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GAMMA-CONVERGENCE FOR ONE-DIMENSIONAL
NONLOCAL PHASE TRANSITION ENERGIES

GIAMPIERO PALATUCCI - SIMONE VINCINI

We study the asymptotic behavior as € goes to 0 of an appropriate
scaling of the following nonlocal Allen-Cahn energy,

)P
EX(u) = € // ‘dxd—&-/Wudx
IxI |x y|1+25 YT ()

where / is an interval in R, and W is a double-well potential. We provide
a I'-convergence result for any s € (0,1), by extending the case when
s = 1/2 studied by Alberti, Bouchitté and Seppecher in [2]. We also
investigate the convergence as s ' 1 of the related optimal profile problem
to the local counterpart.

1. Introduction

In the present paper, we describe via De Giorgi’s I'-convergence the asymp-
totic behavior of a nonlocal Allen-Cahn-Ginzburg-Landau-type energy in one-
dimension.

Let I C R be an open interval, and let W be a double-well potential with
wells at —1 and 1; i.e., a nonnegative function vanishing only at {—1,1}. For
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any s € (0,1), and any € > 0, we consider the following family of functionals,

Ju(x) —u(y)?
E;(u —8 // dxd —|—/W dx, 1
Ixl |x— y|1+2s ay/ (1) 2

naturally defined on the fractional Sobolev spaces H*(I). As well known, the I"-
convergence is an important tool in Calculus of Variations in order to investigate
the asymptotic behavior of variational problems depending on a parameter, and
it has become fundamental in dealing with singularly perturbed energies arising
in the theory of phase transitions as the one in (1), where the dislocation energy
of a double-well potential W is compensated somewhat by a singular perturba-
tion term which avoids the formation of unnecessary interfaces.' In this respect,
one of the very first examples of I'-convergence can be found in the by-now
classic paper [23] by Modica and Mortola, where the singular perturbation en-
ergy is given by a gradient term £||u||;1, in clear accordance with the original
theory of phase transitions in fluids by Cahn and Hilliard; that is,

! (u) :82/ ]Vu(x)|2dx+/ W (u)dx, where Q C RV.
Q Q

In [23] it has been proved that the T-limit in L' of F! = E} /¢ is the following
functional defined in BV (Q;{—1,1}) by

Fl'(u) := pPer({u=1}); ()

i. e., proportional to the measure of the surface which separates the two phases,
of a constant factor y;, which is determined by the optimal profile problem be-
low, in view of the equipartition of the energy between the two integral terms in
the functional,

:inf{/}R\v'(x)lzdx—i—/RW(v)dx: (3)

vE Hi(R), lim v(x) =1, lim v(x)=1}.
After that, despite a relatively short history, many important extensions and gen-
eralizations have been considered. The literature is really too wide to attempt
any comprehensive treatment in a single paper; we would like just to men-
tion some of the recent relevant contributions in the nonlocal framework [1—
4,6,7,9, 10, 14, 15, 18, 20-22, 26, 27, 30, 31].

For what concern Allen-Cahn energies with nonlocal singular perturbations,
the first result can be found in the paper [2], where Alberti, Bouchitté and Sep-
pecher studied the asymptotic behavior of the one-dimentional functional in (1)

'We refer to [8] for a detailed presentation of several basic aspects and applications of the
I'-convergence in a very general framework.
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in the special case when s = 1/2. In such a case, one can prove that the I'-limit
is still local as in (2), but there is no equipartition of the energy and the cost
of one transition from —1 to 1 does not come from an optimal profile problem.
Precisely, the authors consider the following logarithmic rescaled energies,

2, |u(x) —u(y)[? 1/2
F (”)_8//M|x—y|2 dxdy+9£/IW(u)dx, forue H'(I), (4)

where 6 — o and €In(6¢) — ¥/, € (0,%0) as € — 0. Amongst other results,
they proved that Fgl/ 2 I-converges in L' (I) to the functional F'/? defined by

FU2() = 871, H"(Su) ifueBV(I;{—1,1}),
o0 otherwise,

where the jump set Su is the complement of the set of Lebesgue points of u, and
1 denotes the counting measure. For the precise assumptions and further clar-
ifications on the scaling above and all the involved quantities, we immediately
refer to forthcoming Section 2.

The complete analysis for any s € (0, 1) of the asymptotic behavior of suit-
ably rescaled energies as in (1) in a general smooth domain Q C R, for N > 2
has been settled in the relevant paper [30] by Savin and Valdinoci, who proved
that when s € [1/2,1) the energy I'-converges to the classical minimal surface
functional, as in the local case (when s = 1), while, when s € (0, 1/2) the energy
I'-converges to the nonlocal minimal surface functional. It is worth noticing that
most, if not all, the results in [30] still hold for N = 1. However, below it will
be clarified the relevance of the one-dimensional result in the present paper, in
particular in order to establish a bridge between the nonlocal and the local phase
transition energies.

Accordingly, in the present paper, we extend the result in [2] by investigat-
ing the behavior of the one-dimensional functional (1) when s € (1/2,1). It
is worth noticing that the proof of the I'-convergence result in the case when
s €(0,1/2), already shown in [30], is immediate since in such a strongly nonlo-
cal framework one has just to reconstruct the nonlocal term in the limit, and for
this one can make use of the fact that the constant functions belongs to H®, and
thus they can be plainly chosen to obtain the desired limit estimates; see Sec-
tion 6. The difficult task is to deal with the case when s € [1/2,1), because — as
well explained in [30] — the nonlocal character of the functional gets localized
in the I'-limit, hence one cannot get rid of the contributions coming from far in
order to «<balance the interaction of these nonlocal contributions with their local
counterpartss.
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For any s € (1/2,1), we then consider the following functional defined on
functions in H; (1),

_ u(x 2 1
R =e B =201 -9 [[ IO . yw' dedy+ [Ww)dx
(5)

where one can notice the scaling in the energy E; (for which we refer again to
forthcoming Section 2), and a factor 2(1 — s) in front of the kinetic term, whose
presence will be clarified below.

The asymptotic behavior in terms of I'-convergence of F is described by
the functional F* defined by

FS(u) =y HO(Su), forue BV(I;{—1,1}), (6)

where the constant 7; corresponds to the minimal cost in terms of the nonscaled
energy I’ of a transition from —1 to 1 on the whole real line, and it is given by
the following optimal profile problem,

v(x) —v()?
5= 1nf // dXd+/Wvdx: 7
e Rk Pr— y|1+zs vt | W) )
v € Hio.(R), llmoov(x) —1,x1_i>1}rlmv(x)=1}.

The presence of an optimal profile problem represents the main difference with
respect to the case when s = 1/2 studied in [2], where on the contrary the limit
comes basically from the nonlocal part of the energy and any profile is optimal
as far as the transition occurs in a layer of order €. The optimal profile problem
will simplify considerably the proof of the I'-lim sup inequality; see Section 5.2.
On the other hand, we would need to prove that the infimum in (7) is achieved,
and for this we will follow the approach in [18], where the I'-convergence of a
very close one-dimensional functional with a nonlocal nonlinear singular per-
turbation was studied. A key-point in this analysis, as well as in the proof of
the I'-liminf inequality, will be the investigation of a family of auxiliary opti-
mal profile problems together with the behavior of the energy with respect to
monotone rearrangement of functions; see Section 3.

The aforementioned I'-convergence result is stated in the following

Theorem 1.1. Foranys e (1/2,1), let F{ : H*(I) - Rand F* : BV (I;{—1,1}) —
R be defined in (5) and (6), respectively. Then,

Lower Bound Inequality. For every u € BV (I;{—1,1}) and every se-
quence (ug) C HS(I) such that ue — u in L'(I),

liminf F; (ue) > F*(u). (LB)
=0
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Upper Bound Inequality. For every u € BV (I;{—1,1}) there exists a
sequence (itg) C H*(I) such that ite — u in L'(I), and

limsup Fy (itg) < F*(u). (UB)

£—0

In addition, a natural compactness result is proven, as stated in the following

Theorem 1.2 (Compactness). Under the same assumptions in Theorem 1.1,
let (ug) C H*(I) be a sequence such that F;(ug) is bounded. Then (ug) is pre-
compact in L' (I) and every cluster point belongs to BV (I, {—1,1}).

The strategy of the proof of Theorem 1.2 will closely follow the approach
in [2, Theorem 1(i)] with no relevant differences, except in the computations,
since a non optimal lower bound for F} (u,) will be sufficient to attack the prob-
lem by means of Young measures associated to equi-bounded sequences; see
Section 4.

Let us come back to the scaling factor 2(1 — s) in front of the perturbation
term in the energy functional F. As already mentioned, the family of the nonlo-
cal functionals we are dealing with shares with their local counterpart, i.e., with
the Modica-Mortola functionals Fsl, the form of the I"-limit which involves an
optimal profile problem. This similarity does not come unexpected: a by-now
classical work by Bourgain, Brezis and Mironescu ([5]) bridges the gap between
H* and H', showing the convergence of an appropriate scaling of the Gagliardo
(semi)norm [-|ps to ||ul| #}» Which in one-dimension can be read as follows

2(1=8)ulZy — || ass 71,

Consequently, one does expect to deduce the convergence in the limit as s —
1~ of the optimal profile for transition with respect to the nonscaled energy
F* to the classical counterpart with respect to the nonscaled energy F'. Such
a result is not entirely trivial: on one hand the convergence proved in [5] is
only pointwise (see also Section 4 in [13]), so it does not really suffice in the
study of the convergence of the minimizers; on the other hand, one has to take
into account that the condition that the optimal profiles have limits +1 at £oo
is not closed with respect to the L! topology. For this, we will attack such
a problem by dealing with the convergence of an auxiliary family of optimal
profile problem ¥/, defined in (12) below, which guarantees the closure with
respect of the L' topology. Then, we can deduce the result on the convergence
of the nonlocal optimal profile by exploiting the uniformity in s of the estimates
of ¥, — ¥ in the limit as T — +oo. We have the following
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Theorem 1.3. Let ¥; and 7y, defined by (7) and (3), respectively. Then,

lim ¥ =7. )
s—1-

In order to complete the proof of Theorem 1.3 above, in view of the uni-
formity of our estimates on the auxiliary optimal profile problem, we will be
able to apply a stronger convergence result proved by Ponce in the important
paper [29], which to some extent does improve the results in [5] and in particu-
lar does imply the I'-convergence of the nonscaled energies F* to F!; we refer
to Section 7.

Finally, we would like to mention that it could be interesting to deal with
even more general nonlocal energies involving spatial inhomogeneity terms, as,
for instance, the fractional counterpart of the one treated in the local case in [28].
Consequently, one should take into account a wider class of family of fractional
kernels with nonsmooth coefficients, by possibly dealing with the resulting error
terms in the same flavour of the papers [11, 12, 16, 17, 24]; that is, by suitably
estimating the “nonlocal tail” of the minimizers.

2. Setting and preliminary results

In this section we set the problem we are dealing with, and we add further
considerations about the involved quantities and assumptions.

First of all, we recall that, for any s € (0, 1), the fractional Sobolev spaces H*(RV),
for N > 1, is defined through the norm

A N

2 —u(y)?
= dx dxdy.
/ " de+ //IRNXIRN |x — y|N+2s Y

For a bounded domain Q C RY, the space H*(2) can be defined similarly, by re-
placing the domains of integrations with Q. For further details on the fractional
Sobolev spaces, we refer to [13] and the references therein.

As mentioned in the introduction, we will deal with the nonlocal Allen-Cahn
energies F; defined in (5) on functions in H*(I), where I C R is an interval,
and s belongs to (1/2,1). The double-well function W : R — [0, +e) in the
potential term in (5) is a nonnegative continuous function vanishing only in the
two phases —1 and 1. Moreover we require that W grows at least linearly at
infinity; i.e., that W(z) > C|z] at infinity for some C > 0.
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As customary, the corresponding localization of the energies is defined as
follows: for every open set J C [ and every function u € H*(J),

1
FE(u,J) =2(1—5)e* uljp ) + - /, W (u) dx. )

Clearly, F;(u,I) = F;(u) for every u € H*(I). In addition, given J C I and
u € H(J), we set u®(x) := u(ex) and J /€ := {x:ex e J}. By scaling, it is
immediately seen that

Fi(u,J) =Fu'®,J/¢).

In view of such a scaling property, it is then natural to consider the optimal pro-
file problem defined in (7), whose properties will be investigated in forthcoming
Section 3.

We now present an important property of the energy with respect to mono-
tone rearrangements of functions, which will be very useful in the following of
the paper. Let J = (a,b). For every u € H*(J), consider the non-decreasing
rearrangement u* of u in J given by

u(a+x):=sup{n:|{r € (a,b):u(t) <n} <x}, Vxe(0,b—a). (10)

One can prove that

// () —w () dxd <// Ju@) —uQ 4 o (11)
o~ |x y‘l+2s et r— y‘]+2s Y5

see for instance [19, Theorem I.1]. Moreover,

/JW(u*)dx _ /JW(u)dx

which, combined with (11), yields
Fi(u*,J) < Fi(u,J).

We conclude this section with a brief observation about the scaling factor
in the definition of the energies F;. Different choices of a scaling factor in € of
the energy E. would indeed generate different I'-limits, which could provide (or
not) useful informations on the minimizers. Below, we motivate the choice of
the (optimal) scaling in the definition in (5).

By simplicity, we set I = [—1, 1], and we define the following partition of /
depending on 0 € (0,1).

I~ :=[-1,-8], 1°:=(-§,8), I":=1[5,1].
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We take a function f5 defined as follows

—1 sexel
fs(x)=4qx/8 sex eI,
1 sexelh.

We can estimate the energy E;(fs) as follows,
ELfs) = 21=5)lfslhu+ [W(Fs)dn
= &2(1—5)[fslip(p) +C26

4
4(1 —S)\/\/[LXIJr mdxdy—l—C26

~ Cie¥8"F + 08 = ns(e).

v

By minimizing in &, and taking § = €, we get
ns(€) ~Ce

for some constant C. For any s € (1/2,1), such an estimate suggests the optimal
scaling Ff(u) = € 'E¢(u), as in (5).

Finally, it is worth noticing that in the case when s = 1/2, the same compu-
tations as above will give 1,(€) ~ Ce|log(€)|, in accordance with the scaling
in (4).

3. The optimal profile problem

One can prove that the infimum in (7) is achieved by adapting an argument
in [26]; see in particular Remark 2 there. In short, one can take advantage of
the decreasing behavior of the energy with respect to monotone rearrangements,
and then make use of a plain application of the Direct Method, as firstly seen
in [1, Theorem 2.4], where some nonlocal functionals deriving from Ising spin
systems are analyzed. However, we will follow and extend the proof in [18,
Proposition 3.3], because all the estimates presented below are necessary in
order to obtain the I'-liminf inequality (LB) in Theorem (1.1), and the bridging
result in Theorem 1.3 which will be shown in Section 7. Thereby, we introduce
an auxiliary optimal profile problem. For every T > 0, let

Vo= inf{Ff(v,lR) v e HEL(R), v(x) = Vx> T, v(x) = —1 Vx < —T}.
(12)
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Figure 1: A good competitor for the auxiliary optimal profile problem (12).

By the compactness of the embedding of H*([—2T,2T]) in L?([-2T,2T)), to-
gether with the lower semi-continuity of the Gagliardo semi-norm, one can de-
duce that the minimum in (12) is achieved. Moreover, by truncation and mono-
tone rearrangement, such a minimum is achieved by a function @7 € H; (R)
which is non-decreasing and such that —1 < @7 < 1. In the proposition below,
we prove that the auxiliary problem ! is a good approximation of the optimal

profile problem in (7), and this will also provide the existence result for ;.

Proposition 3.1. The sequence ! is non-increasing in T, and Tlim }/ST =%
—00

Proof. First of all, by the very definition one can get that ] is non-increasing
in T, and y! > v, which immediately provide the existence of the limit and that

lim > %.

TH+OOYST =¥

In order to prove the reverse inequality, we will construct a function ¢ which is
a good competitor for /. Firstly, for any u > 0, we can take a function ¥ €
H{ (R) such that

loc

. _ . _ s < '
Jim oy =—1, lim y(x)=1, and F(y,R) <¥%+u
Now, we want to modify such a function ¥ in a suitable way in order to be
admissible for (12), as in Figure 1. To this aim, we consider the function ¥ €
L'(R) defined by
R |x—y[l+2

Notice that [ W(x) dx = [y]Z, (r)> and thus ¥ € L'(R), so that we can choose

a sequence 7, — oo such that

Y(T,) = 0asn— oo.
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For any 6 > 0, up to subsequences, we can assume that 1 — |y(7;,)| < . We now
denote by J, := (—T,,T,) the interval in which the competitor ¢ will coincide
with the function y, by extending it affinely to reach the phases. We have,

-1 ifx € (—oo,—T,— M),
YOI (4 T + (=T ifx € [~T,—M,~T,],
o(x) = y(x) ifxeJ,,
=) + () se x € [T, T, + M),
L1 ifxe (T, +M,+o).
Let us carefully estimate the energy of ¢ on R. We have
FloR) = R +ReR L+ [[ 000 g,
(R\L)xJ,  r—y|1H2

[o(x) — p(y)]?
a2 f[ 9000
B2l =) (R\)x(R\S,) X —y|1T28

lp(x) — @(y)|?
-1 // e dxdy + W(o)dx
(5=1) (R\Jp)xJy | —y[1F2 Y R\J, (¢)

= Y%A+u+2(l—s)h +2(1—s)L+1Iy.

IN

Now we estimate the contributions given by Iy, I, and I,. We firstly set

W5 = max w. (13)
[—1,—1+8]U[1-8,1]

Clearly, ws — 0 as 6 — 0, and we have

Iy = W(p)dx < 2Mws. (14)
R\J,

Regarding the integral contribution /;, we can split it as follows,

Y /*”"P|§f>—y|‘f<y>|2dxdy+ [ /-Tn-w'(x)—qo(y)\zdxdy

+2s x y| 14+2s

= lo) —eO)P M o) — o)
dxdy +2/ / —dxd
T+M/T |x — y|1+2‘ oy |r—y[lt2s Y

LM | (x) — () lo(x) —o()I*
+2 T,,+M/ dxdy +/n /nM | dedy

T, |x y|1+2s x— y|1+2s

+/T'1+M/T+M<p x) =y )\2dxdy
T, . |x

_y‘]+2s

= 2R1+Ry+R3+2R4+2R5+Rs+R7,
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_T;!_M _Tn Tn Tn+M

Figure 2: The partition of the plane to compute the energy of the competitor for
the auxiliary optimal problem (12).

where the integration domains of the contributions Ry, . ..,Rg can be seen in Fig-
ure 2. We immediately notice that Ry = R3 = 0.
We have

2
—1-2
R 54/ / =y vy = G T G

and

= 1+ W(=Tp) + (T +x) 022
Ry = / / x—y|1+2s dxdy

- / /MP*‘” ? ey — FWET)P

|z —w|1+2s 25(3 —2s)M?s-1’

where we also used the standard changing variable formula. In a similar way,
we can compute Rs to get

(1 — W(Tn))z

Rs = .
> 7 25(3—25)M>T

For what concerns the contributions Rg and R7, we have

/ / L+y(=T)Py—x _  (+y(-T))?
Re=e)oula e —y| 128 (1—s5)(3—25)M>~1
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and analogously

g —  (1=w(m)

(1—s5)(3—=2s)M>—1"

All in all, we have the following estimate for the integral contribution /;,

5 < 4 (I+y(=T))* + (1 - w(Ty))*
G T DTG A SG—25)M
(I+y(=T)* + (1 - y(T,))*
(1—15)(3—2s)M>s1
282 282

S(2S— 1)(2Tn)25*1 + S(3 _2S)M2S71 + (1 —S)(3 _ 2S)M2571 (15)

It remains to estimate the contribution I»; that is,

T.—M T, |(p ’2 T, ’(P ’2
p=2f [ I’ yw dxdy *2/@ o I’ yr% dxdy

(16)
LM T [o(x) — @(y)]? T lo(x) — @(y)]?
+2/ / 19 = PO 4edy+2 / 19159 = POV 4 gy,
T, -1, |e—y|ttE YT i) g ey

The first term in the display above can be estimated as follows,
T,—M T, |(p |2 -T,—M T, 4
2/ / x— y|1+2s dredy =< 2/_00 /_T x— y[1F2s dxdy

s(2s —1)M?s—1°

The second term in the right-hand side of (16) can be estimated as follows,

T T |e(x) — o)
2/ / 7 dxd
~T,—MJ— |x_y|l+2s Y

T V/(*Tn)‘Fl T 2
_2/ / lw(y) Ty) — = — (x+T,)| dxdy
T.—M

|x y|l+2s
77;1 7;1 J— _T 2
LM -1, |y T[T
1 % 12 |x + T
_ T~ S—i)dx
+2S /—T,,—M (’x+ n| ‘Tn—X|2S

262
s(3—2s)M>~1"

<AMY(-T,) +
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Similarly, one can estimate the third and the fourth terms in the right-hand side
of (16), to get

482 8
L < 4M(‘P(—Tn)+‘P(Tn))+S(3_2S)M2S71 +S(2S_1)M2S71. (17)

Finally, by combining the estimates in (14), (15) and (17), we have

M < Fi(e,R)

oy 808 L 4(-98 48
S Bt H S(2S— 1)(2Tn)25—1 5(3—2S)M25_] (3—25)M2S—1
8(1—5)82

+2Mas +8M(1—s)(P(—T,) +¥(T,)) + sG—25)M> 1

16(1 —3s)
s(2s — 1)M3s—1°

By letting n — oo, it follows

Tl—ig—loo %T - ngTOO ’}’Z"+M
< phpt i U L +2M
- s(3—2s)M?s-1 (3 —-25)M*>~!
8(1—s)8? 16(1 —s)

s(3=2s)M>~1  s(2s—1)M>- 1"

The desired result will thus follow by letting first 6 — 0, then M — oo, and
u — 0. O

Remark 3.2. As mentioned in the introduction, it is worth noticing that all the
estimates in the proof above are uniform with respect to s when s 1. This will
be crucial in the proof of the convergence of the fractional optimal profile v,
to 71, as we will see in forthcoming Section 7.

We are now in a position to show the following result for the existence of
the minimum in (7).

Proposition 3.3. For any s € (0,1) the minimum in (7) is achieved by a non-
decreasing function ¢ € H; (R) such that —1 < ¢ < 1.

Proof. Forany T > 0, take a non-decreasing minimizer ¢ : R — [—1, 1] for y/ .
By Helly’s Theorem, there exists a sequence ¢’/ which converges pointwise to
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a function ¢ in R. By construction, such a function ¢ is non-decreasing and
such that —1 < ¢ < 1 in R. By Fatou’s Lemma, we have

F(@,R) < liminfy’ = v,
J—reo

where we also used the result in Proposition 3.1. Finally, we will show that

1iI£ ¢ = =£1, as proved for instance in [26, Section 4]. Since @ is non-decreasing
x—rFoo

in [—1, 1], there exist ¢ < 0 and T > 0 such that

JQim ¢(x)=¢ and  lim ¢(x)=r.
By contradiction, we assume that either ¢ # —1 or 7 # 1. Then, since W is
continuous and strictly positive in (—1,1), we obtain

/ W(p)dx = +oo.
R
This is impossible, because, by Fatou’s Lemma, we have

/ W(p)dx < liminf W((pr')dx < limianls((pr) < oo, (18)
R Jote JR J e

O]

Remark 3.4. We would like to notice that the result in Proposition 3.3 plainly
implies that 7; is strictly positive, since it has been proven that the infimum in (7)
is achieved by a non-constant function.

4. Compactness

This section is devoted to the proof of the compactness result stated in The-
orem 1.2. We will follow the approach of Alberti, Bouchitté¢ and Seppecher
in [2], where the case when s = 1/2 is studied. The main idea is to make use of
Young measures associated to equi-bounded sequences (ug) together with the
intrinsic properties of the involved energy functional. In order to do this, we
would need a lower-bound for F; (u¢ ), as stated in the lemma below, which will
be useful to estimate the contribution of any jumps of the limit function u.

Lemma 4.1. Let (us) C H*(I), J C I aninterval, and 0 < & < 1. For any € > 0,
consider the sets

Ag:={x€l:u <—1+6}, Be:={x€l:us>1-38}, (19)
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and the numbers
AenJ]

Y

BN
v

bg =

dg =

Then, we have

elerd) = T s DT (0—a =T (1=b)mT) e

where the positive constant cgs does not depend on €.

Proof. Let J = (xg,y0) for some xg,yp € R, and denote u} the non-decreasing
rearrangement of u, in J, as defined in (10). For any 6 € (0, 1), let

ms = min Wi(t).
o —1+6<1<1-6 ( )

We can estimate the energy of u. on J as follows,

Fg(uea']) 2 Fss(uz‘v‘])

> 4g>l( /”’*“8"/ (ui(y) —ui(x))? dydx
Yo bem

(y _ x) 14+2s
+E¢WW9“

2171 s y [rotaelll o —1-2s
4 (1—=s)(1-6—-1+40) (y—x) dydx

X0 Yo—belJ|

Y

J
+ ‘8‘ (1 —ag—be)m

2s5—1 —5 -0 2
= 88s<zs(1_1>\)J(ésl) (1= (1=ae) 7 = (1-b¢) )
BeX1(1—s)(1—§)>

s(2s—=1)|J|>!

(1 —ag _bg)l—Zs

J
|8| (1 —dg — bs)mé

Minimizing with respect to |J| (1 —ag — be), it yields

s 8e» (1 -5)(1-8)
Felue,)) =2 — 3 =

where the positive constant

(1 o (1 _08)172s_ (1 _b8)172s) +657

2s5+3

2m(1—®%a—g%

l
(2s—1)°% s2sm5

€5 =

is independent on &, as desired. O
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Proof of Theorem 1.2. Let (u.) be a sequence such that F (ug) < C; this imme-
diately gives

lim | W(ug)dx — 0.

e—0J71
Therefore, in view of the behavior of W at infinity, by the Dunford-Pettis the-
orem, there exist a subsequence, still denoted by u,, and a function u € L! (I

such that

us — uase—0.
LY(1)

It remains to show that u € BV(I,{—1,1}) and that the convergence above is
strong in L' ().

To this aim, we consider the family of measures {V,} associated to (ug).
By Theorem 9 in [32], it follows

u:/1</devx().)> d.

Therefore, because of the nonnegativeness of the double-well function W, we
can apply Theorem 6 in [32] to get

/,(/Rw(t)d"x(f)> dx < liminf [ W (ue)dx.

e—0 Jr1

From the display above we can deduce that

/ W (1) dvy(r) = 0.
R
Then, it follows that
Vi=0(x)0_1+(1—6(x))6;, ae.xel,
where we denoted by 8.« the Dirac measure concentrated in x*. This will give
ulx)=—0(x)+(1—-6(x))=1-20(x), aexcl

for some function 6 : I — [—1,1].

Take now a point xp such that the approximate limit of « in xy does exist and

is neither —1 nor 1. By applying again [32, Theorem 6], we have
0(x)dx 1—0(x))dx

lima, = Jr6(x)dx =:ap >0, and lim b, = (1= 6(x))dx =:by > 0.

-0 | £=0 /]
Now, we can apply the lower bound on the energy proven in Lemma 4.1; we
have

liminf F{ (ue,J) > c5 > 0.
e—0



ONE-DIMENSIONAL NONLOCAL PHASE TRANSITION ENERGIES 211

Finally, let Su be the set of points in which the approximate limit of u is nei-
ther —1 nor 1. For every N < HO(Su) and x,...,xy € Su, let Jy,...,Jy C I be
disjoint intervals such that x; € J;, fori = 1,...,N and the integrals

/ 6(x)dx and / (1—6(x))dx
Ji Ji
are different from zero. As before,
Fl(ue,Ji) > c5, i=1,...,N.
Hence, by using the super-additivity of F; (ue,-) it follows
Fg(u&l) > Ncs.

This implies that HO(Su) < 400, and also, by [32, Theorem 9], that the conver-
gence is strong in L!. O

5. Proof of Theorem 1.1

This section is devoted to the proof of the I'-convergence result in the case when
s € (1/2,1) as stated in Theorem 1.1.

5.1. The lower bound inequality

Thanks to the compactness result in Section 4, one can assume that the limit
function of any sequence (i) converging in L' (1) is a functionu € BV (I,{—1,1}),
and thus whose jump set Su is finite. Consequently, one can find N := H°(Su)
disjoint subintervals {I; };—;,.n such that Sunl; # 0, forevery i=1,...,N. Now,
we take the monotone rearrangement ug ; of ug in I;. The rearrangement uy ; is
non-decreasing if u is non-decreasing in I; and non-increasing otherwise. Then,
by the super-additivity of F} (ue,-) and the monotonicity of the energy with re-
spect to monotone rearrangements, we get

N N
PP S Tim s NS infES ().
1121)1(1)1ng (ue,I) > hgl)l(r)lfigT Fi(ug, ;) > ; llgl)l(glst (ug 5 1)
As a consequence, the lower-bound inequality (LB) will hold thanks to the esti-

mate in the following

Proposition 5.1. Let J be an open interval, and let (ug) C H*(J) be a sequence
of non-decreasing functions. Assume that there exist a < b € J such that for
any 8 > 0 there exists €5 such that

ug(a) < —1+96, ug(b) >1-38
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for any € < €5. Then,
lminf F; (ue) > %. (20)
e—0

Proof. We assume that liminfe F(ug) < +oo. Also, it is not restrictive to as-

sume that |ug| < 1. We can estimate the energy of the sequence ug in J := (a,b)
as in the proof of Proposition 3.1. Let

— g2s-1 e (x) \
X : ’ / ‘x y‘H»Zs dy

liminf/ Ug(x) dx < oo.
J

£—0

We have

Thus, by Fatou’s Lemma, we can find C > 0, a < & < @ and b< B < b such that

liminf Ug (o) < C  and  liminf Ug(B) < C. 1)
e—0 e—0

For any M > 0, we define the following function ve which extends ue on the
whole R,

(—1 if x € (—oo0, 0 — Me),
”8(1326*1 (x— ) +ue () ifxea—Me, al,
Ve (x) 1= Q ue(x) sex € (a,B),
el (x — B) + ue(B) if x € [B, B+ Me],
1 ifx € (B +Me,+).

Since by construction the function v is non-decreasing, it follows ve(x) < —14
8 for any x < @, and v (x) > 1 — & for any x > b.

We are ready to estimate the energy of ve. Denote by J := (¢, 8); we have

Fi(ue,J) = Fi(ve,R)—F:(ve,R\J)
—4(1-9)e 1// R\ |v£|x y|1+(2s)| dxdy
> %21 -se .//R\ﬂx R\J) dedy
1
e R\J W) dr—ds e l//]R\j)xj |V€|x y|1+(2s)| dxdy

= % —-2(1—s) — Iy —2(1 —s)h,
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We can now estimate all the integral contributions in the preceding display
by following the estimates of ¢ in the proof of Proposition 3.1 step by step, by
simply replacing —T7,,,T,, and M, there with a,f3, and Me, respectively. We
have

i< 4e2s—1 N 2682 N 282
D= s(I=29)(B—a)> 1 sB=29)M> 1 " (1—s)(3—25)M> 1’
482 8

i2 S 4M8(U8(a)+US(ﬁ))+ S(3_2S)M25—1 + S(2S— 1)M25—1’

and
iW < 2Mwg,

where @g is defined in (13).
Allin all, for any 8 > 0, for any 0 < € < €g, and for any M > 0, we arrive at

8(1—s - 462
F(ug,J) > %_S(Zs—l()([} _)a)Zs—lgzs I_W—2Mw5
—4Me(Ug(at) +Ug(B)) + 16(1—+5)8° 16(1—s)

S s(3=25)M>1 s(2s— )M
‘We now notice that one can let € — 0 in the display above, and then, passing to
the limit as 0 goes to 0, we finally have

16(1 —5)
s(2s — 1)M?s—1’
where we also used the observation in (21). The desired inequality will plainly
follow by letting M — +oo. O

liminf F (ue,J) > ¥ —
£e—0

Remark 5.2. The same estimate in (20) does hold in the case when u, are non-
increasing satisfying the required assumptions with @ > b.

Remark 5.3. It is worth remarking that the assumptions in Proposition 5.1 are
satisfied by the monotone rearrangement function u; ;. Indeed, up to transla-
tions, one can assume /; = (—c,¢) and

() 1 ifx>0

ulj(x) =

! ~1 ifx<o.

In such a case we have that E! = {ug; <1=6}N(0,c) is an interval. Moreover,
ot — e il 0 > 8|E¢ ],

which yields |E}| — 0 as € — 0 for any § > 0. The same happens for the
interval E; ' = {u}; > —1+ 8} N (—c,0). This will assure the existence of a
and b as needed in the statement of Proposition 5.1.
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5.2. The upper bound inequality

It suffices to deal with the case when the limit function u is such that

-1, ifx <xp,
u(x) = .
1, if x > xp,

for some xg € 1.

For any fixed T > 0, take the minimizer @7 € H{ (R) for the auxiliary
optimal profile problem ¥/ defined by (12); i.e.,

T (x)=—1 Vx<-T, ¢"(x)=1 Vx>T, and F'(¢" R)=7.

We can construct the recovery sequence by taking, for every € > 0,

ul (x) := @ <x—£xo> , foreveryxel.

We have

ul — win LY(1),
and
Fi(ug) = F(¢",(I-x0)/e) < F(¢"\R) = ;. (22)
Then, Proposition 5.1 yields

lim Ii Fi(ul) < %.
pim limsup P (ug ) <

Finally, by a diagonalization argument we can construct a sequence iy converg-
ing to u in L' (I), which satisfies

limsup F, (iig) < 7.

£—0

Regarding an arbitrary limit function u € BV (I,{—1,1}), the corresponding
recovery sequence can be plainly obtained by gluing the sequences constructed
above for each single jump of u, and taking into account that the long-range
interactions between two different recovery sequences will decay as € — 0 since
we can always choose iz as above such that T& = O(1) as € — 0. 0
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6. The I'-convergence result in the case when s € (0, 1/2)

For the sake of completeness, we sketch here the proof of the I'-convergence
result of the scaled energies E¢ in the strongly nonlocal case when s € (0,1/2).
As mentioned in the introduction this result is contained in the paper [30] where
the authors investigated the problem (with a slightly different kinetic term, in ac-
cordance with the corresponding fractional Allen-Cahn equation) in any set Q €
RN, for N > 2.

Let I C R be an open interval. We firstly notice that the natural scaling is as
follows

FS(u) := & 2ES(u) =2(1 —s) // dxd —/W
E(u) <] ’x y|1+25 +

(23)
For any s € (0,1/2) we now define
X:= {u € H*(I): u= g — Xck, for some E C I},
where we denote by CE the complement of E, and let
21 // ) =4I 4y e x
, - ueX,
Fo(u) i= Ixi Jx— y\% Y (24)

otherwise.

We have the following

Theorem 6.1. For any s € (0,1/2), let F; : H*(I) = R and F* : H — R be
defined in (23) and (24), respectively. Then,

Lower Bound Inequality. For every u € X and every sequence (ug) C
H(I) such that ug — u in L'(I),

HminfF? (ue) > F* (u). (25)
e—0
Upper Bound Inequality. For every u € X there exists a sequence (iig) C
H*(I) such that iie — w in L' (I), and

limsup Fy (itg) < F*(u). (26)

£—0

Proof. We first prove the inequality in (25). Clearly, it is not restrictive to as-
sume that liminfe_,o F (u¢) is finite. Take a subsequence (ug, ) such that

lim Fg, (ug, ) = liminfF, (ug).
£—0

k—>oo
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Up to subsequences, we can assume that ue, converges pointwise to u, a.e. in /.
Therefore, by Fatou’s Lemma, we have

/W(u)dx = [ liminf W (ug, )dx
1

] k—oo

< liminf [ W(ug,)dx < hmlnfsk ‘F (ug,) = 0,

k—oo JT

which yields W(u) =0 a.e. in I. Denote by E := {u = 1}; thus, u = Xz — XcE
and in particular u € X. By pointwise convergence and again by Fatou’s Lemma,
we plainly obtain the desired lower bound inequality:

llmlangs(l/lg) — llm ng(l/lgk)
e—0

|u8k usk(y)‘z
2 //IXI ’x y’1+23 dXdy

20 [[ OO gugy = pow)
IxI |x y|1+2s

The upper bound inequality in (26) is almost immediate. It suffices to
choose as a recovery sequence i = u. Indeed, for u = yg — Ycr, we have

Y

S _ S ’2 _ S
Fi(ue) = F(u) //M o y‘l% dedy = Fu). O

7. The link between the fractional and the Modica-Mortola results

This section is devoted to the analysis of the behavior of the fractional optimal
profile problems 7, as s — 17, as presented in Theorem 1.3. The key-point of
the proof will be passing through the auxiliary optimal profile problems (12) and
using the uniformity in s for s close to 17 in the estimates proven in Section 3,
together with a I'-convergence result by Ponce ([29]). Indeed, on one hand we
have proved that the convergence of the auxiliary problems ¥/ to the optimal
profile problem for values of s € (1/2,1) is uniform. On the other hand, the
validity of such a convergence and such uniformity in the classical Modica-
Mortola case, when s = 1, is rather straightforward to prove — even though we
were not able to find a precise reference to the literature. One can basically
repeat the proof of Proposition 3.1: the only sensible difference is in the absence
of any nonlocal interaction term, and this only makes computations simpler.
Let T > 0. Consider the auxiliary optimal profile problem y{ given by

:inf{/R|v'(x)|2dx+/]RW(v)dx: @7

vE Hy (R), v(x) =1Vx > T, v(x) = —1Vx < —T}.
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We have the following

Proposition 7.1. Let }/IT and vy, defined by (27) and (3), respectively. Then,
. T
Thg:o h =n-

Proof of Theorem 1.3. Let I C R be an interval. We notice that the integral
functional

Lu—)/IW(u)dx

is a continuous perturbation. Therefore, we can apply Theorem 8 in [29] in
order to deduce the following I'-convergence result,

D) Tim FG0) = [ 1Vuf et [ )dr
s—1- 1 I

Since the constraint on the auxiliary profiles is closed in L', it is now sufficient

to prove the existence of a pre-compact family of minimizers for the auxiliary

problems y! while keeping T fixed and varying only s in (1/2,1): from the

properties of the I'-convergence and a standard 3¢ argument, the result in (8)

will follow.

Consider a family u! of non-decreasing minimizers for ! , which are bounded
between —1 and 1, and whose existence is assured in view of the result in Sec-

tion 3; see in particular Proposition 3.1 there. By Helly’s Theorem, we can

deduce the existence of a subsequence usTj and a non-decreasing function u!

such that
lim u! =u].
Jortee

By Lebesgue’s Theorem, such a subsequence converges in L' norm: this proves
the compactness assumption.

Let now u > 0. By the uniformity of the aforementioned estimates, there
exists 7p > 0 such that

K=Y <u Vse(5 1], VI =T, (28)
for some § > % By I'-convergence, there exists so € (5, 1), such that for any
1 < s < 59 one has

% =] <u (29)
Finally, combining (28) with (29), it yields
’%—’}’1‘ <3u Vs> sp.

By letting u to O, the proof is complete. OJ
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