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Abstract We study the Morse-Novikov cohomology and its almost-symplectic counter-
part on manifolds admitting locally conformally symplectic structures. More precisely, we
introduce lcs cohomologies and we study elliptic Hodge theory, dualities, Hard Lefschetz
condition. We consider solvmanifolds and Oeljeklaus—Toma manifolds. In particular, we
prove that Oeljeklaus—Toma manifolds with precisely one complex place, and under an addi-
tional arithmetic condition, satisfy the Mostow property. This holds in particular for the Inoue
surface of type S°.
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Introduction

On a compact differentiable manifold X, flat line bundles (namely, local systems of 1-
dimensional C-vector spaces) are determined by the associated monodromy homomorphism
m1(X, x) — C*, which can be viewed as a cohomology class [#] € H!(X; C). Consider the
twisted differential dy := d — 9 A-, thatis the exterior derivative perturbed by a closed 1-form
¥. The cohomology of the perturbed complex (A® X, dy) is called Morse—Novikov cohomol-
ogy Hg(X) [18,36,37] of X with respect to ¢, and it depends just on [#] € HI(X; R) up
to gauge equivalence. It may provide information on the manifold itself. See e.g. the explicit
computations on Inoue surfaces in [40], where the Morse—-Novikov cohomology allows to
distinguish between Inoue surfaces of type ST and S~, even if they have the same Betti num-
bers. So, it may be useful to understand the cohomology Hg (X) varying [#] € H '(X;R);in
particular one can study, for example, Hy ;(X) varying k € R for a fixed [¢] € H I(X:R).

In the holomorphic category, twisted differentials have been studied in [25], see also [4].
In particular, Kasuya gives in [25, Theorem 1.7] a structure theorem for Kéhler solvmanifolds
in terms of strong-Hodge-decomposition with respect to any perturbation of the differentials,
which he calls hyper-strong-Hodge-decomposition. This result yields a Hodge-theoretical
proof of the Arapura theorem characterizing solvmanifolds in class C of Fujiki, see [4,
Theorem 3.3].

The twisted differential dy has also a geometric description. In fact, by the Poincaré
Lemma, closed 1-forms correspond to local conformal changes. So, for example, for an
almost-symplectic form €2 (that is, a non-degenerate 2-form), the locally conformal symplec-
tic condition corresponds to dy€2 = 0 for some closed Lee form ¥, while the symplectic
condition corresponds to d€2 = 0, that is the case ¥ = 0.

In this note, we consider locally conformal symplectic (say, lcs) structures. We take their
associated closed Lee forms as natural twists for the differential—in the spirit of the equiv-
ariant point of view introduced in [16]. We introduce and study cohomologies in the lcs
setting as analogues of the Tseng and Yau symplectic cohomologies [47,48]. We develop
here the algebraic aspects arising from a structure of bi-differential vector space, while Le
and VanZura study primitive cohomology groups in [28]. (See also [3], where symplectic
cohomologies and symplectic cohomologies with values in a local system are studied, with
focus on solvmanifolds.)

More precisely, under the inspiration of [11,51], we start by looking at the commutation
between the twisted differential dy by the Lee form and the s[(2, R)-representation operators
associated with the lcs (almost-symplectic is enough) form €2, namely L := Q A - and
A = —ig-1 and H = [L, A]. It is clear that dyL = Ld + dy2; so, the Ics condition
dy 2 = 0 assures that dy L = Ld. Moreover, the commutation between dy and A was
computed in [7, Proposition 2.8], and once again it gives a change of the twist but still in the
same line; see also [28, Section 2]. Both these results suggest to look not only at the twist
[#], but also at k - [?] varying k € R. Moreover, in the spirit of the Novikov inequalities,
which link the number of zeroes of a closed 1-form of Morse-type with the dimension of the
Morse—Novikov cohomology, note that ¥ and k - ¥ have the same zeroes when k € R \ {0}.
For large k, interesting phenomena occur: e.g. if ¥ is not exact, then k - ¥ is the Lee form of
a lcs structure [15]; if ¥ is nowhere vanishing, then the Morse-Novikov cohomology with
respect to k - ¥ vanishes [41].
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This is our motivation to define a bi-differential graded vector space associated with
(k + Z) - [V], see Lemma 1.3. Once we have this bi-differential vector space structure, we
investigate its associated cohomologies: other than the Morse—Novikov cohomology and its
Ics-dual, we have lcs-Bott—Chern and Aeppli cohomologies. Following the same pattern as
[11,12,19,31,32,47,51], we study elliptic Hodge theory, and we get some results concerning
Poincaré dualities, see Proposition 2.3 and Theorem 2.4, and Hard Lefschetz condition, see
Theorems 2.6 and 2.7. Finally, we study some explicit examples, on nilmanifolds (Kodaira—
Thurston surface [26,46]) and solvmanifolds (Inoue surfaces of type ST [23], for which see
also [40], and Oeljeklaus—Toma manifolds [38]).

For compact quotients of connected simply connected completely solvable Lie groups, the
Hattori theorem [22, Corollary 4.2] allows to reduce the computation of the Morse—Novikov
cohomology at the linear level of the Lie algebra, and the same holds for Ics cohomologies,
see Lemma 3.1. In general, for a solvmanifold I'\ G which is not completely solvable, there
is no reason of having H*(g) ~ H™*(I'\G). One situation when this happens is when the
solvmanifold satisfies the Mostow condition [34]. We prove this condition suffices also for the
lcs cohomologies with respect to an invariant closed one-form, see Proposition 3.2. The case
of Inoue surfaces is interesting because two subclasses, S*, are completely solvable, falling
thus under the scope of the Hattori theorem; however, this is not the case of the subclass
SO, In [40], the computations of the cohomology are done without using the structure of
solvmanifold, but instead with a “twisted” version of the Mayer—Vietoris sequence. We prove
here that Inoue surfaces of type S° and, more in general, certain Oeljeklaus—Toma manifolds
of type (s, 1), also known in the literature as with one complex place, satisty the Mostow
condition, see Proposition 4.2 and Theorem 4.3, respectively. More precisely, here we have
to assume an arithmetic condition on the associated number field, namely, that there is no
totally real intermediate extension. This holds for example for the Inoue surface of type S,
that is, in the case (s, t) = (1, 1), see also Proposition 4.2. As we show in Proposition 4.6,
for any s there exists an Oeljeklaus—Toma manifold of type (s, 1) satisfying such a property.

1 Bi-differential graded vector space for lcs structures

Let X be a compact differentiable manifold endowed with a locally conformal symplectic
SJorm Q with Lee form 9, namely: 2 is an almost-symplectic form (i.e. a non-degenerate
2-form) such that
dQ—9AQ =0 with do = 0.
We set
L= QA- and A = —iq1,

where ¢ denotes the contraction. Read A = —L* = —~! L, up to a sign, as the symplectic

adjoint of L, namely the dual of L with respect to the L?-pairing induced by the almost-
symplectic form 2. Recall that, L and A together with
H = [L, Al,

yield an s1(2, R)-representation on A®X, see [51, Corollary 1.6], see also [28, Corollary 2.4]
quoting [29, Section 1].
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For k € R, we consider the following operators, compare [28, Section 2]:

dy ==dyy = d— (ko) A-: A X = ATIX,
S i=dr_1A—Adi: N° X — ATlX.

By a straightforward computation, the Leibniz rule for dj reads as:
die A B) = di—nar A B+ (D% A dyB,

for h € R, see [28, Lemma 2.1]. We also notice that if we change @ by ¥ + df, then the Ics
structure 2 with Lee form ¢ yields the Ics structure exp( f)€2 with respect to the Lee form
¥ 4 df, and the above operators change as follows:

drw+df) = exp(kf) dry exp(—=kf), (L.1)
Sk+dp) = exp((k — 1) f) dry exp(—kf). (1.2)

Remark 1.1 Note that, in [28], the sign of ¥ is chosen opposite: d,ﬁ‘v :=d + kv A -. There-
fore, we have d,];V = d_y. Their second operator is 511:\/ LAk xi= (=D drlfikfh*’ [28,
Equation (2.11)], that is, 8-¥ | i y= 82n+k—2n, as follows by the formulas (1.3) and (1.4).
Moreover, as for A, the notation in our note differs from [28] up to a sign.

In order to give a different interpretation of 8§, we need some preliminaries. Recall that,
once fixed any almost-complex structure J on X, one defines d¢ := J~'dj J. Denoting with %
the Hodge-*-operator associated with a fixed J-Hermitian metric g on X, the formula for the
adjoint of dy, respectively d¢, with respect to the L>-pairing induced by g is d = — s d_yx,
respectively (dy)* = —*d°  *. Moreover, we can also consider the L2—pairing induced by the
almost-symplectic structure €2, whence the symplectic Hodge-x-operator in [11, Section 2].
The analogue formulas for the adjoint in the symplectic context are dj [ vy = (—1 Vixd_gx,
and (d5)* [ vix= (=" xd°, x. (Recall that > \uy= (—1)" -id and »* = id.) Finally, recall
that: if J is an almost-complex structure compatible with the almost-symplectic form €2,
once set g := (-, J=) the corresponding J-Hermitian metric (that s, (g, J, €2) is an almost-
Hermitian structure), then we have the relation « = Jx [11, Corollary 2.4.3]. Therefore, we
get

di Ly = (=D wd_jx = — xd v = (dp)*. (1.3)

We have the following.

Lemma 1.2 ([7, Proposition 2.8]) Let X be a compact differentiable manifold of dimension
2n, endowed with a locally conformal symplectic form Q with Lee form ¥. Consider an
almost-complex structure compatible with <2, and the associated Hermitian metric. Then,

S Lanx = dXuipeny = @ ppp)™ (1.4)
‘We have

Lemma 1.3 Let X be a compact differentiable manifold of dimension 2n, and let ¥ be a
d-closed 1-form. Assume that there is a locally conformal symplectic form Q2 with Lee form
V. Then, for any fixed k € R, the diagram
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by A ey Uy
5 8 S
B L SV L IRV (1.5)
Skt1 Sk+1 Sk+1

represents a Z-graded bi-differential vector space.

Proof We have to prove that:
d)? = 0, &bt = 0, di—18 + Sdi = 0.
e More in general, by straightforward computations, we notice that
drdg = (L — k)0 A -

e Let J be an almost-complex structure compatible with the almost-symplectic structure
2, and let g be the associated J-Hermitian metric. We compute:

Bkdk+1) Lanx

= @ k-1 @ g ey

wd Yk ni1d %I Ny gon J x
= (D" % T 1 dusi—ngp I = 0.

The third equality follows from the fact that %2| . y= (—1)"; the last one follows by the
previous point of the proof.
e We compute:

di—18k + Srdi
=di_1dx—1 A — dr—1 Ady, + di—1Ady — Adydy, = O.

This completes the proof. O

2 Cohomologies for Ics structures

Let X be a compact differentiable manifold, and let ¢ be a d-closed 1-form. Assume that
there exits a locally conformal symplectic form 2 on X with Lee form ¢, namely €2 is a non-
degenerate 2-form such that dy 2 = 0. Fix k € R. Once given the bi-differential Z-graded
vector space in the Lemma 1.3, we can define the following cohomologies:
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. ker d| . . _kerdg
N - T S ALY
er er er
dk+8k (X) = im 5:+|dk+,; ’ Skdk (X) = im dk+ilr{n k5k+1 :
We call HL; 45, (X) the lcs-Bott—Chern cohomology of weight k of X, and H(;k e (X) the

lcs-Aeppli cohomology of weight k of X. Note that thanks to (1.1) and (1.2), the above
cohomologies depend just on [¢] € H c} (X R), up to gauge equivalence.
The identity induces natural maps of Z-graded vector spaces:

Hd.k +6k (X)

PN

Hj (X) Hs (X) 2.1

7

Hy, 4, ()

By definition, we say that X satisfies the 8;dy-Lemma if the natural map H(Zk ny X) —
H(;k e (X) induced by the identity is injective. We say that X satisfies the lcs-Lemma if it
satisfies the §ydx-Lemma for any k € R. In this case, all the above maps are isomorphisms,
see [14, Lemma 5.15], adapted in [6, Lemma 1.4] to the Z-graded case.

Remark 2.1 (Comparison with Tseng and Yau’s symplectic cohomologies) In the case ¥ = 0,
the Ics form € with Lee form ¢ is in fact symplectic. In [47,48], Tseng and Yau introduce
and study the Bott—Chern and the Aeppli cohomologies for symplectic manifolds, defined
as

ker d N ker d® ker dd®

H W (X) = d Hp(X) = —
aran (X maar M Han 0 = R

where d? := [d, A].In case ¥ = 0, notice that, for any k € R, one has d; = d and §; = d*,
whence

Hy 5,(X) = Hy a(X), H5g (X) = Hj\(X).

This means that the lcs cohomologies defined above coincide with the ones defined by Tseng
and Yau in the symplectic case. In particular, X satisfies the §ydix-Lemma for some k if and
only if it satisfies the Ics-Lemma if and only if the symplectic structure satisfies the Hard
Lefschetz condition, see [47, Proposition 3.13] and the references therein.

2.1 Elliptic Hodge theory for lcs cohomologies

As before, consider an almost-complex structure J compatible with the almost-symplectic
form €2, and let g := (-, J=) be the corresponding J-Hermitian metric. Fix k € R. We
consider the adjoint operators

d;: = — *d_k*, 8;'_/\/1)( = di(n—}—k—h)’

of dy, respectively 8, with respect to the L>-pairing induced by g.
We follow [27,45,47], and we define the following operators, see also [18] for the Morse—
Novikov cohomology:
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Ay, = didf + diidy,
Asp = 858k + Sk 18841
Adeto, = didi + 818k + Skr1dit1) Gkr1di+1)™ + Brdr)™ (Srdi)
+ (A Biesr) (dfSer)” + (di18)" (di16c) -
Aspay = didyf + 1841 + Grdi)™ Srdi) + (Skr1drs1) Gry1diy1)™
+ (Skr1diyy) (Bkradig)” + (dedf) (dedf)"
Proposition 2.2 Let X be a compact differentiable manifold of dimension 2n, and let ¥ be a
d-closed 1-form. Assume that there is a locally conformal symplectic form Q with Lee form

Y. Fix an almost-complex structure J compatible with 2, and let g be the corresponding
J-Hermitian metric. Fix k € R. Then:

(i) the operators Ny, As,, Agyts,, Dsay are differential self-adjoint elliptic operators;
(ii) the following Hodge decompositions hold:

A*X =ker Ay, ®@im Ay,

A*X = ker As, @im Ag,,

A*X =ker Ag 5, ®im Ay s,
A*X = Kker As g, ®1im Agy, ;

(iii) the following isomorphisms hold:
ker Ag, = HJ (X),
ker A, — Hy, (X).
ker Agors, — HJ s (X),
ker As,q, — Hy g (X)

(iv) in particular, the lcs cohomologies H(;k (X), H5°k (X), Hd.k+8k (X), HB.kdk (X) have finite
dimension.

Proof Notice that the top order terms coincide with the terms corresponding to k = 0. In
particular, the operators are ellipic, see [47, Proposition 3.3, Theorem 3.5, Theorem 3.16].
The statement follows from the general theory of differential self-adjoint elliptic operators.

O

2.2 Symmetries in lcs cohomologies

The following two results resumes the dualities a la Poincaré for the Ics cohomologies.

Proposition 2.3 Let X be a compact differentiable manifold of dimension 2n endowed with
a locally conformal symplectic form Q with Lee form 9. Then, for any weight k € R, for any
degree h € 7, the symplectic-x-operator induces the isomorphism
. gn—hoyy S opgnth
*: H;k X)) = Hglw< (X).

On the other side, once chosen an almost-Kdhler structure (g, J, 2) on X, for any k € R,
h € 7Z, the Hodge-x-operator induces the isomorphisms

wt Hi7"(X) S HJPMX) and x: HPZ! (X) S HE(X)

S—k—n Sk+h
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Proof The first statement follows by the formula (1.4):

Snk * Lan-ny = A2ty ruam* = dp*
= (D" wdy % *
= (=D)"" s dy | iy

and by #? = id.
Now let (g, J, €2) be a compatible triple. Denoting with Hj, (X) := ker Ag,, we prove
that

w1 HY (X)) S HETNX)

the proof of the other isomorphism is similar. Let o € H;k_h (X), namely dyo = 0 and
dfa = 0. Then

dgpsa= (D" vswd pxa=(1)""xda
and
d*, s a = —xdy xxa = (—=1)" " s dra.
We have then proved the commutation relation Ay , % = %Ay, . O

Theorem 2.4 Let X be a compact differentiable manifold of dimension 2n endowed with a
locally conformal symplectic form Q2 with Lee form . Let (g, J, ) be an almost-Kdhler
structure on X. Then, for any weight k € R, for any degree h € Z, the Hodge-x-operator
induces the isomorphism

. —h = +h
* H;k+8k(X) — H(;ikdik(X).

Proof Note that L* = 1L« = x~!Lx = L* = —A. We claim that 8¢ = #8_jy1*. Indeed,
by using also JL = L and JA = A:

Stlay = (dk—1A — Ady* = df L — Ldj_,
= —*d_k*L*fl * 4 ko] Lxd_py1*
= — % d_k(*_lL*) * + % (*_IL*)d_kH *
= kd_j A % — % Ad_j41 *
=*(d kA — Ad_j41) *

= *57k+l * .

Using this relation and the definitions of the lcs Laplacians, we get that, for any differential
form «, it holds Ag, s, = 0 if and only if

dro =0, &a =0, (b)) = 0,
equivalently,
d*p(xa) = 0, 8% (xa) = 0, S_gd_i(xa) = 0,

that is, As_,4_, (xa) = 0. By Proposition 2.2, we get the proof. O
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2.3 Hard Lefschetz condition for lcs cohomologies

As a consequence of the previous relations and their dual, we can prove the Hard Lefschetz
condition for the Ics-Bott—Chern and Ics-Aeppli cohomologies (see [47, Theorem 3.11, The-
orem 3.22] for the same result in the symplectic setting).

Lemma 2.5 Ler X be a manifold endowed with a lcs structure Q2 with Lee form 6. Then, the
following commutation relations hold:

Ldk — dk+1L = 0, L&, — 8k+1L = dk,

dir A — Ady = Sk, Sp_1A— AS = 0.

Proof The first, [28, Equation (2.5)], follows by the Leibniz rule and the Ics condition d; 2 =
0. The second follows by the first one and by [L, A] = H: indeed,
Loy — k41 L = Ldy—1 A — LAdy — dy AL + Adgy1 L
=dyLA — LAdy —dy AL+ ALdy = dyH — Hdj
=di ) (n=$)mpx =) (=5~ Dty = d,
s S

where we recall that H | nex= ZS (n — s)masx wWhere magx denotes the projection onto the
space A*X. The third and the fourth relations are, respectively, the definition of §; and the
symplectic dual of the first commutation identity above, see [28, Proposition 2.5]. O

Theorem 2.6 Let X be a compact manifold of dimension 2n endowed with a lcs structure Q2
with Lee form 0. Then, for any h € Z, for any k € R, the following maps are isomorphisms:

L' il (x) S H (X),

die+h+Sk-+n

h. —h = +h
L™ Hlsnkdk X) = Hl;lk+hdk+h(X)'

Proof We consider the following differential operators
D15, = didi + 838k + (Sr1dk+1) (Sr1di41)™
Dsiay = didi + 8k418; 41 + (8kdi)™ (Skdy) -
Notice that ker Dy, 15, = ker Ag, s, and ker D5, 4, = ker As, 4. The advantage of consid-
ering these operators is that by the relations proved in Lemma 2.5 one easily gets
LDg+5, = Dayyi+80 Ly LDsa = Doy ydyy L
Notice that the operator L does not commute with Ay, 15, and Ags,4,. As a consequence we

have that the following maps are isomorphisms

h.am—h = n—+h
L": Hdk+8k (X) = Hdk+h+8k+h X,

h. —h = +h
L™ Hgkdk X) = Hgk+hdk+lx (X).

The statement follows by Proposition 2.2. O

Similarly to [32, Proposition 1.4], [19], [12, Theorem 5.4] stating that the dd”-Lemma
and the Hard Lefschetz condition are equivalent in the symplectic context, in the Ics setting
we have the following result.
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Theorem 2.7 Let X be a compact manifold of dimension 2n endowed with a Ics structure
Q with Lee form 9. Then, the following conditions are equivalent:

(1) it satisfies the lcs-Hard Lefschetz condition, that is, for any h € 7Z, for any k € R, the
map
h. —h ~+h
L' BN — =0
is an isomorphism;
(2) it satisfies the lcs-Lemma, equivalently, for any h € 7Z, for any k € R, the map

Hj’k 1, (X) —> Hgk (X)

is an isomorphism;
(3) it is symplectic up to global conformal changes, and it satisfies the Hard Lefschetz
condition.

We will show that (1) gives [¢#] = 0 and then (3), and that (2) implies (1) because of
Theorem 2.6; finally, condition (3) is stronger than either (1) and (2) thanks to [32, Proposi-
tion 1.4], [19], [12, Theorem 5.4]. For the sake of completeness, we will also give a proof of
the equivalence of (1) and (2), which may possibly turn useful for weaker statements. Before
proving this, we will need few intermediate results.

Proposition 2.8 Let X be a compact manifold endowed with a lcs structure Q2 with Lee form
¥. Then, the following conditions are equivalent:

e it satisfies the lcs-Hard Lefschetz condition;
e foranyk € R, there exists a §-closed representative in any cohomology class in H(;k (X).

Proof The proofis an adaptation to the twisted case of the one presented in [12, Theorem 5.3].
We will recall it for completeness. The “if”” implication follows by the following commutative
diagram

h
ker di N ker &y |An—h(X) - © ker din NKer Sgqn | pAn+h (X)

| l

n—h L n+h
Hdk X) Hdk+h X).

The left and right vertical arrows are surjective by hypothesis, and the top horizontal arrow
is an isomorphism by the commutation relations. Hence, the bottom arrow is surjective.

Suppose now that the Ics-Hard Lefschetz condition holds. First of all notice that we have
the following decomposition

H)™"(X) =im L+ P""
where
prh = {[a] e Hi7'(x) : L' el = o}
and

im L =im (L: HI"2(X) - H;k’h(X)).
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Indeed, let @ € A" "X be di-closed. Take B := Lo e A™2X: it is a dyipyi-
closed form. By the lcs-HLC, there exists y € A'h=2X 4 di_-closed form such that
L'yl = [Bldgsps, - Therefore,

0=1[L""2y — Blypps, = (L"2y — L"aly ., = L"TQ A Y —aly,,

soa=Ly+(a—QAy)eim L+ P"",

Now we prove our thesis by induction on the degree of the form. If f is a di-closed smooth
function, then it is obviously 8;-closed. Leta € A'X adj-closed form, then S = dj— | Aor—
Adga = 0. Suppose that in every class in H jk (X) there exists a §;-closed representative for

j < n — h and we prove the thesis for degree n — h. Let @ € A" X be dj-closed; then by
the previous decomposition @ = Ly + & with L"*![&@] = 0. By induction, there exists
a 8_1-closed form such that [y] = [y] and so, if there exists ¢ a §;-closed form such that
[v] = [@], then we conclude the proof.

This last fact follows by the following consideration. If & € A"™"X is dj-closed and
such that L"+! [a]g, = O, then there exists a §;-closed form ¢ e A" X in the same dj-
cohomology class. Indeed, since Lh“[a]dk = 0, then Q"' Ao = dk+h+1;§ for some
B e AMhHIX Since Lhtl: AnTh—1 x 5 Anthtly s an isomorphism, there exists
B € A" X suchthat L1 8 = B.Setyy := a—di B. Clearly, dyyy = Oand [¥/]g, = [a]g,
and Lh+1¢ — Lh+lO(—Lh+ldkﬂ — dk+h+1Lh+lﬁ_Lh+ldkﬂ — Lh+ldk/3_Lh+ldeB —0.
Hence, v is a primitive dx-closed form, so it is éx-closed by definition of . O

Proposition 2.9 Let X be a compact manifold endowed with a lcs structure Q with Lee form
Y. If X satisfies the lcs-Hard Lefschetz condition, then the following equalities hold for any
k eR:

im ;41 Nkerdy = im dy Nim 841,
im dy Nker § = im dy Nim 4.
Proof We prove the first equality. The second one is similar.
We need to prove that if ¢ € A" X is such that dibk+1 = 0 then 84« is di-exact. We
proceed by induction on the degree of «. If & is a smooth function then clearly 8z = 0
is dg-exact. Let @ € A'X be such that didx+1¢ = 0. We have to distinguish two cases. If

k # 0, then 6p+ 10 € Hl?k (X) =0 (see e.g. [9]). Otherwise, if k = 0, then §« is a d-closed
0-form, so §;« = ¢ constant. Hence

—*xdy,xa =68 =c

and applying * to the first and the last term in the equalities we get —d, *o = ¢ Vol = L" ¢, but
by hypothesis L" : Hgo (X)) —> H(;ﬂ" (X) is an isomorphism and the volume form Vol = L"1
cannot be d,,-exact so 0 = ¢ = §«.

Let now o € A" X be such that dj Sk+10¢ = 0 and take the decomposition

o= Z L o,
r
with o, primitive forms. It is a straightforward computation to show that

0 = didgy10 = Z L dy—y8k1—roty

with di_, 841, primitive forms; hence, every single term is zero, namely di_, 84 1—r 0, =
0. When r > 0, by induction 8;41—,®, = dix—r¢, for some ¢, € A=2r=2 ¥ Hence,
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Skr1Ll oy = (Lo — d)L" ety

= L(Lj—1 — dk_l)Lr_za, - dkLr_IOlr =

= L' 8_rp10r — rdyL ',

= erkfrgar - rdkLr_l(xr

=d (Lr(pr — rLr_lotr) .
The last case that we have to consider is when & € A"X is a primitive form. We define
Ben1Xas

LB = djsrpnnL" .

Notice that § is a primitive form, indeed

—h+2 —h —h+1
L8 = Ldjy1on-nLl" "0 = diyoynnLl" "o =0

because « is primitive. Applying A”~"*1 and by using [12, Lemma 5.4], we have that there
exists a nonnegative constant ¢,—j+1,,—1 such that

ot hotf = ATThHI L=l g
= A"y L
= A" dipn—nA = Sep1n—n)L" o = -
- (dkA"—h“ —(—h+ 1)8k+1A”_h> L'y
=—(—h+ D)8 A" Lh
= —(n —h+ Dégr1cn—n.na.
Applying L"~"+1, there exists ¢ # 0 such that
cdiitannL" "o = LM = L a.
By the lcs-HLC, we have that
Ln—h+1. H(Z—l(x) = B2 (x)

ditn—h+1
foan e o : n—h+1 _ 2n—h+1
is an isomorphism; since we have just proven that L [bk+1] =0 € HdH A (X), we
n—,
get that

(k1] =0 € Hy ' (X)
namely §x1« is di-exact concluding the proof. O

Now we are ready to proof Theorem 2.7.

Proof of Theorem 2.7. We prove that (1) implies (3). By hypothesis withh = nand k = —n,
we have the isomorphism L" : Hgn (X) >~ HOZ" (X), where clearly H02" (X) = Hj;‘e (X;:R) ~
R. Therefore, Hgn (X) # 0, and this cannot happen unless ¢ is exact [18], [20, Example 1.6].
To prove the last claim, we can actually argue also as follows. We can choose a generator
f for HE,, (X) having no zero on M, since it maps to the volume class by L". Therefore,
df — fv =0, thatis, 9 =dlg f is exact.

The lcs-Lemma clearly implies the Ics-Hard Lefschetz condition, thanks to Theorem 2.6.
Moreover, (3) clearly implies (1); and (3) implies (2) because of the results in the symplectic
case, [32, Proposition 1.4], [19], [12, Theorem 5.4].
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For the sake of completeness, now we give also a proof of the fact that (1) implies (2); this
may possibly be useful if one needs weaker statements. Suppose that the lcs-Hard Lefschetz
condition holds. By Proposition 2.9, we are reduced to prove that

im di Nim 841 = im diSg41-

Let a? = dpy?™' = 8;.1BPT! € APX; we prove that a” = d;8;, 17 for some n € APX.
We prove it by induction on the degree of the form. For p = 0 and p = dim X, it is obvious.

For p = dim X — 1 =: 2n — 1, we have dj418%" = 0 for degree reasons. Hence, by
P;oposition 2.8 there exists 52” such that §x1 /§2” = 0and ,82" = BZ" +di+1 7271 for some
=1 g,

2n

1 2 -1
o =Sk 1 BT = Sprdprr T

= dSipr (=727,

Now, suppose that the thesis holds for p = i + 2 and we prove it for p = h. Let o/ =
diy" 1 = 831 B We set 12 = dj4 B, and we get

Ser10" T = —dk1 BT =0,

namely o2 € ker 81 Nim diy1 = im dyyq Nim 8. Setting a+? = dj g =
k213, by induction we have
h+2 h+2
" = d 180V
Then,

i1 (B! = 8yt = 0
and by Proposition 2.8, there exists "' € A"+ X such that
Ses 1 B = d B =0, BET = B s a2 A
for some A" € A"X. So,
o = 81 B = Srrdi 1 M = didiga (1)
namely ol € im di B +1. ]

Remark 2.10 Notice that if X is a compact Ics manifold with Ics form Q2 dy-exact, then Q"
would be d,,-exact and this is not possible if X satisfies the Ics-Hard Lefschetz condition.

2.4 Further results

Remark 2.11 (generic vanishing) Let X be a compact differentiable manifold, endowed with
a closed non-exact 1-form . Consider one of the following cases:

e X is a completely solvable solvmanifold [33, Theorem 4.5],

e or, more in general, X is any compact differentiable manifold and ¥ is nonzero and
parallel with respect to the Levi Civita connection associated with some fixed metric [30,
Theorem 4.5],

e or, more in general, if ¥ is nowhere-vanishing [41, Theorem 1], see also [39, Exer-
cise 4.5.5].

Then, we know that Hd'k (X) = Oexcept for afinite number of k € R. It follows thatif Qisalcs
structure on X with Lee form 1, then also Ha.k (X) =0, HJka (X) =0, and Hs‘kdk (X)=0
except for a finite number of k € R. (This follows by symmetries, see Proposition 2.3 and
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Theorem 2.4, and by [5, Theorem 6.2], which can be rewritten in the general context of
Z-graded bi-differential vector spaces.)

In general, there is no generic vanishing, since the Euler characteristic of the Morse—
Novikov complex coincides with the Euler characteristic of the manifold, as a consequence
of the Atiyah—Singer index theorem, see [8].

3 Twisted cohomologies of solvmanifolds

Recall that a solvmanifold X = T'\G (respectively, nilmanifold) is a compact quotient of a
connected simply connected solvable G (respectively, nilpotent) Lie group by a co-compact
discrete subgroup I'. In this section, we provide conditions on X that allow to reduce the
computation of the lcs cohomologies at the level of the associated Lie algebra, reducing the
problem to a linear problem. We can apply these results on explicit examples in the next
section.

3.1 Hattori theorem for completely solvable solvmanifolds

A solvmanifold is said to be completely solvable if the eigenvalues of the endomorphisms
given by the adjoint representation of the corresponding Lie algebra are all real. (In particular,
note that nilmanifolds are completely solvable solvmanifolds.) In this case, the subcomplex
of invariant forms inside the complex of forms induces an isomorphisms in de Rham coho-
mology, in fact, in Morse—-Novikov cohomology too [22, Corollary 4.2]. Here, by invariant,
we mean that the lift to the Lie group is invariant with respect to the action of the group on
itself given by left-translations. In particular, it follows that, up to global conformal changes,
we can assume that the Lee forms are invariant.
The Hattori result holds in fact for Ics cohomologies.

Lemma 3.1 Let X = I'\G be a completely solvable solvmanifold endowed with an invari-
ant lcs structure. Then, the inclusion of invariant forms into the space of forms induces
isomorphisms at the level of lcs cohomologies.

Proof Since both the Ics structure €2 and the Lee form ¢ are invariant, then the operators di
and §; preserve the space of invariant forms. Left-translations induce maps

HZ (a%) — HZ.(X),

varying fix € {dk, ok, dx + &k, Ordy}, forevery k € Z; where Hﬁ'k (g™) denotes the cohomology
of the corresponding bi-differential complex at the level of the Lie algebra g of G, equivalently,
of the space of invariant forms. The above maps are injective, as a consequence of elliptic
Hodge theory in Proposition 2.2, with respect to an invariant metric compatible with the Ics
structure: see the argument in [13, Lemma 9]. In fact, by [22], under the assumption that G
is completely solvable, the map

H (g%) — H (X)

is an isomorphism. Note that the Ics structure being invariant, the Poincaré isomorphism in
Proposition 2.3 is compatible with the inclusion of invariant forms. Then, also the map

H3 (") — Hy, (X)
is an isomorphism. Finally, the fact that the maps

Hc;k+5k (g") — H;kMk (X) and Hﬁ.kdk (g%) — Hé.kdk (X)
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are isomorphisms can be deduced from the above isomorphisms for Hy, and Hs,, see the
general argument in [ 1, Theorem 2.7] as adapted to the Z-graded context in [3, Corollary 1.3],
and by Poincaré duality in Theorem 2.4. O

3.2 Mostow condition for solvmanifolds

Consider a solvmanifold X = I'\ G, and let g be its associated Lie algebra. The isomorphism
Hj(g") = Hj(I'\G) holds also under the Mostow condition that Ad (T") and Ad (G) have
the same Zariski closure in GL(g) (where we understand by GL(g) the group consisting solely
of the linear isomorphisms of g) [34, Corollary 8.1]. In fact, Mostow considers cohomology
H*(I"\G; p) with p arepresentation of G in a vector space F', assuming that I" is p-ample [34,
Section 6] (say, p is I'-admissible in the notation of [42, Definition 7.24].) This means that
o @ Ad, as arepresentation of G in F @ g, satisfy that (p & Ad) (I') = (p & Ad) (G), where
the closure is with respect to the Zariski topology. In this case, one has that the restriction
morphism H®(g; p) =~ H*(G;p) — H®(I'; p) is an isomorphism, [34, Theorem 8.1],
see also [42, Theorem 7.26]. In particular, the assumption holds: when p is a unipotent
representation of a nilpotent Lie group G; when G satisfies the Mostow condition Ad (I") =
Ad (G) and p is trivial; see [34, Theorem 8.2]. As explicit application, we write down as the
result applies to Morse—Novikov cohomologies.

Proposition 3.2 Consider a solvmanifold satisfying the Mostow condition. Then, the inclu-
sion of invariant forms into the space of forms induces isomorphisms at the level of
Morse—Novikov cohomology with respect to any invariant Lee form. Moreover, if X is
endowed with an invariant lcs structure, then the same holds true at the level of lcs coho-
mologies.

Proof Let X = I'\G be a solvmanifold such that the Mostow condition holds. Denote by g
its Lie algebra. Let ¢ be an invariant closed 1-form. In the case ¢ is exact, we are reduced to
the Mostow theorem [34, Corollary 8.1]; hence, assume ¢ is not exact. We want to prove that
the natural map Hj(g) — Hp(X) is anisomorphism. Let 7% =: ¥ be the d-exact invariant
1-form on G that lifts ¥, where 7 : G — X. Consider

8 .
p:GxR—=R, p(g)r) :=exp</ 19)~r,

where |, eg is the integral over any path in G connecting the identity e to the element g; recall
that G is simply connected. Since ¥ is invariant under left-translations, p is a representation
of G in R. When restricted to I = 771 (X), which is isomorphic to the deck group of the cover
m: G — X, itis equivalent to the representation

x:m(X)xR—=R, x(yD@F) :=exp </ ﬂ) -
y

Therefore
Hy(X) >~ H*(X; Ly) ~ H*(X; Ly) ~ H*(T'; p),

where L, denotes the flat real line bundle associated with the representation p, and where
the last isomorphism follows from [42, Lemma 7.4] since G is contractible. Then, we are
reduced to prove that x is I'-supported, that is x (I') = x(G), where overline denotes the
Zariski closure in Autg (R) = R*: the statements then follows by [34, Theorem 8.1]. Here,
the topology in R* is the one induced by R? where R is seen as a Zariski closed set.

@ Springer



82 Ann Glob Anal Geom (2018) 53:67-96

Note that x (I") is identified with a subgroup of the torsion-free group (R, -), and hence
it is either trivial or infinite. However, if it were trivial, the periods f ¥ would vanish for
all y € Hi(X), meaning that ¢ is exact, which is not the case. So x (I') is infinite. Then,
x(I') = R*, whence also x (G) = R*.

The last statement follows as in Lemma 3.1. ]

4 Examples

In this section, we discuss some examples.

4.1 Kodaira-Thurston surface

As an example, we consider the Kodaira—Thurston surface X [26,46]. Recall that a (primary)
Kodaira surface is a compact complex surface with Kodaira dimension 0, first Betti number
odd and trivial canonical bundle. It admits both complex and symplectic structures, but it has
no Kihler structure [46]. It is a homogeneous manifold of nilpotent Lie group, [21, Theorem
1]. More precisely, the connected simply connected covering Lie group is the product of
the real three dimension Heisenberg group and the real 1-dimensional torus. Denote its Lie
algebra by th3 = g3.1 @ g1-

We choose a co-frame of invariant 1-forms {e!, &2

, €3, ¢*} with structure equations
de! =0, de* =0, de® =¢' ne?, de* = 0.

The almost-symplectic form
Q=e ne2+enet “4.1)

is a locally conformally symplectic structure with Lee form
9 = et

In fact, Q@ = dy (e?) is dy-exact. Up to equivalence, this is the only Ics structure on the Lie
algebra th3, see [2]. It admits a compatible complex structure J; more precisely, consider
the almost-Kéhler structure
4
Je' = ¢%, Je = ¢* and g = Zej o
j=1

Thanks to Lemma 3.1, we can compute the Ics cohomologies of the Kodaira—Thurston
surface. (As a matter of notation, we have shortened, e.g. 24 .= el A2 A6t Computations
have been performed with the help of Sage [44].)

Proposition 4.1 The Ics cohomologies of the Kodaira—Thurston surface endowed with the
lcs structure in (4.1) are summarized in Table 1 and Table 2

4.2 Lie algebra 04

As a further example, we study the Lie algebra 04 = g;é, that is, the Lie algebra associated
with the Inoue surface of type ST [23]. It is completely solvable. It has structure equa-
tions (14, —24, 12, 0), namely there exists a basis {e1, e2, €3, e4} such that the dual basis
{el, e?, e, e4} satisfies

de' = el/\e4, de? = —ez/\e4, de’ = —el/\ez, de* = 0.
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Table 1 The Ics cohomologies of the Kodaira—Thurston surface

Hﬁ};{ k=-2 k=-1 k=0 k=1 k=2

h=0
H}}k - - (1) - -
H(?k (1) - - - -

0
Hdk+5k - - {1 - -

3

H2 _ _ (613, 614, 623, 624>
H?2 _ _ (613, 614, 223, 224> _
<813 614 623 ez4> <€12 +e34>

H?2 _ (612 +e34> (613, 614, 623, 624) (613, 623, el2 634)

H3 _ _ (€123 (134,234
H3 _ _ _ (e124 (134,234

(124 (134,234

i3 _ _ (123, 134 234y _ (123)

H4 _ _ (1234 B B
a4 _ _ _ _ (1234
H4 _ _ _ _ (1234

e _ _ (1234 _ _

Just non-trivial cohomology groups are reported

Consider the Ics structure

1

Q = e A+ net

with Lee form ¢ = —e”.

In fact, Q = dy (—€°).
The results for the Ics cohomologies are summarized in Tables 3 and 4.

4.3 Inoue surfaces S°

We prove here that the Inoue surfaces of type S satisfy the Mostow condition, and then
Proposition 3.2 applies for them. This is in accord with the results in [40] by the second-
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Table 2 Summary of the
dimensions of the lcs
cohomologies of the
Kodaira-Thurston surface

I N NN

4
Hdk +8k - - - - 1

Just non-trivial cohomology Hg‘ d - - 1 _ -
groups are reported kek

named author. Since the Inoue surfaces of type S* are completely solvable, the Hattori
theorem [22, Corollary 4.2] applies.

Proposition 4.2 Inoue surfaces of type S° satisfy the Mostow condition.

Proof Let §0 = Sg be the Inoue surface associated with the matrix A € SL(3; Z) with
eigenvalues « > 1, 8, B, where 8 ¢ R. Recall that « ¢ Q, otherwise || = 1 since
det A =1.

We first claim that Gorbatsevich criterion [17, Theorem 4] for Inoue surfaces reads as
follows: S° satisfies the Mostow condition if and only if there is no ¢ € Q such that

B =a ' Zexp(v/—1gm). (4.2)
Recall that Gorbatsevich criterion applies to quotients of almost-Abelian Lie groups G =

R x, R" by lattices ' = Z x, Z", where ¢(t) = exp(tZ). Let tg be a generator of Z in T.
2 y 2
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Table 3 The lcs cohomologies of the Inoue surface of type ST

h
Hﬁk

k=0

h=0
0
HY) - -
0
Hy)

0
Hdk+5k

H), - e?)
Hy, (%) ()
(%)
(e?)

(6233624>
(223,224>

(3, e ¢

(6234)

H} - -
<€124>

(6234)

HE - -

12 _

<€23,e24,612 +-634)

634>

(6123)
(6234)
(8234)

(6123)

(61234)

(61234)

(e13,e14,612 +>e34>
<€]3,el4,€12 __e34>
(6134)
(6124)
<€124>

(6134)

<el34>
<el34>

(el23>

<€1234)

(61234)

Just non-trivial cohomology groups are reported

Then, [17, Theorem 4] states that I'\ G satisfies the Mostow condition if and only if +/—17
is not a linear combination with rational coefficients of the elements in the spectrum of 7y Z.
In our case, we look at S% = Z x Z3\R x (C x R), where the action is

Rx(CxR)>(t (z,r) — (B -z,a" -r) e C xR.

Here, 73 is the lattice generated by the eigenvectors of A. Then, we have

() =

Reg Impg 0
—Img Rep 0
0 0 o

@ Springer



86 Ann Glob Anal Geom (2018) 53:67-96

Table 4 Summary of the
dimensions of the Ics
cohomologies of the Inoue
surface of type S+

dimHhk k=-2 k=-1 k=0 k=1 k=2

N
|
[SS I ST )
|
(S N ST )
|

4
Hyvs  ~ - - - 1

Just non-trivial cohomology Hg‘ d - - 1 _ -
groups are reported kK

Since det A = «|B|? = 1, we have that

1
B= ﬁ exp(v —1s)
for some s € R. Then, we can take
—lgTa s 0
Z=1 -s —lgT“ 0
0 0 lga

The eigenvalues of Z are:
1 1
lga, —%—i—«/—ls, —%—\/—ls.
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Then, «/— 17 is a linear combination with rational coefficients of the elements in the spectrum
of Z if and only if there exist x, y, z € Q such that
1

1
x—iy—izzo and (y—2)s =m,

namely, if and only if there exists ¢ € Q such that
s =gqm,

proving the claim.
‘We now prove that (4.2) does not hold, for any ¢ € Q. On the contrary, assume thatm € Z
and n € Z \ {0} satisfy

B=aexp (J?lﬂn> .

n

In particular, 82" = 2" = «". By considering the characteristic polynomial of A, that is
x3—ax?4+bx —1,wherea=a+B+pfcZandb=af+ap + |8 € Z, we get that
B> = aB? — bB + 1. By induction, for any k € N, k > 3:

B* = xiB* + B +

where
Xip1 = axp + Yk, Vel = 2k — Xkb,  Zkp1 = xk,
with the base condition:
x3=a, y3=-b, zz=1.

Using that 8 # B, equation 82" = 2" now reads as

xon(B + B) + you = 0.
Using thata — o = B + f3, we get

axay + Yan = Xon,

where the left-hand side is x3,4+1 € Z and the right-hand side is the product of x», € Z and
of « € R\ Q. Hence, we get that xp, = y», = 0, and then ,32” = ,32" =a "=2zy, €.

Consider now the polynomial x¥ — 75, € Z[x], and its division by the characteristic
polynomial of A in Q[x]:

x2 — o = Q(x) - (x3 —ax? +bx — 1)+ R(x),

where Q(x) € Q[xl and R(x) € Qx[x].If R(x) had positive degree, then R(B) = R(B)=0
would imply B8 + B € Q, which is not true since 8 + § = a — o with « irrational. Then,
R(x) = 0. It follows that «2" = z5,, too. But this is a contradiction with @ " = z,,, since
o> 1. O

4.4 Oeljeklaus—Toma manifolds with precisely one complex place

We now extend the above results to Oeljeklaus—Toma manifolds [38] with precisely one
complex place and s real place. Note that this is the case when the existence of IcK metrics
is known, [38, Proposition 2.9], see also [49, Theorem 3.1]. In case s = 1, we recover any
Inoue surfaces Sg of type SO by taking K = Q(a) and U = (’)§+ generated by «, the real
eigenvalue of the matrix A € SL(3; Z).
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We briefly recall their construction (see [38]) and their structure as solvmanifolds (see
[24, Section 6]).

Let K be an algebraic number field. Consider the n = s + 2t embeddings of the field
K in C: more precisely, the s real embeddings o1, ...,0,: K — R, and the 2¢ complex
embeddings 0541, ..., Ostt, Ostr+1 = Ostls .-, 0542t = 0s4¢: K — C. Denote by Ok
the ring of algebraic integers of K, and by O’;{’+ the group of totally positive units. Let
H := {z € C : Imz > 0} denote the upper half-plane. On H* x C’, consider the action
Ok O H* x C' given by translations,

To(Wi, .« oo Wy, Zstls - o5 Zste) 2= (W1 +01(@), - . ., Zsr + Os44(@)),

and the action O}“(‘* O H* x C' given by rotations,

Ry (wl’ ceey Wey Zgglyeeey ZH»I) = (U)1 - 01 (u)7 ey Zs4t ot Us+t(u))-

Oeljeklaus and Toma proved in [38, page 162] that there always exists a subgroup U C O“;(’Jr
such that the action Og x U O H* x C' is fixed-point-free, properly discontinuous, and co-
compact. The Oeljeklaus—Toma manifold (say, OT manifold) associated with the algebraic
number field K and with the admissible subgroup U of Oz’+ is

X(K,U) == H xC'/Og x U.

Moreover, X (K, U) is called of simple rype if there is no intermediate extension Q C K’ C K
such that U is compatible with K’, too.

Oeljeklaus—Toma manifolds are in fact solvmanifolds, see [24, Section 6]. More precisely,
consider the map

L Ot > R
tu) = (gor(), ..., 1gos (), 21glosr1 (@], . .., 21glos4 (W)]) -

The rank s subgroup U is such that its projection on the first s coordinates is a lattice in R®.
Consider the basis for the subspace R® in RST:

((1,0,...,0,b11, ..., b11) .., (0,0, ..., L bst, ooy b)) (4.3)

Note that since ]_[‘}J:l oj(u) = 1 being equal to the product of the roots of the minimal
polynomial of the unit «, then for any

5 S
Cw)= (&1, &) bji&j..... Y b
j=1 j=1
we have Y | _, Zj’:] bjrgj = —Zj-:l &;; then, forany j € {1, ..., s},

'
ijk = —1.
k=1

Note in particular that if 7 = 1, then any b = —1. Moreover, by definition, 21g |04 (u)| =
> i—1bjkkj. Setcjx € R such that

1 S s
Otk (u) = exp | = D bk V=1 cjik;
j=1 j=1
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Then, we can represent
X(K,U) =R x, (R* x C")/U x, Ok

where

exp(&n)
e, ... &) = ; (4.4)

where

1L NEN
A 1= exp Eijké:j-i—iz chkéj
j=1 =1

That is, we can identify

exp(én) x'h

R x, (R® x C') = A -

Ag ke

1
& xp, . eR L 2k, ... € Ch

We give conditions for which OT manifolds with # = 1 satisfy Mostow condition; then
Proposition 3.2 applies.

Theorem 4.3 Let X (K, U) be an Oeljeklaus—Toma manifold with precisely one complex
place. Assume that there is no field T such that Q C T C K and T is totally real. Then,
X (K, U) satisfies the Mostow condition.

Proof LetX = X(K,U) = R® xy, (R* x C")/U x4, Ok be an Oeljeklaus—Toma manifold
with precisely one complex place, namely ¢+ = 1. In particular, note that any U when t = 1
is admissible in the sense of [38]. We use notation as described above. We want to prove that
Ad (RS Xy (RS x (C’)) = Ad (U X (’)K) in the Zariski topology of GL(R*1%'), where g
is the Lie algebra of R® x, (R x C'). In a sense, this extends the criterion of Gorbatsevich
from almost-Abelian Lie groups to semi-direct products R x, (R® x C).

We first notice that

Ad(R® %, (RS x C)) = Ad(R%) x Ad(R® x C) = Ad(R*) x Ad(R® x C)

and

Ad(U x4 Og) = Ad(U) x Ad(Og) = Ad(U) x Ad(Ok).

This follows by the fact that the Zariski closure of a subgroup of an algebraic group is a
subgroup by itself, see e.g. [10, Proposition I.1.3]. Moreover, since R® x C is the nilradical
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of R* x, (R® x C"), then Ad(R* x C) is unipotent and connected, whence Zariski closed, see
e.g. [42, page 2]. Finally, Ad(Ok) is a maximal lattice in Ad(R® x C), whence Ad(Og) =
Ad(RS x C) = Ad(R?® x C), see e.g. [42, Theorem 2.1]. At the end, we are reduced to show
that Ad(R*) and Ad(U) are equal in GL(RR®).

Notice that Ad((&,...,&),0,...,0) acts trivially on the R*-component of g and as
@(&1, ..., &) onthe (R x C)-component, see (4.4). Therefore, we are reduced to prove that
the subgroups ¢(R*) and ¢(U) have the same Zariski closure in GL(R%+21),

We take U generated by uy, . .., ug such that

.,Z(uh):(t?,... i, — <t1 ++tf‘)>

with respect to the basis (4.3), where tJ}.’ € R. Denote by

0

where the coefficient 1 is at the intersection between the Ath row and the Ath column (with
respect to the notation above, ¢j, := c¢j1). Note that [Ry,, R,,] = 0 forany h,m € {1, ..., s}.
Denote

)
Gy, :=<exp th}?Rj > Hj <exp Zt R; >

j=1

teR
Then
S S
o®) =[] Hj. eW)=]]Gn
j=1 j=
Arguing as before, ]_[ ]_[ =1 H; j» and the same for G, so we are reduced to show
that Hj, and G, have the same Zariski closure for any h € {1, ..., s}.

Each Hj is a 1-parameter subgroup in GL(R**?) and G}, is a discrete subgroup of Hj, so
the Gorbatsevich criterion in [17, Lemma 3] applies. We are reduced to show that, for

S

N4

=D A= ’
=1

1 s h
T2 L= ltj

. ;’;
Z;:lc./t] 22] 1 ]

there is no rational linear combination of the eigenvalues of B" equal to v/— 1.
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Hereafter, we forget the superscript 4. The spectrum of B is:

1 N s 1 s N
t],...,ts,—iztj—I—«/—IZCJ'IJ',—EZIJ —V—lZle‘j
Jj=1 j=1 j=1 j=1

Let us assume that there exist A1, ..., Ay, 171, 72 € Q such that

N s N
1
V—=lr = E Aty + 11 ) E ti++—1 E cjtj
h=1 =1 =1

1 N s
+n2 —EZZ‘/‘ — /=1 Zc_il‘j
j=1 j=1
Equivalently,

it Anth = 3m XS 1 — 3m X5 1 =0
(m—m) Y j_jcjtj=m

which yields in particular that the argument of the complex number o1 (up) is ijl cj t;' =
g for g € Q. We are reduced to show that this is not possible.

We first claim that under the assumption that there is no intermediate totally real field
Q ¢ T c K, then K = Q(up), for any h € {1,...,s}. Indeed, we first notice that
os+1(up) € C\ R: otherwise, if u; € R, then Q(uj;) would be a totally real intermediate
extension, so u; € Q would be a positive unit; by U being admissible, this is not possible.
Recall that the characteristic polynomial f,, of u; is a power of the minimal polynomial
Hu, Of up, say f, = ;Lﬁh for k € N (see Proposition 2.6 in [35]). On the other hand,

FunX) = TP=y (X = 0 Cu)) - (X — o1 ) - (X - O's+1(uh)) has exactly two complex
non-real conjugate roots. Then, necessarily k = 1, thatis, f,, = . In particular, [Q(uy) :
Q] = deg puy, = [K : Q], s0 K = Q(up).

Denote oy := o1(up), ..., on = os(uy), B := os4+1(up), namely the roots of the minimal
polynomial p,, € Z[X] of u,. Assume that B has argument given by a rational multiple of
7, say, g with ¢ € Q. Then, there exists N € N such that 8V = V. Since 8 is the root of
the monic polynomial 1, € Z[X] of degree s + 2, there exist xo, ..., Xs+1 € Z such that

BY = xs 1 BT+ x B+ 4+ x1B8 + x0.
Set
x = x B Hx B+ X B ER,

such that 8V = BN = x+xg. Infact, x € Q. Indeed,if x ¢ Q, since 8 ¢ R, then Q(x) would
be an intermediate totally real extension Q € Q(x) € K = Q(B), and it is not possible
under the assumption. Consider the polynomial

XV — (x +x0) € Q[X].
Let Q(X), R(X) € Q[X] be such that
XN — (x4 x0) = Q(X) - pu, (X) + R(X)
with deg R(X) < s + 2. One has that R(8) = R(8) = 0; then Mu, (X) divides R(X), with
deg iy, (X) < deg R(X); then R(X) = 0. It follows that any «; is a root of XN — (x +xp),
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that is, oz{v = ... =aV = gY¥ = BN. On the other side, recall that ay - --- - |B|> = 1. It
follows that

(al.....as

The «/s being real, this yields

that is, B = exp(v/—1qm). This says that actually 8V = 1, so any aj would be a real root of
XN — 1. But this is not possible, since the «s are irrational numbers. O

Remark 4.4 Note in particular that the assumption s + 2 prime assures that there is no
intermediate extension, and so in particular no intermediate totally real extension as required
in Theorem 4.3.

Moreover, we show now an explicit example of an Oeljeklaus—Toma manifold X (K, U)
of type (2, 1) which satisfies the technical condition in Theorem 4.3.

Let f(X) = Xt—-X-1¢€ Z[X]; it is irreducible, since its reduction modulo p = 2
prime, that is, X* — X — 1 € Zy[X], is irreducible in Z[X].

Claim 1: f has two real roots and two complex (conjugate) roots.
Indeed, by Darboux theorem, there is a real root between —1 and 0, so there are at least
two real roots. Let x1, x2, x3, x4 be the roots of f. By Viette’s relations, we have xi2 =
O xi)? - Z(Zi# xix;) = 0. If all of them were real, then, for all j, it holds x; = 0.
However, 0 is not a root of f. So, two of the roots are real and the other are complex.

Let o be one of the real roots of f. Take the algebraic number field K := Q(«). Then,
Q C K is an extension of degree 4, and X (K, (’)2+) defines an OT manifold of type (2, 1).

Claim 2: Gal(f) ~ Sa.

Indeed, let Q ¢ denote the splitting field of f (i.e. the smallest field that contains all the roots
of f). Note that Qs # K, since Qs contains also complex numbers (namely the complex
roots of f). We recall that Gal(f) = {f: Qf — Qy : f(g9) = q,Yq € Q}. In [43,
Theorem 7.5.4], Gal( f) is explicited for any quartic polynomial f. The resolvent of f is the
cubic polynomial ¢(X) = X3 + 4X + 1. As this is an irreducible polynomial over Q[X]
and its discriminant A = —283 satisfies v/A ¢ Q, according to the cited theorem, we have
Gal(f) ~ S4.

Claim 3: There is no intermediate field Q C T C K.

Indeed, let us assume that there exists an intermediate field Q@ C T C K. Then, we have:
QCcTcKcCQy.Since [Qf: Q] =24and [K : Q] =4, [Qf : K] = 6 and we have, in
fact, Gal(Qy/K) ~ S3. This further implies that S3 < Gal(Qf/T) < S4. However, there is
no such intermediate group between S3 and Sy, since by a known result in group theory, S3
is a maximal subgroup of S4. Therefore, there is no intermediate field between Q and K and
thus, X (K, (’)?‘) satisfies the requirements imposed in Theorem 4.3.
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Table 5 Summary of the dimensions of the Morse—Novikov cohomologies of an Oeljeklaus—Toma manifold
of type (2, 1)

k dimH} ~ dimH;  dimH;  dimH;  dimH;  dimH)  dimH]
k=-1 0 0 1 2 1 0 0

k=0 1 2 1 0 1 2

k=1 0 0 1 2 1 0 0

Just non-trivial cohomology groups are reported

Example 4.5 For example, for s = 2 and t = 1 we choose a co-frame of invariant 1-forms

{e1 Jet, e, et e, e6} with structure equations (cf. [24, Section 6])
de' =0
de’> =0
de’ = —el né?
de* = —e? A et ’
de® = %el Aed+crel Aed + %ez AeS +cre? Aed
de® = —ciel A&+ %el ANe® —cre? Aed + %ez A e®

for some ¢y, c; € R. The possible Lee forms of Ics structures are: e! + ¢2; and, when

€1 # 2, also —e! — €2 (take w = wise! A e + wige! A et + (4C‘C2+9)“;2052;69(C‘762)“)26(31 A
2
3

2NV + w3qe

2 2

& + 6(01—02)w25+(40162+9)w26el

> N + wyze” A &l + wrse” A & + wyee A
4c5+9

36(c1 —c2) (w35 +wle) w34
4c§+9

e* for coefficients wjk such that # 0). The almost-symplectic

form
Q=2 APt net+ A 22 et + e A 4.5)
is a locally conformally symplectic structure with Lee form
9 = el e
It admits a compatible complex structure J:
Jel ==& Jet =t Jed = €O

For suitable values of ¢; and ¢, by Theorem 4.3 and Proposition 3.2 one can compute the
lcs cohomologies of X (K, U). In Table 5, we report the dimensions of the Morse—Novikov
cohomology groups (computations have been performed with the help of Sage [44].) Notice
that for k = 0 we recover the Betti numbers of X (K, U) as already computed in [38,
Remark 2.8].

More in general, we show that Oeljeklaus—Toma manifolds of type (s, 1) that satisfy the
technical condition in Theorem 4.3 can be found for any s > 1.

Proposition 4.6 Let s > 0 be a natural number. Then, there exists K an algebraic number
field with s real embeddings and 2 conjugate complex embeddings such that there is no
intermediate extension between Q and K.

Proof Letn = s + 2. The idea is to prove the existence of a monic irreducible polynomial
f € Z[X] of degree s + 2 such that f has s real roots, 2 conjugate complex roots and
Gal(f) = S,,. Once proven this, take K = Q(«), where « is one of the roots of f. Like in
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the example, we would have Gal(Q(f)/K) = S,—1. The existence of an intermediate field
between Q and K would imply the existence of a subgroup H of S, suchthatS,_; < H < §,,.
But this does not exist, as S,,_1 is a maximal subgroup of S,,.

A construction of a polynomial f whose Gal(f) is S, was given by B.L. van der Waerden.
The idea was to consider the following monic polynomial f = —15f; + 10 f> 4 6 f3, where
f1, f>and f3 are degree n polynomials and fj reduced in Z,[ X]is irreducible, f> decomposes
in Z3[X] as a product of a linear factor and a degree n — 1 irreducible polynomial, and f3
decomposes in Zs as a product of an irreducible quadratic polynomial and a degree n — 2
irreducible polynomial, if n is odd, or as a product of an irreducible quadratic polynomial
and two irreducible polynomials of odd degree, if n is even. It is explained in Proposition
4.7.10 in [50] why there exist f], f» and f3 with these properties and why f thus defined has
Galois group S,,. Observe that f is irreducible because we have f = f| modulo 2, which is
irreducible in Z,[ X ]. Moreover, if g is any polynomial of degree n — 1, then f + 30g is also
an irreducible polynomial with Galois group S,,.

Now we use the same argument as in Remark 1.1 in [38]. Namely, let D =
{(ai, ..., ay)} € Q" be the set of n-Tuples such that h = X" +a; X" "' +-- - +a, (not nec-
essarily irreducible) has s real roots and 2 complex roots. Then, D is a non-empty set which
contains arbitrarily large open balls, as argumented in [38]. If f = X" + b1 X n=ly .. 4p,,

consider the set D' = (by, by, ...,b,) + 30Z". Then, D’ intersects D and the intersec-
tion consists of irreducible polynomials with s real roots, 2 complex roots and Galois
group S,,. O

As a corollary, we obtain:

Corollary 4.7 For any natural number s > 1, we obtain an Oeljeklaus—Toma manifold of
type (s, 1) satisfying the Mostow condition.
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