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Abstract 

A fractal analysis of the soil retention and hydraulic conductivity curves is presented. The reten- 
tion process is modeled by a two fractal regimes: one pertaining to high water content values, and 
another accounting for the low water content data. This significantly improves the physical insight 
of the retention process as compared with the case of one-fractal models. The fractal dimensions 
characterizing the two regimes are estimated by fitting the retention curve model upon real data, 
and subsequently they are used to determine the hydraulic conductivity which for the retention 
curve models of Mualem and Burdine, is obtained in closed form. The reliability of the model is 
tested against independent conductivity data collected in a field-scale campaign. 
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1. Introduction 
The hydraulic conductivity is a fundamental prerequisite: 1) to quantify the movement of water, and 2) to pre-
dict transport phenomena taking place in soils. Generally, the soil hydraulic conductivity is expressed by pa-
rameters which are fitted against in situ measurements. The range of variability of such parameters (especially 
the saturated conductivity) may span several orders of magnitude, and therefore is often very difficult to ade-
quately predict the soil hydraulic conductivity from only direct measurements. One of the most successful 
strategies to determine the unsaturated hydraulic conductivity is to relate it to the water retention curve (WRC) 
[1] [2] which, unlike the conductivity technique, is determined by very robust and reliable procedures. This is 
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because the parameters of the retention curve are the same appearing in the hydraulic conductivity (a wide re-
view can be found in [3] and [4]), and therefore once they are determined via the retention curve de facto also 
provide the hydraulic conductivity curve. 

The functional relationship between water content and pressure head (negative for soils) defining the WRC 
has represented (and still represents) a vivid research topic [5]. In the past years, an important boost came 
from the fractal geometry [6]-[8] which was used to characterize the hydraulic conductivity by means of the 
fractal properties of pore spaces ([9] [10]). This has permitted relating the fractal dimension at low water 
content values to the physics of thin water films [11] either by combining Kock’s curve to the flow (Poiseuille) 
equation [12], or by dealing with the fractal dimension of the porosity and a diffusion-type (Millington and 
Quirk) equation [13]. An exhaustive review of all these models can be found in ([14] [15] and references 
therein). 

In the present paper we regard the water retention mechanism as a two-fractal process, i.e. the water retention 
curve is hypothesized as two fractal dimensions: one related to low water contents, and the another accounting 
for the high water contents. The resulting WRCs are subsequently (analytically) integrated to obtain the soil 
conductivity curve. Finally, we test our model against real data. 

2. The Two Regimes Fractal Model 
We deal with the Burdine [1] and Mualem [2] WRC-models. The first writes as: 
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where Θ is the normalized (also known as degree of saturation) volumetric water content, n and m are parame-
ters which within the present paper (in line with the majority of the past studies) will be equal to 2 and 0. The 
second is: 
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with n = 0.5 and m = 0. In Equations (1) and (2) the function Ψ = Ψ(Θ) represents the relationship between the 
suction Ψ and Θ. These models represent the outcome of theoretical as well as experimental studies relating the 
soil fractal structure to: 1) the particle size distribution [16], 2) solid aggregate typology distribution [17] [18], 3) 
pore-solid interface area [11] [19], 4) pore-phase fractal mass [9] [20], and 5) solid-phase fractal mass [21] [22]. 
In particular, Tyler and Wheatcraft [23] regard the water retention mechanism like a (Menger) sponge with 1 < 
D ≤ 2. A more realistic generalization of this model is given by Rieu and Sposito [21] leading to 2.090 ≤ D ≤ 
2.963 [24], and to 2.766 ≤ D ≤ 2.986 [21]. Unlike these studies (which detected a fractal dimension lesser than 
3), Tyler and Wheatcraft [23] report 3.011 ≤ D ≤ 3.485. This was attributed to the impact of the distribution of 
smaller pores, and this topic shall be recalled within the present paper, as well. 

It is well known that at high water contents the WRC is governed by the distribution of larger pores, while at 
the low water contents the WRC is determined by the thin water film on the solid particles [11] [14] [15]. This 
naturally calls for a two-fold fractal interpretation of the retention process. Thus, Millán and González-Posada 
[25] introduced a new fractal model by considering two fractal regimes: one (termed as structural) pertaining to 
high water contents, and another (textural) related to the low water contents. Similarly to Perfect [26], the sim-
plest (and most intuitive) way to employ such a model is as follows: 
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where the fractal dimensions D1 and D2 are determined by a best fitting procedure. In Equations (3) and (4) Ψmax 
is the air entry value with θmax = θ(Ψmax). We regard Ψmin as the maximum (absolute) value of the measured suc-
tion, being θmin the associated water content. This latter is like to be attached to the residual water content. Fi-
nally, the pair (Ψ0, θ0) represents the turning-point where the fractal scaling (i.e. the change in the fractal dimen-
sion) changes. These values are determined by a best-fit procedure, which is carried out after re-defining the de-
gree of saturation as follows: 
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for the largest water content values, respectively. As it will be clearer later on, it is convenient to invert (3)-(4), 
the final result being: 
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With the parameters (9)-(10) defined by means of the inversion (7)-(8), the Burdine’s model [1] is easily ob-
tained: 
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A similar procedure with the Mualem’s model [2] leads to: 
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For the D1 = D2 = 3 (that is the case of) both (11) and (13) collapse (for brevity, the very lengthy algebraic 
derivations are not reported) into the early traditional one fractal model. 

3. Results 
The models derived in the previous section are tested against experimental data collected in a field scale ex-
periment at the Ponticelli site (Italy). Details of the data-sampling and probing method can be reviewed in 
Severino et al. [27] (and references therein). The fractal dimensions of the WRCs (3) and (4) were estimated by 
a nonlinear regression, and the most important results are presented in Figure 1(a), Figure 2(a) and Figure 3(a), 
whereas the full analysis of the data-set is summarized in the Table 1. 

 

 
(a)                                                          (b) 

Figure 1. (a) Water retention calibration; (b) Relative hydraulic conductivity vs the water content. The dashed line and 
continuous line refer to the Mualem and Burdine model, respectively (sample n. 1).                                 

 
Table 1. Numerical results of the scaling non-linear regression analysis for the bifractal water retention curve model.     

Sample n˚ Depth (cm) θmin (cm3/cm3) θmax (cm3/cm3) Ψmin (cm) Ψmax (cm) θ0 (cm3/cm3) Ψ0 (cm) D1 D2 R2 

1 10 0.097 0.515 1.2 × 104 10 0.321 193 2.947 4.016 0.987 

2 10 0.110 0.522 1.22 × 104 8 0.330 145.8 2.891 4.273 0.993 

3 90 0.078 0.504 1.22 × 104 5 0.315 145.8 2.839 2.882 0.994 

4 90 0.074 0.537 1.22 × 104 1 0.263 193 2.849 2.849 0.998 

5 10 0.119 0.487 1.2 × 104 10 0.319 193 2.963 2.963 0.977 

6 10 0.072 0.535 1.2 × 104 8 0.308 193 3.045 3.045 0.986 
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(a)                                                          (b) 

Figure 2. (a) Water retention calibration; (b) Relative hydraulic conductivity vs the water content. The dashed line and 
continuous line refer to the Mualem and Burdine model, respectively (sample n. 4).                                 

 

  
(a)                                                          (b) 

Figure 3. (a) Water retention calibration; (b) Relative hydraulic conductivity vs the water content. The dashed line and 
continuous line refer to the Mualem and Burdine model, respectively (sample n. 5).                                  

 
At a first glance the fitting was relatively good for almost all the cases. The values of D2 change considerably 

from the samples at 10 cm depth, where some values are found greater than 3 (and in some cases even greater 
than 4), to the samples at 90 cm depth where all the values of D2 are smaller than 3. A different situation is en-
countered with the values of the fractal dimension D1 that characterizes the low water content. Indeed, it doesn’t 
change considerably with the depth. The different behavior in the fractal regime is also emphasized by the mean 
of the two fractal dimensions being µ1 < 3 and µ2 > 3.5. In particular, the values of D1 obtained for the locations 
(1, 2, 3, 4, 5) and the values of D2 obtained for the locations (3, 4) resulted smaller than 3 in agreement with 
those reported in literature (see for example [20] [21]). All the other results reported values greater than 3, and 
this is a similar result obtained by Tyler and Wheatcraft [16] [23]. 

A fractal dimension greater than 3 can be explained in the so-called generalized (multi)fractal model [28]-[31]. 
This is not accounted by our model, therefore representing a limitation of it (see discussion in [32]). Starting 
from the (calibrated) WRCs, the hydraulic conductivity is straightforwardly fully determined by means of (11) 
and (13). The theoretical models are compared against the experimental data collected during the campaign at 
the Ponticelli site, and results (corresponding to the WRCs considered in the Figure 1(a), Figure 2(a) and Fig-
ure 3(a)) are shown in the Figure 1(b), Figure 2(b) and Figure 3(b). Similarly to the WRCs, we have summa-
rized the results that pertain to the full data-set in the Table 2. 

Unlike sample 4 (where a very good agreement was detected for both the models), the (relative) difference 
between experimental and predicted conductivity-values ranges from 10% to 15%. It is seen that the both the 
models lead to two different hydraulic conductivity curves. In particular, the two-fractal conductivity model as 
derived from the Burdine-WRC is smaller (in the region of high water content values) than the co respective ob-
tained from the Mualem’s WRC. Such a situation is reversed within the region of low water contents: the Mua- 
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Table 2. Numerical results of hydraulic conductivity analysis with the values of the perturba- 
tion error on the residual water content.                                              

Sample n˚ Depth (cm) θr (cm3/cm3) Mualem + δθr Burdine +δθr 

1 10 0.097 0.100 0.097 

2 10 0.110 0.100 0.080 

3 90 0.078 0.110 0.100 

4 90 0.074 0.000 0.000 

5 10 0.119 0.035 0.000 

6 10 0.072 0.150 0.120 

 
lem bifractal model gives smaller values for hydraulic conductivity than the Burdine model (see Figures 1-3). 

4. Concluding Remarks 
An analysis of the soil hydraulic properties by means of the fractal geometry has been presented. The models for 
the WRCs are based on a two-fractal regime [26]. Such a model allows for a better interpretation (as compared 
with the so-called one fractal models) of the water retention mechanism by relating the low values of the water 
contents to the smaller size of the fractal dimension. Another advantage of our model is that it leads to closed 
form conductivity curves without carrying out any conductivity-type measurements, which are very difficult to 
carry out. The two fractal regimes conductivity model is compared to real data collected during a very detailed 
field scale campaign. The matching between the calibrated conductivity curves is found excellent for the vast 
majority of the cases. The proposed model also opens toward possible generalizations such as accounting for a 
multi-fractal regime. 
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