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A polyatomic gas with slow relaxation of the internal modes in contact with a solid boundary
is considered. In a previous paper [K. Aoki et al, Phys. Rev. E 102, 023104 (2020)], the two-
temperature Navier—Stokes system, i.e., a set of compressible Navier—Stokes equations with the
translational and internal temperatures, was derived from the ellipsoidal-statistical (ES) model of
the Boltzmann equation for a polyatomic gas under the assumption that the Knudsen number is
small and the ratio of the collisional mean free time to the relaxation time of the internal modes is as
small as the Knudsen number. In the present study, the appropriate boundary conditions for the two-
temperature Navier—Stokes system are derived by the analysis of the Knudsen layer on the basis of
the ES model for a polyatomic gas and the Maxwell-type diffuse-specular reflection condition on the
boundary. The resulting boundary conditions, which are of the type of slip boundary conditions,
are summarized, together with the two-temperature Navier—Stokes equations, in a form that is
applicable to practical applications immediately.

I. INTRODUCTION

Rarefied polyatomic gas flows play increasingly important roles in non-equilibrium gas dy-
namics and its applications. For these flows, one needs kinetic theory based on the Boltzmann
equation, which can be written in an abstract form using the transition probabilities of micro-
scopic states of molecules during molecular collisions [1-9]. However, the transition probabil-
ities, which depend on the detailed structure of molecules and thus on individual gases, are
not known for many polyatomic gases. Therefore, it is hard to directly apply the Boltzmann
equation for practical flow problems.

To avoid this difficulty, two different approaches are often taken, in addition to the direct
simulation Monte Carlo (DSMC) method [10], which will not be discussed in this paper. One
approach is to use kinetic model equations, such as the models of the Bhatnagar—Gross—Krook
(BGK) type, that have dramatically simplified collision integrals and satisfy some basic prop-
erties of the original Boltzmann equation [11-25]. The other is to use macroscopic or fluid
equations that are simpler than the kinetic models but are expected to be accurate when the
state of the gas is close to a local equilibrium. In the present study, we consider the latter
approach.

There have been many attempts to construct macroscopic equations on the basis of kinetic
theory or purely macroscopic considerations [6, 8, 21, 26-34]. One of the standard approaches
is to derive equations of Euler and Navier—Stokes types using the Chapman—Enskog procedure
[35] from the Boltzmann equation [6, 8, 28, 33, 34]. In the case of a polyatomic gas, the
standard Chapman-Enskog expansion leads to the ordinary Navier—Stokes equations with a
single temperature and with bulk viscosity. However, for a gas in which the characteristic
(or relaxation) times of different internal modes of a molecule differ significantly, the ordinary
Navier—Stokes equations with a single temperature are not sufficient to describe flow properties
[28, 31, 33].

In order to reduce the difficulty, some authors have derived the Euler- or Navier—Stokes-
type equations with multi temperatures associated with the translational motion and with the
internal modes of a molecule on the basis of the Boltzmann equation, taking into account the
differences in the relaxation times of different internal modes [1, 28, 33, 34]. However, although
accurate theoretically, these approaches require a large amount of information on the molecular
structure, containing numerical and empirical formulas and some assumptions, for individual
gases. Therefore, for practical applications, it was desirable to construct handy and overall
fluid-dynamic models that do not depend on the detailed molecular structure but contain only
overall information.



To answer this problem, four of the present authors proposed a handy set of macroscopic
equations of Navier—Stokes type with two temperatures, which they called the two-temperature
Navier—Stokes equations (or system) [36]. Unlike the previous studies [1, 28, 33], the starting
point was not the original Boltzmann equation but the polyatomic version of the ellipsoidal-
statistical (ES) model, which is one of the widely used kinetic models proposed in [16] and
re-derived in a systematic way in [37]. The ES model contains a parameter that is of the order
of the ratio of the mean free time of the gas molecules to the relaxation time of the internal
modes. Under the assumption that this parameter is as small as the Knudsen number, the
Chapman—Enskog expansion [35] was carried out to derive the two-temperature Navier—Stokes
equations. Since the number of parameters contained in the ES model is much less than the
original Boltzmann equation, the transport properties of the resulting two-temperature Navier—
Stokes system in terms of the parameters are much simpler and perfectly explicit. Therefore, it
has a wide applicability to practical flow problems. In fact, the system was successfully applied
to the problem of the structure of a stationary shock wave in CO4 gas [36, 38].

However, since most of practical flow problems contain solid boundaries, we need appropriate
boundary conditions in order to enlarge the applicability of the two-temperature Navier—Stokes
equations. The appropriate boundary conditions for the standard Navier—Stokes equations with
a single temperature have been obtained for a polyatomic gas in [39] on the basis of the ES
model, following the procedure in [40] for a monatomic gas. In the present study, we will
derive the appropriate boundary conditions for the two-temperature Navier—Stokes equations
[36], starting from the ES model, together with the condition of diffuse-specular reflection on
the boundaries (the so-called Maxwell-type condition), and following the method in [39]. The
essence of the procedure lies in the analysis of the Knudsen layer adjacent to the boundary.
The adoption of the ES model, which is consistent with the two-temperature Navier—Stokes
equations, facilitates the analysis of the Knudsen layer and enables to obtain the explicit form
of the boundary conditions, which are of the form of slip conditions, as we will see in Sec. VII.
It should be emphasized that it is a great advantage of the two-temperature Navier—Stokes
equations to have clear boundary conditions, compared with other types of moment equations.

Here, the following remark is in order. Let us consider the case of a monatomic gas. The
(compressible) Navier—Stokes equations correspond to the first-order Chapman—Enskog solu-
tion, which formally satisfies the Boltzmann equation up to the order of the Knudsen number
(Kn). Therefore, the boundary conditions for the Navier—Stokes equations should be con-
structed in such a manner that the kinetic boundary condition for the Boltzmann equation
is satisfied up to the order of Kn, and the resulting conditions are of the form of slip condi-
tions, as pointed out in [40]. In this sense, the usual no-slip conditions, which correspond to
satisfying the kinetic boundary condition only at the zeroth order in Kn, are not consistent,
and use is to be made of the slip boundary conditions for the Navier—Stokes equations. The
same remark applies to the case of a polyatomic gas, including the boundary conditions for the
two-temperature Navier—Stokes equations.

The paper is organized as follows. After this introduction, the slip boundary conditions for
the two-temperature Navier—Stokes equations, which are the main results of the paper, are
summarized in Sec. II, where the original kinetic problem and the assumptions are stated, and
the two-temperature Navier—Stokes equations are also summarized. The ES model and its initial
and boundary conditions are mentioned in Sec. III, and their dimensionless forms are presented
in Sec. IV. In Sec. V, the parameter setting for a polyatomic gas with slow relaxation of the
internal modes is explained, and the first-order Chapman—Enskog solution, which corresponds
to the two-temperature Navier—Stokes system, is summarized. The Knudsen-layer is introduced
in Sec. VI, and its analysis is carried out to derive the slip boundary conditions in Secs. VI and
VII. The two-temperature Navier—Stokes equations and the derived slip boundary conditions
are summarized in dimensional form in Sec. VIII. Section IX is devoted to brief remarks. In
addition, the main text is supplemented by four appendices.

II. SUMMARY OF MAIN RESULTS

Our aim is to construct the boundary conditions for the two-temperature Navier—Stokes
equations derived in [36]. For this purpose, we need to start with the description of the problem
in the framework of kinetic theory. One will see how the analysis of the kinetic problem provides



the desired boundary conditions in the following sections. However, since the analysis takes
several pages, we will summarize the main results, together with some necessary information,
in this section.

A. Problem and assumptions

The basic kinetic problem is described as follows. Let us consider a polyatomic (or diatomic)
ideal gas in contact with solid boundaries of arbitrary but smooth shape. The gas may extend to
infinity, and no external force acts on the gas molecules. We investigate the unsteady behavior
of the gas under the following assumptions:

(i) The behavior of the gas is described by the ES model of the Boltzmann equation for a
polyatomic gas [16, 37].

(ii) The boundaries do not deform and undergo a rigid-body motion, and the gas-surface
interaction is described by the Maxwell-type diffuse-specular reflection.

(iii) The Knudsen number, which is the ratio of the mean free path (or the mean free time)
of the gas molecules at the reference equilibrium state at rest to the characteristic length
(or the characteristic time) of the system, is sufficiently small.

(iv) The gas is such that the internal modes relax much slower than the translational mode. To
be more precise, the ratio of the mean free time of the gas molecules to the characteristic
(or relaxation) time of the internal modes is as small as the Knudsen number.

(v) At the initial time, the boundaries are at rest and have a uniform temperature, and the
gas is in the equilibrium state at rest with the same temperature. After the initial time,
the boundaries may start moving smoothly, and their temperature may change smoothly
in time and position. (For the problems including infinities, the corresponding initial state
and slow variations should be assumed at infinities.)

We put assumption (v) to avoid the occurrence of the initial layer and that of the interaction
between the initial layer and the Knudsen layer during the initial stage for the sake of theoretical
rigor (cf. [40]). Assumption (v) may be relaxed if we admit the inaccuracy during the initial
stage with the duration of the order of the mean free time.

B. Notation and parameters

Let us denote by ¢ the number of the internal degrees of freedom of the gas molecule, where
0 is a constant such that § > 2. Then, the specific heat at constant volume c¢,, that at constant
pressure ¢p,, and the ratio of the specific heats v = ¢, /c, are all constant and are expressed as

_5+3

. 545
v 2 -

2

545

B =5
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Here, R is the gas constant per unit mass and is related to the Boltzmann constant kg and the
mass of a molecule m by R = kg/m.

Let ¢t be the time variable and X (or X;) be the position vector in the physical space.
Let p denote the density, v (or v;) the flow velocity, Ti, the temperature associated with the
translational energy, T, the temperature associated with the energy of the internal modes,
and T the temperature. The kinetic definitions of these macroscopic quantities are given in
Egs. (18d), (18e), and (18g)—(18i) in Sec. IIT A, respectively.

The ES model, which will be detailed in Sec. ITT A and Appendix A, contains two adjustable
parameters v € [—1/2, 1) and 0 € [0, 1], as well as a function A.(T) of the temperature T such
that A.(T)p indicates the collision frequency of the gas molecules. These quantities are related
to the viscosity u(T'), the bulk viscosity us(T'), and the thermal conductivity A(T') as shown by
Eq. (A7a)-(A7c) in Appendix A 2. As the result, the Prandtl number Pr = ¢,u/X is expressed
in terms of v and 6 by Eq. (A8).



C. Two-temperature Navier—Stokes equations

In this subsection, we summarize the two-temperature Navier—Stokes equations, derived in
[36], in the dimensionless form. Their dimensional form is shown in Sec. VIIL.

Let us denote by L the reference length, t; the reference time, py the reference density, and
Ty the reference temperature. In the present study, we choose tq as

to = L/(2RTy)"/?, (2)

which corresponds to the so-called fluid-dynamic scaling. Now we introduce the dimensionless
quantities [t, z;, p, Ui, Tir, Tint, T, Ac(T)], which correspond to the original dimensional
quantities [t, X;, p, vi, Ttr, Tint, T, Ac(T)], by the following relations:

:t/tﬂa Zi :XZ/L, ﬁ:P/POa f}z :Ui/(QRTO)l/zv

t
o - (3)
(Ttm Tint, T) = (Tt!'7 Tint, T)/To, AC(T) = A(,(T)/AC(TO)

According to assumption (iii) in Sec. IT A, the Knudsen number Kn, defined by Kn = ly/L, is
small, where [y is the mean free path of the gas molecules at the reference equilibrium state at
rest with density pp and temperature Ty [cf. Eq. (A5) in Appendix A 1]. In the present paper,
we use the small parameter e:
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in place of Kn. As will be explained in Sec. V A, the ratio of the mean free time of the gas
molecules to the characteristic (or relaxation) time of the internal modes is represented by the
parameter 6 included in the ES model. Therefore, assumption (iv) in Sec. IT A indicates the
following setting:

0 =oae <1, (5)

where « is a positive constant (parameter) of the order of unity. It follows from Eq. (A9) that
small values of # indicate large values of the ratio u/p of the bulk viscosity to the viscosity.
Therefore, we can also say that we are considering gases with large bulk viscosities.

The two-temperature Navier—Stokes equations, which have been derived from the ES model
by the Chapman—Enskog expansion under the condition (5), have the following form [36]:
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where
T (T, Tyy) = ——2——  TA(T, Tiy) = —2—, (7)
(1—v)A(T) Ac(T)

and T = (3Ttr + (5Tint)/(3 + ). These are the equations for g, 0;, Tir, and Tine and contain the
parameters €, v, and «. Here and in what follows, we basically use the summation convention,
i.e., a;b; = Zle ab;, a? = Zle a?, etc. It is shown in Appendix B that the ordinary Navier—
Stokes equations with a single temperature can be recovered from Eq. (6).



D. Slip boundary conditions: Main results

The slip boundary conditions for the two-temperature Navier—Stokes equations, which are
obtained by the analysis of the Knudsen layer detailed in Secs. VI and VII, are the main
results in this paper. Their dimensionless form is summarized below. See Sec. VIII for their
dimensional form.

Let X, (or Xy;) be the position of a point on the boundary, vy, (or vy;) and Ty, be, respec-
tively, the velocity and temperature of the boundary at the point X,. Let us denote by n (or
n;) the unit normal vector to the boundary, pointing into the gas, at X, and by t (or ¢;) an
arbitrary unit tangential vector to the boundary at the same point. Following the notion of
fields, we understand that the arguments of vy, Ty, n, and t are (¢, Xy ). Then, we introduce
the dimensionless quantities (T, Owi, Tw) corresponding to (X, Vwi, Tw) by

Twi = Xwi/L,  Owi=vwi/2RT0)Y?, Ty =Ty/To. (8)

The kinetic boundary condition for the ES model is the Maxwell-type condition, which is a
linear combination of the diffuse reflection, with coefficient a. (0 < a. < 1), and the specular
reflection, with coefficient 1 — a. [see assumption (ii) in Sec. ITA]. The coefficient a. is the
so-called accommodation coefficient, giving the specular reflection when a. = 0 and the diffuse
reflection when a. = 1. In the present paper, we exclude the case of specular reflection assuming
that a. is strictly positive. The explicit form of the kinetic boundary condition is given by
Eq. (25) in Sec. III B in the dimensional form and by Eq. (41) in Sec. IV B in the dimensionless
form.

Under the Maxwell-type condition, the ES model gives the following slip boundary conditions
for Eq. (6):

(f), — f)wi)ni = 0, (ga)
T2 1 /9o, . 1 10T,

(B3 — Dug)t; = ek~ (m " 8%) nit; + ech et Oy (9b)

L Te 100 T* 10T,

Ty — Ty =ecll =2 20 ekl = T, (9¢)
A (Ty) p Oz, A (Ty) p Oz

. . T2 107,

CZ-'mt —dw = 665“1 = tnia (9d)

where the quantities p, v, Ttr, and Tl as well as their derivatives are all evaluated at the

boundary & = z,. The coefficients ¢!, cL., ¢!1, ¢t and e which are called the slip coefficients,

depend on the parameters v (except ¢l and é7) and a.. Leaving the details of the analysis
determining the slip coefficients to Sec. VII, we show only their resulting numerical values here.

It is noted that the coefficients ¢, ck., and ¢kl satisfy the following relations:

1
I _ I I _ I R
Cv = 7, “wBCK> T = CTBGK> ¢ = CBGK> (10)

where cf)BGK and c%BGK are, respectively, the shear-slip and thermal-slip (creep) coefficients
for the BGK model [41, 42] for a monatomic gas (see Sec. VIIC for the details). Therefore, the
coefficients ¢!, c%, and 55«1 are obtained immediately from the known values in the literature.
The numerical values of ¢/ and chpok, taken from [43], are tabulated in Table I for various
values of a,.

In contrast, a new numerical analysis is required to obtain the numerical values of ¢! and
cH (see Sec. VIIC and Appendix D). We show the resulting numerical values in Tables 1T
and III for various values of the parameter v and the accommodation coefficient a.. The range
—1/2 < v < 1/2 corresponds to the range 2/(3 — ) < Pr < 2/(1 4+ ) of the Prandtl number,
and v = 0 (i.e., Pr = 1) corresponds to the BGK model. It is noted that the values of ¢! and
cH for a, = 1 and v = —0.5 and 0 had been obtained in [44, 45] and that the values in Tables
IT and IIT agree with the corresponding values (i.e., céo) and cgo), respectively) in [44, 45] up to
four to five decimal places. With the numerical data in Tables II and III, one can easily obtain
the values of ¢/7 and ¢} at arbitrary v and a. by appropriate interpolation.



TABLE 1. Values of ¢/pgx and chpax [43].

Qc C{;BGK CITBGK

0.1 17.10313 0.2641783
0.2 8.224902 0.2781510
0.3 5.255112 0.2919238
0.4 3.762619 0.3055019
0.5 2.861190 0.3188906
0.6 2.255410 0.3320949
0.7 1.818667 0.3451195
0.8 1.487654 0.3579692
0.9 1.227198 0.3706483
1.0 1.016191 0.3831612

TABLE II. Values of ¢!!.

Qe v=-0.5 v=-04 v=-0.3 v=-0.2 v=-0.1
0.1 0.229056 0.245551 0.264600 0.286847 0.313171
0.2 0.235862 0.252963 0.272726 0.295826 0.323182
0.3 0.242643 0.260334 0.280791 0.304717 0.333070
0.4 0.249400 0.267666 0.288797 0.313522 0.342836
0.5 0.256135 0.274961 0.296747 0.322244 0.352485
0.6 0.262849 0.282221 0.304641 0.330886 0.362018
0.7 0.269545 0.289446 0.312481 0.339448 0.371439
0.8 0.276224 0.296640 0.320270 0.347934 0.380750
0.9 0.282887 0.303802 0.328010 0.356345 0.389955
1.0 0.289536 0.310936 0.335700 0.364684 0.399056
Qe vr=20 v=20.1 v =0.3 v =0.5
0.1 0.344801 0.383520 0.494486 0.695347
0.2 0.356088 0.396415 0.512244 0.722726
0.3 0.367200 0.409062 0.529488 0.748894
0.4 0.378141 0.421470 0.546243 0.773934
0.5 0.388917 0.433645 0.562528 0.797920
0.6 0.399532 0.445596 0.578365 0.820919
0.7 0.409989 0.457328 0.593771 0.842994
0.8 0.420294 0.468848 0.608765 0.864202
0.9 0.430449 0.480163 0.623364 0.884595
1.0 0.440460 0.491277 0.637583 0.904222

If we plot ¢! versus a. for fixed values of v, we find that ¢! is almost linear with respect
to a. (the plot is omitted). Similarly, if we plot ¢/ versus 1/(1 — v), we can observe that c!!
is almost proportional to 1/(1 — v) (the plot is omitted). These facts suggest an approximate
numerical fit of the following simple form:

C” - kiac + ko

v - k1 =0.1046, ko = 0.3358. (11)

This formula can reproduce the values in Table II within the error of 1 percent for —0.3 < v <
0.1; 1.6 percent for v = —0.5, —0.4, and 0.3; and 3 percent for » = 0.5. On the other hand, it is
seen from Table III that ¢! is almost independent of v. Therefore, neglecting the dependence
of ¢I! on v, one can propose the following simple numerical fit for ¢27:

O e S ) (12)

Qc




TABLE III. Values of ¢if

Qe v =-0.5 v=-04 v=-0.3 v=-0.2 v =-0.1

0.1 21.4458 21.4465 21.4472 21.4480 21.4490
0.2 10.3436 10.3442 10.3449 10.3456 10.3465
0.3 6.62711 6.62763 6.62822 6.62888 6.62964
0.4 4.75734 4.75780 4.75832 4.75891 4.75957
0.5 3.62652 3.62692 3.62738 3.62789 3.62846
0.6 2.86536 2.86571 2.86611 2.86655 2.86705
0.7 2.31560 2.31591 2.31625 2.31663 2.31705
0.8 1.89811 1.89837 1.89866 1.89898 1.89933
0.9 1.56890 1.56912 1.56936 1.56963 1.56993
1.0 1.30160 1.30178 1.30198 1.30220 1.30244
Qe vr=20 vr=20.1 v=20.3 v=20.5
0.1 21.4501 21.4515 21.4550 21.4607
0.2 10.3475 10.3486 10.3517 10.3566
0.3 6.63052 6.63154 6.63423 6.63841
0.4 4.76033 4.76122 4.76354 4.76711
0.5 3.62913 3.62989 3.63188 3.63489
0.6 2.86762 2.86827 2.86996 2.87248
0.7 2.31753 2.31809 2.31951 2.32161
0.8 1.89974 1.90021 1.90139 1.90311
0.9 1.57026 1.57065 1.57162 1.57301
1.0 1.30272 1.30303 1.30381 1.30492

This formula can reproduce the values in Table III within the error of 1 percent for a. = 0.3,
0.4, 0.5, 0.9, and 1; 1.5 percent for a. = 0.6, 0.7, and 0.8; 1.7 percent for a. = 0.2; and 2.7
percent for a, = 0.1.

The boundary conditions (9) should be supplemented by the initial condition. If we admit
the inaccuracy in the initial stage 0 < t < O(mean free time) in practical applications, we may
ignore assumption (v) in Sec. IT A and assume the following initial conditions:

p=p"),  o=0"2), Tu=T), Tw=Tk), ati=0, (13)
where g (), (), Ti*(x), and T} () are appropriately chosen functions (see Sec. VIID for
the discussion about this point).

E. Remarks on applications

We now have the complete system consisting of the two-temperature Navier—Stokes equations
(6), the slip boundary conditions (9), and the initial conditions (13). However, in order to
apply the system to practical problems we have to identify the parameters €, v, and 6 (or

@) [cf. Eq. (5)] and the function A.(T) from the properties of the gas under consideration.
The accommodation coefficient a., which depends also on the property of the boundary, is
excluded in this discussion. A conventional way to identify the parameters and A (T) is to
use the data of transport coefficients of the gas, since the data of shear and bulk viscosities
and the thermal conductivity (or the Prandtl number) are often available. Here, we should
note that these transport coefficients make sense under the ordinary Navier—Stokes constitutive
laws (A6). Therefore, we use the expressions (A7a)—(A9) of the transport coefficients in terms
of v, 0, and A.(T). To be more specific, we first determine v and 6 from the data of uy/u
and Pr, which are often available, using Eqs. (A8) and (A9). The parameter 6 thus obtained
should be small, otherwise the two-temperature Navier—Stokes equations are not valid. Then,
knowing the temperature dependence of the viscosity p from the data, we determine A.(T)
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from Eq. (A7a). Once A.(T) is determined, its dimensionless counterpart A.(T') is determined
by Eq. (3), and then e by Egs. (4) and (A5).

F. Examples of real gases

Now we provide some examples of real gases. We consider the gases with large bulk viscosities
listed in Table IV. The data for the viscosity u, the ratio of the specific heats 7, and the Prandtl
number Pr, which are at T = 300K and p = 101kPa, are taken from [46], whereas those for
the ratio pp/p, which are at T = 300K, are taken from [47]. Note that for the ES model, u
does not depend on p. From these data, one obtains the values of § and v in Table IV by using
Egs. (A8) and (A9).

TABLE IV. Thermophysical properties of some gases with large bulk
viscosities.

u[107%Pa-s] s 5y Pr w/p  0x10° v

Ho 8.955 0.67 1.406* 0.7072> 28> 13.2 —0.420
CO2 14.91* 0.83 1.293* 0.767> 3849 0.127 —0.304
SF¢ 15.24* 0.90 1.097* 0.806* 320> 221 —0.241

CHy 11.43* 0.83 1.305* 0.7630 240> 1.98 —0.311
CaHy 10.30* 0.97 1.245* 0.7718* 130> 4.20 —0.297
CsHs 8.219* 0.97 1.136* 0.6853* 240> 3.23 —0.461

& Value at 300K, 101kPa in [46].
b Value at 300K in [47].

With v in Table IV, we can obtain the values of the slip coefficients for each gas. The values
of ¢l ¢k, and ¢k are obtained immediately from Eq. (10) and Table I. The values of ¢! and
c! are obtained from Tables I and III or Egs. (11) and (12). The results for a. = 0.2, 0.5,
and 1 are shown in Table V, where “interpolation” indicates the values obtained by a simple
linear interpolation, with respect to 1/(1—v), using the two neighboring values in Tables IT and
III, and “numerical” indicates the numerical result based on the method outlined in Appendix
D. It is seen that the interpolation based on Tables II and III is sufficient to obtain accurate
values.

In order to determine A.(T), we assume the following power law with respect to T for the
viscosity p:

u(T) = p(300K) x (T/300K)*, (14)

and determine the exponent s using the method of least squares on the basis of the data provided
in [46]. The obtained value of s for each gas is also shown in Table IV. Equation (14) with these
values of s reproduces the data of p given in [48] quite well in the temperature range 250-1300
K for CO2 and 250-600 K for SFg, CHy, and CoHy. Equations (A7a) and (A8) then give

A(T) = A.(300K) x (T/300K)'~*, A.(300K) = (RPr) x [300K/u(300K)], (15)
and thus A.(T) = T'5. With this A.(T), the reference mean free path Iy is obtained by

Eq. (A5). Then, the parameters € and « are determined by Egs. (4) and (5), respectively.

III. ES MODEL AND ITS INITIAL AND BOUNDARY CONDITIONS

In this and the following sections (Secs. III-VII), we will describe the steps that have led
to our results summarized in Sec. II. First, the basic kinetic problem, which is described in
Sec. IT A, is formulated in this section.



TABLE V. Values of ¢! and ¢&! for some gases.

1 11
Cy cr
e Eq. (11) interpolation numerical  Eq.(12) interpolation numerical

Hy 0.2 0.251211 0.249350  0.249348 10.5100  10.3441 10.3441
0.5 0.273310 0.270984  0.270979 3.60400  3.62684 3.62684
1.0 0.310141  0.306415  0.306410 1.30200  1.30174 1.30174

CO2 0.2 0.273558  0.271877  0.271877 10.5100  10.3449 10.3448
0.5 0.297623  0.295811  0.295810 3.60400  3.62736 3.62736
1.0 0.337730  0.334637  0.334635 1.30200  1.30197 1.30197

SFe¢ 0.2 0.287446  0.285905  0.285899 10.5100  10.3453 10.3453
0.5 0.312732  0.311293  0.311283 3.60400  3.62767 3.62767
1.0 0.354875 0.352236  0.352224 1.30200  1.30211 1.30210

CHy 0.2 0.272098  0.270404  0.270403 10.5100  10.3448 10.3448
0.5 0.296034  0.294188  0.294184 3.60400  3.62733 3.62732
1.0 0.335927  0.332791  0.332787 1.30200  1.30196 1.30195

C2Hs 0.2 0.275035  0.273367  0.273367 10.5100  10.3449 10.3449
0.5 0.299229  0.297455  0.297453 3.60400  3.62739 3.62739
1.0 0.339553  0.336504  0.336503 1.30200  1.30199 1.30198

CsHs 0.2 0.244162 0.242253  0.242250 10.5100  10.3438 10.3438
0.5 0.265640 0.263171  0.263164 3.60400  3.62667 3.62667
1.0 0.301437  0.297534  0.297527 1.30200  1.30167 1.30167

A. ES model

We first describe the ES model for a polyatomic gas that was proposed in [16] and re-derived
in a systematic way in [37]. Its basic properties are shown in Appendix A.

We have introduced the number of the internal degrees of freedom 4§, the time variable ¢, and
the space position vector X in Sec. IIB. In addition, let £ (or &;) be the molecular velocity and
£ be the energy per unit mass associated with the internal modes (i.e., the combined energy
for the § modes), which is continuous ranging from 0 to co. We denote the number of the gas
molecules, at time ¢, contained in an infinitesimal volume dX d€d€ around a point (X, &, £) in
the seven-dimensional (extended) phase space consisting of X, &, and £ by

1

%f(t, X, & E)dXdEdE. (16)
Therefore, f(t, X, &, £) is the mass density in the seven-dimensional phase space. We call
ft, X, &, &) the velocity-energy distribution function of the gas molecules. It is governed by
the ES model of the Boltzmann equation for a polyatomic gas [16, 37], which can be written in
the following form:

of of _
E"‘giaXi _Q(f)7 (17)

where

Q(f) = Ac(T)p(G = ), (18a)
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p£6/271
G= (27)3/2(det T)/2(RTve1)%/2T(5/2)
1 &
e (=5 (T3~ (& — )~ g ). (180)
(T)ij = (1 - 9)[(1 — V)RTtr(sij + Vpij/p} + GRT(SZ']', (18C)
o= | [ asae. (184)
1 o0
=[] sasae (15¢)
v [ / — ) fdgde, (1f)
L[ e
To= o / /0 € — vf2 faede, (13g)
2 o0
Tt = 577 /0 £ fdede, (18h)
_ 3Ttr + &Tint .
T = W, (181)
Trel =0T + (1 - H)ﬂnt- (18J)

Here, p, v;, Tir, Ting, and T are the macroscopic quantities already appeared in Sec. IIB, p;;
is the stress tensor, d§ = d&1d€2d€s, and the domain of integration with respect to £ is its
whole space R®. The symbol §;; indicates the Kronecker delta, v € [-1/2, 1) and 6 € [0, 1]
are the adjustable parameters mentioned in Sec. IIB, and A.(T'), also appeared in Sec. IIB, is
a function of T such that A.(T)p is the collision frequency of the gas molecules. In addition,
I'(z) is the gamma function defined by

I(z) = /000 s*lem%ds, (19)

T is the 3 x 3 matrix with its (i, ) component defined by Eq. (18¢c), and detT and T~! are
respectively, its determinant and inverse.

The other important macroscopic quantities, the pressure p and the heat-flow vector ¢;, are
defined by

p = RpT, (20)

and
4i = q(tr)i + q(int)is (21a)
q(tr)i = // v;)|€ — v|* fdEdE, (21Db)

(int)i // —v;)E fdEE, (21c)

where Eq. (20) is the equation of state.

It should be noted that in [16], the variable I, which is related to our € as £ = I*/%, is used
as an independent variable instead of £. See [49] or Appendix A in [50] for the relation between
the notation in [16] and that of the present paper (see also [24]). In addition, the case with
6 = 0, which is excluded in [16], is included here, and it plays an important role in the present
analysis. In the ES model (17), the energy associated with the internal modes is expressed
by a single continuous variable £. Some models also use a continuous energy variable (e.g.,
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[13, 17, 24]), whereas the others use a discrete energy variable (e.g., [11, 12, 14, 15]). However,
the corresponding macroscopic equations are analogous in both cases (see, e.g., [20]). Some
mathematical studies of the ES model for a polyatomic gas are found in [51, 52].

Finally, we mention how the ES model for a monatomic gas is recovered from Eq. (17) (see
Sec. 7 in [52]). Let us introduce the marginal distribution function F(t, X, £):

F(t, X, 5)_/006]”(15, X, & &E)dE. (22)

If we integrate both sides of Eq. (17) with respect to £ from 0 to oo, let # = 0, and interpret
Tir as the temperature T, then, we obtain the equation for F', which is exactly the same as the
ES model for a monatomic gas [16]. The linearized version of this property will be used in the
Knudsen-layer analysis later.

B. Initial and boundary conditions

The local equilibrium for Eq. (17) is shown in Eq. (Al). Correspondingly, the global equilib-
rium distribution fy with the uniform density py (reference density) and the uniform tempera-
ture Ty (reference temperature) is given by

O 2nRT,)*/2(RT,)9/2T(6/2) P\ 2RI, RT,)"

According to assumption (v) in Sec. IT A, the initial condition for f is given at time ¢ = 0 by

f(07 X. &, g):fo' (24)

We will relax this condition later for practical applications.

From the form of the local equilibrium distribution (A1), the Maxwell-type boundary condi-
tion is written as follows:

f(ta Xw, &, 5) = (1 - GC)Rf(ta X, &, 8)

pw55/271 |£7vw‘2 £
+ a. exp | — - 5
(27 RT )3/2(RTy)%/2T'(6/2) 2RT,, RT,,
for (& —vyw)-n >0, (25a)
21 \ /2 e
m= () | | €= nse. X eyacae. (20)
RTy (€—vw)n<0J0
where R indicates the reflection operator defined by

Ry(&) = 9(& — 2(&5 — vwj)Inymni), (26)

with an arbitrary function g(&€) of €. It should be recalled that the quantities Xy, vy, Ty, and
n, as well as the accommodation coefficient a. (0 < a. < 1), have already appeared in Sec. IID.

Note that this boundary condition satisfies the condition that there is no instantaneous mass
flow across the boundary, i.e.,

/ / T (€= va) - nf(t Xo, £ E)dEE = 0. (27)

To be consistent with assumption (v), vy, = 0 and Ty, = T should hold at ¢t = 0, and X, (thus,
Uy ), Ty, and n are assumed to change smoothly with ¢. In practical applications, however, this
condition may be relaxed occasionally.
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IV. DIMENSIONLESS SYSTEM

We should recall that the dimensionless quantities [t, x;, p, 0, Tiv, Tings T, AC(T), Twiy Owis
Tw], as well as the reference quantities L, to, po, and Ty with ¢g being chosen as Eq. (2), have
been introduced in Secs. IIC and IID [cf. Egs. (3) and (8)]. In addition, we let pg = RpoTp be
the reference pressure.

Now we introduce the additional dimensionless quantities [(;, & , f Q T, rel, Dij> Dy Q(eryir Q(int)is
¢i], which correspond to the original dimensional quantities [£;, €, f, G, Trel, Dijs D Q(tr)i> Q(int)is
gi], by the following relations:

(i=&/(2RTy)'?,  €=E/RTy,  (f.6)=(f. G)/200(2RTy)"*/?,

vel = Tre1/To, Pij = pij/po, P = p/po, (28)
( tr)is lnt)27 QZ) (q(tr)ia q(int)i> qz)/pO(QR,I‘O)l/2

We occasionally use the bold-faced letters x, {, ¥, 4, ®, and Uy, in place of x;, (;, Vi, Giy Twis
and vy, respectively.

A. Dimensionless form of ES model

With Egs. (3) and (28), the ES model (17) is transformed into the following dimensionless
form:

of of 1.,
a‘i‘giaixi—gQ(f)v (29)
where
Q(f) = AC(T)ﬁ(g - f)7 (303)
A: Iﬁ 56/271 X — ?71 iq 17’[71 '7’[}‘ — Aé 5 30b
g 7r3/2(det'i')1/2 T6/2F(5/2) exp ( )i5 (G (G i) » (30b)
(T)ij = (1= 0)[(1 — v)T10i5 + vpis/p) + 0T34, (30¢)
p= / faédc, (30)
o= / /0 i fdéde, (30e)
By =2 / (G — 0)(G; — ;) fdédc, (30f)
/ / G — o) fd€dC, (30g)
T = / £ faédc, (30h)
- 3Ttr + 57-‘int .
T=—55 (301)
Trer = 0T + (1 — 0) T (305)

Here, € is a small parameter of the order of the Knudsen number defined by Eq. (4), d¢ =
d¢1d{2d(3, and the domain of integration with respect to ¢ is the whole space (R?) of .

The dimensionless pressure p and heat-flow vector §;, corresponding to Eqgs. (20) and (21),
are given by

p=pT, (31)
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and
Gi = qeryi + d(im)i, (32a)
dyi = J/ (G — 80)I¢ — B2 fdédc, (32b)

Gatys = // G — i5)é faédc. (32¢)

The dimensionless form of the first two basic properties of the ES model shown in Ap-
pendix A1 is described as follows:

Equilibrium: Q( f) = 0 is equivalent to the fact that f is the dimensionless local equilibrium
given by

R ﬁ£5/2—1 |C—’5|2 P
eq = = = exp | — = - = > (33)
(7 T)3/2T9/21(5/2) T T
where p, v, and T are arbitrary functions of ¢ and .

Conservations: For an arbitrary function §(f, , ¢, & ), the relation

/ZW@Q@M&MQ (34)

holds, where @, (r =0, ..., 4) are the dimensionless collision invariants, i.e.,
fo=1, @¢i=G (i=1,23), @u=[f+E (35)
Here, we should note that when the parameter 6 vanishes, these equilibrium and conservation
properties take slightly different forms. Their dimensional versions are shown in Appendix A 3

in [53], and the dimensionless versions are stated as follows (see Sec. III B in [36]):

Equilibrium: Q( f )|o=0 = 0 is equivalent to the fact that f is the (dimensionless) local equilib-

rium of the form
foq = peN exp —L —of - i (36)
U (T )3T (5)2) T T

where p, 0, Ti;, and Ti,; are arbitrary dimensionless functions of ¢ and x.

Conservations: For an arbitrary function §(f, , ¢, & ), the relation

/C/ 60 Q(@)lo—od€dC = 0, (37)

holds, where ¢, (r =0, ..., 5) are the (dimensionless) collision invariants, i.e.,

dgo = 1a QZ)’L = Ci (Z = 17 27 3)7 (54 = ‘C|27 ¢5 = é‘ (38)

These properties for § = 0 play important roles in the present study.

B. Dimensionless form of initial and boundary conditions

The dimensionless form of the initial condition (24) can be written in the following form:

f(oa z, ¢, é) = an (39)



14

where

fo=0@/2) B8, ¢=[¢l= ()Y E(Q)=7exp(—C?).  (40)

With the dimensionless quantities defined by Eq. (8), the boundary condition (25) is non-
dimensionalized as follows:

f(tA7 wW’ C’ éi‘) = (]‘ - a’C),}éfA(i:? wW7 C? é)

> [ -
Ae—— 3 /273)2 exp| —————— |,
(7T )3/2T%/ °T'(5/2) T Ty
for (¢—vy)-n >0, (41a)
NSVE: % R o
P < ' ) / / (¢~ bw) - nf (i, @, ¢, E)dEdC, (41D)
Ty (¢—9w)m<0J0

where R is the dimensionless reflection operator, corresponding to Eq. (26), acting on any
function ¢ of (;, i.e.,

R3(G) = 3G — 2(¢ — Dwy)ngma). (42)

Corresponding to Eq. (27), the following condition holds on the boundary:
// (¢ — D) - nf(t, @y, ¢, E)dEC = 0. (43)
0

We note that 9y = 0 and Ty = 1 at £ = 0, and @, (thus vy), Ty, and m are assumed to change
smoothly in ¢ though this restriction may be relaxed occasionally in practical applications.

V. TWO-TEMPERATURE NAVIER-STOKES EQUATIONS
A. Preliminary remarks

In [36], the two-temperature Navier—Stokes equations have been derived from the ES model
in the case where the parameter 6, as well as the Knudsen number Kn, is small, that is, under
the setting (5). The background of this assumption is explained in Sec. IT E in [36]. However,
a brief description of its essence is given below.

As can be seen from Eq. (A9) in Appendix A 2, small 6 indicates large values of the ratio s/,
where p is the (shear) viscosity and py, the bulk viscosity [cf. Eqgs. (A6) and (A7) in Appendix
A 2]. On the other hand, as is seen from Eq. (A10) in Appendix A 2, small § corresponds to slow
relaxation of the internal modes. These two statements are consistent because it is a common
understanding that large bulk viscosity is related to the slow relaxation of the internal modes
[47, 54]. Therefore, the condition (5) targets the behavior in the near continuum regime of a gas
with slow relaxation of the internal modes or with large bulk viscosity. The two-temperature
Navier—Stokes equations are the consequence of the Chapman—FEnskog expansion under the
condition (5).

As mentioned in Sec. ITF, some gases have large bulk viscosities, more precisely, large values
of the ratio up/u of the bulk viscosity to the viscosity (see Table IV in Sec. ITF). The reader
is referred to [47] and p. 30 in [55] concerning gases with large bulk viscosities. It is noted that
the impact of large bulk viscosity for Hy gas flows is investigated in [56]. Here, it should also be
mentioned that some authors are doubtful about the large values of u;/u for CO2 gas [33, 57].
However, as in [36], we here follow the view that u,/u is large for CO4 gas.

The standard Chapman—FEnskog expansion for small € applied to the ES model leads to the
ordinary Navier—Stokes equations with the single temperature and with the bulk viscosity [16]
(cf. Appendix A 2). In this case, it is implicitly assumed that the parameter 6 is of the order
of unity. When 6 is small, therefore, one expects that the ordinary Navier—Stokes equations
are not valid and a new system of equations is required. For this reason, we considered the
parameter setting (5) and, as the result, derived the two-temperature Navier—Stokes equations,
which have been summarized in Sec. ITC.
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B. Chapman—Enskog solution and two-temperature Navier—Stokes equations

In this subsection, we summarize the result of the Chapman—FEnskog expansion carried out
in [36] to derive the two-temperature Navier—Stokes equations (6). Let us put aside the initial
and boundary conditions (39) and (41).

If the Chapman—Enskog procedure is applied to the ES model (29) under the assumption

(5), the solution f is expressed in the expansion of the following form:
f:f(0)+f(1)€+f(2)€2+... . (44)
Here, the leading-order term f (0) is given by the local equilibrium distribution (36) for 6 = 0,

ie.,
. 580/2-1 _ o2 é
f(O) — _ 4 7 exp [ — |C _ | -, (45)
(TP T2T(5/2) T T

and the first-order term f (M is given as

O NS S () S {(g —0i)(G = 0;) 1 (G —0k)° } <a@i a@)
f Ac(f)ﬁf { 1—v Ttr 3 Ttr 5” 8a:j * 8:}51»
(G —05) [(Ck — o) 5] 0w  (G—0) (&€ 6 aﬁm}
’ th Ttr axj N ﬁnt ﬁnt 2 8‘rj . (46)

The expansion is designed in such a way that the macroscopic quantities p, v, T, tr, and Tine in
Egs. (30d), (30e), (30g), and (30h) are not expanded and are generated by the leading-order

term £, that is,

p= / /O h fOqédc, (47a)
A :% / e FOdde, (47b)
T,y = % / f(@ — )2 Oaédc, (47¢)
Ting = 5% / /0 T FOdéde. (47d)

This is equivalent to imposing the following condition for the higher-order terms f O f @ ...
/ b fUMdEAC = 0, (r=0,....5, m=1,2...), (48)
0

where ¢, (r =0, ..., 5) are defined by Eq. (38).
In accordance with Eq. (44), other macroscopic quantities p;;, ¢, Q(tr)i> G(int)i> and Trel are
expanded as
h=h© + hWe +---, (il = Pij» Gis (j(tr)iv Cf(int)i» and Trel)~ (49)

Here, the coefficients for 132], Gis deeryi» and G(int); are obtained by substituting Egs. (44) and
(49) into Egs. (30f) and ( ie.,

B = 2// ;) fMdéd¢,  (m=0,1,...), (50)

and
g™ = q(m) i qut))z, (m=0,1,...), (51a)
/ / 0)|¢ — B2 fmdédc, (51b)

*IZB / / — 0:)E fMdEdg, (51c)
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and those for T¢ are obtained from Eqgs. (30j) and (5), i.e.,

TO =T, TW=a@-Tw), TU™P=0, (m=01,..), (52)

rel — rel

where 7' is determined by Eq. (30i) and thus is not expanded in .
If we use f = f(O 4 fMe 4 O(e?) with Egs. (45) and (46) in Egs. (49), (50), and (51), we
obtain the following expressions of pi;, G(tr)is q(int)i> and g;:

A . 00;  00; 200
ij = PTiwdiy — Du(T, Tie) | 35— + 72 — 2504 %),
By = ity = (7 ) (G + 52 = S5 ) e 0(€) (532)
5 0Ty )
Geeryi = *ZFA(T, Tir) 0z, +0(e), (53b)
~ _ 5 ISR 8T‘int 2
d(int)i = ZFA(Tv T:) o, e+ O(e), (53c)
Gi = qeeryi + Qint)is (53d)

where T',(T, Ti,) and T'\(T, Ti,) are defined by Eq. (7).

The two-temperature Navier—Stokes equations, which correspond to the first-order solution
f = f(o) + f(l)e and whose constitutive laws are given by Eq. (53) with O(e?) terms being
neglected, are the equations for p, 0;, Tm and Tint and take the form of Eq. (6). One can derive
the equation for the conservation of the total energy from Egs. (6¢) and (6d), that is,

O[3+ O [ (3404 &
i P Ca7re )| o oo (3577 + )

Lo (3+00T T,
Pa Zie) <anj+ azj>
0 PR ov;  0v; 200
7 V(T Tie)0 - L -~ 0y
+€3xj [ w1, Tur)d <8xj * Ox; 38xk6j>}

Equation (54) may be used in place of Eq. (6¢) or (6d). The two-temperature Navier-Stokes
equations can be reduced to the ordinary Navier—Stokes equations with a single temperature
by considering the case when « is large. The procedure is explained in Appendix B.

(54)

C. No-slip conditions and their inconsistency

Now, let us consider the initial and boundary conditions (39) and (41). If we assume
p=1, =0, Tie = T = 1, at £ =0, (55)

then the Chapman-Enskog solution, Eq. (44) with Eqgs. (45) and (46), satisfies Eq. (39) up to
O(e) because 07;/0x; =0, aT}r/axi =0, and aﬁm/axi = 0 hold. Therefore, under assumption
(v) in Sec. ITA, Eq. (55) is the correct initial condition for Eq. (6).

Next, we consider the boundary condition (41). Since the leading-order term f(o) of the
Chapman—Enskog solution is a local equilibrium distribution with two temperatures [Eq. (45)],
it can be made to satisfy Eq. (41) by assuming that

D= ﬁwv Ttr = Lint = TW7 at = Ty. (56)

In this way, we are able to satisfy the boundary condition (41) at the zeroth order of € with the
choice (56). Equation (56) is the so-called no-slip boundary conditions for the two-temperature
Navier—Stokes equations (6).

However, to be consistent with the fact that the first-order Chapman—Enskog solution f =
f ) 4+ f (D¢, which corresponds to the two-temperature Navier-Stokes equations, satisfies the
ES model (29) formally up to O(e), we need to satisfy the boundary condition (41) also up
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to O(e). If we try to do so with f = f(o) + f(l)e, we must impose the following conditions in
addition to Eq. (56):

Dby O, T Tt
=0 =9 — 9 t =y 57
637]' + al'i ’ al'j ’ 8xj ’ aw r ( )

However, these conditions are too many for Eq. (6), so that this scheme does not work at the
order of e. This difficulty can be resolved by introducing the Knudsen layer, as is well known
(cf. [58, 59]). As we will see in the next section, the correction of O(e) to Eq. (56) is obtained
by the analysis of the Knudsen layer.

The above argument indicates that the no-slip boundary conditions (56) are not consistent
with the two-temperature Navier—Stokes equations. In classical gasdynamics, the no-slip bound-
ary conditions are usually used for the standard compressible Navier—Stokes equations (with
the single temperature). As pointed out in [40], the no-slip conditions are inconsistent also in
this case.

VI. KNUDSEN LAYER
A. Introduction of Knudsen layer

In Sec. VC, we have seen that the Chapman-Enskog solution, Eq. (44) with Eqs. (45) and
(46), cannot be made to satisfy the kinetic boundary condition (41) at the first order of e. In
order to obtain the solution satisfying the boundary condition, one has to introduce the kinetic
boundary layer, the so-called Knudsen layer, with thickness of the order of € (of the order of
the mean free path in the dimensional physical space) adjacent to the boundary [58, 59].

Let us denote the Chapman-Enskog solution, Eq. (44) with Egs. (45) and (46), by fog,
the correction term inside the Knudsen layer by fk, and the total solution that satisfies the
boundary condition by fiot. Then, we write

frot = fer + fx- (58)
Correspondingly, we denote the macroscopic quantities by
htot = hcr + hx, (59)

where h stands for any of the dimensionless macroscopic quantities, p, 95, Dsj, Tm etc., appeared
in Egs. (30d)—(30j), (31), and (32), and hep and bk indicate these macroscopic quantities
associated with the Chapman-Enskog solution and the Knudsen-layer correction, respectively.
Note that the macroscopic quantities appeared in Sec. V belong to hcr although the subscript
“CE” was not used there. .

We assume the following properties for the correction term fx:

(a) fK is appreciable only in the Knudsen layer and vanishes rapidly away from the boundary.

(b) fx has the length scale of variation of the order of € (i.e., of the order of the mean free
path [y in the dimensional physical space) in the direction normal to the boundary, that

is, 70 fic/0x; = O(fi/e).

(¢) fx has the length scale of variation of the order of 1 (i.e., of the order of the reference
length L in the dimensional physical space) in the direction along the boundary.

(d) fx has the time scale of variation of the order of 1 [i.e., of the order of to = L/(2RTy)"/2
in the dimensional time], i.e., dfk /0t = O(fk).

These assumptions can be justified if such a solution is obtained consistently.
The fact that the Chapman—Enskog solution, Eq. (44) with Eqgs. (45) and (46), can be made
to satisfy the boundary condition (41) at the zeroth order in € by the choice (56) indicates that
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the differences v — 0y, Ttr — Tw, and Tim - Tw are small and of the order of € on the boundary.
Therefore, we put

€, Ttr - Tw - ftrey T‘int - Tw = 1int€, at © = L, (60)

V— Uy =

[~{]

where v, T, tr, and int are the quantities of O(1). This fact also indicates that fK starts at the
order of €, so that we let

fx = e+ Rye, (61)

where Re? is the remainder, and Ry is of O(1) and has the properties (a)-(d). Correspondingly,
we put

hi = h\De+ Ryé?, (62)

where Rye? is the remainder corresponding to Rfeg.
We insert Egs. (58) and (59) with Egs. (61) and (62) into Egs. (30d)—(30j), (31), and (32)
(with f ftot and h = htot) and note that fCE and hCE satisfy the same relations as Eqs. (30d)—

(30j), (31), and (32) (with f = fog and h = hcg). In this process, we have to note the following.
From Egs. (30j) and (5), we have

(Trel)tot = aeTtot + (1 - OzE) (Tint)tot
= ae[T + T e + O(Rhe®)] + (1 — ae)[Tine + Tk + O(Rue?)]
= Tint + ae(T = Tine) + T + O(Rne?), (63)

where T and T}y are the Chapman—Enskog quantities. On the other hand, ( rel)tot =Tra +

(ell)Ke + O(Rp€?) by definition, and Tyl = Tr(eo) T(1 € = Tint + a(T — Tmt) e from Eq. (52).

Therefore, Tr(el)K is identified as
~(1 ~(1
Toak = Tk (64)

Then, picking up the terms of O(e) for fzg) and putting the O(e?) terms in Rpe2, we obtain

the following expressions of fzg ).

e = / / fdéd, (652)
i) = / / o) fi déde, (65b)
Pl =2 / (¢ — 0:)(¢; — 0,) fDdéde, (65¢)
Tiw =5 / / [ck—vk —Ttr] fdéde, (65d)

intK // (é - QTint) fy(ql)dédCa (65€)

1)
) _ STt(rK + 611ntK

A (1
- 65f
K 3+6 (65£)
r(cl) = 71l(nlt)K? (65g)
i = I + pdT (65h)

X . 5 A A
étlr Ki / Cz - i |: Cr — Uk)2 - 2Ttr:| fl(g)dgdC,

. A 0o R .
((lln)t // <5 B int> f(l)deC, (651)

5(1) _ (1) 1)
dx; = q(tr)Kz + q(mt)
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FIG. 1. Coordinate systems. (a) Coordinate system on the boundary, (b) coordinate system for the
Knudsen layer.

Note again that p, 0;, Ttr, and Tint here are the macroscopic quantities associated with the
Chapman-Enskog solution though the subscript CE is not attached. It should also be mentioned
that use has been made of the fact that p;; = pTi,0;; + O(e) [Eq. (53a)] in the derivation of
Eq. (65).

If we substitute Eq. (58) with Eq. (61) into Eq. (29) and take into account the fact that feg

is also the solution of Eq. (29), we obtain the following equation for f1(<1) (see Appendix C for
the outline of the derivation):

af(” 8f(1) o A

where

( ) (C — ) . (¢ — ﬁ)2 31 7W)
f p K Ttr 2 Ttr

tr

+v

{(ci—@i)(cj—@» LGy ]zﬁ%i;
Ttr 3 Ttr thI‘

& 5\ TV
(%)
int int

and note that the function A.(T") is unexpanded because T is not expanded. Equation (66) is
the starting point of the analysis of the Knudsen layer in the following.

B. Knudsen-layer equation

The analysis of this subsection follows that in Sec. V' A 3 in [39], so that we omit the details
and only show the main points referring to [39] occasionally. However, in order to explain the
essence of the coordinate system to describe the Knudsen layer, we need to start with repeating
the explanation in [39].

We first express a point @, on the boundary as a function of coordinates x; and x2 fixed on
the surface of the boundary and of time ¢ [see Fig. 1(a)], i.e.,

Ty = ww(ﬂ X1, X2) (68)

When x; and y» are fixed, the function .y (f, x1, Xg) of £ gives the trajectory of a fixed point on
the boundary, and when # is fixed, the function a:w(t X1, x2) of x1 and x2 gives the parameter
representation of the boundary Surface at time £. The velocity of the boundary @, and the unit
normal vector to the boundary n, which are also the functions of ¢, y1, and 2, are expressed
as

Oxy,

e 69
oy (69a)

ﬁW(tAv X1, XQ) =
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-1
: (69Db)

n(t, x1, x2) = * (&cw aww> ‘wa y O

X
Ox1 = Ox2 /) |0x1 = Oxe

where X indicates the vector product, and + sign or — sign is chosen in such a way that n
points into the gas region.

In order to analyze the Knudsen layer, we introduce a new coordinate system that is local
near the boundary and appropriate to describe the rapid change of the physical quantities in
the direction normal to the boundary. We introduce the new variables ¢, 7, and (,, by the
following relations [see Fig. 1(b)]:

t=t, (70a)
T = 677"(£a X1, X2) + $W(£7 X1, X2)a (7Ob)
¢ = Cw + Ow(t, X1, X2)- (70c)

Here, 7 is a stretched normal coordinate, and (s, is the molecular velocity relative to the velocity
of the boundary. In accordance with the properties (a)—(d) in Sec. VI A, we assume that fx is
a function of (£, 1, X1, X2, Cw, €) and vanishes rapidly as 7 — oo:

fK = fAK(-Ea 7, X1, X2 CW) 3)7 (71&)
fx =0, as n— oo (71b)

Therefore, Eq. (71) also holds for f1(<1) and Ry in Eq. (61).

We now consider Eq. (66) inside the Knudsen layer, i.e., n = O(1) or (x — @)1 = O(€). The
x-dependence of f(o) is through p, v, Ttr, and Tint, whose length scale is of O(1). Therefore,
inside the Knudsen layer, they can be Taylor expanded around & = «,, that is,

p=pp+O0(en), ©="1v5+0(n), Tu=Tu)s+0(n), T = Tu)s+O0(n), (72)

where the subscript B indicates the value on the boundary « = @, or n = 0. Because vp =
Oy + O(€), (Ttr)p = T + O(¢), and (Tint)B = Tw + O(e€) [Eq. (60)], we can write

Tu =T +0(n+1)), Ty =Ty +0(c(n+1)), T =T +0(eln+1)).

Here, the last equation is the consequence of Eq. (30i).
If Eq. (73) is substituted into Eq. (65), the O(en) and O(e(n+ 1)) terms in Eq. (73) produce

the terms of the order of €(n 4+ 1) times a moment of fg), which vanish rapidly as n — oo.
Therefore, we put these terms (times ¢) into Rpe? in Eq. (62) to simplify the expressions of

iLg ). To be more specific, we can transform Eq. (65) in the following way:

[Bq. (65)] = [Bq. (65) with p = pp, © = dy, and T}, = Ty = T = Toy). (74)
The right-hand side of Eq. (74) is the same as Eq. (63) in [39] except that Eq. (63g) there has
been replaced by the equation Tr(cll)K = TISBK

With the help of Eq. (73), O in Eq. (45) inside the Knudsen layer is expanded as

FO = ful1+ O(e(n + 1)), (75)

where
P PABgé/%1 w | - (G — Bwy)? _ é 76
fw = (T #2371 (5 /2) exp < 7 7] (76)

Here, we follow the procedure that was used in [39] in the derivation of Eqgs. (66)—(68)
there. That is, we use Egs. (73) and (75) in Egs. (66) and (67) and put the terms of O(en) and
O(e(n+1)), which are produced by the terms of O(en) and O(e(n+1)) in Egs. (73) and (75) and
vanish rapidly as n — oo, into the remainder eR; in Eq. (66). In addition, we take into account
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the fact that the left-hand side of Eq. (66), in terms of the new variables (£, 1, x1, X2, Cw),
reduces to (see Sec. 5.2.2 in [40])

9 ~(1)
Cwilli 81:7 + O(Rye). (77)

Then, we obtain the following equations corresponding to Egs. (68), (66b), and (66¢) in [39]:

oY i s
Cwini 87’] - A(‘(Tw) (g f ) + O(ERf)v (783)
oo _ ﬁ§)+_2@ij@w0,4g_+[(9 ) 3]f;%
K w laB Tw K1 » 2 Tw

. . (1)
+u |:(<z - vwi)A(Cj Uwg) _ E(Ck: _A/ka:) 5Z:| pKZAj
T 31, ] el
& s\ 1Y
+ (T - 2) ik 5 (78b)

Here, we should mention that Eq. (78) is the same as Eqs. (68), (66b), and (66¢) in [39] with
6 = 0 (note that T(l) T(l) for & = 0). Therefore, we can utilize the transformation
from Eqgs. (68), (66b) and (66c) in [39] to their final form Eq. (79) there. That is, the final
equation transformed from Eq. (78) is nothing but Eq. (79) in [39] with # = 0. The equation is
summarized below.

We first introduce new variables Cy, and &, by

™

_ Cw _C_'ﬁw c
CW_W_ Tv}/2 ) gW_TW7 (79)

and denote the normal component and magnitude of Cy, by Cy, and Cy, respectively, i.e.,

Cun = Cujnj =Cy-n,  Cy=(Co;)"? =|Cyl. (80)

Then, fy can be expressed as

I /B G6/2—1_—E&y
o= ——E(C)ES e, (81)
T3/*1(5/2)

where E(Cy) = 7 3/2 exp(—C2) as defined in Eq. (40). It should be noted that pg and T}, are
functions of (£, x1, x2), so that fw is a function of (£, X1, X2, Cw Ew)-
We further introduce the following new normal coordinate y in place of #:

Y= ﬁB T1/2 7, (82)

and change the independent variables from (£, 1, X1, X2, Cw, é‘) to (£, ¥, X1, X2, Cws Ew) by
letting

(8 AT T2y, xa, v, Ta/2Cu Tl

= fw(i X1, X2, Cwa gw) (b({a Y, X1, X2, CW7 gw) (83)

Then, Eq. (78) is transformed into the following equation for ¢:

cwng—j — Lo(6) + O(cRy/ ). (84)
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Here the linear integral operator Ly, which is equal to the linearized collision operator £ of the
ES model [Eq. (32) in [39]] with # = 0, is defined as

£0[¢(CW, EW)](CWa SW) = w + 2Cyu; + (CV2V o ;) Ttr

1 _
+v (CWiCWj - SC\?vé‘lJ> PZ] + (gw - g) Tint — ¢7 (85)

where

w= (o), u; = (Cwi®)), Py = 2{CwiCw;j®)), (86a)

n=2{(c-3)e).  mu=2{(e-3)6). (36b)

and ((-)) is defined, with an arbitrary function §(Cy, &) of Cy, and &, as
(3w, &) = 0217 [[ atCu, B)BCEN 1o atudc,. (s)
0

On the left-hand side of Eq. (85), the arguments Cy, and & of ¢ and those of Lo(¢) are shown
explicitly, the other arguments ¢, y, x1, and y2 being omitted. If we neglect the terms of
O(eRy/ fw) in Eq. (84), we obtain the equation for ¢, i.e., that for I(<1).

Here, it is noted that the macroscopic quantities ,6% ), 17[%), ﬁ%)j, Tt(rl}%, and Tl(nlt)K, which are

given by Eqgs. (65a)—(65e) with p = pg, ¥ = vy, and Tir = Tine = Ty [cf. Eq. (74)] and are the
functions of (¢, 7, x1, x2), are related to w, u;, Pij, Tir, and Ty in Eqgs. (86a) and (86b), which
are the functions of (¢, y, x1, x2), by the following relations:

(1) (1) ~(1) ~(1) ~(1)

Vye s Pxij T, T.
B —w, Eo—w, SL-p;, og, dEK_q, (88)
PB Tw OB Tw Tw

1

In addition, g,

[cf. Eq. (74)] and are the functions of (£, i, x1, X2), are expressed as

and cjgiln)t)Ki, which are given by Eq. (65i) with & = 6y, and Ty = Tine = Th

(1) (1)
9(or)Ki << < 2 5> >> (int)Ki << < 5> >>

~ = Cwi CW . ¢ ; ~ = Cwi gw -5 d) ) (89)
ﬁB v?:f/Q 2 PBT£/2 2

where the right-hand sides are the functions of (Z, ¥, x1, X2)-

The operator Lo(-) is the linearized collision operator of the ES collision operator Q(-) in
Eq. (30a) [or Q(-) in Eq. (18a) | when 6 = 0 and is equal to £(-) defined by Eq. (32) in [39]
with @ = 0. The solution of Lo(¢) = 0 (equilibrium solution) is given by the six-parameter
family of the form

>

¢ = cg + c1Cy1 + c2Cy2 + c3Cy3 + C4C‘?V + c5E, (90)
where ¢g, ¢o, ... are parameters. This corresponds to Eq. (36). The operator Ly also satisfies
the relation

(@rLo(@)) =0, (91)
Whichicorresponds to Eq. (37); here, by (r=0, ..., 5) are given by Eq. (38) with {; — Cw; and

E— Ew-

Multiplying Eq. (84) by (1, Cwi, |Cw|?, &), taking ((-)) of the respective equations, and
using the property (91), we obtain d{(Cuwn®))/0y = O(ConCwi®)/0y = O{Cun|Cw|?¢)) /Oy =
(CynEwd)) /Oy = O(Rpe). Since ¢ — 0 as y — oo, it follows that

<<Cwn¢>> = <<Cwncwz¢>> = <<Cwn|CW|2¢>> = <<Cwngw¢>> = O(Rhe)‘ (92)
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C. Knudsen-layer boundary condition

Now we consider the boundary condition. We impose the boundary condition (41) to the
total solution fior [Eq. (58)]. Using Eq. (58) with fog = f© + fMe + O(e?) [Eq. (44)] and
with fx = fg)e + O(Ry€®) [Eq. (61)] in Eq. (41), we obtain the following relation at n = 0 (or
T =Ty):

efi) = (1= a)eRAY — FO — efD + (1 - a)R(FO + efD) + acg—;fw +O(Ry),

for (¢ —vw)-m >0, (93a)

. m\"? * N 20) L F(1) 4 )y g6 2
Pw = —2 (Tw) /(C—f;w)-n<0/0 (€ —ow) - n(fY +ef +efi’)dEAC + O(e”),  (93b)

where R, is a function of O(1) vanishing rapidly as || (or |Cy|) = o0 and as & (or &) — oo.
For instance, fy [Eq. (76)] belongs to the class of Ry,.
Noting that f(© and f(V) in Eq. (93) are evaluated at the boundary and following the pro-

cedure in Appendix B in [40] for a monatomic gas, we obtain the following expressions of f )
fM, and py, contained in Eq. (93):

£0) _ ¢ . 1:}2 2 § tr c é int 2
% =f {1 +€ 2CWZTA1/2 + (CW 2) T + (Sw 2) T +0(€7) ¢ (94a)
A 1 A 1 1 00, o).

A(Ty)ps " 1=V 3 drj )y \0xi )y

(2o L (T (e 9\ L (0T
+ sz (Cw 2) T&/Q ( 8931 . + sz 5w 2 T’V}/2 3:17,- . + 0(6) s (94]3)

EES BN 2 A7 A S DA
3AC(AW)171/[)B oz ) g ox; ) 5 ity = 50 = Ml

— # ~ 55/2—1 —Ew 78 } 2
Zﬁr(m) /CMO /0 Com@E(Cy)EY/ > e S dEydCy ¢ + O(€%).  (94c)

Here, use has been made of Eq. (83) and the new variables C,, and &, introduced in Eq. (79),
together with the symbols Cy, and Cy, defined by Eq. (80). For the new velocity variable Cy,,

the reflection operator (42) is replaced by the following R:
7ig(cwi) = 9(Cwi — 2Cwyn;m;), (95)

where §(Cy;) is a function of Cy;. It should be noted that R fw = fw holds.

Then, following the procedure that derived Eq. (93) in [39] from Egs. (80)—(83) there for the
standard (one-temperature) Navier—Stokes equations, we transform Egs. (93) and (94) further.
In particular, one can show that

5-n=0(e), (96)

in the same way as the derivation of Eq. (90) in [39]. In consequence, Eq. (93) is reduced to
the following form in terms of ¢ [cf. Eq. (83)]:

~ T . 0\ T o
_ _ _ 2 tr _ Y int _ S e T
¢=(1—-ac)R¢—ac (C; —2) T e <5W 2) 7 2aCyi(d;; nm])TAl/Q

w w

1 oo _ .
AN P — / / Com®E(Cy)EY/2 e 8w dE dCy,
I'(0/2) Je,n<oJo
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oz (23 () (-9 (%)
Ac<Tw) BTW T B Ty B
+ 05— Al 2 (C\?vn — EC‘% — 1) (8’01> nin;

A(Ty)pn 1 -7 37 3)\aa; ),

1 2 (%l) (8@») ]
+ (2= a0) 5z T ConCuin (83 —ming) | (5 )+ (52
( a )A (T )p131* (04 nnj)[(é)x] 5 dr1 ) g
546 0T
2 3:17j

——Cwi(0;i —nym; (Cfv—i-é'_w— + O(e),
AC(T )ﬁB V},/Q ( J J) ()

(y=0, Cyn > 0). (97)

In the derivation of Eq. (97), use has been made of the formulas (91a) and (91c) in [39], which
are also valid in the present paper, as well as the expressions Cy; = Cynni + Cyw;(0i; — nin;5)

and RCywi = —Conni + Cw;j(d;; —minj). In addition, because of the relations Ty = Ty + O(e)
and Tin, = Ty + O(€) on the boundary [cf. Eq. (60)] and of the fact that (8;; — n:n,)(9S/dx;)s
consists of tangential derivatives of S on the boundary, we can write

0T\ 0T

(0;5 — niny) (axj )B = (6;; — nm])aTj + O(e), (98a)
aﬁnt _ aTw

(05 — ninj) ( oz, )B = (0;5 — nmj)a—xj + O(e). (98b)

Note that (8;; — nin;)0Ty/0z; is defined only on the boundary. Equation (98) has been used
in the derivation of the term containing (8;; — nyn,)8T/dx; in Eq. (97).

D. Summary

If we omit the terms of O(e) in Egs. (84) and (97) and take into account Eq. (71b), then we
obtain the problem for ¢. In order to avoid cumbersome notations, we change the names of the
variables from (Cy, &) to (¢, £) and denote ¢ as a function of (£, y, x1, X2, ¢, &), that is,

Cyw — ¢ (thus Cyn — ¢, and Cy, — (), w — &, (99a)
¢(E7 Y, X1, X2 cW7 gw) — ¢(E7 Y, X1, X2 C7 gA) (99b)

Here, (¢, é) should not be confused with (¢, f:') used until Sec. VIC. Then, the equation and
the boundary condition for ¢ become as follows:

0
GG =Lald) (>0, (100)
T . 6\ T v
(b (1 — ac)Rd) — Q¢ (C2 — 2) jjw Qe (5 — 2) th — 2ac<z(6lj — nzn])ﬁj/z

— Tr # ” A6/2_1 _é 3
2/ “T(5/2) /<I,<o/o OB(QET e Tdede
1 8Ttr ~ 6 aﬁnt
+<z—GC>W< [(4 —> (axik”’*(g_?)(‘m ).
1 31}1

B
—a 1 n s 6’0[ (3'11j> :|
+ (2 (‘)A (T )pB 1_ Cngz l i1ty |: ( > <8xl 5
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1 . 5468\ 0T
+acﬁg i — NNy (C +g - ) a._ y= 07 Cn >0 ) 100b
Ac(Ty)ppTa” (Big =) 2 ) Ox; ( h o (1000)
¢ — 0, (y — 00), (100c¢)

where L(¢) is defined by Eqgs. (85)—(87) with the change of notations (99) being applied. Here
and in what follows, the reflection operator R indicates Rg((l) = §(& — 2¢;n;n;) because of
Egs. (95) and (99).

The problem (100) is a steady boundary-value problem of the linearized ES model for a
polyatomic gas with § = 0 in the half space y > 0. It looks similar to the corresponding
problem in [39] for the ES model with § = O(1) [Eq. (95) in [39]]. However, there is a significant
difference. In the latter case, the boundary condition contains two quantities T and v, instead of
the three quantities Ttr, Tmt, and v in Eq. (100b), and the problem has the unique solution only
when T and o are related to the derivatives (971"/ Oz;) and (00;/0x;)s appropriately. These
relations provided the so-called slip boundary conditions for the standard compressible Navier—
Stokes equations with the single temperature and with the bulk viscosity [39]. This structure
is analogous to the corresponding half-space problem of the linearized Boltzmann equation for
a monatomic gas, which has been studied mathematically [60-64] and whose mathematical
structure, such as the existence and uniqueness of the solution, has been well understood.
Numerical analysis of some relevant problems can also be found in the literature (e.g., [65, 66]).

As mentioned above, the present problem, Eq. (100), contains the three quantities Ty, T,
and v in the boundary condition. This difference from the corresponding problem in [39] is due
to the following fact: The equilibrium solution Ly(¢) = 0 is the six-parameter family given by
¢ = co+c1Cr+calotesCatcal®+esé [cf. Eq. (90)], whereas the equilibrium solution £(¢) = 0,
where L( ) is the linearized collision operator of the ES model defined by Eq. (32) in [39] [recall
that Lo(-) = £(-)|o=o), is the five-parameter family ¢ = co + ¢1¢1 + 2o + 3¢ + e (P 4E). T
analogy with the case of [39], we can expect that the problem (100) has the unique solution only
when Tt,, Tmt, and v are related to the derivatives (8Ttr/('9xj)37 (8Tlnt/8xj)B, (00;/0z;)B, and
(0;5 — n,n])(?Tw /0z;, appropriately. These relations provide the desired boundary conditions
for the two-temperature Navier—Stokes equations, as we will see in the following section.

We have not mentioned the initial condition for the Knudsen-layer equation so far. Since
the time-derivative term is not contained in Eq. (100a), we cannot impose the initial condition
to this equation. However, we can show that the problem (100) is consistent with the initial
condition (55) for the two-temperature Navier—Stokes equations and assumption (v) in Sec. ITA.
For the detailed discussion on this point, the reader is referred to Sec. 5.2.4 in [40].

VII. SLIP BOUNDARY CONDITIONS

In this section, we analyze the Knudsen-layer problem (100) to establish the slip boundary
conditions for the two-temperature Navier—Stokes equations (6) basically following the descrip-
tions in [39].

A. Decomposition of Knudsen-layer problem

We first introduce the following reduced velocity distribution functions:

q>(£7 Y, X1y X2 C)
\11(57 Y, X1y X2 C)

1 55/2 1 . L
‘r<6/2)/o [(2/5)55/2%“’ v X1 X G E)eCdE(101)

Let us integrate each of Egs. (100a), (100b), and (100c), multiplied by [1“(5/2)]*15'5/2*16’5,
with respect to £ from 0 to co and make use of Eq. (101). Then, we obtain the closed set of
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equation and boundary conditions for ® of the following form:

cn%j ~Lps(®),  (y>0), (1022)

N / GOE(Q)dC
(n<0
1 , 5\ (0T
+(2_GC)A (T )A TI/QCH (C - 2) (al’z >Bni

L o Lo 1Y\ (00 .
+“CAC<TW)pBl (C 3¢ )(8%) s

B
PN S 2 99;
e CLC)A(T ) L —v kil = many K ) <3$Z)B]
1 ATy
+ acmCi(5ij —n;n;) <C - 2) 87’ (y=0, ¢u>0), (102b)
P — 0, (y — 00). (102c¢)
Here,
Los(®) = w7y [ Lole)/te e
—wt 2t (= 3 ) ot (66— 367 ) By - (108)
where
2/(, 3
o=@, w=lgon m-3((-F)e).  ri=2ee. o

and (-) is defined, for an arbitrary function §(¢) of ¢, by

(@6) = [ 9OPC)C. (105)

It should be emphasized here that Lgg(-) is nothing but the linearized collision operator of the
ES model for a monatomic gas. It follows from Eq. (91) [with the replacement (99)] that, for
an arbitrary function g(¢;),

(Les(9)) = (GiLes(9)) = ((*Les(g)) = 0. (106)

In [40], the slip boundary conditions for the compressible Navier—Stokes equations were derived
for a monatomic gas on the basis of the Boltzmann equation including the BGK model. Al-
though the ES model was not considered there, it is not difficult to see that the problem (102)
is the Knudsen-layer problem for the ES model for a monatomic gas if Tir is regarded as the
temperature T' [cf. Egs. (100) and (101) in [40]; note that for a monatomic gas, the ES model
reduces to the BGK model when v = 0]. Therefore, the problem (102) can be handled in the
same way as in [40].

Next, we integrate each of Eqs. (100a), (100b), and (100c), multiplied by (2/8)['(6/2)]1£9/2¢~¢,

with respect to & from 0 to co and make use of Eq. (101). Then, from the resulting equations,
we subtract Eqgs. (102a)—(102c), respectively. As the result, we obtain the problem for the
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difference ¥ — @, i.e.,

aT
Cnaiy = <T> - T) (y > O)a (107&)
T:(lfac)ﬁTfac&Jr(Qfac) — 1 A1/2<n OT n;
TW Ac(Tw)ﬁB w 8951

1 T,
+ acﬁ@(&:‘ - nvn)iw, (y =0, Gu> 0)7 (107b)

AdT)ppTa/?™ 7 Ox
T—0, (y = 00), (107¢)

where T is defined by the difference

Y, v, X1, X2, €) = V(L, y, X1, X2, €) — (¢, ¥, X1, X2, €)- (108)

Let us consider the problem (102). As discussed in Sec. 5.3.1 in [40], if the terms containing
the boundary values of the derivatives (87}, /0z;)p and (90;/ Oz ;)p and the tangential derivative
of the boundary temperature (3;; — n;n;) (9T /dx;) in Eq. (102b) are all set to be zero, then
the problem (102) has a trivial solution ® = 0, T}, = 0, and v; = 0, which should be unique in
analogy with the case of the linearized Boltzmann equation for a monatomic gas [61]. Therefore,
these terms are regarded as the inhomogeneous terms, and Ti. and 7; are a part of the solution.
That is, ® as well as Ti, and ¥; is determined depending on the inhomogeneous terms. Because
of its linearity, the problem (102) can be decomposed in accordance with the form of the
inhomogeneous terms.

Here, we note that (;(d;; — n;n;) in the last two lines of Eq. (102b) indicates the tangential
component of ¢, i.e., the projection of ¢ onto the plane tangent to the boundary. From the form
of the inhomogeneous terms in Eq. (102b), we assume the solution @ in the following form:

CD(Ea Y, X15 X2 C)
(8,02 Jos
7AC(TW),5B |: <axj)B * <8$[ B Can(&” n’nﬂ) q)v(ya Cn, C)

© G0 — ning) D(y, Ca, €)

_ ) 7 (y, Cas €)- (109)
'/ B

Then, we also set the unknown parameters v; and T, in the form consistent with the form of the
macroscopic quantities in the inhomogeneous terms. To be more specific, the tangential vector
(0;; — nyn;)v; should be related to the (macroscopic) tangential vectors in the inhomogeneous
terms, i.e., (85 — nin;)[(001/0z;)s + (80;/dx)slny and (;; — nin;)(8Ty/dx;), whereas the
scalar Ty, should be related to the (macroscopic) scalars in the inhomogeneous terms, i.e.,
(80;/9x;)gnin; and (9T}, /dx;)n;. To summarize, we let

<l

; 1 oy 0v;
) (85 —mm) =l | = 73 o my
T“l,/Q (613 nznj) Cy AC(TW)[?B |: <6xj)}3 + (8$Z>B]nl(5w nznj)
L 1 T
Cp———= <
P Au(Ty) peT? 0

T 1 d; 1 Ty
At = C,ilf (av> nin; + Cé—vl = s NSV ) tl ng, (110b)
TW AC(TW)pB Ti/B Ac(Tw)pBTW Zi B

(51‘]' — ninj), (110&)
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where ¢!, ¢, cl! and ck! are undetermined constants that depend on the properties of the gas

as well as on the accommodation coefficient a. and are determined together with the solutions
o, Ol Bl and L.
Similarly, the problem (107) can be decomposed by letting

T(£7 Ys X1y X2 C)

1 dTy

== ~ Cz 5z_nzn TI y?Cﬂ?C

AC(Tw)ﬁBTv}/2 83,'] ( J J) T( )
1 6ﬁnt II
+ — ~ ~ niTT (yv CIlz C)a (111)
"Llc(TW)/sBTV%//2 < O >B
and

T 1 a
L = (112)
Ty Ac(Tw)pBTw Ti

where EITI is an undetermined constant depending on the properties of the gas as well as on the

accommodation coefficient a. and is determined together with the solution T{FI . Since T is
a scalar, it cannot be related to the tangential vector (§;; — nin;)(0Ty/x;). Therefore, Tiy
must have the form of Eq. (112). In other words, the problem for T4 does not contain any
undetermined constant.

If we substitute Egs. (109) and (110) into Eq. (102) and substitute Egs. (111) and (112) into
Eq. (107), we obtain six decomposed problems for ®, ®L ®I1 &L YL and Y. Once they
have been determined together with the constants ¢!, ¢l., e!Z cl! and éf, Egs. (110) and (112)
provide the desired slip boundary conditions for the two temperature Navier—Stokes equations.
The assumption that ®, ®L &I &L YL and TH are all functions of y, (,, and ¢ will turn
out to be consistent.

Before presenting the decomposed problems, we need a small preparation. Let us introduce
two unit vectors s and t tangent to the boundary and orthogonal to each other, i.e., n-s =
n-t=s-t =0, and denote the two orthogonal tangential components of ¢ by (s = ¢ - s and
¢t = ¢ - t. Then, we have the expressions, such as ¢; = (un; + (8 + Coti, €2 =+ 2+ ¢, and
nin; + s;8; + tit; = 0;;. With these relations, it is easy to verify the following relation for any
function g = g((, €):

Lus[Gi(6i5 — ning)g(G, O] = Gi(6i5 — ning) Ls[9(Gns Q)] (113)
where
L3196, O = (€% = g) + 206 (G = (D)9) — g- (114)
Now we list the resulting six decomposed problems for ®! &L &I &I YL and TH.

(i) Problems for (®%; cl) (k =v, T):

K

0y s (ol
Cnaiy = £ES(@H)7 (y > 0)7 (115&)
oL = (1 —a)ROL — 2acct + HI,  (y=0, ¢, >0), (115b)
oL =0, (y—o0), (115¢)
where
HI:(Qfa)LC Hf=a sz? (116)
v c 1 — v n» T c 2 .

If we take {-) of Eq. (115a) multiplied by ¢? — (2 and note that (¢? — ¢2) = 1, we have
d(Ca(¢? = ¢2)®L) /dy = 0. Then, it follows from Eq. (115c) that

(Ga(C =)L) =0. (117)
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(ii) Problems for (®11; cI1) (k= v, T):
01!
G = Los(®1), (v >0), (118a)

@i’:(lfacﬂi@é’fzﬁac / GO B(Q)dC — a0 (2 — 2) ! + B!,

¢n<0
(y=0, ¢ >0), (118b)
ol 50,  (y— o), (118¢)
where
2 1 1 5
HY = q, - <g§ - 542 - 3) , HI = (2—a.) (<2 - 2) : (119)

Taking (- ) of Eq. (118a) multiplied by (1, ¢,, ¢?) and taking account of Eq. (106), we have
d{(Cu @Y Jdy = d(¢2®LT) Jdy = d{(uC2 @) /dy = 0. Then, from Eq. (118c), we obtain

(@) = (G = (Gag?@)]) = 0. (120)
(iii) Problem for YTk
oL,

Cn _T%a (y > O)a (1213)
TIT = (1 — a)RYTL + a., (y=0, ¢ > 0), (121b)
YL o0, (y — o). (121c)

(iv) Problem for (YZf; ¢kl):

TII

GG =X - T, (>0, (1222)
TH = (1 —a)RYH —a.dd +(2—a)Ca,  (y=0, G >0), (122b)
TH -0, (y — o). (122c)

Taking (-) of Eq. (122a) and taking Eq. (122c¢) into account, we have
(G =0. (123)

B. Further reduction of decomposed problems

The independent variables in the decomposed problems listed in Sec. VII A are y, (,, and (.
In the present section, we will further reduce the independent variables to y and (, using the
conventional procedure first introduced for the BGK model [67]. For this purpose we introduce

t}}e following reduced velocity distribution functions (¢lf, oIf), (w1, ok, Il I and (vk,
Gk

e = [ [ et G e g, (1242)

e =2 [ [ @4 @el . G e d e, (124b)

Ho =2 [ [ G e dgac, (1240

(k=v,T, and N =1, II).

Here, we have expressed ¢ using the components (,, (s, and (g, i.e., ¢ = (an+ (s + (i t, so that
¢ - C2 ¢2 + ¢2 holds.
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Equations (117), (120), and (123) are, respectively, expressed in terms of the reduced velocity
distribution functions as follows:

/ N Catble S dC, = 0, (125a)
o 90/1 5
/ Cn Cn‘PﬁI e—Cn d(n =0, (125b)
-0 CQ T 1MIQI
/ Covte=Sde, = 0, (125¢)
(k=wv,T).

Then, by the use of Eq. (125a), Lag(®L) (k = v, T) [cf. Eq. (114)] is expressed as

Lig(®L) = / Yle~Snd(, — (k=v,T), (126)
and with the help of Eq. (125b), Lgs(®Ll) (k = v, T) [cf. Eq. (103)] is expressed as follows:
Lrs(®) = w + (42 — Z) Tor +V (ng - ;g%ij) Py — ol (k =, T), (127)
with
w= = / Te=Cldc, (128a)
nom -z [ tledag S0 [ ultedag, (128)
P = % /Z l/filefcﬁan (0i5 — niny). (128¢)

Here, we have omitted the subscript x and superscript I1 for the macroscopic quantities w, P;j,
and 7y, to avoid cumbersome notation. In addition, (Y2} in Eq. (122a) is reduced to

1 2
I = ﬁ/_ vie=%ndc,. (129)

With these preparations, we consider the problems for (®%; c¢L) and (®1f; ¢If) (k = v, T) as
well as those for T and (Y15 &) listed in Sec. VILA.
(i) Problems for (®%; cl) (k = v, T):
Let us multiply each of Eqgs. (115a) [with Eq. (126)], (115b), and (115¢) by (1/7)(¢Z +

(%) e~% ¢ and integrate the resulting equations with respect to ¢s and ¢; from —oo to
oo for both variables. In addition, we let

[ e T
( ’lI)’ Ci) = m( {n Ci)a W%, Cé’) = (wé’v Cg“) (130)
Then, we obtain the following half-space problems for (¢!; L) (k = v, T):

K

71
Gt = [ et -0l w0, (131a)
w,i = (1 —ao)RY) =20k + G, (y=0, (> 0), (131b)
¢r—=0,  (y—o0), (131c)
where
Gl=22-a)¢, Gh=a (cﬁ - ;) : (132)

and 7%1/7},{"(0, Ga) =L 0, —Ca).
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(ii) Problems for (®11; cI1) (k = v, T):

We multiply each of Eqs. (118a) [with Eq. (127)], (118b), and (118c) by (1/7)(1, (2 +
(%) e=%~¢ and integrate the resulting equations with respect to ¢s and ¢; from —oo to 0o

for both variables. Then, we obtain the following half-space problems for (!, yil; L)
(k=v,T):
1
i1 2_ - 5 1 11
0 | s 1 n 1 Gh— 3 Pr
Cnai =w + T ? _7V-Pii 2 - ) (y>0)7
vlur ] ] e ao1] L
(133a)
11 11
P ~ | ¢x 1
=(1-a)R — 2a, Caplle™Cnd(,
! v - 1
2 j—
—a.cl | " +GI (y=0, ¢ >0), (133b)
&
ox!
— 0, (y — 00), (133c)
e
where
2 _ 1 2 _ §
7 _ 4 1 ‘ I n 2
G, =sa.—— , Gr =(12—ac)l , (134)
3 ‘1—v C2 . § 2 1
n 2 Cn - 5

and w, Ty, and P;; (= P;;0;;) contained in Eq. (133a) are defined by Eqgs. (128a)—(128c).
(iii) Problem for TL.:

Integrating each of Eqs. (121a)—(121c), multiplied by (1/7r)e_<sz_ct27 with respect to (g
and (;, from —oo to oo for both variables, we obtain the following problem for vi.:

G BUT =—vp,  (y>0), (135a)
v% = ( —a)RvE+ac,  (y=0, G > 0), (135)
vl =0, (y = o00). (135¢)

(iv) Problem for (YZf; ¢kl):

Integrating each of Egs. (122a)—(122c), multiplied by (1/m)e=% ¢, with respect to (s

and (; from —oo to oo for both variables, we obtain the following problem for (vi, &lf):

ay \F/ vile=Sidc, — vl (y > 0), (136a)
vt = (1= a)Rof’ —acdf + (2 —a),  (y=0, ¢ >0), (136Db)
7 =0, (y = 00). (136¢)

C. Some remarks on reduced problems

As the result of the analysis in the preceding sections, the Knudsen-layer problem to determine
the slip boundary conditions has been reduced to the half-space problems for (i) (/%; ¢.) (k =

K K

v, T), i.e., Egs. (131) and (132); (ii) (@i, ¥if; cIl) (k = v, T), i.e., Eqs. (133) and (134); (iii)
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vl e, Eq. (135); and (iv) (vif; e, ie., Eq. (136). At this point, we give some remarks on
these problems.

We first note that the problem of (¢1; €l), i.e., Eqs. (131) and (132) with x = v, is exactly
the same as the problem of the Knudsen layer for the shear slip based on the linearized BGK
model for a monatomic gas [41, 42] and the Maxwell-type boundary condition. It is one of the
fundamental classical problems in kinetic theory studied by various authors [43, 68-71] [there
are some earlier results [72, 73] for a. = 1 (diffuse reflection)]. In fact, & is the slip coefficient
of the problem, which is equal to & in [69] and (p in [43]. Therefore, we can easily find the
value of E£ in the literature and can, in principle, recover the solution QH, from the data in the
literature. Consequently, we can obtain the reduced distribution function ! of ®. and the
value of ¢! of the original problem, Egs. (115) and (116), immediately from Eq. (130), that is,

r_ 1o I 1

v = m%Bch Cy = mciBGKv (137)

where and in what follows the subscript BGK indicates the corresponding quantities for the
BGK model for a monatomic gas. This reduction from the ES model to the BGK model has
been used in [44] in connection with the analysis of the Knudsen layer in the framework of the
generalized slip flow theory based on the linearized ES model for a monatomic gas.

We next note that the problem of (¥1; &), i.e., Egs. (131) and (132) with k = T, is exactly
the same as the problem of the Knudsen layer for the thermal creep based on the linearized BGK
model for a monatomic gas and the Maxwell-type boundary condition. It is also a fundamental
classical problem that has been investigated in several papers [43, 70, 74, 75] (there is an earlier
work [76] for a. = 1), and ¢k corresponds to the slip coefficient of the problem, which is equal
to d/2 in [75] and (r in [43]. Therefore, the numerical value of ¢} is available, and the reduced
distribution z/?% associated with ®1. can, in principle, be obtained from the literature. From
Eq. (130), this fact can be summarized as

1/% = Z/J:IFBGKa Céﬂ = CITBGK- (138)

This equivalence between the ES model and the BGK model for a monatomic gas is also pointed
out in [44].

Now let us consider the problem for (plf, 1 cI1) ie., Egs. (133) and (134) with xk = v.
This problem is exactly the same as that of the Knudsen layer for the temperature jump, caused
by the normal gradient of the normal component of the flow velocity, based on the linearized
ES model for a monatomic gas and the Maxwell-type boundary condition [cf. the sentences

following Eq. (106)]. It has been studied in [44], and the numerical results for a. = 1 (diffuse

reflection) and v = —0.5 and 0 (BGK model) are found there (see also [45]), e.g., /! (here) = céo)
(in [44, 45]). However, since no result is available for the general case, a new numerical analysis
of the problem is required.

The problem for (o2l 1I; 11 ie., Egs. (133) and (134) with x = T is the same as that of
the Knudsen layer for the standard temperature jump based on the linearized ES model for a
monatomic gas and the Maxwell-type boundary condition [cf. the sentences following Eq. (106)].
It has been studied in [44], and the numerical results for a, = 1 and v = —0.5 and 0 (BGK
model) are found there (see also [45]), e.g., ¢ (here) = Cgo) (in [44, 45]). However, since no
result is available for the general case, we need new numerical computation for this problem.

Finally, we consider the problem for vl and that for (vil; &), i.e., Egs. (135) and (136),

respectively. The problem (135) can be solved immediately, that is,

I _ 07 (Cn < 0)7
e { ace™¥/%, (Ga>0). 159

By comparing Eq. (136) and Eq. (131) with k = v, one immediately finds that

1- 1 - _
vp = §¢5 D) UBGK &' = ¢, = Cipex- (140)

In this way, the problem for (vi; &) has been solved.
In summary, what we only need is to solve the temperature jump problems, i.e., Eq. (133)
with kK = v, T, for specified v.
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D. Summary and additional remarks

We note that v and the accommodation coefficient a. are the only parameters that enter
the solution of the problem for (11, cf) [Eq. (137)] and the solutions of the problems (133) for
(oIl Il ¢l (5 = v, T). In addition, the solution of the problem for (4, ¢l.) [Eq. (138)] and
that of the problem for (vi!, ¢i) [Eq. (140)] are independent of v. It follows from Eq. (A8)
that Pr=1/(1 —v+0v) =~ 1/(1 — v) when § < 1. Therefore, v is basically determined by the
Prandtl number.

According to Egs. (137), (138), and (140), the coefficients c!, cl., and & are obtained
immediately from the slip coefficients for the BGK model for a monatomic gas. The result is
shown in Eq. (10) with Table I.

By contrast, we need a new numerical analysis of the problem (133) (with x = v, T') to obtain
the numerical values of ¢! and cl!. Since the analysis, which is based on a finite-difference
method, is straightforward, we show only its outline in Appendix D. As mentioned in Sec. II D,
the resulting numerical values are shown in Tables IT and III. The dependence of ¢! and ¢!
on the parameters v and a. is discussed in Sec. IID.

With these numerical values of ¢!, c{p, el cg , and é? , the slip boundary conditions for the
two-temperature Navier—Stokes equations (6) follow immediately from Egs. (60), (96), (110),
and (112). The result is summarized in Eq. (9) in Sec. IID. As noted in [40], Eq. (9) forms
two-dimensional fields on the boundary at each time and is independent of the trajectory of
the points on the boundary.

The initial conditions for Eq. (6) are given by Eq. (55) under assumption (v) in Sec. ITA.
However, if we are interested only in the behavior of the gas in the fluid-dynamic time scale
that is much longer than the mean free time and admit the inaccuracy in the initial stage
0 < £ < O(mean free time), we may ignore assumption (v) in Sec. II A and assume the more
general initial conditions of the form of Eq. (13), where p™(x), o™ (x), Ti*(x), and T} (z)
are appropriately chosen functions and are related to the initial condition for the ES model
specified in the problem under consideration, say

f(O, z, Ca é) = fin(wv C’ E)’ (141)

which may be more general than Eq. (39). The reader is referred to Sec. 5.2.4 in [40] for more
detailed discussion about the initial conditions.

E. Macroscopic quantities inside Knudsen layer

We consider the Knudsen-layer parts of the macroscopic quantities ﬁg ) in Eq. (62) or more
specifically Eq. (65), on the basis of the expressions (88) [with Eq. (86)] and (89). Equation
(92) indicates that ﬁl((li)ni, ﬁgi)jnj, qutlr))KZ.ni7 and quilgt)Kini are all of O(Rpe). Other components
of the macroscopic quantities ﬁg) can be obtained by using Egs. (101), (108), (109), and (111)
in Egs. (88) [with Eq. (86)] and (89) and by noting that the change of the names of the variables
(99) has been made in Eqs. (101), (108), (109), and (111). In this process, use is also made of
the relations derived in Sec. VIIC. We summarize the results of the Knudsen-layer corrections
of the macroscopic quantities, i.e., hx = ﬁg)e + O(Rpe?) [Eq. (62)], neglecting the terms of
O(Rp€?). That is,

ﬁKmi = 0, (142&)
T 1 (00 a@-) 1 10T,

0 ’Lt’L = GYU = WA = ! J nzt' + 2% ﬁjiwtl7 142b

it = 0ot (G + G2 ity + ) g S (1420)
1 0, 1 0Ty

oK = €§y i Q — is 142

PK = € (y) Ac(Tw) ) ]n n; + € T(y) C(TW)TV%’/Q or; ( C)
T, 100 TY? 10T,

TtrK - eev(y) ~ = 11y + @T(y) ~ ~ : (142d)
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/2

7~ 1aﬁnt
Tin Or(Y) === i 142
tK = 6T<)A(W)P35Ein (142e)
- 3TtrK + 6T‘intK
Ty = ——— 142f
K 3+6 (142f)
Pijng =0, (142g)
T, 0b; Te? o,
piit; = €Il (y) ————Lnnpt; + ellp(y) ——e— ——nt;, 142h
PKijty = € (y)Ac(Tw) 83%”]7% +e€ T(y)Ac(Tw) oz, n; ( )
J(enkini =0, (142i)
% (00, 00, Ty o7
j it = H'u = WA : ! it H Ai“iiwti, 142j
qankiti = € (y)Ac(Tw) (axj a@)ﬂ jte T(y)AC(Tw) oz, (142j)
d(intyxii = 0, (142k)
R Tw 0Ty
d(int)Kiti 6HT( )ﬁ oz, ti, (1421)
dKi = (tr)Ki T d(int)Kis (142m)
where, with Kk = v and T,
1 2
Ye(y) = = ol Lemn 14
=@ ey =5 [ ke, (143)
Quly) = (@11) = / =6 dg,, (143b)
(#l1) = —=
2 2 II / Iy ¢
w(y) == )l = - = ndCy, 14
out) =3 ((¢-3) o) = -~ 20lt) e (1430)
~ 1 & _ 2 1—v & _ 2
Or(y) = (T1) = = | wrle™dG = 5 wwie “dG = (1-v)Y,(y),  (143q)
3
Li(y) = 5[2(y) + Ox(y)]; (143e)
1
=5 (@ - (e-3)er). (1430
~ §
Hr(y) = 5 (¢ = G)Y7). (143g)

Here, (-) is defined by Eq. (105). In Eq. (142), the quantities p, ¥;, Ttr, and Tine belong to
the Chapman—FEnskog solution, and p and the derivatives of ¥, Ttr, and Tim are all evaluated
on the boundary. By the use of Egs. (137) and (138) and by a similar procedure to that in
Appendix C in [39], we obtain the following relations (the details are omitted here):

Yly) = 7 Vinax(y),  Ye(y) = Yenax(y), (144
H,(y) = %HvBGKQ/)a Hr(y) = Hreek (y), (144b)
T (s) = Tz () (144¢)

where Y,pak (v), Yreak (v), Hypck (y), and Hrpgk(y) are the corresponding functions for the
BGK model for a monatomic gas, and J,(y) is the so-called Abramowitz function [77] defined
by

To(y) = /0 e " Edz,  (y>0). (145)

The basic functions Y,pek(y), Yreek(y), Hvscek(y), and Hrpgk(y) versus y are plot-
ted in Fig. 2 in [39] for three different values of the accommodation coefficient a. [note
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FIG. 3. Profile of Qr(y). (a) ac =1, (b) ac = 0.5, (c) ac = 0.2.

that a. (here) = « (in [39])], i.e., a. = 1.0, 0.5, and 0.2. These functions vanish rapidly as
y — o0o. Here, it should be noted that [YUBGK(y), YTBGK(?J), HwBGK(y); HTBGK(Z/)] (here) =
[Yl(l)(y), YQ(U(y), H{l)(y), Hél)(y)] (in [44, 45]) and the latter functions for a, = 1 are tab-
ulated in Table 6 in [45]. In addition, the function Jy(y) is tabulated in Table V in [39].

Therefore, these data are omitted here. The functions Y, (y), Yr(y), Hu(y), Hr(y), and Hr(y)
are recovered from these data once the value of v is known for the gas under consideration.

In Figs. 2-5, we show the profiles of the functions Q,(y), Qr(y), O,(y), and Or(y), re-
spectively, in the case of a. = 1.0, 0.5, and 0.2 for v = —0.5, —0.3, —0.1, and 0.1. In these
figures, the corresponding profiles for the BGK model for a monatomic gas (v = 0) are also
shown. We should recall that the functions ,(y), Qr(y), ©,(y), and Or(y) are the same
as the corresponding functions for the ES model for a monatomic gas. To be more specific,
[(), 2r(y), O,(1), Or(y)] (here) = [0 (y), 2 (), 657 (y), ©1” (y)] (in [44, 45]), and the
latter functions for a. = 1 and v = —0.5 (Pr = 2/3) and 0 (BGK model) are tabulated in
Tables 4 and 6 in [45]. Corresponding to the fact that ¢! is almost constant with respect to v,
the functions Q7 and ©7 are almost independent of v.
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FIG. 5. Profile of ©r(y). (a) ac =1, (b) a. = 0.5, (¢) ac = 0.2.

VIII. TWO-TEMPERATURE NAVIER-STOKES EQUATIONS AND SLIP
BOUNDARY CONDITIONS IN DIMENSIONAL FORM

We first summarize the dimensional form of the two-temperature Navier—Stokes equations
following Sec. III C in [36]. The stress tensor p;; and the heat-flow vector ¢;, which are the
dimensional version of Eq. (53) with the O(¢?) terms being neglected, are given by

ov; ov; 2 Ouy

] — Tréi'* rTTr : L= i 14

p.? pR trty iu’t( ’ t)(aXJ+8XZ San ]>7 ( 68‘)
8Tr 8,1—}11
q(tr)yi = —Ae (T, Ttr)T);, q(int)i = —Aint (T, Tr) 8X<t7 (146b)
G = q(tr)i t G(int)i> (146¢)
where
1 RTtr 5 RTtr (5 RTtr

(1 Tw) = —— 0 AT, Th) = sR——, AT, T) = s R——++» 147
T To) = = oy Mol To) = SR ol Tu) = Ry (147)

and T' = (3T, + 6Tint)/(3 + 0) [Eq. (18i)]. Correspondingly, the dimensional two-temperature
Navier—Stokes equations, which are the dimensional version of Eq. (6), are given by the following
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equations:
< 5g’X) 0, (148a)
a(g:i) n 3(51;?) N a(gljgtr) _ a?( [Mr (T, T) < ov; aa;;(j % 56% %ﬂ )
% |:p (23% + ;ufﬂ + aan {pvj ( RT,, + lv )} T)p*R(T — Ty;)
af( [Atr(T Ttr)gﬁr} + afc {utr(T Ty )vi ( SX g;’g ;g;’(’; 5; )} (148¢)
8(!?;;1“) + 8(pg§(::i“t) —0A(T)p* (T — Tin) = ? ]1% ai [Aim(T, Ttr)‘?&‘?] . (148d)

The A.(T) in Egs. (148c) and (148d) can be replaced by an expression in terms of pigy, Agr, OF
Aint With the help of Eq. (147). However, the terms containing A.(T") indicate the relaxation of
the translational temperature and that of the internal temperature. Since [0 A.(T)p]~! is the
time scale of the relaxation of the translational and internal temperatures [cf. Eq. (A10)], it
would be more natural to keep 0A.(T) in Egs. (148¢c) and (148d). The dimensional version of
Eq. (54) is omitted here [cf. Eq. (70) in [36]].

Next, we transform the slip boundary conditions (9) into their dimensional form. To be more
specific, we use Egs. (3) and (8) and eliminate e with the help of Egs. (4), (A5), and (147) (with
T =T, and Ty, = Ty,) in Eq. (9). Then, we obtain the following dimensional form of the slip
boundary conditions:

(v; — Vyi)n; =0, (149a)
V2 o pie(Tws Tg) ((Ovi | vy 4 ol e (T, Tiy) OT
(Ui - Uwi)tz R1/2 Gy pTl/Q <6Xj + aX ) t + 5 5R pTw 8XZ' ti7 (149b)
1 Mtr(Tw T ) avi 2\/§ )\tr(Tw Tw) aTtr
T, — T, = a1 ) Y II ) . 149
R p o ox, T ERRYT T pie ox, (149¢)
_ 2\/> .,[] )\mt(Twz T, ) 87-‘int
ﬂnt - TW 6R3/2 p ‘}/2 aXl i, (149d)
where
a£ =(1- V)quj = CiBGKa a§ = CIT = Cé"BGIQ
afjl =(1- I/)Cf)l, atl =i, (150)

~IT _ I
ar =Cr = CvBGK

Here, Eq. (10) has been used. In Eq. (149), RTy/A.(Tyw) has been eliminated by the use of
the relation RTy/Ac(Tw) = (1 — V) pr (T, Tww) = (2/5R) Ay (T, Twy) = (2/0R) Aint (T Tw)
[cf. Eq. (147)]. More specifically, p, is used in the terms containing the derivative of v;, A¢; is
used in the terms containing the derivative of Ty, or Ti;, and Ajy¢ is used in the term containing
the derivative of Tj,;. This choice follows the analogous choice in the slip boundary conditions
for the ordinary Navier—Stokes equations (with a single temperature) for a polyatomic gas [see
Eq. (139) in [39]]. In the case of the ordinary Navier-Stokes equations in [39], the equations as
well as the slip boundary conditions are expressed in terms of the viscosity p, bulk viscosity pp,
and thermal conductivity A [cf. Egs. (138) and (139) in [39]], the data of which are available
for many gases. Therefore, these data can be input directly in the equations and the boundary
conditions without identifying the function A.(T) in practical applications. In contrast, the
two-temperature Navier-Stokes equations (148) contains A.(T"). In addition, the transport
coefficients fiy, Ay, and Ay contained in the equations (148) and in the boundary conditions
(149) are the quantities whose direct measurements would be difficult. Therefore, we need
to identify the function A.(T") by the procedure described in Sec. ITE. An example of the
procedure is shown in the last paragraphs in Sec. ITF.
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The initial condition for Eq. (148) is given by
p = po, v =0, Tir = Tint = To, at t =0, (151)
which corresponds to Eq. (55) under assumption (v) in Sec. ITA; or
p=pN(X),  w=v(X), Ty=TNX), T =TH(X), att=0, (152)

which corresponds to Eq. (13) in more general case without assumption (v) and in the case when
we ignore the accuracy for short time (within the scale of the mean free time). Here p™, v',
T}, and T}, are the density, flow velocity, translational temperature, and internal temperature

obtained from the initial distribution f* corresponding to Eq. (141) (see Sec. 5.2.4 in [40]).

IX. CONCLUDING REMARKS

In [36], four of the present authors derived the two-temperature Navier—Stokes equations from
the ES model for a polyatomic gas under the assumption that the time scale of the relaxation
of the internal modes is much longer than the collisional mean free time. Then, the equations
have successfully been applied to the problem of the structure of a stationary shock wave in
COs gas (see also [38]). Incidentally, it is generally understood that gases with slow relaxation
of the internal modes have large bulk viscosities.

In the present study, we tried, as the next step, to derive the appropriate boundary conditions
for the two-temperature Navier—Stokes equations. Since most of practical flow problems contain
solid boundaries, the applicability of the equations will be dramatically enlarged with the
boundary conditions.

As is well known [58, 59, 78, 79], the appropriate boundary conditions, which are in the form
of the slip boundary conditions, for the ordinary Navier—Stokes equations can be obtained only
by the analysis of the Knudsen layer, which is a thin layer with thickness of the order of the
mean free path of the gas molecules adjacent to the solid boundary. The reader is referred to
[40] for the slip boundary conditions for a monatomic gas and [39] for those for a polyatomic
gas.

In the present study, following these references, we have carried out a precise analysis of the
Knudsen layer, in the case where the time scale of the relaxation of the internal modes is much
longer than the collisional mean free time, on the basis of the ES model for a polyatomic gas and
the Maxwell-type boundary condition. As the result, we have derived the slip boundary con-
ditions for the two-temperature Navier—Stokes equations, together with the explicit numerical
values of the coefficients included in the conditions (the so-called slip coefficients).

The boundary conditions for the flow velocity and the translational temperature are essen-
tially the same as the slip boundary conditions for the ES model for a monatomic gas, and the
internal temperature does not appear there. The boundary condition for the internal tempera-
ture only contains the normal derivative of itself and is free from the translational temperature
as well as the flow velocity.

In this way, we have established the handy system consisting of the two-temperature Navier—
Stokes equations and their slip boundary conditions and presented it in the form that is explicit
and immediately applicable to practical flow problems of a polyatomic gas with slow relaxation
of the internal modes (or large bulk viscosity) [see Eqgs. (6) and (9) or Egs. (148) and (149)]. It
is a great advantage of the two-temperature Navier—Stokes equations to have clear boundary
conditions, compared with other macroscopic moment equations. The application of the new
system to some fundamental flow problems will be our forthcoming project. It would also be
possible to extend the present approach, as well as that of [36], to more sophisticated models
than the present ES model, such as the model proposed recently by [25], to derive multi-
temperature Navier—Stokes equations and their slip boundary conditions.
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Appendix A: Basic properties of ES model
1. Basic properties

The ES model (17) has the basic properties listed in the following.

Equilibrium: The vanishing of the collision term Q(f) = 0 is equivalent to the fact that f is
the following local equilibrium distribution [16] (see also Appendix A in [53]):

_ pgé/Z—l |£ _ ’U|2 £
Jeo = GrRTPR(RT) AT (0/2) O (_ ORT RT) ’ (A1)

where p, v, and T are arbitrary functions of ¢ and X.

Conservations: For an arbitrary function g(¢, X, £, £), the following relation holds [16] (see
also Appendix A in [53]):

/I " 0. QUg)dEdE = 0, (A2)

where ¢, (r =0, ..., 4) are the so-called collision invariants, i.e.,

. 1
wo =1, pi=6& (1=1,2,3), <P4=§|f|2+5- (A3)

Entropy inequality: For an arbitrary function g(t, X, &, &), the following inequality holds [16]:

JI (i) @paeae <o, "

and the equality sign holds if and only if g = foq in Eq. (Al).

Mean free path: The mean free path [y of the gas molecules in the equilibrium state at rest at
density pp and temperature Ty is given by

_ 2 (2RTp)'?
b= T AT (45)

for Eq. (17), since A.(Tp)po is the collision frequency at this equilibrium state.

2. Transport and relaxation properties

When the mean free path of the gas molecules [y is small compared with the characteristic
length of the system, we can formally derive the ordinary (compressible) Navier—Stokes equa-
tions for a polyatomic gas from the ES model (17) by the Chapman—Enskog method [16]. The
Navier—Stokes constitutive laws thus obtained are as follows (see Sec. VI of [39] for these forms
and for the entire Navier—Stokes equations):

- a"l}i 8'Uj 2 avk 8Uk
g =0y = () (i 52— 20 ) D) i, (A6a)
o
0X;’

4 = —MT) (AGb)
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where p(T), up(T), and A(T') are, respectively, the viscosity, the bulk viscosity, and the thermal
conductivity and are expressed as follows:

1 RT
() = 1—v+6vA(T)’ (ATa)
2 1) RT
N=z————— A
m(T) = 350G53) ATy (ATD)
6+5 R*T
T) = —— . A
From Eqs. (A7a), (A7c), and (1), the Prandtl number Pr = ¢,p/A is obtained as
Pr=1/(1—-v+6v), (A8)
and from Eqgs. (A7a), (A7b), (A8), and (1), the ratio pp/p is expressed as
w2 5 1 1/(5 1
=== -] =. A
i 30(6+3)Pr 9(3 7>Pr (49)

Here, it should be noted that the ratio up/p does not depend on T' and is inversely proportional
to the parameter 6 contained in the ES model.

In [36], the relaxation of the internal modes is examined in the space homogeneous case where
f does not depend on X, i.e., f = f(t, &, £). As shown in Sec. II D in [36], the temperature T,
associated with the translational energy and the temperature Ti, associated with the energy
of the internal modes evolve with time as

Tio =T + (Tiye — T) e 04Dt (A10a)
7"int =T + (ﬂnt* - T) e_GAC(T)pt7 (AlOb)

where T is the temperature that is constant, and T, and Ti,. are, respectively, the initial value
of T;; and that of Tiy at ¢ = 0, which satisfy the relation (3Tt + 0Tint«)/(3+d) = T. That is,
Ti, and Tiy approach the total temperature 7' with the time scale 1/[0A.(T)p]. Since A.(T)p
is the collision frequency of the gas molecules, 1/[A.(T")p] is the mean free time. Therefore, the
time scale of relaxation of the internal modes is (mean free time)/6.

In summary, small values of the parameter 6 correspond to the case of large up/p and to the
case of slow relaxation of the internal modes.

Appendix B: Reduction of two-temperature Navier—Stokes equations to ordinary
Navier—Stokes equations

In this appendix, we try to recover the ordinary Navier—Stokes equations with a single tem-
perature from the two-temperature Navier—Stokes equations (6) following the procedure in [28].
The basic assumption to derive the latter equations is Eq. (5), i.e., « = 6/e¢ = O(1), whereas
the ordinary Navier—Stokes equations are based on the assumption that 6 is of the order of
unity [39], which corresponds to o = O(1/€) > 1. In order to consider the situation close to
the case of & = O(1/e) > 1 in the two-temperature Navier—Stokes equations that are valid for
a=0(1), we let

I<akl/e, ie, el (B1)
It is seen from the order of magnitude of each term in Egs. (6¢) and (6d) that
Tw —T=0(01/a), Tw—T=0(/a). (B2)
Subtracting Eq. (6b) multiplied by 29; from Eq. (6¢), using Eq. (6a) occasionally, and dividing
by p, we obtain
aT‘tr
8:z:j

ol . 0Ty 2. 00, o 5 10
i Y = = STumL + @A (DT —T) + =€ > —
ot vjﬁxj 3 t@xj+a (DA t)+66p8zj

[F,\(T, i)

2 1 . . 00 (06  0b; 20
g e Tl T g ( ) .

&rj Bxl 3 aTck Kl
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On the other hand, with the help of Eq. (6a), Eq. (6d) is transformed to the following form:

aj—‘int ~ aj—‘int _ TN AL - 1 10 B/Tmt
— + 0 = aA.(T)p(T — Tint) + 565675] lI‘ (T Ttr) o,

815 J a,L,j (B4)

If we neglect the small terms of the order of € in Egs. (B3) and (B4) and subtract the latter
from the former, then we have

o - - 0 . 2. 00
o7 (e = Tiw) 0 5= (T = Tiwa) = —3 Tar g — @ Ac(T)p(Trr — T, (B5)
J

Since Ty — Ty = O(1/c) because of Eq. (B2), the left-hand side of Eq. (B5) is of O(1/«), while
its right-hand side is of O(1). Neglecting the left-hand side leads to the following expression of
Ttr - T‘int:

. 21 T } 21 T 80, 1
Ttr_j—‘int:_7*$avj :_AA8U7—i_O<>7 (B6)

3aA. (T)p Oz 3a A (T)pO0z;
where use has been made of Eq. (B2). One can see that the degree of nonequilibrium T4, — Tin
is directly expressed in terms of the divergence of the velocity field.

Using the definition (30i) of 7" and Eq. (B6), we have

s g d N 2 1 T 8 1
Tr—T——Tr—Tin = — —_—— J B
¢ 5( ¢ 2 3(3+6)aAC(T) axj+0(a2> (B7a)
A - 3 . 2 1 T 00 1
Ting =T =— Tr_ﬂn = — . B7b
' 3+6(t 2 3+5aAC(T)ﬁ8xj+O<a2) (B7b)

Let us substitute Eq. (B7a) into Eqs. (6b) and (54) to eliminate Ti, neglect the terms of
O(1/a?), and replace 1/a with €/6. Then, we obtain the following equations:

o(pv;) n d(ptyv;) 1 0p 4 £ 0 [Fl('f) <61}i n 0v; 200 )}

ot Ox; 20z, 2 0z dr;  dxi 30Tk
+5 5 [F(A)gzj] (Bsa)
B3] o (500 )
5l [ ] e [ (e -2
+ Ga?cj {rb(T)uj g;”;] , (B8b)
where p = pT" [Eq. (31)] and
fl(f)zl_lmjf), m(f):(w?) ATT) Fb(T)Z:)g,(;fL(;)IJﬂ (BY)

Equations (6a), (B8a), and (B8b) coincide with the ordinary Navier—Stokes equations with a
single temperature derived from the ES model, i.e., Eq. (46) in [39], except that in Eqgs. (B8a)
and (B8b), I';(T") appears in place of

. 1 T

Iy(T) = N (B10)

However, since ¢ < 6 < 1, it holds that T'y(T) = I[1(T) + O(8) ~ I'1(T). In this way, the
ordinary Navier—Stokes equations can be recovered from the two-temperature Navier—Stokes
equations. The quantity eI',(T") corresponds to the bulk viscosity. It should be noted that the
bulk viscosity terms in Egs. (B8a) and (B8b) originate from the relation (B6).
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Appendix C: Outline of derivation of Egs. (66) and (67)

The derivation of Egs. (66) and (67) is basically the same as the corresponding analysis in
Appendix A in [39], where § = O(1) and € < 1 are assumed instead of Eq. (5). Therefore, we
give its outline referring occasionally to [39].

We note that the Chapman-Enskog solution fcp satisfies Eq. (29). If we substitute Eq. (58)
into Eq. (29) and subtract Eq. (29) with f = fcg, then we have

g 9 U
€ J;I; + €G; 5{}; +O(?Ry) = %[Q(fCE + fx) — Q(fcr)l, (C1)

where Eq. (61) has been used on the left-hand side.

In order to calculate the right-hand side of Eq. (C1), we first consider (T);; in Eq. (30c). Let
us use Bq. (59) with Eq. (62) in Eq. (30c) and recall that hcg indicates the Chapman-Enskog
macroscopic quantities appeared in Sec. VB [i.e., h in Eq. (49)] though the subscript CE is not
attached there. This operation has been done in Appendix A in [39] for § = O(1) and led to
the following expression [cf. Egs. (A2) and (A3) in [39]]:

(ﬂh:htm)lj = (A)ij + €(B)ij + O(€Ry), (C2)
where
Aij = (Tl _; — (1= 0) |(1 = )Ty, + 25| 1 075, C3
( )2] |h:th ij ( ) ( l/) tr ZJ+V /3 + 17 ( a‘)

(1)
~ 1 A
(B)iy = (1-0) [(1 V)T + v (ﬁ%ifj - pp§> + 075, (C3D)

and ﬂi}:szE indicates T evaluated with h = hcg. Note that P Dijs Tir, and T in Eq. (C3) are
the Chapman-Enskog macroscopic quantities. Equation (C2) is a decomposition of "i'| (.
into the Chapman-Enskog part (A);;, Knudsen-layer part (B);; up to O(e), which contains the
Chapman-Enskog macroscopic quantities p and p;; in the coefficients, and the remainder of
O(Ry€?) originating from the remainder Rye? in Eq. (62). Note that (A);; and (B);;, which are
of O(1), depend on € and contain higher-order terms in e. For instance, since p;; takes the form
of expansion in ¢, it contains in general higher order terms in e. Equation (C2) with Eq. (C3)
is one of the possible expressions that are correct within the error of O(Rpe?).

Since Eq. (C2) with Eq. (C3) does not contain the explicit form of the Chapman—Enskog
solution, it also holds in the present setting = ae < 1 [Eq. (5)]. Therefore, Eqs. (A4)—(A1l)
in Appendix A in [39] are also the same in the present case.

To be more specific, Eq. (A11) in [39] gives the following expression of the difference appearing
in Eq. (C1):

Ofor + fx) — Q(for) = A(T) p (V) — fM)e + O(Rse?), (C4)

where G(V) is given by Eq. (A10b) in [39], i.e.,

A(1) 1 (1)

ﬁ 2 D(O) 2 Trel

and GO, DO DM and PM are defined by Eqs. (A10a), (A6a), (A6b), and (A8b) in [39)],
respectively (the explicit expressions are omitted here).
The difference between [39] and the present case arises from now on. Using the relations

Tret = Tint +O(e), Tr(ell)K = Tlgllt)K [cf. Eq. (64)], and pij = pTi:0s; + O(e) [cf. Eq. (53a)], we obtain
the following expressions in place of Eqs. (A12) and (A13) in [39]:

(A)ij = Tdij + Oe), (C6a)



43

(A1), = T 16 + O(e), (C6b)
(B)i; = TtrdKij + O(Rpe), (Cé6e)
(AT'B ATy = Ty Hdiciy + O(Rpe), (C6d)
and
(1) ~ (1) p(l)
dKij = —l/pLA(Sij + (1 — V) trK 6” +v KZ] . (C?)
P tr PLir

If these relations are used in Eqgs. (A6a), (A6b), and (A8b) in [39], they give the following
expressions of D DM and PM) in place of Eq. (A14) in [39]:

DO = Tg + O(e), (C8a)

DWW = TgrdKii + O(Rhe), (C8b)

R G [ Ak Y Bl S fg Tk + O(RaSe), (C8c)
Ttr Ttr T‘mt

where S indicates an appropriate function of ¢ and & that decays fast enough when multiplied
by a rapidly decaying function of ¢ and £. Using these expressions in Eq. (C5) and noting that
GO = fO) 4 O(efcg), we have the following expression of G in place of Eq. (A15) in [39]:

30) _ §(0) o L s — 8 Tk L GG _@j)dKH
— ~ i = ij
P 2 2 Tmt Ttr
#2800 4 L7 |+ ot
tr zjmt
~(1 ~ ~ ~(1
_jo [o G [(Ci i 3] T
ﬁ tr K Ttr 2 Ttr
A A X (1)
e |:(Ci - Ui)A(Cj —05)  1(G - U’“)Zéi} Pxij
Ty 3 T, )l
g 5\ T
— — - | === O(Rye). C9
- (ﬂnt 2) int - ( fe) ( )

Equations (C1), (C4), and (C9) lead to Egs. (66) and (67).

Appendix D: Outline of numerical analysis

In this appendix, we show the outline of numerical analysis of the half-space problem (133).

1. Strategy

We start with the problem (118), which is the original problem of Eq. (133). The boundary
condition (118b) contains an unknown constant ¢/ as well as the integral | <0 P E(¢)dC,
which is also an unknown constant. It is not preferable to handle the boundary condition
containing unknown quantities in the numerical analysis. Therefore, we will convert the problem
to another form that is more convenient for numerical analysis, following the strategy in [80].

Let us put

O =T + 81 + By (C2 - 3) ; (D1a)

bél = 2\/7? qu)élE(C)dC

C 2 H ? (D]‘b)
n<O0
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where 3; and f3; are undetermined constants. The bL! is also interpreted as an undetermined
constant because the integral is not known until the solution ®X! is determined. Then, since
Lrs(1) = Lgs(¢?) = 0, the problem (118) is recast as

Ca 83)5 = Lrs(PL), (D2a)
O = (1 - a)RO —a. [b: +ct (<2 )} YHI (y=0, ¢y > 0), (D2b)
I — B + By (C2 - ;) ) (y — 00), (D2c)
where
br=b' =B, =l =B (D3)

Since ®XI vanishes rapidly as y — oo (this can be confirmed by the numerical result), the
following relations hold approximately for a large positive number d:

‘ig(d, Cny ) = B1+ B2 <C2 - 2) ) (D4a)

&(d) = (®(d, ¢, O)) = B1,  Tuld) = ; <(§2 - ‘Z) 11 (d, ¢, g)> = Bs. (D4b)

Therefore, the following reflection condition holds at y = d:
.1(d, G, Q) = & (d, —Ga, ©)- (D5)

Now we consider the boundary-value problem of Eq. (D2a) in a finite domain 0 < y < d
(d > 1) with the boundary conditions (D2b) and (D5), which is expected to have a unique
solution for specified constants b and ¢ [81]. Once the solution 5? is obtained numerically,
the constants 3; and £, are determined by Eq. (D4b). Then the original solution ®X/ and the
slip coefficient ¢’/ are obtained from Eq. (Dla) and the second of Eq. (D3), respectively. The
bl which is determined by the first of Eq. (D3), gives the value of the integral in Eq. (D1b),
which is not relevant to the slip boundary conditions. This is the procedure to obtain the
solution ®XI and the slip coefficient c.! of the problem (118).

2. Reduced equations

In the actual computation, we solve the version of the problem (D2a), (D2b), and (D5) that
corresponds to the problem (133). This version can be derived by the procedure used in the

derivation of the problem (133) from that (118). Let us define ($X1, )I7) by Eqs. (124a) and
(124b) with &1 = ®I7 je.,

~ 1 > o0 2 2
=1 [ [ G 0e S igac, (DGa)
=2 [ [ @+ G e e, (D6b)
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Then, the problem to be solved in place of Eq. (133) is obtained as follows:

G 1 -1
(nai . =w + ’T_tr ?
wi! 1 242
2
) 2 1 Gl
+ V]Sij <ninj - 35ij> T2 - j , (0<y<ad), (DT7a)
2_q o
_ - 1
~ ~ 2
2.0, Gu) 2 (0, —G) N R
- (1 - ac) — acby, — QcCy +G,, (Cn > 0)
|0, G | 0, ~G) ! 24z
(D7b)
Gl (d, Cn) @il (d, —Ca)
. = -, . (G <0), (D7c)
L Z/Jn (da Cn) i '(/J/{ (d7 _Cn)
where
_ ~11 —¢2 ~ _ 21 > K 2 3) ~IT | JII| _—¢2
UJ - / ndcn) Ttr = 53— F— Cn — a @n + Z/)/{ € ndCIN
3 2

Py = ﬁ/ Qwaﬁlnmy (i — nz‘”j)] e~ ndCn,

and Gil is defined by Eq. (134). In contrast to Eq. (125b), f Coplle G nd(, is a non-zero
constant in general, so that Eq. (D8) differs from Eq. (128).

In summary, we solve the boundary-value problem in the domain 0 < y < d, i.e., Eq. (D7),
numerically for specified b* and c. Once LI and Jil are obtained, 51 and (s are determmed
by Eq. (D4b), that is, 8, = @(d) and s = Ti:(d). Then, the solution (¢Zf, Il:ctl) of the
original problem (133) is obtained immediately with the help of Egs. (Dla) and (D3), that is,
ol = SZK — B = B2(C2 —1/2), YiF = lF = 1 — B2(C2 +1/2), and ¢ff = ¢}, + .

The Pun n; calculated by the third of Eq. (D8) with $L/ = I should be zero theoretically
[cf. Eq. (125b)]. However, it does not vanish exactly Wlth the numerical solution I and takes
small values because of the numerical error. These values provide a measure of accuracy of the
numerical solution (see Appendix D 5).

3. Finite-difference scheme

We solve Eq. (D7) or its variants, which are essentially the same as the former, by a finite-
difference method [82, 83]. We write the problem (D7) symbolically as

cnaf Ly, ) —f. (0<y<d),

f(07 G) =1 =ac)f(0, =C) +G(G), (G >0),
f(da Cn) = f(da _Cn)> (Cn < 0),

(D9)

where f(y, ¢u), L(y, (), and G(y, (,) are two-component vectors, and L and G are known [L
in Eq. (D7a) is not known as the function of y; however, it is regarded as a known function in
the scheme shown below].

Let us denote the grid points in y by y® (i = 0,1,---,2N; y©@ =0, y@®N) = d), restrict
the range of (,, to a finite interval —Z < (, < Z, and denote the grid points in (, by Q(lj)
(j = —2M,—2M +1,---,0,--- ,2M; ¢ = o0, <(2M Z, (&7 = —¢l9). We denote the
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values of f, L, etc. at the grid points at the nth step of iteration by

1= 1), P =LA, G =6,
W = h(yD) (h =3, Fu, Pyj),

K3

(D10)

where the right-hand side of each equation indicates the value at the nth iteration. For ¢ = 0,
we specially define fé@o = f(0, £0) at the nth step of iteration.
The following finite-difference scheme is applied for Eq. (D9):

() fn+1) _ p(n) (n+1)
GV =Ly =y (D11)
where V fi(f') indicates the second-order upwind difference for 9f /0y defined by

(a) ¢ >0

(A5 = £67) fdrs =),

(n)
Vi wO(diydifl)fi(jﬂ) —wi(di, d;i- 1)f( " T waldi di- 1)f 2 (2S9<2N),
D12a
(b) ¢ o
( ( sz 1J+f2Nj) [dan, (i=2N —1),
Vi —wo(di1, 1+2)f + w1 (dit1, dz‘+2)fi(g,j — wa(diy1, di+2)fi(1;7j7 (D12b)
(0<i<2N-2),
where
di =y =y, wo(a,b) = aQ(Z:[:)’ wi(e,b) = ac;b’ wa(a.b) = b(aka b)

4. Process of computation

Suppose that the macroscopic quantities h(n) (thus L(n)) at the nth step and f2 N.j (j =

1, 2, ,2M) at y = d for ¢, > 0 are known. Then, the physical quantities at the (n 4 1)th
step are obtained by the following procedure:

(i) From the condition at y = d, we set f2"+1 f(") (j=—-2M,-2M +1,--- ,-1).
i) For ¢ = 0, we let (o™ = L% (i=1,2,--- ,2N) and f") = L.
i,0 i,0 0,0
(iii) For ¢t < 0, we obtain f'* (j = ~2M, ~2M +1,--- ,~1) fori = 2N —1,2N —2,--- ,0

successively using the ﬁmte difference scheme (Dll).

(iv) From the boundary condition at y = 0, we set f("Jrl = (1 - )f(mrl ;=
1,2, 2M) and £ = (1 - ac) f57 + Go.

(v) For QS > 0, we obtain f;; (n+1) (j=1,2,---,2M) for i = 1,2,--- ,2N successively using
the finite-difference scheme (D11).

(vi) Integrating the obtained fi(jnﬂ) by Simpson’s rule, we obtain the macroscopic quantities
h(nJrl)
: .

We repeat the processes (i) to (vi) until the following convergence criteria are fulfilled: For
sufficiently small g, (> 0)

max |[h"TY — (V| <eo,  (h=, P =7+ ). (D13)

We have set £, = 1071° in the present computation.
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5. Grid systems and accuracy tests

The following grid systems have been used in the computation.

, 40 2(i/2No)* i ,
@) = — =0,1,---,2N D14
YT e [1+(i/2N0)“1+C2N0 o (E=0,1,---,2N), (D14a)
5 i\’ j
U= _Z (L L = —9M,—9M +1,---.0,--- 2M D14b
Cn 1+C< <2M0> +C< 2M0‘| Y (.] i + i )07 bl )ﬂ ( )

where ¢ = 2.5 x 107 and cc > 0, and a, No, N, My, and M are positive integers. Different
sets of values of the parameters in Eq. (D14), which are listed in Tables VI and VII, have been
tried for test computations, and (S1,M1) system has been used to obtain the results shown in
Secs. IID, ITF, and VIIE.

TABLE VI. Parameters for y-grid.

a No N d=y®V] 4O LeM_,CN-D

S1 3400 420 44.05  2.81(=7)*  1.02(—1)
S2 3200 210 44.05  1.50(—6)  2.05(—1)
S3 3400 410 42.01  281(-7)  1.01(-1)
S4 4400 420 45.07  1.25(—7)  1.28(—1)

2 Read as 2.81 x 10~7.

TABLE VII. Parameters for (,-grid.

cc MO M Z[: Cr()QJ\l)] Cr(|1> Cr<12M)7 Cr<12]\/[71)

M1 0.01 100 104 5.62  2.48(—4)*  8.02(—2)
M2  0.01 50 52 562  5.00(—4)  1.60(—1)
M3 0.01 100 102 530  2.48(—4)  7.71(-2)
M4 0.005 100 104 562  1.25(—4)  8.05(—2)

2 Read as 2.48 x 104,

Our reference grid system is (S1, M1), and the test computation has been carried out by using
the following six different systems: (S2,M1) where the number of y-grid is reduced by half;
(S3,M1) where the range of y is reduced slightly; (S4, M1) where y-grid is more concentrated
around y = 0; (S1,M2) where the number of (,-grid is reduced by half; (S1,M3) where the
range of ¢, is reduced slightly; (S1,M4) where (,,-grid is more concentrated around ¢, = 0. Let

_ Do | writh I — T
max [Pon| = max {|Pijnin;| with @° = ¢,7}, o15)
A, = max{[@ﬁj]y:d, [¢£l]y:d} ; B, = max {[@ﬁ’hcn\:z, W{;I]\m:z} )
where
max |f(d, Cn)€7<§ max ‘f(y7 iZ)e_Zz‘
\CDISZ’ 0<y<d
[f]y:d = ) [f]\gn|zz = - : (D16)

_42
max ,Cn)e on
0<y<d, |[¢a|<Z ‘f(y Gn)

—C2
max ,Cn)e on
0<y<d, |Cal<Z ’f(y o)

See the last paragraph in Appendix D2 about max |P,,|. The quantities max |Py,|, Ax, and
B, should be small enough. We have checked the values of cﬁI , max |Pyy,|, Ax, and B, with
(S1,M1) system plus the above six systems for various values of the parameters (v, a.). As
examples, the results for (v, a.) = (—0.5, 0.1) and (0.5, 1) are shown in Tables VIIT and IX. The
results for other values of (v, a.) are more or less of the same order of magnitude. Considering

all these results, we have used (S1,M1) system for the main computation.
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K=" k=T
grid system et max |[Pan|  As B, A max |Pan| A7t Br
(S1,M1) 0.22905585 1.9(—7)* 3.4(—9) 5.1(—13)  21.445809 3.6(—7) 4.4(—9) 7.4(—12)
(S2,M1) 0.22905639 3.0(=7) 3.4(—9) 5.1(—13)  21.445867 4.0(—6) 4.3(—9) 7.4(—12)
(S3,M1) 0.22905586 1.7(—7) 3.4(—9) 5.1(—13) 21.445809 3.8(—7) 8.0(—9) 7.4(-12)
(S4, M1) 0.22905584 2.0(=7) 3.4(=9) 5.1(—13)  21.445808 4.1(—7) 3.2(=9) 7.4(—12)
(S1,M2) 0.22905585 1.9(—7) 3.4(—9) 5.1(—13) 21.445809 3.6(—7) 4.4(-9) 7.4(—12)
(S1,M3) 0.22905585 1.9(—7) 3.4(—9) 1.4(—11) 21.445809 3.6(—7) 4.3(—9) 1.9(—10)
(S1,M4) 0.22905585 1.9(—7) 3.4(—9) 5.0(—13) 21.445809 3.6(—7) 4.4(-9) 7.3(—12)
a2 Read as 1.9 x 1077,
TABLE IX. Test for (v, a.) = (0.5, 1).
K=" k=T

grid system clt max [Pon| Ao B, cITI max |Pu| Ar Br
(SL,M1)  0.90422215 1.2(—6)* 1.9(—9) 4.6(—13)  1.3049195 1.0(—7) 4.9(—9) 7.5(—12)
(S2,M1) 0.90422374 8.4(—6) 1.9(—9) 4.6(—13)  1.3049232 1.6(—6) 4.8(—9) 7.5(—12)
(S3,M1) 0.90422213 1.2(—6) 3.8(—9) 4.6(—13)  1.3049194 9.1(—8) 9.4(—9) 7.5(—12)
(S4,M1) 0.90422225 1.4(—6) 1.3(=9) 4.6(—13)  1.3049195 1.0(=7) 3.4(—9) 7.5(—12)
(S1,M2) 0.90422215 1.2(—6) 1.9(=9) 4.6(—13)  1.3049195 1.0(=7) 4.9(=9) 7.5(—12)
(S1,M3) 0.90422215 1.2(—6) 1.9(—9) 1.3(—11)  1.3049194 9.9(—8) 4.8(—9) 1.9(—10)
(S1,M4) 0.90422215 1.2(—6) 1.9(=9) 4.5(—13)  1.3049195 1.0(=7) 4.9(=9) 7.3(—12)

a Read as 1.2 x 1076,
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