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Abstract

We investigate the nondegeneracy of higher order Levi forms on weakly nondegenerate
homogeneous C R manifolds. Improving previous results, we prove that general orbits of
real forms in complex flag manifolds have order less or equal than 3 and the compact ones
less or equal 2. Finally we construct by Lie extensions weakly nondegenerate CR vector
bundles with arbitrary orders of nondegeneracy.
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Introduction

The Levi form is a basic invariant of C R geometry (see e.g. [9]). It is a hermitian symmetric
form on the space of tangent holomorphic vector fields, which, when the C R codimension
is larger than one, is vector valued. Its nondegeneracy was shown in [25] to be a sufficient
condition to apply Cartan’s method to investigate equivalence and automorphisms of CR
structures and is an obvious obstruction for locally representing the manifold as a product of
a C R manifold of smaller dimension and of a nontrivial complex manifold. Sufficient more
general conditions preventing a C R manifold M from being foliated by complex leaves of
positive dimension or from having an infinite dimensional group of local C R automorphisms
can be expressed by the nondegeneracy of higher order Levi forms (see e.g. [12,13]). In the
case of homogeneous C R manifolds these properties can be rephrased in terms of their asso-
ciated C R algebras and lead to the notions of weak nondegeneracy and ideal nondegeneracy
in [21]. The last one was renamed contact nondegeneracy and proved sufficient for the finite
dimensionality of the group of C R automorphisms in [18].

Iterations of the Levi forms can be described by building descending chains of algebras
of vector fields, whose lengths can be taken as a measure of nondegeneracy (see Sect. 1.1).
One of these numbers, that we call here Levi order, and relates to weak nondegeneracy, is
the main topic of this paper. The real submanifolds M of a complex flag manifold F of a
semisimple complex group S that are orbits of its real form Sg form an interesting class of
homogeneous C R manifolds, that has been studied e.g. in [1,3]. In [10] G. Fels showed that
when the isotropy Q of F is a maximal parabolic subgroup, and M is weakly nondegenerate,
then its Levi order is at most 3 and found an example where it is in fact equal to 3. In Sect.
2 we prove that this bound is valid for general weakly nondegenerate real orbits, dropping
the maximality assumption on Q and give further examples of weakly nondegenerate real
orbits having Levi order 3. Moreover we show that the minimal orbit (the single one which
is compact, cf. [27]) cannot have a finite Levi order larger than 2 and that the same result is
valid for a larger class or orbits, that we name of the minimal type. Orbits which are not of
the minimal type may have any finite order 1, 2, 3. Our methods are illustrated by several
examples. We point out that, together with the new results obtained here, those in [1], where
descriptions in terms of cross-marked Satake diagrams are emphasised, would allow to list
all minimal orbits of Levi orders 1 and 2.

In [10] Fels posed the question of the existence of weakly nondegenerate homogeneous
C R manifolds with Levi order larger than 3. In Sect. 3 we exhibit, by constructing some C R
vector bundles over CP!, weakly nondegenerate homogeneous C R manifolds having Levi
order ¢, for every positive integer .
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Higher order Levi forms...

1 Nondegeneracy conditions
1.1 Abstract CR manifolds

In this subsection we discuss some notions of nondegeneracy for general smooth abstract
CR manifolds of type (n, k). We will eventually be interested in the locally homogeneous
case and therefore, in the rest of this section, in their reformulation in the framework of Lie
algebras theory.

We recall that an abstract C R manifold of type (n, k) is defined by the datum, on a smooth
manifold M of real dimension 2n+-k, of a rank n smooth complex linear subbundle TOIM of
its complexified tangent bundle TEMm, satisfying

T IMNTOTM = {0} (1.1)
and the formal integrability condition
[T°M, T%IM), T (M, T%'M)] € T M, TO'M). (1.2)
Set
THOM = T TM, HCM = T!OM @ T%!'M, HM = HCM N TM. (1.3)

The rank 2n real subbundle HM of TM is the real contact distribution underlying the CR
structure of M.
A smooth R-linear bundle map Jy : HM — HM is defined by the equation

TOIM = {v + iJmw | v € HM). (1.4)

The map Jy squares to —Iy and is the partial complex structure of M.

An equivalent definition of the CR structure can be given by assigning first an even
dimensional distribution HM and then a smooth partial complex structure J)y on HM in such
a way that the complex distribution (1.4) satisfies (1.2).

Let us denote by #{ (resp. 7, #HC, q0.1 71.9Y the sheaf of germs of smooth sections of
HM (resp. TM, HEM, TOIm, T1-0Mm).

Definition 1.1 A C R manifold M is called fundamental at its point x if 7 generates the Lie
algebra 7.

We define recursively a nested sequence of sheaves of germs of smooth complex valued
vector fields on M

rro0,1 2710,1 ) 2Tpo,l 27;04112... (1.5)
by setting
%0,1_,2—0,1,
fIPO’1= |_| [Z c 7}0—’11X ‘ [Z,TXI’O]QZ;,O_’IM +TXI’O] , for p=1. (1.6)
xeM

By conjugation we obtain another nested sequence of sheaves

1,0 1,0 1,0 1,0
2T 22T, 2T, 2 (1.7)
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where
%1,0271,0’
1L0_ 1,0 0,1 1.0 0.1 (1.8)
7,7= L’\lﬂ{z € T}?*lx ‘ (Z, 1, ]g‘fp,lx + T, ] , for p>1.
Xe

These sequences, considered by Freeman in [12, Thm.3.1], correspond to the chain (1.11)
that we construct in the locally homogeneous case.

In the same paper (cf. [12, Remarks 4.5]) also another sequence, introduced before in
[15,16], was considered, which will correspond to (1.15), namely

5{2}[12...29{172}[1‘”‘12... (1.9)
with
Y = #C,
p—1 o1 (1.10)
st=| e X € 9 11X, 561 € 98] forp > 0.

Definition 1.2 The C R manifold M has, at its point x,
e Levi order g if T;)_’llx * ‘Zjlo’lx = {0};
e contact order ¢ if 5—[xq_l # 9] ={0}.

We say that M is, at its point x

e Levi (resp. contact) nondegenerate if it has Levi (resp. contact) order 1;

e weakly (resp. contact) nondegenerate if it has finite Levi (resp. contact) order p>1;

e holomorphically (resp. contact) degenerate if it is not weakly (resp. contact) nondegen-
erate.

The Levi order at x is the smallest ¢ for which, given any nonzero germ Z e‘Txo’l, we can
findap<gand 7y, ..., Z, € 7% such that

(Z1,(Za, ..., [Zp, Z11] ¢ #. (%)

The contact order can be defined in the same way, but with Z1, ..., Z, taken in HXO We
have therefore

Proposition 1.1 Let us keep the notation introduced above. Fix a point x in M. Then:

e M has Levi order 1 at x if and only if it has contact order 1 at x.
o If M has finite Levi order ¢>2 at x, then it has also finite contact order ¢, with 2<4'<q
at x. O

1.2 Homogeneous CR manifolds and CR algebras

Let Ggr be a Lie group of CR diffeomorphisms acting transitively on a CR manifold M.
Fix a point x of M and let T : Gr > g — g-x € M be the natural projection. The differential
at x defines a map m, : gp — TyM of the Lie algebra gr of Gr onto the tangent space
to M at x. By the formal integrability of the partial complex structure of M, the pullback
qg=(nH~! (Tg’ M) of the space of tangent vectors of type (0, 1) at x by the complexification
of the differential is a complex Lie subalgebra q of the complexification g = C ®rgg of gg.
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Higher order Levi forms...

Vice versa, the assignment of a complex Lie subalgebra g of g yields a formally integrable
Gr-equivariant partial complex structure on a locally homogeneous space M of Gg by the
requirement that T(; M= nikc(q) (see e.g. [1,21]). These considerations led to the following
definition.

Definition 1.1 A CR algebra is a pair (gg, q), consisting of a real Lie algebra g and a
complex Lie subalgebra q of its complexification g= C g gg, such that the quotient gr / (grN
q) is a finite dimensional real vector space.

We call the intersection q N g its isotropy subalgebra and say that (gg, q) is effective
when q N g does not contain any nontrivial ideal of gg.

If G is a real form of a complex Lie algebra G and q the Lie algebra of its closed subgroup
Q, then Mis locally C R diffeomorphic to the orbit of G in the complex homogeneous space
G /Qand its C R structure is induced by the complex structure of G /Q. These considerations
can be generalized to locally homogeneous C R manifolds (see e.g. [1]).

The CR-dimension and codimension of M are expressed in terms of its associated CR

algebra (gg, q) by

CR — dim¢ M = dim¢ q — dimc (qNq),
CR — codimM = dim¢ g — dimc(q + q).
Definition 1.3 We call fundamental a C R algebra (gg, q) such that q+q generates g as a Lie
algebra and we say that it is
e of complex type if qg+q=g,
e of contact type if q+q ;Cé g.
A corresponding C R manifold M is in the first case a complex manifold by Newlander-

Nirenberg theorem (cf. [4,22]), while contact type is equivalent to the fact that its CR
distribution is strongly non-integrable.

1.3 Levi-order of weak nondegeneracy

The Levi form is a basic invariant of CR geometry. When M is locally homogeneous, it can
be computed by using its associated C R algebra (g, q) (for definitions and basic properties,
cf. e.g. [9]). Nondegeneracy of the Levi form can be stated by

VZ eq\q, 3Z €q suchthat [Z,Z'] ¢ q+q.
This is equivalent to
aV:=(ZeqllZ,d Sq+d)=qNq.

When this condition is not satisfied, we say that (gg, q) is Levi-degenerate. To measure the
degeneracy of the Levi form, one can consider its iterations: in the homogeneous case this
means, given a Z € q\(qNq), to seek whether it is possible to find L, ..., L, € g such that
[L1,..., Ly, Z] ¢ q+q. To this aim, it is convenient to consider the descending chain (see
e.g. [10,12,13,18,21])

(1.11)

qO o g o...oqrD g ogqPth ... with
09 =q, qP ={Zeq? V| [Z.qSqP D +3g forp=1l.

Note that gNg < q‘® for all integers p>0. Since by assumption q/(qNg) is finite dimen-
sional, there is a smallest nonnegative integer ¢ such that q® = q@ for all p>q.
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Definition 1.4 We call (1.11) the descending Levi chain of (gg, q).
Let ¢ be a positive integer. The C R algebra (gg., q) is said to be

o weakly nondegenerate of Levi order q if q(‘]’])g qP=gnNg.
e strictly nondegenerate if it is weakly nondegenerate of Levi order 1.
o holomorphically degenerate if q'? #qNg for all integers g>0

Proposition 1.2 The terms q'?) of (1.11) are Lie subalgebras of q.
Proof By definition, ) = q is a Lie subalgebra of q. If Z1, Z, € 1), then
([Z1, Z2),ql S (Z1, (22, a1l + (22, [Z1, 6l S [Z1+ Z2, 9+ 4] S g+

because [Z;, q]  [q, q] € q, and [Z;, §] € g+q by the definition of (1. This shows that gV
is a Lie subalgebra of q.

Next we argue by recurrence. Let p>1 and assume that q‘?) is a Lie subalgebra of q. If
Z1,Zy € qtD then[Z;, Z,] € q by the inductive assumption that q? is a Lie subalgebra
and

([Z1. Z2). 8] € [Z1, [Z2. A1 + [Z2.[Z1. Q] S [Z1 + Z2. 9P + 31 € qP + 3,
showing that also [Z, Z»] € 1. This completes the proof. O
Let us introduce the notation

H=9g+4 Hr=9HNgr. (1.12)

The weak nondegeneracy defined here is equivalent to the notion of [21], consisting in
the requirement that, for a complex Lie subalgebra f of g,

94CiCH = f=q. (1.13)
Indeed, it easily follows from [21, Lemma 6.1] that
_ =(c0) ; (00) _ ®)
f=q+3°, with q _ﬂpzoq (1.14)

is the largest complex Lie subalgebra f of g withqC f € §.

1.4 Contact nondegeneracy

A less restrictive nondegeneracy condition in terms of iterations of the Levi form can
be expressed by requiring that, given Z € q\(qNq) there are Ly, ..., L, € $ such that
[L1,....Lp, Z]¢ $. For a CR algebra of the contact type this is equivalent to the fact
that any ideal a of g that is contained in $R is contained in q N gg. Thus this property was
called ideal nondegeneracy in [21].

When (gg, q) is the CR algebra at x of a (locally) homogeneous C R manifold M, the
subspace Hr is the pullback to g of the real contact distribution associated to the CR
structure of M. Thus this notion was renamed contact nondegeneracy in [18]. It was shown
in [21, Lemma 7.2] that, for the complexification a of the largest ideal of gr contained in
R, the sum a 4q N q is the limit of the descending chain

01 5 gl 5 ... o gle=lHoglelo gle+1l 5o ith
{q 297 =224 2497249 = » W1 (1.15)

=9, g ={Zen|[Z nl<qlr}, forp>1.

Since qN § < q'! for all integers p=0, the chain (1.15) stabilizes.
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Remark 1.3 Note that, for p>1,
[P] ={Ze q[P 1] | [Z, q[Ol] c q[P—ll} (1.16)
This is true in fact for p=1 and for p>2 follows from qlF~11C gqlP=2,

Definition 1.5 We call (1.15) the descending contact chain.
Let ¢ be a positive integer. The C R algebra (gg, q) is said to have

e finite contact order q if q[q_”; q'=qng.
If ql7'£qNq for all integers g>0, we say that (g, q) is contact degenerate.

We note that we can equivalently use the descending chain

@205, 2a" V26?247 5., with
© » - -1) (1.17)
ap’ = NRr, ap ={X €ap " |[X, SﬁR]Ca }, for p>1
of [21]. This follows from
Lemma 1.4 With the notation introduced above, we have:

1. Foreach p>1, a]R is a Lie algebra and, for p>1 an ideal ofa(l)

2. Let a® be the complexification of a(p ) Then

g = gng +a®  for all p>0.

Proof The first statement is trivial. We can check the second one by recurrence. This is in
fact true for p=0, since q-+q is the complexification of 5 . O

We already considered two descending chains whose length defines the order of contact
nondegeneracy. It is in fact convenient to consider a third one, which is easier to deal with
(see Sect. 2 below), namely:

g0 5l 5. gl c gt 5.

wi |19 =09 ={Z<callz.alca+a} (1.18)
0" ={Zeq? V| [Z.a+a Sq?" !V +q), forp>0.

The equivalence is a consequence of

Proposition 1.5 With the notation above:

o g7 = (qN g+ a'®) Nqforall integers p=>0.
e (gg, q) is contact nondegenerate of order q>1 if and only if

q[P—l} # q{q} =qN3.

Since we obviously have the inclusion
q{P} g q(P) sz(), (119)
we obtain

Proposition 1.6 If the CR algebra (gr, q) has Levi order g<oo, then (gr, q) has contact
order q'<q. A contact degenerate (gg, q) is also holomorphically degenerate. O
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2 Orbits of real forms in complex flag manifolds
2.1 Complex flag manifolds

A complex flag manifold F is a smooth compact algebraic variety that can be described as
the quotient of a complex semisimple Lie group S by a parabolic subgroup Q; according
to Wolf [27], a real form Sk of S has finitely many orbits in F. Only one of them, having
minimal dimension, is compact. With the partial complex structures induced by F, these
orbits make a class of homogeneous C R manifolds that were studied by many authors (see
e.g. [1-3,8,10,11,14,17,19]).

Cross-marked Dynkin diagrams Being connected and simply connected, a complex flag
manifold F =S/Q is completely described by the Lie pair (s, q) consisting of the Lie algebras
of S and of Q and vice versa to any Lie pair (s, q) of a complex semisimple Lie algebra and
its parabolic subalgebra q corresponds a unique flag manifold F. Therefore the classification
of complex flag manifolds reduces to that of parabolic subalgebras of semisimple complex
Lie algebras. Parabolic subalgebras q of s are classified, modulo automorphisms, by a finite
set of parameters. In fact, after fixing any Cartan subalgebra h of s, their equivalence classes
are in one to one correspondence with the subsets of a basis B of simple roots of the root
system R of (s, b) (see e.g. [7, Ch.VIIL,§3.4]).

We recall that the Dynkin diagram A is a graph with no loops, whose nodes are the roots
in B and in which two nodes may be joined by at most 3 edges. Each root f in K can be
written in a unique way as a nontrivial linear combination

B=D, kpac .1
with integral coefficients kg o which are either all > 0, or all < 0 and we set
supp(B) = {a € B | kg.a # O} (2.2)

The parabolic subalgebras q are parametrized, modulo isomorphisms, by subsets ® of B:
to a & C B we associate

Qo ={BeR |kpa=<0,Vaecd}
Qo =D ® D peo, 8" With s ={Ze s |[H, Z]=B(H)Z, VH €h).

2.3)
The set Qg is a parabolic set of roots, i.e.

Qo +Q00) NR S Q¢ and Q¢ U (—Qqp) = R.

To specify the qq, of (2.3) we can cross the nodes corresponding to the roots in &. In this
way each cross-marked Dynkin diagram encodes a specific complex flag manifold Fg.

Notation 2.1 Let &4 be the linear functional on the linear span of R which equals one on
the roots in ® and zero on those in B\®. Then

Op ={Ber]| i(ﬁ) = 0} 24
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and we get partitions

Op = 0p U0}, R =0pUQ;UCQs, with
%={B€Q¢I—BEQcD}:{ﬁGRli(B):O},

G =(Bc 0ol ~B¢osl=(peRIER <0) 2.5)
G ={peR|-Beoh=(BeRIED >0)

We recall (see e.g. [7, Ch.VII[,§3]):

g, =ha® ZfﬁEQCD sP is a reductive complex Lie algebra;

q% = ZBE% sP is the nilradical of 4o
e (¢ = qy ® qy is the Levi-Chevalley decomposition of qg;
q% = de% sP is a Lie subalgebra of s consisting of ads-nilpotent elements;

de = dp ® q% is the parabolic Lie subalgebra of s opposite of qq,, decomposed into the
direct sum of its reductive subalgebra qy, and its nilradical qg,.

2.2 Real forms

Let us take, as we can, S connected and simply connected. Then real automorphisms of its
Lie algebra s lift to automorphisms of the Lie group S, so that real forms Sg of S are in
one-to-one correspondence with the anti-C-linear involutions o of s . We will denote by s,
the real Lie subalgebra consisting of the fixed points of o: it is the Lie algebra of the real
form S, of fixed points of the lift & of o to S. Its orbits are CR submanifolds M¢ o of Fo
whose C R algebra at the base point Q is the pair (s, qqg)-

Definition 2.1 (cf. [1, §5]) A parabolic CR algebra is a pair (85, qq) consisting of a real
semisimple Lie algebra s, and a parabolic complex Lie subalgebra q4, of its complexification
5. We say that (s, q¢) is minimal if Mg ¢ is the minimal orbit in Fg of the real form S, of
S.

When s, is not simple, the corresponding orbits Mg are C R diffeomorphic to a cartesian
product of orbits of simple real Lie groups (see e.g. [3]).If

MQU ~ M¢)]701 X -+ X M¢k’0'k, (2.6)

we call each Mg, o, a factor of Mo 6.

A simple sq is of the real type if also s is simple; otherwise, s is the direct sum of two
complex simple Lie algebras ', s”, which are R-isomorphic to s5, and we say in this case
that s, is of the complex type.

To list all the orbits of a real form, one can use the fact that the isotropy subalgebra s; N q
contains a Cartan subalgebra hg of 5, (see e.g. [3]). By choosing ) equal to its complexifica-
tion, we obtain on R a conjugation which is compatible with the one defined on s by its real
form s, (and which, for simplicity, we still denote by o). Vice versa, an orthogonal involution
o of R lifts, although in general not in a unique way, to a conjugation of s. The conjugation
on s depends indeed also on the description of which roots in R ={B € R | () = — p} are
compact. This is determined by the choice of a Cartan involution 6 on s, with §(h) =6 and
000 = foo, which induces a map, that we will denote by the same symbol,

0:R>a— —o(a) € R. 2.7
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We will write for simplicity & instead of o(a) and R, for R when this will not cause
confusion. We recall that k; ={X € 55 | 6(X)=X} is a maximal compact Lie subalgebra of
55 and that we have the Cartan decomposition

56 = Ke @ Py, With p; ={X € 55 | 6(X)=—X}

of s5. When §(a) = a, then either s* is contained in the complexification k of ks (compact
root) or in the complexification p of p; (hermitian root).
The subalgebras q¢ N g, q¢ and g4 turn out to be direct sums of h and root subspaces
s%; in particular g4 N §g is the direct sum of h and the root subspaces §* with 5* + s* C qdo-
We note that q4, N G is a Lie subalgebra of s and (q¢ + g ) is a (g N ¢ )-module.
Having fixed a base B of simple roots of the root system %K associated to (s, ), the orbit
of the real form is determined by the data of:

e asubset @ of B specifying the parabolic subalgebra q4;

e a conjugation o of %

e asplitting R) = R] , UR] _ of R into a first set consisting of the compact and a second
of the hermitian roots.

We point out that different choices of o may yield the same CR submanifold Mg 5. In
particular, we can conjugate o by any element of the subgroup of the Weyl group generated
by reflections with respect to roots in B\ P.

2.3 Contact nondegeneracy for parabolic CR algebras

Since by definition simple Lie algebra have no proper nontrivial ideals, we obtain

Proposition 2.1 A real orbit Mg  which is fundamental and does not have a totally complex
factor is contact nondegenerate.

Proof We can indeed reduce to the case where (s, (¢ ) is effective and s, is simple, in which
the proof is straightforward. O

We have the following criterion

Proposition 2.2 A real orbit Mg s is fundamental iff its C R algebra (ss, q¢) is fundamental.
Let (sq, q¢) be a parabolic CR algebra and set

@ ={ae d|o(a) >0}
If 7 =0, then (85, qq) is fundamental. When @ # (3, we have

e (55, q¢) Iis fundamental if and only if (S5, qoo) is fundamental;
® (5o, qo) and (So, qoo) are fundamental if and only if

O N @F = 1. (2.8)

Proof If ®% =, then B C Q¢ U Qg and hence (s, g ) is trivially fundamental. Let us con-
sider next the case where @9 £ .

Since ®F € ®, we have q¢ € qgo and therefore (s, qgo) is fundamental when (so, q4)
is fundamental. To show the vice versa, we note that any Lie subalgebra of s containing ¢4
is of the form qy, for some W C ®. If it contains qq,+qq, then W € ®J. This proves the first
item.
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It suffices to prove the second item in the case where ® = ®¢. Then condition (2.8) is
equivalent to the fact that each o € B belongs either to Qg or to Q¢ and is therefore clearly
sufficient for (sq, q¢) being fundamental. Vice versa, when this condition is not satisfied,
we can pick @ € 9gN®. Then dqa) 1s a proper parabolic subalgebra of s containing both qq,
and 4. Therefore q4,+ q¢ generates a proper Lie subalgebra of s and hence (54, qg ) is not
fundamental. This completes the proof. O

Example 2.3 Fix n>3. The cross-marked Dynkin diagram

a 2% Ok Qp—1 Ay
o o cee fe) e o o
X X X

describes the flag manifold F¢ of SL,, 1 (C) consisting of flags
lrCl3C -+ Cly2Cly_1q,
where ¢, is a d-dimensional linear subspace of C"*!'. Here

R ={%(ei—ej) | 1<i<n+1), a=¢;—e;y1and ®={a|2<i<n-—1},
1 1

We consider the conjugation o defined by
o(e1) = —eny1, o(e) = —e;, forl<i<n, o(eyt1) = —ey.

Then (ss, q¢) is contact nondegenerate of order [(n—1)/2]. It is weakly nondegenerate for
n =3, 4 and holomorphically degenerate for n>5.

2.4 Conditions for weak nondegeneracy

To discuss weak nondegeneracy, we observe that the terms of the chain (1.11) for (s, q¢)
can be described by the combinatorics of the root system. We recall that the chain is

(p+1)

o 2 e

. —1 - -1
with qg)) =q¢ and qg) ={Z e qg ) | [Z, 9] < qg +qq} for p>1.

0 1 (p)
0y 29y 2---2a¢ 24

Each qg) in the chain is the direct sum of § and root spaces s* . Let us set
P o (P) (}7) o
= C =
Qp={ae€eR|s Cqq ), sothat qq h® E aegis . 2.9)

With the notation of Sect. 2.1, we have Qg, = Q¢ and

_ _ _ _ (2.10)
0b ={ae0l ' | (@+0a) NR S0 + Do), forp>1.

This yields a characterization of weak nondegeneracy in terms of roots:

{Qib = (¢ € Qo | (@+30) N R C Qo + Oa),

Proposition 2.4 A necessary and sufficient condition for (s, q¢) being weakly nondegener-
ate of Levi order q is that Qg_l # Qg) =0¢ N Oy O

Remark 2.5 The necessary and sufficient condition for (s, q4) being weakly nondegenerate
is that (cf. [1, Lemma 12.1])

{VB €Q0\00, Ik €Zy, Fay,...,0, €Qqp S.t. @.11)

Vi =B+Y0 0 €R, YI<h<k Vi ¢ Qo UDo.
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Definition 2.2 Foranyrootf € Q¢ \Qqe we denote by g3 (B) and call its Levi order the smallest
number k for which (2.11) is valid. We put g3 (B) =400 when (2.11) is not valid for any
positive integer k.

Lemma 2.6 Assume thatB € Q¢ \ Qo has finite Levi order 4o (B)=gq and (2.11) is satisfied for
a sequence .y, ..., 0, . Then

(i) o € 09\ Qg forall 1<i<gq;

(i) B+ ;<% € 09\Qo forall h<gq;
(iii) (2.11) is satisfied by all permutations of ay, ..., g/
(iv) o; +a; ¢ R forall 1<i<j<q.

Proof Let us first prove (ii). With the notation in (2.11), we observe that Y, ¢ Q¢ for h<q,
because, otherwise, Y, € Qo.

Next we prove (iii). Let {Zq }aeg U {H; € h | 1<i <€} be a Chevalley basis for (s, ). Then
(2.11) is equivalent to the fact that

(Zoys Zay s - os Zay, Zg1:=1Zog, [ Zay o oo [ Zays Zg) - 1] € Ao + oo
The item (iii) follows because
(Zags s Zojyys Zags s Zay, Zgl = [Zays - ooy Zoys Zoyyys - - -5 Zay s 23]
=1Zoys s [Zayyys Zoy1s - ooy Zay, Zg]

and, by the minimality assumption, the right hand side belongs to q¢+q¢-
Let us prove (i) by contradiction. If o; € Qg N Qg for some 1<i<g, then we could assume
by (iii) that it was o, . Then

[Zotq_l,uwzalazﬁ]eq-:])“f‘q(b :>[Zaq,zotq_17~~7zu1, Zﬁ] €qe +do

yields the contradiction. Also (iv) is an easy consequence of (iii), because if o; +o;
(1<i, j=<q) is aroot, than it would belong to Q¢ N QY, and, by substituting to the two roots
@;, o; the single root a; + o ; we would obtain a sequence satisfying (2.11) and containing
g—1 terms.

The proof is complete. O

Remark 2.7 Since £, ()>1 forall a €Qg, if B € Qe N Q¢ and 4o (B) <400, then
foB) <1-— E(B)- (2.12)

Corollary 2.8 Ifp € Q&;\Qcp, then its Levi order is either one or +00. ]

We obtain also a useful criterion of weak nondegeneracy (cf. [3, Thm.6.4])

Proposition 2.9 The parabolic CR algebra (sq, q¢) is weakly nondegenerate if and only if
VB €0p N0y F0€ OpNQ§ suchthat B+a € Og. (2.13)

Proof By Lemma 2.6 the condition is necessary. To prove that it is also sufficient, we can
argue by contradiction: if we could find B € 0N Qg with 4p (B) = +oo, then by (2.13) we
could construct an infinite sequence (@;);> in Qg N Qg With

h ~C
Z—ﬁ+zi=10icEQq>ﬂQq), Vh=1,2,...

Since £4(Yh) > €4 (B)+h and &4 is bounded, we get a contradiction. ]
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2.5 Levi order of general orbits

To discuss Levi order of weakly nondegenerate real orbits Mg s in Fe by employing
Lemma 2.6, we introduce:

Definition 2.3 If § € R, we denote by g(B) the largest positive integer g for which

o +a; ¢ RU{O}, VI<i, j<q,
H?L,...,(;(EK S.t. Y,-l [h:B+OL[1+~-~+OL[hE'](, (2.14)
for all distinct iy, ..., i in{l,..., g}.

.....

Proposition 2.10 Let B € R belong to a simple root system containing more than two ele-
ments. Then q(B)<4 and, if q(B)=4 and (a1, a2, 03, ay) is a sequence satisfying (2.14),
then

B+ar +ax+az+ag=—p. (2.15)
More precisely we obtain:

gB)=1, if P belongs to a root system of type Aj;
or is a long root of a root system of type By;
q(B)=2, if B belongs to a root system of type A>3, C,
or is a short root of a system of type B,, G; (2.16)
q(B)=3. if B is a short root of a root system of type B>3, F;
q(B)=4, if B belongs to a root system of type D, E,

or is a long root of a root system of type B>3, F, G.

Proof For short we will call admissible a sequence (o;) for which (2.14) is valid. Let us set

RYPB)={aeR|B+acR)

We consider the different cases using for root systems the notation of [6].
Type A We have R = {£(e; — ¢;) | 1<i<j=<n} where ey, ..., e, is an orthonormal basis
of R"” . We can take f = ep—ey. Then

R (er—e1) = {e1 —¢; |i>2) U{e; —ex]i > 2). (xA)

An admissible sequence (o;) can contain at most one element from each of the two sets in
the right hand side of (xA).

If n =3, then Kadd(ﬁ) = {e3—ep, e1—e3} contains two elements, whose sum is still a root
and therefore () = 1.

If n>3, then the only possible choice is that of a couple of roots e;—e>, ej—e; with
3 <i#j<n and hence g(B) =2.
Type B We have R ={zte;*e;|1<i<j=<n}U{zxe; |1<i<n}, for an orthonormal basis
ey, ...,e, of R" (n>2).

If B is a short root, we can take B = —ej. Then

R (—ey) = (%e; |2 <i<n}Uleite; |2 <) <n). (*B)

An admissible sequence contains at most one root from the first and two from the second set
in the right hand side of (xB). Thus g(—e;)<3. The sequence e] —e2, ej+e3 satisfies (2.14)
and therefore g(—e;)>2.
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We have equality if n=2, because in this case R2d(_o1) =({4ey, e;tes} and the maximal
admissible sequences are then (e3), (—e2), (e1+e2, e1—en).
If n>2 the admissible sequence

(e1+ez, ej—e2, e3)

shows that q(—ej)=3. All admissible maximal sequences are of this form.
If B is a long root, we can assume that = — e;—ez. Then

R (—e1—ex)=fe1, e2} Uferte; | j>2} Uleate;| j>2}. (% B)

An admissible sequence contains at most two equal terms from the first and two from each of

the second and third on the right hand side of (x* B). Moreover, if one term is taken from the
first, we can take at most one from each one of the other two. This implies that g(—e; —e2) <4
and in fact g(—ej; —ez)=4, with maximal sequences isomorphic to one of

el t+e3, e —e3, e2+eq, €2 — ey,
ey, e1, ej—e3, ej+es,

which, summed up to (—ej—e2), gives ej+e3.

Type C We can take R ={+£e;xe; | 1<i<j<n}U{x2e; | 1<i<n}, for an orthonormal
basis eq, ..., e, of R" (n>3).

If B is a short root, we can assume that § =(—e;—e2). Then

R (—e1—er) = {21, 2e2} U fer£e; | j =3} U {eate; | j >3} (*C)

An admissible sequence may contain both roots of the first, but at most one root from each
the second and third sets on the right hand side of (xC). Moreover, a term in one of the last
two forbids the corresponding term in the first one. This yields g(—ej —e2)=2, with maximal
sequences isomorphic to (the third one should be omitted if n=3)

(2e1, 2e2), (2e1, exte3), (e1+es, extes)
If B is a long root, we can assume that B = —2e;. Then
R (=2e)) = {e1£e; i > 1}. (**C)

We note that g(—2e1)<4. We cannot take in an admissible sequence both the element e +-¢;
and e] —e;, because they add up to the root 2¢;. Hence in fact g(—2e;)=2, with maximal
sequence isomorphic to

e1+er, e1+es.

Type D We can take R = {£e;%e; | 1<i<j<n}, whereey, ..., e, is an orthonormal basis
of R" (n>4).
We can assume that § = —ej—e;. We have
R (—e1—e2) = {er1%e; | j =3} U {eake; | j = 3). (xD)

An admissible sequence contains at most two elements from each set in the right hand side
of (xD). Therefore q(—ej—ez)<4 and in fact we have equality with maximal admissible
sequences isomorphic to

e1+e3, ej—e3, exteq, er—ey,

which, summed up to (—e;—e»), give ej+e3.
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Type E Since the root systems Eg and E7 can be considered as subsystems of Eg, we will
restrain to this case. We consider, for an orthonormal basis ey, ..., eg of Rg,

8 ) 8
R = {feite; | 1<i<j<8} U {%Zizl(—l)h'e,- hi € Z, Zi:lhi € 22}‘

We can take f = (—ej—e3). Then

R (—e1—er) = {e1%e; | 3<i<8) U {erte; | 3<i<8}

8 . 8
U {% (el+€2+2i:3(—l)h’gi> ‘ hi € 7, Zi:3hi S ZZ]

An admissible sequence may contain at most two roots from each set on the right hand side
of (%E) and no more than four terms. Clearly we can take the maximal sequence

(xE)

e1te3, ej—es3, extes, er—eq,

showing that g(—e —e2) = 4. Moreover, any admissible sequence containing four terms sums
up to (—ej—e») to yield e +e.
Type F For an orthonormal basis eq, €3, €3, e4 of R* we take

R ={xe; | 1<i<4} U {Feixe; | I<i<j=<4}U {%(:l:elzl:ezzi:e3:l:e4)}.
If B is a short root, we can take p =—e;. Then
R (—e1) = {e; | 2<i <4} U {e1de; | 2<i<4} U {5 (e1kertestes)}. (+F)

To build an an admissible sequence we can take at most one element from the first, two
from the second and from the third set in the right hand side of (xF). Indeed two roots of
the form %(:i:m +eytesztes) do not add up to a root if and only if they differ by only one
sign. Moreover, no root can be taken from the first if one is taken from the last set. These
considerations imply that g(—e;)<3 and in fact equality holds, as (—ej) is contained in a
subsystem of type Bs.

If B is a long root, we can assume  =(—e|—e3). We have

R (—ej—er) = {e1, e2} U {e1%e; | 3<i<4)

Gk F)
Ulere; | 3<i<4} U {5(er1+ertesEes)).

We note that the sum of four terms of ®244(—¢; —e,) is a linear combination B +kier+koer
+k3zez+kqeq with ki+kp>2 and therefore, if they form an admissible sequence, is equal to
e1+e>. Since R contains subsystems of type B3, there are indeed admissible sequences with
four elements.

Type G For an orthonormal basis e, €2, e3 of R3 we set

R={x(e;i —e;) | 1=i<j<3}U{£Q2e; —e; —ex) | {i, j, k} ={1,2,3}}.
We consider firs the case of a short root. We can take § = e»—e. Then
R4 (er—e1) = {e3—ea, e1—es} U {2e1—er—e3, e1+e3—2ea). (+G)

Maximal admissible sequences have a root from the first and one from the second set, hence
g(ex—e1) =2 and, moreover, summed up to ex—ejp, give ej—e.
As along root we take = (ex+e3—2e1). Then

R (erte3—2e1) = {e1—ea, e1—e3} U fej+er—2e3, e1+ez—2er). (**G)
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One checks that in this case g(ex+e3—2e1) =4, with a maximal admissible sequence
e1—ey, e1—ey, e1—ey, ejtex—2e3

which indeed sums up to the opposite root 2e; —ey —es3.
The proof is complete. O

As an easy consequence we obtain:

Theorem 2.11 Let Mo,s be a real orbit which is fundamental and weakly nondegenerate.
Then its Levi order is less or equal to 3.

Proof This is a consequence of Prop.2.10 and the fact that, if § does not belong to Qg, then
— B € Q¢ because Qg is a parabolic set of roots. O

Example2.12 ([10, §7]) Let n be an integer > 3 and fix a symmetric C-bilinear form b
on C?>"*!. The Lie algebra of the group of C-linear transformations of C***! that keep b
invariant is a simple complex Lie algebra 0,41 (C) of type B,,, with root system

R={Fe; |1 =i <n}U{xeite; | 1<i<j=<n}

for an orthonormal basis ey, ..., e, of R". Fix k with 1 <k<n. The cross-marked Dynkin
diagram
23] 2] 274 Op—1 oy
o o PP fe) e O——————>0
X

represents the grassmannian of totally b-isotropic k-planes in C*" ! . Here o; =e; —e;1 for
1<i<n and o, =e;,. We have ® = {0} and

1, if 1<i<k,

0, ifk<i<n.

E(e;) =
@

Real forms are obtained by fixing a conjugation o on C*"*!  Then
bo(v, w) = b(v, o(w)), Yo, w e C"'!

is hermitian symmetric and nondegenerate, of signature (p, ¢) for a pair of nonnegative
integers with p4+¢=2n+1. The Lie algebra of the group of C-linear transformations which
keep fixed both b and b, is a real form s, of § ~07,41(C), which is isomorphic to the real
simple Lie algebra o(p, g).

We define a conjugation o on R by

o(e]) =e,, o(e) =—e, ifl<i<n, o(e,) =ey.

According to the number of compact roots between e», ..., e,_1, this conjugation corre-
sponds to any of the Lie algebras o(p, 2n+1 — p) with 1<p<2n. The orbit M, consists of
bs-isotropic k-spaces € with dim(¢; N o(£;))=k—1. By (1.13), since qq4 is maximal, if the
parabolic C R algebra (ss, q¢ ) is fundamental and not totally complex, then it is also weakly
nondegenerate. To compute its Levi order we observe that

Q% N Qip = {e1 +en},

Qe NQo = {e; | 1<i<k} U {eite; | 1<i<k<j<n},

Q9 N Qg = {—e; | 2<i<k}U{e,} U fe te; | k<j<n}
U{—eiLe; | 2<i<k<j<n} U {Ee|—e¢; | 2<i<k}
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The fact that Qg N be #( shows that (s, q4) is not totally complex.

Since e, € Qe N Qg and e; € Qe N Q% add up to ej+e,, the CR algebra (s, qg) is
fundamental and therefore, as we noticed above, weakly nondegenerate.

The roots B; = — (ej+e;), for 2<i <k belong to Qg N Qg and have &4 (B;) = —2. Since
Eple1t+er) =1andEq(a) < 1forall o € Qg NQS, no chain (2.11) that added up to ; yields
e1+e, contains less than three elements. By Theorem 2.11 this shows that (ss, q¢) has Levi
order 3. We have indeed

(—e1—e;) + ey +ey + (ej+e,) =ej+e,.

Example 2.13 Consider a simple complex Lie algebra s of type D4. Its root system is
described, by using an orthonormal basis ey, €2, €3, e4 of R4, by

R = {Heite; | 1<i<j<4).

Consider the complex flag manifold Fg corresponding to the cross-marked Dynkin diagram

a3
o,
\0(2 o
o o
/ X
(¢}
oy

withoy = e] —ep, 0p = ey —e3, 03 = e3 —eq, Ag = €3 + e4 and ® ={ay}.
It is the grassmannian of projective lines contained in the nondegenerate quadric complex
hypersurface in CP’. The grading functional is

1, i=12,
eé;) =
sV =0, i=3.4
Take the conjugation
o(e1) =e4, 0(er) = —eaz, o(e3) = —e3, 0(ey) =ey.

We have
0% NQ° = {e1+es).

This shows that (s, q4,) is not totally complex and therefore, since q¢ is maximal parabolic,
this C R algebra is weakly nondegenerate iff it is fundamental. We have

05 N0p = {e1—e3, e1—eq, e2—e3, e3—ey, e3—ey, e1+e2, e1+e3, ex+e3, er+e4}
~C
Qo N Qg = {ezt+es, esa—ey, e3—ex, —ej—ex, —e|—e3, e4—e2, e4—e3,

—ey—e3, e1—ea}.

Note that e3+e4 € Qe N Q° and e;—e3 € QN Q° sum up to e;+e4. This shows that (¢, q¢)
is not totally complex and fundamental. Since g4 is maximal parabolic, this implies that
(56, q¢) is weakly nonedegenerate.

The root p =—ej—e3 belongs to Qe N Qg and §¢(B) = —2. Since all roots a in Qe N QY
distinct from e;+e; have &g(a)=1, a sequence satisfying (2.11) and summing up with B to
{e1+e4} contains at least 3 elements. By Theorem 2.11 this shows that (ss, q4) has Levi
order 3. An admissible sequence for —ej—es is (ej—e3, ej+e3, ex+ea).
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Example 2.14 Consider a semisimple complex Lie algebra s of type G. Having fixed a Cartan
subalgebra, we can write its root system in the form

R = ((e; — ;) | 15i<j=<3) U (£(2e0, — €0, — ;) | 0 €83, g < g},

for an orthonormal basis e, e>, e3 of R3 . We consider the complex flag manifold F¢ corre-
sponding to the cross-marked Dynkin diagram

£%] 23]
=0 o =e; —ey Oy=2ep —ej —e3.
X

It corresponds to the grading functional & g with
E(e1) =1, E(e2) =1, E(e3) =0.
@ ® @
We consider the conjugation defined by
o(e1) =e3, o(ex) =ea, o(e3) =ey.
Then
0% NQG = {2e2 —e1 —e3}.

Since q¢ is maximal and Q% N Qip #0, then is sufficient to check that (sq, q¢) is weakly
nondegenerate to find that it is also fundamental.
The root f =2e3—ej;—e> belongs to Q¢ N Qib. We have

Qs NOp =f{e1 —e3, ex —e3, 2e1 —ex — e3}.

Since £4, equals one on every root of 9f N Qg, a sequence satisfying (2.11) has at least three
roots. We find indeed that

€ —e€3, €2 — €3, €2 — €3

is a sequence with the desired properties, proving that (s, q¢,) is fundamental and has Levi
order three.

2.6 Levi order of orbits of the minimal type

Weak nondegeneracy for minimal orbits was characterized in [1, Thm.11.5] by using their
description in terms of cross-marked Satake diagrams (see e.g. [5,24]).

Let hr be a maximally vectorial Cartan subalgebra of s, h its complexification and %
the root system of (s, h). Then all roots in R, are compact. We can select a basis B such
that the conjugate of any positive noncompact root stays positive. This condition defines
an involution € : B— B, which keeps fixed the elements of B, = BN X, and such that, for
nonnegative nq g€ Z,

A= — s v B,
{Ot a ae 2.17)

a=e(a) + Zﬁeg.”u,ﬁ B, Ya e B\B,.

The Satake diagram X4 is obtained from Ag by painting black the roots in B, and joining
by an arch the pairs of distinct simple roots a1, o, with e(a1) = o .
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Minimal orbits correspond to cross-marked Satake diagrams: they are associated to
parabolic qg for which all roots in Q§N Qg are compact.

Let us drop the assumption that b is maximally vectorial. The map 6 : o — —a induced
on R by the Cartan involution (see Sect. 2.2) acts on Qg N Qg, which is therefore the union
of its fixed points, which are roots in R,, and of pairs (o, —a) of distinct roots.

Definition 2.4 We say that the CR algebra (s, q¢) and the corresponding C R manifold
Mo s are of the minimal type if the roots in Qg N Qg are fixed by the Cartan involution, i.e.
if

05 N0y S Re (2.18)

Lemma 2.15 For a parabolic CR algebra (ss, qg) the following are equivalent to the fact
that it is of the minimal type:

cED(B) >0, VB e 0§\ Rs; (2.19)
2 B)=0, VB e (05N 0p)\Ra. (2.20)

Proof (2.19) is equivalent to (2.20). Indeed, since Eq,(B) <0 for all B €Qq, clearly (2.19)
is a consequence of (2.20). The two are equivalent because £4(B)>0 for p € Q¢ and
R =Qo UQ(%. The equivalence of (2.18) with (2.19) reduces to the observation that the
elements of Qg on which £4, o o is negative make the set Qg N Qg. O

Example 2.16 Keep the notation of Example 2.12. The cross-marked Dynkin diagram of B3

oy %) a3
O———O0———>0
X X
corresponds to
2, i=l1,
d = {a, a}, ej) =
{1 3} E(:) L i—23

Consider the conjugation
o(e1) = ez, o(ez) =e1, o(e3)=—es.

Since ® C R,, by Proposition 2.2 the C R algebra (ss, qq) is fundamental. We have

Q$ N Qg = fe1, e, e1tea, e1—e3, er+e3),

Qe N Qg = {e3, e1+e3, e1—en},

Qe N Qg = {—e3, ex—e3, ex—ei ).
This (ss, q¢) is of the minimal type, because

Q°=(Qp NQg) U{er—ea, €3} C(Qg NQg) UR,.

However, (sg, q¢ ) is not the C R algebra of the minimal orbit of a real form of SO7(C) in Fg,
because, although oy, a3 € R, and dx=0a + o +2 a3 > 0, showing that the basis oy, an, o3
defines an S-chamber according to [3], the diagram obtained by blackening the nodes o, a3
is not Satake. The equalities

(—e3+(e1+e3)=e3 €Q5 N Qg
(e2—e3)+e3=e2 €Qg N Qg
(ex—e1)+(e1+e3)=er+e3 €05 N Qg
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show that (sq, q¢) is weakly nondegenerate.

We can choose real forms SO(2, 5) or SO(3, 4) compatible with the complex symmetric
bilinear form b used to define SO7(C). Then Mg , consists of pairs (£1 C £3) with a bs-
isotropic £1 with ont, = {0} and an £3 on which the restriction of by has rank 1.

Theorem 2.17 A real orbit Mo s of the minimal type is either holomorphically degenerate
or has Levi order less or equal two.

Proof Let (s5, qq) be a parabolic C R algebra of the minimal type. Keeping the notation used
throughout the section, we note that (2.18) can be rewritten in the form

g(ﬁ) >0, VB €Qg\Ra- (%)

Let B €Qop ﬂég. If B ¢ R,, then £4(B) =0 by (*) and hence, by Corollary 2.8, gg (B) is
either 1 or 4+o0.

Letus consider now the case where gg, (B) is anintegerg>1. Thenp € R,. Let (ay, ..., o)
be a sequence satisfying (2.11) and thus the conditions in Lemma 2.6. Since Qg N Qs N
Re =¥, there is at least one root o; which does not belong to ®,. By the Lemma we can
assume it is oy . Then B + o belongs to (Qp N Qg,)\ﬂ(, and therefore, by the first part of the
proof, gg (B 4 ay)=1. This implies that g=2. The proof is complete. O

Lemma 2.18 The parabolic CR algebra (ss, 44) of a minimal orbit is of the minimal type.

Proof Suppose that @ is the set of crossed roots in a cross-marked Satake diagram. Since
all roots f in Qg) are positive, by (2.17), if f € Q(‘f,\ﬂ(,, then its conjugate p is positive, and
hence has &4 (B)>0. This shows that (2.18) is valid, i.e. that Mg  is of the minimal type. O

Corollary 2.19 A minimal orbit Mo s is either holomorphically degenerate or has Levi order
less or equal to two. m}

Example 2.20 Consider the C R algebra described by the cross-marked Satake diagram

o

°
X

o

It is associated to the minimal orbit Mg ; of SU(1, 3) is the Grassmannian of isotropic
two-planes of C* for a hermitian symmetric form of signature (1, 3).

Here 5 ~504(C), R={£(e; —¢;)|1<i<j<4}, B = {{e1—e2, e2—e3, e3—e4} for an
orthonormal basis ey, e7, €3, e4 of R* &= {er—es},

I, i=1,2,  Jole) = —es4, o(e2) = —e2,
E(e;) = .
0, l=3, 4, 0(63) = —e3, 0'(64) = —eq.
‘We obtain
0% N Qg = fe1 — esl,
Qo NQG = {e1 —e3, €2 — €3, €2 — e4},
Qe N Qg = {e3 —es, €3 — €2, 1 — €2}

Since Qg N Q% is nonempty, ej —eq = (e3—es)+ (e —e3) and qq is maximal, we obtain that
(56, q¢) is fundamental and weakly nondegenerate. Since £, (e3—e2)=—1 and €4 is 1 on all
the elements of Q¢ N QSD, the Levi order is at least, and thus equal, by Theorem 2.17, to 2.
‘We have in fact

e —eq = (e3—ez) +(e1—e3) + (e2—es), e; —eq4 = (e] —e2) + (e2—eq).
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Example 2.21 Consider the C R algebra described by the cross-marked Satake diagram

(5] (%) o3 Olg4 A5
° o ) o °
X

Here ® = {:i:(ei—ej) | 1<i<j<6},a; =e;j—ejt+1, D ={as},

(o) = 1, for1<i<3, oler) = {€i+17 if i is odd,
1) — i) =
@

0, for4<i<®6, ej_1, ifiiseven.

It corresponds to the CR algebra (sq, q4), With s; ~sl3(H), of the grassmannian Mg s of
3-planes of C® ~H? containing a quaternionic line. We have

: =~ C
0% N Qg = fe1—es, e1—eq, e2—es, ex—eg),
Qe N Qo = {e1—ea, erx—es, e3—ey4, e3—es, e3—eg},

= C
Qo N Qg = {ex—e3, e1—e3, ea—e3, es—eq, e4—es}

Since q¢ is maximal, it suffices to note that (e4—es) (e —e4)=e1—es5 € Qg OQ(; to conclude
that (ss, q¢) is fundamental and weakly nondegenerate.
We have Q¢ N Qg N Re = {e4—e3}. Since both

(es—e3)+(e1—es) = e1—e3 € Qp N Qg, (ea—e3)+(e2—es) = e2—e3 € Qg N Qg

we get gg, (e4—e3) =2, showing that the Levi order of (s, q¢) equals two.

Example 2.22 The CR algebra described by the cross-marked Satake diagram
o o e} o o
G Q00 D
[¢] [e] o [e] o
X X X

corresponding to (s, qg ), Withs; =~ sl7(C), is fundamental and weakly nondegenerate. This
can be proved e.g. by applying the criteria in [1]. Since R,=#, its Levi order is one.

Example 2.23 Keep the notation of Example 2.12 and consider the cross-marked Dynkin
diagram of B3

g 2% a3
[e) oO——>0
X

corresponding to

Consider the conjugation
o(e1) = —ez, o(ex) = —ey, o(e3)=e3.
Then, for the corresponding C R algebra (sq, q4), we have
0% N Qg = fe1—ea},

Qe N Qo = {e1, e1+ea, e1+es, ej—es},
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= C
Qo NQg = {—e2, —e1—ep, —ex+e3, —ex—e3}.

Since £¢(Y)=1forall Y € Q5 N Qq, and £, (V)=—1forall Y € Q¢ N Qq, the Levi order of
(S0, q9¢) is two. Then (sq, q4) is a CR algebra is of the minimal type, although is not the CR
algebra of a minimal orbit.

Remark 2.24 Tt was observed in [3] that a parabolic CR algebra (ss, qp) can always be
described by using a base B associated to an S-chamber: this means one with a > 0 for all
a €B\(PUB,). The condition of being of the minimal type translates for this choice of B
into the fact that & > 0 also for the elements in ®\B,. The real dimension of M¢ ¢ is the
difference dimg (s)— dimc (qpNge), i.e. #R — #(QepNQq). Thus, in case ® contains a root
o ¢ B, with @ < 0, the symmetry with respect to o yields a new basis B’ that, with the crosses
in the same positions, describes a new real orbit whose dimension is smaller by one unit.
Then, parametrizing the real orbits that we can describe, after having made a fixed choice of
bR, by using the Weyl chambers of R, those of the minimal type are a sort of local minima
with respect to dimension. One has to be cautious because, unless h is maximally vectorial,
there can be several inequivalent choices of B such that a > 0 for all a € B\ B, that we can
look at as yielding different local minima for the dimension of a class of real orbits.

2.7 Further examples

We already showed that there are weakly nondegenerate C R algebras (sq, ¢q,) of Levi order 3,
which, by Theorem 2.17, are not of the minimal type. In this subsection we exhibit examples
of weakly nondegenerate parabolic C R algebras which are not of the minimal type and have
Levi orders 1, 2.

Example 2.25 Consider s(3(C) as a simple real Lie algebra. Its complexification is the direct
sum of two copies of s(3(C). Its root system can be described, after fixing orthogonal basis
er, e, e3, eq and €], €5, €4, e} of two copies of R*, by

R = {£(ei —e)) | 1i<j=<4}U{E(e; —¢)) | I1zi<j=4}.

Let us consider the cross-marked Dynkin diagram

Q
S}
Q
5%

Loxo

o
o)

X

!
oy o
o)

X

X o

where o; =(e;—e;+1) and o =(ej—e; ), with ®={oj, az}U{a], a3}
Let us fix the conjugation

/ . .
I LT i=1,3, N Jeitr, i=1,3,
o(e»—{, o =1 T

i—1° s Ty
Then

05 N0y = {e1—e3, ex—es} U {e)—ef, eh—el},
Q6 N Qo = {e1—ea, e1—es, e3—es} U {e)—¢5, e —e}, e3—ey),

~C / ! / / ! /
Qo NQg = {ex—e1, ex—e3, ea—e3z} U {ey—e|, en—e3, ey—e3).
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Since all roots in ® have a negative conjugate, the parabolic C R algebra (s4, q¢) is funda-
mental. It is not of the minimal type because R, =¥ and

QpN0g =f{er—er, ea—e3} U {eh—e), ej—e3} # 0.

Let us check that (s, q¢) has Levi order 1. We get indeed

(e2—e1) + (e1—eq) = (e2—ey), (es—e)) + (€] —ey) = (es—ey),
(e2—e3) + (e3—eq) = (e2—ey), (eh—e3) + (e5—ey) = (er—ey),
(e2—e3) + (e1—e2) = (e1—e3), (eh—e3) + (€] —e)) = (e]—e}),
(es—e3) + (e1—es) = (e1—e3), (e3—€3) + (¢)—€3) = (¢} —€5).

This also shows that (s, qq) is weakly nondegnerate. The orbit Mg o is @ C R manifold of
CR dimension 6 and CR codimension 4. Its points are quadruples (¢, £}, £3, £3) of linear
subspaces of a C* ~H? with ¢4, Z/l complex lines such that £ —I—é/l is a quaternionic line and
£3, £ complex hypersurfaces with £3N¢; = £1+¢].

Example 2.26 Consider a root system
R = {Feite; | I<i<j=<4}

of type D4 and the maximal parabolic q4, described by the cross-marked Dynkin diagram

Here o; =e;—e;j41, for 1<i<3 and a4 =e3+e4, ® = {ar},

£ (er) 1, i=12,
é; =
& 0, i=3,4.
With the conjugation
o(e1) = e4, o(ex) = —e3, o(e3) = —e2, o(es) =ey,

we obtain

Q5 N Qg = {e1tes, ertes, e1—e3, ex—e3)
Qe NQg = {e1+en, e1+e3, ertes, ej—es, ex—es}
Qo N Qg = {ea—e3, ea—er, —er—e3, es—er, —ez—eil,
Q5 NG\ Re = {es—er, —e3—er}).
It is easy to check, using the fact that qq4, is maximal, that (s, q¢) is fundamental and weakly
nondegenerate; moreover the last line of the equalities above shows that (s, q¢,) is not of
the minimal type. To check that (ss, qq,) is Levi nondegenerate (i.e. has Levi order 1) we
observe that
(e4—e3) + (e1—eq) = (e1—e3),
(e4—e2) + (e1+e2) = (e1+ey),
(—ex—e3) + (e1te2) = (e1—e3),
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(es—e1) + (e1+e2) = (ext+ey),
(—e1—e3) + (e1+ex) = (e2—e3).

Example 2.27 Consider a root system
R={F(eite)) | 1=i<j<3}U{x(e;—e;j) | 1<i<j<3}

of type C3 and the cross-marked Dynkin diagram

o o a3
O————0<&——o0
X

with ay =ej—en, ap =ep—e3, a3 =23 and & = {a,} so that

1, i=1,2,
ej) =
3 0, i=3.
Consider the conjugation
o(e1) = e3, o(e2) = —ez, o(e3)=e;.

‘We obtain
Qs N Qg = {e1+e3},
06 N Qo = {2e1, 2e2, e1+e2, ex+e3, e1—e3, ex—e3}
Qo N Qg = {2e3, —2e2, e3—e2, e1—e2, e3—e1, —e1—ez}.

Since the parabolic q4 is maximal, it is easy to check that (s, q¢,) is fundamental and weakly
nondegenerate. It has Levi order two, as one can check from

2e3 + (e1—e3) = (e1+e3), —2ey + (e1+e2) + (ex+e3) = (e1+e3)
(e3—e2) + (e1+ez) = (e1+e3), (e1—e2) + (ex+e3) = (e1+e3),
(e3—e1) +2e1 = (e1+e3), (—e1—e3) + 2e1 + (ex+e3) = (e1+e3).

3 Weakly nondegenerate CR manifolds with larger Levi orders

Fix any integer 4> 1. In this last section we discuss in detail the example of a homogeneous
CR manifold M of CR dimension g+1 and CR codimension 1 which is fundamental and
weakly nondegenerate of Levi order g.

The compact group SU(2) acts transitively on the complex projective line CP!. The
homogeneous complex structure of CP' can be defined by the totally complex C R algebra
(su(2), b), where su(2) is the real Lie algebra of anti-Hermitian 2 x2 matrices and b a Borel
subalgebra of its complexification s, (C). This C R algebra corresponds to the simple cross-
marked Satake diagram

o

X

The root system of the complexification s, (C) is R = {£(e] —e2)}. and we take o = (e1—e2),
with fundamental weight w = o /2.
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With our usual notation, ®={a}, so that b=qe; moreover £4(e;)=(—1)"t!/2 and
$s =sUp, with conjugation o(e)=e3, o(e2) = ej.

The irreducible finite dimensional complex linear representations of s(, (C) are indexed by
the nonnegative integral multiples k- w of w and the corresponding irreducible s, (C)-module
V. » can be identified with the space of complex homogeneous polynomials of degree k in
two indeterminates

k
V. = § : a hwk—h
kw h=0 h<

ahe(C}.

We have

k
_ (k—2h) w
Vk w = @h:()vk ® B

where, for a diagonal H in the canonical Cartan subalgebra of sl (C),
VESIO — ) e Vo | Hoo= (k—2h) w(H) v} = {a-"wk™" | a € C), 0<h<k,

are the one-dimensional weight spaces contained in Vi .
Since = — w, we have Vi ,, = Vi ,. The anti-C-linear automorphism 6, of Vi «, defined
by the conjugation o comes from (z, w) — (—w, z) and therefore

k k
0 (thoahzhwk—h> — tho(_l)h&h wh k—h

Then 9/%«» equals idy, , for k even and —idy,, for k odd. Accordingly, for k even Vi, is
the complexification of an irreducible (k+1)-dimensional representation of the real type,
that we will denote by V,iRw; for k odd is isomorphic to a 2(k+1)-dimensional irreducible
representation of the quaternionic type of sus (see e.g. [7, Ch.IX, App.IL, Prop.2]).

Remark 3.1 Studying irreducible representation of suy turns out to be of some interest in
quantum physics, as they arise when considering rotations on fermionic and bosonic systems
(for more details see [26, Ch.5, §5]).

The subspace

- _ (k—2h) ®
Viw = @k<2h§2kvk‘”

is a b-submodule of Vi, and we can consider the semidirect sum b @V, as a subalgebra
of the abelian extension sl (C) @ Vi, (cf. e.g. [23, Ch.VIL§3]). We may consider the map
SL,(C) — CP! associated to our choice of a Borel subalgebra B as a principal bundle with
structure group B. Then the Lie pair (5[2(C) @ Vi w, b @V, ) defines a complex holomorphic

vector bundle E; with base CP' and typical fiber Vi /V; ,~D,, SkV,((k; MO (this is an
example of Mostow fibration, see e.g. [20] and the bibliography there in).

Proposition 3.2 Let g be any positive integer. Then

(R, 4p) = (512 V5, bD Vs, ) 3.1

is the CR algebra of a CR manifold Ey4, of CR dimension g+1 and CR codimension 1,
which is fundamental and weakly nondegnenerate of Levi order q.
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Proof We have
- — q 2h — 0
Vago=Vsr, = @hzlvzq;‘; and Vago =V, ®Vy,, ® Vsl

If Zy, Z_, H is the canonical basis of s, (C) and w a nonzero vector of V; qz gw, then the

images of X_q, w, Xqw, ..., Xg_l w generate qp, /(9 N{y). Since
—h +1
(Xe ..., Xa, Xa wl = Xqw €V, ,\0}, [Xa w, X_al = —2Xqw € V3, ,\{0}
— ——
h times

we obtain that By, is fundamental and weakly nondegenerate. With the notation of the previous
section, we have Q§NQ¢p={a}, with £¢()=1 and £¢(—2j w)=—j. Since g/(q+{y) is
generated by the image of Vg o by the above considerations the Levi order of an element of

v, ;({)w equals j. This shows that the Levi order of (gg, q%,) is 4. O

In an analogous way we can also prove

Proposition 3.3 For each positive integer g, the homogeneous C R manifold E 4 is contact
nondegenerate of order q. O

Remark 3.4 Representations Vi, with an odd k are canonically associated with complex
holomorphic vector bundles Ex, of rank (k+1), with base CP!.
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