,ws, ...) from Q> defined as Q. Note that f" : X x
0% — X is an rv-function on the product probability space (Q°°,.o7°°, P>°).
More exactly, for n € N the n-th iterate f™ is & ® o,-measurable, where <7,
denotes the g-algebra of all sets of the form

{(wi,wa,...) €Q°: (wy,...,wp) € A}
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with A from the product o-algebra </™. See [10, Sec. 1.4], [8].

A result on a.s. convergence of (f"(ac7 ~))n€N for X being the unit interval
can be found in [10, Sec. 1.4B]. The paper [7] brings theorems on the conver-
gence a.s. and in L' of those sequences of iterates in the case where X is a
closed subset of a separable Banach lattice. A simple criterion for the conver-
gence in law of (f"(z,-)),  to a random variable independent of z € X was
proved in [1], assuming that X is complete and separable. In [2] it has been
strengthened and applied to obtain a weak law of large numbers for iterates
of random-valued functions. In the present paper we are interested in a strong
law of large numbers. We will be based on the following Brunk-Prokhorov-type
theorem, see [11, Theorem 3.3.1] and [6, Corollary 3.1].

(C) Let (#,)nen be an increasing sequence of sub-o-algebras of o/ and
(&n)nen a sequence of random variables such that &, is %, -measurable and
E(&,+1|-Zn) = 0 for each n € N. If (a,)nen is an increasing and unbounded
sequence of positive reals and

< 0
2 b
n=1 @y
then
| ! En 13 0
im — =0 a.s
n—00 Uy, k
k=1
2. A Scheme

Assume X is a metric space and f: X x  — X an rv-function.

Lemma 1. If ¢ : X — R is Borel and o f"(x,-) is integrable for P> for each
z € X and n € N, then the function o : X — R defined by

o) = [ o(/(w.0))Pla) 1)
1s Borel and
E(po f"(z,)|,) = ao f"(z,-) forz € X andn € N.

Proof. Since ¢ o f is A ® o/-measurable, by Fubini’s theorem « is Borel.
Consequently, for every x € X and n € N the function a o f"(x,) is o7,-
measurable and for each A € &/™ we have

/ P (f"7 (@, w)) P (dw)
{weN>: (wi,...,w,)EA}

- / o (F (™ @) ngr)) P> (d)
{weQ>®: (w1,...,.wn)EA}
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/{wEQM: (W1,wn )EA} (/Q o (J(f"(@,w),wni1)) P(dwnJrl)) P (dw)

/ o f"(z,w)) P> (dw).
{weQ>: (w1,...,.wn)EA}

O

The following theorem is in fact a scheme of proving a strong law of large
numbers for iterates of random-valued functions.

Proposition 1. Let v : X — R and assume that there exists a Borel and
bounded ¢ : X — R such that

o(z) = /Q o(f(,w)) P(dw) + (z) forz € X. 2)

If (an)nen is an increasing and unbounded sequence of positive reals such that

=1
¥E<OO

then, for every x € X,

lim —Zwofk =0 a.e. for P™. (3)

n—00 Uy

Proof. Define a : X — R by (1). Since ¢ is bounded, |p(z)| < M for every
x € X with an M € (0,00). Obviously also |a(x)| < M for every x € X. Fix
z € X and put

n=po f"(x,") —aof*a,:) forneN. (4)
Then [¢,| < 2M and by Lemma 1, E(&,41|%,,) = 0 for each n € N. It now
follows from Brunk-Prokhorov-type theorem (C) that

n

: 1 k k—1 _ 00
Jim - ; (po ff(x,-)—ao ffHz,:) =0 ae. for P>, (5)
Since ¥ = ¢ — «, for every n € N we have

S o e ) =3 (w0 e ) —ao oz, )
k=1 k=1

+Z (ao ff Yz, ) —ao fF(z,)),
k=1

ie.,

n

Z’l/)Ofk(fE,) = ((Pofk(xa') 7O‘Ofk71(xv')) +OL(I) 70‘0]0”(55")
k=1

k=1
(6)
for every n € N. Moreover, |ao f"(x,-)| < M. Consequently (3) holds. a
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3. The Weak Limit

Assume now the following hypothesis (H).
(H) (X, p) is a complete and separable metric space and f: X x Q — X
is an rv-function such that

/ﬂp(f(a:,w),f(z,w))P(dw) < Mp(z,2) foraz,ze X (7)
with a A € (0,1), and
/Qp(f(%w),x)P(dw) < oo forxeX. (8)

Then (see [1, Theorem 3.1]) there exists a probability Borel measure 7/ on
X such that for every x € X the sequence of distributions of f™(x,-), n € N,
converges weakly to 7f. See also [3, Lemma 2.2] and [9, Corollary 5.6 and
Lemma 3.1].

This limit distribution 7/ plays an important role in solving functional
equations, in particular in the class of Holder continuous functions. We call a
function ¢ : X — R Hdélder continuous with exponent 6 € (0,1] if there is a
constant L € [0, 00) such that

[Y(x) —(2)| < LP(QU,Z)‘S for x,z € X.

Moreover we call a function Hélder continuous if it is Holder continuous with
an exponent 0 € (0,1]. The following theorem (see [3, Theorem 2.1] and [4,
Corollary 2.6]) will be useful to us.

(B) Assume (H). If ¢» : X — R is Holder continuous with exponent
§ € (0,1], then it is integrable for 7/ and if additionally

/ (o) (dz) = 0, (9)
X

then there exists a Holder continuous with exponent ¢ function ¢ : X — R
such that (2) holds.

4. Main Results

In what follows (X, p) is a metric space and f : X x Q — X is an rv-function.

We start with a simple consequence of Proposition 1 and (B). It is a spe-
cial case of Theorem 2 given below, but shows our approach without technical
details.

Theorem 1. If (X, p) is complete and separable with finite diameter and (7)
holds with a X\ € (0,1), then for every Holder continuous ¢ : X — R and for
each x € X,

nli_)néorll;z/}ofk(x,-) :/deﬂ'f a.e. for P*. (10)
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Proof. Fix a Holder continuous 9 : X — R. Replacing ¢ by ¢ — fX pdr! we
may assume that (9) holds. By (B) there is a Holder continuous ¢ : X — R
satisfying (2). Since X is bounded, so is ¢. Applying now Proposition 1 with
an = n for n € N we obtain (3) which ends the proof. O

Since continuous real functions defined on a compact metric space can

be uniformly approximated by Lipschitz functions (see [5, 11.2.4]), Theorem 1
implies the following corollary.

Corollary 1. If (X, p) is compact and (7) holds with a A € (0,1), then we have
(10) for every continuous 1 : X — R and for each x € X.

Theorem 2. Assume (H). Let x € X and

), 2)" P (dw)

Z me a% < o0

with a 6 € (0,1] and an increasing and unbounded sequence (ay,)nen of positive
reals. If ¢ : X — R is Hélder continuous with exponent &, then

n

nhﬁrgo i Z (1/) o fF(x, ) — /quzdﬂf) =0 a.e. for P™. (11)

The proof will be based on three lemmas.

Assume that (X, p) is separable, (7) holds with a X € (0, 1), (8) is satisfied
and ¢ : X — R is Holder continuous with exponent § € (0,1], i.e

lo(z) — p(2)| < Lp(x,2)° forz,z € X (12)
with an L € [0, 00).
Lemma 2. For every z € X andn € N we have
| o @) P < 125 [ elfe.w).)Plaw),
| etreoyra) <z ([ p(f"<x,w>,x)P°°<dw>)6 +lo(@)l

Proof. Fix x € X, n € N and assume for the inductive proof that

| ol e)a) (o) ZA’C/ w),x) Pdw).
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Then, applying Fubini’s theorem, (7) and the above inequality, we obtain
/glmp(f"+1(x,w),m)P°°(dw)
< /goo p(f (f"(z, w1, wa, ), wng1), f (@, wng1)) P (d(wr, wg, . . .))
+ [ o)) Pldi)

< /\/Qm P(f"(x,w)w)POO(dw)+/Qg(f(:c,w),q;)P(dw)

< ; AP f(z,w),z)P(dw)
kZ:O /Q@( )

which ends the proof of the first part. To get the second one observe that by
(12) and Jensen’s inequality for every z € X and n € N we have

/ (" (,)) [P (dw) < T / (™ @), 2)° P (dw) + ()]
QOC

Qoo

<t/ p(f"<x,w>,x)P°°<dw>)6 +l(@)].

Lemma 2 makes sense to define a Borel function « : X — R by (1).

Lemma 3. For every x € X and n € N we have
1ol w) = ol @) P ()

§8L2/ p(f"(x,w),x)%Poo(dw).
Proof. Since, for every w € Q0 and w’ € Q,
(" (@,w) = (F(f*Ha,w),w))| < Lp(f*(z,w), f ("7 (2, 0),w"))
<L (p(fn(wi)>x)6 + p(f(fn_l(wi)vw/)ax)é) )

for every w € €2 we have

o (/@) — (" (z,w)) [
/Q (o (/@) — o(F (/" (@sw), ') P(de)

)

2

<12 (p(f"u,w),w)‘s + /Q p(f(f"”(w’w)vw’),mfP(du/))Q

<ar? <p<f"<x,w>,x)25 (] p(f<f”1<x,w>,w’),x)5p<dw’>)2> .
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Hence, applying Jensen’s inequality and Fubini’s theorem,
[ el @) =a(m @ )PP ()
AL " * p(d
<ar( [ o)) P ()
n—1 / 25P d />Poo d
[ ([ otrtm ) P ) peae)

= 8L> /QOQ p(f"(x,w),x)%Poo(dw).
0

Lemma 4. Let (by)nen be a converging to zero sequence of positive reals. If
x € X and there is a p € (0,00) such that

o0

Sotn [ olf e a) Ped) < o,

n=1

then
lim b, a0 f*(z,:) =0 a.e. for P™.

n—0oo

Proof. f n € N and w € Q, then by (1), (12), Jensen’s inequality and (7) we
have

o (" (,w))| < / o (F(f" (2, w), ")) [P(de)
<L / o (F (" (@ w) '), f(z,0))° P(de)
+1 [ plf(w.s).2) Pl + (o)

5
< L)\‘Sp(f”(x,w),x)& +L </Qp(f(x,w),fc)P(dw)> + [p(2)].

Now to finish the proof it is enough to show that lim, . b,&, = 0 a.e. for P>,

where &, = p(f"(at, -),:c)é for n € N. To this end observe that by Markov’s
inequality for every n € N and € > 0 we have

B() _ 1
= SUE(ER).

P(bpén > €) <

(5P
Hence it follows from the assumption of the lemma that for every € > 0 the
series Zzozl P> (b,&, > ) converges. Consequently, lim,, ., b,&, = 0 a.e. for
P>, O

Proof of Theorem 2. Fix a Holder continuous with exponent § function
¥ : X — R. Replacing ¢ by ¢ — [, ¢¥dr/ we may assume that (9) holds. By (B)
there is a Holder continuous with exponent § function ¢ : X — R satisfying
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(2). Now using Lemma 2 define a Borel function o : X — R by (1). Since
1 = ¢ — a, (6) follows. Applying Lemmas 1 and 3, and the Brunk-Prokhorov-
type theorem (C) to the sequence of random variables (&, )nen defined by (4),
we have (5). Finally, by Lemma 4 with b,, = a%n n €N, and p = 2,

1
lim —ao f"(z,-) =0 a.e. for P™.
n—oo aTL

This, (5), (6) and (9) give (11). O

Corollary 2. Assume (H). If1p : X — R is Holder continuous with an exponent
§ < i, then we have (10) for each z € X.

Proof. 1t is enough to observe that by Jensen’s inequality and Lemma 2 for
every x € X we have

/mp(f"(m,w)w)zépoo(dw) < </QM p(fn(x’w)ax)Poo(dw)>26

sQiAémﬂm»@HmQ%,

and then to apply Theorem 2 with a, =n, n € N. O

To get a result for exponents § > % we accept the following hypothesis
(Hs) with parameter § € (0, 00).

(Hs) (X, p) is a complete and separable metric space, f: X x Q — X is
an rv-function such that

p(f(@,0), f(50)) < E@ple,2) forweQandzzeX,  (13)
where £ : 0 — [0, 00) is a random variable for which E(¢2?) < 1, and
25
/ p(f(zo,w),z0)” P(dw) < 00
Q
with an xy € X.
Remark 1. 1f § > %, then (Hy) implies (H).
Proof. Assume (Hj) with a § > £. By Jensen’s inequality
BE = B((€%)%) < (B(€) <1

and

g~

| p(ta).0) Pla) < ( / p(f(:co,w),xo)”mdw))
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Moreover, for every x € X,
[ ot @) 0)Pao) < [ p(f(w.0) Flao,0) Pld)
Q Q
—&-/Q (f(zo,w), z0)) P(dw) + p(z0, z)

< (E€+ 1) p(z, 20 +/Q,0 (z0,w), x0)) P(dw).
O

Theorem 3. Assume (Hs) with a § € [3,1]. If ¥ : X — R is Holder continuous
with exponent &, then we have (10) for each x € X.

Proof. By Remark 1 we have (H), and it follows from Theorem 2 that to finish
the proof it is enough to show that for every x € X the sequence

([ ol @w).a) " P(de) o

is bounded. This follows from the lemma that is stated below. O

Let

Bp(x) = /Qp(f(x,w),x)pP(dw) for p € (0,00) and z € X.

Lemma 5. Assume (13) holds with a random variable § :  — [0,00) and let p
be a positive real. IfE(EP) < 1 and By(xg) < 0o for anxg € X, then By(z) < 00
for every x € X and there exists a constant ¢, € (0,00) such that

/ p(f"(x,w),x)ppoo(dw) <¢pfBp(x) forx e X andn e N.

Proof. Fix z € X. By (13) for every w € §2 we have
p(f(.’L‘,(U),l‘)p < 3¢ (g(w)pp(m7x0)p + p(f(mo,w),xo)p + p(anx)p) )

whence

/Q p(f (5,0, 2)" P(dw)
<3 ((E(ﬁ”) 1) + [

Q

p(f(xmw)xo)pP(dw)) < 0.
Put now

n(w) = p(f(z,w),z) forw e Q,
and

§n(w1,w2,...)=€(wn)7 nn(wl7w2;-~-):77(wn)
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for n € N and (wy,wa,...) € Q. Then, by induction and (13),
p(f*(z,w), = an W1 (@) ... En(w) for w e O and n € N,
where []7_, ., §;(w) := 1. Consequently,
/oo p(f™(z,w),z)" P (dw) < E((ink ﬁ &)") forneN.
k j=k+1

=1

Moreover, for every integer n > 2 and k € {1,...,n— 1} the random variables
My Ekt1, - - -5 &n are independent. Hence, if p € (0, 1), then for every n € N we
have

[ oy pean <> T &) =S 50 [1 Ee)
| 2

k=1  j=k+1 j=k+1

_ - P P\ F _ D _( (Ep»
=D E(M(EEN)" =E0) gy

P L —

If p € [1,0), then by Minkowski’s inequality for every n € N we have

(/ p(f"(z,w), = )pPOO(dW)>1p§§( nkjlgﬂfg Py

n

n 1 1
=S €@ ] E€)? < ————B, @)V
2 (E) 11 B < o o

Corollary 3. Assume that either

(i) (Hs) holds with a § € [5,1] and v : X — R is Hélder continuous with
exponent 9,
or

(it) (Hy) is satisfied and ¢ : X — R is Holder continuous with an exponent
6< 3.
Then for every bounded and nonempty A C X and for almost all w € Q>
with respect to P>°,

nllr&sup{|%z¢(fk(x,w)) 7/X1/1d7rf| tx € A} =0.
k=1

Proof. Tt concerns both, (i) and (ii).
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By induction,

p(f"(a:,w),f"(z,w)) < <H€k(w)> p(x,z)
k=1

forx,z € X, w € O and n € N, with
En(wr,wa,...) = &(wy) for (wy,ws,...) € Q% and n € N.

Hence

W (f"(z,w)) =¥ (f"(2,w))] < L (H £k(w>5> plx,z)°

k=1

for ,z € X, w € Q* and n € N, with an L € (0, 00).
Fix z € X. Since, for every z € X, w € Q> and n € N,

S0, w)) /X dr!
L et - /X !
1 n_ k
ﬁz Hga(w)é)p
k=1
(0,

D (f(@,w) = o (FF(z,w)]

IA
S
Mﬁ

SRS

znjw i) = [ it

for every r € (0,00) and for every nonempty subset A of the ball with center
at z and radius r, for every w € Q°° and n € N we have

sup{|%21/;ofk(z,w) */XZ/}dﬂ'f| cx e A}
k=1

LN TT e (i | LS g _ !
<L T[4+ =D v(ff(zw)) Ydm
n nkzl b'e

k=1j=1
In view of Theorem 3 and Corollary 2, to finish the proof it is enough to show
that

BM—‘

j=1

n k
. ]- ) lo'e)
nlgrgc - E I I §; =0 ae. for P™. (14)

k=1j=1
To this end observe that, by Jensen’s inequality, in the first case (i) we have
1
(&) = E((6*)7) < (E(€™))* <1
and in the second one

E(¢’) < (E)°



50 Page 12 of 14 K. Baron and R. Kapica Results Math

Therefore, applying the monotone convergence theorem and independence of
&n, n €N, we get

E(f} i 52) iE( i 52) iﬁ@(si)i(wsﬁ))%w

n=1 k= n=1

Consequently, the series > 00| [[_; & converges a.e. for P*° and (14) follows.

O

5. An Application to Random Affine Maps

Corollary 4. Assume X is a closed subset of a separable Banach space con-
taining the origin, £ : Q — R and n : Q — X are random variables such that
EW)X +n(w) C X forweQ, and

n

(:n(wl,wg,...):z H E(wj) | n(wg)  for (wi,wa,...) € 2, neN.

k=1 \j=k+1
If either ¢ € (0, %} and
Elgl <1, Ellnll < oo,
ord € [%,1] and
E(l€*) <1, E(|Inl|*) < oo,

then there exists a probability Borel measure p on X such that

/X lellu(de) < oo

and for every Holder continuous with exponent § function ¢ : X — R,
1 n
lim — E Yol = / wdp  a.e. for P™.
n—oo M, =1 X

Proof. The function f: X x Q — X defined by
fla,w) = f(w)z +n(w)

is an rv-function. It satisfies (H) in the first case, and (Hy) in the second one.
By induction,

n

[ (z,w,we,. ) = (H f(wk)>$+z IT €@w)) | n(wr)
k=1

k=1 \j=k-+1

forz € X, (w1, ws,...) € Q> and n € N. Hence, ¢, = f™(0,-) for n € N, so an
application of Corollary 2 and Theorem 3 finishes the proof. O
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Remark 2. Let A € (0,1) and let 7 : @ — [0,1 — A] be a random variable. Put

Cn(wr,wa,...) = Z )x”fkn(wk)
k=1

for (wy,ws,...) € 2 and n € N. By Corollary 4 there exists a probability
Borel measure y on [0, 1] such that for every Hélder continuous v : [0,1] — R,

1 n
lim — Zw o, = / Wdp  a.e. for P,
n—oo N, 1 [0’1]

But, as observed in [2, Remark 4.3], if (¢ o (;;)nen converges in probability for
a Borel ¢ : [0,1] — R such that

clx — 2] < |Pp(x) —¥(z)| for z,z €[0,1]

with a constant ¢ € (0, 00), then 7 is a.s. for P constant.
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