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Abstract

We study the Euler-Lagrange equation for several natural functionals defined on a
conformal class of almost Hermitian metrics, whose expression involves the Lee form
6 of the metric. We show that the Gauduchon metrics are the unique extremal metrics
of the functional corresponding to the norm of the codifferential of the Lee form. We
prove that on compact complex surfaces, in every conformal class there exists a unique
metric, up to multiplication by a constant, which is extremal for the functional given by
the L?-norm of dJ6, where J denotes the complex structure. These extremal metrics
are not the Gauduchon metrics in general, hence we extend their definition to any
dimension and show that they give unique representatives, up to constant multiples,
of any conformal class of almost Hermitian metrics.
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1 Introduction

Let X be acompact smooth 2n-dimensional manifold endowed with an almost complex
structure J. Fix an almost Hermitian metric g on (X, J), which we will identify with
its associated (1, 1)-form §£2 = g(J_, _). Consider the linear operator L := 2 A _
andits adjoint A := Lf,. Werecall that L’}z_l : AlX — A?"~1X isanisomorphism,
therefore one can define the torsion one-form of 2, also known as the Lee form, as

O = ApdR2 = Jd*?2 e A'X (1)
such that
dR" ' =05 A 2"

Furthermore, the Lee form can be seen to coincide with the trace of the torsion of the
Chern connection [5, Théoréme 3].

In general, the recipe for defining special classes of Hermitian metrics on complex
manifolds is by imposing £2 to be in the kernel of a specific differential operator. A
well-known list of examples includes strong Kdahler with torsion (SKT), also known as
pluriclosed, (dd2 = 0), balanced de"-1 =0), locally conformally Kdhler (1cK)
(d2 = a A £2 for a closed one-form «), locally conformally balanced (d2"~! =
9 A 2" for a closed one-form ), all of these being generalizations of the Kihler
condition d§2 = 0.

Another natural class of Hermitian metrics is given by the Gauduchon met-
rics, which are defined as having co-closed Lee form, or equivalently as satisfying
dd®22"~! = 0. These metrics turned out to be a very useful tool in conformal geom-
etry, since by the celebrated result [5, Théoréme 1], any conformal class of almost
Hermitian metrics contains a Gauduchon metric, unique up to multiplication with
positive constants, provided the manifold is compact and not a Riemann surface.

On the other hand, it is reasonable to expect that interesting classes of metrics arise
as critical points of naturally defined functionals on the space of Hermitian metrics.
In the general Hermitian setting, two such functionals have been considered in the
literature. Let | be the set of almost Hermitian metrics on X with total volume one.

e The Gauduchon functional [6, Sect. III] is defined by

p 2" 1
2 T m=1)

Lo:Hi — R, Lg(£2) :=f 0o /99/\]99/\[2”_1.
X X

The Euler—Lagrange equation for Lg is given in [6, Eq. (48)]. For compact complex
surfaces (n = 2), it turns out that the critical points of Lg are precisely the Kahler
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metrics (i.e. 6 = 0) [6, Théoréme II1.4], which are in fact absolute minima. In
[6, Sect. V], the restriction of Lg to a conformal class {£2}; := {£2} N H; in
‘H is also considered, and the critical points £2 are characterized by the equation
(29} |?Q + 2d*26p = k € R in [6, Proposition at page 516].

e The Vaisman functional [13]:

n

n!

Q
Uy: Hi = R, Uy(2) :=/ |dbg |5 =/d99/\*_@d09
X X

is conformally invariant. On compact complex surfaces, it rewrites as Uy (£2) =
— [x 402 A JdBg . In this case, its Euler-Lagrange equation is given in [13, The-
orem 2.1, Eq. (2.15)], and its second variation is computed in [13, Eq. (3.10)].
Clearly, locally conformally Kéhler metrics for n = 2, and for arbitrary n, locally
conformally balanced metrics are critical points and absolute minima of U4y .

In the present note, we investigate a few functionals of similar type, restricted to
a conformal class of normalized almost Hermitian metrics {£2}; C H;. The first
functional we consider is given by

n

2
G: Hy H/Xm*ﬂem?q

n!’

Clearly, Gauduchon metrics are critical points, and in fact absolute minima, for G. Our
first main result states that these are all the critical points of G:

Theorem 1 Let (X, J) be a2n-dimensional compact manifold endowed with an almost
complex structure, where n > 2. Let £2 € H; and let {£2}; C H; denote the set of
almost Hermitian metrics of total volume one which are conformal to §2. Then the
following are equivalent:

(1) $£2 is acritical point for G on H;
(2) £2 is acritical point for the restriction of G to {£2}1;
(3) £2 is Gauduchon.

Together with Gauduchon’s result, this implies that G has exactly one critical point in
every {§2}1 C H;.
Another functional we study is given by

n

2 AQ
F Q) | |dJogl}
X

n!’

The main motivation for considering this functional comes from the fact that the form
dJ0g, isrelated to the curvature of natural connections on the manifold. More precisely,
it measures the difference between the Ricci curvatures of the Chern connection and
the Bismut connection of the Hermitian metric §2 (see Remark 4). Furthermore, in the
context of IcK metrics, dJ0g, is, up to a constant multiple, the Chern curvature of the
naturally associated weight line bundle to an IcK metric.
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The critical points of F are described in Proposition 5 by the following equation:
(n — 2)|d199|?2 —2(n — 1DH(AdH"? A2 =k e R.
When n = 2, this is equivalent to the equation:
dd°Ap2 =0
and when J is moreover integrable, this is further equivalent to
dd®(Ap(dJ6g)$2) = 0.

We show in Corollary 11 that in this case, the critical points of F exist, are unique and
minimize F.

Motivated by this result, we introduce a new class of almost Hermitian metrics,
which we call distinguished, defined by the condition:

dde(fa'""y =0, where fo = 0|5 +d*2 0 = —Ag(dJbg).

These metrics are not in general Gauduchon (see Corollary 12). However, similarly to
Gauduchon metrics, they give rise to canonical representatives in a given conformal
class:

Theorem 10 Let (X, J) be a compact almost complex manifold of real dimension
2n > 2, and let {£2}; be a conformal class of normalized almost Hermitian metrics.
Then there exists and is unique a distinguished metric £2 € {§2};. This metric is either
balanced, i.e. 6 = 0, or is characterized by the property that fg is strictly positive
on X and the metric fg §2 is Gauduchon.

Additionally, we discuss the functional:

Ql‘l
A: (2} 1!—)[ |dQ|2

Clearly almost Kéhler metrics are minimizers for 4. We note that A(£2) also coin-
cides with the L2-norm of d°§2, which is the torsion of the Bismut connection (see
Remark 15). This gives an alternative motivation for studying this functional.

The critical points of A are described, in Proposition 18, by the following equation:

(n —1)|dR2|% 4 2d*?0o =k € R.

Inparticular, if {2}, is an1cK conformal class orif n = 2, the functional A is a constant

multiple of the functional Lg (see Remark 16). It follows by [6, Théoreme I11.4] that

the critical points of .4 viewed on H1, for n = 2, are precisely the Kéhler metrics.
The last functional we discuss is given by

n

2
R:{2h +—>/ |dd°82|3, —
X n!
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Table 1 Summary of the critical points of the functionals

Functional Critical points Reference
Restricted to {§2}; Complex surfaces Almost complex,
dimX >4
L(2) = [y |€Q\%2%1 Kihler (!, min) \leé +2d*20g, =k [6]
Uy (£2) = fX |d99|%2 %l Conformal invariant [13]
G(2) = fx |d*e 99|?2 ‘%l Gauduchon (3!, min) Thm 1
F(2) = [y 1dJog|4 %," Distinguished (3!, min) (n—2)dJ0g |5 —2(n — Cor 11, Prop 5
dd°Ap 2 =0) DAIH*2 A2 =k
AR) = [y |d.Q|%z %1 Kéhler (!, min) (n— 1)\d!2\?q +2d*26g =k Prop 18, [6]
R() = fX |dd°.Q|%2 %n Gauduchon/SKT (3!, min)  (n — 4)|dd°.Q|%Q + Prop 23

2A0(dd®)*2dd°2 =k

Here, k denotes a real constant

By definition, SKT metrics minimize R. In Proposition 23 we show that the critical
points of this functional are characterized by the following equation:

(n — 4)|dd°R2|} + 240 (dd*)*2dd°2 = k € R.

Furthermore, in the case n = 2, the critical points of R exist, are unique and are
precisely the Gauduchon metrics (see Corollary 24). In particular, they minimize R.

In the last section of this note, we do some explicit computations related to these
functionals on the Inoue—Bombieri surfaces of type Sy. They show that, generally, the
infimum of the functionals F and .4 on H| can be 0, without it being attained (Table 1).

1.1 Notation

Given an almost complex manifold (X, J), we denote by A“X and by AP7X the
spaces of smooth k-forms and (p, g)-forms, respectively, on X. We extend J to act as
anisomorphismon A”9X by Ja = \/—_lq_pa, a € AP9X, following [2, (2.10)]. Via
this extension, it follows that J2 = (—1)¥id, so that J~! = (=1)kJ = J* on A¥X,
where J* is the pointwise adjoint of J with respect to some (and so any) Hermitian
metric. We denote by d° the differential operator d° := —J~'dJ. For a Hermitian
metric £2 and a one-form «, we denote by a*? the vector field which is metric dual to
a with respect to §2. For a vector field V, we denote by ty the interior product with V.

2 The Functional G

Let (X, J) be a compact almost complex manifold, let 7| denote the set of almost
Hermitian metrics on (X, J) of total volume 1, and let

{2} = {qb-.Q : ¢eC°°(X,R),¢>O,/¢”i—7:1} CHi
X .
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denote a conformal class of normalized Hermitian metrics. We consider the following
functional:

Q}’l
G: (2 =R, G() :=/<d*99m2—,=—f d*20g -dxg 0g.  (2)
X n: X

Theorem 1 Let n > 2, let (X, J) be a 2n-dimensional compact manifold endowed
with an almost complex structure and let {§2}1 denote a conformal class of almost
Hermitian metrics with total volume one. Then 2 € {§2} is a critical point of the
functional G defined by (2) if and only if §2 is a Gauduchon metric.

Proof A Gauduchon metric £2 € {§2} satisfies d*20 = 0, soitis clearly a minimum
point for G.

Conversely, let us first determine the equation that £2 € {£2}; has to satisfy in
order to be a critical point for G. We first observe some general formulas. For an
almost Hermitian metric £2 on X" and for 2 = ¢ - £2 in its conformal class, with
¢ € C*(X,R), ¢ > 0, one has

Qn on
Volg(X) 1= | —— = [ ¢"2
ol (X) /Xn! X n!

05 = 0o + (n—1)dlogg,

—k
*QL/\kX = ¢" " xg [akx-

’

Consider a variation of £2 in {§2},
Qt =¢; - £2,
where for |¢| small enough, we write
¢ =14+1d+0@1), ¢eC®X,R).
The condition Vol (X) = 1 implies that the function ¢ must satisfy

. "

R =0. 3)

We compute

. . 22! 2 Qn
G($2) —/X<d Qte(}r) T _/X‘d *3, 9(}’ s, o
2 on
_ n—1 _ -1 —2n+n 24
_/X a (907 e (0o + 0= Do a) )| oS

n—1 n—2 2 —n‘Qn
= [ Jor " 1 00 + 0 = 03 P v g 6
X 2 n:

- 2 7n9n n— 2 7”!2”

=/X d@! " g 00)|_ &; ?“”_DZ/X‘M[ 2o dgn| o7

n!
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2 on

+201—1) /X (a@ " g 02)1d(@! 7 v dgn)) 97—
. . 02"
= /X |d((1+1(n — D)) *o 99)|§2 (1 —m¢>)7
) . .2 . "
+(n—1) /X |d ((1+1(n —2)$) xq tdd)) |, (1 — m¢>)7
+2(n—1) /X (d((1+10m— D) *e 02))
|4 ((1+1(n = 2)¢) 5@ 1dd)) g (1 = ing)—- +0(1)

n n

) . Q
=G(R) — m/ (d*999)2¢F + 2t(n—l)/X(d 0 021d(¢ %2 02)),, —

X
n

+21(n — 1)/ (d*g Oold o dd), % +o(1).
X H

For the third term in the above equation we find

. " . "
/ (d g 62ld(¢ *a 99))9—, =/ (=*xedxodxelol*ebo)od—r
X n: X n!

n

. £2
= /X(dd*ﬂegwg)g —

while for the fourth term we find

. Qn . Qn
/}((d *@ Oold xo dd), P _/X<d o dxq Og|d), -
. Qn
- ./ Apd™0g - p—.
X n!

Now if £2 is a critical point of G, then &-|,_0G(£2,) = 0 for any £2, = ¢, 2 defined
by (3). The above computations thus imply the following equation for £2:

Apd*?0g + (dd*205|00) 0 — (d*200)> =k, keR. )

n
2(n—1)
Let us denote by f := d*?6,. Integrating (4) over X with respect to £2, we find

k=] Agf= 222 M
/X 2/ +/Xf n! 2(n—1)/xf n!

. n—2 , 82"
2n—1 Jy? n T

Let now xpin € X be a minimum point of f, which exists by the compactness of X.
It follows thatd f,, . = 0 and Ag f (xmin) < 0. Moreover, as the integral of f over X
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vanishes, we have f(xpin) < 0, with equality if and only if f = 0 everywhere on X.
We thus find, via (4)

0= k= Ag fGnin) — 50— i) <0

implying that min f = f(xpmin) = 0, or also that f vanishes everywhere. Thus the
critical point €2 is indeed a Gauduchon metric. O

Remark 2 By [5, Théoréme 1], it follows that in any normalized conformal class {£2},
a critical point for G exists and is unique.

Corollary 3 On a compact almost complex manifold (X**, J) withn > 2, a Hermitian
metric 2 € Hy is critical for G on 'Hy if and only if 2 is a Gauduchon metric.

Proof Clearly Gauduchon metrics are critical points of G on H;. Conversely, if §2 is
a critical point for G on Hj, then it is also a critical point for G on {2}, hence £2 is
Gauduchon. m]

3 The Functional F

We consider now the following functional:

n

2
F:Hi— R, F(£2) :=/ |dJ9(2|2_Q_'=/dJ9_Q/\*QdJ9_Q, 5)
X n: X

as well as its restriction to a conformal class in .

Remark 4 One motivation for studying the L?-norm of the form dJfg is the fol-
lowing. Recall that, on a Hermitian manifold (X, §2), there is a canonical family
{V'};cr of Hermitian connections, that we will call distinguished connections in the
sense of [12], see also [7]. It consists of the affine line through the Chern connection
(namely, the unique Hermitian connection whose (0, 1)-part is the Cauchy—Riemann
operator 9) and the Bismut connection (namely, the unique Hermitian connection
whose torsion is totally skew-symmetric), and it is characterized by prescribed torsion
TV = 4—1‘(3t — D)t — ;ll(t + DIN(A2)™T, see [7] for notation and more details.

We recall that the Ricci form of the Chern connection can be locally expressed as
loc

Ric®M(£2) = /=100 logdet £2 and represents the first Bott—Chern class in Bott—
Chern cohomology, ¢PC(X) = [Ric™(£2)] € Hpp (X) — HIx(X) 3 c1(X). By [8,
Formula (8)], the Ricci form of any distinguished connection V' is expressed in terms
of the Ricci form of the Chern connection as

1—¢
Ric’ = Ric®™ + dee.
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Proposition5 On a compact almost complex 2n-dimensional manifold (X, J), the
critical points 2 for the functional F in (5) restricted to the conformal class {§2} are
described by the equation

(n —2)|d109|§2 —2(n—1DAd)*?ApR2 =k (6)
for k constant.
Proof We look for the conditions to be satisfied by £2 in order to be a critical point of

F in its volume-normalized conformal class {§2}; € H;. Consider a variation of §2
in its conformal class,

2=¢-2, & =1+1$+00)
for |¢| small enough and ¢ € C®(X,R) satisfying, as before,

. 2"
——)
X n!

We compute

B 2 Qn 2 on
F($2) :/ diog | —’2/ 76| ar2=s
X "2, n! X a¥e; n!

-1 2 n—2 $2"
= | |aJ6g + (0 = D dg0| 9r
X 2 n:

n
anQ
d n!

- / dJOg + (n — D)dp, ' A Jd; 4+ (n — 1), 'dJdepy ;
X

n

22
=F(2)+2(n— 1)/ <dJ99|d¢,_1 A Jdgy, +¢,_1de¢,> —
X 2 n!

2 Q"
+t(n — 2)/ dJ62lgd— + o)
X n!
= F(2)+1 (2(n — 1)/ (dJ6g|dTdg),, §
X

n!

. "
+(n — 2)/ |dJ9_q|§2¢—) + o(t)
X n!
whence we get

d L , Lo
L0 F(@) =20 - 1) / (47601dd%), = + (n —2) / 17001562
t X n! X

n!

= / ((n —2)[dJOg% +2(n — 1)(dd°)*9d199) Frc
X I’l'

@ Springer



D. Angellaetal.

Therefore £2 is a critical point for F restricted to its conformal class if and only if:
(n— 2)|d]9_q|?2 +2(m — 1)(dd)*?dJo, =k 7

for k constant. We rewrite the second term in the last equation as follows, by using

ey

(dd®)*2dJ0g

(d®)*2d*2 (—dd*2 £2)
—(d9)*d*2 Ap 2
= —(dd)*2 Ap 2.

Therefore £2 is a critical point for F restricted to its conformal class if and only if
(n— 2)|d199|?2 —2(n — DA AR =k

for k constant, proving the statement. O

Corollary 6 On a compact almost complex 4-dimensional manifold, the critical points
$2 for the functional F in (5) restricted to the conformal class {§2}1 in H are described
by the following equation:

ddAp2 = 0. ®)

Proof By (6), the critical points are described by the equation (dd®)*2? A2 = 0 and
since on a complex surface * £2 = £2, this further reads as dd°A 2 = 0. O

Before specializing to the integrable case, let us first establish a formula that we
will need for the sequel:

Lemma7 Let (X, J) be an almost complex manifold endowed with an almost Hermi-
tian metric g. Let S2 be the corresponding fundamental form with Lee form 6, and
let a be a smooth one-form on X. Then one has:

Ag(dJa) = —d*?a — (alb)o. &)

Proof Letusfixx € X andleteq, ..., ez, be alocal orthonormal frame of 7 X which
is parallel at x with respect to the Levi—Civita connection V. We compute at x

2n
240(dJa) =) dJale. Jep)
k=1
2n
= Z (ex(Ja(Jer)) — Jex(Jaler)) — Ja([er, Jex]))
k=1
2n 2n
= —2d*2q + « (Z VjekJek> —Ja (Z (Ve J) ek> :
k=1 k=1
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On the other hand, we have, at x
JOo = —d*2 Q2

2n 2n
=Y Ve @) =D g((Veex, )

k=1 k=1
2n 2n
=Y 1 Vig U )) =g (Z(vjekJ)Jek, )
k=1 k=1
2n
=g (J (Z VjekJek> : )
k=1
which implies the following:
2n 2n
Y Ve Dex = (J0)*, Y Ve Jep =033
k=1 k=1
From this, the conclusion follows. O

Corollary 8 On a compact complex surface, the critical points for the functional F
restricted to a conformal class {§2}1 in'H1 are characterized by the following equation:

dd°(fe2) =0, fo = Ag(—dJbg) = |0alg +d*?0g. (10)
Proof We find that Eq. (7) is equivalent to
x0dd® %o dJOp = 0 & dd° xp dJ6e = 0.
On the other hand, by [6, Formula (50)], we have
%0 dJ0g = Ag(dJ0g)2 —dJos' +dJes 0 02, (11)
Using that dimg X = 4, we obtain dd®(dJ Gg ’0)+(0’2)) = 0, and since J is integrable

we have 0 = dd°dJg = dd®(dJAg"). Thus, via Eq. (9) for @ = g, we have shown
that Eq. (8) is equivalent to Eq. (10). O

In view of the above corollary, we introduce the following definition:

Definition 9 Let (X, J) be an almost complex manifold and let §2 be an almost Her-
mitian metric. We call §2 distinguished if it satisfies the following equation:

ddc(fg_lﬂn_l) =0, where fp = Ap(—dJbg) = |99|?Q +d*0n. (12)

Like Gauduchon metrics, these metrics can be seen as canonical representatives in
a given normalized conformal class:
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Theorem 10 Let (X, J) be a compact almost complex manifold of real dimension
2n > 2, and let {2}, be a conformal class of normalized almost Hermitian metrics.
Then there exists and is unique a distinguished metric §2 € {§2}1. This metric is either
balanced, i.e. 0 = 0, or is characterized by the property that fo = |0o |A2,2 +d*20p
is strictly positive on X and the metric fo $2 is Gauduchon.

Proof Let us fix 2 € {£}; and take any smooth function ¢ € C*°(X). First, we
compute

ddS(gR" ) =ddg A 2" +qJ00 A 2"
=dd°q A 2" ' —dgAO A2 +dg A JOg A2
+qdJOg A Q2"+ g00 A JOo A 2"

n

2
= Ap (ddcq —d°g ANOg +dg A JOgo +qdJOg + qbe /\J@_Q) —_—.
n

Using Eq. (9) for = dg, we find that dd°(¢g$2"~") = 0 is equivalent to

0= Agq (dd°g —d°g A bg +dg A JOg + qdJ0g + q0g A JOg)
= —Agq — (dqlbe)e + 2(dqlfe)e — qfe + 916215

or also to
Upq = Agq — (dgql0e)e +qd™?0p =0 (13)

meaning that g is in the kernel of the elliptic operator Ug,.

However, by the proof of [6, Théoréme at p. 502] using the Hopf maximum principle
[10], the kernel of the operator Uy, is one-dimensional and any 0 # g € ker Uy, is
either strictly positive or strictly negative. Furthermore, for a strictly positive function
g on X, g € ker Ug if and only if ¢!/~ 2 is Gauduchon.

We infer that if Eq. (13) is satisfied for ¢ = fg_l, then either f = 0 and £2 is
balanced, or f # 0.Inthe second case, fi; has constant signand since | x Je 'Z—,n > 0,
then f > 0 everywhere and f; £2 is Gauduchon. Conversely, if fo =0, or fo > 0
and f$2 is Gauduchon, then Eq. (12) holds. This concludes the proof of the last
statement in the theorem.

In order to show existence and uniqueness of solutions to Eq. (12) in a given
normalized conformal class, let us fix £2p a Gauduchon metric on (X, J). By the
above, we need to show that there exists a unique function ¢ € C*°(X, R) and constant
k € R, k > O such that £2 := %20 € {§20}; and ¥ fo = k.

Using that 0 = 0y + (n — 1)dg and that for any « € ALX, we have

d*?aq =e % (d*QOa —(n— 1)(d<p|a)go) ,
we compute
fa=e?((n—1Age — (n— D{dplto) o, — (n — 1)*|delg,
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+100lg, + ( — D [delg, + 2(n — 1)(del6o) ;)
= ¢ ((1 = DAgyg + (0 = D(dglbo) e, + 160l )

Hence f = ke~ is equivalent to

1
Agyp + (dolbo) 2 = — (k= 100l ) - (14)

Consider the linear elliptic operator Lo and its L2-formal adjoint L{ with respect
to £2¢, acting on ¢ € C*°(X) by

Logp = Agy¢ + (do|6o) 2,
Logp = Agy¢ — (dol6o) 2,

The theory of linear elliptic differential operators tells us that we have an L2-orthogonal
decomposition:

C®(X) = ker Ly ® Lo(C®(X)). (15)

Note that ker Ly = ker L = R C C*°(X). Indeed, if ¢ € ker Lo or ¢ € ker L

then
Qn Qn
dol2 _ozf Ao b 620
mem A9
24
= i/ (dol60) 20—~
X n:
1 o
=j:—/ ¢*d* 26— =0
2 X n!

hence d¢p = 0 and ¢ is constant. This, together with (15) implies that a function
h € C*°(X) belongs to Ly(C*°(X)) if and only if fx h— =0.

In particular, if we let
l’l
m—/%@i_

then we find that & := ﬁ(k — |00|290) € Lo(C*®(X)) if and only if k = ko. Hence
Eq. (14) admits a solution ¢ € C°°(X), unique up to addition by a constant, if and
only if k = k.

Finally, it follows that the solution £2 to Eq.(12) is unique up to multiplication by
a constant, and thus is unique in {§2};. This concludes the proof. O

In particular, we obtain
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Corollary 11 Given a compact complex surface (X, J) and a conformal class of nor-
malized Hermitian metrics {§2}1, there exists and is unique a critical metric §2 € {§2};
for the functional F restricted to {§2}1. 2 is a distinguished metric and F (S2) is an
absolute minimum for F on {2};.

Proof The first assertion is clear. Suppose that §2 is a distinguished metric and let
2, = ¢;$2 € {§2}1 be a variation of §2, with

¢ = 1+1d1 + 122 + 0(1?).

The normalization condition implies that

92_ ) 5 92_0
fx¢17—fx<¢1+ o) =0,

We have
dJbg, = dJbg — ¢ 2de, A d°; + ¢, 'ddg,

2
= dJOg + 1dd¢; + 12dd® <¢2 - ¢2—1> + o(t?)

from which we deduce, using that (dd®)*dJ6, = 0 by Eq. (7):

F($2) — F(£2)
¢2 92
= / <t2|ddc¢1 1% + 2<dJ9_q|tdd°¢1 + 12dd° <¢2 — 71)> ) -+ o(1?)
X
2

. foks
_ 7 / 52 4 0?)
i 2

which is positive for |7| small enough. Thus F(£2) is a minimum of F on {£2};. O
Note that, in general, the distinguished metrics are not Gauduchon:

Corollary 12 Let X be a compact almost complex manifold and let {§2}1 be a normal-
ized conformal class of Hermitian metrics. Then a Gauduchon metric 2 € {§2}; is
distinguished if and only if |0q | is constant. In particular, any Vaisman metric (i.e.
lcK metric with V&0 = 0) is distinguished.

Proof By Theorem 10, the Gauduchon metric £2 is distinguished if and only if £2
is balanced, so |fo|e = 0, or if |9_Q|29.Q is Gauduchon. This is further equivalent
to |0 |%2 being constant, by the uniqueness of normalized Gauduchon metrics in a
conformal class. m|

Corollary 13 Let X be a compact almost complex manifold and let {§2}1 be a normal-
ized conformal class of Hermitian metrics. If 2 € {§2}1 has constant |0g |, then 2
is distinguished if and only if 2 is Gauduchon.
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Proof By the proof of Theorem 10, under our hypothesis £2 is distinguished if and only
if fo71 = (d*26g + 102|%)"~" € ker Ug. Furthermore, either fo = 0, in which
case £2 is Gauduchon, or f > 0 on X. In the second case, putting ¢ := d*? 6y, this
further reads

(=175 (fadeq — = Dldgl}) + (1 = D f *qlo@)a + i 'q =0
or also
(n=1)fedgq = (n=1)(n = 2)ldglg — (1 — D fo(dgloo)e — f34-

Let xpmin € X be a point where ¢ attains its minimum. Since f X q =0, if £2 is
not Gauduchon then g (xpin) < 0, and we find, using that f (Xmin) > 0:

0>m—1)fo(mn)Aeqg(Xmin) = _Q(xmin)fz(xmin) >0

which is a contradiction, hence 2 is Gauduchon.

Conversely, if £2 is Gauduchon then it is either balanced, or the function fg is
constant and positive, hence f(; §2 is Gauduchon. In both cases, £2 is distinguished by
Theorem 10. O

Remark 14 Let the complex surface X2 be a compact quotient of a solvable Lie group
endowed with an invariant complex structure. (Here, invariant means locally homo-
geneous, that is, it is induced by a structure on the universal cover that is invariant by
left-translations.) Compact complex surfaces of this type are tori, hyperelliptic sur-
faces, Inoue surfaces of type Sy and of type S*, and primary and secondary Kodaira
surfaces [9,14]. Then any invariant Hermitian metric §2 is a solution of (8). This fol-
lows because dd® A, £2 has to be invariant, but the only invariant 4-forms are scalar
multiple of the volume form, that cannot be exact by the Stokes theorem. These dis-
tinguished metrics satisfy the hypothesis of the above corollary, i.e. are Gauduchon
and |99|?Q is constant.

4 The Functional A

We consider now the functional:
A:H — R, A(R) —/ |d°.Q| f|d9|9 (16)

as well as its restriction to a conformal class in . Notice that clearly (almost-)Kihler
metrics are critical points for this functional.

Remark 15 The motivation behind the study of the functional A4 lies in the fact that
d€$2 is the torsion of the Bismut connection, which is the unique connection VB on
a Hermitian manifold (X, J, g) such that VBg = 0, VBJ = 0 and ¢(X, Y, 2) =
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g(X, TB(Y, 2)) is totally skew-symmetric, where T® denotes the torsion of VB (see
e.g. [4]). It turns out that ¢ = d°£2 and

1
(VXY 2) = g(V{Y, 2) + S¢(X, ¥, 2).

Remark 16 1f {£2}; is an (almost) IcK conformal class, then 4 is a constant multiple
of Lg. This comes from the fact that

(n— D[, = 0o A 2|5 = <~Q|leu9 (6 A 9))
2 2

=nlfgln — AeBe A J0g) = (n — D|be|%.

Hence by [6], the critical points of A restricted to {£2}; in this case are the solutions
to the equation |9Q|29 +2d*20p =k e R.

Remark 17 Similarly, if X is a compact almost complex 4-dimensional manifold, then
A coincides with Lg. This is because in dimension 4 one always has d2 = 0o A £2,
hence as before, |d$2 |§2 = |0p |?2. By [6, Théoreme I11.4], it turns out that on compact
complex surfaces, the critical points of A are exactly the Kéhler metrics, which are in
fact absolute minima.

In the general case, we have the following:

Proposition 18 On a compact almost complex 2n-dimensional manifold, the critical
points $2 for the functional A in (16) restricted to the conformal class {2}y in Hy are
described by the equation

(n —1)|d2|% 4 2d*?0g = k (17)
for k constant.
Proof Consider a variation of §2 in its conformal class:

ét = ¢t - 82,

where

& =1+1td+o0@), ¢eC®X,R) suchthat / ¢Q—' =0.
X n:

We compute

n

- <, 2 <, S0

— cH 12 i 2 2%

A(Q,)_/X|d @l _/X|d.(2,|gt -
ok

Qn
= / A D) > — = / A A 2 + ¢,d21 5] > —
X n: X

n!
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2" on
=f |d¢msz|2¢>;’*3—+/ |ped2| G > =
X n! X

n!
n

n—%‘Q
+2 [ (or £ 2o
X n.

n

2 . n—3 Q" ; 2
= | l¢dR2[pe) " — +2 (rdd A 21dR2),, — +o()
X n: X n.

) 27 2 ;82"
=fx|d:2|97+r(n—1>fx|dsz|9¢7
n

. 2
+2tf (dp A 21d82), — +0(1)
X n:

n

— AR) +tf <(n —nlae’ +2d*9A_qd.Q> -qS“Q—' +o(t)
X n:
. nn"
= A(£2) +t/ ((n — Dl + 2d*999) p— F o)
X n:

Therefore, the equation for the critical points is
(n— D|dR|% 4 2d*20q =k

for k constant. O

We have the following:

Corollary 19 Let X be a compact almost complex 2n-dimensional manifold withn > 1.
If 2 € {2} is Gauduchon, then it is critical for A on {2}, if and only if |d(.?|?2 is
constant.

Corollary 20 Let X be a compact almost complex 2n-dimensional manifold withn > 1.
If 2 € {82}, is critical for A and |d$2 |%2 is constant then $2 is Gauduchon.

Proof From the equation of critical points for A if |d$2 |?Q is constant then d*26; is
also constant. Since fx d*20g % = 0 we get that d*20g, = 0. O

Recall that a Hermitian metric £2 on a compact complex manifold X of dimension
n is called strong Kdhler with torsion (briefly SKT, also known as pluriclosed) if
dd®$2 = 0. Whenn = 2, SKT metrics coincide by definition with Gauduchon metrics.
When n > 2, an SKT metric £2 is Gauduchon if and only if

1
Q1L = 162lp = — 102 A 215,

see e.g. [1, Eq. (2.13)]. As a consequence, we have

Corollary 21 Let X" be a compact complex manifold of dimensionn > 2. If 2 € {2}
is both Gauduchon and SKT, then it is critical for A if and only if |6 |?Q is constant.

Remark 22 Note that Example 5 shows that the infimum of the functional A on the
space of Hermitian metrics of volume one can be zero even if there is no Kéhler metric.
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5 The Functional R

We consider now the functional:

n

Q
R:Hi — R, R(R) ::/ |dd°21% (18)
X

n!’

as well as its restriction to a conformal class in H.

The motivation behind the functional R is that SKT metrics on compact complex
manifolds are by definition critical points of R.

In general, we have

Proposition 23 On a compact almost complex 2n-dimensional manifold, the critical

points §2 for the functional R in (18) restricted to the conformal class {§2}1 are
described by the equation:

(n—4) yciolc{zﬁ2 +2A0(dd9)*2dd* 2 =k (19)
for k constant.
Proof Consider a variation of §2 in its conformal class:
éz =¢ - 82,
where

¢ =1+1td+o(t), ¢eC®X,R) such that =0.

We compute

5 512 Qtn 2 4‘Qn
R($21) =/ |dd®$2/ | =/ |dd(¢: D)o " —
X 4 X n.

n!

:/ \dd°52+tdd0(¢'>9)|§2(1+r(n—4)¢)i—:l +o(t)
X !

n

) : Q
— R(2) + t[ ((n —4)|aa°]}, -+ 2<ddC(¢9)|dde) R0

X .

2 . 2"
=R(2) + t/ ((n —4) |dd°@[,, + ZAQ(ddC)*QddC.Q> “p— + o).

X n.

Therefore, the equation for the critical points is
(n—4) |dd09|§2 +2A0(ddS*2dd° 2 = k

for k constant. O
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Corollary 24 Let (X, J) be an almost complex compact surface and let {§2}| be a
conformal class of normalized almost Hermitian metrics. Then 2 € {§2}; is critical
for R if and only if 2 is Gauduchon.

Proof Let us first note that in the case n = 2, Eq. (19) is equivalent to
|dd°2|3, = Ag(dd®)*2dd°$2. (20)

Indeed, this follows by integrating Eq. (19) over X:

2
k- volg(X) = —2R(2) + 2/ (52|(dc10)*ﬂdd‘>9)g“Q7 =0.
X

Furthermore, note that since n = 2, we have dd“2 = —d*20,, - %2 Denoting by
q := —d*20g, we find

92
Ag(dd®)*dd°2 = <.Q| — x0dd® *o (617>>
2
= (#2R| —dd°q)e

= —Ap(dd°q)
= Apq +{dqlfe)a,

where for the last equality, we used Eq. (9) for « = dg. Thus, Eq. (20) is equivalent
to

9> = Agq + (dqlbe)e. 21)
Now clearly Gauduchon metrics satisfy Eq. (21) and minimize R. Conversely, sup-

pose that §2 satisfies Eq. (21), and suppose by contradiction that £2 is not Gauduchon.
Then at a minimum point xpip € X of ¢ we have g (xpin) < 0, from which it follows:

0 < ¢*(Xmin) = A@q(Xmin) <0

which is impossible. Hence £2 is Gauduchon. O

6 An Example: The Inoue-Bombieri Surface

We consider an Inoue-Bombieri surface of type Sm [3,11]. As described in [9,14], it
can be viewed as a compact quotient of a solvable Lie group. Consider the complex
structure described by the coframe of invariant (1, 0)-forms {¢', ¢?} with structure
equations:

1 1 1 2

1
dp! = —— ' A2 — ——— o' A G2, dop? = —v/—1¢% A G2
o' = e A e A A= VLA
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Any invariant Hermitian metric has associated (1, 1)-form:
Q2 ==1r2" A g + V15202 A G +ugp' A GE —iip? A G, (22)

where the parameters r, s € R and u € C satisfy 7> > 0, 52 > 0, r2s% — |u|> > 0.
Letc := fM —p' AP A @2% A @2, Then any choice of r, s, u with r2s? —|ul? = %

gives a metric in H;.
We compute

d.Q:rzrpl/\goz/\gbl~|— u(pl/\goz/\gb2

+r2p' A A @ — ap* A gl A @2

We get that the corresponding Lee form is

3riu | 25252 + |u|2
f=—" ol
2(r2s? — |u|2)¢ 2(r2s2 — |u|2)(p
3riu 1 2r2s2 + |ul? 2
0 — V%
2 (r2s2 — |u|2)¢ 2 (rzs2 — |u|2)(p

e Of course, since d*6 is an invariant function, then d x* & = 0, whence
G(2)=0

for any invariant metric £2.
e We compute

470 — 3r2u N 3r%u 12
N 4 (r2s2 — |ul?) e 4 (r2s — [ul?) ey

. 3rlu N 3rfu 2 505
4 (r2s2 — |ul?) vre 4 (r2s2 — |ul?) vne

+<2«/—_1r2s2+\/—_1|u|2 —2\/—_1r2s2—\/—_1|u|2> ) o
- N

2 (rzs2 — |ul?) 2 (r2s2 — |ul?)

Thus, we infer

dJo A xdJo
(01 A (,02 A ‘l_’l A (/—)2
9r4|ul? N 3(11r*s%u + 72 ul*)r?u
8 (r2s? — |u|2)2 16 (r2s% — |u|2)3
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3(11rts? 4+ 7r2|ul?)r? ul?
16 (r2s2 — Jul?)’
+2 (—4v/=1r%2 = 5/=1r*u?)2v/~1r%s? + /=1 |ul?)

4(r2s2 — JuP?)’

For example, when u = 0, we find

1
dJO =219 A @*, |dJO)> =4—.
A

Thus, making s go to oo and taking r> = Cé%, we conclude that the infimum for
the functional F on H; is 0. However, 0O is not a minimum, since dJ6, = 0 would
give dd*2 2 = 0 whence |d*? 2|2, = |d$2|%, = 0, but Sy does not admit any
Kéhler metric.

e We compute

e 2 _ gop 2
Q15— = [4QI5 = = d2 A xodR
3r2ul? 222+ 1ul®)r*\ o1
2 (r2s% — [ul?) 2(r2s2 — u|?)

21,12 4.2
S5rejul”+4r"s 1212
2 (r2s? — u?) ’

which for example for u = 0 gives
QZ __
|dCQ|29 2 =2r2(p1212.

Thus, making r go to 0o and taking s* = # we conclude again that the infimum
of A on H; is 0 and is not attained.

e As forthe last functional, any invariant metric is Gauduchon by the Stokes theorem,
whence

dd°2 =0
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