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Analyticity of nonsymmetric Ornstein-Uhlenbeck semigroup
with respect to a weighted Gaussian measure

D. Addona *

Department of Mathematics and applications
University of Milano Bicocca
via Cozzi 55, 20125 Milano, Italy

Abstract

In this paper we show that the realization in L? (X, veo) of a nonsymmetric Ornstein-Uhlenbeck
operator L is sectorial for any p € (1,+00) and we provide an explicit sector of analyticity. Here
(X, oo, Hso ) is an abstract Wiener space, i.e., X is a separable Banach space, i is a centred non
degenerate Gaussian measure on X and H is the associated Cameron-Martin space. Further, v
is a weighted Gaussian measure, that is, veo = €~ jioo where U is a convex function which satisfies
some minimal conditions. Our results strongly rely on the theory of nonsymmetric Dirichlet forms
and on the divergence form of the realization of L in L?(X, vo).

Keywords: Infinite dimensional analysis; Wiener spaces; analytic semigroups; Ornstein-Uhlenbeck
operators; numerical range
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1 Introduction

In this paper we prove that the realization in in L? (X, v) of the nonsymmetric perturbed Ornstein-
Uhlenbeck operator L, operator defined on smooth functions f by

1
Lyf(x) = 5TD*f(2)]u + (w, A" Df (@) xx+ + [P f (@), DuU(2)]m, @ € X, (1.1)
where U is a suitable function (see e.g. [6, 10, 15]), is sectorial and we provide an explicit sector of
analyticity.

In finite dimension, the Ornstein-Uhlenbeck operator is the uniformly elliptic second order differ-
ential operator .Z defined on smooth functions ¢ by

n

Lo() =Y ;D) + Y ai&Dip(§), € ER™,

4,j=1 i,5=1

where @ = (¢;j)};—; is a positive definite matrix and A = (a;;)7;_;. It is well known (see [27, 28])
that . may fail to generate an analytic semigroup on LP(R™). The additional assumption o(A) C
{z € C: Rez < 0} implies that the integral

+oo .
Qoo ::/ Qe dt,
0
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is well defined. The centred Gaussian measure pi, with covariance @), is an invariant measure for £,
ie.,

Zfdus =0, fe D).

Rn

Z behaves well on L (R", po). Indeed, the realization L, of .2 in LP(R", f1) generates an analytic
semigroup for any p € (1, 400). Further, in [8] the authors exphcltly provide a sector

Y, :={re’” €C: r>0, |¢| <6,}, (1.2)

where 6, € (0,7/2) is an angle which depends on @, A and p, such that L, is sectorial in ¥y, . This
sector is optimal, in the sense that if § € (0,7/2) is an angle such that L, is sectorial in ¥y, then
8 < 6,. In [9] the same authors extend this result to nonsymmetric submarkovian semigroups.

In infinite dimension the situation is much more complicated. We consider an abstract Wiener
spaces (X, oo, Hoo), where X is a separable Banach space [ is a centred nondegenerate Gaussian
measure on X and H, is the associated Cameron-Martin space (see e.g. [4]). It is well known that
H., C X is a Hilbert space with inner product [-, -] . Let us denote by Qo : X* — X the covariance
operator of . In this setting, the definition of the Ornstein-Uhlenbeck operator can be given in terms
of bilinear forms: for smooth functions f,g: X — R we set

g(fag) ::/)([DHoovaHoog}Hood,u‘ooa

where Dy = Qoo D is the gradient along the directions of H,. Following [24] it is possible to associate
an operator % to & as follows: for any f € D(%) and any g smooth enough we have

5(f7g) = 7/)($2fgd.uoo

The operator .%, is self-adjoint and generates a analytic contraction Cp-semigroup on L%(X, jiso).
Moreover, if f = p(z7,...,2}) for some smooth function ¢ and zf € X*, i = 1,...,n, then the
operator %, reads as

n

$2f = = z] 85 85 Z |Q00 1|Hoo i aé-
where ¢f; = (Qoo}, 2} ) x xx+- In [19] the authors provide a generalization of %5, defining the Wiener
space (X, fioo, Hoo) as follows. They consider two operators @ : X* — X and A: D(A) C X — X
such that @ is a linear, bounded positive and symmetric operator (see Hypothesis 2.1) and A is
the infinitesimal generator of a strongly continuous semigroup. Further, if we denote by (etA)tZO the
semigroup generated by A, they assume that the integral

o0 *
/ etAQetA dt,
0
with values in L£(X*; X), exists as a Pettis integral and the operator Qo : X* — X defined by
o0 *
Qoo™ ::/ et Qe dt
0

is the covariance operator of the Gaussian measure fi,. In such a way they can define the Reproducing
Kernel Hilbert Space H associated to @, and they prove the closability of a gradient operator Dy =
QD. Thanks to a stochastic representation, the authors define the semigroup P(t) and its infinitesimal



generator I on LP(X, pioo) which on smooth functions f (with f = ¢(«7,...,2}), for some smooth
function ¢ and z} € D(A*), i =1,...,n) reads as

- 0% - Op
Lf = P Azt 22
f ijZ=1 Q’L] agzagj + Zzzl ‘rz 851,

*

with ¢;; = (Qz},2}) xxx+. Further, from the results in [15], the authors deduce that the set
Fo = {f IS <',A*Df>x><x* S Cb(X)},

is a core for L. Here .# is the set of functions f € CZ(X) such that there exists ¢ € CZ(R™) and
xi, ...,z € D(A*) such that f(z) = o({z,27) xxx*, .- -, (T, 2] ) xxx+) for any x € X. Finally, arguing
as in [16], the authors show different characterizations of the analyticity of P(t). In particular, they
prove that P(t) is analytic in L*(X, jtoo) if and only if Qo A*z* € H for any z* € D(A*) and there
exists a positive constant ¢ such that

QoA 2| < c|Qz™|, 2" € D(A").

This characterization is the starting point of [25], where the authors generalize the results in [8]
to the infinite dimensional case without any assumption on the nondegeneracy of @. To begin with,
they prove that the operator B € L(H), which is the extension of Q. A* to the whole H, satisfies
B + B* = —Idy. Further, setting

Ep(u,v) = —/ [BDru, Dpvlgdiiso,
X

on smooth functions u, v, the authors show that IL is indeed the operator associated in L2(X, loo) tO
the nonsymmetric bilinear form £g in the sense of [24, Chapter 1], i.e., for any u, v smooth enough,

Ep(u,v) = —/ Luvdjise .
b's

This implies that, if we denote by D7}; the adjoint operator of Dy in L? (X, o), then L = Dy BDy,
and by means of the divergence form of IL the authors avoid the nondegeneracy assumption on Q.
Finally, by applying well known results on the numerical range (see [3, 22]) the authors prove that for
any p € (1,400) the semigroup P(t) is analytic in L”(X, ioo) with sector of analiticity g, defined
n (1.2). Also in this case, this sector is optimal. We remark that, differently from %, in general the
operator L is not self-adjoint and therefore it is not possible to use the theory of self-adjoint operators
to prove the analyticity of L.

We prove that (1.1) is the operator associated in L*(X, v4,) to the nonsymmetric bilinear form in

Ef(u,v) == —/ [BDpu, Dpv)gdvs,
bl
in the sense of [24], where

U
Voo ‘=€ 7 lhoo-

Further, Ly = Dj;BDp, where Dj; denotes the adjoint operator of Dy in L*(X,vs). By taking
advantage of the divergence form of Lo, we use analytic techniques to extend L, and the associated
semigroup to L (X, ), p € (1, +00). Finally, we prove that the semigroup associated to L, is analytic
in LP(X, vso).

We stress that, at the best of our knowledge, in the case of perturbed Ornstein-Uhlenbeck operator
no explicit core of L,, is known. However, the explicit representation (1.1) of L, on smooth functions
allows us to find a suitable sets of smooth functions which will play the role of ..



The paper is organized as follows. In Section 2 we uniform the notations used in the symmetric and
in nonsymmetric case, which are different and sometimes may give rise to confusion and misunder-
standings. Then, we prove that Dp is closable on smooth functions in LP (X, v,) for any p € (1, 4+00)
and define the Sobolev spaces as the domain of the closure of Dg. Section 3 is devoted to define
the nonsymmetric Ornstein-Uhlenbeck operator and semigroup in LP(X, vy ). At first, thanks to the
theory of nonsymmetric Dirichlet forms, we provide the definition of the Ornstein-Uhlenbeck opera-
tor and semigroup in L?(X,v4). Later, we extend both the operator Ly and the semigroup to any
LP(X,vs), p € (1,00), and we conclude the section by showing an explicit formula for L, on smooth
functions when p € (1, 00), and the inclusion D(L,) C D(L2) for any p € [2, +00). These results allow
us to overcome the fact that we don’t know a core for L. In Section 4 we use the numerical range to
show that L, generates an analytic semigroup in L”(X, v ) with sector ¥, for any p € (14 o00). We
are not able to show the optimality of this sector since the techniques applied both in [8] and in [25]
don’t work in infinite dimension with a weighted Gaussian measure. Finally, in Section 5 we provide
a explicit example of operators @ and A and of function U which satisfy our assumptions.

1.1 Notations

Let X be a separable Banach space. We denote by (-, ) xxx+ the duality, by || - || x its norm and by
| - ||x= the norm of its dual. Further, for a general Banach space V' we denote by £(V') the space of
linear operators from V onto V' endowed with the operator norm. For any k¥ € NU{co} and any n € N
we denote by C{f (R™) the continuous and bounded functions on R™ whose derivatives up to the order
k are continuous and bounded.

2 Preliminaries and Sobolev spaces

We state the following assumptions on the operators @ and A.

Hypothesis 2.1. (i) @ : X* — X is a linear and bounded operator which is symmetric and
nonnegative, i.e.,

Qo™ y" ) xxx- = (QY", 7 ) xxx=, (Qz",2")xxx~ >0, Vo', y" e X"

(ii)) A: D(A) € X — X is the infinitesimal generator of a strongly continuous contraction semigroup
(etA)t>0 on X.

We recall that for any positive and symmetric operator we can define the associated Reproducing
Kernel.

Definition 2.2. Let F': X* — X be a linear, bounded, positive and symmetric operator. On FX*

we define the inner product [Fa*, Fy*|x := (Fz*,y*)xxx+ for any z* y* € X*. We denote by

|Kx*|% = (Fx*,2%) x « x~ the associated norm. We set K := XK

Kernel Hilbert Space (RKHS) associated with F.

and we call it the Reproducing

From [31, Proposition 1.2] the function s — e*4Qe*4" is strongly measurable and we may define,
for any ¢t > 0, the positive symmetric operator Q; € L(X*; X) by

t
Qi := / e*AQe ds.
0
Further, we denote by H; the Reproducing Kernel Hilbert Space associated to ;. We assume that
the family of operators (Q);>o satisfies the following hypotheses (see e.g. [19, Sections 2 & 6]).

Hypothesis 2.3. 1. The operator Q; is the covariance operator of a centred Gaussian measure p;
on X for any t > 0.



2. For any x* € X*, there exists weak —lim;_, 1 oo Q12" =: Qoo™ and Q is the covariance operator
of a centred nondegenerate Gaussian measure fioo.

Hypothesis 2.3(2) implies that

) = e (-5 (@S P ) FE X"

We follow [4, Chapter 2] to construct the Cameron-Martin space H, associated to pioo, which gives
the abstract Wiener space (X, ptoo, Hoo)- In particular, we focus on a characterization of H,, which
allows us to associate a Hilbert space H C X to the operator Q.

From [4, Fernique Theorem 2.8.5] it follows that X* C L?(X, jiso), and we denote by j : X* —
L?(X, f1oo) the injection of X* in L*(X, jis). Further, from [4, Theorem 2.2.4] we have

(Quefs g xnxe = /X foduse, frge X*. 2.1)

We denote by X} the closure of j(X*) in L?(X, f1o) and we define R : X = (X*) by

R(f)(9) r=/ngduom fex, .geXn (2.2)

It is possible to prove that R(X}; )f is weakly*-continuous for any f € X*, and therefore R(X}; ) C

X. Forany f € X, westill denote by R(f) the unique element y € X such that R(f)(g9) = (y,9) xxx~
for any g € X*. Further, the injection j is the adjoint operator of R. The Cameron-Martin space H,
associated to foo is defined as follows (see e.g. [4, Chapter 2, Section 2]):

Bl i=sup {{h, Oxcxe 2 £€ X, RO = 1R 22 <1}
Hy :={he X :|hlg, <+oo}.

From [4, Lemma 2.4.1] it follows that h € H, if and only if there exists he X, such that R(ﬁ) = h.
Further, H., is a Hilbert space if endowed with inner product

[h7 k}Hoo = </H7/]%>L2(X“uoo)a ha ke Hoo (23)

We stress that for any f € X*, from (2.1) and (2.2) we have Qs f € Hoo and that R(R*f) = Qo f,
e, Qoof = R*f. Further, from (2.3) we deduce that

Qoo f, @) xxx* = [QOOf7QO<>g]Hoo7 frg€X™. (2.4)
We get the following characterization of H.

Lemma 2.4. H, = QOOX*HH"", that is, the Cameron-Martin space Hy, is the closure in |- |g.. of
Qoo X* C X.

Proof. The proof is quite simple but we provide it for reader’s convenience. Let h € Ho,. Then, there
exists h € X such that R, (h) = h. In particular, there exists (R*f,) C X™ such that R*f, — h

in L2(X, ftoo). We claim that Qo f,, — h in Hu. Indeed, from (2.3) and recalling that @ = R*f,
for any n € N, it follows that

Qe — M3t =[Qocf — s Quofo — iz, = / IR o — WP — 0, 11— +oc.
X

This means that Hoo C Qoo X *"lH‘x’. The converse inclusion follows from analogous arguments. O



Let us consider the continuous injection of Qo X ™ into X which can be continuously extend to H.
We denote by i, the extension of the injection. If we denote by % : X* — (H)' the adjoint operator
and we identify (H, )" with Hy, by means of the Riesz Representation Theorem, then Qo = oo 0%, .
Further, for any f,g € X* we have

<ZOO Oi:ofa g>X><X* :[Z;of7 Z:Og]Hoo = <R*f7 R*g>L2(X,p,OC) = <Qoofa g>X><X*7 (25)
which gives Qoo = 100 0 1%,.
Lemma 2.5. H,, admits an orthonormal basis © = {e, : n € N} such that e, = il x} with

xk € D(A*) for any n € N.

Proof. Tt is well known (see e.g. [20, Theorem 2.2]) that the weak*-closure of D(A*) coincides with
X*. Then, for any x* € X* there exists a sequence (z}) C D(A*) such that z} — z* in the weak*-
topology, that is, (x, ) xxx+ — (x,2")xxx+ for any € X. Therefore, for any x € X there exists
a positive constant ¢, such that sup, oy |{(z, 2}) xx x+| < ¢z. The uniform boundedness principle gives
Sup,en ||| x+ < ¢ for some positive constant ¢. By the dominated convergence theorem and the
Fernique Theorem it follows that R*z* — R*z* in L*(X, ttao ). Combining this fact and (2.5) gives

jinoat, — itoa | = / (2,25 — %) xwx- Phine () — 0,
X

as n — +o00. Therefore, Qoo (D(A*)) is dense in QX with respect to |- |g._ . Since from [4, Corollary
3.2.8] Qoo X is dense in Hy, we conclude that Qoo (D(A*)) is dense in Hy. In particular, this implies
that there exists an orthonormal basis of Hs, of elements of Q. (D(A*)). O

We fix an orthonormal basis © := {e,, : n € N} of Hy, such that e, = i’ z} and z} € D(A*) for
any n € N. We denote by P, : X — H,, the projection on span{e,...,e,} defined by

n
P,x:= Zgn(z)en, zc X, ncN,
k=1

where €; := R*z} for any j € N.

Definition 2.6. For any k¥ € NU {oo} we denote by 9%57@(X) the space of cylindrical functions
f € CF(X) such that there exists n € N and ¢ € CF(R") which satisfies f(z) = p(€1(x),...,en(2))
for any z € X.

Remark 2.7. We stress that the space ﬁ%f’@(X) is different from those considered in [1, 6, 10, 17,
19, 25, 26]. Indeed, in these papers the spaces ﬁ%f(X) or ﬂ%lg’z(X), with k,¢ € N, are considered.
The former is the space of cylindrical functions f such that there exists ¢ € C{f(R”) and y1,...,Yn €
X* such that f(z) = o({(z,y)xxx*,---, (T, ¥5)xxx~) for any x € X, the latter is the space of
cylindrical functions f such that there exists ¢ € CF(R") and 21,. .., z, € D((A*)?) such that f(x) =
O({x, 27 ) x x5 (@, 25 ) x x x+ ) for any z € X. Even if the space f‘f’g,@(X) is smaller than .Z%} (X)
and of 32‘5’;’1()(), it is "good” in the sense that it is big enough, since {x} : n € N} is an orthonormal
basis of Hu. Further, it is well known that ﬁ%f,@(X) is dense in L?(X, vy) for any p € [1,+00) and
any k € N (see [4, Corollary 3.5.2]).

2.1 Reproducing Kernel associated to () and Sobolev Spaces
Starting from (2.4) we can define the Reproducing Kernel Hilbert Space associated to @ (see also

[31]).
We recall that @ is positive and symmetric. Then, following Definition 2.2 we can define a scalar
product on QX* and then, inspired by Lemma 2.4, the Reproducing Kernel Hilbert Space H associated



to Q. H is a Hilbert space if endowed with the scalar product [-,-]g. The inclusion QX* < X can be
extended to the injection i : H — X and we consider the adjoint operator ¢* : X* — H, where again
we have identify H' and H. Arguing as for i, and i*, we infer that Q =i o 4*.

The following hypothesis is very important since [19, Theorem 8.3] states that it is equivalent to
the analyticity in L? (X, o) of the Ornstein-Uhlenbeck semigroup P(t) defined by

(P( /fe r+yu(dy), | e Ch(X),

and extended to LP(X, o) for any p € (1, +00).

Hypothesis 2.8. For any 2* € D(A*) we have i%_ A*z* € H and there exists a positive constant c
such that

it A2 < cli*z*|g,  x € D(AY). (2.6)

Since ¢* is continuous with respect the weak™ topology on X* and the weak topology on H and
D(A*) is weak® dense in X*, itfollows that i* maps D(A*) onto a dense subspace of H. Then, there
exists an operator B € L(H) such that Bi*z* = i A*z* for any 2* € D(A*) and || B||z(gy < ¢. The
operator B enjoys the following properties.

Lemma 2.9. [25, Lemma 2.2] B+ B* = —Iy and [Bh,hlg = —%|h|}; for any h € H.

We now introduce two operators which are crucial for the definition of Sobolev spaces in our
context. The first one is the gradient along the directions of the Reproducing Kernel H, while the
second allows to prove an integration by parts formula with respect to suitable directions in H (see
e.g. [17, Section 3]).

Definition 2.10. Let O := {e, : n € N} be the orthonormal basis of H. introduced in Lemma 2.5.
For any p € [1,400) we define the operator Dy : ﬁ‘f;_’@(X) — LP(X, poo; H) by

Q’\
©

xla X><X* . <£L'n,$>XXX*)i*SC;, IL’EX,

Duf(z) :==¢Df(x Z

where f € ﬁ%i,@(X) and f(z) = p({(z1, ) xxx*, -, (Tn, T)xxx~+) for some n € N, ¢ € Cy(R™) and
any z € X.

Definition 2.11. We define the operator V : D(V) C Hy, — H as follows:
D(V):={ilfx" 1 x* € X}, V(iia™)=i"z", a"eX" (2.7)

Since V is densely defined on H, it is possible to consider the adjoint operator V* : D(V*) C
H — H. Thanks to Hypothesis 2.8 and [19, Theorems 8.1, 8.3 & Proposition 8.7] it follows that Dy
is closable in LP(X, o) and [17, Theorem 3.5] gives that the operator V' is closable. We still denote
by Dy the closure of Dy and by W}{’p(X, loo) the domain of the closure.

Lemma 2.12. For any z* € D(A*), we have Bi*z* € D(V*) and V*(Bi*z*) = if A*x™.

Proof. The statement is contained in the proof of [25, Theorem 2.3], but for reader’s convenience we
provide the simple proof. Let z* € D(A*). Then, for any y* € X*, from the definition of [-,-]z, of
[,-]m.. and of V we have

which means that Bi*z* € D(V*) and V*(Bi*z*) = i5 A*z*. O



Remark 2.13. If Q = Q, i.e., the Malliavin setting, Dy is the Malliavin derivative and V is the
identity operator. Finally, for any p € [1, +00) the space W;I’p (X, poo) is the Sobolev space considered
in [4, Chapter 5].

Remark 2.14. Since (X, fio00, Hso) is & Wiener space, we can always consider the Malliavin derivative
Dy and the Sobolev spaces WHP(X, 1) (see e.g. [4, Chapter 5]).

Remark 2.15. It is not hard to see that, even if we consider a space of test functions which is smaller
with respect to those considered in [25, 26], we obtain the same Sobolev space WI{I’p(X, loo) for any
p € [1,+00).

We are now ready to state the hypotheses on the weighted function U.

Hypothesis 2.16. U is a proper || - | x-lower semi-continuous convex function which belongs to
WP (X, o) for any p € [1,400).

It is useful to notice that Hypothesis 2.16 and [2, Lemma 7.5] imply that e~V € WP (X, i) for
any p € [1,400). This allows us to introduce the weighted measure

Voo i =€ Vdjine. (2.8)

We want to prove that Dy : 9‘%;’@(){) — LP(X,vo0; H) is closable in LP (X, vy ). To this aim we
prove an intermediate result, which is the extension of [17, Lemma 3.3] for the weighted measure vy.

Lemma 2.17. Let f € 5‘\%;,@()() and let h € D(V*). Then,

/ [Dp f, B dvee = / FV*hdvs + / FIDRU, hgdvss. (2.9)
b'e b'e b'e
Proof. From [17, Lemma 3.3] we already know that

/[DHgah}Hd,ufoo:/ gﬂdﬂooa
X X

for any g € ﬁ%;@(){) and any h € D(V*). By density, it holds for any g € W4?(X, ties) and any
€ [1,+00). Since eV € WHP(X, pioo), it follows that feV € WiP(X, pioo) for any p € (1, 400).
Finally, [26, Lemma 3.3] gives Dy (fe~Y) = (Dgf)e Y — (DyU)fe~Y. Then,

[ 1Dut M = [ 1Dufblue Y dpoe = [ (D) Mudpos + [ FIDU. e e
X X X X
:/ fe*UﬂduoojL/ fIDuU, hlgdves
X X

:/ fv’%dyoo+/ FIDuU, h)gdvss.
X X

Integration by parts (2.9) is the key tool to prove the closability of Dpy.

Proposition 2.18. Dy : 9“5;’@()() — LP(X, voo; H) s closable in LP (X, vs) for any p € (1, +00).
We still denote by Dy the closure of Dy and we denote by VV;I”’(X7 Vso) the domain of its closure.
Finally, for any p € (1,+00) the space VV;I”’(X7 Voo) endowed with the norm

I/

is a Banach space, and for p =2 it is a Hilbert space with inner product

|1,p,H = ||f||Lp(X7Voo) + HDHfHLT’(X,Voo;H)’ [E€ W;fp(X> VOO>7

o9 wie(x) = / fgdves + / [Dp f, Dugladves,  f,9 € Wg*(X,va).
X X



Proof. Let us fix p € (1,+00). Since (V, D(V)) is closable from H., onto H, from [17, Theorem 3.4]
it follows that D(V*) is dense in H, and therefore there exists an orthonormal basis {v, : n € N} C
D(V*) of H. To show that Dy is closable, let us consider a sequence (f,) C ﬁ%ll,y(_)(X) such that
fn—= 0and Dy f, = F in LP(X,vs) and in LP (X, vo; H), respectively. If we show that F = 0 we
infer the closability of Dg. To prove that F' = 0 let us consider g € .% CKa@(X ). From (2.9) applied

to the function f, := fng € y‘@”ll,,@(X) we have

/ [Dana'Uj]Hngoo :/ [DH(.EL)7Uj]HdVOO _/ [DHga’Uj]andVoo
b'e X X
— [ 5uaV v+ [ (DuUlufugdve ~ [ (Dug.vilafudve, (210
X b'e b'e
for any j € N. Letting n — 400 in the right-hand side of (2.10) we infer that

/ [F,v;lggdve = lim (Do fn,vj]Hgdves = 0,
X

n——+oo X

for any j € N and any g € 3‘\%;@(X). Since fgiye(X) is dense in LY(X, v) for any g € (1,400)
we obtain that [F(z),v;]g = 0 for v-a.e. € X for any j € N, which gives F'(z) = 0 for voo-a.e.
x € X. The second part of the statement follows from standard arguments. O

Remark 2.19. As one expects, for any k € NU {co} the operator Dy : 33%’;)@()() — LP(X,vo0; H) is
closable in LP (X, v4,) for any p € (1,400), and the domain of its closure coincides with W 3" (X, vso).

3 The perturbed nonsymmetric Ornstein-Uhlenbeck operator

3.1 The perturbed nonsymmetric Ornstein-Uhlenbeck operator in L*( X, v,,)

We introduce the nonsymmetric Ornstein-Uhlenbeck operator by means of the theory of bilinear
Dirichlet forms. We introduce the nonsymmetric bilinear form

E(u,v) = —/ [BDpu, Dpv)gdvse, (3.1)
X
with domain D = W;I’Q(X, Vso). From Lemma 2.9 we get
1 1 )
E(u,u) =— [ [BDpu,Dpulgdve = - | [Dpu, Dpulpdves = S[|[Daulliz x,,. .o (3.2)
X 2 Jx 2 e

which implies that & is positive definite. Further, if we consider the symmetric part &(u,v) :=

L(E(u,v) + E(v,u)) of &, with u,v € D, we have

1
E(U,v) :5 /X([BDH'LL,DH’U]H + [BDHU,DHU]H)dVOO
1

1
:5/ ([BDHU,DHU]H+[B*DHU,DHU}H)dVOO = 5/ [DHU,DHU}dI/OO
X X

Hence, Proposition 2.18 implies that (£, D) is a symmetric closed form on L*(X, v4,). Finally, for any
u,v € D, from Hypothesis 2.8 we have

|E(u7v)| S/ |[BDHU,DHU]H|dl/OO: ”BH,C(H)/ ‘DHUIH|DH'U|HdVoo
X X

<c ||DHUHL2(X,VOQ;H)HDHUHL2(X,UOC;H) = 485(”7“’)1/25(’07’0)1/2'



This implies that (€, D) satisfies the strong (and hence the weak) sector condition (see [24, Chapter 1,
Section 2 and Exercise 2.1]) and therefore (£,D) is a coercive closed form on L?(X,vs,). According
to [24, Chapter 1] we define a densely defined operator L as follows:

D(L) := {u € W5 (X, ve0) ¢ there exists g € L*(X,va) such that

Elu,v) = — / gudves, Vvﬁ‘ga@(X)}, (3.3)
X
Lu:=g.

Remark 3.1. From [24, Chapter 1, Sections 1 and 2] it follows that L generates a strongly continuous
contraction semigroup on L*(X,vs,) which we denote by (T'(t))i>o. In particular, 1 € p(L). The
operator L is called perturbed Ornstein-Uhlenbeck operator in L2(X , Voo ) and the associated semigroup
(T(t))¢>0 is called perturbed Ornstein-Uhlenbeck semigroup in L (X, vao).

In the following we will need of the adjoint operator L* of L. We recall that formally L* is defined
as follows:

D(L*) == {v € L3(X, o) : 3g € L2(X, voo) such that

/ qudve, = / vludvs,, u € D(L)},
X X
L*v :=g.

Moreover, let us consider the adjoint semigroup (7*(¢))¢>0 of (T'(t))i>0. Even if in general it is not
a strongly continuous semigroup, [24, Chapter 1, Theorem 2.8] ensures that (T7(t));>o is strongly
continuous and L* is its generator. Further, [24, Chapter 1, Corollary 2.10] implies that D(L*) C D =
Wi (X, Vo).

We give a characterization of L* in terms of bilinear form on L*(X,vs). Let us introduce the
nonsymmetric bilinear form

Elu,v) = — /X (B Dy Dol v, (3.4)

with domain D := W;fz(X ,Voo). Arguing as for £ it is possible to prove that & is a coercive closed
form on L2 (X, Vo) and therefore the operator L defined as

D(L) := {u € W% (X,vs) : there exists g € L*(X, vao) such that

E(u,v) = —/ gudvse, Vvﬁ(f;’@(X)}, (3.5)
X

Lu:=g,

generates a strongly continuous semigroup (T(t))tzo on L2(X, vs). The next result shows that L is
indeed the adjoint operator of L and (T'(t));>o is the adjoint semigroup of (T'(t));>0-

Proposition 3.2. D(L) = D(L*) and Lu = L*u for any u € D(L*). Therefore, T(t) = T*(t) for any
t>0.

Proof. Let w € D(L). Then, for any v € D(L) we have
/ zuvdyoo = f/ [B*Dyu, Dyvlgdve = / [BDgv, Dyu|dvy, = / Loudvs.
X X X X

Therefore, from the definition of L* it follows that v € D(L*) and L*u = Lu. To prove the converse
inclusion, let v € D(L*). We recall that, in particular, u € W}J’Q (X, V). Hence, for any v € D(L) we
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have

/ L*uvdrse z/ wLvdrs, = —/ [BDpv, Dyulpgdve = —/ [B*Dyu, Dvlgdve = —E(u,v).
b's X X X

(3.6)
From [24, Chapter 1, Theorem 2.13(ii)] it follows that D(L) is dense in D = W;I’2 (X, Vo). Therefore,
(3.6) gives u € D(L) and Lu = L*u. O
3.2 The nonsymmetric Ornstein-Uhlenbeck operator in L”(X,v.,)

In this subsection we consider the realization of the semigroup (T'(¢)):>0 in LP(X,vs) with p €

(1, +00), showing some important properties of the perturbed Ornstein-Uhlenbeck semigroup in L” (X, v4).
We need of a technical lemma, which is the analogous of [10, Lemma 2.7] in our setting, about the
differentiability of the positive and negative part of a function u € Wé’z(X s Voo)-

Lemma 3.3. Let u € W}{’2(X, Voo). Then, |ul,u™,u™ € WIIJ’Q(X, Vo) and Dplu| = sign(u)Dpu.
Further, Dyu vanishes on u™='(0) vog-a.e.; Dy (ut) = LiysoyDpu and Dy (u™) = —LucoyDpu.

Proof. The proof is analogous to the one of [10, Lemma 2.7] and we omit it. We simply remark that,
to prove that second part, as in the proof of Proposition 2.18 we consider the basis {v,, : n € N} of H
of elements of D(V*) and we show that

/ [Dru, v gedrs =0,
{u=0}

for any u € W(X, ve) and any ¢ € FE€; (X). O

Thanks to Lemma 3.3 we can prove that both L and L* are Dirichlet operators and therefore
that (T(t))i>0 and (T%(t))>0 are sub-Markovian operators. For reader’s convenience, we recall the
definitions of Dirichlet and sub-Markovian operators and their main properties (see e.g. [24, Chapter
1, Definition 4.1 & Proposition 4.3]).

Definition 3.4. Let 7 := L*(E, 1) be a measure space.

(i) A semigroup (S(t))t>0 on # is called sub-Markovian if for any ¢ > 0 and any f € 5 with
0< f<1p-ae,wehave 0 < S(t)f <1 p-ae.

(ii) A closed linear densely defined operator A on J# is called Dirichlet operator if

/ Au(u— 1) dp <0, ue D(A).
E

Proposition 3.5. Let (S(t))i>0 be a strongly continuous contraction semigroup on L?(E, u) with
generator A. Then, the following are equivalent:

(i) (S(t))i>0 is a sub-Markovian semigroup on L?(E, ).
(ii) A is a Dirichlet operator on L*(E, ).

We prove that it is possible to extend the semigroup (7'(¢))¢>0 to a strongly continuous contraction
semigroup on LP(X, vy, ) for any p € [1, +00). We follow the proof of [12, Theorem 1.4.1].

Proposition 3.6. The semigroup (T'(t))t>0 can be uniquely extended to a positive contraction semi-
group (Tp(t))i>0 on LP(X,vs) for any p € [1,+00). These semigroups are strongly continuous if
p € [1,400) and are consistent in the sense that T,(t)f = T,(t)f if f € LP(X,ve0) NLYUX, Vo).
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Proof. For reader’s convenience, we split the proof into different steps.
Step 1. At first, we prove that both L and L* are Dirichlet operators on L*(X, v4,). Let u € D(L).

(
Then, u € Wé(’Z(X7 Vso) and from Lemma 3.3 we infer that (u—1)" € W}I’Q(X, Voo) and Dy (u—1)T =
1,>1Dpgu. Therefore,

/ Lu(u — Dtdre :/ [BDpu, D (u — 1)4']deOo = / [BDpu, Dpulpdvs <0,
X X {u>1}

thanks to Lemma 2.9. The computations for L* are analogous. Hence, both L and L* are Dirichlet
operators on L?(X,vs,), which means that (T(t))¢>0 and (T*(t))¢>0 are sub-Markovian semigroups
on L3(X, vso).

Step 2. Here, we prove that L' (X, 14, )L™ (X, v ) is invariant for T'(t), for any ¢ > 0. From Step 1
we know that for any f € L?(X, v4) such that 0 < f < 1 vy-a.e.we have 0 < T(t)f < 1 voo-a.e. Then,
it follows that L°°(X,vs) is invariant under (T'(t));>o. Hence, for any f € L'(X,va0) NL®(X, Vo),
which is a subspace of L?(X, v ) N L™ (X, Vs ), we have

1T fllLe (x,ve) < fllLee(X,00), 2 0.

Further, if also g € L'(X, vo0) NL(X, vs), then

[ O ssan] =| [ 1 O] < U i ey, 020
X b
since also T*(t) is a contraction on L°(X, v ). This implies that

1T fllerx ey < NfllLrxpey, 20,

and therefore L'(X,vs) N L™ (X,vs) is invariant under (7'(t));>o. By applying the Riesz-Thorin
Interpolation Theorem [29, Section 1.18.7, Theorem 1] we conclude that (T'(t));>o extends to a positive
contraction semigroup (7,(t))¢>0 on LP(X, v ) for any p € [1,+00). Uniqueness follows by density.

Step 3. Now we show that (T},(¢));>0 is strongly continuous if p € [1, +00). Let f > 0 be a bounded
function which vanishes outside a set E of bounded measure. Then,

lim [ 1gTi(t)fdve = lim/ 1T(t) fdveo :/ fdveo = || fllLrx,ve)s
t—=0 [ x t—=0 ) x E e

since (T'(t))¢>0 is strongly continuous. We recall that (T'(t)):>o is the Ornstein-Uhlenbeck semigroup
on L*(X, v ). But 1T (@) fll x,ve) < Il (x o), and therefore

Hm T2 () f = fllurxwe) = lim/ ITL(t) f = flpdve < lim v (B)?|T(1) f = fll2(x ) = 0.
—0 t—0 Jx t—0

By density, we deduce that (T3 (t))>0 is strongly continuous on L'(X,vs). By interpolation, we infer
the strong continuity of (T}, (¢)):>0 on LP (X, vs) for any p € (1,2). Finally, the riflexivity of LP (X, o)
(see e.g. [13, Section 4, Theorem 1]) for any p € (1,4+00) and [11, Theorem 1.34] allow us to conclude
that (T),(t))¢>0 is strongly continuous on LP (X, vs,) for any p € (2, 4+00). O

For any p € [1,400) let us denote by L, the infinitesimal generator of (T,(t))¢>0. Since (T}, (t))i>0
is a positive strongly continuous semigroup for any p € [1,+00), we get 1 € p(L,,) for any p € [1, +00).

Following [25, Theorem 2.3], we show that 9“557@()() C D(L) and for any u € ﬂ‘ﬁie(){) an
explicit formula for Lu is available. To this aim, we recall the definition of Trace class operator on
L(H): given a nonnegative operator ® € L(H), we say that ® is a trace class operator if

> [ ®h, bl < 00,

n=1
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where {h,, : n € N} is any orthonormal basis of H. We define the Trace Tr[®] of @ as

i (DN, ]

We observe that for any f € ﬁ%i’@(){) such that f(x) = ¢(€1(x),...,en(z)) for some p € CZ(R™),
we define the second order derivative along H as

n_ oo
D2 f(x Z T @@),....en(2)Q} ® Q.

D% f(z) is a trace class operator for any = € X and
32g0

[DHf Z ij,l‘k XxX* 8£j8£k

7,k=1

(é\l(I),...,é\”(z))7 r e X.

Proposition 3.7. ﬁ‘gi@(X) C D(L) and for any u € 9‘53@()() we have

Lu(x) = %Tr[D%Iu(x)]H + (z, A"Du(z)) x« x+ + [BDpu(z), DgU(z)|g, veo—a.e. z€X. (3.7)

A*r*.

X

9%;7@( ). From Lemma 2.12 for any z* € D(A*) we have Bi*xz* € D(V*) and V*(Bi*z*) =
A 25, heorem

The form of u, integration by parts formula (2.10) and the computations in the proof of
2.3] give

Proof. Let u € ﬁ%z o(X) be such that u(z) = (€1 (x),. é\m(sc))7 with p € CZ(R™) and let v €E
[

E(u,v) = —/X[BDHu(x),DHU(x)]HVOO(d:L‘)

- Z / [Dpv(z), Bi*xZ]H%(a (@), ..., en(x))Veo (dx)

Since
o5 STDR U@ + (0. A" Dula)) xocx- + BDiu(e), Dl (@) € LA(X, ),
it follows that u € D(L) and
Lu(z) = %Tr[D%Iu(x)]H (2, A*Du(a)) xxx- + [BDpu(), Dul(@)]u

for v-a.e. z € X. O
Now we show that f‘gi@(X) is contained in D(L,) for any p € (1, +00).

Proposition 3.8. 9‘%5,@()() C D(Lp) for any p € (1,+400). Further, Lyu = Lu for any u €

fcﬁa@(X) and any p € (1,+00).
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Proof. At first we stress that Lu € LP(X, vy,) for any p € (1,4+00). We study separately two cases. In
the former we take p € (1,2), in the latter we consider p € (2, 400).
Let p € (1,2) and let u € ﬁ%g,@(X). Then,

It (T (E)u = u) = Lullur(x ) < oo XD 71T (0)u = u) = Lulliz(x,0) = 0, =0,

where p’ is the conjugate exponent of p. Hence, u € D(L,) and Lyu = Lu.

Let us consider p € (2,+00) and let u € 9%?7@()(). Since T, (t)u = T'(t)u, from Proposition 3.7
we deduce that for any sequence of positive numbers (¢,,) decreasing to 0 there exists a subsequence
(tm,) C (tm) such that ¢! (T,(tm, )u — u) — Lu for ve-a.e. z € X. Let us consider ¢ > p. For any

v E f‘fi’@(X) we have

T — T _
lim Mvd%@ = lim Mvdyw :/ Luvdrs,
X

n—oo [y t n—oo Jy

Mn Mn

and from the density of y%j@(X) in LY (X, Vo) we infer that t;.! (T, (tm, )u — u) — Lu weakly in
LY(X, o) as n — o0, which implies that (Apu :=t,,t (T (tm,, )u—u) — Lu)pen is uniformly bounded in
LY(X, vs). We claim that (JA,ulP),en is uniformly integrable. To this aim, we introduce the function
¢ :[0,400) — [0, 4+00) defined by ¢(t) := t9/P. Since ¢ > p we have

and

sup/ o(|ApulP)dve = sup/ A u|Tdves < +o0.
neNJ X neNJ X

Then, from [5, Theorem 4.5.9] the claim follows. We are almost done. Further, from the Egoroff
Theorem (see e.g. [5, Theorem 2.2.1]) we know that for any § > 0 there exists a Borel set Xs C X
such that veo(X \ X5) < § and A,u — 0 as n — oo uniformly on X;s. Let us fix ¢ > 0. Since
(1A, u|P)pen is uniformly integrable, there exists 6 > 0 such that

/ [ApulPdre, <e, neN, (3.8)
E
for any Borel set £ C X such that vo(F) < 6. Then,
/ AyulPdya, = / AnulPdva + / ApulPdva, (3.9)
b's X\ X5 Xs

By taking the limsup as n — oo in both the sides of (3.9), by (3.8) and dominated convergence
theorem we deduce that

limsup/ |ApulPdre < e.
X

n—oo

The arbitrariness of € > 0 implies that

lim / |ApulPdre = 0.
X

n—oo
Therefore, we have shown that for any sequence (t,,) of positive numbers decreasing to 0 there exists
a subsequence (tn,, ) C (tm) such that ¢! (Tp(tm, )u —u) — Lu — 0 in LP(X,vy) as n — co. This
gives t "1 (T(t)u —u) — 0 in LP(X,vs) as t — 0, which implies that u € D(L,) and Lyu = Lu for any
p> 2. O

14



Remark 3.9. For any p € [2,400) we have D(L,) C D(L) and for any u € D(L,) it follows that
L,u = Lu. Indeed, for any v € D(L,) we have

[t (T (t)u — ) = Lpullrz(x .y =1t (Tp(E)u — u) — Lyullr(x,.)
(Voo (X)) PP (Ty (H)u — 1) — LyullLe(x.pay — O,

as t — 0. Hence, u € D(L) and Lu = Lyu.

4 Analyticity of the semigroup associated to L,

We want to show that L is sectorial in LP(X, vy,) for any p € (1,400), i.e., (T,(t))i>0 is an analytic
semigroup on the sector Xg, := {re’® : 7 > 0,|¢| < 6,}, where

(p —2)2 + p2y?

2v/p—1 ’

To this aim we follow the approach of [25, Section 3]. We introduce the following spaces of functions.

cotg(fy) = 7= B = B cm)- (4.1)

Definition 4.1. For any p € (1, +00) we set L{.(X, Vo) 1= LP(X, vo0) +1 LP (X, Vo) with dual product
(f,g9) = fX fgdvs for any f € LP(X,vy) and g € Lp/(X, Vo). For any k € N U {oco} we denote by
ﬂ%f7@(X; C) the functions f = w + v such that u,v € ﬂ%]g’@(X).

We consider the operator Lg, on D(Lg) := D(Lp) +iD(L,) endowed with the complexified norm
of D(Ly), defined by LS f := Lyu + iLyv, where f :=u+iv € D(L}).

Remark 4.2. Tt is not hard to prove that all the results in Section 2 and Section 3 can be extended
by complexification to the complex case.

Remark 4.3. For any p € (1,400) and any f € Lg(X,vs), with respect to the duality pairing
(f,9) = [x f9dvee, we have Of = {|| fI|Z7Pf*} with f* := f[f[P~2, with f* = 0 at those point where
f =0, where 9f is the duality set of f in L(X, vu).

For any 6 € [0, 7/2) we set Cy := cotg(f). We want to apply the following proposition, which is an
adaptation of [25, Proposition 3.2] to our situation.

Proposition 4.4. Let & be a densely defined operator on LP(X,vs) and assume that 1 € p(f).
Then, the following are equivalent:

(i) < generates an analytic Co-semigroup on LP (X, vy) which is contractive on Xg;

(i) for any f € D(«/) we have

‘Im (/X dff*duoo)‘ < —CyRe (/X gfff*dyoo) . (4.2)

Remark 4.5. For any f € ﬁ‘@”i’@(X; C) and p > 2 we have

Duf* =Du(fIfI"=2) = |fI"*Duf + (p = 2)|f """ f(Dru + Duv),

where f = u + iv. Hence, Dy f* is well defined and bounded.

Finally, we recall [25, Lemma 3.3], which is obtained by repeating the computations of [8, Lemma
5].

15



Lemma 4.6. For any f € 33‘5;7@(X;(C) and any p € [2,+00) we have

—Re[BDy f,Duf*lg = —Re[B*Dy f,Du f*]u

=S\ (0~ VIRe(T D Nl + [1n(FDi 1)) (13)

and
(B, Dufln =1~ | (B+ 31 ) 70w ). ReFDu )] (1.4
Im[B*Dy f, Dy f g = pl fIP~* [(B* + ;IH> Im(fDHf)7Re(fDHf):| : (4.5)

Following the arguments of [25, Theorem 3.4] we obtain the analyticity of the semigroup (7T}, (¢)):>0
for any p € (1, 400).

Proposition 4.7. (T},(t)):>0 is analytic in L (X, vs) on the sector Xy, .

Proof. We show that Proposition 4.4(i7) is satisfied with & = L, and 6 = 6,. To begin with, the
positivity of (T),(t))¢>0 implies that 1 € p(L,) for any p € (1,400). At first we consider p € [2, +00)
and then we deal with the case p € (1,2).

Step 1. Let p € [2,400) and let f € 9’%57@()(;@). From Proposition 3.8 and Remark 4.2 it
follows that f € D(LS). We set

a:=|Re(fDu f)lg, b:=|Im(fDuf)|n.

From (4.3) we infer that

1
~Re[BDy f, Dy f*lu = Qw’*4 ((p—1)a* +b?). (4.6)
Since B + B* = —Iy we easily get
2
1 1 1 1 1 1
B+ =Iy = ’B - _B* =92+ ( - ) , (4.7)
‘ 2 7 ey 12 2 ey 4 2 p
where 7 has been introduced in (4.1). The Cauchy-Schwarz inequality and (4.4) give
Im[BDy f, Dy f*]u| <|f|P~*Co,ab\/p — 1. (4.8)

Thanks to the Young’s inequality 2aby/p — 1 < (p — 1)a? + b? we deduce that
1
Tm[BDy f, Dy f* 1| §§|f|”’409p ((p — 1)a® +b*) = —~Re[BDy f, D f*]u. (4.9)

Then, from Remark 3.9 and (4.9) we infer

) [ 700) | o 1)

<- Cgp/ Re[BDu f, Dy f*ludve = —Co, Re </ Lff*dz/oo>
X X

— — Cy, Re (/X Lpff*dyoo) .

Hence, Proposition 4.4(é7) holds true for any f € ﬁ%i@(X; C). For a generic f = u+iv € D(L5) let
us consider a sequence (f, := up +iv,) C ﬁ‘ﬁi@(X; C) such that u, — and v, — v in W5 (X, vs).
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This sequence exists thanks to Remark 2.19, to Proposition 3.9 (since D(L,) € D(L) C W5*(X, vao))
and thanks to Remark 4.2. Further, from Remark 4.5 it follows that f* € W (X, vs) for any m € N.
In particular, for any m € N we have

. _ . * ok : 2
Jim fa=f lm fr=f7 in L(X, veo), (4.10)
lim Re[BDp fn, Du fr]n = Re[BDu f, Du frln,  in (X, vs), (4.11)
lim 1m(BDp fn, Dy fr)im = 1m[BDp f, Dy frlu,  in L*(X, vs0). (4.12)

Therefore, from Proposition 3.9, (4.9), (4.10), (4.11) and (4.12) we get

’Im ( /X Lpff*dum)‘ = lim ’Im ( /X Lff;zduoo> ‘ = tim ‘Im < /X (BDyf, Dy f;:L]deOO) ‘

lim lim ‘Im </ [BDan,DHf;;]HdVOO)‘
X

m—+o00 n—-+o0o

IA

m——+oo n—-+oo

—Cp, lim  lim Re[BDy fr, Du fh]Hdveo
X

—C@p lim RQ[BDHf7 DHf;z]HdVOO
X

m——+0o0
=—Cy, lim Re (/ Lff;;;dyoo) = —Cy,Re (/ Lff*duoo>
m——+00 X X

— — Cy,Re (/ Lpff*duoo> .
X

This shows that Proposition 4.4(i¢) holds true for any f € D(Lg) for any p € [2, 4+00).

Step 2. Let p € (1,2) and let f € ﬁ%%’,,@(){). Then, if we set ¢ = f*, we have g € Lp/(X, Voo)
with p’ € (2,400), g* = f and therefore

/X Loffdve = /X Lff*dve = /X (BDyf, Dit f*)svee = /X B*Dyrg, Durg’)rdvec.

Arguing as in the first part of Step 1 and by applying (4.5) with f replaced by g we infer that

‘Im (/X Lpff*dzzoo>‘ <= —Cy, Re (/X Lpff*dz/oo).

Let f € D(LS) and let us set again g := f*. Approximating g with a sequence (g,) C 9‘5;@()(; C)
we can repeat the argument of the second part of Step 1, and therefore we get

* _ *dy (C-
’Im(/XLpfdeOONS C@pRe(/XLpffdoo>, feD(L,)

This concludes the proof. O

5 Example
In this subsection we provide an example of operators A and ) which satisfy Hypotheses 2.1, 2.3
and 2.8. Let X := L?(0,1), let A be the realization of the Laplace operator in L*(0,1) with domain

W22((0,1),de)NWy*((0,1),d€) and let Q : W — X be the covariance operator of the Wiener measure
on X, i.e.,

Qf () = / min{z, g} f(y)dy, = € (0,1),
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for any f € L2(0,1) (see e.g. [30]). It is well known that A is self-adjoint and that ey = v/2sin(kx),
k € N, is an orthonormal basis of L2((0,1), d€) of eigenvectors of A with corresponding eigenvalues
A\ = —k?m%. We denote by (e!4);>0 the semigroup generated by A. (¢!);> is analytic on L2((0, 1), d€)

and etey = e‘kzﬂztek for any k& € N. Then, it is not hard to see that for any smooth function f we
have
sA —K? 9 1 (_1)k+1
(Qe*” f)(z \fz ” (f,V2sin(km-))y 2 e sin(kmzx) + R
k=1
Moreover,
1
(e Qe f) (z \fz —2k*n S(f,V2sin(km-)) 2 25 sin(kmz)
k=1
e 24202 —1)k+1
+2 Z e~ (K HiT)m 5<f,\/§Sin(k7T~)>L2T<LL',\/isin(jﬂ'-»Lz sin(jmz)
s
k,j=1

_\fz —2K s (/2 sin(kr))pe k:17r? sin(krz)

( 1)k+j+2

kjm?

F2VB S T B in(r )

k,j=1

sin(jrz).

Integrating between 0 and ¢ we get
—2k%7%¢

Qo) f(=) =\/§Z<f, €k)L? 1_26# sin(kmx)
k=1

(_l)k‘+j+2(1 _ 6,(k2+j2)ﬂ_2t)
PR

+ 2\[2 Z <fv ek>L2

k.j=1

sin(jrx).

Proposition 5.1. @ is a trace class operator for any t > 0, Q; — Qoo in the operator norm and
Qo 1s a trace class operator, where

(71)k+j+2 o
o0 ’ 2 ) T /79 . o\ A
Qoo f(x) =V2 Z foen)ip g sin(kma) + 22 kal Frexlue oy Sinlime)
3V2 1 —ktitz
- (f,ex)L2 2o 7 Sin(kmr) +2\[Z frer)n Msm(gwx).
k=1 j#k

Proof. We have

4.4
k::l 2 k=1 kim
and
- 3V2 = 1
; Qooekaek L2 _T; k471'4 < 400

Finally, let us take U : X — R defined by

1
- /0 f(&)2de. feX.

Further, from [6, Subection 7.1] we infer that U € W}{’p(X, lioo) for any p € (1, +00). Hence, the
Ornstein-Uhlenbeck operator L, is sectorial in L”(L*(0,1), e~ uo,) for any p € (1, +00).
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