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Abstract

We establish the short-time existence of a smooth solution to the surface diffu-

sion equation with an elastic term and without an additional curvature regularization
in three space dimensions. We also prove the asymptotic stability of strictly stable
stationary sets.
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1. Introduction

Morphological evolution of strained elastic solids, driven by stress and sur-

face mass transport occurs in many physical systems. One instance is the hetero-
epitaxial growth of elastic films when a lattice mismatch between film and substrate

is

present. Another example is given by the phase separation in several small con-

nected phases within a common elastic body, which takes place in certain alloys
under specific temperature conditions. A third situation is represented by the nu-
cleation and evolution of material voids inside a stressed elastic solid. From the
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mathematical point of view, such phenomena are related to a free energy functional,
which is typically given by the sum of the stored elastic energy and the surface en-
ergy accounting for the surface tension along the interface between the phases. In
this context the equilibria are identified with the local or global minimizers under
a volume constraint of the aforementioned energy.

All these variational problems can be regarded as non-local isoperimetric prob-
lems, where the non-locality is given by the elastic term. They are very well studied
in the physical and numerical literature, see for instance [26,29,40-42]. Concerning
rigorous mathematical analysis, we refer to [6,8,10,17,21,25,28] for some exis-
tence, regularity and stability results related to a variational model describing the
equilibrium configurations of two-dimensional epitaxially strained elastic films,
and to [9, 16] for results in three-dimensions. A hierarchy of variational principles
to describe equilibrium shapes in the aforementioned contexts has been introduced
in [30].

In what follows we consider the following prototypical energy:

J(F) := 1/ CE(up) : E(up)dx + H*(dF). (1.1)
2 Javr

The associated minimum problem under a volume constraint can be used to describe
the equilibrium shapes of voids in elastically stressed solids (see for instance [41]).
Here, the set F CC 2 represents the shape of the void that has formed within
the elastic body €2 (an open subset of R?), ur stands for the equilibrium elastic
displacement in 2\ F' subject to a prescribed boundary conditions ur = wg on
02 (see (2.12) below), C is the elasticity tensor of the (linearly) elastic material,
E(up) := (Dur + DTuF)/Z denotes the elastic strain of ur, and 2 stands for
the surface measure. The presence of a nontrivial Dirichlet boundary condition
ur = wo on 92 is what causes the solid Q\ F' to be elastically stressed. We refer
to [15,20] for related existence, regularity and stability results in two dimensions.
See also [11] for a relaxation result valid in all dimensions for a variant of (1.1).

In this paper we study the morphological evolution of shapes towards equilib-
ria of the functional (1.1), driven by stress and surface diffusion. Assuming that
relaxation to equilibrium in the bulk occurs at a much faster time scale, see [38],
we have, according to the Einstein—Nernst equation, that the evolution is governed
by the following volume preserving law:

Vi = Ayr e on dF;, (1.2)

where V; denotes the outer normal velocity of the evolving surface d F; at time 7 and
Ay F, s stands for the Laplace—Beltrami operator acting on the chemical potential
wu; along 0 F;. In turn, since u; is given by the first variation of the free-energy
functional 7 evaluated at F; and taking into account (2.14) below, (1.2) reads as

Vi = Aok, (HF, — Q(E(up,))), (1.3)

where HF, is the sum of the principal curvatures of d F;, with the orientation given
by the outer normal, u r, is the elastic equilibrium in Q\ F; subject to u , = wop on
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0Q2 and Q(E(ufp,)) = %(CE(uE) : E(ur,). Note that the last quantitity involves
the traces of the gradient of the elastic equilibrium on the evolving boundary.

From the mathematical point of view, (1.3) is a fourth order geometric parabolic
equation coupled with the elliptic Lamé system, which is solved time by time in
the (evolving) bulk. Note also that when wy = 0 the elastic term vanishes and thus
(1.3) reduces to the pure surface diffusion flow

Vi = Ayr HF, (1.4)

for evolving surfaces, studied in [19] (in the general n-dimensional case). Thus, we
may also regard (1.3) as a sort of canonical nonlocal perturbation of (1.4) by an
additive elastic contribution.

As observed already by CAHN and TAYLOR [14] for (1.4), the Equation (1.3)
can be seen formally as the gradient flow of the energy functional 7 with respect
to a suitable Riemannian metric of H ™! -type, see for instance [24, Remark 3.1].

Let us mention that in the physical literature a variant of the energy (1.1) with
a curvature regularization term has also been considered, see [3,12,18,31,40,41].
This in turn leads to a variant of (1.3) with a sixth order regularization term. In
particular, in [23] the regularized energy

1 €
To(F) ::-/ CE(MF):E(MF)dx+/ (1+—|HF|P)dH2
2 Javr aF p
and the associated evolution equation
Vi = Ao [Hr, — QE@r)) = &(Aok (HE 1" Hp)

_|Hpr|P—2HFt<pTTIH%, _ZKGF’)>] (1.5)

are considered in the context of periodic graphs modeling the evolutions of epi-
taxially strained elastic films (see also [22] for the two-dimensional version of the
same equation). Here K r, stands for the Gaussian curvature of dF;, ¢ > Ois a
small parameter, and p > 2. The local-in-time existence and the asymptotic sta-
bility results proven in [23] (see also [22,39]) rely heavily on the presence of the
curvature regularization, which makes the elastic contribution a lower order term
easily controlled by the sixth order leading terms of the equation. In fact, all the
estimates provided there are e-dependent and degenerate as ¢ — 0. This is not
surprising as the nonlocal elastic term in (1.1) cannot be treated simply as a lower
order perturbation of the perimeter, as shown by the fact that its presence may lead
to formation of singularities in the static case (see [25] and references therein), and
the numerical analysis in [41] suggests that in the evolutionary case the flow may
form cusp-like singularities. Thus the case ¢ = 0 requires completely different
methods.

A first breakthrough in this direction has been obtained in [24], where short
time existence result for (1.3) was proved in the two-dimensional case. In [24]
we also proved the asymptotic stability of strictly stable stationary sets. However,
the techniques developed there cannot be applied to higher dimensions, as some
of the crucial estimates rely on the fact that an L2-bound of the curvature of the
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evolving curves provides uniform C'®-bounds. This is of course no longer true in
higher dimensions. Moreover, the higher dimensional case is of course much more
involved from the geometric point of view.

In this paper we are able to address Equation (1.3) in the physical three-
dimensional case and we establish short time existence and uniqueness of a solution
starting from sufficiently regular initial sets, see Theorem 4.4. We highlight that
Theorem 4.4 provides also quantitative estimates of the k-th order derivatives of
the solution depending only on the H3-norm of the initial datum, somewhat in the
spirit of those proved in [32]. We also remark that in general one cannot expect
global-in-time existence. Indeed, even when no elasticity is present, singularities
such as pinching may develop in finite time, see for instance [27].

In the second main result of the paper we establish global-in-time existence and
study the long-time behavior for a class of initial data: we show that strictly stable
stationary sets, that is, sets G that are stationary for the energy functional J and
with positive second variation 327 (G) are exponentially stable for the flow (1.3).
More precisely, if the initial set Fy is sufficiently close in H? to the strictly stable
set G and has the same volume, then the flow (1.3) starting from Fj exists for all
times and converges to G exponentially fast in C* for every k as 1 — +o0, see
Theorem 5.1 for the precise statement.

A few comments on the proofs are in order. Concerning short-time existence, as
in [24] our strategy is based on the natural idea of thinking of the elastic contribution
Q as a forcing term. More precisely, we set up a fixed point argument on the map
fr= Q(E(u th)), where th is the solution to the forced flow

Vi = Nor, (HF, — f). (1.6)

Major technical difficulties originate from the already mentioned fact that the non-
local elastic term is not in general lower order with respect to the perimeter. One
of the main technical breakthroughs obtained in the present paper is a new deli-
cate elliptic estimate on the higher order derivatives of Q(E (uf,)) in terms of the
higher order norms of the evolving boundaries d Fy, see Theorem 4.1. The crucial
and somewhat surprising point of this result is the linear structure of the estimate,
which allows us to show that the map f — Q(E(u th)) is a contraction.

Concerning the asymptotic stability analysis, we adapt to the present situation
the methods developed in [1] for the surface diffusion flow without elasticity (see
also [24]). The rough idea is to look at the asymptotic behavior of the map

e /aF [Vor, (Hr, = Q(E(ur,)|” aH,

where Vj r, stands for the tangential gradient on 0 F;, and to show thatitis decreasing
and that in fact it vanishes with exponential rate as t — +00. A crucial role in this
analysis is played by the energy identity proven in Proposition 5.3 and by the
estimates on the flow provided by Theorem 4.4. Let us remark that such estimates
allow us also to considerably simplify the arguments of [1] and to obtain stronger
asymptotic convergence results.
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This paper is organized as follows. In Section 2 we set up the problem, introduce
the main notation and present some differential geometry preliminaries that will be
useful in the subsequent analysis. We also collect several auxiliary results concern-
ing the energy functional 7 in (1.1). In particular, we describe some properties of
strictly stable stationary sets that are crucial for the asymptotic stability analysis
carried out in Section 5. Section 3 is devoted to the study of (1.6), while the short-
time existence theory for the flow (1.3) is addressed in Section 4. In Section 6 we
briefly illustrate how to apply our main existence and asymptotic stability results in
the case of evolving periodic graphs, that is in the geometric setting considered in
[23]. In particular, in Theorem 6.1 we address the exponential asymptotic stability
of flat configurations, thus extending to the evolutionary setting the results of [9].
In the final “Appendix” we collect the proofs of two technical lemmas and provide
the derivation of the energy identity stated in Proposition 5.3.

From a technical point of view the three dimensions enter in a crucial way via
the Sobolev embedding and affect the regularity of the space where the fixed point
argument is set. It would be probably possible to extend the methods to higher
dimensions at the expense of setting the problem in more regular spaces which in
turn would require to differentiate the equation more and more as the dimension
increases.

We conclude this introduction by mentioning that it would be interesting to
investigate whether the flow (1.5) studied in [23] converge to (1.3) as e — 0. This
issue could be probably addressed by adapting the methods developed in [7].

2. Preliminaries

2.1. Geometric Preliminaries

In this section we introduce notation related to Riemannian geometry. As an
introduction to the topic we refer to [4,34]. Let ¥ C R” be a smooth (n — 1)-
dimensional compact hypersurface without boundary. Since ¥ is embedded in R”
it has a natural metric, denoted by g, induced by the Euclidean metric. We thus have
a Riemannian manifold (X, g) and we denote the inner product for vector fields
X,Yas(X,Y)

(X,Y)=g(X,Y)=g;X'V/,

where the last expression is in local coordinates. Throughout the paper we adopt the
Einstein summation convention. Similarly we define the inner product of covector
fields w, n, which in local coordinates can be written as

(., 1) = g”winj,

where g'/ is the inverse matrix of g;;. The inner product extends to (’6) -tensor fields
T=T,.andS=S5j..j as

<Ta S) = giljl o 'gikjknl"'iksj|~'~jk~
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The norm of a tensor 7 is then |T| = 4/(T, T') and we have the inequality (T, S) <
|T|S]. Given a ( o)-tensor field 7' we raise the first index by T .. = = gy,

and thus we obtain a (k ) -tensor field. We may thus write the above inner product
as

(T, $) = TIks

The trace of a (g)—tensor field T, with k = 2, on the first two indeces is tr T =
' Ty,

We denote the Riemannian connectionon (X, g) by Vand VAT = V;, -V, T
means the k-th covariant derivative of a tensor field 7. There is a slight danger of
confusion, since V* f also denotes the k-th component of the gradient of a function
f defined by raising the index of V f as V¥ f = gk'V; f. However, the meaning of
V¥ £ will be clear from the context. We also recall that V is compatible with the
metric g which means that Vg = 0.

In local coordinates the components of the covariant derivative of a vector field
X = X' and of a covector field @ = wy are

ax!
oxs

do
+T%X5  and Vi = — o,

VXl =
J 8x

where I’l].‘j are the Christoffel symbols given in local coordinates by

1 dgji | 081 08ij
k kl J ! J
Fij —— <_ + .

2° \oxi " axi  axl

The covariant derivative of a (£)-tensor field 7 = T s thus a (“T1)-tensor field
which in local coordinates can be written as

Jiei
V T]l i — ll ik 2 T]l"'P"']ll—w]i § le i

ip--ig iyl i1---p-ig mt3

The divergence of a vector field X’ is div X = V; X/ = %f; + F’ X* and the
Laplace—Beltrami of a function f is

Af =divVf =V, Vi f.
This can be written as the trace of the covariant Hessian V2 f as
Af =uV2f=giv,v;f.

We recall the divergence theorem for compact manifolds (without boundary), which
states that for a vector field X on X it holds that

/ divXdH" ' =0
by
This yields the integration by parts formula for a function f and a vector field X

/Xiv,-de"*lz—/ fdivx dH" "
x )
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The integration by parts formula generalizes to any (g)—tensor field T and (kgl)—
tensor field S as

/(VT, SydH" ! = —/ (T, tr VS)dH" !, (2.1)
) )

where the trace is on the first two indeces of V.
The Riemann curvature endomorhpism is a G)-tensor field Rf ik
that for vector fields X, Y, Z we have

defined such
R(X,Y)Z =VxVyZ —VyVxZ — Vix v1Z,
where Vy is the covariant derivative in direction of X and V|x yj is the Lie bracket,

see [4, Definition 2.15]. We adopt the convention to define the Riemann curvature
tensor by lowering the index to the end, thatis, R;jx; = gim RZ’ - The commutation

formula of the covariant derivatives for a vector field X* thus becomes
ViV X5 —V; Vi X% = ¢ Rijim X', (2.2)
and for a covector field wy,
ViVjwp — V;Viwy = —gmlR,'jkma)z.
Similar formulas hold for the commutation of higher order covariant derivatives.

In particular, throughout the paper we will make repeated use of the fact that for
any integer k = 3 there exists a constant C > 0 such that

k—2
Vit - Vief = Vigy - Vigy 1 S C Y |V £ (2.3)
=1
for any choice of the indices i, ..., i and for any permutation o of {1, ..., k}.

We recall also that V;V; f = V;V; f forany i, j.
Given a positive integer k and p € [1, oo] we denote by W7 (%) the Sobolev
space endowed with the norm

k 1

V4

||f||wk,p(2) = E (/E|me|PdHnl> i
m=0

when p € [1, o0) and the obvious one when p = oo. Here V" f stands for the
m-th covariant derivative of f. As customary, when p = 2 we shall always write
H* instead of WX-2. We further define the norms I fllckacsys I I grsir2(sy and
| fllg-172(x) with k € Nand a € (0, 1), in a standard way using the partition of
unity. Then the standard embedding theorems for smooth domains hold also in these
spaces. Moreover, we recall the following well known interpolation inequalities,
see [35, Proposition 6.5] and [5, Theorem 3.70].
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Lemma 2.1. Let ¥ C R" be a smooth (n — 1)-dimensional compact manifold
without boundary. Let [, m, k be integers such that 0 < 1 < m, k =2 0, 1 <
q,r < o0. There exists a constant C with the following property: for every smooth
covariant tensor T of order k, one has

IV T o) S CUT Wme sy I T 1 ol (2.4)

where

R

forall 9 € [l/m, 1) for which p is nonnegative. Moreover, if f is a smooth function
then

IV Fllee) S CIV™ £ )1 f oty
forall © € [I/m, 1) for which p is nonnegative, provided | = 1.
Remark 2.2. Note that (2.4) implies also that
IV'TlLrcsy £ C”VmT”Lr(E)”T”Lq():) + CIIT |l pwaxiar) (5 -
To see this it is enough to observe that || T [|wm.r sy = [IT [lyym-1.r(x)+ IV TlLr (z)
and that, in turn, for every / = 1, ..., m — 1 using (2.4) and Young’s Inequality
one gets
IV'Tllzr(z) < el T llwmrcs) + Cell Tl ).
We also recall that the Morrey’s inequality implies

Ifllcreacs) = Cllfllwer (s

forp>n—landa=1—m—1)/p.
We will also need the following result, (see the proof of [5, Theorem 4.19]).

Lemma 2.3. Let f be a smooth function on ¥ and let k be a positive integer. There
is a constant C, which depends on k and 2, such that

IV Fli72s) < / (A AR 4 Cl f e s, (2.5)
and

IV f 7o) < / VAP AR+ CILf 1 5y (2.6)
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Proof. We only proof (2.5) in the cases k = 1, 2, since the higher order cases and
(2.6) are analogous. Recall that Ricci tensor is given by R, = g'*R; jmk- Thus
from (2.2), with X equal to the covariant gradient of f and taking k = i, we get

ViV;Vif —V;Af =RyV'f.

We multiply the above equality by V/ f and use the integration by parts formula
(2.1) to obtain

—/ V,-vffvjv"de"—l+/(Af)2dH"—1 =/ RV f VI fdH "

b > by

This yields the claim since (recall that for any given function f, V;V; f = V;V; f)
ViVIfVVif =ViIVIfVVf = |V2f2

The argument in the case k = 2 is similar but more technical. We have by the
previous statement that

/ A2 am 2 / V2ALR AR = CIf -
= =
Hence, we need to prove that
[varpanetz [9 P @0 = Cltlag, @)
First, by the integration by parts formula (2.1) we have

/ IV2AF |2 dH ! =/(vaf'vkka) (ViV; V'V fydH!
b)) p))
= _/ (ViVIVIViVvE £) (Vv f) dH L
)
Then, using (2.3), we obtain

/EIVZAfIZdH”" > —/E(vkv,-vivakf) (VL AR = Ol s g,

- —fE(ViVjV"f) (ViVeV VIV ) dH = ClLf s g

where the last equality follows by integration by parts. We proceed using formula
(2.3) again and integration by parts to deduce

/ V2AfR a2 - / (VIVIVA ) (V9,9 VL) AH = Ol f g
) D)
- / (ViVIVIVIVE ) (V99 ) dH = ClLf s g,
)

> — / (ViVIVIVEY ) (Vv £ dH T = ClL f s
)

=/2(ViVjV"Vlf) (ViViVeV ) AR = ClL f I 5

Thus we have (2.7), since (VIV/VAV! £) (V;V; ViV, f) = VA 12 O
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Remark 2.4. In the case k = 1 we have a more precise version of Lemma 2.3 for
hypersurfaces. It is clear that the proof of Lemma 2.3 implies that

f|v2f|2dH"‘1 éf(Af)de”‘1+(x/m+l)f BRIV /PP dH"
) ) )

where B denotes the (scalar) second fundamental form (see [34] for definition).
This follows from the fact that we may estimate the Ricci curvature by |Ric| <

(v/n—1+1)|BJ%.

Remark 2.5. Using Lemma 2.1 we may write the statement of Lemma 2.3 in the
following way: for every ¢ > 0 there exists C; > 0 such that

1 sy S (1) [ (4 P2AH +Col iy,
and
1 131 gy < (1 +e>/Z VSO AH + Cell fllax) -

Indeed, this follows by the interpolation inequality together with standard Young’s
inequality

IV flli2csy S CIV I 1 2
eV fllres) + C@ONSf s
forevery ] I < h—1and 6 = 6(h,l) is given by Lemma 2.1.

For clarity we denote the standard inner product between two vectors x, y in
R" as x - y and the differential of the map F' : R* — R” by DF to distinguish
them from the inner product on manifold and from the covariant derivative. There
is, however, a possibility of confusion when we denote the divergence of a vector
field X : R" — R” by div X, since “div” also denotes the divergence of a vector
field on manifold. We will denote the divergence of a vector field on the manifold
(X, g) by divg and in R" by divgn if this is not clear from the context.

When the manifold X is given by a boundary of a smooth bounded set ' C R”
it has a natural orientation and we denote by v the unit outer normal. In this case
we may extend the definition of divergence on X to vector fields which have values
inR".Let X : U — R” be a smooth vector field, where U is an open neighborhood
of ¥. We define the tangential divergence of X on d F by

div; X :=divX — (DXvp, vp).
The divergence theorem states that

/diVTXdHH:/ Hp (X -vp)dH"™ 1,
oF oF

where Hf denotes the sum of the principal curvatures of d F'. We denote the second
fundamental form of 9 F by Bp, which in our case is a symmetric (S)-tensor (or
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equivalently a symmetric matrix). Finally we may project a vector field X : U —
R” to the tangent space of 9 F by

X-[ Z=X—(X~UF)UF. (28)

Then X, canonically defines a vector field on (0 F, g) and we denote by div, X,
its divergence. For a given function u : U — R we define the tangential gradient
on X = dF as the projection of its gradient Du

D.u := (Du)x. 2.9)

The tangential gradient and the covariant gradient are canonically isomorphic. In
particular, it holds

IVu(x)lg = |Dru(x)|  for x € %, (2.10)

where | - |; denotes the norm given by the metric tensor g, and | - | is the length of
a vector in R”.

2.2. The Energy Functional

In this section we introduce the energy functional that underlies the flow. We also
introduce the proper notions of stationary points and stability that will be needed
in the study of the long-time behavior of the flow. As explained in the introduction,
the free energy functional is the sum of the perimeter and of a bulk elastic term.
Throughout the paper  will denote a fixed bounded open set of R3 with Lipschitz
boundary.

Concerning the elastic part, for F CC €2 and for an elastic displacement u :
Q\F — R3? we denote by E(u) the symmetric part of Du, that is, E(u) :=
%D")T. In what follows, C stands for the elasticity tensor acting on 3 x 3-
matrices, such that CA = 1C(A + AT) and CA is symmetric for all 3 x 3-matrices
A. Moreover, CA : A > 0if A is symmetric and A # 0. Finally we shall denote
by Q(A) = %CA : A the elastic energy density.

We are now ready to write the energy functional. For a fixed boundary displace-

ment wy € H%(SQ), we set
J(F) = Q(E(ur))dx +H>(F), (2.11)
Q\F

where u r is the elastic equilibrium satisfying the Dirichlet boundary condition wg
on a fixed relatively open subset dp2 C 9<2. More precisely, ur is the unique
solution in H'(Q\ F; R3) of the following elliptic system:

divCE(ur) =0 in Q\F,
CE(p)[vk]=0 ondF U (ORQ\pR), (2.12)
Up = wo on dp<2.

Note that by the second condition for every x € 9F the vector CE(ur)(x)[e]
belongs to the tangent space of d F at x for every vector e.
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Next, we provide the first and the second variation formulas for (2.11). To this
aim, for any vector field X € C!(R*; R?), let (®;),¢(~1.1) be the associated flow,
that is the solution of

(@)
a ” (2.13)

b9 = 1d.

The first and the second variation of the functional (2.11) are stated in the following
theorem. Recall that Hr denotes the sum of the principal curvatures and Br the
second fundamental form of 0 F. Sometimes, with a slight abuse of terminology,
we will refer to Hr as the mean curvature of 0 F'.

Theorem 2.6. Let F CC 2 be a smooth set, X € Cg (2: R?) and let (P)re-1,1)
be the associated flow as in (2.13). Set ¥ := X - vp on OF and let X; be as in
(2.8). Then,

d
—J(¢:(F))| =/ (Hp — Q(E(up))y dH>. (2.14)
dr 1=0 aF

If in addition divgr X = 0 in a neighborhood of 0 F we have

2

d
32 @) =/ |vw|2—|BF|2w2dH2—2/ Q(E (uy)) dx
t OF Q\F

=0

- / Bup (QE(up) ¥ dH>
oF
- fa (Hr = Q) div (X 41 2.15)

where the function uy is the unique solution in HY(Q\F; R3), with uy = 0on
ap, of

/ (CE(u]/,):E(cp)dxz—/ dive (Y CE(up)) - 9dH?>  (2.16)
Q\F aF

forall g € HY(Q\F; R?) such that ¢ = 0 on dp<.

Formulas (2.14) and (2.15) have been derived in [9] when F is the subgraph of a
periodic function. The very same calculations apply to the more general situation
considered here.

Throughout the paper we fix a smooth reference set G CC 2 and define the
reference manifold as (X, g), where ¥ = 9G and g is the metric induced by the
Euclidean metric in R3. We denote the outer normal of G simply by v. For every
n > 0 we denote

Ny(D) == {x e R*: |dg(x)| < n},

where dg denotes the signed distance function of G. Denote also r the orthogonal
projection on the boundary of G. Since G is smooth,

there exists 79 > 0 such that dg and 7 are smooth in ./\/2,,0(2). 2.17)
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We denote by f)’l‘w(Z) the following class of sets, whose boundary is a suitable
normal graph over X. Precisely, for any integer k = 1 and M > 0 we say

Febh, () if 9F = (x + hr(x)v(x) 1 x € £} C Ny (T)
with ||hp | ges) < M. (2.18)

In particular, by Morrey embedding any set in bi,, (X)isC 1 *“-diffeomorphic to the
reference set G for every o € (0, 1). The space b];;I“(Z), a € (0,1), is defined
similarly in terms of the C*%-norm of the function /.

Let Gy,..., G, be the bounded open sets enclosed by the connected compo-
nents I'G 1,..., ['G,m of the boundary dG. Note that the G;’s are not in general the
connected components of G and it may happen that G; C G for some i # j.If
F e [ﬁw(E), then F is C 1-diffeomorphic to G and thus 0 F has the same number
m of connected components I'r 1,..., 'r », which can be numbered in such a way
that

I'ei={x+hrx)v(x): x € Tg,}, (2.19)

for a suitable ip € H3(Z). The boundaries I r.i then enclose the sets F;, which in
turn are diffeomorpic to G;.
We are interested in area preserving variations, in the following sense:

Definition 2.7. Let F CC Q2 be asmooth set. Given a vector field X € C2°(; R3),
we say that the associated flow (®;);e(—1,1) is admissible for F if there exists
go € (0, 1) such that

|®;(F;)| = |F;| fort e (—ep,g0)andi =1,...,m.

Remark 2.8. Note that if the flow associated with X is admissible in the sense of
the previous definition, then fori = 1, ..., m we have

/ X -vpdH' =0.
Cri

In view of this remark it is convenient to introduce the space H'(d F) consisting of
all functions v € H 1 (0 F) with zero average on each component of d F, that is,

f Wdleo forevery i =1,...,m.
Cri

Any admissible vector field X thus defines a function ¥ € H'(OF). Conversely,
given ¥ € HY(3F) N C®(dF) it is possible to construct a sequence of vector
fields X, € C2°(Q; R2), with divgs X,, = 0 in a neighborhood of F, such that
X, - vp —> Y in C! (0 F), see [2, Proof of Corollary 3.4] for the details. Note that
in particular the flows associated with X, are admissible.

Definition 2.9. Let F CC Q be a set of class C2. We say that F is stationary if
Lr@ry =0
dt ! |1:0 N

for all admissible flows in the sense of Definition 2.7.
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Remark 2.10. By Remark 2.8 and in view of (2.14) it follows that a set F CC Q2
of class C? is stationary if and only if there exist constants Ay, ..., A, such that

Hp — Q(E(up)) =2%; onI'g;

foreveryi = 1, ..., m. Note that if F is a sufficiently regular (local) minimizer of
(2.11) under the constraint |F| = const., then there exists a constant A such that

Hr — Q(E(up)) =X on 0F.

Thus, our notion of stationarity differs from the usual notion of criticality just
recalled. Note that by a bootstrap argument it can be proved that a stationary set is
smooth. In fact, it can be shown that it is even analytic, see [33]. Note that if F is
stationary, then the second variation formula (2.15) reduces to

dZ
I (@F)) = / VY |* — |Br*y? dH?
dr =0 JoF
—2f Q(E(uy))dx —/ dup (Q(E (up)))y* dH?,
Q\F aF
(2.20)
where we recall that v = X - vr and uy is the function satisfying (2.16).

In view of (2.20), for any set F' CC £ of class C? it is convenient to introduce
the quadratic form 927 (F) defined on H (3 F) as

RT(F)] = f VY = |Be Py dH

o (2.21)

2 / O(E(uy)) dx — / B0 (Q(Eup)) ¥ dH2,
Q\F aF

where uy, is the unique solution of (2.16) under the Dirichlet condition uy = 0 on
dp 2. We may finally give the definition of stability for a stationary point.

Definition 2.11. Let F CC 2 be a stationary set in the sense of Definition 2.9. We
say that F is strictly stable if

PT(F)[Y]>0 forally e HY(3F)\{0). (2.22)

IE is not difficult to see that (2.22) is equivalent to the coercivity of 327 (F) on
H'(dF). More precisely, (2.22) holds if and only if there exists ¢y > 0 such that

PIENY] 2 ol 31, forall y € H'@F); (2.23)

see [9]. In turn the latter coercivity property is stable with respect to small H?3-
perturbations. More precisely, we have
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Lemma 2.12. Assume that the reference set G CC 2 is a (smooth) strictly stable
stationary set in the sense of Definition 2.11. Then, there exists oy > 0 such that
forall F € bgO(E), defined in (2.18), we have

C0 ~
IR 2 WG oy Jor all ¥ € H'DF),

where cq is the constant in (2.23).

Proof. The proof follows the argumentin [9, Proof of Theorem 5.2 and Lemma 5.3],
where the case of F being the subgraph of a periodic function is considered. Al-
though the geometric framework here is more general, we may follow exactly the
same line of argument up to the obvious changes due to the different setting. We
note that in our case we may even simplify the aforementioned proof by taking ad-
vantage of the fact that F' € b?ro (2) (while in [9] only W2 P-bounds were assumed).
Indeed, under this assumption we have that u is of class H> in a neighborhood
of ¥, with the norm estimated by a constant depending on og (see the proof of

Theorem 4.1). In turn, 9, (Q(E(ur))) € H% (0 F) with a bound depending on oy,

which is a much stronger information than the boundedness in H -3 (0 F) proven
in [9]. O

We conclude this section by showing that in a sufficiently small A -neighborhood
of G the stationary sets are isolated, once we fix the areas enclosed by the connected
components of the boundary.

Proposition 2.13. Assume that the reference set G CC 2 is a smooth strictly stable
stationary set in the sense of Definition 2.11 and let oy be the constant provided
by Lemma 2.12. There exists o1 € (0, 0¢) with the following property: Let F1,
P e hgl (), defined in (2.18), be stationary sets in the sense of Definition 2.9 and
(with the same notation as in (2.19)) assume that |F1 ;| = |Fa ;| fori =1,...,m.
Then F1 = F>.

Proof. Let F; and F, be in hgl (X), with o € (0, 09p) to be chosen, and denote the
components definedin (2.19) by F; 1, ..., F; , fori = 1, 2. We begin by construct-
ing a vector field X : M7O(Z) — R3 such that the associated flow (D)o, 1)) 18
admissible is sense of Definition 2.8 and takes the set F| to F>. More precisely, it
holds ®¢(F1) = Fy, ®1(F1) = F> and |P,(F1,;)| = | F1,i| forevery ¢ € [0, 1] and
i = 1,...,m. The construction can be done as in [37, Proposition 3.4] (see also
[24, Lemma 2.8]) in such a way that | X (x)| < 2|X (x) - vg, (x)| for x € dF; and
forall ¢+ € [0, 1], and that

AF ={x+hp)vx) :x € B} with |hg|gss) S Cop < oo,
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where the last inequality holds provided that oy is small enough with a constant
C depending only on G. Recalling (2.15), (2.21), using the Lemma 2.12 and by
integrating by parts we get

d2
G2 (@ (F) = 92T (F)IX - vE;]

— | (Hr, — Q(E(uR,))) divg((X - vg) X,) dH?
> 62—°||x v,
+ fa i (V(Hr, — Q(E(F,))), (X - vp)X¢) dH2.

2
”HI(BF,)

We denote R, := Hr, — Q(E(ur,)) and estimate the last term by (5.3), which we
will show later in the proof of Theorem 5.1, to get that there exists 6 € (0, 1) such
that

1/2
f(vzef,(X.uF,)xadeg(/ |VRZ|2dH2>
JdF; JdF;

172
x (f (X - uﬂ)xr|2dH2)
aF,

o2 12
< Cllhp 2y, (/a X - vF,|4dH2)
.

0/2
< Co{PIX VR I3a

Therefore we have, by the Sobolev embedding, that

d? €o 2 0/2 2
@j(q)t(Fl)) Z E”X - VF, ”HI(BF;) - Cal ”X * VE, ||L4(3F7)

v

] 6/2
~IX - vR Col?|IX - v,

2
H'(0F) — ”HI(BFt)

v

C() 2
Z”X : UF’”Hl(aFt)’

provided that o} is small enough.
On the other hand by the stationarity of F| and F> we have

d d
EJ(CDI(FI))’,:O = d_tj(CDt(Fl))‘,:l =0.

This means that %j(@,(ﬂ)) = 0 and therefore X - v, = 0 on 9 F; for all
t € (0, 1). Therefore t +— ®,(F) is constant and F; = F>. |
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3. Short Time Existence for the Surface Diffusion with a Forcing Term

In the following we shall assume n = 3. Given a smooth function f : ¥ x
[0, +00) — R we shall consider the following forced surface diffusion equation

Vi =Asr,(Hp, + f(.1) om) (3.1

where V; denotes the outer normal velocity of 9 F; and Ay, is the Laplace—Beltrami
operator on d F; endowed with the metric induced by the Euclidean metric. Note
that we consider a forcing term which time by time is constant along the normal
directions to X. Although this class of forcing terms is not general, this choice is
natural to obtain the existence of (1.3), where the nonlocal term is defined only on
the evolving boundary (or, in fact, on Q\ ;).

The goal in this section is to prove short time existence of a unique smooth
solution of (3.1) starting from Fp which is close to the reference set G. This will
be done in Theorem 3.1.

3.1. The Flow in Coordinates

Given a sufficiently smooth function & : ¥ — (—ng, no), where g is intro-
duced in (2.17), we denote by Fj, the bounded open set whose boundary is given
by

oF, ={x +h(x)v(x) : x € X},

where v is the outer unit normal to dG. Note that the projection 7 |y, : 0F; — X
is invertible and we denote by JT;hl its inverse. In this case we have 71;h1 (x) =
x 4+ h(x)v(x).

We denote by v the normal and by ki, k> the principle curvatures of X, while
71, T2 denote the corresponding eigenvectors on the tangent plane. The exterior
normal to Fj, at any point n;}ll (x)is

1
vpomy! = 7((1 + hk1)(1 + hko)v
—(1 + hkp)dz, h T — (1 + hk1)de,h 12), (3.2)

where J2 = (1 + hk1)?(1 + hkp)? + (1 4 hk1)? (32, h)? 4+ (1 4 hk2)? (35, h)?. We
recall (see [36, p. 21]) that the mean curvature Hp, of d Fj, can be written as

Hp, omp! = —(vp, omp! - v)Ah + P(x, h, Vh),

where P is a smooth function such that P(-, 0, 0) = Hg, the mean curvature of the
boundary of G. We rewrite the above formula as

Hp, onp! = —Ah+ (A(x, h, Vh), V?h) + Hg +a(x.h, Vh),  (3.3)

where the tensor A and the function a are smooth and vanish when both 4 and VA
are 0.
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Let us denote by gj, the pull-back metric on X induced by the diffeomorphism
JT;hl : X — 0dFj. Since the manifold (d Fj,, g) endowed with the Euclidean metric
g is isometric to (X, gj) then for every smooth function f defined on £ we have

(Aor,(fom)omp! = Ay, f

where A, is the Laplace—Beltrami operator on X with respect to the metric gj.
One can also check that (see [36, p. 21])

(gn)ij = gij +aij(-, h, Vh),

where the functions a;; are smooth and vanish when both 4 and Vh vanish, and
that we have the following expansion of the Christoffel symbols:

92h

X1 0x,

(g = (D) + aly (e b, Vh) + bl (x h, Vi)

Above bi.l,i" is a smooth function and a’ « 18 @ smooth function which vanish when
h and Vh vanish. We recall that the we may write the Laplace—Beltrami operator
A, as

&h

Ag, = (g’ ViV, £,

where 61‘ v j stands for the second order covariant derivatives with respect to gj,.
Hence we get by the above formulas and after some straightforward calculations
that

Ag, f = Af +(A1(x, h, Vh), V2 f) + (As(x, h, Vh), V f)
+(B(x, h, Vh), (Vzh ® V). 3.4)

Concerning the equation of interest, assume that a smooth flow (F;);c,7) i a
solution of (3.1) and that d F; can be written as

oF, ={x+h(x,t)v(x) : x € Z}. 3.5)

Then the normal velocity is given by V; = 9;h(vF, - v). Therefore, combining
(3.3) and (3.4) and after long but straightforward calculations, we may rewrite the
Equation (3.1) as
oh _ —A%h + (A(x, h, VR), V*h)
at (3.6)
+ J1(x, h, Vi, V2R, V3h) + Jy(x, h, Vi, VR,V f, V2 f),

where as usual A is a smooth 4th-order tensor depending on (x, &, Vh) vanishing
when both /& and Vh vanish, Jp is given by
Ji = (B1, (V’h ® V?h)) + (Ba, V3h) + (B3, (V2h ® V*h ® V2h))

5 5 5 (3.7
+ (B4, (V°h @ V7h)) + (Bs, V°h) + bs,
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and J; is of the form
Jo=Af + (A1, V2f) + (A2, V) + (B, (VPh® V). (3.8)

Here and throughout the paper we denote by A (possibly with a subscript) a smooth
tensor-valued function depending on (x, &, V&) and vanishing at (x, 0, 0), while B
(possibly with a subscript) stands for a smooth tensor-valued function depending
on (x, h, Vh). We replace capital letters A and B with a and b, respectively, in case
of scalar valued functions.

3.2. Short Time Existence and Uniqueness

Let us fix an initial set Fy € lﬁ(O(E) which is close to G. Finding a solution
of (3.1) for a short time with intial set Fy is equivalent to finding a solution & of
(3.6) with initial datum A (-, 0) = h g, =: ho. This is the goal of this section and the
result is stated in the following theorem:

Theorem 3.1. Let f : ¥ x [0, +00) — R be a smooth function. Given &g > 0 and
Ko > 1, there exist g9, Ty € (0, 1) with the following property: if Fy € lﬁ(o(E),
defined in (2.18), if

To
sup [, D)llzcs) + / 105, df < Ko, (3.9)
0<t<Ty 0

and || ho|| 2(x) < €0, where hy := h ,, then the Equation (3.1) has a unique smooth
solution (Fy) of the form (3.5) with h € C>(0, Tp; C*°(2)) N H' (0, Ty; H' (X))
and

sup A(, D2z = o (3.10)
0<1<Ty

Moreover; for every integer k 2 0 there exist constants Cy, g > 0, independent of
8o and Ko, such that

T
k 2 k 2
sup °[|h(, )l +/ RGO dr
Ogth HZ+3 (%) o H2+5(%)

(3.11)

T k
< ck(||ho||§,3(z) + /0 (L+ 115z +Zt’llf(-,t)lli,2i+3(z))dt),
i=0

forevery T < T.

The proof of Theorem 3.1 is based on a fixed point argument in a carefully
chosen function space and to this aim we need two lemmas. In the first one we
estimate the derivatives of the nonlinear terms in (3.6).
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Proposition 3.2. Let h and [ be of class C (X). For every integer k = 1 there
exist Cy > 0 and py = 2 such that given My > 0 there is o9 > 0 with the property
that if

73y S Mo and ||kl sy < 0o

then

1
[ IVE(A, VARD |2 + VR 2 + VR L2 aH? < Z/ |VEH4 512 a2
> >z

+ck<1 S, +/E |V"+2f|2dH2),

where A, Ji, and Jo are as in (3.6)—(3.8).

Proof. Recall that A(x, h, Vh) vanishes at (x, 0,0) and thus given ¢ > O there
exists 8 € (0, 1) such thatif ||| c1 (5 < §, then by Leibniz formula

k
IVE(A, V)P < el VEHR2 4+ € Y IV (A B V)PV AP,
i=1
On the other hand, the assumptions on 4 together with standard interpolation imply
that ||i]|c1 < 8 and ||k]ly24 < 1 when op is chosen small (depending on Mp). It
turns out to be convenient to set w := Vh. Since ||w||cc < 8 < 1, one may check
that
k
D O IVIA@, b, VR)PIVEH TR
i=1

§ Xk: |Vk+3 i

+ CZ Do IVwP e v VR
=11 S S
Jitjmo1 S
m>2
k
SCy VTP c > [VAw|? .. [Vimy)?.
i=1 1SS0S jmSk+2

jl+"'+j)71§k+3
m>2

Then, by Holder’s inequality, we obtain

/|v’< (A, V*h))? dH2</ (elVF B w)? +CZ|V’<+3 Tw(?) dH?
x i=1
+C Z IV 1w”%(kﬁ) ||V'/mw||22(1§+3)-
1< /1S S i Sh42 " "

Jit i Sk43
m=2
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Observe that forevery [ = 1, ..., m — 1, it holds by the interpolation Lemma 2.1

~ 0 1-4
IV wll2esy = Clwllgrasllwlsg™,
Ji

where 6; = k% To treat the last derivative we use a different interpolation:

- 0 1-6
IV wl2usy < Clwll s IVwlly ™,

Jm
2jm (k42 i .
where 6, = % — ﬁ < 5 (recall that 3 < j,, < k + 3). Therefore,
recalling that ||w|leo, [|Vw|l4 £ 1, we get

k
/ |Vk((A,V4h))|2d'H2 é/ (8|Vk+4h|2+CZ|vk+4fih|2)dH2
x x i=1

m
26,
+C > [Tlwiik
1K1 S S Ske2 1=1
Jieet o SkA3
m>2

Observe that for every choice of ji, .. ., j, the sum of the corresponding 6; satisfies

Ze,<zkﬁ3§1.

Therefore by Young’s inequality, by Remark 2.2, and recalling that ||w| oo < 1, we
conclude from the above inequality that

1 -
f IVE(A, V)P dH? < —/ VAR 2 dH2 + Gy (3.12)
> 20 Jx

Using again |[w||co < 1, we have that

k
|kal|§CZ|Vk+37iw|+C Z |v]1w||V]mw|
i=1 ISHS. SjnS2+k
jl+"'+j)71§3+k
m>2

Therefore, arguing exactly as above, we have
1 -
/ IVEJ 2 dH? < —/ VK402 dH? + Cy. (3.13)
s 20 Jx

In order to control the derivatives of J, we need a slightly different argument,
because we need to separate the terms involving f and & from each other. We recall
(3.8) and begin by estimating
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k
VKA + (AL VP S CY IV
=0

k
+Cy > IVitw| .. | Vim || VA2 £
i=1 1< <. S si
St im <i
m=>1

Therefore, using interpolation as above,

/ VK AS + (A1 VPR £ (11 + 192 £15)

+CZ > 1‘[||v1w||2<2+k> IV ’f||m)

i=1 1</ <. Sjn<i =1

Jitetim<i
m21

< c(nfnio + V<2 £13)

2(k+2—i) 2i
29(]) 2(1 00jN) | o2+k 2 2
+CZ > H|| wlpds lw DIV, U187
i= lléflé é]mgll 1
jl+”'+jm§i
m=1

where 0(j;) := J(’k(_lg)lz) Observe that since j; + -+ + jm < i,

" , Q+k—1i) 202 4+ k)2 =]
;(26(””2 k+2 )§ etrh? " *

Therefore, using Young’s inequality, we may conclude that
1
/ IVEAS + (A, V2P AR < IV i3
by

+C(1+ IF1Z + 1VE2 £13). (3.14)

A similar argument, whose details are left to the reader, shows that
1
[ 19442901 4 (B (Ph@ V)P AHE < IV
)

+C(T+ 1712 + 19542 £13).

The conclusion then follows by combining this inequality with (3.12), (3.13), and

(3.14).

In the second lemma we “linearize” the terms J; and J; in the Equation (3.6).
The argument is similar to the previous one and therefore we postpone its proof

until the “Appendix”.
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Lemma3.3. Let T € (0,1) and let hy,hy, f : X x (0,T) — R be smooth
functions such that

T
sup i lys sy + [ [ 19 akRar < b,
0<t<T 0 Jx

and

T
sup IIf(-,t)llLoc<>:>+/ /IV3f|2dH2dt§K0.
0T 0 Jx

Then, there exists 6 € (0, 1) with the following property: for any ¢ > 0 there exist
C =C(e, Ko, My) > 0and§ = 8(e, My) > OsuchthatifsupogéT i G D2 s
<$§,i=1,2, then

T T
/ / |Jpy — I, |? dH2dr < 8/ / [V*hy — V*h |2 dH2dt
0 D) 0 D)

+CT? sup [haC. 1) = hi( D) s
0T e

where Jy, is defined as in (3.17).

Proof of Theorem 3.1. Given K, let us define the set S of functions in C*° (0, Tp;
C®()) N HY (0, Ty; H' (X)), which satisfy

sup  [|A(-, D25y = 00,
0<t<Ty

To
sup  |h(-, D% +/nme5 < Mo, (3.15)
0<i<To @ " H3(%)

where the constants My and og will be chosen later. We also define a subclass
S’ C S of functions which satisfy the additional requirement (3.11), where the
constants Cy and g will again be chosen later. The goal is to obtain a solution of
(3.6) in &’ which is unique in S.

We begin by assuming that i is smooth with [|2g[| 7352y < Koand2||ho|l 125 <
09. We now define a map .Z : S — C*°(0, Tp; C*°(X)) by setting £ (h) := h,
where /1 : = x [0, 00) — R is the solution of

oh _ A2h + Jy(x, 1)
ar hxs (3.16)
h(-,0) = ho

and where we have set

Jn(x, 1) == (A(x, h, Vh), V*h) + Ji(x, h, Vi, V?h, V>h)
+J(x, h, Vi, V2h,V f, V2 ) (3.17)

with A, Ji, J» as in (3.6).



1348 N. FUsco ET AL.

We note that the set S’ is nonempty when the constants Cy are chosen properly.
To see this consider the solution % of

A
o A (3.18)
h(-,0) = ho

By classical regularity estimates / is smooth and satisfies supy<,<; 2 (-, 1) | 2x) =
ol z2(x) and

1
sup tX1AC, D) + / FIRC D paies gy A1 S Cpllhollys s,
0=t<1 0

for all integers k > 0, and therefore i € S’ provided that we choose My sufficiently
large. We remark that in Steps 1 and 2 below we give an argument which can be
applied to prove the above estimate.
Step 1: In this step we prove thatif # € S then i = 2 (h) € S for a suitable choice
of My, og and Ty.

To prove this we multiply (3.16) by A3h. Integrating by parts both sides we get

91 - Oh 4~
—— | |V(Ah)|*d 2:—/—A3hd 2
8t2/2| (A|=dH s 0f T
:/(Azﬁ—Jh)A3ﬁdH2
D)
:/ (= V(A2 R[> + (VJy, V(A%h))) dH?.
D)

By Proposition 3.2 it follows that if oy is sufficiently small, then by Young inequal-
ity,

91 . 1 N 1
——f V(AR > dH? < ——/ |V(A2h)|2dH2+—/ |V Jp |2 dH?
a2 Js 2 Js 2 Js
1 8 3
< —-/ |V(A2h)|2dH2+—/ |V h|? dH>
2 /s 8 /s
3.
+Ecl<1 + ||f||1°m(2)+/ |V3f|2dH2),
>

where go = p1 and C 1 are from the Proposition 3.2. Integrate this over (0, ) with
t < Ty, where Ty will be chosen later, and get

t
/|V(AE(~,t))|2dH2—/ |V(Aho)|2dH2+/ f [V(A%R) > dH ds
> ) 0 )
3 To 5 2 2
< -/ / IVoh(-, 1))? dH? dt (3.19)
4)o Js

. [T
+3clf <1+||f(~,r)||‘2%0(2)+/ |V3f(-,r)|2dH2)dr.
0 z
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From this estimate, from the fact that /2 satisfies (3.15), f satisfies (3.9), || ho|| g3 =) <
Ko and using Remark 2.5 (with a sufficiently small ¢) we obtain

~ TO ~
sup (. 1) g +f IR, 0))1%s de
OétéTo 0

8 , 4
=C sup A, D)ll2 + K+ Mo
0S1<Ty >

+4C1((To + ToK ) + Ko). (3.20)

In order to estimate the L?-norm of &, we multiply the Equation (3.16) by h.
Recalling (3.17), using the interpolation Lemma 2.1 to estimate the derivatives of
h in terms of || V>h (|2 and || V34| and the derivatives of f in terms of || V3 f|» and
|| f llso and then using the H3-bound on &, we get

oh - . .
/—hdez—/Azhhde—i-/thde
= ot b)) p)

. h?
§/(—|Ah|2+—)dH2+n/ JEdH?
= n )

L e
nJs (3.21)

+cn/ (14192 4 (1 4+ 192V R 2+ [92[°
>

[IA

+(1+ V2RV + V1)) dH?

1 ~
< ;/ hde2+cn<1+||f||%oo+/(|V5h|2+|v3f|2>dH2),
p)) )

for some C > 0 depending on My and K. Integrating this over (0, #) and using
the fact that 4 satisfies (3.15) and f satisfies (3.9) yields that

1/ ~ 2 2 1 2 2 T() ~ 2
= h(,t)"dH ——/ hydH= < — sup ||hC, )]
2 )s 2 )50 N 0<i<Ty L3

+ én(To + ToK§ + Mo + Ko).
Hence, recalling that [|holl 25, < %0 we have

2
- o] 2Ty - =
sup A0z < F+ == sup G, Dl7 + 2Cn(To + ToK3 + Mo + Ko>.
0<i<T n o0<i<ny

From this inequality, choosing n and Tj sufficiently small (depending on M, and
Ko) we conclude that

sup [1AC, D)l 2y < 00.
0§I§TO
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In turn, since o < 1, we may choose My sufficiently large (depending on K() and
Ty smaller if needed to deduce that from (3.20) that

sup [|h(, Dl g3 s +/ 7, )25 df < M.
0<I<Tp 0 e

This concludes the proof of the fact that h=% (h) satisfies (3.15) and thus belongs
to S.

Step 2: Let us now prove that if 7 € &' then h = Z(h) € &', that is, it satisfies
(3.11) with h replaced by i. We begin by observing that the case k = 0 can be
proven by a similar argument as the one used in Step 1, by combining (3.19), (3.21)
and replacing To by T < Ty. We proceed by induction and assume that (3.11) holds
for k — 1 and prove it for k. We argue similarly as in the previous step and multiply
the Equation (3.16) by A%3}, and after integrating by parts the left-hand side
(2k + 3)-times and the right-hand side (2k + 1)-times and using Proposition 3.2
with k replaced by 2k + 1 we get

01
ot 2

3 1 - 1
/ |V(Ak+1h)|2dH2 2_7/ |V(Ak+2h)|2dH2+*/ |V2k+th|2dH2
x 2 ) 2 b))
1 - 3
< —f/ |V(Ak+2h>|2dH2+f/ |V h12 dH?
2 Js 8 Js
3.
+ 3 Cokti (1 +IFC DI +/2 |V2k+3f|2dH2).
From this estimate we obtain
9 N 3
—<z’<f |V(A’<+1h)|2dH2) §ktk_1/ V(A 2 dH?
ot ) 5
—zk/ |V (AK2 ) 12 dH?
)
3
+—tk/ |V2k+5h|2dH2
4 Js
+ 352k+1t"(1 + ILfC ol
+/ |V2k+3f|2dH2>.
)

Integrating this inequality over (0, ¢) for t < T yields

T
sup zk/ |V(Ak+1h)|2dH2+f zk/ IV(AF2R) 12 dH2dr
o<t Uz 0 )

T
gk/ tk71/ |v2k+3]:l|2dH2dt
0 x
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T
3 -
+ /O rk<z / [VHHR? dH? + 3Cuk 1 (1 + £ 0l
b
+/ |V2k+3f|2dH2)>dt.
)
By using the fact that h satisfies (3.11) with kK — 1, and A satisfies (3.11) we deduce

T
sup rk||V(Ak+‘h)||iz(E>+/ tk/ |V(AK2]) 12 dH2dr
0<t<T 0 =

3 - To
< (kck_1+zck+3cZk+1>< A (ol 5y +3 +31FC DI 5,

k
+ Y L D) dr)

i=0

when we choose g, = max{qi_1, Pak+1}. Using the fact that supy<, <, ||ft(-, DITERS

oo and by Remark 2.5, we obtain the estimate (3.11) for h by choosing Cy. large
enough.
Step 3: In this step we prove that the map . introduced in the previous step is
a contraction with respect to a suitable norm, provided that oy and Ty are chosen
sufficiently small.

To this aim, let i1, hy € S and let i1, hy € S be the corresponding solutions
of (3.16). Multiplying the equation satisfied by hi by A%(hy —hy), subtracting and
integrating by parts we get

il bl (. 2 2
M/Emmzm i )P dH
=—/ \A2(hy — R, P dH2
X
+f A2y — ) o ) Uy (1) = Ty G 1)) dH
)
< —1/ \A2(hy = R, P dH2
2 Js
1 2 2
+—/ iy (- 8) = Ji, (5 D dH2.
2 Js

Fix ¢ > 0 small. By choosing oy smaller in (3.15) if needed, we may integrate the
above inequality over (0, #), with t < Ty, and use Remark 2.5 and Lemma 3.3 to
obtain
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~ ~ TO ~ ~
||h2<.,r>—h1<-,r>||i,2(2)+/0 /|V4(h2—h1)|2dH2dt
)
- . To - -
< Clliat) = a0, + € [ [ 1ha =P arlar
0 )

To
~|—£/ /|V4(h2—h1)|2d7-l2dt
0 )]

+CTy sup haC, 1) = G Dl (3.22)
0St<Ty
<C sup |haCot) =Ry 0%,
0St<Ty b

To
+8/ /|V4(h2—h1)|2d7-[2dt
0 >

+CTY sup ha( 1) = hi G D2 5
0=5t<Tp e

Next we have to estimate the first term on the right-hand side. To this aim we
multiply the equations satisfied by &1 and /> by hy — h, subtract and get

91
at 2
- - d ~ -
= / (ha(-, 1) —hl('yl‘))a—(hz —h) (0 dH?
) t

/ \ha (-, 1) — hi (-, 1)|* dH?
)

= —/ (ha (o 1) — h1 (-, 1) A (hy — hy) (-, 1) dH?
>
+/ (oo 1) = Bt (o 1) iy (s 1) — iy (4 1)) dHC
>
- - 1 - -
< —/ |A(hy — 1), 0> dH? + 5/ \ha (-, 1) — hi(, 1) dH?
> >
1
+ 5/ [y (-, 1) = Iy (-, O dH2.
b))
Integrating over (0, t), with ¢ < Ty, and using again Lemma 3.3 we get

/|ﬁz(-,r>—ﬁ1(-,z>|2dH2§To sup [1ha (1) = b, DIl g,
> OgtéTo

To
+s/ /|V4h1—V4h2|2dH2dt+CT09 sup (71 (. 1) = ha G Dl gy
0 ) 0=t<Ty

from which it follows that
- - To
sup o 1) = Bi ()22 g, < 26 / / V4R — V*hal? ddr
0<t<Ty 0 z

+2CTy sup (A1 1) = haC, Dl (3.23)
0<t<Ty
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provided that Ty < % Combining (3.22) and (3.23), and taking ¢ small and Ty

smaller if needed, we deduce that

~ ~ TO ~ ~
sup ||hz<~,r>—h1<~,t)||§,2(2)+/ /|V4(h2—h1)|2dH2dt
0<r<Ty 0o Jx

1 2
< 5| sup 172(, 1) = hi G Ol s
0<t<Ty

Tt
+/ 0/ |V4(h2—h1)|2d7-[2dt>. (3.24)
0 P

Step 4. (Conclusion) We may proceed with a standard argument, by recursively
setting hp = h, with i defined as in (3.18), and h,, := L(h,_1) and for everyn = 2.
From (3.24) we have that there exists A such that i, — h in L>(0, To; H*(Z)) N
LZ(O, To; H4(E)). Moreover, from Step 1 and Step 2 we have also that 7, — h
weakly in HZIOC(O, T; Hk(Z)) and that 4 satisfies (3.10) and (3.11). Using these
convergences one can easily pass to the limit in the equations satisfied by the /,’s
to conclude that % is a solution of (3.1). We remark that the smoothness of % in
time follows from the equation and from the regularity in space of &. Note that
the smoothness assumption on s( can be removed by a standard approximation
argument. Finally, the uniqueness follows from the same argument used to prove
(3.24). O

4. Short Time Existence for the Surface Diffusion Flow with Elasticity

Here we will prove the existence of the flow

Vi = Agr,(Hp, — Q(E(uF,))), (4.1)

where u r, is the minimizer of the elastic energy, that is the solution to (2.12), with
F replaced bu F;.

The most crucial point for the proof of the short time existence of (4.1), is to
prove sharp regularity estimates for u ¢ up to the boundary d F' in terms of regularity
of d F. We prove this in the theorem below.

Theorem 4.1. Let K > 0, a € (0, 1), and let k = 3 be an integer. There exists
Cr = Cr(K) > O such that if h € Hk(E) and Fj, € b}(’a(E), defined as in (2.18),
then

IIQ(E(th))OﬂEh] I < Ce(lhll gresy + D. (4.2)

_3
()

Moreover if hi, hy € H3(X) and Fy, € b (X) fori = 1,2, then there exists
C = C(K) > 0 such that

—1 —1
||MFh2 [¢] JTth — thl [e] T[Fhl ||H3/2(E) § C||h2 — hl ”HZ(Z) (43)
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Proof. We begin by proving (4.2). By standard approximation argument we may
assume that / is smooth, which implies that u f, is smooth up to the boundary 9 Fy,.
We consider a diffeomorphism ®;, : Q\G — Q\ F}, such that

Qp(x) = x + h(w(x)v(r(x))

in NV} (G), where for any o > 0 N7 (G) = {x € Q\G : dg < o} is the one-sided
neighborhood of X. Note that we may construct @, such that | @4 — I'l| yro\g) +
193" = Ty = Cllalls)-

Let us fix xg € X. There exists a smooth diffeomorphism ® from a neigh-
borhood U CC 2 of xp to a ball Byg which straightens the boundary such
that ®(U\G) = B,y = Bog N {x3 > 0}. Setting v = up, o ®; o &' and
h:=homo® ! visasolution of a system of the form

f+ A(x,h, Dh)Dv : Dpdx =0 4.4)
B

2R

for all ¢ € C°°(B;'R; R3) vanishing on dBog N {x3 > 0}, where the tensor A is
smooth. In particular, by using the explicit definition of / and Lemma 7.1 it holds
”}_’”Hk(B;R) < C(k)(1 + Al g (5)) for every k € N. Moreover, by using Korn’s
inequality, one may check that A is elliptic in the sense that

/+ A(x, h, Dh)Dg : Do dx > CO/+ |Dg|* dx (4.5)
BZR

B2R

for all ¢ € COO(B;'R; R?) vanishing on d Bog N {x3 > 0}.

We now start differentiating the equation in the tangential directions so to esti-
mate the tangential derivatives. Then we will use the equation to extract from these
estimates also information and the normal and the mixed derivatives.

Let us fix k = 3 and a multi-index 8 = (81, B2, 0), with 81 + B2 = k — 1. By
differentiating the Equation (4.4) in the B-directions we have

/+ DP(A(x, h, Dh)Dv) : Dpdx = 0. (4.6)
BZR

Let n € Cgo (B2g) be a standard cut-off function such that = 1 in Bg and
0<n<1.By choosing ¢ = DPvn? as a test function in (4.6) and by expanding
the term D8 ((A(x, h, Dh)Dv) by Leibniz formula we deduce

/+ (A(x, i, Dh)DDPv) : DDPon? dx < 2/+ |A(x, i, Dh)||DDPv||Dy|n|DPv| dx

2R BZR

k—1
+C) /+ |D'A(x, b, Dh)|| DX v|(|IDDPv|n? + | DP || Dnln) dax.
B
i=1""2R
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Moreover, by the ellipticity condition (4.5) we have

C—O/ |D<Dﬁv)|2n2dx§co/ |D(DPony) 2 dx
2 I, 4

2R

+ cof |DPv)?|Dy|* dx
B+

2R

< f+ (A(x, h, Dh)D(DPvn)) : D(DPvny) dx
BZR

+ cO/ |DPv|?|Dny|* dx
+

By

< / (A(x, h, Dh)DDPv) : DDPvn?dx
B

+c/ (IDDPv|| Dl DP Yl
By

+|DPv?|Dnl?) dx,

where in the last inequality we have used fact that ||E||C1‘a < C, which in turn
implies that A(x, i, Dh) is bounded. Combining the previous estimates and using
Young’s inequality we obtain, recalling that n = 1 on B;,

/+ |D(DPv)|? dx < C/+ D1y dx

BR BZR

k—1
JFCZ/+ |D'A(x, i, Dit)|*| D*"v|? dx. (4.7)
i=1 " Bar

We denote w = Dh and estimate by the Leibniz formula that

k—1 k—1
Z |D'A(x, h, Di)|*|D*"'v)? < CZ |DF=y|?

i=1 i=1

k—1
Y DhwP e Dirw P D
i=l1 1§j1 §.‘.§jm§i
Jitetim Si
m=1

Then, by Holder’s inequality, we get

k—1

Z/ |D'ACx, h, D) IDY o dx < Coll;
.

i=1YB

H*=1(By)
k—1
j 2 j 2 k—i 2
+C Z Z | D' wl| 20k=1) - - | D/ wl| 2(k-1) D" vl 2(k-1) >
i=1 1< S S i . " o
St m Si

m>1
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where all the norms in the last line are evaluated in B; r-Note thatifi = k—1 thenin
the last term it is understood that || DK~ = = || Dv|| L. Note that by standard

Schauder estimates the assumption ||h||c|,oz(2) < K implies that || Dv|| L®(BSy) <
C. We use Lemma 2.1 to estimate

; oG\ 1-0G) 0Gin)
ID " wll20-1 < Clwll @2 w7 < Cllwll i,
Jl

for 6(j;) := k]Tll By the same lemma we also have

k—i o 1-6 0
1D lU||I%(k_—ll) = Clvll Dol = Clivlly
G|

for6 = .Since 0(j1)+---+0(m) = k 7, from (4.7) and from the previous
estimate we have by Young’s 1nequa11ty,

k=1 2i 2k—i—1)
/B IDDPW)2dx = Cllvlgu s +CZ(||w||Hk gy DI s

R

< eI D"l e+ CllvI + CAU+ 11 )

Hk—1 ( B+ )
In order to control the remaining derivatives we use the Equation (4.4) in the strong
form

div(A(x, h, Dh)Dv) = 0.

Indeed, observe that we have estimated all the derivatives of the type DB (Dv),
where 8 = (B1, B2, 0), with 81 4+ > = k — 1. Using these estimates and differen-
tiating the equation k — 2 times with respect to the horizontal directions and once
in the vertical direction, we may estimate D? (Dysx;v) forall B = (By, B2, 0), with
B1 + B2 = k — 2, by using an interpolation argument as before to control the lower
order derivatives. Then we proceed by induction by differentiating the equation
k — 3 times with respect to the horizontal directions and twice in the vertical direc-
tion, and so on, until we differentiate the equation k — 1 times only in the vertical
direction. As a result we obtain

/ |D*v|? dx < g||D*v]?
B

R

L+ Clvl +CA+ 1l zy)-

L2(Bj, H=1(BY,)

The previous estimate holds at every point on d Fj,. Thus we may cover J\f; (Fn),
with o1 < %, by a finite union of balls and use the previous estimate in every ball
of the covering. Precisely, we go back to the original map, set u = up, o &, for
simplicity, use Lemma 7.1 and conclude that there are 0 < o1 < o> such that

/ DM ax < Cef DU A Clul e+ OO+ e )

< k2 2 2
<2Ce /N; D ul dx + Clluly ey + COF I ).

2
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where the last inequality follows from standard interpolation inequality. Choosing
& small we obtain

/N+ |D*u)? dx < 2/ oo DA Cllul e )+ CA+ I )
o UZ\ o] @

1

By standard interior regularity it holds that

/N+\N+ D ul® dx = Cllug, 2 g £,
92 a1

From the two previous inequalities and by standard interpolation we have that
”u”Hk(Nji) =Cc+ ”u”Lz(N;i) + ||h||Hk(2))-

By the minimality and by Poincaré inequality we have that [[u f, || 12\ F,) 1S bounded
by the boundary value wg. Using the last part of Lemma 7.1, we have from the above
inequality that

IQ(EE,)) © Pall -1y = CA+ Al gis))-

From this inequality the first claim follows by the trace theorem.

As for the second part of the lemma, let ®; be a diffeomorphism constructed
as above from Q\G to ©\ F,. Note that, since /11 and & are bounded in C Le we
may construct the ®;’s in such a way that

P2 — cI’l||H1(S2\G) < Cllhy — hl”]—ﬂ(z)-

As before we fix xo € X and denote as before by & the diffeomorphism that
straightens X. Setting v; = UF;,, © ®; 0o d L and h; = h; o o ®, we have that

/ A(x, hj, Dhj)Dv; : Dpdx =0
By
for all ¢ € C®°(BSy; R?) vanishing on dBog N {x3 > 0}, where A is the same
tensor as before.

Differentiating the equations in the x;-direction, j = 1, 2, and subtracting the
two resulting equations we obtain

/+ A(x, ha, Dip)D(Dj(v2 — v1)) : D dx
B

2R

= —/+ D;(A(x, hy, Dh2))D(va — v1) : Dgdx

2R

- /+ [A(x, /;2, Df_lz) — A(x, El, Dﬁ])]DDjvl : Dpdx
B

2R

—/+ D;[A(x, hp, Dhy) — A(x, hy, Dh1)]1Dv; : Dy dx.
BZR
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We choose ¢ = D;(vy — 01)772 as a test function to get an inequality similar to
(4.7) with v replaced by v» — v1, from which we obtain

[ 00— oPar ¢ [ (4 1Dl + D% P)iDu; - Doyl dx
B Byr

R
+ C/ (Ihy — h1|* + |Dhy — Dhy|?
By
+|D?hy — D?hy|?)|Dv; | dx

+ C/+ (Jha — hi)* + |Dhy — Dhy|?)|D%v;|? dx.
BZR

Recall first that as before || Dvi|| < < C. Moreover, we assume that ||4; ||H3(E)
K and therefore by the proof of the first statement we conclude that | v; || H3 (B}

IVANIVAN

C. Using interpolation we get

/+ |D*hy1|*| Dvy — Dvi*dx < || D*hy |74 | Dvy — Duil74
BZR

3 1
- 3 :
< IR I llva = w112, l1v2 — vl 2,

In the same way, using interpolation and the fact that [|vy]| 43 (BSp) is bounded,

we may estimate the remaining two integrals on the right hand side by C||h, —

T 2 . .
hi ||H2(32+R)’ with a constant C depending only on ||v; ||H3(BZ+R), hence on |71 || g3 (x)-

Then, using the equation to estimate D33(v2 — v1), we get, for any ¢ € (0, 1),

3 1
2 2 2 b
D" (vy — v S Clva—v vy — v
/BI| (W2 —v)I" = Cllva = vill o g V2 = V1l 5 )

+ Cllh =l e

< s/ |D?(vy — vy)|?
B+

2R
+C | vl +Clh = hil}s
. HX(Z)
BZR
Using a simple covering argument as before, going back to the original functions
and arguing as above we get
1Dy, © Phy =y, © Pu)l 2oy

S Cllup, © @y —up, © Pull 2 + Cliha = il s
Observe now that writing down the equations satisfied by u F, © P, in Q\G and
using as an admissible test function ¢ = up, o ®p, —up,, o Pp,, one may check
that

||D(MF;,I o ®p — UF, © thz)”LZ(Q\G)
= Cl@1 = P2llgiovg) = Cllhy — hallgi(s)-
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The conclusion follows from this estimate and from the previous one by the Poincaré
inequality. O

Remark 4.2. Let hr, and up, fori = 1, 2 be as in Theorem 4.1. The inequality at
the end of the proof of the theorem implies that

—1 —1
||14F;,2 o ﬂth —UFR, © ﬂphl ||H1/2(E) < Cllhy — h1||H1():)-

Moreover, if in addition to the assumptions of the second part of Theorem 4.1 we
know also that [|A; |1y is sufficiently small for i = 1, 2, then the proof of the
inequality (4.3) also gives the estimate

||(D14Fh2) o 7Tph (Dthl) ° 7Tph ||L2():) < Cllha — hy ||H2(z)

Let us consider the smooth flow (F});c(0,7,) With initial set Fp, which is a
solution of (3.1) with smooth forcing term f : ¥ x [0, Tp) — R. Here Ty is
the existence time provided by Theorem 3.1. For every given time ¢t € (0, Tp)
we consider the elastic equilibrium u; in Q\ F; defined in (2.12) and we use the
regularity estimates from Theorem 4.1 to establish

Lemma 4.3. Let Ko > 1besuchthat||Q(E(ug))|lL~x) < Ko/4 ThereexistT >
0 and & > 0 with the following property: if ||holl 3 (s < Ko, and ||holl 25y < &,
and f is a smooth function satisfying (3.9) then the solution of (3.1), with initial
datum hg, provided by Theorem 3.1 exists for the time interval (0, T') and it holds
that

T
sup ([ Q(Ey) o7y, o) + / 1QE)) o7 135, dt < Ko.
0<t<T

(4.8)

Moreover, for every k € N there exists C ,’((Ko) > 0 such that
k T
> f P QUEW@N)) 0w 1305, dt
pary(

(Ck(K0)+Z / LG Oy d ) (4.9)

Proof. We begin by proving (4.8). Let us fix @ € (0, 1). Given §9 > 0 to be
chosen later and taking & equal to the corresponding &g, let (-, t) be the solution
defined on (0, Ty), provided by Theorem 3.1. Note that from (3.10) and (3.11) we
have supg< <, [11C, D)l g3 < C(Ko) and supg<, <z, 1 (. )2 < do. In tumn, by
interpolation supy<, <7, 12(, )| cre = C88 < 1 for some 8 € (0, 1). Recall also
that by choosing & small we can make §p as small as we wish. Observing that the
coefficients of the equation solved by u; o n;tl are close in C%* to the ones of the
equation solved by u g, by standard elliptic estimates we have that

1
Sup ||MZOT[F _uG”Cla(Z) (1)(50)
0<t<T()
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and w(89) — 0 as §o — 0. In turn, we conclude that for every ¢ € (0, Tp) it holds
that

lQ(E(u:)) oy ||L°° S 1Q(Eur) — Q(E(ug)) o7y, Hizoe
Ko

+IQE@G)) omy Iz < ER

provided & (and thus d¢) is small enough.
Concerning the second term on the left-hand side of (4.8), we have by a well-
known interpolation result and by (4.2) for k = 5 from Theorem 4.1

T
/0 IQ(E @) o 7wy I35 5, di
T
2
< C/ IQ(E(u)) o7y, ||29 NIQEw) o, I dr
0 2(X
T
c [ a+in. t>||§fs(z))1<§“*9> ar
T ) 5
2 T 5
< yC <Ko [ O 17O+ 176 ) t> e KT
<nC (K§+T+T1(g° +K0) 4O KT

where the second last inequality follows from (3.11). The inequality (4.8) follows
by choosing n and T < Ty sufficiently small.

The inequality (4.9) follows by a similar argument. For alli = 1,...,k we
have again by interpolation and by (4.2) that

T
/0 FIQE @) 0 75 32135, dt
ng fIQEW)) oy, ||2"2,+2( 1Q(E ) o 5" 175 (s dt
T
gckfo FA+ G012 K P de
T, 2 2
< n/o ARG, D aiss dt + Cy KG T

The conclusion then follows by estimating the last integral by means of (3.11) and
choosing 7 sufficiently small and C} (Ko) sufficiently large. O

Theorem 4.4. Let Ko > 1 be suchthat ||Q(E(ug))llr~s) < Ko/4andfixy > 0.
There exist T € (0, 1) and g1 € (0, 1) with the following property: if Fy € U}O(E),
defined in (2.18), with |hollp2(x) < €1 then there exists a unique solution h to
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(4 1) in HY0, T; HY(Z)) N L>®(0, T: H3(X)). Moreover, the solution belongs to
0, T; Hk(E))for every k 2 1 and it holds that

loc

sup |2 (, Dl 25y < o (4.10)
0St<T

and

T
Dl + /0 UG s ) df < CCk, Ko).

@.11)

Proof. We divide the proof into three steps.
Step 1. Let Kg, T be as in Lemma 4.3. Let S be the set of functions in C*°(0, T';
C®°(X)) that satisfy

sup £ D)ll o) + / 1D, dr

0<t<T

and

k T
3 [0 (£ G iy i S CE(Ko)
i=0

for every k € N, where C;(Ko) are the constants from (4.9). We define a map
LS - Sas Z(f)(,t) i = —Q(E(uy)) o 7{;[1 for all € (0, T), where F; is
the solution of (3.1) with initial datum /¢ and forcing term f, and where u; stands
for u ,, that is for the elastic equilibrium in 2\ F;. Lemma 4.3 implies that the map
£ . S — S is well defined, provided that ¢; < &. Note also that S is clearly
nonempty as the zero function belongs to S.

We will show that . : § — S is a contraction with respect to a suitable norm.
Step 2. Fix i € (0, 1). Let f1 and f> be two smooth functions in S and let /2| and
hy be the corresponding solutions of (3.6) with intial datum /. The goal in this
step is to show that it holds that

T
/ /(hz(',l)—hl(',f))zd'f'{zdt
0 P
T
Spu [0 [Z (f2(.0) = fi(, 1) dHdt, @.12)

possibly by decreasing the time 7" in a way independent of f; and f,. We recall
that by Theorem 3.1 we have that

sup [|A(, D)llz2z) S8 and sup [[h(, )l g3 (x) = C(Ko),
0<t<T 0St<T
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A

providedthate; < ¢o. By interpolation these imply thatsupy<, <7 A (-, )l cre(x)
C 68 < 1 for some 6 € (0, 1). In turn, by standard Schauder estimates the corre-
sponding elastic equilibriain Fj,. ;) are uniformly bounded in ¢! up to the bound-
ary, that is, supg<,<r llur o yr;tl llcre(s) < C. We will use these facts repeatedly
in the proof.

We denote by F;; the set related to h; (-, ¢) with 0F;; = {x + h; (x, H)v(x) :
x € £}. We multiply (3.1)fori = 1,2by ((ha—h1)ox)((Ji om)vE,, - (o)),
where J; stands for the tangential Jacobian on X of the map x +— x + h; (x)v(x)
and r for the projection on X. We then get

hi—h
/ (3,;”(.,007,)& dH>
aF, Jl' o

= AF Agr, [Hyr,, + fiG. 1) om)]((ha — hy) o)
((Jiom)vg,, - (vo 71))_1 dH?2.

Recall that, denoting by 0., h; and 9d;,h; the tangential derivatives of h; in the
directions of the principal curvatures, we have

Ji = \/(1 + hik1)?(1 4 hikz)? 4 (1 4 hik1)? (32, hi)? + (1 + hik2)? (37, h:),
where k1, k are the principal curvatures of X. Therefore we have by the formula

for the outer normal (3.2) that

1
(L hik)(1 + hika)

((Ji om)vp,, - o)) om =: R(,hj)oT.

By integrating by parts we get

hy—h
/ (3thi(.,,)on)w dH>
OF; i Jl' o

= / (HyF,; + fi(. 1) om)Ayp, ;[(hy — h2) o R(-, hj) o n]dH?
aF
Rewriting the integrals above on X and subtracting, we have
10
~— [ (ha — h)* dH?
2 /z( 2 —hi)
= /E(JzHapt’2 o:ft;[’lz — JIHBF,J oﬂ;t’ll
+J2fa = J1 1) AgF [ (ha — 1) o TR(-, ha) o ] o ﬂg}z dH?
+f J(Hygy, 075+ f)(Bok ol (h — hy) 0 TRC, ho) o ] 0 77
5 : :

—Ag, [y = h1) o R(- hy) ol oy ) dH?.

,1
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Werecall (3.3) and (3.4), where the coefficients A, A and A, vanishas (h, Vi) = 0.
Werecall also that || 4; (-, 1) || c1,« is small uniformly in time and that f; are uniformly
bounded with respect to time. After straighforward calculations we have

%%L(hz—h1>2dﬁ+%/z Ay — hy) 2 72 gefz V2 (ks — ) 2
*C/E(” IV2hi| + [V2ha|)(Ihy — hi| + |V (hy — hp))-
~(lha = hil + |V (ha = hy)| + |V (ha — hy)|) dH?
+C/E|f2—f1|((1+|V2h1|+IVzhzl)(lhz—hll
+V (2 = h)l) + [V2(h2 = k)] ) dH2

+ cé(l + V201 12+ |V2ho| ) (Jha — h1)? + [V (hy — h))|?) dH? =: RHS.
Using Young’s Inequality we obtain
RHS < 8/2 IV2(hy — h1)|*> dH?
+C fza + IV + [V2ha ) (hy — 1 [P
190 =P+ [ 12~ iR a7

Observe now that by interpolation, by controlling the second derivatives of &;
with the H3-norms, and using the fact that ||a(-, t)|| g3 is bounded uniformly with
respect to time we have

/(1 + V2 + V2o ) (Jho —
>

+|V(hy — h)|?) dH?
<cd+ IV )? V2ho |2 ) lha — hy||?
< CUL+ IV2hill7a + IVh213 Dllhy — ki34

3 1
< Cllhy — il llh2 — k5.
From the previous inequalities we get

19 1
—— | (ha —h))*d 23——/ A(hy — h)|> dH?
28t/>3(2 1)H_22|(2 DI“dH
+8/|V2(h2—h1)|2dH2

>

e /;:(IV(hz — )P

+ (ha — h)* + (f» — f1)?) dH>.
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Using now Remark 2.5 we in turn obtain

19 1
—— | (hy — hy)? dH> —/ VZ(hy — hy)* dH2
¥, 2(2 1) +4 2| (ha il

< C/Z(Ihz P+ (- f)P) dH.

Integrating this with respect to time over (0, ¢), with ¢ € (0, T'), we have
1 t
Jat0 =2 ar€ 45 [ [ 1920605 = .o P aras
) )

t
§C/O /E(Ihz(',s)—h1(',S)|2+(f2(',S)—fl(',s))z)dedS. (4.13)

Integrating the above inequality with respect to time over (0, 7)) we obtain (4.12)
when T is sufficiently small.

Step 3. Here we finally prove that the map . : & — S is a contraction with
respect to the L2(0, T; L2(Z))-norm. To be more precise, let f1 and f> be two
functions in S and /1 and %, the corresponding solutions of (3.1). For simplicity
we denote the elastic equilibrium for Fj, as u;(-,t) := up,;, fori = 1,2. Then

Z(fi) =—0(E(u;)) o 7[;,1[ and our goal is to show

T
fo IQ(E@a (1)) omy — QE i (- 0))) o g 11755, dr

1 T

Let us fix t € (0, T). We begin by proving that given ¢ > 0, if §p is small
enough we have

IQE@a(, ) oy — QE@i(0)) oy 2y,
S CIV@aG D omp) = VDol (4.15)
+ el V2 1) = hiCo0) a5y + Cllha (1) = hi G Dl ()

To shorten the notation we denote U; := Du; o JrF_tl,, Vi = Vf,; 0 ngl, and h; =
i i N

hi(-,t) fori =1, 2. Recall that Q(E (u; (-, t))) o n;tli = %(CU,- : U;. We may thus
write '

IQE w2, ) o7y = QUEi (D) o !l
1
= Ell(C(Uz + U1 (U2 = UDll2x-
We estimate this simply as

IC(U2+ Uy) : (U2 = UDl2x)
SICW2+UD : (U2 =UDUT —v @)l (4.16)
+ICWU2 + Uy : (U2 = UD) (v @ W) 125y
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Note that by the second condition in (2.12) it holds CU;[v;] = CE (u;) orr;[l_ [vi] =
0 on X. We use this equality to estimate the last term in (4.16) by
IC(Uz + Uy) : (U2 = Up) (v @ v)) [l 12¢xy
SNCW2+ U : (U2 = U (0 ® (v — )l 12,
+ ICU; : (U2 = Up) (v @ 1))l 125,
= C(U2+Up) (U2 —U) (v (v —v2))) I 12(x)
+ICU (U2 = UD) (v & (2 = v) [ 2(3)-
Using the expression (3.2) for the normal v, and the uniform C1%_bound for A;
we deduce that ||[v — va|peo(n) = Cég and [[v2 — vill 25y = Cllh2 — hill gi(x).-
Moreover, by the C-%-bound for u; we have that ||U; ||z~ < C and by the second

inequality in Remark 4.2 it holds ||Uz — Uil 23 < Cllhy — hy | 2 (x)- Therefore
we may estimate the above inequality as

IC(U2 + Uy) : (U2 = U (v @)l 12¢:y
< ellhy — il g2y + Cliha = hill g sy
Thus we deduce by (4.16) that
IC(U2+ Uy) : (Uz = UDll2x)

SICW 4+ U : (U2 = UDUT = v @)l 125
tellhy — hillg2csy + Cllha — hill g1 (z)-

The inequality (4.15) then follows from (2.10) as
ICW2+Up) : (U2 —UDUT =1 ® V))||L2():)
= ICW2+UD) : ((Dua(-, 1) oy = Dur (1) 0 NI = v @ 1))l 2,
< Cll(Dua(-, l)07TF — Du, (., l)oﬂp el
§C||[(DM2('J)O7TF Z)Dﬂpz (Dui (., I)OJTF])DJTFH] l2(x)
+ Cll[(Duz (-, 1) o7, )(DyrFt2 DnFH)] L2z
+C||[(DM2('J)O7T — Dui (-, 1) omy, )(I—Dﬂp[l)]rﬂﬂ(z)
= ClIV(ua(, t)oan) V(ui(, l)OﬂF Irzes)
+ Clih2 = hillgi sy + llha = hill g2 (s,

where in the last inequality we used the second estimate in Remark 4.2 and the fact
that the C!-norm of % is small.
We proceed by using (4.15) and interpolation to deduce

1 Q(E (ua(-, t)))Oﬂ , = Q(E(u(, l)))oﬂp,llle(z)

= ClIV(ua, t)O”FZ)—V(MI( 1)omy, )||2 bes)
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X [V (ua(-, t)omy, )—V(ul( t)O?TF,l)IIZ |
H 2(%)

+ellhy — hillg2sy + Cllh2(Go ) — b Dl sy
By the estimate (4.3) in Theorem 4.1 we have

IV@ua(, 1y omph) = Vi, t)onF”)lle(E)

< Nlua(-, 1) 07[;,_12 —uy(-, 1) 0775[_1 lm32csy = Cllha(G, 1) — ki, 0| 2.
Moreover by using the well-known inequality ||Vg|| < Clgl 1 _ and
Remark 4.2 we have

IV (1) omy) = Vi, t)onFtl)HH s

< Cllua(, t)OﬂFIQ—ul( Homp! IIHZ( )<C||h2( D) =G Dl ps)-

Collecting the previous three inequalities, using standard interpolation,

Ih2( ) =BG Dl sy < CllhaC, D) = b G Dl 12,0 = B G Ol s,

and by Young’s inequality we obtain

IQE@a(, ) oy = QE@i( ) omy! 17
< 261V (o 1) — I )72 + Cellha G 1) = hi G Dl

Integrating the previous inequality over (0, 7)) and using (4.12) and (4.13), we
obtain

T
/OIIQ(E(Mz( t)))oﬂ , =~ QE@ui(. 1)) omp, IIdet

A

T
((Ce +£C)p + &C) fo 1f2Co8) = i 912, dHds

1 T
< Efo 126, 8) = fiC 9172 dH'ds,

provided that ¢ and then p are chosen sufficiently small. This proves (4.14) and we
conclude that . : § — S is a contraction with respect to the L0, T; L*(%))-
norm.

Step 4. (Conclusion) We may proceed with a standard argument, by recursively
setting f1 = 0, f, := L(fy—1) and for every n = 1 letting &, be the solution to
(3.1) with f replaced by f,. From Step 2 and Step 3 we have that there exist f
and h such that f, — f and h, — hin L?(0, T; L?>(X)). Moreover, using (4.9)
and (3.11), we conclude easily that for every n = 1 the functions #,, satisfy (4.10)
and (4.11) for every k € N, with constants depending only on k and K¢. Thus,
we have that h, — h weakly in H'(0, T; H'(2)) N L>(0, T; H3(X)). Moreover
using the equation satisfied by 4, and (3.11) we also have that 9,4, is bounded
in L? (0, T; H*(%)) for every k € N. Therefore we have that i, — h weakly

loc
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in H} (0, T; H*(2)) and thus strongly in L}, (0, T; H*(X)) and that / satisfies
(4.10) and (4.11). Using these convergences one can easily pass to the limit in
the equations satisfied by the &,’s to conclude that 4 is a solution of (4.1). The

uniqueness follows from the same argument used in Step 2 and Step 3. O

5. Asymptotic Stability

In this section we study the flow when the initial set is close to a smooth strictly
stable stationary set G, which will be our reference set, that is, we set ¥ = 9G.
Throughout this section we denote

R; := Hp, — Q(E(ur,)).

Moreover, in what follows we shall drop the subscript d F; (and similar) in all the
covariant differential operators, when no danger of confusion arises. Here is the
main result:

Theorem 5.1. Let G CC 2 be a regular strictly stable stationary set in the sense
of Definition 2.11. There exists 6 > 0 such that if Fy € f)g’(E), then the unique
solution (Fy)¢=o of the flow (4.1) with intial datum F is defined for all times t > 0.

Moreover F; — Fo exponentially fast, where Fo, is the unique stationary set
near G such that |Foo ;| = |Foi| fori = 1, ..., m. In particular, if |Fo ;| = |G|
fori = 1,...,m, then F; — G exponentially fast. Here G; denote the open
bounded sets enclosed by the components ' 1,...,Tg.m of 0G, Fsoi and Fy;
are diffeomorphic to G;, and 0 Fy ; and 0 F i are the components of 0 Fy and 0 Fo
respectively.

Remark 5.2. By exponential convergence of F; to F, we mean precisely the fol-
lowing: writing 0 F; := {x + ﬁ(x, t)VE,, (x) 1 x € 0F}, we have that for every
k € N there exists ¢y > 0 and C; > 1 such that

IAC, Dllckorygy S Cre™

forr = 1.
The proof of stability is based on the following energy identity:

Proposition 5.3. Let (F;):c[o,1) be the solution of (4.1) provided by Theorem 4.4.
Then the function

t > / |VR,|* dH?
JdF;

is absolutely continuous and for almost every t € (0, T) we have the following
energy identity

d

= (f |VRt|2dH2> = 20T (F)[AR/]

dr \Jsr,

P / B1 [V R, VR, (ARy) dH+ / HE, [VR, 2 (AR dH2, (5.1)
F, oF;

where 2T (F,) is defined as in (2.21) and Brp,|-, -] denotes the fundamental form
ofBFt.
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The proof of the proposition is similar to [24, Proposition 4.3] (see also [1,
Lemma 4.4]) and therefore we shift it to the “Appendix”.

In order to control the two last terms in (5.1) we need the following interpolation
result on the evolving boundaries. The proof of the next lemma is precisely the same
as [1, Lemma 4.7] and therefore we omit it.

Lemmas54.If F C U is such that 0F = {x + hr(x)v(x) : x € X} with
Ihrllcre(s) < M, then for every smooth function f € C*°(3F) it holds that

/3 IBEIIV fRIAFIAH? < € (14 1HE o, ) IVAS 2 IV f L2007

The constant C depends only on M and X.

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. For any set F' € h{’(E) consider

D(F) = / dist (x, ) dx
FAG
and note that

< D(F) £ Cllhrl, (5.2)

”hF||L2(3G) 0G)

for a constant depending only on G. Moreover, we define
Rp = Hr — Q(E(ur)),

which is defined on 9 F.
Step 1. (Preliminary estimates) In this step we show that if F € f)%(E) and
Ihrllcrs) < § for § sufficiently small, then it holds that

1/6

1 2
rol 1hrll gs gy = DOF) + IVRFI dH* < C|lhrllYs (5.3)

(%)

for some 6 € (0, 1) and some constant C > 1.
We begin by proving the first inequality. We use interpolation, (4.2) and the
second inequality in Remark 4.2 to deduce that

IV(QEW@F) omy' — QEe)))ll2(x)
< CllQ(E(ur)) on,;1 - Q(E(ua))||9’3
< |QE@rp)) omy' — Q(E(uG»an(E)
S (CHIQEwr) oy ||§,3/2(2)>||(Dw> o' — Duglly,
<(C+ ||hF|| ) IEl
< Cllhrly;,

5.4

HZ(E)

HZ(E)
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for 8’ € (0, 1). Since G is a stationary set it holds VRg = 0 on X. Therefore we
conclude by the above inequality that

”V(HF 0”;1 —H )”iZ(aF)

<2f|V<RFon DIPAH? +2|V(QE@R) o mp' — Q(EWe))) 725,

2(1-6'
oF

We use (2.6), (3.3) and the fact that [|hr || c1(x) < § to deduce with straightforward
calculations

-1
hr N3y S CIVHE o' = Ho) o (g + Clhr s
Therefore, from the two previous inequalities and by interpolation we obtain that

2(1-9")

el ) < C/ IVRpPdH? + Cllhr " + Clihrll,

< c/ VR AHE + S lhe I + Clelh
oF

for a suitable 8” € (0, 1). The first inequality in (5.3) then follows from the pre-
vious estimate and from (5.2), recalling that since [|hF|| 535 < 1, we also have
IVREI25p) = C.

To prove the second inequality in (5.3) we argue similarly as above and use
(3.3) to conclude that

”V(HF o NF HG)”LZ(E) < c ”hF”HS():)

Moreover, by (5.4), we have that
IV(QEF)) omty — QEwe)) 2 = C ||hF||H2():)

for @’ € (0, 1). Therefore since G is a critical set we obtain
/ IVRp|>dH? < c/ IV(RF o' — Rg)|* dH?

aF
< C/ |V(HFp o' — Hg)|* dH?

C/ IV(Q(Er)) oy — Q(E(ug)))* dH?

2(1-6")

< C”hF”HS Hz(E)

+ Cllhrll < Cllhrlf;

(%) ()"

Hence, we have (5.3).

Step 2. (Global existence) Let us assume that the initial set Fy is in bg(E) with
8 < €1, wheree; € (0, 1) is the constant provided by Theorem 4.4 corresponding to
the choice 5() =1, K() = max{2, 5|| Q(E(MG))”LOO(Z)}. Then the flow (FI)IE[O,T)
starting from F; which is a solution of (4.1) exists for a time interval (0, 7'), with
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T bounded from below by a positive constant which depends only G. Let o > 0
be a small number which will be chosen later. Note that by (5.3) and by continuity
we have
D(F;) +/ VR dH? < Cllh(, Dl 5, S €87 <0 (5.5)
aF,

for some time interval (0, T’), where the last inequality holds provided that § is
small enough. Note that by (5.3) it follows that

A Dl g3sy < Co? < minfey, o1} foreveryr e (0,7),  (5.6)

when o is small enough, where o7 is the constant provided by Proposition 2.13.
In particular, we conclude from Theorem 4.4 that as long as the flow (F;);c0,1)
satisfies (5.5) it is well defined. In other words, if (0, 7*) is the maximal time of
existence and if it satisfies (5.5) for every t € (0, T*), then T* = oo, that is, the
flow exists for all times.

Let us denote by [0, T”) the maximal time interval where the flow satisfies (5.5).
We claim that if [|/o]| z73(x) < 8 for § small enough, then the flow satisfies (5.5) for
every t € (0, T*) and thus T* = T’ = +o0.

We start by recalling that by Lemma 2.12 and (5.6), since o1 < o0y, we have

32T (F)[AR,] = %OHAR,H%JI for every 1 € (0, T').

(3F)
Thus, from the energy identity (5.1), using also Lemma 5.4 and again (5.5), we
may estimate

d
— | IVRPPAH? £ <202 T(F)[AR] + C / |BE,[IVR/|? |AR| dH?
dr JoF, aF,

2
< —coll AR,

(0F)
+C U+ IHE 6 )IVAR 2 ) IV R 2G5, O
< —cl AR 1 gy + CVO IVAR T

cQ 2
g _?”ARI “Hl(aF,)’
where the last inequality holds by taking o smaller if needed.
Next we show that

IVR 29k = CI AR 25F,) (5.3)

for some constant which depends on X. Let us fix a component of d F; and denote it
by I';. Since F; is diffeomorphic to G we denote the component of ¥ diffeomorphic
to I'; by I'. Since I' is smooth, compact and connected Riemannian manifold we
conclude by [5, Theorem 3.67] that the Poincaré inequality holds on I', that is, for
every ¢ € C*®°(I") with [ ¢ dH? = 0 it holds

lellL2ay = ClIVell L2y
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Therefore since I'; = ®;(I") with ®;(x) = x + h(x, H)v(x) and ||, )| cre < C
the Poincaré inequality holds also on I';. In particular, we have

IR = Rillz2r,y S CIVRl 2,

where R; denotes the average of R, on I'; and the constant depends on X. Then by
integration by parts we get

/ VR, > dH? = —/ (R, — R)AR, dH?
Iy Iy
SR = Rz lAR N 2r,y = CIVRA 2o IAR L2, )-

We obtain (5.8) by repeating the above argument for every component of d F;.
By (5.7) and (5.8) we conclude that

d
—f VR, |> dH? §—c/ [VR,|> dH?
dr JyF, IF

for every t € (0, T'). Integrating this over (0, ¢), using (5.3) and ||k || y3(5) = 8,
yields

/ IVR,|>dH> < Ce 57, (5.9)
aF;

On the other hand by differentiating D (F;) with respect to time and using the same
calculations as in [24, Lemma 3.3] we get

d
= D(F,) =/ dg AR, dH2=—/ (Vdg, VR,) dH>
dt IF, IF,

SIS

172
< H2OF)/? </ |VR,|2dH2> < Ce 282,
aF,
Integrating this over (0, ¢), using (5.2) and ||h0||H3(>:) < 6, yields

D(F,) < D(Fo) + Ce 387 < C82 + Ce™ 8% <o (5.10)

when & is chosen small enough. Hence, we have that (5.5) holds for the whole life
span of the flow (0, 7*) and by the previous discussion this implies that 7* = oo.
Step 3. (Convergence) Combining (5.3) and (5.5) we have thatsup, ¢ |2 (-, )|l 3 (x) <
Co?. Therefore there exists a subsequence such that

h(- tm) = hoo(-)  in HX(X).

We denote the target set by Fno, thatis, 0Fso = {x + hso(x)v(x) : x € X}. By
(5.9) we deduce that VR, = 0, that is, F is a stationary set. We will show that
F; — F exponentially fast.

To this end we define

Doo(F) = f dist (x, Fso) dx.
FAFs
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Repeating the calculations leading to (5.10) we get

)j—tDoo(Ft)‘ - ‘[M dr. AR, de‘

1/2 .
< H*(3F)'/? (/d |VR,|2dH2) < Ce3157,
o,

where the last inequality follows from (5.9). This implies that lim;_, oo Do (F})
exists and the choice of Fy, implies that Do, (F;) — 0. Therefore integrating the
above inequality over (¢, 00) we get

Doo(Fy) < Ce™ 1167

for every 7 > 0. We change the reference set from ¥ = 9G to dF and write
0F; = {x+h(x,t)vr(x) : x € 0 Fx}. Then by inequality (5.2), with G replaced
by 0 Fs, and by the above inequality we have

~ c 6
NAC, Dll2pF,) < Ce 81,

Moreover, since [|A(-, 1) || g3 (x) < Co forallt > Othenalso ||/2(-, O H39F) <C

for all # > 0. By Theorem 4.4 we conclude that e Dl g2+3aF,,) < C(k, o) for
all + 2 1 and for every k € N. Thus we deduce by interpolation that

1RGOl ek, < Ce™ ' forall t 21

for some constants ¢, > 0 and C; > 1 depending on k and K.

To conclude the proof, for every ¢ € [0, +o0] denote by (I'f, ;)i=1,...,
connected components of d F;, numbered according to (2.19). Denote also by F; ;
the bounded open set enclosed by I', ; and recall that the flow preserves the volume
of each F; ;. Indeed,

d
—|Fris.illo =/ V; dH? =/ AR, dH?> = 0.
ds Cr i Cr.i

Thus, recalling (5.6) and Proposition 2.13, we may conclude that F, is the unique
stationary set in hgl (0G) such that |Fuo i| = |Fp ;| fori =1,...,m.
O

6. Evolution of Epitaxially Strained Elastic Films

In this section we briefly describe how our main results read in the context of
evolving periodic graphs.

In this framework, given a (sufficiently regular) non-negative function / : R? —
[0, 4-00), I-periodic with respect to both variables x1, x7, the free energy associated
with it reads as

T = /Q O(E(u)) dx +H2(Tp), ©.1)
h
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where x = (x1,x2, x3) € R?, I'j,, Q;, denote the graph and the subgraph of £,
respectively, over the periodic cell, that is,

Q= {(x1, x2,x3) € (0, 1)> xR : 0 < x3 < h(x1, x2)},

Ty o= {(x1, %2, x3) € (0, 1)> x R : x3 = h(x1, x2)},

and uy, is the elastic equilibrium in €25, namely the solution of the elliptic system

div CE(up) =0 in Qp,
CE(up)lve,]=0 on Ch, o 62)
Dup (-, x3) is 1 — periodic,

u(xy, x2,0) = ep(x1, x2,0),

for a suitable fixed constant ey 7# 0. The above energy relates to a variational
model for epitaxial growth, see the introduction. Precisely, the graph I'j, describes
the (free) profile of the elastic film, which occupies the region €2;, and is grown on a
(rigid) and much thicker substrate, while the mismatch strain constant ey appearing
in the Dirichlet condition for uj, at the interface {x; = 0} between film and substrate
measures the mismatch between the characteristic atomic distances in the lattices
of the two materials. In this framework, the (local) minimizers of (6.1) under an
area constraint on €2, describe the equilibrium configurations of epitaxially strained
elastic films, see [21-23,25] and the references therein.

In the context of periodic graphs, given an initial 1-periodic profile hy €
H} (R?) (in short kg € ngr((o, 1)?)), we look for a local-in-time solution A (-, )
of the following problem:

Jita,h = Ar, (Hi+ Q(E(u;))) onl;andforallt e (0,7T),
h(-,t) is 1-periodic foralltr € (0,7), (6.3)
h(-,0) = ho,

where J; := /1 + |Dh(-, t)|2, u, stands for the solution of (6.2), with €2, in place
of 2, we wrote I'; instead of I'j,,, and H; denotes the mean curvature of I';. Note
that in the first equation of (6.3) we have +Q(E (u;)) instead of —Q(E (u;)). This
is due to the fact that in (6.1) the vector v, now points outwards with respect to
the elastic body.

Although the setting is a bit different from that of the previous sections, the short-
time existence theory of Section 4 clearly extends also to the present situation, with
the same arguments. In this way we improve upon the results of [23] at least in the
case of isotropic surface energy density. We assume that the solution is periodic
for all times. If we had uniqueness in unbounded domains for this equation, the
periodicity would be implied by the periodic initial conditions.

Also the stability analysis of Section 5 applies without any essential changes,
thus showing that strictly stable stationary 1-periodic configurations are exponen-
tially stable in the sense of Theorem 5.1.

A particular class of critical configurations to which our stability theorem ap-
plies are the flat configurations, that is, in the case of constants profiles & = d,
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provided that d > 0 is sufficiently small. Indeed in [9, Proposition 7.3] it is shown
that if d is sufficiently small then the flat configuration 2 = d is strictly stable for
the functional 7. Therefore, we may state the following theorem:

Theorem 6.1. There exists dy > 0 with the following property: Let d € (0, dp).
Then, there exists § > O such that if

lho — dll 30,12y S 8 and / hodx = d,
©,172

then the unique solution h(-, t) of (6.3) exists for all t > 0 and for every integer
k = 1 we have

||h(, t) - d”ck([o’l]Z) g Ckeickl fOr allt > 1

and for suitable positive constants Cy, ci.

Acknowledgements. The research of N.F. has been funded by PRIN Project 2015PASMP7.
The research of V.J. was supported by the Academy of Finland Grant 314227. N.F. and
M.M. are members of Gruppo Nazionale per 1’ Analisi Matematica, la Probabilita e le loro
Applicazioni (GNAMPA) of INdAM.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional
claims in published maps and institutional affiliations.

7. Appendix: Technical Lemmas

In this appendix we collect a few technical results and we give the proof of
Lemma 3.3 and of Proposition 5.3.

Lemma 7.1. Let ¥ be an m-dimensional smooth compact manifold in R" and
letk = 1.If f, g € H*(Z) N L®(X), then fg € H*(Z) and | fgllyrs) =
C(1f N resyllglioesy + gl gecs)ll fllLe(s)). Moreover, if A € C®(R) then
A(f) € HX(Z) and IAU) | g ) <Ccd+ I 1l g7 (s2)) where the constant de-
pends on A and on || f|| Lo (5).

If U C R™isan open set ® : U — ®U) C X is a diffeomorphism of class
H*NC' k =2 1, and f € HY®WU)) N CHD)), then | f o |l gry) =
CUIDSflloo, IDPlloc) (Il g+ + NP 5.

Moreover, ifk 2 3, f € H*"1{(®)), then || fo @ || -1 sy < C (Il f loo» D Pl c0)

(LA et A 1P )

Proof. The first two statements of the lemma are classical, see for instance [43,
Propositions 3.7 and 3.9]. The third one can be proven by a similar argument. We
leave the details for the reader. O

We now prove Lemma 3.3.
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Proof of Lemma 3.3. First, recall (3.17) and observe that from the assumption on
hi wehave supg<, <7 [1hi (-, )l cra(z) < €8 forasuitable C > 0and 6’ € (0, 1).
We begin by estimating, for ¢ > 0,

T
/ / (A ha. Vha), T*ha) — (AGr. by, Vhy), VR P dH2dd
0 )
T
gz/ /|A(x,h2,Vh2)|2|V4h2—V4h1|2dH2dt
0 D)
T
+2/ f|V4h1|2|A(x,h2,Vh2)—A(x,hl,Vh1)|2dH2dt (7.1)
0 )
T
gg/ /|V4h2—v4h1|2dH2dt
0 D)
T
+c/ /|V4h1|2(|h2—h1|2+|Vh2—Vh1|2)dH2dt.
0 D)

To estimate the last term, we use the Sobolev inequality and the interpolation
Lemma 2.1, and have

T
[ [ 194haP e = 0P (92 = I aréar
0 z
T
< C/o Ao () = hi G D51V 2 )17 dt

T 5 1
<C sup |ha( ) — G0 f B2 (s O 5 VR (-, )13 oo di
0<i<T 12 Jo HS L= (7.2

5

< 0 2 1 r 2 6
S C83 sup fho( 1) = hi( )| T6 h2(-, )1l dt
0<t<T 0

1
< C(M)Ts sup [ha(. 1) = (.03
0<t<T

Concerning the estimate of,

T

/ /|11<x,h2,th,v2h2,v3hz)—Jl(x,hl,Vhl,vzhl,v%lndezdt
0 x

we observe that

T
f f |(B1(x, ha, Vha), V3hy ® VZhy)
o Js

— (Bi(x, h1, Vhy), Vhy ® V2hy)|> dH?de

T
§C/ /|Bl<x,h2,wz>—Bl<x,h1,vm)|2|v3h2®v2hz|2dH2dr
0 ¥

T
+c/ /|Bl(x,h1,Vh1)|2|V3h2—V3h1|2|V2h2|2dH2dt
0 X
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T
+c/ / |B1(x. by, VR PV hy — V2 P13 [P dH2dr
0 )]
T
< c/ /(|h2 — P+ [Vhy — Vi PV ha P92 2 dHdr
0 >
T
+ C/ / IV2hy — V2h 2| V3 h > dH>de
0 p)
T
+ c/ / IV3hy — V3 2| V2ho |2 dH?dt = 1) + I + 5.
0 >
By a simple interpolation argument, we have
T
I < / IV3hy — VPhy |2, 92ha 2, di
0
r 3 w2 2, 3
< CMo/ 1 — ol 192hs — V%A1 1,
0

T
Se / IV4ha = V*hy |7, di
0

+ Ce(M))T sup [ha( 1) = i (. D132
0<t<T

Similarly,
r 2 2 2 2
L g/ IV2hy — V2hy 11741V hy 113 4 dt
0
T 1 3 1 3 3
< C/ lha = a1 2k = Byl 2 112 1V Ry 12 de
0
T
<o [C19h - Vi a
0

T 2
+Co(Mo) sup ||h2<~,r>—h1<~,r)||§,2/ Ll s de
0<t<T 0

T
<o [ 19 - VR, ar
0

2
+ Ce(M)T5 sup [[ho( 1) = hi (. D17
0T

Finally, arguing similarly as above,

T
I g/g B = hall316 V2 h2 |13 611 V2o |17 6 dit
> (" T T
< CMy sup ||h2<~,t>—h1(-,r>||H2/ 21351V R 2, d
0St<T 0

2
< C(M)T3 sup Nha( 1) — hi( D30
0<t<T
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Since the difference of the remaining terms in J; can be treated in a similar (in fact
easier) way, we conclude that

T
f f|11(x,hz,wz,v2hz,v3h2
0 b))
— Ji(x, ki, Vhy, VZhy, V3h))? dH2de
T
< e/ IV4ha (-, 1) — VAR (- 013 dr
0

+ C(MYT? sup |ha(, 1) = by, DI (7.3)
0T

We are left to show that

T
//|J2(x,h2,Vh2,v2hz,Vf,v2f
0 )
— Ja(x, hy, Vhy, V2, V £, V2 )2 dHde
T
< s/ IV*hi(, 1) — VAo, 1) )15 de
0

+ Ce(Mo, K)T? sup [ha( 1) = (. D132 (7.4)
0<t<T

As before we only prove the estimate for

T
I :=/ /|<A1(x,h2,wz)—Al(x,hl,vm>,v2f>|2dH2dt,
0 b}

the other terms being similar (or easier). Using Lemma 2.1 once again we have
! 2 2 2
I < / Vs — b1, V2 £ di
0

T 3 1
< C sup IIhz(',t)—h1(-,t)||§,z/ |IV3f||22||f||ioodt
01T 0

1 r 3
< CK; sup ||h2(-,r)—h1(~,r)||§12/ IV3 £1I7, de
0<t<T 0

3.1
SCKGTH sup |ha(, 1) = hi( D)l
01T

The conclusion then follows by collecting (7.1)—(7.4). O
Finally we give the proof of Proposition 5.3.

Proof of Proposition 5.3. The proof is similar to the proof of [24, Lemma 3.3].
For this reason we adopt the same notation as there and extend every function on
0F; using the signed distance function df,. In particular, the normal v; = vf,,
the second fundamental form B; = Bp, and the mean curvature H; = Hp, are
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extended to a tubular neighborhood of d F;. Recall that D, denotes the tangential
gradientdefined in (2.9) and div, denotes the tangential divergence, which is defined
as div; X = divX — (DXvy) - v;. The Laplace—Beltrami operator on F; can be
written as Av = div; (D, v), the second fundamental form as B, = D,v; and the
mean curvature as H; = div; v;.

The regularity properties of & stated in Theorem 4.4 imply that for every integer
k = 1Vkh e H! (0, T; L?(%)). Therefore, in what follows all the time derivatives
are well defined almost everywhere. In turn, this allows us to differentiate u; := up,
with respect to time. More precisely, setting i, := a'g;"‘ |S:0, we can argue as in

[9, Theorem 4.1] to conclude that 1 solves that

CE(ity) : E(p)dx = —/ div; (AR, CE(u;)) -  dH? (7.5)

Q\F aF:

forall ¢ € HI(Q\F,; R3) such that ¢ = 0 on dp 2. Note also that; = 0 on dp<2.
Let us fix time ¢ > 0. To continue we observe that, by redefining the velocity field
X assosiated with the flow (4.1) if needed (in a time interval centered at ¢), we may
assume that X, has only a normal component on 9 F;; that is,

Xl Z(X['U[)UZZ(AR[)UI on aF[.

Since we extended all the geometric quantities by means of the gradient of the
signed distance from F; we have the following equality (see [13]):

f)l‘ = _DT(XZ . U[) = —DT(ARt) on aFt
This implies (see the proof of [1, Eq. (5.15)])

) )
H, = aH,H|X:0= —A’R, ondF,. (7.6)

Moreover we have (see [13])
3y, H, = —|B,> ondF,. (7.7)

Denoting by D, the tangential gradient on dF; s and by J; @, the tangential
Jacobian of @, we have

d (1 20
— | = D; ., R dH
ds (2 /GF,H | Tits t+s| )

d (1
:—<— (ID R,+s|2od>s>11<1>sdH2)

s=0

ds \ 2 OF, Trts s=0
1 2 4 2
=3 |D¢R:|“ dive (AR, v;) dH
dF; , (7.8)
+f D:R; - 3_ (th+x Rt+s o q)s) . dH2
0F; s s=
1
=~ | H|D.R/|*AR, dH>
2 JoF,
ad
+ / DeRy - o= (Day Ress 0 @) | dH?
F; N 5=
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‘We write the last term as
Dy Rigps 0 @5 =[I — vijg 0 Py ® vigy 0 Dy DRijg 0 Dy

and get (recall & =X, = (AR)v)

0

a (DT,H Riys0 (Ds)

O: [I —v ®v] (DRI + DZRIXI)

S=
+ (=0 Qv —v; @V)DR,;

= DRy + AR, ((I = v @ v)D?R,) []
+ (DR; -v)) D:AR; — (DR; - Vy)vy.

Note that D; (DR; - v;) = B;D:R; + ((I — v; ® v;) D*R;)[v;]. Thus we have

a

DR, - 35

(Dz,y, Rigs 0 ®y)

= (DR, - D¢ Ry)
s=0

— AR{(B{[D:R, D R;])
+ AR{(D:R - D-(DR; - v))
+ (D:R; - D:AR;) (DR; - vy).

Therefore by integrating by parts the first and the third terms we obtain

dH?

5=l

9
D.R; - o (Dzyyy Rigs 0 @)
0F; s
= (DR, - D:R;) — AR/(B,[D: R, D; R,]) dH*
9F,
+/ AR;(D:R - D:(DR; - v;)) + (DR, - D AR,) (DR, - v;) dH?
JdF;
=/ —~AR; R, — AR (B/[D:R, D; R,1) dH>
9F,

~|—/ —(DR; - v;) div (AR, D R;) + (D R; - D AR;) (DR, - v;) dH?
daF;

= [ —AR; R, — (DR, - v;) (AR,)2 — AR,(B,[DTR, DTR,]) dH>.
OF;
Let us denote u; = ur, and 1; = %u,. By (7.6) it holds that

. . 0 .
Ri = H; + 2= O(E () = ~A?R, + CE (i) : E(uy),
and by (7.7) we have

(DR;, v) = 3y, Hy + 0, Q(E (u) = —|B:|* + 9y, Q(E (uy)).
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Therefore we get

dH?

5=

0
D:R; - — (Dgp, Rigy 0 @)
dF, as

= / AR, A’R, — CE(it;) : E(u;)AR, dH?
F,

+ /a i |B:|*(AR)? — 8, Q(E (uy)) (ARy)?
— AR (B/[D:R, D R,]) dH>.

Observe now that using the second equation in (2.12) and (7.5) we have

CE(i,) : E(u) AR, dH? = CE(u;) : D(ii;) AR, dH?
dF; oF;

=/ CE(u;) : Dy (it;) AR, dH?

JoF;

_ _f dive (AR, CE () - it
JdF;

=2 Q(E(y)) dx.
Q\F;
Collecting the previous three identities we then get

dH?

s=0

d
DR, - 3_ (th+_y Riqs0 (Ds)
9F, s
= —/ VAR, |> +20(E (i) AR, dH?
0 F;
+ / |BI*(AR)? — 8, Q(E ;) (AR,)* — Bi[VR;, VR,] AR, dH>.
9F,

We notice that the first four terms coincide with —32J (F;)[AR,] (see (2.21)). Thus,
combining the last identity with (7.8), we obtain (5.1). O
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