J. London Math. Soc. (2) 0 (2021) 1-41 doi:10.1112/jlms.12499

Boundary regularity for manifold constrained p(z)-harmonic maps

Iwona Chlebicka, Cristiana De Filippis and Lukas Koch

ABSTRACT

We prove partial and full boundary regularity for manifold constrained p(z)-harmonic maps.
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1. Introduction

In this paper we complete the partial regularity theory for p(z)-harmonic maps studied in [10]
providing partial and full boundary regularity for manifold constrained minima of the variable
exponent energy:

g+ (WHO@M) AW QRY)) 5w E(w,0) = /ka(x)\DwV’(“’) dz  (L1)

for a suitable boundary datum g: Q — M. We immediately refer to Section 2.2 for the complete
list of assumptions in force concerning the regularity of 02, the coefficients appearing in the
energies displayed in (1.1)—(1.2) and the topology of the manifold M. Our main accomplishment
is that there exists a relatively (to ) open subset 2y C of full n-dimensional Lebesgue measure
on which u is the locally Holder continuous and the singular set g := Q \ Qo has Hausdorff
dimension at the most equal to n — v1; see (2.2); for more information on this quantity. This
is the content of the following theorem.

THEOREM 1.1. Under assumptions (2.1), (2.2), (2.3) and (2.6), let u € W'P0)(Q, M) be
a solution to the Dirichlet problem (1.1) with boundary datum g € W14(Q, M) satisfying (2.7).

n

Then there exists a relatively (to Q) open subset Qy C Q so that u € C’l()(;(lj_z(Qo,M) with ¢
as in (2.7) and H"~ " (%y) = 0.

Moreover, after strengthening the hypotheses on the variable exponent p(-), we can prove
that the singular set of solutions to problem

g+ (WLP<'>(Q,M) N Wol"p(')(Q,RN)> Swe J(w,Q) = /Q |Dw[P*) dz (1.2)

does not intersect the boundary 0f2. In this respect we have
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THEOREM 1.2. Under assumptions (2.1), (2.4) and (2.6), let u € WPt (Q, M) be a solution

to the Dirichlet problem (1.2) with boundary datum g: Q@ — M satisfying (2.7). Then there
exists a constant T = Y(data) € (0, 1] such that if

[9}0,17%{2 < T) (13)

then 3¢ € Q and so u is (1 — 2)-Hélder continuous in a neighborhood of €.

n
q
The results exposed in Theorems 1.1-1.2 are new already in the case p(-) = const. In fact, we
recover for the p(x)-Laplacian the boundary regularity theory already available for p-harmonic
maps, under weaker assumptions on the boundary datum than those considered in [23, 31,
52]. Let us put our results into the context of the available literature. The regularity theory
for vector-valued minimizers of functionals modeled upon the p-Laplacean integral, that is,
variational problems, such as
WhP(Q,RY) 5w — / F(z,Dw) dx
Q

loc
(1.4)
ya
2P S F(x,2) S (142", 1<p<oo,

started with the seminal paper [55] and received several contributions later on; see [24—26, 28,
40, 43] and references therein for an overview of the state of the art concerning p-Laplacean
type problems. On the other hand, the regularity theory in the case when both minimizers and
competitors take values into a manifold M C R¥ faces additional difficulties. The cornerstones
of the theory were laid down by the fundamental papers [17, 19, 51, 52] analyzing harmonic
maps, that is, constrained minimizers of the functional in (1.4) for p = 2; see also [30, 53].
We mention also the recent works [46, 47] for a fine analysis of the singular set of harmonic
maps. The extension of the basic results to the case p # 2 has been done in the by now classical
papers: [21-23, 31, 42]. Moreover, several of these results have been extended to more general
functionals with p-growth, for instance the quasiconvex case has been treated in [36] while
a purely PDE approach has been proposed in [16]. The matter of boundary regularity for
vectorial problems is rather delicate and received lots of attention in the literature, starting
from [37, 52], which covers the case of quadratic functionals. This theory has been extended
later on to variational integrals of p-Laplacean type; see [14] for the first results in this direction
and [3, 15, 27—29, 39] for general systems with standard p-growth. On the other hand, we
note that energies of the type in (1.1) do not satisfy conditions as in (1.4), but rather, the more
general and flexible one

V[/ll’p(Q,]RN) Sw / F(z,Dw) dz

Q

" (1.5)

a
2

2P S Fx,2) S (142" 1<p<g<oo

The systematic study of functionals as in (1.5) started in [44, 45] and, subsequently, has
undergone an intensive development over the last years; see for instance [2, 4-6, 11, 18, 20,
32, 34, 35]. In particular, the energy in (1.1) have been introduced in the setting of Calculus of
Variations and Homogenization in the seminal works [38, 56]. Energies as in (1.1) also occur
in the modeling of electrorheological fluids, a class of non-Newtonian fluids whose viscosity
properties are influenced by the presence of external electromagnetic fields [1, 50] or image
restoration [7]; see also [13] for the basic properties of the p(z)-Laplacian. As for regularity, the
first result in the vectorial case has been obtained in [9], where it is shown that local minimizers
of energy (1.2) are locally C"#-regular in the unconstrained case. Subsequently, the regularity
theory of functionals with variable exponent growth has been developed in a series of interesting
papers [48, 49, 54], where the authors established partial regularity results for unconstrained
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minimizers that are on the other hand obviously related to the constrained case. Especially, in
[54] is given an interesting partial regularity result and some singular set estimates for a class of
functionals related to the constrained minimization problem in which minimizers are assumed
to take values in a single chart. Finally, [10] is devoted to the study of partial inner regularity of
manifold constrained p(x)-harmonic maps and to the analysis and dimension-reduction of their
singular set.

Organization of the paper. This paper is organized as follows. Section 2 contains our
notation, the list of the assumptions which will rule problems (1.1)—(1.2), several by now
classical tools in the framework of regularity theory and some results of geometric and
topological nature on Lipschitz retractions. Finally, Sections 3-4 are devoted to the proof
of Theorems 1.1 and 1.2, respectively.

2. Preliminaries

In this section we display our notation, list the main assumptions in force throughout the
paper and collect some useful tools for regularity theory and several well-known results in the
framework of manifold-valued maps.

2.1. Notation

Following a usual custom, we denote by ¢ a general constant larger than 1. Different occurrences
from line to line will be still denoted by ¢, while special occurrences will be denoted by ¢y, co, €
or the like. Relevant dependencies on parameters will be emphasized using parentheses, that
is, ¢ = ¢(p, v, L) means that ¢ depends on p,v, L. Given any measurable subset U C R", we
denote by |U| its n-dimensional Lebesgue measure and with #*(U) its k-dimensional Hausdorff
measure, for some k > 0. For a point 2y € R™ and a number g > 0 we indicate with B,(z) :=
{z € R": |z — x| < o} the open ball centered at zy and with radius ¢ and further, B, =
B, (0). Similarly, for 29 € R"~! x {0} we define the half ball centered at x¢ as B (zo) := {2 €
By(xo): ™ > 0}. We moreover set B = B (0). We also name T',(2¢) the set {x € R": 2™ =
0 and |zg — z| < o} and " B/ (x0) := OB (z0) \ T'p(x0). As before, I'y = I',(0). With U C R"
being a measurable subset having finite and positive n-dimensional Lebesgue measure, and
with h: U — RF, being a measurable map, we shall denote by

1
(h)u E]{]h($) dz := W/Uh(x) dz

its integral average. Similarly, with v € (0, 1] we denote the Holder seminorm of h as
h(x) —h
O 1105 B 10}
syelazy T =y

It is well known that the quantity defined above is a seminorm and when [h]o . < 0o, we
will say that h belongs to the Holder space C%7 (U, R*). When clear from the context, we will
omit the reference to U, that is: [h]o 4.v = [h]o,. Finally, given any set I' allowing for a trace
operator, we denote by trr(h) the trace of h on I

2.2. Main assumptions

Let us turn to the main assumptions that will characterize our problem. The set Q C R", n > 2
is open, bounded, connected and

08 is C*-regular. (2.1)
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When considering the functional in (1.1), the exponent p(-) will always satisfy

p € C%*(Q) for some « € (0,1], (2.2)
1 <= infoen p(a) <p2) <92 1= Subgeq p(2) < 0, '
while the coefficient k(-) is so that
k€ C%(Q) for some v € (0,1], (2.3)
0<A<k(r)<A<oo forall z€Q '

holds true. We anticipate that in the estimates contained in Section 3.2, only min{e, v} will
be relevant, so for simplicity, for the proof of Theorem 1.1 we will assume that a = v, that
is: p(+), k(-) € C%*(Q). When dealing with the question of full boundary regularity, we need
higher regularity for p(-). Precisely, we shall suppose that

p e COH(Q), (2.4)
2< 7 <p(x) <72 < o0, '

with 71 and 72 as in (2.2),. Given an half ball B}, and a ball B,(z¢) with o € B} and
0 € (0, R — |zo]|), we denote

p1(x0,0) == inf p(z) and pa(zo,0) = sup  p(x). (2.5)
2€B,(z0)NBY, z€By(x0)NB}

Since in (2.5) we will always consider the intersection with the same ball Bg, the reference
to R in the symbols pi, po is omitted. When clear from the context, in (2.5) we shall not
mention xo that is: p;(xo,0) = pi(e) for i € {1,2}. With a little abuse, we will adopt the
notation in (2.5) also to denote the infimum (respectively, the supremum) of p(-) on Bj;: the
context will remove any ambiguity. Note that there is no loss of generality in assuming y; < 72,
otherwise p(-) = const on €, and in this case the problem is very well understood [23, 31, 52].
Furthermore, we need to impose some topological restriction on the manifold M. Precisely, we
ask that

M is a compact, m-dimensional, C® Riemannian submanifold of RY with N > 3,
M is [y2] — 1 connected,
oM =10.
(2.6)

Here [z] denotes the integer part of x and the definition of j-connectedness is given in
Section 2.4, Definition 4. Moreover, we assume that the boundary datum satisfies:

g€ WhHi(Q, M) for some ¢ > max{n, s} (2.7)
Combining (2.7) with Morrey’s embedding theorem we automatically get that
g e CO=/a(Q M. (2.8)

Finally, to shorten the notation we shall collect the main parameters of the problem in the
quantities

datap(-) = (TL, N7 Ma )‘, A7 Y1,72,9, [p]O,aa Oé),
data := (TL, N7 Ma )‘, A7 Y1,72,9, [k]O,I/a [p]0,0U v, O[)

Any dependencies of the constants appearing in the forthcoming estimates on quantities
depending on the characteristics of M, such as, for instance, the L*°-norm of maps with
range in M (which is clearly finite being M compact) will be simply denoted as a dependency
on M in the form: ¢ = ¢(M).
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REMARK 1. Assumption (2.1) assures that there exists a positive constant 7 = #(n, Q)
such that B,(z0) N is simply connected for all ¢ € (0,7] and any z¢ € Q. This renders the
existence of a positive constant ¢ = ¢(n, ) such that

H" 1 (By(z0) N ON)
’H"*((‘?Bg(xo) N Q)

Moreover, the Ahlfors condition yields that

>c¢ forall g€ (0,7], zg € ON.

|B,(z0) N Q=" for all x¢ €, o€ (0,7,

with constants implicit in ‘~’ depending on n,{). We shall refer to such constants with the
term ‘Ahlfors constants’; see [14, Section 2].

As to fully clarify the framework we are going to adopt, we need to introduce some basic
terminology on the so-called Musielak—Orlicz—Sobolev spaces. Essentially, these are Sobolev
spaces defined by the fact that the distributional derivatives lie in a suitable Musielak— Orlicz
space, rather than in a Lebesgue space as usual. Classical Sobolev spaces are then a particular
case. Such spaces and related variational problems are discussed for instance in [8, 13, 33,
38|, to which we refer for more details. Here we will consider spaces related to the variable
exponent case in both unconstrained and manifold-constrained settings.

DEFINITION 1. Given an open set  C R”, the Musielak-Orlicz space LP()(Q,R¥), k > 1,
with p(-) satisfying (2.2), is defined as

LPOQ,RF) = { w: Q — R* measurable and / Jw|P™®) dz < oo }
Q

endowed with the Luxemburg norm [|wl|p»c) (o rr) = inf{A > 0: [, lw/AP®) dz < 1}. Conse-
quently,

W) (Q,RY) = { w e WH(Q,RF) N LPO(Q,RF) such that |Dw| € LPO)(Q, RF*™) }

with the norm ||w||W1,p(-)(Q’Rk) = ||wHLp(-)(Q’Rk) + || |DIU| ||Lp(-)(Q’Rk)- The variant
Wl’p<'>(Q,Rk) is defined as in the classical case, whereas WOLM')(Q,R’“) is a closure of

loc
smooth and compactly supported functions in the norm || - [ly1.00) (0 rE)-

It is well known that, under assumptions (2.2), the set of smooth maps is dense in
WP (Q, RF); see, for example, [18, 38]. Following [10] we also recall the analogous definition
of such spaces when mappings take values into M.

DEFINITION 2. Let M be a compact submanifold of R, k > 2, without boundary and
Q C R™ an open set. For p(-) satisfying (2.2), the Musielak-Orlicz-Sobolev space W17()(Q, M)
of functions into M can be defined as

WP (Q, M) = { we WHPO(Q,RY): w(z) € M for ae. x € Q }

The local space Wﬁ)’f(‘)(Q,M) consists of maps belonging to W ?()(B, M) for all open sets
B e Q.

Of course, when p(-) = const, Definitions 1 and 2 reduce to the classical Sobolev spaces
WP (Q,RF) and WHP(Q, M), respectively. Since the regularity question in € is local in
nature, we can choose coordinates {z'}" ; centered at zo € 9Q such that locally € is the
upper half space R” N {z™ > 0}, therefore, to avoid unnecessary complications, from now on
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we will assume that ) = Bf; see [14, 15, 31, 37, 39, 52] for a more detailed discussion on
this matter. Let us display the definition of constrained W?(")-minimizer of (1.1) in B; .

DEFINITION 3. Let assumptions (2.1)—(2.6) and (2.7) be in force and consider the Dirichlet
class Cg(')(Bf7M) = {w € WHO)(Bf, M): trr, (w) = trr, (9)}. A map u € WPO) (B, M)
with trr, (u) = trr, (g), is a constrained minimizer of the functional in (1.1) in the Dirichlet
class C_f;(')(Bf,M) provided that &(u, B]") < &(w, B]") holds for all maps w € Cg(')(Bfr,M)
so that (u —w) € WyP(Bf,RN).

To shorten the notation, for ¢ € (0,1], zo € R N {a" >0}, f € WP (B} (z),X) and
a subset X C RV, we also introduce the general Dirichlet class

CF (B} (w0). ) 1= £+ (WO (B (o), 2) N W™ (B (o), BY) ).
Clearly, the previous position makes sense also when p(-) = const.

2.3.  Well-known results
When dealing with p-Laplacean type problems, we shall often use the auxiliary vector fields
Viu: RVXM — RNX7 - defined by

Vii(2) = (s* + |z|2)(t_2)/4z, t € (1,00) and s €[0,1] (2.9)

whenever z € RV*", If s = 0 we shall simply write Vi, = V;. A useful related inequality is
contained in the following:

(t—2)/4
Vit (21) = Vau(22)| = (82 + |21)? + | 22]?) |21 — 22, (2.10)

where the equivalence holds up to constants depending only on n, N, t. An important property
which is usually related to such field is recorded in the following lemma.

LEMMA 2.1. Lett > —1, s € [0,1] and zy, 20 € RV*" be so that s + |21| + |z|2 > 0. Then

t

T (s [+ |zl

1
/ [32 + |21+ Az — 21)\2]
0
with constants implicit in ‘~’ depending only on n, N, t.

The next are a couple of simple inequalities which will be used several times throughout the
paper. They are elementary; see, for example, [9, 10, 48, 54].

LEMMA 2.2. The following inequalities hold true.

(i) For any e¢ > 0, there exists a constant ¢ = c(e) such that for allt > 0,1 > m > 1 there
holds [t" — t™| < (I — m)(1 + t(1+e0)ly,

(ii) For t € (0,1], consider the function g (t) := t°*", where ¢ is an absolute real constant
and v € (0,1]. Then lim; 0 g1(t) = 1 and sup,¢g,1] 91(t) < ¢(¢,7). Via the substitution
t+ t~!, we have an analogous property for the function [1,00) 3 t +— go(t) := t° ", for
¢ and v as before. Precisely there holds that lim; e g2(t) = 1 and sup,c( o) 92(t) <

c(¢,7).

We conclude this section by recalling the celebrated iteration lemma [26].



p(x)-HARMONIC MAPS 7

LEMMA 2.3. Let h: [0, Ro] — R be a non-negative, bounded function and 0 < 6 < 1,0 < A,
0 < 8. Assume that h(r) < A( r)7P +0h(d), for o <r < d < Ry. Then h(p) < CA/(R()
0)~#? holds, where c = c(6, 3) >

2.4. Extensions

In this section we shall borrow from [10] some useful lemmas concerning locally Lipschitz
retractions. Such results were first introduced in [31] and intensively used in the literature
for dealing with possibly non-homogeneous variational problems whose structure is a priori
non-compatible with any kind of monotonicity formulae [10, 12, 36]. We refer to Remark 2
for a quick discussion on this matter. We start with clarifying a key assumption in our paper,
which is the concept of j-connectedness.

DEFINITION 4. Given an integer j > 0, a manifold M is said to be j-connected if its first j
homotopy groups vanish identically, that is mo(M) = 1 (M) =--- =11 (M) = m;(M) = 0.

It is well known that a compact manifold M C R without boundary admits a tubular
neighborhood M C w C R¥. Identifying M with its image in R", we say that a neighborhood
w of M has the nearest point property if for every x € w there is a unique point I (z) € M
such that dist(z, M) = | — U aq(z)]. The map IIr: w — M is called the retraction onto M,
we shall refer to it also as ‘projector’. Moreover, the regularity of M influences the regularity
of ITx¢ in the following way:

M is C*regular for k>2 = Ty € C* 1w, M), (2.11)

see [36] for a deeper discussion on this matter. It is important to stress that manifolds endowed
with the relatively simple topology described by Definition 4 enjoy good properties in terms of
retractions; cf. [31, 36].

LEMMA 2.4. Let M C RY be a compact, j-connected submanifold for some integer j €
{0,...,N — 2} contained in an N-dimensional cube Q. Then there exists a closed (N — j —
2)-dimensional Lipschitz polyhedron X C Q@ \ M and a locally Lipschitz retraction v: Q \
X — M such that for any © € Q\ X, |Dy(x)| < ¢/ dist(x, X) holds, for some positive ¢ =
¢(N,j,M).

The next lemma allows modifying the image of a map while keeping under control boundary
values and p(-)-energy; see also [10, Lemma 5].

LEMMA 2.5. Let M be as in (2.6) and U C B a subset with positive measure and Lipschitz
boundary. If w € WP (U, RN) N L>(U,RY) is so that w(dU) C M, then there exists b €

(fﬁ(')(U,M) satisfying
/ |DwP™) de < ¢ / | Dw|P@)
U U

REMARK 2. When dealing with manifold constrained minima of the p-Laplacean energy
it is customary to recover the fundamental Caccioppoli inequality by exploiting the so-
called monotonicity formula; see [21-23, 42, 51-53]. This way cannot be used in our case.
Even though it is possible to show a monotonicity formula for the p(z)-energy, that is,
Lemma 4.2, see also [10, Lemma 12; 54, Lemma 4.1], its proof crucially requires some corollaries
of Gehring Lemma, which, in turn, is implied by Caccioppoli inequality, whose proof requires

where ¢ = ¢(N, M, v2).
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the monotonicity formula. Lemma 2.5 breaks this vicious circle giving the chance of deriving
Caccioppoli inequality directly by minimality, as we will see in Section 3.1.

3. Partial boundary regularity

As mentioned in Section 2.2, to avoid unnecessary complications, we shall take Q = Bf' . In
fact, since 09 is C?-regular, given any zo € 0, there exists an open neighborhood By, of g
and a change of variable ¥y € C?(B,,, R") so that in the new coordinates y' := W (x) it holds
that
\110(1'0) = 0, \I/O(Bmg N Q) = Bf_, \Ilo(on M 89) = Fl.
Moreover, there exists a positive constant ¢y = co(n, 0Q) such that
0< 051 < HD\POHLW(Bwomﬁ) < ¢p < 00.

We stress that, being 9€) compact, the constant ¢y does not depend on xg. A straightforward
computation shows that, if u € W?()(Q, M) solves (1.1), then the map @ :=uo ¥, " solves
an analogous problem still satisfying (2.2) and (2.3). Assumption (2.7) on the boundary
condition is preserved as well: if g € W9(Q, M) then g :=go ¥, ' € WH9(B, M). We refer
to [14, 31, 37] for more details on this matter. Therefore, keeping Definition 3 in mind, we
shall study problem

OB M) 3w min [ K@IDup ds, (3.1)
Bl

with k(-) and p(-) as in (2.3)—(2.2), respectively, and g as in (2.7).

3.1. Basic regularity results

We first fix a threshold radius R, € (0,1] so that

1

2 \® qu(l - %)

0<R,<minq 1, , (3.2)
4n[p]0,a 4n[p]0,a

and choose R € (0, R.]. Further restrictions on the size of R, will be imposed in Section 3.2.
An immediate consequence of (3.2) is that, given any half-ball B}, and all balls B,(xo) with
zo € B} and p € (0, R — |z¢]), there holds

pi(z0,0) > p2(z0, 0)

np2(20,0)
q

for all Re (0,R.], o¢(0,R—|zo]), (3.3)
< P1 ($07 Q)

which is, on the other hand, automatic when p (zg, 0) = n. Obviously, in (3.3) we adopted the
usual terminology

P = Jf)p if 1<p<n,
any finite number larger than p if p > n.

Recall now that, if B,(z¢) € B}, and w € W1P(B,(z0), RY) is such that w = 0 on U C B,(z0)
with |U| > & B,(x0)| for some positive, absolute ¢, then Sobolev—Poincaré’s inequality gives

/ lw/olP dz < Cg—n(p/p*—l) / | Dw
By(z0) By (o)

D

Ps dx) , (3.4)
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for ¢ = c¢(n, N, p,¢é). Here p, := max{1, n’fp

Theorem 2.4].

}. We consider now an intrinsic version of [14

ProproOsSITION 3.1. Let U C R" be an open, bounded domain with Lipschitz boundary and
finite Ahlfors constants depending only on n. Let also A C U be a closed subset. Consider two
non-negative functions f; € L'(U) and f, € L'**9(U) for some ¢ > 0. With 6 € (0, 1), assume
that there holds

3
]l fi dz <b ][ fde| + ][ fo da (3.5)
BQ/Q(:E())ﬂU Bg(mo)ﬂU Bg(mo)ﬁU

for almost all xo € U \ A with By(x9) N A =0 and a positive constant b. Set

d(z) := |Bdi8t(w’|‘4U)(x) nul and  fi(x) :=d(z)f1(z).

Then there exists a positive threshold o, = 04(b,6,6) € (0,6) such that

( fite dx)w gc(n,e,b,&){< fi dx) ( flte dac) ”}
U U

for all 0 € [0, 0y).

Proof. The proof is essentially the same as the one in [14] with minor changes due to the
fact that in our case (3.5) involves the whole integrand; see also [26, Lemma 6.2]. O

As a consequence of Proposition 3.1, we derive some higher integrability results for solutions
to problem (1.1).

LEMMA 3.2. Under assumptions (2.2), (2. 3) (2.6) and (2.7), let uw € WhPO)(B}E M) be
a solution of problem (3.1). Then, for xo € B}, with R € (0, R.], R. as in (3.2) and 0 < ¢ <

— |wol, there exists a positive threshold o, = o4(datay.),q) € (0,1 — 1) such that for all
o € (0,0,) there holds that

. RE0+e) T
][ A+ DuP)” 7 da
BQ/Q(I’())FIBE

p(x) tre
<c ][ (1+|Du)?) * dz+ ][ |Dg|P@) 1+ g , (3.6)
BQ(,’L‘U)QBE BQ(.’L’())QB;

for c=c(datay(.,q). If B,(wo) € Bf, then, there exists a positive threshold oy =
oy (datay(.)) > 0 so that

5, B@)to) T+ 5 2
][ (1+|Dul”) 2 dz < cf (1+|Dul”) * da, (3.7)
By, 2(x0) By(z0)

for all o € (0,07) with ¢ = c(datay.)). In particular,

|DuPOU+9) ¢ LYBE) forall o€ [0, min {og,07}). (3.8)
Proof. We take x( € BE, 0 < o < R — |zo| and distinguish two cases: zfy < 375’ and zf > %.

- 30
Case 1: xy <
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We fix parameters § < 71 < 72 < 0 and a cutoff function 7 € C} (B, (x¢)) with the following
specifics:

I, (z) SN <1, (2o) and  [Dn|< (3.9)

Note that in this case the intersection B.,(xo) NT'r can be non-empty and the map w :=
u — n(u — g) agrees with u in the sense of traces on 9(B;,(z¢) N B};). This means that we can

use Lemma 2.5 to recover a map w € 65(')(BT2 (z0) N B}, M) satisfying the energy inequality
(3.9) and so that

/ \DufP® dg < A= / k()| DulP®)
B, (z0)NB}, (z0)NB};

A
<" / (2)| D™ de < > / D[P
o (z0)NBY; A B, (z0)NB};

p(z)
<c/ | Du|P®) dx—i—c/ [|Dg|p('”) + 1 dez,
(Bry (20)\Br, (z0))NB} By (w0)NB7,

with ¢ = ¢(N, A\, A, 72, M). Once the inequality of the previous display is available, we can use
Widmann’s hole-filling technique; Lemmas 2.3 and Lemma 2.2 (ii) to end up with

/ | Du /P dxgc/ |Dg[P(*) dgH_Cprz(g)/ lu— g|P™® da
B, /2(z0)NB}; B, (z0)NB}; B, (z0)NB},;
p(x)
Sc/ |Dg|P® dx—|—c/
By (z0)NB}; By(z0)NBj

dz
éc/ |Dg|P®) dx—l—c/
B, (z0)NB B, (z0)NB};

where ¢ = ¢(N, \, A, 72, M). Now we extend u = g in B,(zo) \ B, note that condition x§ <
30/4 implies that |B,(zo) \ B}| = c(n)|B,(xo)| and use (3.4) to bound

fBQ(mo)ﬂBg

u-9
T2 —T1

u—g
1%

dz, (3.10)

4

ri (o)

p1(e) (p1 (@)«
dz <ec ][ |Du — Dg|P1(@)- dy
B, (z0)NB},

ry (o)

9 p(z)(py(e))x (P1(e))«
<c ][ (1+ |Dul?) @ dx
By(zo)NB}

r1 (@)
p() (21 (e))s r1e))x
+c ‘Dg| p1(e) dl' ,
B,(x0)NB},

R

u—g
4%

for ¢ = ¢(n,v1,72). Merging the content of the two previous displays we obtain

p(z)
f (14 |Duf) " do e f Dyl
B, 2(z0)NBY B,(zo)NB},

R R

_p1(e)
9 p(x)  (p1(e))« (P1(e))«
self ety TS a) L @
BQ(Io)ﬂBg

where ¢ = ¢(n, N, A\, A, v1, 72, M).
Case 2: xj > %
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In this case, we see that Bz, € Bj;, so as in [10, Lemma 9] we recover

4

p(z)

2\ ¢ 9 p(x) (p1(e))« (:11(5)*
][ (14 |Du|”) * dz <c ][ (1+|Duf?) * 7O gp
Bos2(wo) Bsp/a(zo)

_p1(e)
9 p(x)  (p1()« (p1(e))«
<c ][ (1+|Dul”) 2 ™9 dz , (3.12)
By (o)

for ¢ = ¢(n, N, A\, A, v1, 72, M). Once (3.11)-(3.12) are available, we can apply Proposition 3.1
with U = B,(z0) N B}, and A = 0B,(z¢) N B}, to conclude with (3.6)—(3.7).

Combining (3.6), (3.7) and a standard covering argument, we obtain (3.8) and the proof is
complete. O

REMARK 3. Since Dg € LB} ,RV*") with (2.7) in force, by the Hélder inequality we can
rearrange (3.6) as follows:

1
o, R@)(+0) e
][ A+Du?) 7 da
B, 2(z0)NB;
pr2(e)

p(x) q
<c][ (1+|Du) ™ dz+ ][ \Dgl? da , (3.13)
B, (z0)NBj B, (z0)NB}

for ¢ = c(data,(., q).

Let us point out a particularly helpful inequality contained in the proof of Lemma 3.2.

COROLLARY 3.3. Under assumptions (2.2), (2.3), (2.6) and (2.7), let u € Wtrt) (B, M)
be a solution of problem (3.1). Then for any half-ball Br C Bf" and all balls B,(zo) with
zo € B, 0 € (0, R — |z0]), R € (0,R.] and R, as in (3.2), there holds that

u—g p(x)
][ |DulP™®) dz < c][ + |DgP® | da (3.14)
B, o(x0)NBY, B, (z0)NB},; 0
with ¢ = ¢(data,(.)). In case B,(zy) € B, the inequality
_ p(z)
][ |DulP™) dz < c][ Chal OF dz, (3.15)
B a(zo)NBE B, (z0)NB},; o

for ¢ = c(datay,(.y). Moreover, the following inequalities are satisfied:

][ IDuf™ dz < co @ and f DU (+9) dy < cop2(@)(140),
B,y a(zo)NBY Byya(wo)NB;
(3.16)

with ¢ = ¢(n, Ny, M, 1,72, 4, ||DgHLq(Bl+)) and for all o € [0,min{oy, L — 1}], where o, is the
same higher integrability threshold appearing in Lemma 3.2.

Proof. Inequality (3.14) is similar to (3.10) in the proof of Lemma 3.2, while the proof of
(3.15) is contained in [10, Lemma 8]. To prove (3.16) we only need to note that by (2.7)2 it
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immediately follows that

Qm(@)][ IDglP®1+9) 4y < | gr2(@) 1 gr2(@) ][ | Dg|P2(@0+) gy
B, (x0)NB} By (x0)NBj,

n(i+o)
<e[o(@ + @0 (14 |Dg|22 )] < e, 1Dl )
(By) 1
(3.17)
Using this information together with (3.14) and (2.6);, we obtain (3.16);. Combining (3.6)—(3.7)
with (3.16); and (3.17), we get (3.16)5 and the proof is complete. O

By Proposition 3.1 with A = (), we can prove a globally higher integrability result for p-
harmonic functions; see, for example, [10, Lemma 10; 14, Lemma 3.3].

LEmMA 3.4. Let R € (0,1], zo € I'r and ¢ € (0, R — |zo|). Assume (2.2),, (2.3)2 and (2.6)
take p € [y1,72] and f € WHP(B,(z¢) N Bf;, M) so that |Df[P € L**°(B,(z0) N B}). If v €
WLP(B,(zo) N B}, M) is a solution of the Dirichlet problem

é;’(BQ(x(]) NBE, M) 2w min/ k(z)|Dw|P dz, (3.18)

B, (z0)NBF

then there exists a positive threshold §; = 04(n, N, M,~y1,72, A, A) € (0, 5) so that

3
][ |Dv|p(1+5) dx
By (z0)NB},
1+5

<ec ]l |DvlP dz + ][ |DfIPA+9) dg (3.19)
B, (z0)NB}; B, (z0)NB}

for all § € [0,0,). In (3.19), ¢ = c(n, N, M, y1,72, A\, A).

1

3.2. Proof of Theorem 1.1
The proof of Theorem 1.1 relies on the following result.

PROPOSITION 3.5. Under assumptions (2.1), (2.2), (2.3) and (2.6), let u € W'?()(Bff, M)
be a solution of problem (3.1) with boundary datum g: B]" — M satisfying (2.7). Then, there

exist a threshold radius R, = R.(data) € (0, 1] and a smallness parameter ¢ = e(data) € (0, 1]
such that if

Fem) i
sz(wo,g)fn/ |Du|pz(wo,g) dz + qun/ |Dg|? dx <e,
By(z0)NB} By (z0)NB},

(3.20)
for some R € (0, R.], o € B}, and ¢ € (0, R — |z|), then
01-2 _ _
u€ C(loc ((BQ(J?())QBE)\Eo(u,Bg(afo)ﬁBE),M)?
where So(u, B,(z0) N B},) C B}, is a closed subset with dimy (X (u, Bo(z0) N BE)) <n— 1.
Proof. For the sake of simplicity, we split the proof into six steps.

Step 1: Setting a threshold radius. As mentioned in Section 3.1, there is no loss of generality
in reducing the size of the half ball we are working on. Precisely, in addition to (3.2), we choose
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a radius R € (0, R.], where now it is

n

2 e (ma(l-7%
. 71 ( q) ( 0071 )
0< R, <minq« 1, , , , 3.21
[4n[p]o,J o Mlon(@ 1 00) (3.21)

Q=

for o9 € (0,1) defined as

. [1 0, o 2 o q—wg}
O :=min 4 —, =, —, s —, . 3.22
0 {4 2 2 T (8.22)

In (3.22), o, and a; are the higher integrability thresholds appearing Lemma 3.2, therefore,
given an half-ball By C B, by (3.8) there holds that

|DuPOU+9) ¢ LYBE) for all o € [0,00). (3.23)

Moreover, in addition to (3.3), another straightforward consequence of the restriction imposed
in (3.21) yields that

P2(@0, 0) < pa(o. 0) (14 5 ) <(1+ 00)pa (0, 0), (3.24)

whenever ¢ € B}, and g € (0, R — |zo]). Hence, combining (3.23) and (3.24) we can conclude
that

| DuP2(@0:9) ¢ LY(B,(20) N By). (3.25)

Let us stress that by continuity, for any point z € B;tﬁ for which p(Z) > n, we can find
asmall ball By, (Z) C B}, so that p(z) > n — % for all z € B, (). Combining this information
with (3.6)—(3.7), the fact that by (3.22) we have
(n— %)(Hao) >n+%,

and with Morrey’s embedding theorem we obtain that u € CO’J%%(B%/Q(J?) N By, M).
Therefore, for the rest of the paper, we shall assume that v, < n. Moreover, since from now
on we work on sets of the type B,(z¢) N B}, with z¢ € B}, and ¢ € (0, R — |zo|), we shall
simplify the notation in (2.5) as follows: py(xo, 0) = p1(0) and pa2(zo; 0) = p2(0).

Step 2: Comparison, first time. Let u € W) (B;", M) be a solution to the minimization
problem (3.1) with (2.7) in force. We introduce the extensions

_ u(a’, x™) — g(a’, x™) if 2™ >0,
w(z) == { f

3.26
—(u(z’, —z™) — g(a’, —2™)) if =™ <0. (3.26)

Since trr, (u) = trr, (g), it easily follows that @ € W'P()(B;,RY) and, by (3.23), for all
B,(z9) € Br C Bp, with R, asin (3.21) there holds that

/ |Dﬁ|p2(9) dr < c/ [|Du|p2(9) + |Dg|p2(9)} dx (3.27)
Bg(mo) Bg(wo)ﬂB}tz

with ¢ = ¢(y1,72). Before going on we define the following quantities:

1
p

d(20,0,p) := <0”][ (1 + | Dal?)/? da:> ;
BQ(EO)

9 P
¢+($0, Qap) = (Qp][ (1 + ‘DU'Q)p/ dl‘) ;
BQ(JJO)HB;
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¢($Oa Q) = QS(QEO; QaPQ(Q))v 1/}+(5U0a Q) = ¢+($0, QapZ(Q))a

:
(@0, @) == v+ (x0, 0) + (9"” / Dyl dx> ,
B, (z0)NB},

where zo, ¢ and R satisfy the usual relation R € (0, R.], o € B}, and o € (0, R — |xo|). In the
definition of 1(xo, 0), p2(0) is as in (2.5). Clearly, if B,(x) € B}, both ¢* () and ¢*(-) denote
the average on the full ball B,(x). We shall start our analysis by considering a point xy € I'r
and imposing (3.20) on By (z0) N Bf; = B (x0), which, with the terminology introduced above
reads as

X (0, 0) < ¢, (3.28)

where € € (0,1) is a small parameter whose size will be suitably reduced along the proof. Note
that, as done in the case of (3.27), for all balls B,(z¢) C Bg, by the Holder inequality we have

7@
X (@0, 0) < ¢ (o, 0) + (sz(a)—n/ |Dg|P>(@ da:)
B

Q(IO)QB;

+c (gq_"/ |Dgl|? dx)
Bg(zo)NBY
1

< d | Y(xo, 0) + Qq_"’/ |Dg|? dz , (3.29)
Bg(:co)ﬂBE

Q=

for ¢ = ¢ (n,v1,72,q). Now we compare u to a solution v € W1r2(e) (B;'/Q(:Eo),/\/l) of the
Dirichlet problem

652(9)(33/2(:170),/\/1) Sw— min/ k(z)|Dw|P>@ dz. (3.30)
B}, (x0)
e/2

Such a solution exists, given that by (3.25), class CAﬁQ(Q)(B;L/Q(xO),M) is non-empty. The

minimality of v in class ¢r2(@ (B;r/2 (z0), M) yields that it satisfies the Euler-Lagrange equation

0= / k(z)p2(0)|Dv[P*@~2[Dv - Do — A,(Dv, Dv)y] daz, (3.31)
B}, (x0)
e/2

for any ¢ € Wol’m(g)(Bg/z(aco),RN) N L°°(BQ+/2(:E0)7]RN), where, for ye M, A,: TyM x

TyM — (Ty./\/l)L denotes the second fundamental form of M. In particular, by tangentiality,
we have

V21(v)(Dv, Dv) = —A,(Dv, Dv) and |A,(Dv, Dv)| < cpq|Dv)?, (3.32)
where ¢y depends only on the geometry of M; see [53, Appendix to Chapter 2]. Let us quantify

the LP2(2)_distance between Du and Dv. We first note that, by (3.25), the map ¢ :=u — v is
admissible as a test in (3.31), thus exploiting the monotonicity properties of the integrand
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in (3.30), (2.10) and Lemma 2.1 we obtain

/B+ ( )l‘@(g)(DU)—‘Guz(g)(Dv)F dz
/270

gc/ k() [|Du|p2<@> - |Dv\ﬁ2<@>] dx+c/ |DuP2 @)y — o] dz, (3.33)
B:/Z(:po) B

9/2($0)

where ¢ = c¢(n, N,v1,7v2,A, A, M). Let us estimate the two quantities appearing on the
right-hand side of (3.33). Note that, being v a solution of (3.30), it satisfies the

assumptions of Lemma 3.4 with p = ps(0), f=u and 6= %, therefore, choosing any

o’ € (0, min{4,, 5, ﬁ}), by the Hélder inequality we control:

140/
/ |Dv|p2(9)|u — 0| dz < co” (][ |D,U|P2(Q)(l+a ) dx)
B;/Q(‘,I;U) B;/z(‘c(’)

’

(f Ju — o] 5 da:) = e [(1) - ()]
B )2(wo)

By (3.6), (3.19), (3.24), the minimality of v in class Ci*¥) (B}, (z0), M), Holder inequality,
(3.28) and Lemma 2.2 (ii) we bound

1
140/
I <ec ][ |Du|pz(a)(1+0') dz
By (0)

p2(e)
r1(e)(1+ag)
<ec ][ | Du|Pr(@)(1F0) g
B./a(®0)

1
p(x) 1+og
][ (1+|Du)?) * dz+ ][ |Dg|P@+e0) g
B¢ (20) B{ (z0)

r2(e)
r1(e)

N
o

_ r2(e)
pr2(e) | p1(o)

p(x) a
][ (1+ [Duf’) = dz+ ][ |Dg|? da
B (z0) Bf (o)

IN
o

r2(e)
p2(e)(pa(e)—pi(e)) 21’2;0) q
<R o)™ e ([ pglras) |
B (z0) B (z0)

with ¢ = c(data,)). With the Poincaré inequality, (3.22), the minimality of v in class
(fff(g)(B;/Q(:co),M) and (3.28) we get

’

o7
(II) <e sz(g)f |Du — Do[P2(@ dg
B}z (w0)

o/

p2(0) Tto” yio!
—n 2 2 1
<e| o721 / (14 |Dul”) dz < cetto’
B{ (z0)
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where ¢ = ¢(n, M, v1,72, A\, A). Finally, by (3.13), (3.19), Lemma 2.2(i) with 9 =o', the

minimality of v in class éfZQ(Q)(BJr (o), M), (3.22) and (3.28) we have

0/2

/ k(@) |[[Duf(@ — | Do@] dz < / k(a:)‘ | DufP2(©) — | Dy ] do
B, (o) B}, (@0)

+ / k(x)‘ |DolP@ — |Dy[P2(@) | da
BZQ(CEO)
n-+a 2, 242 (1+0") 2, 242 (1+40")
<" (14 |Du|%) dz + (14 |Dv|%) dz
33/2(1'0) Bz;/g(-r())

r1(e)(1+og)
< CQn—HX (][ (1 + |Du|2) 2 d(E>
B, (w0)
r2(e)

p(x) a
<ot ][ (14 |Du)?) ® dz |+ ][ |Dg|? dz
B (0) B (z0)

1+o09

p2(0)] 70
p2(0) q
< conra—oop2(e) sz(g)fn/ (1+ |Du|2) > de+ qun/ |Dg|? dz
BJ (z0) Bf (z0)
r2(o)
9 p2(e) a
][ (1+|Du|”) * dz+ ][ |Dg|? dz
BJ (z0) B (z0)
p2(e)
9 sz(g) n(l_pzi(g)) q
< ce?M / (14 |Dul”) dz+ o a / |Dg|9 dx ,
By (x0) B{ (w0)
where ¢ = c(data,.)). Merging the content of all the previous displays we end up with
/+ [Voa(e) (D) = Voo (o) (Dv)* dz
BQ/Q(xO)
p2(e)
o pa(e) n(1-2200) ‘
< ceire / (1+|Dul’) * dz+o (1-22(2) / |Dg|? dx . (3.39)
Bf (z0) 33/2(950)

where ¢ = c(data,(.)). If p2(0) = 2, by (2.10) and (3.34) we directly obtain that

B, (wo)

/B ( )|Du—Dv|p2(9) dz </ Vo (o) (D) = Vi) (DV) [ da
/2\%0

p2(e)

(o) a
([ pglas) .
BJ (z0)

p2(e) n(l_pg

et i 2 2
< ce o’ (14 |Dul) dz + o
Bf (z0)
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while, when 1 < ps(p) <2, via Holder inequality, (3.34), the minimality of v in class

(fff(g)(B;r/z (z9), M) and (2.10) we can conclude that

/ |Du — Dv|P2(@) dg
B+, (I())
e/2

p2(o)
9 9 9 pa(e)—2 2
< / |Du — Dv|*(|Dul|* + |Dv|*) * dx
By/a(®0)
2-pa(e)
9 9 pa(e) :
. / (IDuf? + |Do?) ™ da
Bz/g(rﬂ)
pr2(o)
o/ ~2 p2(e) _pale) a
< ce TN / (1+|Dul*) 2 dx+gn(1 42 / |Dg|? dz
B (zo) B (wo)
All in all, setting x := 1“’_:_‘:, min{1, L}, we get
9 pr2(e)
/ |Du — Dv|P2(©) dz < cs”/ (1+|Dul”) * dz
B}, (z0) B (wo)

p2(e)

n(l_pz(y)) 5

+ceto a |Dgl? dx , (3.35)
B (o)

for ¢ = c(datay.)).

Step 3: Comparison, second time. Set kg := k(xg). We confront v with the solution h €
Wl’pZ(Q)(B;r/Ll(xo), R™Y) of the Dirichlet problem

(B (20), RY) 3 w H/ ko| D[P da (3.36)
o/ 33/4(1,0)

Furthermore, h solves the Euler-Lagrange equation

0 :/ kop2(0)|Dh|P2@ Dh - Dy du, (3.37)
33/4($0)

for all p € Wol’m(g)(B;rM(sco), RY). Note that, by the results in [41] there holds that
||h||Loc(Bg+/4(m(,)) < C(N)||U||Loo(39+/4(m0)) < (N, M). (3.38)

Recalling [14, Lemma 3.4] there holds that

9
/ |Dh|[)2(@) dz <0(§> / \Du|p2(9) dax
B¢ (wo) e B:,r/z(wo)
p2(e)

_p2(0) ¢
+ cgn(l ”2,1 ) / |Dg|q dz , (3.39)
B}, (o)

for all ¢ € (0,%) and any ¥ € (n(1 — m(—gg)),n), with ¢ = ¢(n, N, 71,72, A, A, ¢). For (3.39) we

also used that, by (3.36) and (3.30) it is trr,,(h) = trr,, (v) = trr,,, (u) = trr,,(9), the
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minimality of A in class CAﬁz(g)(B;'/Al(xo),RN) and the one of v in class CAQQ(Q)(B;/Z(IO),M).
Exploiting now the monotonicity properties of the integrand in (3.36), Lemma 2.1, (3.31),
(3.37), Holder inequality and the minimality of h in class 652(9)(33/4(330),]1%]\’). We estimate

c / V(o) (DV) = Vi, (o) (DR)* dz
Bj)a(@o)

</ kopa (o) (\Dv|p2(9)_2Dv - |Dh|p2(9)‘2Dh) -(Dv— Dh) dz
B+/4(7«'0)
= [ ko= K@) Do 2Dy (Do~ D) da
B:,r/4($0)
+ / k(z)p2(0)|Dv[P* @2 Dy - (Dv — Dh) dz
B+/4($0)

< cga/ |DU\P2(9)*1|D1}*Dh| dx+c/ |D’U|p2(g)|’07h| dx
B:—/4<$0) Be/4(w0)

< co / (Dol da + / Dol @y — b da =: elg” (1) + (11)],
B;4(wo) B;)4(w0)

with ¢ = e(n, N, X\, A, 71,92, [K]o,a, @). The minimality of v in class ¢r2(o) (3;2(%),/\4) yields
that

I < )\‘1/ |Du|P2(@ dx
B:(.’L’o)

and, recalling also (3.28), we see that

(g)”(ﬁ’)‘”/ |Dv|P>(@ dz < 271*“/19102(@)*”/ |Du|P2@ dz
2 o B ton
r2(e)
p2(0) !
< onm sz(g%n/ (1+|Duf’) 7 do+ gq*"/ [Dg|* da
B (x0) By (wo)
< 2”*715:?2(9). (3'40)

By the Holder inequality, the minimality of h in class éf,’z(g)(B;r/4(xo),RN) and the one of v

in class C2*(%) (B;m(xo),./\/l), Lemma 3.4, (3.7), (3.38) and (3.40) we bound

1 o’
140/ 140/
(I1) <co” <][ | Dy|p2(@)(+") dx) <][ v — R|P2(© da:)
B, (o) B /4(o)

p2(e)
<co" ][ |Du|P2(@ dz + ][ |Dg|9 dx
B;/z(”"o) B;rﬂ(l‘o)

q
’

110'
. Qm(g)*”/ \vaDh|p2(9) dz
Ba(0)
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pr2(e)

21 2, 240 n(1-2200) '
Lcgl+e / (1+ [Dul) dz + o ! / [Dgl* dz ’
B} (x0) B{ (z0)

for ¢ = c(data,.)). Merging the content of the two previous displays and proceeding as in the
last part of Step 2 we end up with

/ |Dv — Dh[P2(@ dg
13;}4(10)

p2(o)

K o 2 p22(g) n(lfm) !
< " + 0°] / 1+ 1DuP) 2 des (" /+ Dg|? da | (3.41)
B, (z0)

BJ (x0)

with ¢ = ¢(data). Collecting inequalities (3.35) and (3.41) we obtain

/ |Du — Dh[P2(@) dg
B}, (w0)
e/4

r2(o)

n(l—L(g)) !
dz + o ¢ / |Dgl? dx , (3.42)
B¢ (z0)

pr2(e)

<™ + 7] / (1+|Duf?)
Bf (z0)

where ¢ = c¢(data).
Step 4: Morrey decay estimates at the boundary. Let ¢ € (0, %) and estimate, via (3.27),
(3.39) and (3.42),

p2(e)
/ (1 + |Daf?) 5 dr <c / \Du|pz(g) dx+/ |Dg|p2(9) dr
B¢ (z0) B (z0) BY ()

<ec / |Du — Dh|P2(¢) dz+/ |Dh|P2(@) da:—|—/ |Dg|P2(@) dx
B (x0) B (x0)

B (x0)
[7e\" A\’
@ rever(yf
L o o

+ "

+ ™

IN
o

pr2(e)

p2(0) 1_p2(e)

/ A+ DuP)* ot (757) / |Dg|? da
B (z0) B (z0)

1_p2(e) p2(e)

< "( 1 ) . !
ref o / Dglt dz |
0 B (wo)

where ¢ = c¢(data). Now recall that n >0 > n(1 — ”‘ZT(Q)), so we can always find 3’ € (n(1 —
p2T(g)),19). Moreover set po(g) := p2(0) —n+ B and choose ¢ =r71p for some 7 € (0, i)

Multiplying both sides of the previous inequality by (70)P2(¢)~" we obtain

r2(e)

(ro)+(@n / (1+|Da?)™" de
BTE(IU)

< P20 [CT”“’/ +er (" + RY) e’
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p2(o)

r2(e) a

sz(g)—n/ (1+|Du)?) * dz+ Qq_"/ |Dg|? dx
B (x0) B (x0)

p2(e)

q
JrCsz(e)(l—%) gq,n/ |Dg|? dz , (3.43)
B{ (x0)

for ¢ = c¢(data). With the notation introduced in Step 2, the inequality in (3.43) reads as

p2(e) (n—8") _ s 5 Patay 9—p'
P(x0,70,p2(0)) < TP2@ [T P20 47 2@ (5”(@) + R ) + cTP2(@

vt (o, 0) + @q’”/ |Dg|? dx +er'Tu Qq’”/ |Dg|* dz | ,
B (20) B{ (x0)

(3.44)

therefore since ¢(xo,r,t1) < ¢(xo,r,t2) for 1 < t1 < ta, we obtain from (3.44):

pa(o) (n—8") B K % 9—p’
1/)(1‘0,7'@) gTP2(9) ct r2(e) 4 1 r2(0) (61’2(9) +R52 ¢ ) + c1r2(0)

1
Yt (zo, 0) + Qq_n/ |Dg|? dz
Bg (x0)
1
+ertTa Qq_”/ |Dgl? dx
BJ (z0)

with ¢ = c(data). Recalling that 7 € (0, 1), it is easy to see that

p2(0) (n=8") __s K, = 9—p8'
7200 |c7 P2(e) + e P2(0) (5132(9) + R ) + crr2(@

n—19 4

P2(e) — _ 9 K % v—p3
<Tr2@ fer 2 4o M (8"’2 +R*2)+CT 2o,

therefore, merging the content of the two above displays we obtain

p2 (o) n—19 K - o 9—p’
1/)(:170,7’@) ngg(g) |:C7' Y2 —‘rCT_% (5ﬁ +R:2) + CT'Y2:|
q
Voo + (o [ g do
B (wo0)

+ertTa gq_”/ |Dgl? da
B (x0)

p2(e) n—1 9 i % 9—p"
<7r2@ et 72 e M (g’vz +R*2) + e 2
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Q=

¥(z0, 0) + (Qq_"/ |Dgl? dx)
B (o)

1
+er'tTa (gq_”/ |Dg|? dm) , (3.45)
B (x0)

with ¢ = c(data). Select 7, ¢ and R, so small that

p2(e) n—19 Y s =
Tr@ g, der vz < 4, der™ (572 —I—RP) <3

, o=s 1 , I . (3.46)
der™2 < 3, (4o 7 <3,

where ¢’ is the same constant appearing in (3.29). By (3.29) and (3.28), with the choice made

above we can conclude that
1

q

1 “n
X (w0, 70) < = | YT (20,0) + | 0 / |Dgl|? dz
2 B} (20)

1

1 q

+ - Qq_"/ |Dgl? dx | <e,
2 B (z0)
so iterations are legal. Moreover, combining (3.45) and (3.46) we have
p2(e) n “
(w0, 70) < TR (w0, 0) +co'h </ [ Dy dm) : (3.47)
B{ (x0)

for ¢ = (data, q). Iterating (3.47) on integers k > 1 we end up with

p2(e)

¢($Oa Tkg) ng r2(e) w(x()) Q)

1
a k-t - p2(e n
+e [Dg|* da 91*%7(’“’1)(1’%)ZTJ(&@;_H?). (3.48)
B::r(mo) j=0

Since % -1+ % > 0, the series on the right-hand side of (3.47) converges, so we have

p2(0) N n n
%/1(%077'%)STk”§(9>¢($o7Q)+C< / |Dg|* dx> ot ar-D(-%), (3.49)
BJ (x0)

for ¢ = c(data). Whenever 0 < ¢ < ¢ we can find k € N so that 7**1p < ¢ < 7¥9, so using
(3.49) and the very definition of py(0) we obtain

w(x07 §) <77 ])2’29) 7[1(1'0, Tkg)

1

q

n " pe ( ) n n
<D T"55<5>w<xo,g>+c@1qT(k”(lq)(/ |Dgl" dx)
B

7 (o)

p2(e)

n p2(e) n ‘
<CT_2(1+W) <§> ’ U(zo,0) + 07 (/ [Dgl* dx)
4 B{ (z0)

<
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1
-2 a
< (g) vano)+< ([ Dyl az) |, (3.50)
0 B (x0)

for ¢ = c¢(data). To summarize, we just got that, if o € I'g is any point satisfying (3.28) on
B () for some o € (0, R — [zo|) then

S E _n
P(aon<) <c () v+ ([ Dyl as
0 B (20)

< 1-32 p2(e) ﬁ
<c<> sz(g)][ (14 |Dul*) * dz
0 By (z0)

17% a
+ <§> 9(’*"/ |Dgl|? da
e B{ (z0)

1—n 1—n
<(;) o, 0) < (;) (3.51)

for ¢ = ¢(data). In (3.51) we also used (3.28) to control x*(zo, 0) with € € (0,1].

Step 5: Partial Holder continuity.

Now we aim to prove an estimate analogous to (3.51) valid also for points zg € B’; not
necessarily belonging to I'g. As in [37, Proof of Lemma 2], we shall determine a threshold ¢ =
t(data) € (0,100007") and z¢ € B}, satisfying (3.28) for some g € (0, R — |z¢|). For 0 < ¢ < o
we distinguish two main cases: ¢ < 210 or ¢ > 2¢0.

Case 1: ¢ < 21p. We take & € I'p so that d := dist(zo,'r) = |zo — Z|. Now, if 210 > d we
note that By(xo) C Bag(Z) C B,2(L) C By(xo), therefore according to (3.28) it is

-

X" (507 g) < ext(xo, 0) < e(n,v1,72, 9)e,
so reducing the size of ¢ = e(data) determined in (3.46) to ¢’ := 5 we end up with
X" (m g) <¢ (3.52)
If 2.0 > ¢ > d we immediately note that
B (z0) C By () C Bya(2) C By(xo), (3.53)

and, since (3.52) legalizes (3.51) with z¢ replaced by Z, we obtain

1—n

¥(wo, <) Se(E,4s) < C(D " (3.54)

for ¢ = c¢(data). If 210 > d > ¢, we separately look at two possible occurrences: 210 > d > 4¢
and 200 > d with 4< > d. In the first case, we note that B.(xz¢) € By/4(20) C Bay2(w0) € Bf;
and, since By /s(z0) C By, (2) and (3.52) is in force, by (3.51) it is

d AN
(Cas (9607 2) < et (&,2d) < C(g) X" (s??, g) <a'Tie,

with ¢ = ¢(data). After reducing the size of ¢ > 0 in such a way that a'T 7 < ey, where g is
the smallness threshold appearing in [10, (3.16)] we get that 1(xo, d/2) < ¢ so [10, estimates
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(3.40)—(3.43)] and (3.51) apply and render for arbitrary 8 € (0, 1),

¥ (20,6) < c(i)ﬁw 0. 3) esh < c(i)ﬁ AN *(55 Q) +c?
0,5) X d 0> 2 X d 0 X ) )
for ¢ = c(data). This in particular determines the dependency ¢ = t(data). Using (3.52) and
choosing 8 =1 —n/q in the above display we can conclude with (3.54). On the other hand,
when 4¢ > d we see that inclusion (3.53) holds with By (%) replaced by Bg (&) (keep in mind

that ¢« < 10000~!) and this yields (3.54). Now we consider the occurrence ¢ < 210 < d. It follows
that Ba,,(70) € B}, and

1/]+($0, 2LQ) < 0517%X+(.’E()7 Q) < C(“»’Yla Y2, q)E

Restricting further the size of € in such a way that ce < gy, where ¢ is the smallness threshold
appearing in [10, (3.16)] we obtain ¥ (z9,2t0) < €9 and again estimates [10, (3.40)—(3.43)]
apply, thus getting

1—n 1/q
(@0, <) <C¢+(x07§)+c<g> o Dg|? da
o By (z0)NB}

< Bo ¢ 1-2
<Liﬁoc(data7 /80) <Q> +C<Q> X+(‘r07g)7

for all By € (0, 1), so we can conclude using (3.28) and fixing By = 1 —n/q above.

Case 2: ¢ > 21p. Estimate (3.51) trivially holds with a constant ¢ = ¢(data).

All in all, we have just proved that if z € B} satisfies (3.28) on B,(zo) N B, for some
0 € (0, R — |zo]|), then

Q|3

¥(z0,<) < c(data) (Z)l_g. (3.55)

Now, by the continuity of Lebesgue’s integral and of the mapping xg — pa(zo, 0), we can
conclude that if (3.28) holds for zp on B,(z¢) N B}, then it holds also on B,(y) N B} for all
y € B} belonging to a sufficiently small, relatively open neighborhood of zg, say, B,, C BE.
Then the set

Dy = {y € Byy: X (y,0) <eon By(y)N B, Re (0,R.], o€ (0,R— |y\)}

is relatively open, so via (3.55) we can conclude that

1

1
gfn(lle)/ |Du|" da <coit, (3.56)
Bc(.’ljo)

where ¢ = ¢(data). By (3.56) and Morrey’s embedding theorem we can conclude that @ is (1 —

0,1—
4)-Holder continuous in a neighborhood of Dy, which in turn implies that u € C, Oi (Do, M).
Step 6: Hausdorff dimension of the singular set Given the characterization of Dy, we easily
see that the singular set Yo (u, B,(z0) N B},) can be defined as

So(u, Bo(zo) N BY) := (B N By(wo)) \ Do.

n
q

Moreover, for y € B,(zo) N By, via (2.7) we see that

1

. 9 2 (y,<) p2(y,5)
limsup x* (y,¢) <limsup | ¢P2@<)7" / (1+|Du[”) * da
Bo(y)NBf

¢—0 ¢—0
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+ lim sup (q_”/ |Dgl? da
<=0 Bg(y)ﬂB;

pa(y,5) P2 (y,<)
<limsup §p2(y’§)7"/ (14 |Du)’) * dzx ,
s—0 B¢ (y)NB}

therefore
So(u, By(zo) N BE) - {y € B,(zo) N BE: limsup ¢ (y,s) > 0}.
c—0

Now, note that, as in (3.24),
p2(y,6)<(1 + 00)p1(z0, R) forall 0<¢< R, Bc(y)N B} C B,(zo) N B, (3.57)

so we obtain,

p2(y,s) ﬁ
gp2(y-,§)f (1 + |D’U,‘2) 2 dr
Bo(y)NB}

1
o, P10 ) (toq) P1(x0,Rx)(1+00)
< <P1(-’1707R*)(1+00)][ (1 + |D’LL| ) 2 dx
B<(U)QB;

which by (3.6) is finite. This allows concluding that o (u, B,(7o) N B};) is contained into the
set

Dy = {y € By(wo) N Bfy: limsup ¢ (g, i (o, R)(L + 00))P (o) (H00) o}.

s—0
By [26, Proposition 2.7] it follows that dimy (D7) < n — p1(xo, Ri)(1 + 09), so by (2.2)2 we
easily have that dimy (D) < n — v and so dimy (o (u, B,(z0) N B},)) < n — 1. The proof is
complete. 0

Once Proposition 3.5 is available, we can cover Bf' with balls having the same fea-
tures of B,(r9) N B} and remembering that, by (2.2)2, pi(zo, R.) =71, we obtain that
dimy (Lo (u )) <n—m1+o09) <n-—m, and 50 dimy (2o (u)) < n — 1. Via a standard cover-
ing argument, we can conclude that u € C, o (B+ \ Zo(u), M) and the proof of Theorem 1.1
is complete.

REMARK 4. The result in Theorem 1.1 essentially shows that solutions of problem (1.1)
are as regular as the boundary datum allows, in particular, if instead of (2.7) we assume g €
W12 (Q, M), we can prove that u € C’lo’f (€9, M) for all 5 € (0,1), as done in the p-Laplacean
case in [31, 52].

4. Full boundary regularity

In this section we recover a regularity criterion based on the result in Theorem 1.1. The main
preliminary step consists in proving compactness of sequences of minimizers of (3.1) under
uniform assumptions; see [10, 14, 48].

REMARK 5. We will always assume that s < n, otherwise, as stressed in Step 1 of the
proof of Theorem 1.1, by Morrey’s embedding theorem we would have « Hélder continuous in
a small neighborhood of any point # € By so that p(zZ) > n.
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LeEMMA 4.1. Let {k;},{p;} be two sequences of Holder continuous functions satisfying

sup,enlkjlo, < cr  for some v € (0,1]
A< kj(z) <A forall x € Bf (4.1)
15 — Foll o35, = 0, ko) € CO(B7)
and
sup,en(pjloa < ¢p for some o € (0,1]

pi(x) >y >1forallz € Bf,j €N (4.2)
llp; —PoHLoo(B;r) — 0, po = 1 > 1 constant,

respectively. For each j € N, let u; € WPi()(B}", M) be a constrained minimizer of

&i(w, BY) ::/+/<:j(x)|Dw|pj<$) dz,

B/

in class ng(')(Bf,M), where the manifold M is as in (2.6) and the sequence {g;} C
Wha(Bf, M), uniformly satisfying (2.7), is weakly convergent to some g, € W4 4(B;", M).
Then, there exists a subsequence, still denoted by {u;}, such that

uj — up weakly in WH+OPo (B Aq) (4.3)
for some & > 0 and any R € (0,1). In particular, u is a constrained minimizer of the functional
&)(w,BE) 2:/ k()(x)|DU}‘p0 dz

By
in class Ch? (Bf, M). Moreover,
Ej(uj, BY) — Eo(uo, BY) for all R e (0,1).

Finally, if x; is a singular point of u; and x; — o, then x¢ is a singular point for ug.

Proof. For the reader’s convenience, we split the proof into three steps.
Step 1: Weak convergence. By assumption, the sequence {g;} is weakly convergent in
Wh4(By, M), so we can find a positive, finite constant M = M (n, M, q) so that

sup ||9j||wlyq(Bl+) <M. (4.4)
JEN

Since the whole sequence {u;} has image contained in M, which, by (2.6); is compact, we
immediately have that sup, ¢y [|u; ||Loo(3;r) < ¢(M) < o0, thus, up to extracting a non-relabeled
subsequence,

u; —ug weakly in L'(Bf,M) forall t€ (1,00). (4.5)

Moreover, being the assumptions in (4.1)—(4.2) uniform in j € N, we deduce that Lemmas 3.2
and 3.4 for the associated frozen problem hold with constants independent of j. In particular,
recalling the uniform features of the functions g; and combining (3.8) with a standard covering
argument we can conclude that {u;} C VVli’f(')(H”) (Bf, M) for all o € [0,min{oy,0,}). Now
we take any ball B,(zg) C By with ¢ € (0,  min{1 — |20/, R.}] and R, as in (3.21), so we can
apply (3.16)2 with any ¢ € (0, min{o,, “=22, £ — 1}) to deduce that

Y2 ' n

/ Dy [P (059 dg < g2 @0:0059) < el N, M, 11,72, ). (4.6)
By(mo)ﬂBi‘—
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In (4.6) we also used (4.4) to incorporate the dependency on the constant from ”ngHLq(Bl*)
into the one from (n, M, q). Now set

. L. n—7 g

Gy = imln {ag,olg,%, T, o 15z,

where oy, a; and 6, are the same higher integrability threshold determined in Lemmas 3.2

and 3.4, respectively, and choose any o € (0,6,). Because of the uniform convergence of the
sequence {p;} to the constant pg, taking j € N sufficiently large we can find positive constants
Y1 < ¢1 < g2 < 72 such that

_ o g
1< q <pj(-) < g2 <ooon B, QQ(1+§><Q1(1+U)7 112<po(1+§) (4.7)

and
0
0<£]2—Q1<g—71 and 1<q—2<2. (4.8)
16 q1
Combining (4.6), (4.7) and the choice of o > 0 we made, we can conclude that
/ |Du; |20 ) da < e(n, M, y1,72,9). (4.9)
B, (z0)NB;

By (4.5) and (4.9) we derive the uniform boundedness of the functions wu; in
Wwh(+e/2)az(B (1) N B, M), so, up to extract a (non-relabeled) subsequence, we obtain
that u; — @ weakly in WhU+9/2)@(B,(z¢) N B, M), for some @y € Wh+e/2)a(B (z4) N
Bf", M). Anyway, by (4.5), tig(x) = uo(z), up(x) € M for a.e. x € B,(x9) N B} and, by the
Rellich-Kondrachov theorem,

uj — ug  strongly in L3F/2% (B, (x0) N B, M), (4.10)

Duj — Dug weakly in L1F9/29% (B, (z0) N B ,RYV>*™). (4.11)
From (4.7); and (4.2)3, we see that g2 > po, therefore (4.3) is proved for instance with

Og

o= —. 4.12
5="2 (4.12)
Using the lower semicontinuity of the norm, we also have that
/ |Dug (%) dz < ¢(datay.)). (4.13)
BQ(IO)QBT

Inequality (4.13) and the convergence in (4.10)—(4.11) hold on B,(x) N B, but we will show
that they actually hold on half balls having any radius R € (0,1). In fact, being B}" compact,
we can find m = m(n) and a finite family of balls {B,, (z4)}7, so that {ox} C (0, Z*) and
B C UL, Bo, (xk). Then, given any measurable subset U C B} with R € (0, 1), we trivially
have that U C (U, (B,, (vx) N By) and, recalling (4.10), (4.11) and (4.13):

|Du0\q2(1+%) dz < Z |Duo|q2(1+%) dz < me < c(data,.) (4.14)
U k=1 Byk(QJk)mBr

Duy s < Du; 5 < c(data,. 4.15

19011005 gy € NP a8y ey S SBER0) (419

m

o 5 < ;= s , 4.1
|, uO||L42(1+§)(U) ;Iluj UOHL”(“ENB%(M)UBT)_>0 (4.16)
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so (4.3) is completely proved. Note that (4.3) and the weak continuity of the trace operator
yield in particular that

trr, (ug) = trr,(go) forall Re (0,1). (4.17)

Step 2: Compactness. We fix R € (0, 1) and, as a first step toward the proof of the minimality
of &y (uo, BY;) in class CPo (B}, M) we show that

Eo(uo, Bf) < hm 1nf€ (g, BY). (4.18)

Since &;(uj, Bf) = (§;(u;, BY) — Eo(uj, BY)) + & (uj, Bf) and, by weak lower semicontinuity
and (4. 5) it is

Eo(ug, B;g) lim inf & (u;, BE), (4.19)
Jj—o0
we only need to show that
|€;(uj, Bfy) — Eo(uj, B)| = 0, (4.20)

which is a consequence of (4.1)3, (4.2)3, Lemma 2.2 (i) with &g = § and (4.9). In fact,

€5 (uj, Bf;) — &o(uj, Bf)| < /Bka(fE)—ko(w))lDujI”j(”
R

+

/+ o(@) “Du‘pj(m) B |Duj|p0} da | < lkj = Kol 5y /+ |DufP7) da
B B

R

Jrg
wellpy =l o) [0+ 1Dw2E0E) o

R
< C[Hk’j — kol (5 + IIps _pOHLOC(B;;)} — 0.

The constant ¢ appearing in the previous display depends only on data,.). Combining (4.20)
and (4.19) we end up with (4.18). Now, let iy € W0 (Bj};, M) be a solution of the Dirichlet
problem

CPo (B, M) 5 w + min & (w, By). (4.21)
As in [10, 14, 30] we fix any 6 € (0, 1), a cut-off function n € C}(Bpg) satisfying
1
ﬂB(l—é’)R <N < ﬂBR and \DW| ~ (4'22>
RO’
and consider a bi-Lipschitz transformation ®: BE — Bp so that
(I)|6+B;g = HaJrBE and ®(Tg)={x € 9Bg: 2" < 0}. (4.23)
Being ® bi-Lipschitz, if Jg is its jacobian, we have that
0<c(n)™! < |Js(x)] < c(n) < cc. (4.24)

Let us look at the function
() = o) + (1~ 0(®(2)))(u(2) — uo(x)) for @ € B,
By (4.22); and (4.23) we see that
B} 0{0 < n(®(x)) < 1}=B; 1@ (Br \ Bu_gn). (4.25)
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Since
O(BE N{0 < n(®(x)) <1}) = 0B}, Uo{n(®(x)) = 1},
by (4.17) we infer also that
in a neighborhood of 9(Bj; N {0 < n(®(x)) < 1}), @, takes values in M. (4.26)

In particular, according to (4.17) and to the definition given in (4.21), we have

trrg (U;) = trrg(95)
o+ g (u;) = o+ Bt (uj) (4.27)
Lo (n(()=1} (1)) = tTofy(@(@)=1) (@0)-
Conditions (4.26)—(4.27) justify the application of Lemma 2.5 on the set B}, N {0 < n(®(z)) <
1} to end up with a function w; € Wl’pj(')(Bf, M) satisfying

loc
W, (8(3; N{0 < n(d(x)) < 1})) cM
trr, (W) = trr,(9;)
Ty gt (W)) = try: g (ug) (4.28)
Lo (n(@()=1} (W;) = tTon(@(2)=1}(90),
|Dw; [P+ (®) da < fB; |Dai;|Pi®) dx

fB;m{0<n(<1><r))<1} N{0<n(@(2)) <1}

with constants implicit in ‘<’ depending on (N, M, v2). Finally, define
() = to(z) if z€ BhN{n@(x)) =1}

I w;(x) if x € BfN{0 < n(®(z)) < 1}.
Now, note that the choices we made in (4.8) and (4.12) imply that
a2 a g2 —Po | q20 dy
L+ =14 | 222420 142 4.29
(1) e[ i) <14 4
so by Lemma 3.4, (4.29), (4.14) and the minimality of @ in class éﬁg (B, M), we get
| Dt ™) dz < e[ Bf; N {0 < n(®(x)) < 1} + c/ |Dio|2(1+%) da

+

Br

/B;m{ogn(é(x»<1}

<c|BE N {0 < n(@(z)) < 1} + C/B+ |Du0|q2(1+%) dz < oo, (4.30)

R

for ¢ = c(data,.)). In (4.30) we used, in particular, that

/ |D110|q"’(1+%) dxéc/ |Duo|q2(1+%) dz, (4.31)
B}, B},

with ¢ = ¢(n, N, M, 1,72, A, A), which follows by the minimality of @ in class éﬁg (BE,M)
and Lemma 3.4. Via (4.24), (4.25) and a straightforward change of variables we have

R

| B0 <0@@) <1 | = [ Ticyow)<y do

R

g/ dxé/ | T ()|~ dz
Bin{®-Y(Br\Bu_sr)} Br\B1_o)r

< c(n)|Br\ Bi—gyr| =0 as 6 — 0. (4.32)
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We then estimate
&j(uj, By) <&j(w;, BY)
<&j(wj, By N{0 < n(®(x)) < 1}) + (a0, By N {n(®(x)) = 1})
::(I)j + (II)j. (4.33)

In the previous display, we used that, in view of (4.28)s 3, w; is a legitimate comparison map
to u;. The bounds in (4.30), (4.28)4 and (4.32) then legalize the following estimate:
T— p; ()

RO dz

(1)7, Sc/ |}Dﬂdp1‘<r) + | Du; — DUO‘P.J’(@’) +
‘ BEn{o<n(®(2))<1}

|Daig|P ™) da + c/

[|Duj\m<m> + |Duo|w<m>} da
BEn{0<n(®(x))<1}

<0/
Bfn{0<n(®(x))<1}

U; — Ug
RO

vef
BEn{o<n(®(x))<1}

where ¢ = ¢(N, M,~1,72). Let us bound the three terms appearing on the right-hand side
of the above inequality. By Lemma 2.2 (i) with e = §, (4.31), (4.7), (3.19), (4.32), (4.2)3 and
the absolute continuity of Lebesgue’s integral we have
M)} <e / [|Da0|pz<w> - |Da0|m} de + ¢ / |Dio|P da
BEn{o<n(®(x))<1} BEN{0<n(®(z))<1}

<cllpj — poll oo 5+ |Dﬂo|qz(1+%) dz + o(9)
’ (B1) BEn{0<n(®(x))<1}

<cllp; *polle(B;)/w 1Duo|2(42) da + 0(6) = o(j) + 0(6),

R

with ¢ = c(datay(.)). By (4.7), (4.14), (4.15), (4.32) we get that

(] <o

F (1Du;|* + [Duol|*] da

0+ [
BAn{0<n(®(x))<1}
< 0(0) + c(data,))|Bi N {0 < n(®(x)) < 1} 757 < o(6).

Moreover, using (4.16), Holder inequality and (4.32) we have

q2

Ui — Ug
J dzx

r0

()7 <[Bj; n{0 < n(®(x)) < 1} +/
Bin{0<n(®(x))<1}

<o(0) + (RO)~|Bf N {0 < n(®@(x)) < 1|75 luy — o™ )
L 2)(Bh)

<o(0) + (RO)~*o(j),
and, trivially,

(ID); < &(iio, B).
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Finally, by (4.1)s, (4.2)3, (4.30) and (4.31) we get
1€5(@0, B) = Eo(iio, Byy)|

< [k; = kol ye iy + 1P = poll e (1 + /B |Dug|=(+%) dx>
R
e(datay() Ik = kollpw sz + 195 = poll (5| = 000
Plugging the content of all the previous estimates in (4.33) we end up with
&(u;. B) < Ealito, BE) + olj) + o(6) + (RE) ().
By (4.18) we can take the liminf as j — oo in the above display to obtain
Eo(uo, B, )<hm1nf5 (uj, BY)

<limsup [& (@, BE) + o(j) + o(8) + (RE) % 0(j)]

j—ro0
<&(To, BE;) + o(0). (4.34)
Sending # — 0 in (4.34) and using the minimality of g in class é{jg (Bf, M), we end up with
Eol(uo, BY) < & (g, BY) < E(w, BY)

for all w e P (BE,M). Therefore, by Definition 3 and (4.17), the minimality of ug in class

uo
Cbo(Bj;, M) is proved. Finally, combining (4.34) with the minimality of @ in class éﬁg (B, M),
we can conclude that &;(u;, B};) — Eo(uo, B}).

Step 3. Singular points. Let {z;} C Bi be the sequence of singular points in the statement.
The interior case zo € B, has already been analyzed in [10, Section 4.1], so we can assume
that zg € I'y. Up to choose j € N sufficiently large and then relabel, we can also suppose that
{z;} C B}, for some R € (0, £+), 29 € T and (4.7)-(4.8) are in force. By Theorem 1.1, (2.7)
and (4.4), we can find a radius R>0anda positive constant £, both independent of j € N so
that if z; is a singular point of u;, then

P2 j(e) P2 ;5(e)
g2 (@1 /B+< )(1+ Dy, ?)” 7 da >&>0 (4.35)

for all g € (0,1 min{R, R, — R}), with R, as in (3.21). In the above display, we denoted
po,i(0) := SUD,c B, (2, )B; pj(z). Set o’ := min{&,%}. By Lemma 2.2 (i) with ep = % and
(3.16)2, we estimate

1
P2, (e)

p2, j(e) pj(x)
9”2’”'(@)_”/B+( )|:(1+|Duj|2) T = (14 D) } dz

o e g 7240 (H%’) p2,j () i
<e (£ (14 Dyl dz <co 72— 0, (4.36)
By ()

for ¢ = ¢(n, N, M,y1,72,q). By (4.35), (4.36), (4.4) and (3.14) we then get

o a = m
: <CQ,7+% +e Q;nz,g(g)_”/ ( ‘Du7| ) 2 da
B (z5)
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pj(x)

’

<CQ,<72+% +CQ+CQ17W / uj _gj
By, (x;)

4

P2, 5 ()
d:c—i—/ |Dg;|Pi®) da
By, (x;)

1
q

<co T dcoteo T / |Dg;|* da
BQ—(IJ)

. g |20+3) oy @ O
e / U~ Uo e +/ 9i —uo |7 4,
B3, () e Bf,(z;) 0
1
. 5 PQ,]‘(Q)
<co® +c¢ ][ lu; — uo“l2(1+§) dz —|—][ lg; — uo|P?® dx] ) (4.37)
B;rg(zl:j) BF (x5)
where we set ¢” := min{1 — %, % - %}> 0 and ¢ = ¢(n, N, M, v1,72,q). By (4.16) we get
][ lu; — uo|qz(1+%) dz -0 as j— 0. (4.38)
B3, (z;)

Since g; — go weakly in VVl’q(Bl+ ,M), then by the Rellich-Kondrachov theorem there holds
that, up to subsequences, g; — go strongly in L‘J(Bfr , M) and pointwise a.e., therefore, keeping
also (4.2)3 in mind, we can apply dominated convergence theorem to end up with

][ g5 — @ de _>][ lgo — uolP® dz as j — oo (4.39)
B, (x;) Bf,(z;)

By (4.2)3, (4.38) and (4.39) we can take the limit superior with respect to j € N on both sides
of the inequality in (4.37) to obtain

1

Po
E<co” + c<][ lgo — up|P° dx) . (4.40)
B, (z;)

We finally pass to the limit superior for ¢ — oo in (4.40) and have

0 <P g 1imsup][ |uo — golP° du,
00 B, (w5)

meaning that z( is a singular point for ug. In the previous display, we set & := £/c. (|
The next lemma is a monotonicity formula in the spirit of [10, 23, 52, 54].

LEMMA 4.2. Under assumptions (2.3), (2.4), (2.6) and (2.7), let u € W'?() (B}, M) be
a solution of problem (3.1). Suppose also that
k(0) = 1. (4.41)
Then, for all k€ (0,1—7), there exist T =T (n,N,M,y1,72,9) € (0, 1] and a threshold
T = T(data, k) € (0,1] such that if

90,125y <7, (4.42)

then the map ®: (0, %) — [0,00) defined as

C

O(7) :=exp (BHT

5”) |:Tp2(‘r)—n/ k(az)|Dﬂ|p2(T) dz + CL , (4.43)
B K
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with @ as in (3.26), 8" = "(n,q,v) and ¢, ¢ = ¢, ¢(data, ”DQHLG(Bj)’“)’ is monotone non-
decreasing. Moreover, the following inequality holds true:

[ utRa) = aenp awe @)

gclog(R/g)“@)_l [sz(g)—m(R)(q,(R) —®(0))| 4+ (R - Q)m(lf%)7 (4.44)

for ¢ = c¢(data, ||Dg||Lq(B;r)7 K).

Proof. Let u € W P()(B;, M) be a solution of problem (3.1), x € (0,1) be a fixed constant
and select T' € (0, 1] so that

1—k A g
0 < T < min< R, , ,
{ 32[plo.x (4[/%‘]071/) }

where R, is as in (3.21). Such a position assures that, whenever 7 € (0, 1], (3.23)-(3.25) hold
with R replaced by 7, moreover,

1-— v
p2(47) — p1(7) < TKJ and 4[k]o,, 77 < A, (4.45)

with v as in (2.3);. For 7 € (0, 7], we introduce the functional

wtr2)(BF M) 3w — E-(w, B}) == k(z)|Dw[P>(") dz
Bt
and let v € WP2(7)(BF M) be a solution of problem
Cr2(M(BY M) 3w+ min &, (w, BY). (4.46)

By the minimality of v in class 852(7)(Bj, M) and that of u in class Cg(')(Bfr, M) we bound
|g‘r(u7 B:) - g‘r(%Bi)‘ = gT(”? B:) - gT(UvB:_)
<18, (u, BY) — E(u, BY)| + €+ (v, BY) — E(v, BE)| = (1) + (ID).
Let

1 oy 1
o = 4min{ag,5g,n’y2w, 27:}, (4.47)

where o, and ¢, are the higher integrability threshold from Lemmas 3.2-3.4, respectively.
Combining (2.2)1, (2.3)1, Lemma 3.2, Lemma 2.2 (i) with &g = ¢” and (3.16)2 we end up with

2 M 1 4 1 7
(I) < CT/ (1+ |Dul) do < erttrop2(dn)+a?)
B+

for ¢ = c(data,(.), HDQHLQ(BD)' In a totally similar way, using this time Lemma 3.4, (3.16)3
and Lemma 2.2 (ii) with g = 0" we get

pa(r)(1ta’’)

(Il)gcr/ (1+|Dv]*) 2 dz
B

5. 220t .
<CT/ (1+|Dv]") dz < erttnop2dn+eT)
Bt

g

with ¢ = c(data,., ||Dg||Lq(Bl+)). Merging the content of the previous displays we obtain

E-(u, B}) < & (v, BY) 4 erttnp2dn (e, (4.48)
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Now, for 7 as above, define z, := Tﬁ As in [52, Lemma 1.3] we consider the following
comparison map:

u(x if x \ B
’LUT(JL') ::{ ( ) f 6Bl \BT

w(xr)+g(z) if x € Bf,
where 4 is defined in (3.26). Note that, by (3.24)—-(3.25) there holds that

w, € u+ WP (BHRY) and w, € W ()(BH RY). (4.49)
Moreover, since (2.11) and (4.42) are in force, we see that

dist(w,, M) < ¢(n,q, Bo) Y77  with By:=1— E7
q

therefore, choosing Y small enough, and thus determining the dependency YT =
Y (n, N, M, 1,72, q), we can project w, onto M thus obtaining a map @, := Iy (w; ) satisfying

@, € (P (B M) and / DB, 2 dg < (1 + eTr%) / \Dw. () dg,  (4.50)
Bt Bt

for ¢ = c¢(n, N, M,v1,72,q). Note that by the mean value theorem applied to the function
[0,00) 3 5+ (t + 5)P2(7) there holds that

(ID| + |Dg|)™™ < |DafP>™) + py(7)(|Di| + |Dg|)* =Dyl (4.51)

so by Holder inequality with conjugate exponents (pf(QT(Ql ,p2(7)), (4.42) and (4.50) we get

| 1wy ae < [ (D) + Dyl da

<(1+ erf) / |Di(z,)| ™) da
B

+C[T—ﬂo(p2(T)—1)/ ‘Dg|pz(f) dx+/ |Dg|pz(f) dx]
BF B

<(1+m50)/ |Dit(z,) P27 da
+

T

— )— n(1—22() n(1—22(0)
+C[T Pl | (1 )}HDqu(Br)

<1+ 0760)/

|Da(z,) P27 dz + ern(1-7)+1-p2(7) (4.52)
Bf

for ¢ = e(n,v1,72, 4, [|Dgll 1.« ( Bfr))' In the previous expression, we also used the original value
of Bo. By (2.3), (4.41) and (4.50) we can refine (4.52) as

/ k(x)|Dw, P> da <(1+4[k]0,ﬂ”)/
Bf

|Dw, P27 dz
B

<(1+er) / D)0 do + e (=50 (453)
Bt
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where ' := min{fy,v} and ¢ = c(n, N,M,v1,72, ¢, [k]o.v, ||Dg||Lq(Bl+)). Let us evaluate the
pa(7)-energy of 4. First, recall that if % = Du - ﬁ denotes the radial derivative of @, then

o1
— | < |Dal. 4.54
o | < il (454
Moreover, if p2(7) > 2 and t > s > 0 there holds that
(t — s)P2(7) L P2(7) _ gP2(7), (4.55)
A straightforward computation renders, for z € B that
72 z, |?
Dite ) = L Dt | it 22 |
|z ||
so by (4.54), (4.55), area formula, (2.3), (4.41) and (4.45)
p2(1)
T ou I*| ° 1
Dz, )P dxzi/ DﬂxQ—‘ dH" " (z
/. it o) o [P | 5 («)
T ou |72
<— Da(z)|P?(7) — | == dH" (x
RPQ(T)[/W| (@) i ] (@)
T v ou P2
<S————|(1+72 / k()| Dae)[> 7 a1 (x —/ - dH" ! (z)].
| T [ keI @/ 1% (x)

(4.56)

Recalling the position made in (3.26), proceeding as in (4.51) and using Young inequality
with conjugate exponents (pf(QT()Tll ,p2(7)), (4.42), (2.3), (4.48) and the minimality of v in class

CAng(B:f,M) with (4.50); we have

£,(il, BY) <(L+ %€, (u, BY) + cr—Pop2()=1) / IDgP*™) da
B
<L+ er)E (v, BY) + c[r (3 o)y gtz n )]
<t e ey, B 4 o[ (i) g g ]

<(1+ CTB/) / |D’L~L((E7—)|p2(‘r) dz + C[T"(l—%)-*-l—pz(‘r) + 7_71-5-1—:02(47)(1-5-0”)} )
+
(4.57)

with c(datay.), ||DgHLq(Bl+)). Merging (4.57) with (4.56) and using (4.54), (2.3) and (4.45)2
we obtain

E-(u, B gT{ 1+er?” / k(z)|DalP>(™ dH* Nz
@.85) < s arer™) [ k@il (@)
8,11 p2(T) , y
—/ — dH" (x) +cr? (12 —|—1)/ k(x)|DafP>™) an™ 1 (x)
ot | Or oB}

+ C[Tn(17%)+1*172(7) +7_n+1—p2(47')(1+0”):|
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1 ﬂ/l
gw/ k()| DaP2™ dH" " (2)
n—pA7) Jop:

i
n — pa(7) OB+

+C|:7_n(1 é)+1—p2(7) +7_n+17;22(4‘1’)(1+(r”):|

o

or

p2(7)

dH" ()

with 4" := min{%, 8’} and ¢ = c(data, ||D9HLq(B;r))~ To summarize, we got
T / k(z)| D> dH" () >
OBt

> l”(:)/ k(z)| D@ da
L+er?” Jp+
|
L+er? Jopt
_c(n—pa(7))

p2(T)
dH"(x)
|: ’n(lfé)Jrlfpg(T) +7_n+1—p2(4‘r)(1+(7”):|
1+ crh”
for ¢ = c¢(data, HDQHL(I(Bj)aﬂO)- Now, set

(4.58)

o

or

(4.59)
T ()=n P2 (7)
0,— ) 37 f(r):=1P k(x)|Da|P'™) de.
4 B

(4.60)
Multiplying both sides of (4.59) by 772(7)="~1 and using (4.45); and (4.47) we obtain

TP2(T)—" /aB+ k(.’L‘)|Dﬁ|p2(T> d?—ln_l(x) >TL _p2(T)

2 o)
Fpa(r)=n dii

m— — n—l 4.61
+ 1+ crb8” /(,)B:r or dH" () (4.61)

p2(7)
for ¢ = c¢(data, ||Dg||Lq(Bl+), k). From (2.4) follows that (0, 2) 3 7 +— po(7) is differentiable with
bounded, non-negative first derivative 0 < p’(7) < ¢(

n, [plo.1). We compute:
7o) =(patr) =m0 [ k@D da

B

4 gpa(n)n / k()| D" aH (x)
OBF

+py(r) gy [

Bt

-

k(z)|DaP>") dz

+ phy(r)rP2(T) = / k(z)log(| Da|)| Daf2(™) da.
B+

+

We record that, for all eg € (0, 1) there holds that

|log(t)| < e(eg0)(1+t)t7°° for any ¢t > 0. (4.62)
Let us estimate the last two terms appearing in the expansion of /(7). Using (4.62) with
g0 = 1 — 3" we bound
ph(r)log(r)r* = [ k(a)| Dl da < ep)(r)r? 1
Bf

k(z)|DafP*™) da.

Bf
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oo 1—k

By (4.62) witheg = 1 — po(7) min{ %, =

1, (keep (3.22)—(3.24) in mind) and (3.16) we obtain
P ()P / k() log(|Da) | Da=™) dz <™ ]/
B

BT

-

(1 + | Da|)P=(M+=0) qg

<C7-P2(T)*P2 (47)(1+e€0) < el

)

for ¢ = c(data,,, ||Dg||L1(Bl+), k). All in all, we got the following lower bound for /' (7):

f/(T) =(pa(7) — n)sz(T)—rL—l/

Bt

-

k(z)|DaP>") dz
+ p2(T)=n / k(z)|DafP>™ dH" = (z)
aBt

_ Cpé(T)TB”me(T)*n /B+ k(gc)|Dﬂ|p2(T) do — e

-

=rp2(n)-n /d - k(x)| Daf>™ dH" (z)

o

(4.63)
with ¢ = ¢(data, HDg”Lq(Bl*)v k). Set

o(1) :==n—pao(7) + cp’Q(T)Tﬂ”.
Merging (4.61) and (4.63) we obtain

i)+ (o - F22)) 1

14erB”

i
Fp2(r)—n ou |72 2(n — pa(1))
> ou d n—1 R U B S e A A 1],
1 +CT[3” /d\B:r aT H ($> CT 1+C7’ﬁ” +
where ¢ = ¢(data, ||Dg||Lq(Bfr)a K).
to see that

In the previous display we also used that k < fy. It is easy

o) 22t

1 + CT'BN < é(data7 ||Dg||L’1(B;r)7 K/)Tﬁ ?

therefore we get

p2(T)

dH" Y (2).

ot

or

/ - B—1 P P2()—n
f' (1) +ér f(r) + et Z i /aBi

(4.64)
Let ®(-) be the function defined in (4.43). Combining (4.64) and the fact that 7 € (0, 1], we
immediately see that

P'(7) > exp {;} (e () + (1) 4+ o]

pa2(T)—n il p2(7)
T P e
l+c Jopt| Or
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with ¢ = c(data, HDg||Lq(Bl+),n). At this stage, we integrate the inequality in the previous
display over 7 € (9, R) with 0 < p < R< T < 1 to get

1 R - ol p2(T) .
®(R) = ®(0) >—— [ =" o | @)
( ) (Q) e , T ABj ar H (JC) T
p2(R)—p2(0) R g P2
LeTee / p2(e)-n / Ou I i) dr. (4.65)
l+c |/, ot | Or

Once (4.65) is available, we can proceed exactly as in [54, Lemma 4.1] to end up with

[ lathe) = a9 e a)
oB;

R dii p2(0)
<log(R/o)*9~" / rp2(e)—n / — dH" Y(z) | dr
0 oBF or
1+c o
< Gty 08B/ [2(R) — (o)), (4.66)

for ¢ = c¢(data, ||D9HLa(B;r)»’<5)' Finally, keeping in mind (2.7) and position (3.26) we bound
via (4.66):

/ . |u(Rx) —u(gx”pz(g) denfl(x) < C/ li(Rx) — ﬂ(gm)‘m(@) dHn71($)
OB;

OBy
+ c/ lg(Rz) — g(gx”pz(a) dan—1($)
By

<clog(R/o)P*(@~1 {Qm(e)—pz(R)(@(R) _ q)(g))] +e(R— o) (7%,
with ¢ = ¢(data, HDg||Lq(B;r), k) and the proof is complete. O

Before going on, let us stress that, as in Section 3, we can reduce problem (1.2) to an equiv-
alent one defined on the half-ball Bi". In fact, in the proof of Theorem 1.2 we shall consider
u € WHPO) (B, M) solution to

PO (BE M) 5w s / |Dwe) dr, (4.67)
Bl

with boundary datum g(-) as in (2.7) (of course () is replaced by B;). Now we are ready
to prove Theorem 1.2.

4.1. Proof of Theorem 1.2

As a consequence of Theorem 1.1, we know that u € Cloo’fo (Bf \ Zo(u), M), for a closed,
negligible set ¥ C Bfr . Let us prove that > N GBfr = (). By contradiction, assume that zy € I'y
is a singular point for u € WP (B;F, M), solution to (4.67). Up to translations, there is no loss

of generality in assuming xy = 0. Now, for j € N, define the rescaled maps

uj(@) =ulz/),  pile):=pa/i),  ki(x) =700 gi(a) = gla/h).
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Since u € W1PO) (B, M) solves (4.67), we deduce that each u; € Wl’pf(')(B;-r,M) solves
problem

Cg;(')(B;_,M) 3> w +— min /B+ ki ()| Dw[P @ dz, (4.68)

therefore it is easy to see that it also solves

Cg;(')(Bf_,M) Sw Inin/+ ki ()| Dw|P ™) dz. (4.69)
Bl

Note that, whenever = € Bf , a straightforward computation shows that
{p,;} and {k;} are Lipschitz continuous uniformly on j € N in B} . (4.70)
Again for x € By, recalling Morrey’s embedding theorem we see that

sup |p;(z) —p(0)] < 4[plo1lz/j| < 4[plo,1(1/5) =0 (4.71)
xEBf

sup [k, (x) — 1] < max {exp (‘W) 11— exp (‘4“’]011‘%@» S0 (472)

wEBf J

n

2/j]'TF <A4lgloa-=(1/5)' 77 = 0. (4.73)

sup |g;(z) — g(0)] < 4[glo1-=
CEGBT

Furthermore, recalling (2.7) and (4.73) we see that

/B+ |Dg;|¢ da < jq_”HDgHiq(Bl*) dz — 0,
SO
g; — g(0) in Wh4(Bf, M). (4.74)

Collecting (4.68) and (4.70)-(4.74) we see that the assumptions of Lemma 4.1 are satisfied
WL (1+5)p(0)

Lo (B, M), g is a solution of problem

in Bfr, so in particular u; — ug weakly in

X |Dw[P©) dz (4.75)

R

Cgég))(BE,M) Swr min/
B

for any R € (0,1) and, since zo = 0 is a singular point of all the functions u;, then it is also
a singular point for ug. We fix 0 < 1y < o < 1 and let j € N be so large that j~! < % with
T as in Lemma 4.2. Recalling also (1.3) (on B; of course), we see that the assumptions of
Lemma 4.2 are satisfied, we can apply (4.44) with o = p1/j and R = us/j to get

/aB+|uJ(/“L1-,I;) — Uj(u2$)|p2(U1/j) dHn_l((E)

1

:/ |U/(j_1/j/1q;) - U(j_llLLQ,’L‘)‘pQ(“‘l/j) dHn_l([L‘)
oBf

<elog(pa/m )P0 ((pua/) = @(pua /) + e 0 (g = ) (75, (4.76)
with ®(-) defined as in (4.43) with k(-) = 1. By Lemma 4.2, we deduce that
lim ®(pq/j) = lim ®(u2/j) = L for some finite L >0,
J—00 J—00
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thus
clog(pa/pn)P2 /D Bz /) — D(p1 /7)) + ¢ ) (g — ) (75) 0.0 (477)

Furthermore, in light of (4.3) we have that u; — uo almost everywhere in Bf , so recalling also
(4.71) we get

| (poz) — w;(pra) P29 = Jug (pax) — uo ()P for ae. = € By . (4.78)

Combining (4.78), (2.6); and the dominated convergence theorem, we obtain

I JaBT

[ otz ~ o) d @), (4.79)
OB

1

Inserting (4.79) and (4.77) in (4.76), we end up with

/aB+ Juo (paw) — uo ()P dH"(z) = 0,

1

which in turn implies that uo is homogeneous of degree zero. Recalling that ug is a solution
of (4.75), by [31, Theorem 5.7] we can conclude that ug is constant, so zy = 0 cannot be
a singular point. This means that ¥y € B]” and the proof is complete.
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