Complex Analysis and Operator Theory (2021) 15:112 Complex Analysis
https://doi.org/10.1007/511785-021-01156-w and Operator Theory

®

Check for
updates

Dolbeault and J-Invariant Cohomologies on Almost
Complex Manifolds

Lorenzo Sillari' - Adriano Tomassini?

Received: 24 March 2021 / Accepted: 23 August 2021/ Published online: 22 September 2021
© The Author(s) 2021

Abstract

In this paper we relate the cohomology of J-invariant forms to the Dolbeault coho-
mology of an almost complex manifold. We find necessary and sufficient condition
for the inclusion of the former into the latter to be true up to isomorphism. We also
extend some results obtained by J. Cirici and S. O. Wilson about the computation of
the left-invariant cohomology of nilmanifolds to the setting of solvmanifolds. Several
examples are given.

Keywords Almost complex manifold - Cohomology of Lie Algebra - Compact
four-manifold - Dolbeault cohomology - Frolicher spectral sequence - Solvmanifold

Mathematics Subject Classification 32Q60 - 53C15

Communicated by F. Bracci.

This article is part of the topical collection “Higher Dimensional Geometric Function Theory and
Hypercomplex Analysis” edited by Irene Sabadini, Michael Shapiro and Daniele Struppa.

Partially supported by the Project PRIN 2017 “Real and Complex Manifolds: Topology, Geometry and
holomorphic dynamics” (Code 2017JZ2SW5) and by GNSAGA of INdAM. Data sharing not applicable
to this article as no datasets were generated or analysed during the current study.

B Adriano Tomassini
adriano.tomassini @unipr.it

Lorenzo Sillari

Isillari @sissa.it

Geometry and Mathematical Physics, Scuola Internazionale Superiore di Studi Avanzati
(SISSA), Via Bonomea 265, 34136 Trieste, Italy

2 Dipartimento di Scienze Matematiche, Fisiche e Informatiche, Unita di Matematica e Informatica,
Universita degli Studi di Parma, Parco Area delle Scienze 53/A, 43124 Parma, Italy

) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s11785-021-01156-w&domain=pdf

112 Page2of28 L. Sillari, A. Tomassini

1 Introduction

Let (M, J) be a 2m-dimensional almost complex manifold. Then the almost complex
structure J induces a bigrading on the bundle of differential forms on M. The exterior
derivative d acts on differential forms as the sum of four differential operators, d =
w+d+0+ .

The celebrated theorem of Newlander and Nirenberg states that (M, J) admits the
structure of complex manifold (i.e., J is integrable) if and only if N; = O, that is
equivalent to 4 = & = 0. Consequently, in such a case d = 3 + 9. For complex
manifolds it is classical and well established the theory of Dolbeault cohomology,
obtained as the cohomology of the 3 operator. Another fundamental tool in the study of
complex manifolds is the Hodge Theory for the d operator that, once fixed a Hermitian
metric, establishes an isomorphism between the Dolbeault cohomology and the kernel
of the Dolbeault Laplacian A 3. However for almost complex manifolds, the operator P
is not cohomological and the Dolbeault cohomology cannot have the usual definition.
It is natural to look for other cohomological theories to study geometric properties
of almost complex manifolds. Motivated by the comparison between the J-tamed
symplectic cone K'; and the J-compatible symplectic cone K of an almost complex
manifold, defined as the projection in cohomology of the space of symplectic forms
taming J, respectively calibrating J, Li and Zhang introduced in [13] two cohomology
groups: the J-invariant cohomology groups, respectively J -anti-invariant cohomology
groups, of an almost complex manifold (M, J) denoted with H ", respectively H~, are
formed by 2"¢-de Rham classes represented by closed J-invariant forms, respectively
J-anti-invariant forms, with respect to the natural action of J on the space of 2-forms.

Such groups generalize the real Dolbeault cohomology classes in Hgl 1n HjR (R)
and (H 52 0 +H. ;;) ’2) N H; r (R) respectively. The focus is on whether the almost complex
structure J is C®-pure, i.e., HT N H~ = {0} or C®-full, i.e., H‘%R =Ht+H".
The problem is further studied in [10], where it is proved that any almost complex
structure on a compact 4-manifold is C*°-pure and C*°-full, and in [11]. Such a result
can be viewed as a sort of Hodge decomposition for 4-dimensional compact almost
complex manifolds.

Recently Cirici and Wilson defined in [6] an analogous of Dolbeault cohomology for
almost complex manifolds, that is also called Dolbeault cohomology. This definition
of cohomology is based on the decomposition of d and allows a development of
a harmonic theory, at least in some favorable situation such as in [7] for the almost
Kihler case (see also [17]). A Frélicher spectral sequence E/? builds a bridge between
the Dolbeault cohomology and the complex de Rham cohomology. In general, the
computation of such groups is difficult, since they might not be finite-dimensional (cf.
[8]). A special setting in which calculations can be performed is that of Lie Algebras.
Such computations have a direct application in the study of the left-invariant Dolbeault
cohomology of nilmanifolds, as showed in [6].

In this paper we study the relation between the complex cohomology group HE
of J-invariant complex forms and the Dolbeault cohomology group H 331 on almost

complex manifolds. Next we extend some results obtained in [6] for nilmanifolds,
to the case of solvmanifolds. More in details, since we have a characterization of J-
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invariant 2-forms as real forms of complex bidegree (1, 1), it is natural to ask whether
they belong or not to the Dolbeault cohomology groups, or at least if there exists an
isomorphism between H ™ and a subgroup of H 11), 01 ;- We relate J-invariant cohomology
and Dolbeault cohomology, finding that the condition

12

EM = )

is necessary and sufficient for the former cohomology group to be contained into
the latter up to isomorphism (Theorem 4.2). Then given any solvmanifold endowed
with a left-invariant almost complex structure, we prove that the left-invariant spectral
sequence satisfies Serre duality at every page and that the left-invariant Dolbeault
cohomology groups are isomorphic to the kernel of a suitable Laplacian (Theorem 6.1).
We apply our results, and show how information on the left-invariant cohomologies can
be used to deduce information on the non-left-invariant ones. Finally calculations of
left-invariant spectral sequence and J-invariant cohomology are performed on almost
complex manifolds and solvmanifolds endowed with a left-invariant almost complex
structure to give concrete applications.

The paper is organized as follows. In Sect. 2 we briefly recall some basic defini-
tions that will be used later on, and we introduce the notation. In Sect. 3 we resume
the definition given by Cirici and Wilson of Dolbeault cohomology for almost com-
plex manifolds. In particular, we focus on the spectral sequence arising from a Hodge
filtration, and give an explicit description of it. Section 4 is devoted to the study of
J-invariant cohomology and Dolbeault cohomology. We prove the results mentioned
above, and investigate the behaviour of the necessary and sufficient condition under
small deformations, showing with an example that it is not a closed property. Section 5
recalls the construction of the Dolbeault cohomology of Lie Algebras, while in Sect. 6
we prove the Serre duality for solvmanifolds and show a possible application of the
results. Finally in Sect. 7 we collect various examples of Dolbeault cohomology and
spectral sequences. Among them, we provide computations of the left-invariant spec-
tral sequence on 4-dimensional solvmanifolds that do not admit any integrable almost
complex structure. For such examples the Dolbeault cohomology theory for almost
complex manifolds becomes the main tool to investigate their geometry.

2 Preliminaries and Notation

Let (M, J) be an almost complex manifold of real dimension 2m, with J an almost
complex structure on the tangent bundle, i.e., J € End(T M) such that J 2= _1d.
Denote by A, (respectively A7) the algebras of real (respectively complex) differential
forms on M. J induces a bigrading on complex forms,

Ak = @ ALY 2.1)
p+q=k
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On real k-forms, o € Aé, J induces a map still denoted by J and defined by

JaXq, ..., Xp) =a(J X1, ..., JXp). 2.2)

If k is odd, J2 = —Id, while if k is even, J is an involution. In particular, Aﬂz@
decomposes as

A% = A + AR, (2.3)

where Aﬁ denotes the J-invariant forms and Ay the J-anti-invariant forms. If we
consider the bidegree induced on complex forms by J, it’s easy to check that A]E
consists of real forms in Aé:‘l, while Ap of real forms in Aé’o + A?C’z. We denote with
H j r (R) (respectively H j »(©)) the real (respectively complex) de Rham cohomology
of M.

The de Rham cohomology groups consisting of J-invariant and J-anti-invariant
forms were introduced in [13]. We shall use the notation of Draghici et al. [11]. The
J-invariant real cohomology group is

H = {[a] € H(R) : eAﬂgmkerd}, 2.4)
and the J-anti-invariant real cohomology group is
H = |[a] € Hix(R) 1o € Ag mkerd]. 2.5)

In the following we will denote a (p, ¢)-form o with «”-9.

We call a solvmanifold the quotient of a connected, simply connected and solvable
Lie Group G, by a discrete and co-compact subgroup I" of G. We denote it by I'\G.
If G is also nilpotent, we call I'\G a nilmanifold.

3 Dolbeault Cohomology and Spectral Sequences

Let (M, J) be an almost complex manifold of real dimension 2m. The exterior deriva-
tive decomposes as d = + 9 + 0 + 1, with bidegrees

lul =@, =1, [8l=(1,0), [9]=(0,1), |al=(-1,2). (3.1

The almost complex structure J is integrable if and only if & = 0. The equation
d? = 0 gives the relations
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=0

pno+du =0

ud +opu+0>=0

wit + 99 +89 +jinu=0 (=)
@d +da+0>2=0

o+ =0

=0

Since 1> = 0, jz is a well defined cohomological operator and its cohomology is the
[-cohomology

_ ker(ji: AL — A(’é_l’(ﬁ'z)

Im(i: ALTH2 ARy

q

i (3.2)

In general, 3 does not square to 0 on M, and its cohomology is not well defined. From
the relation du + nd = 0, 9 is well defined on cohomology classes of Hg . and
thanks to 8% + 19+ o = 0, it squares to 0, thus we can define [6, Deﬁ_nition 3.1] the
Dolbeault cohomology of the almost complex manifold (M, J) as the d-cohomology
of the pi-cohomology, i.e.,

q. g P.q+1
pa ker(o: Hﬁ — Hﬂ )

Dol = (3.3)

5. gpq—1 Pqy
Im(0: Hﬂ — Hﬂ )

The cohomology groups are well defined and if i = 0, they coincide with the usual
Dolbeault cohomology groups for complex manifolds. As in the complex case, the
Dolbeault cohomology is induced by a filtration on differential forms and has an
associated spectral sequence that coincides with the Frolicher spectral sequence of
complex manifolds if 1 = 0. We recall here the construction: consider the filtration

. - j.k—j
FPAG = Al nkerie @ AL (3.4)
j=p+1

The filtration is bounded by 0 from below and by m from above. With a shift of
indexing, the filtration coincides with the filtration of a suitable multicomplex endowed
with 4 differentials, and the two spectral sequences are isomorphic, up to taking pages
shifted by one step. Denote by

Erp,q’ p,gq=0,....mr>1, 3.5

the pages of the sequence. Then E{"? = H['4 and the (r+1)-th page is the cohomology
of the previous one,
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ker(d,: EP'Y — EPTaTrH

EVY =
Im(d,: EP 9= Py

r+1

(3.6)

with respect to the differential d,, |d,| = (r, —r + 1). An explicit description up to
isomorphism of the differential d, and of the pages of the spectral sequence is given
in [14] for a general multicomplex, and was first described in [9] for the Frolicher
spectral sequence of a complex manifold. For page 1, we have

{w € AL? Nker i : 0o € Im ji}

EPY = - : 3.7
! {ne A7y = jia + db and jib = 0} S
and if da = L, then
dile]p, = [de — 39]E,. (3.8)
In general, we have an isomorphism
vaq
EN = Thg (3.9)

r

where

X1 = {ap’q c Aé’q . there exist /97 j =1, ...r, satisfying

0 = paPHHa—k 4 goPrh+la—k=l o 5o pHkt2.q—k=2 4 5o p+ktda—k=3  p o Z}

(3.10)
where the equation has to be read with a?t%4=% = 0 if kisnot 0,1, ..., r, and
yFe = {n”’q € ALY . there exist pP=lati=l = _1,0,...,r — 1 satisfying
nPd = an—2,q+1 + anp—lyq + gnp,q—l + ﬂnp+17q—27
0= an—k,q+k—l + anp—k+l,q+k—2 + 5np—k+2,q+k—3
P e e S e 1}. 3.11)

We say that the spectral sequence degenerates at page r, for bidegree (p, ¢), and write
EP? = ERTif

EPY > Ej.’"] Vj>r. (3.12)

The spectral sequence degenerates at page r if it degenerates at page r for all bidegrees.

At the E o page, the degeneration of the spectral sequence induces a bigrading on
the de Rham cohomology of the almost complex manifold. In particular, ES;? consists
of cohomology classes in H {f ; 7(C) that admit a complex representative of bidegree

(p,q).
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4 Inclusion of J-Invariant Cohomology into Dolbeault Cohomology

Denote by H' = Ht ® C the complexified of the J-invariant cohomology group.
We are going to study under which conditions HE‘ is isomorphic to a subgroup of
H [1)’(}1 through the isomorphism of (3.9) between the Frolicher spectral sequence and
the quotients X;"’q/er’q.

The results are stated in Theorem 4.2, that gives a characterization valid in the
almost complex case. At the end, we briefly investigate the stability of the condition
found in the theorem under small deformations (in the integrable case).

For almost complex manifolds of any dimension, HE consists of complex de Rham
cohomology classes in HdzR (C) that admit a representative of type (1, 1) (cf. [10],
Lemma 2.11).

We begin considering the map in cohomologies induced by the identity on repre-
sentatives and show that it is never well defined.

Proposition 4.1 Let (M, J) be an almost complex manifold. The map
+ 1,1
He — Hp,
[ 11F = [ Do

is not well defined.

Proof The cohomology class [a!'!]* is written as

"1 = (" +d ("0 + %) 1 da ! =0).

In particular, ! = jia'"! = 0. This implies that there exists a cohomology class
in H 11)’011 given by (a1 por. However the definition of the map is not independent of
the representative chosen in [a'*1]7. We show now that this independence can never
occur. Checking independence on the representative reduces to check that

[01* < [01por € Hiyy-
Assume that this is the case, i.e. that
A"+ ") e [01py ¥B"0 € A", B! € AT,
Taking 50'1 = (0, we have that
[dB"*1por = 1980 + 3B + " 1por = [88"° + 88" 1par.
Since the terms 98"-% and 98"-0 have different bidegree, they must be in the trivial
class separately. The first one is trivial if and only if 38"* = 0 for every !0 € A(%O.

In other words 9 must vanish on (1, 0)-forms. The second one is trivial if and only
if v vanishes on (1, 0)-forms, i.e. if the almost complex structure J is integrable.
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This proves that if the inclusion is well defined M must be a complex manifold with
vanishing d on (1, 0)-forms. This is not the case even on complex tori. O

In order to obtain an affirmative result, we must consider the inclusion up to iso-
morphism. In particular we focus on the isomorphism (3.9), that allows to use the
explicit description of the pages of the spectral sequence recalled in (3.10) and (3.11).

At bidegree (1, 1), the r-th page of the spectral sequence is Erl’1 = X,l’l/le’l,
where

X],] — {Oll’l 0= [LOll’l — éal,l +[LO[2’0},

Y21,1 — Y31,1 — {nl,l — énl,O +87’]0’1, 'anl,o_’_ 5770,1 — 0}

Note that the spectral sequence at bidegree (1, 1) degenerates at most at page 3
independently of the dimension of the manifold. In fact |d,.| = (r, —r + 1), then

d, d,

EN 0,

0

if r > 3, and Eé;jl = E%l If m = 2, then it degenerates at the second page. Indeed, if
M is compact, J is integrable and m = 2 (i.e., if M is a compact complex surface) or if
M is a compact Kéhler manifold of any dimension, it degenerates at the first page and
the Dolbeault cohomology group at bidegree (1, 1) is isomorphic to the complexified
of HT (cf. [13], Theorem 2.16).

If J is integrable, we simply have

Vl={a 0= daly,

= {al’l :0=0abl! = dal! + 50{2’0},

Xé’l = {otl’l 0= 0ol = ol + 52?0 = 8012’0},

e

1,1

Ryt

Before stating the theorem, we make a consideration on the spectral sequence at
bidegree (0, 1). We have

d d
025 B9 S,

so that Eg’l = E?‘l for all » > 3, but E?’l = Eg’] does not imply Eg’] = Eg’l, since
in general

d

0,1 2,0
E2 E2
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does not vanish.

In what follows we establish a necessary and sufficient condition in order to have
an inclusion up to isomorphism of the complexified J-invariant cohomology into the
Dolbeault cohomology.

Theorem 4.2 Let (M, J) be an almost complex manifold. Denote by ¢ the isomorphism
EPT = xP1 )y Then the following conditions are equivalent

() @(HE) S p(Hp,);
[
i) EV' = EQ
If () [or (i1)] holds, then the inclusion is injective.

Proof Using the isomorphism ¢, (i) is equivalent to prove that

X;’l X}’l
o -7
L1 = L1
Y Y
while (ii) is equivalent to
0,1 0.1
XX
0.1 — 01"
Y Y,

X2 and Y7 satisfy by definition the following chain of inclusions:

pP-q P.q P.q p.q p.q pP-q
Yl ng ggYoo gXoo ggxz gX[ .

For (p, g) = (1, 1), using that Yzl’1 = Y31’1, this reduces to

We begin by proving that condition (i) holds if and only if Y 11’1 = Yzl’l. In fact if
(1) is satisfied, we consider elements in the quotient X ;’1 / Y21 ‘1 of the form 0 + Y21 1
Such elements belong to the quotient X }’] / Yll’1 if YZ]’] - Yll’l. Since Yll‘1 is always
a subset of Y21 1 we have Y2] oy 11’1 . Conversely, if Y21 1= Yll’1 , then (i) reduces to

x5! c
yht =

e

1,1
1

== —
~

1,1°
1

that is true thanks to the general relation X ;’1 cX } o1
We prove now equivalence with (ii). The differential d; of the spectral sequence
computed on E(l)’l is

din®' = [an"° + an%1y,
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where n'-0 is any (1, 0)-form such that an'0 4+ an%t =o.
Writing the explicit expression of Yzl’l, we have that Y21’1 - Yll’1 if and only if

for all n!0, %! satisfying an'® + an*! =0,

there exists y 1'% such that 970 4 87! = 8y 1.0, with 7y 0 = 0., i.e.

d1=0
N T

or, equivalently, X' = X9, This gives the desired isomorphism since Ey' =
kerd; N EY' = E%! Injectivity follows immediately from

1,1 1,1 LI _ vl
v nxytcyt =r)h
O

In Example 7.1, we will show in a concrete case how the inclusion is not well
defined if the condition E ?’1 = Eg '1is not satisfied, even in the favorable case of a
complex manifold. In Remark 7.3, we will note that Example 7.2 shows how the same
occurs for the left-invariant Dolbeault cohomology on an almost complex manifold
(the left-invariant cohomology will be introduced in the following sections).

For the inclusion up to isomorphism, the key condition is the isomorphism between

two terms of the spectral sequence
0,1 ~ 0,1
E;" ZE,, (*)

thus we find meaningful considering the openness and closedness of () under small
deformations of complex structure.

Let M be a compact complex manifold (so that the £/ are finite dimensional) and
{J;} a deformation of complex structures on M, with small ¢ € C. An easy calculation
shows that if we assume (x) for ¢t = 0, the function

el (1) = dim E ' (1),

is upper semicontinuous with respect to ¢. Indeed we have upper semicontinuity of
hP4(t) = dim HY"?(¢). Then

@) < h% @) < B4 0) = 31 (0).

We ask the following

Question let (M, Jy) be a compact complex manifold. Is condition (x) stable under
small deformations of the complex structure Jo?
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In all the examples for which we performed computations, the stability is satisfied.

On the other side, as a consequence of Example 7.1, we have that (x) is not a closed
condition even if we assume the integrability of J. More precisely, the example shows
the following proposition.

Proposition 4.3 There exist complex manifolds (M, J) such that

(i) the spectral sequence satisfies
0,1 0,1
EM £ EYY
(i) there are curves of complex structures {J;} satysfying Jo = J and
EVN 0 = ES (1)

forall smallt # 0.

The same happens at the level of the left-invariant spectral sequence for almost
complex manifold as shown in Example 7.4.

5 Dolbeault Cohomology of Lie Algebras

Let g be areal Lie Algebra of dimension 2m and J a complex structure on the vector
space g. We call J an almost complex structure on the Lie Algebra g. Consider the
Chevalley—Eilenberg complex of g, (A%, d). Recall that the differential is defined as
the dual of the Lie bracket [-, -] for 1-forms, and extended as a derivation to all forms.
J induces a bidegree on the complexified of the Chevalley—Eilenberg complex,

A’;C= &P AS;{’. (5.1)
p+q=k

The Dolbeault cohomology of the Lie Algebra g is the d-cohomology of the ji-
cohomology groups,

HE4(g) = HI(H! (g). 9), (5.2)
and the spectral sequence {E;""(g)},en associated to the Hodge filtration

Frake = alfnkerie @ Agpc"‘f. (5.3)
J=p+l

is the spectral sequence of g. In the setting of Lie Algebras, it’s possible to com-
pute easily the cohomology as a matter of linear algebra and all the spaces are finite
dimensional. We set

by = dime Hjjp(g. ©), (5.4)
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and
hy? = dime Hp i (g). (5.5)

As a consequence of the existence of the spectral sequence, we have Frolicher inequal-
ities (cf. [12]) for the almost complex case.

Theorem 5.1 ([6], Proposition 5.1) Let g be a real Lie Algebra, dim g = 2m, and J
an almost complex structure on g. Then

bi< Y oyt (5.6)

p+q=k

Denote by x(g) = > ,(— DXb* the Euler characteristic of g. Then

x(@) =Y (=HPrenge. (5.7)

p.q

Consider now a J-compatible inner product (-, -) on g. It is possible to develop
a harmonic theory for differential operators that makes easier some computations of
cohomology groups. The Hodge * operator is defined as usual by the relation

(. mVol =g A, (5-8)

with Vol denoting the volume form in Az’", and ¢, n € Ag;cq. Taken § among d, 1, 0,
d, fi, the formal adjoint of & is the operator

8 = —x8x%. (5.9
The 6-Laplacian is defined as
As = 88* + 83, (5.10)
and the space of §-harmonic (p, q)-forms is
HYT = A;’gf Nker Ag. (5.11)

On a Lie Algebra, the above spaces are always finite dimensional.
The operator i* is the adjoint of i with respect to (-, -), and Ag -4 admits a Hodge
decomposition

. , _ Lg=2\ o - —1,g42
Al = NPT @ AT @ Al ). (5.12)
In particular, cohomology classes in H 5 ! (g) admit a ji-harmonic representative. For

a Lie Algebra, the Dolbeault cohomology can also be obtained as the cohomology of
the operator 9, defined on fi-harmonic (p, g)-forms as
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() = H(39), (5.13)

where we denoted with Hj; the projection on ji-harmonic forms. It can be checked
that 9z is a cohomological operator and

ker(d; : HZ’q — Hf—i"”l)

Hipyi (@) = Gy AT Ry (5.14)
Taking the adjoint 5; =Hpo 9*, we can consider the associated Laplacian
5, = 007 + 970y, (5.15)
The space of 9;-harmonic forms is
Hgl_;q =My Nker Ag, - (5.16)

The main obstruction to using 5,1 to study the Dolbeault cohomology, lies in the
fact that in general, 5}; is not the metric adjoint of E_)ﬂ. However, this is the case in
some favorable situation, in particular for compact Lie Groups or for the left-invariant
cohomology of solvmanifolds.

6 Dolbeault Cohomology of Solvmanifolds Endowed with a
Left-Invariant Almost Complex Structure

In this section we extend results obtained by J. Cirici and S. O. Wilson in [6] for
nilmanifolds, to the case of solvmanifolds, showing that the left-invariant Dolbeault
cohomology always satisfies Serre duality and is described by 5,1. Finally, we show
how Theorem 4.2 can be used, together with the left-invariant cohomology, to recover
informations on the (non-left-invariant) Dolbeault cohomology.
Let M = I'\G be a solvmanifold. Consider the three graded algebra:

° AZ, algebra of differential forms on g;

° LA*(M ), algebra of left-invariant forms on M;

e A*(M), algebra of differential forms on M.

There is always an isomorphism
Al = LA* (M), (6.1)
and an inclusion
LAY (M) — A*(M). (6.2)

Both clearly extend to the complexified version of the algebras. The isomorphism of
the Chevalley—Eilenberg complex with left-invariant forms, induces an isomorphism
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of the de Rham cohomology of g and the left-invariant de Rham cohomology of M
(i.e., the de Rham cohomology of left-invariant forms),

Hjr(g; C) = “Hjp(M; C), (6.3)

but in general the inclusion is not a quasi-isomorphism, and the left-invariant de
Rham cohomology is not isomorphic to the de Rham cohomology of M. However,
that happens in some favorable case. In particular, if M itself is a compact Lie Group,
or if G is completely solvable, then

Hp(g: C) = Hip(M; C). (6.4)

An almost complex structure J defined on g induces in a natural way an almost
complex structure J on the solvmanifold M. We call such a J, a left-invariant almost
complex structure on M. Jis integrable if and only if J is integrable as an almost
complex structure on M.

The left-invariant Dolbeault cohomology of M is defined as the Dolbeault coho-
mology of the complexified Lie Algebra,

LHEA(M) = Hpi(9), (6.5)

and the left-invariant spectral sequence of M as the spectral sequence associated to
the Dolbeault cohomology of g,

LE* = EX*(g). (6.6)

One can consider also the non-left-invariant Dolbeault cohomology associated to J.
It is not known if this cohomology coincides with the left-invariant one, even in the
case when (6.4) holds, but this is conjectured to be true for nilmanifolds and integrable
almost complex structures (cf. [16]).

We want to prove the following theorem.

Theorem 6.1 Let M = I'\G be a solvmanifold. Then for all (p, q), its left-invariant
Dolbeault cohomology is obtained as 9 -harmonic left-invariant forms,

Labao = LHg;_;‘f. 6.7)
The left-invariant spectral sequence satisfies Serre duality at every page
LEPY = LEI=PM=4  yp > 1, (6.8)

Before giving the proof of the theorem, we make some preliminary observation and
state some useful Lemma.
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The study of left-invariant cohomology is made easy if 8- is the metric adjoint of
8 . A sufficient condition for this to happen (cf. [6], Lemma 5 2)is

=0 on A’;’gl’m. (6.9)

Equivalent conditions to (6.9) are

d=0on A;{g—l, (6.10)
and

H?(g; C) = C. (6.11)

We recall now some consequence of (6.10), that will be used to prove Theorem 6.1. The
fact that 8;: is adjoint of 9, allows to use harmonic theory to establish an isomorphism

from 5,1 -harmonic forms to the Dolbeault cohomology of g, (and consequently to the
left-invariant cohomology of M).

Proposition 6.2 ([6], Theorem 5.4) Let g be a Lie Algebra and H(%f‘ (g9;C) = C. Then
s R a ,q—1 a ,q+1
Hp? =My @ (M) @ I5 (", (6.12)

and 5,1—harm0nic forms are isomorphic to the Dolbeault cohomology of g,
Hp(g) = Hg;" . (6.13)

The Hodge * operator and conjugation give, with the usual argumentation, Serre
duality for Hp !, and via the above isomorphism, the first page of the left-invariant

spectral sequence also satisfies Serre duality.

Proposition 6.3 ([6], Corollary 5.5) Let g be a Lie Algebra and H2m (g;: C) = C. Then
Hpo (@) = Hpy " ™ (9).

For the sake of completeness, we recall the proof of the following well known
result.

Lemma 6.4 Let g be a unimodular Lie Algebra, dimg g = 2m. Thend = 0 on Azfé’_l.

Proof Fix an inner product (-, -) on g. Let {e j}i’“:’ | be an ortonormal basis of g with

respect to the inner product and {¢/ }3’21 its dual basis. Set

lej, ex] = ZCékez, Cﬁ-k + C,ij =0
1
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The differential on 1-forms is determined by the structure constants
1 Y k
d¢! = —EZC,W N
jk

A basis of (2m — 1)-forms is given by {¢! A --- A qgj A A d)z’”}?’il, where ¢A)j
means that the form is omitted. Then we have

d(qﬁl/\.../\(i)j/\.../\qﬁzm)
=Z(—l)k+ld¢k/\¢l/\-~-A(]3k/\~-~/\¢j/\--'/\¢2m

J]ii(—mkd(l,kmpl A AGI A AGEA AP
k>
=Z(—1)"(ZC{‘,,¢ZA¢")A¢>1A-~-Aq§’</\~-~/\¢3f'A-..A¢2m
k<j I<n
+Z(—l)k+l(zclkn¢l/\¢n>/\¢1/\.../\(Z,./'/\.../\(ik/\_”/\q)zm
=£(]—1)kc,’§j¢kl;”¢j AP A AGEA NG A A
—];<12:(—1)k+1c§k¢/ AGEAGIA AP A AGEA AP
= (—k:)jj > chvol = (1)) Tr(ad,,)Vol.

k

where Vol = ¢! A --- A $?™, and the last equality follows by definition of trace

Tr(ade)) =) (ade,(er). ex) = ) Cl.
k

k
If g is unimodular, the trace of the adjoint vanishes, and so does the differential. O

We are ready to proceed with the proof.

Proof of Theorem 6.1 Since G is a connected, simply connected solvable Lie Group
that admits a lattice, it is unimodular and by Lemma 6.4, condition (6.10) is satisfied.

Proposition 6.2 and 6.3 are valid for g and so the left-invariant Dolbeault cohomol-
ogy group of M are isomorphic to left-invariant éﬁ-harmonic forms and satisfy Serre
duality. This proves (6.7), and also (6.8) for the first page.

Forr = 1, note that (“ E T* dy) satisfies the hypothesis of the main theorem in [15].
In fact we proved that d vanishes on Az’g_l, thus also 9, d and j& vanish on A;’g_l.
dj is a sum of such differentials, thus d; = 0. Serre duality at first page, d; = 0 on
Azﬁg” and L E""™ = C imply Serre duality at every page. ]
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We conclude the section applying our results to solvmanifolds and to compact Lie
Groups.

Proposition 6.5 Let M = T'\G be a solvmanifold endowed with a left-invariant
almost complex structure J. Denote by “H, respectively Lp 5 (3, its left-invariant
J-invariant cohomology, respectively its left mvariant Dolbeault cohomology, and by

H(C, respectively HP f Ol, the non left-invariant cohomologtes
+ +
Assume that "HE ¢ LH - Then HE ¢ HDol

Proof Consider the following maps, induced in cohomology by the identity:

L+ +
He — Hc

L[al,l]-i- [Ol1’1]+

and

L
HDol HDol

Ly 1,1 1,1
[@" 1poi —> [& 1po

They are well defined since left-invariant forms are also ordinary differential forms,
and they are injective because of the equalities

LHE N0t = Flo1t (6.14)
LHSL N 101per = L101per (6.15)

These equalities follow from the commutativity of the differential d with the operator
L; , 1.e. the pullback of left multiplication by an element y € I'. In fact commutativity
of the operators implies that left-invariant forms that are the differential of a form, are
actually the differential of a left-invariant form, and this proves (6.14). Separating the
bidegree of the components of d, we have that

[, Ly1=19, L] =0,

and this proves (6.15). This gives an injection of left-invariant cohomology groups into
the non-left-invariant ones. The same reasoning shows that analogous monomorphisms
are present for the groups Elo’l, Eg’l and their left-invariant version, since Eg’l is
computed as the kernel of di, that again commutes with L7.

Theorem 4.2 is true at level of non-left-invariant cohomology, and of course also
at level of left-invariant cohomologies thanks to the injection.

Assume now that LHJr ¢ LHII) ]1 As a consequence of Theorem 4.2, LE?‘I %

. On the other side, if E0 = g'l, then LE?’I ~ LEg’l at the level of left-
1nvar1ant cohomology. In particular, LEO ! 2 LEO ! implies E(l)‘1 % Eg’], and using
again Theorem 4.2, we conclude that H + ¢ H Do, O
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This proposition allows to use a property easy to check on left-invariant cohomology
to recover information on non-left-invariant cohomology. An analogous result can be
stated for compact Lie Groups.

Let G be a compact Lie Group endowed with a left-invariant almost complex
structure J, and g its Lie Algebra.

The left-invariant Dolbeault cohomology of G is

YHE(G) = Hpji(g. ).
In the same way, the left-invariant spectral sequence is given by
LEPNG) = EP (g, D).

We recall here a result from Cirici and Wilson that shows how it is possible to inject
the left-invariant spectral sequence into the non-left-invariant one.

Proposition 6.6 ([6], Lemma 5.9) Let G be a compact Lie Group with a left-invariant
almost complex structure J. For all r > 0, the inclusion LA*(G) — A*(G) induces
an injection

LEP9(G) — EP1(G, J).

As an immediate consequence of Theorem 4.2 and Proposition 6.6, we can deduce
the following proposition for compact Lie Groups.

Proposition 6.7 Let G be a compact Lie Group endowed with a left-invariant almost

complex structure J. Assume that LHE Q LH})’(}I(G). Then Hg Q H[l)’oll.

7 Examples

In this section we show some example of what was proved in Sect. 4 and in Sect. 6.

We begin showing that, on a complex manifold, () is not a closed condition. We
also explictly show with computations that when it is not satisfied, cohomology classes
in Hg do not define cohomology classes in HE-)I’I.

Example 7.1 (E (1)’1 = Eg ‘lis not a closed condition) We provide two examples of not

closedness of condition
0,1 ~ 0,1
E|" = E;, (%)

The first one has appeared in [5], Example 4.8, with the purpose of showing different
behaviours for the spectral sequence of a 6-dimensional nilmanifold. The example
exhibits a curve of complex structures parametrized by ¢, in order to prove that the
numbers dim Eé’ “U(t) are neither upper semi-continuos nor lower semi-continuous
with respect to ¢. The spectral sequence behaves as follows:

e Forsint =1 wehave E}"® 2 E3* 22 E3* = E;
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e Forsint = —1 we have E}"* 2 E>* = E3;
e For |sint| # 1 we have E}"® = E'* £ ES® = EX;

We recall here the construction of the complex structure. Consider a 6-dimensional
real Lie Algebra spanned by {e;}, j = 1,..., 6. The differentials of the dual basis
determine the Lie Algebra g and we take them to be as follows:

de' = 0, de? = 0, de’ = 0, de* = elz, de® = e + 642, de® = ' + 23,

Consider the family of complex structure parametrized by ¢, given by

Jlel =

3(3 —sint)(7 4 3sint) ,
— e
(54 sint)(11 —sint)

3 33 —sint)(11 —sint) 4
Jiew = - - e
(5 +sint)(7 4+ 3sint)

5 (I1 —sint)(7 + 3sint) ¢
Jiew = — - - e
3(3 —sint)(5 +sint)

and the nilpotent complex Lie Algebra obtained as

4o} = /(11 —sinr)(5 + sint)e! 4 iy/3(3 — sint)(7 + 3sint)e?,
8¢? = (5 +sint)(7+3sinr)e® —iy/3(5+sint)(3 —sinr)(11 — sint)(7 + 3sinr)e?,

and

128¢> = (5 + sin)(7 + 3sin z)[3(3 —sint)y/(11 —sint)(5 + sin1)e’

Fi(11 = sinr)y/3(3 —sinr)(7 + 3 sint)e6].

The basis of (1, 0)-forms parametrized by ¢, has the following differentials:

T 1 —sint 5
dgotl =0, d(ptz = ‘/’z“’ d(pl3 = — %12 + 2‘Pz12 +

I +sint 5
T‘pl‘ .
If |sint| # 1, we have that the first page of the spectral sequence is isomorphic, as a

vector space, to the second one (but not to the third one). In particular, condition (x)
is satisfied. For sint = 1, we have

- — l -
dg; =0, dof =9, dg} =0+ 07,

thus H(,-?’] ~ C3, while E(z)’1 2 C2 and (%) is not satisfied.
More explictly, d ga?’ = B(p? = <pt12~|—%(p?l is ad-exact 2-form and thus belongs to the
0 class in HE . However, it does not belong to the 0 class in the Dolbeault cohomology
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of (1, 1)-forms since it is not the 9 of any (1, 0)-form, and so the inclusion H(E’ C Hg’l
is not well defined.

The second example comes from the holomorphically parallelizable Nakamura
manifold, and its small deformations. The manifold can be obtained as the quotient of
the Lie Group G = C x4 C2, with

et 0
$(2) = [O e_z} ,

by the lattice I' = (a + ib, ¢ + id). If we assume that b, d € nZ (cf. [1], Example
3.4), we can compute the Dolbeault cohomology of the manifold using a sub-complex
of differential forms spanned by the (0, 1)-forms

1 - 2 3
dz', e7dz?, etldz’,

and the conjugate (1, 0)-forms. In [2], it is proved that we can compute the Dolbeault
cohomology of a holomorphically parallelizable solvmanifold and its small deforma-
tions along special curves by means of a suitable sub-complex of differential forms
(cf. [2], Corollary 3.7). In particular, for the Nakamura manifold, one can consider a
curve of complex strcuture given by

b 0
rdz' @ —.
021

By [2], Proposition 4.2, along such a curve and for all # # 0, the 33-lemma is satisfied,
the spectral sequence of deformations of the Nakamura manifold degenerates at the first
page, and so condition (x) is satisfied. On the contrary, for r = 0 the spectral sequence
of the holomorphically parallelizable Nakamura manifold does not degenerate at the
first page.

The above manifolds, both provide a proof of Proposition 4.3.

We proceed now to compute the Dolbeault left-invariant cohomology of 4-
dimensional solvmanifolds that do not admit integrable almost complex structures.
There exists three such solvmanifolds (cf. [4]). The first one is a nilmanifold. The
second one is a symplectic, completely solvable but not nilpotent solvmanifold (Exam-
ple 7.2) and the last one is a completely solvable but not symplectic nor nilpotent
solvmanifold (Example 7.5). Calculations for the nilmanifold have already been made
in [6], Example 5.15.

Example 7.2 (T'\Sol(3) x S') Denote by Sol(3) the solvable Lie Group of dimension
3. It can be obtained considering the groups (R, +), (R?, +) and taking the semi-direct
product Sol(3) = R x4 R, with

el 0
(»b(t): [0 e—l}'
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The product Sol(3) x R can be identified as a subgroup of matrices via the homomor-
phism

e 0 x00
. e ty00
t,x,y,8) ——> 100]| € SL(5,R).
ls
1

Denote with K the image of Sol(3) x R by 6. Then K is a subgroup of SL(5, R)
with respect to matrix multiplication, isomorphic to So/(3) x R. By Auslander et al.
[3] (Theorem 4), K admits a lattice I". The quotient M = I'\ K is a solvmanifold, of
real dimension 4. An explicit construction of M can be found in [4] in the examples
following the classification of four-dimensional solvmanifolds. Taking A € K and
computing A~'d A, we obtain a basis of left-invariant forms

{el =dt, > = e 'dx, e = e’dy, et = ds}.
The dual basis of vector fields is

a ;0 _; 0 d
{elz—,e2=e—,e3=e —,e4=—}.
ot ax dy as

The only non-zero brackets are
ler, e2]l = e, [e1,e3] = —e3,

and the differentials of 1-forms can be obtained directly differentiating {e/}, or by
taking the dual of the Lie bracket. The only non-vanishing differentials are

d€2 — —612, d€3 — 613, d€24 — —6124, d€34 — 6134.

We can directly compute the left-invariant de Rham cohomology of M and, since
Sol(3) x R is completely solvable, it coincides with the real de Rham Cohomology:

Hx(M;R) = (1),
Hjp(M;R) = (¢!, e >
Hip(M;R) = (', %),
HjR(M; R) = <6123 234)’
Hjp(M;R) = ('),

In particular, the Euler characteristic of M is 0. The complex de Rham cohomology
of M is obtained as the complexified of the real one.
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We shall consider two almost complex structures on M. Set

Jep = e, Jep = ey,
(A) B)
Jez = ey, Jer = e3.

Structure (A) will provide an example of a left-invariant spectral sequence degener-
ating at the first page. This almost complex strcuture is not almost-Kihler. On the
other side, structure (B) will provide an example of a left-invariant spectral sequence
degenerating at the second page, and it is an almost-Kédhler structure.

Regarding structure (A), a basis of complex vector fields is obtained by taking
projections of ¢; and e3. Define

_ 10 _l . N _l —
Zi=m (81)—2(61 iez), Zpy=m (63)—2(63 ieg).

A basis of the complexified tangent space is {Z1, Z», V4 1 Zz}, and a basis of dual
forms for the complexified Lie Algebra is {¢', 2, @', ¢}, where

gol =e' +ie?, <p2=e3+ie4.

As for the de Rham cohomology, the differentials p, 9, 9, [ of complex forms can be
obtained calculating the differential of the complex forms starting from the real ones,
then separating the bidegrees, or else by duality from the brackets. The differentials
are

1 — forms: upl =0, 99! =0, d¢' = -p'', pe' =0,

12

1 —_
2 02,

1 —
ne? =0, 39 = ¢ B¢? =207+

12
1 )

- 2
’ /"L(p =
and the conjugate equations. Note that the almost complex structure is not integrable
since ;1(/)2 # 0. From the differentials on 1-form, we can compute them for all degrees,

and then compute the left-invariant spectral sequence. As a consequence of Theo-
rem 6.1, it satisfies Serre duality. We show calculations only for bidegree (1, 1). On

1,1 1 12 1 2
Ag' = (o' 0", 02 0%,
@ vanishes for bidegree reasons. d vanishes on go”, and 5(p1§ = 5(piz = ip'?, while
99?2 does not belong to the image of /i, then
1,1 1 12 1
Xt =(p'. 0" "),
For bidegree reason, (1, 1)-forms cannot be in the imgge of 1, so we just have to check
the existence of a (1, 0)-form 10 such that n»! = 9810 and 28"° = 0. In general,
BL0 = ag' 4 bep?. The condition 18" = 0 gives
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b —_
=~ nl0 12
= — = 0’
np 79

so it has to be 810 = ag!. Then

so that Y 11’1 = (gali). Taking the quotient, we have
FHp, (M) = (912,91 = C
Analogous calculations show that

1 2 2 1,2
“Hpo (M) = “HE (M) = “H2 (M) = ©Hpo (M) = {0},

FHpy (M) = (¢ %) = C,
FHE, (M) = (9" 617 =
LHYS (M) = (1) =C,
LHZ2 (M) = (p'21?) = C.
The first page is
0/0|C
L ~
LED* =|C?|C?|C?
Cl0]0

Note that the spectral sequence degenerates at the first page because separately in
every bidegree, the dimension can only decrease and at the last page their sum must
coincide with the Betti numbers of M. To compute the real J-invariant group H, we
write forms in HZ,, as complex forms:

1 1 2_ 2
614:<P + o /\<P @
2 2i
11 2 2 1
23 (2 (4 A‘P + @ _

_ L1212 12 12
e =— > 4i(fﬂ Pt —9).

1 - ——
— 4_i((p12 +(,012 _ (plz _ (,012)

First adding then subtracting we obtain ¢!* — ¢> € Ht and e!* 4+ ¢» € H™,

+ _ L 2 12 - _ L 12 _ 12
H—<2l.(<p ® ), H—zl.(rp ®)).
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This is sufficient to conclude the computation of H *+ and H~ since in dimension 4,
we always have a direct sum decomposition

Hix(M;R)=H" @ H™,

(cf. [10], Theorem 2.3).

For structure (B), the d-closed 2-form providing an almost-Kdhler metric is w =
e'% 423 The computations of the left-invariant spectral sequence proceed in the same
way as for structure (A). The only non-vanishing differentials are

15 - L o 1o
bp? =20 =20 e =c¢'2 99 = -2,

and the conjugate equations. The computation of Dolbeault cohomology group is
straightforward:

FHR M) = (1), FHpL () = (971,

LHll)’oll(M) _ “011’ (pzi’ (pli’ (ph) ~ ¢4,
FHpy (M) = (' 0%, PHE, ) = (91 0'),
FHpg M) = (@"). FHE 00 = (@77,

and the first page of the spectral sequence is

0lC|C
C?|C?C?
Cc|C|o0

oy~
&)
-
*
12

Note that this is not the bigrading induced on the complex de Rham cohomology, since
for example dim © H 11)’31 + dim LHg’ (}l = dim H ‘} r- The same happens for degree 2
and 3. The following page is obtained as E}*? = X7 /y?*4. The quotients are

LES,O — (1), LE§,2 _ <§01212)’
LENO —(ohy,  LED? = (4*1),
LES,I — (o)), LEg,l = (o',
LEX0 = LES? — o),

LEM = (o', 22

For dimension reasons, this is also the oo page of the spectral sequence,

o[C]C
Lerx=[C|C?[C|, vr=>2,
c|Clo
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and gives the induced bigrading on the de Rham cohomology. Proceeding as for
structure (A),

HT = (ip"ip™), H ={0).
Remark 7.3 In both examples, harmonic representatives of H(Er are also harmonic
representative of Ly 11),011' For structure (A), the condition LE?’l = LE;)’I is satisfied,

and if we consider a non-harmonic representative in H, + it still defines a class in

LHé’Dll, as expected from Theorem 4.2. In fact we have H(Er = ((pT2 — (pli). The
generator is d-closed. d-exact (1, 1) forms are written as 9810 + 9% !, with

B0 =ap' +be?, B =co' +dy?,

with the conditions 280 + 98%! = 0 and up%' + 9810 = 0 that are satisfied only
if b + d = 0. Immediately we have

a—=c 11
) i

5ﬁ1,0 + 8'30,1 —

. - Lprl1
that is the O class in “ H; ;.

This is not true for structure (B), in fact if we modify ¢ I with a d-exact (1, 1)-form,
the class in LHg(}l varies.
Example 7.4 (Let-invariant deformations of '\ Sol(3) x S!) In this example we com-
pute left-invariant deformations of the manifold M = I'\Sol(3) x S!. Consider the
almost complex solvmanifold endowed with a left-invariant almost complex structure
(M, J), where J is the structure (B) of Example 7.2. We study the behaviour of the
left-invariant spectral sequence under deformations.

Since we are interested in the left-invariant cohomology, calculating deformations
of J is a matter of linear algebra. As a matrix, J is written as

0 —Id>
7= [ldz 0 } ’
and its small deformations are represented by a 4 x 4 matrix L satisfying

LJ+JL=0.

This last condition is written as
L= A B
~ |PBP —PAP

where A and B are 2 x 2 matrices and P = |:(1) (1)]
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The deformations are also codified by a form ¥ € T19M @ 791 M* that is written
as

V=y0lo'®ZI + ' @ Zr + i ? @ Z1 + V30’ ® Za,

and must satisfy ¥ = %(L — iJL). By writing out both members of the equality we
obtain the expression of i in function of A and B, then we compute the brackets
of the deformed structures in function of iy and the brackets at time 0. Finally by
duality we obtain the differentials of the deformed left-invariant forms, and compute
the left-invariant spectral sequence. We classify deformations into two groups:

(i) A1+ Ap =0and B;; =0,
(ii) the remaining structures.

For structures of type (i), the behaviour of the spectral sequence stays the same, and
we have degeneracy at the second page. For structures of type (ii) and ¢ # 0, we have
that the spectral sequence degenerates at the first page and coincides with the spectral
sequence of structure (A).

In particular this shows that condition ' E (1)’1 = LE(Z)’1 is not closed (at level of
left-invariant spectral sequence), since it is not satisfied for ¢+ = 0, but it is true for
deformations of class (i7).

Example 7.5 (I'\G) Let G = R x, R3, with

e 0 0
o(t) = et 0 |,
eot4t

with o real numbers satisfying o + a3 + a4 = 0. G identifies as a subgroup of
matrices, still denoted by G, via the homomorphism

e 0 0 x
o3l
(t,x,y,7) —> ¢ eg,i € SL(4,R).
1
A proof that G admits a lattice I', and an explicit construction of the quotient can be

found, as for Example 7.2, in [4]. Then the quotient M = I'\G is a solvmanifold, of
real dimension 4. A basis of left-invariant forms is

{el =dt,e® = e ?dx, e’ = e dy, et = e‘““’dz}.

The dual basis of vector fields is

) 0] 3 9
{el = —,e) = ealt_,€3 — €a3t—,€4 — €a4t—}.
8t a_x ay aZ
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The only non-zero brackets are
ler,ejl =aje;, j =234
The non-vanishing differentials are

de? = —azelz, de’ = —a3e13, de* = —a4e14,

123 124 134

de® = oy e de** = aze de’* = e

G is completely solvable, and its left-invariant cohomology coincides with the real de
Rham Cohomology:

H)r(M;R) = (1),
Hjp(M;R) = (e"),
Hx(M;R) = (0},
Hjp(M;R) = (24,
Hig(M;R) = (e!?3%).

We compute the left-invariant spectral sequence for the almost complex structure

Jey = ey,
Jez = ey,

The non-vanishing differentials on 1-forms are

3 @2 11 2 a3 tas p 9 a3 — a4 i3
a ]=_ ) 8 = ) = - )
¢ 2‘/’ @ 4 ® ne 4
= o o 1 o3 — o 5
8(p2=_3+4 2 23 4,02

4 4

The left-invariant Dolbeault cohomology is

12

c?[c?|c?|
Clo]o

LET,*

The spectral sequence degenerates at the second page, giving the bigrading of the de
Rham cohomology:

LEF*=IC

(==}
=lielle!

<

~

\%

)
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