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ABSTRACT: Resonances sustained by plasmonic nanoparticles provide
extreme electric field confinement and enhancement into the deep
subwavelength domain for a plethora of applications. Recent progress in
nanofabrication made it even possible to tailor the properties of
nanoparticles consisting of only a few hundred atoms. These nano
particles support both single particle like resonances and collective
plasmonic charge density oscillations. Prototypical systems sustaining
both features are graphene nanoantennas. In pushing the frontier of
nanoscience, traditional identification, and classification of such
resonances is at stake again. We show that in such nanostructures, the
concerted electron cloud oscillation in real space does not necessarily
come along with collective dynamics of conduction band electrons in
energy space. This unveils an urgent need for a discussion of how a
plasmon in nanostructures should be defined. Here, we propose to define
it relying on energy space dynamics. The unambiguous identification of the plasmonic nature of a resonance is crucial to find out
whether desirable plasmon assisted features, such as frequency conversion processes, can be expected from a resonance. We
elaborate an energy based figure of merit that classifies the nature of resonances in nanostructures, motivated by tight binding
simulations with a toy model consisting of a linear chain of atoms. We apply afterward the proposed figure of merit to a doped
hexagonal graphene nanoantenna, which is known to support plasmons in the near infrared and single particle like transitions in the
visible.

INTRODUCTION

Metallic nanoparticles of various sizes and shapes have been
the workhorse for plasmonics in the last decades.1−7 There,
plasmons, the quanta of coherent electronic charge density
oscillations, are coupled to light, giving rise to hybrid
excitations of photons strongly interacting with conduction
electrons. Plasmonic resonances have the extraordinary ability
to confine, focus, and enhance electromagnetic energy into
subwavelength spatial volumes near the edges and tips of
particles far below the diffraction limit.6,8−10 Nonlinear optical
effects, like higher harmonic generation11−13 with applications
in plasmonic sensing,14−16 for instance, are expected to be
promoted by plasmonic resonances as well. Further applica
tions of plasmonic devices can be found in the design of optical
metamaterials17,18 and single photon sources,19,20 photo
detection,21−25 and photothermal medicine, such as cancer
therapy,26−28 and many more interdisciplinary fields of
research.
Having novel top down and bottom up fabrication processes

at hand,29 the field of plasmonics recently experienced a boost
toward the true nanoscale.5,10,30−34 In nanoplasmonics, single
quantum emitters, such as quantum dots,35,36 small mole

cules,37 or optically active impurities in solids,38 which are
placed in the vicinity of the nanoparticle’s hotspots, can be
addressed individually. In this tailored photonic environment
in proximity to the nanoparticle, the emitter’s properties like its
spontaneous emission rate, for instance, can be significantly
enhanced.39 However, in shrinking the size of plasmonic
devices into the nanoscale region, one has to take into account
the finite size of the particles. In the context of graphene
nanoplasmonics, it has been shown that for antennas with
characteristic sizes below 10 nm a homogenous description of
the material at the local level, using, for example, a Drude
model, fails to describe the plasmonic behavior properly.40,41

For such small structures, finite size quantization effects
become important and are not taken into account by simple
continuum models.42 Although classical approaches can be
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surprisingly accurate in describing localized surface plasmon
resonances even at the angstrom scale,43−45 it is inevitable that
atomistic quantum mechanical models are needed to capture
energy space dynamics as well. Methods of choice are the
jellium model,46 quantum fluid dynamics,47−49 the config
uration interaction method,50,51 the Bethe−Salpeter ap
proach,52−54 density functional theory (DFT),55−71 or tight
binding (TB) based approaches.72−77 In this work, we employ
the latter to find the electronic energy landscape of the systems
under consideration. The transition from homogeneous solid
state like nanoantennas to molecular clusters of only dozens or
hundreds of atoms can be related to the electronic structure of
the system. When the solid state system gets smaller, the
valence and conduction bands undergo a discretization process
into energy levels. Consequently, terms like valence band,
conduction band, band gap, and Fermi energy are not well
defined any more in a strict sense. In a discrete energy
landscape, one should instead rather speak of the highest
occupied molecular orbital (HOMO) and lowest unoccupied
molecular orbital (LUMO) to specify the occupation
characteristics of the electronic energy states in the system.
The terminologies of physical chemistry, solid state physics,
and quantum optics merge in nanoplasmonics. To keep
language simple and for illustration purposes, we speak in this
work of Fermi energy even in systems with discrete energy
states. If the HOMO state is not fully occupied, we identify the
Fermi energy with the HOMO energy level. In the case of fully
occupied HOMO, we locate the Fermi energy around the
middle of HOMO and LUMO. However, we emphasize that
the Fermi energy itself never enters any simulation as an input
parameter but only the discrete number of doping electrons
does.
Not only the electronic energy levels but also the electron

dynamics and, consequently, the optical excitation processes of
such nanoscaled systems are affected by their size. The
transition that a metallic continuous band structure undergoes
toward a discretized molecular Jabłonski diagram is reflected in
the nature of the resonances found in the absorption spectrum
as well, when the system is miniaturized. In this work, we
observe a coexistence of both single particle like resonances
known from small molecular atomic clusters and plasmonic
resonances found in metals that depend on the interaction
energy among the collection of conduction electrons
contributing to the resonance. The establishment of a figure
of merit that allows one to conclude whether a resonance is
single particle like or plasmonic in nature is at the heart of this
contribution. This prompts simultaneously for further
discussion of specific characteristics of such excitations at the
nanoscale.
The former class of single particle like resonances can be

directly related to a transition in the energy landscape from an
occupied energy state to an unoccupied one, as shown in
Figure 1a. They occur at distinct excitation frequencies and do
not depend on the number of doping electrons in the system in
the TB formalism employed here. In this approach, the energy
landscape and the single particle like resonances are not
affected by doping directly, unless the doping electron in
question populates an energy state that was the acceptor state
for the transition before. In this case, the resonance vanishes
from the spectrum because the transition got blocked. This
effect is known as Pauli blocking.78 We want to emphasize that
the independence of the energy landscape on the number of

doping electrons is, especially for small systems, not a valid
assumption in the strict sense but merely a result of the model.
The latter class of resonances, known as plasmons in metals,

emerges in a complex interplay of interacting electrons which
dynamically populate and depopulate energy states around the
Fermi energy. This oscillatory behavior was previously found
in time dependent DFT (TDDFT) simulations of small
metallic spheres by Townsend and Bryant and was named
“sloshing”.59,60 Resonances of this nature are determined by
the single electronic transitions near the Fermi energy strongly
dressed by the interaction of a collection of electrons that
populate states near the Fermi energy. As a result, one cannot
predict the spectral position of these collective resonances by
inspecting energy differences of electronic states in the energy
landscape of the system. The spectral position of these
resonances is also influenced by the interaction energy of the
electrons in the system. Therefore, such resonances are
sensitive to the number of doping electrons because the
position of the Fermi energy is modified and different states
contribute to the resonance. This shift of the absorption peak
for collective resonances under varying doping conditions has
been predicted in doped graphene nanoantennas (GNAs) by
Thongrattanasiri, Manjavacas et al. before.40,41 Furthermore,
Cox and Garciá de Abajo have conducted comprehensive
studies to characterize the optical response of these
structures.13,77,79−81 Because of their promising applications
and the high degree of control over their properties, GNAs are
an optimal showpiece to demonstrate the applicability of our
figure of merit.
Polycyclic aromatic hydrocarbon molecules82,83 and

GNAs72,73,75,84 constitute versatile elements in the nano
photonics toolbox and exhibit the above outlined hybrid
character of both plasmonic and single particle like resonances.
Their electronic structures have been studied very intensely in
the last decades. They have fascinating properties that unlock a
plethora of linear and nonlinear applications both in the
classical and the quantum world. Unique to nanoantennas
made from graphene, which distinguishes them from their
noble metal counterparts, is that their properties can be
modified significantly a posteriori to the fabrication process by
electrostatic gating.73 This renders them promising candidates
for quantum information processing,85 quantum sensing
applications,86 and nonlinear quantum optics in general.81

Even a dynamic tuning of their properties in time comes into

Figure 1. (a) Schematic illustration of the energy space dynamics of
single particle like and plasmonic transitions. Whereas the energy of a
single particle like resonance is determined by the energy landscape of
the nanosystem, the plasmonic resonance energy is determined by the
interaction energy of many electrons just above and below the Fermi
energy and cannot be explained by the energy landscape of the system
only. (b) Sketch of the hexagonal GNA under consideration.
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reach thanks to ultrafast optical pumping and probing
techniques that modify the carrier density distribution on the
timescale of femtoseconds.87−91

We notice the coexistence of both classes of resonances in
the absorption cross section of the same nanostructure
simultaneously, as shown in Figure 1. To take advantage of
the above outlined beneficial plasmonic effects, it is desirable
to classify these resonances and to have a tool at hand that
distinguishes between single particle like and plasmonic
response. Therefore, we present an energy based plasmonicity
index (EPI) that is a normalized figure of merit for the nature
of resonances in molecular structures, which is independent of
the relative strength of the resonance in the spectrum.
Our paper is organized as follows. We first introduce the

tight binding based electronic structure model and the time
propagation simulation method. To construct a figure of merit
that may distinguish the single particle like and plasmonic
nature of resonances, we demonstrate the real space and
energy space fingerprints of both classes of resonances on
simple toy models. From a mere inspection of the energy
landscapes of these toy models, we can directly deduce the
nature of a resonance in the absorption spectrum and can use
it to demonstrate the applicability of the EPI. To this end, we
adduce the (finite) linear atomic chain and the (finite)
dimerized linear atomic chain as prototypes for metallic and
semiconducting systems, respectively. Their consideration
serves to sharpen the EPI before we utilize it to analyze the
spectrum of a hexagonal GNA.

METHODS

In the following, we briefly introduce our methodology. Along
the lines of a previous work from Thongrattanasiri,
Manjavacas, Cox, and Garcia de Abajo,40,41,77 the nano
antennas are described in the TB framework. The coupling to
an externally applied laser pulse is done in the quasistatic limit
and dipolar approximation. From the TB energy states, we
construct the ground state density matrix of the antenna and
propagate it through time, applying a master equation under
the influence of the illumination laser. Dissipation is taken into
account by including a phenomenological damping term
forcing the system back into its ground state. The details of
this description are documented in the following sections.
Nanoantennas. The nanoantennas under consideration

are modeled relying on the TB approach. While this is a
generic model applicable to many systems, we bias the choice
of parameters toward our system of interest, that is, GNAs. It is
assumed that two of the six electrons per carbon atom are
bound tightly by the carbon atom in its 1s orbital. Three
electrons per carbon atom in hybridized 2sp2 orbitals form
strong in plane σ bonds. They are shared among neighboring
carbon atoms. The remaining electron populates an out of
plane pz orbital, which is localized at the respective position of
the atom it belongs to, and which can form a π bond with the
pz orbital of a neighboring atom. Electrons in π bonds are
highly mobile, thus capable of hopping to neighboring carbon
atom sites and participating in conduction. These weak π
bonds serve as a channel for electronic transport in the
nanoantenna. It is quantified by a hopping parameter t, that
allows electrons to hop from one atomic site l to another
neighboring site l′ and back again. The Hamiltonian of such a
system reads

∑= − | ⟩⟨ ′| +
⟨ ′⟩

H t l l( h. c. )
l l

TB
, (1)

where “h.c.” stands for the Hermitian conjugate. Throughout
this work, we use t = 2.66 eV92 as the hopping parameter
between neighboring atomic pz orbitals in graphene and ⟨l,l′⟩
means summation over the nearest neighbor atomic sites l and
l′ only. The geometry of the flake thus defines HTB entirely and
upon diagonalization, we obtain the set of N energy eigenstates
{|j⟩} and eigenenergies {Ej} with HTB|j⟩ = Ej|j⟩, where j ∈ [0, N
− 1] on a flake with N atoms. Expansion of these energy
eigenstates into the basis set of localized atomic site pz orbitals
{|l⟩} according to |j⟩ = ∑lajl|l⟩ allows to visualize the single
particle energy eigenstates in real space on the flake. According
to the aufbau principle of quantum chemistry, we define the
ground state density matrix ρ0 of the antenna with Ne pz
electrons as
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N
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2
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j
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e
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where f j(Ne) ∈ [0, 1] is the Fermi−Dirac distribution that
determines how many electrons per spin occupy the state |j⟩.
For an undoped antenna, this corresponds to an equal
distribution of the electrons among all the atoms in the
antenna. For more details on the TB method applied to
graphene, we direct the interested reader to further literature.93

The way this initial density matrix configuration evolves
dynamically under laser illumination is outlined in the
following section.

Coupling to Laser Illumination. To investigate the
antenna’s response to external laser illumination, we apply a
dipolar coupling scheme in the quasistatic limit, where the
electric field of the laser pulse is coupled to the nanoantenna
according to

φ φ φ= − = − [ + ]H t H e t H e t t( ) ( ) ( ) ( )TB TB
ext ind

(3)

Here, φl
ext(t)=−rl·E(t) is the externally applied electric

potential at atomic site l at position rl that arises through the
external electric laser field E(t). Throughout the whole paper,
we work in the linear response regime. The induced potential
at site l is determined by taking into account the Coulomb
interaction between electrons located at different sites l and l′
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Here, vll′ is the Coulomb interaction matrix element that
couples electrons at atomic sites l and l′, and −eNe(ρll(t) − 1/
N) is the induced charge accumulated on the atomic site l. For
atomic sites far away from each other, we employ the usual 1/r
scaling law for the values in v. For the onsite , nearest
neighbor , and next to nearest neighbor values, we use
Coulomb interaction values calculated by Potasz et al.84 both
in the GNA and the atomic chains.

Time Propagation. To propagate the nanoantenna’s state
ρ(t) through time, we employ the master equation

ρ ρ
τ

ρ ρ∂
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ℏ
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2
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The second term on the right hand side is a phenomeno
logically introduced damping term that causes an exponential
decay of the system toward its ground state ρ0 with a scattering
time τ ≈ 100 fs, motivated by the scattering time of electrons



in extended 2D graphene sheets.94 This scattering time reflects
both radiative and nonradiative losses because of optical
phonons, for instance. The quantities that are analyzed in time
are the populations of the density matrix in both energy basis
{|j⟩} and atomic site basis {|l⟩}, ρjj(t) and ρll(t), respectively.
Furthermore, we record the induced dipole moment p(t)=−
eNe∑lrl(ρll(t) − ρll

0) to calculate the absorption cross section of
the antenna. In particular, we excite the system with a short,
spectrally broad, linearly polarized electric pulse and obtain the
linear polarizability αx(ω) = px(ω)/Ex(ω) (for x polarized
light) as a function of frequency ω, which allows for
determining the absorption cross section σx,abs(ω) = ω
Im[αx(ω)]/ε0c0,

10 where c0 is the speed of light in free space
and ε0 is the vacuum permittivity.

RESULTS AND DISCUSSION
Prior to applying the methodology to GNAs, we explore two
toy models with well known electronic structure: the linear
atomic chain and the dimerized linear atomic chain. These toy
models constitute prototypes for metallic and semiconducting
behavior, respectively.60,62,68,69,95,96 The band structure of the
former consists of densely lying electronic energy states,
effectively acting as a metallic conduction band which is half
occupied. In the band structure of the dimer chain, an energy
gap opens up around the Fermi energy at EF = 0, effectively
separating densely lying states below it (valence band) from
densely lying states above it (conduction band). This band
structure is typical for semiconductors. Once, we have
identified the basic signatures for the respective type of
resonance, we can derive our figure of merit that allows to
distinguish these resonances, so we can apply it afterward to
the GNA.
Linear Chain. The linear atomic chain constitutes a one

dimensional prototype of a metallic system supporting
plasmonic resonances. In this study, N = 70 atoms are coupled
to their nearest neighbors by a hopping parameter t = 2.66 eV.
Its energy landscape is shown in Figure 2a. It exhibits equally
spaced densely lying electronic states around the Fermi energy
without a band gap. The set of states originates from the
discretization of a single metallic conduction band, halfway

filled by electrons in the neutral antenna. In the undoped
system (d = 0), the Fermi energy lies at EF = 0, the HOMO
energy is EH = −0.12 eV, and, for symmetry reasons, the
LUMO has the energy EL = |EH|. By doping the system with
additional electrons, the Fermi energy increases because more
and more states above E = 0 are populated. Figure 3a shows

the linear absorption cross section of the linear chain for
various doping levels. It reveals that the optical properties of
the linear chain do not change with doping in the investigated
range.
This is understandable because the local electronic energy

landscape around a Fermi energy of, for example, EF = 1 eV
(corresponding to 10 doping electrons) does not differ from
the one around EF = 0 in the undoped case. In both cases, the
Fermi energy lies inside the conduction band, a region of
densely lying energy states. Important for the electron
dynamics and, consequently, for the optical properties is the
fact that above (below) the Fermi energy there are plenty of
unoccupied (occupied) states. Therefore, we expect plasmonic
resonances in the linear chain independent of the doping level.
To investigate the fingerprints of plasmonic resonances in

energy space, we study the density matrix elements of the
linear chain. In this example, the linear chain has been doped
with 8 electrons. Identical results can be found for other
moderate doping levels. Figure 4 shows the absolute value of
the linear chain’s stationary state density matrix elements in the
energy basis near the Fermi energy after being subject to
continuous wave (CW) illumination for excitation frequencies
of ℏω = 1.8 eV (a) and ℏω = 6.2 eV (b), respectively. These
frequencies coincide with resonances of the linear chain (see
Figure 3a). Please note, throughout this work we always
deplete the diagonal of the density matrices under consid
eration. The figure of merit to be developed below depends
only on the off diagonal elements, as shown in the figures. We
observe that several transitions near the Fermi energy are
involved in the resonance. The interaction energy of the

Figure 2. Energy landscapes of the linear and the dimer chain: (a) N
= 70 atoms of the linear chain are coupled with a hopping parameter t
to their nearest neighbors. Below, the energy landscape of the energy
eigenstates is shown. The dashed horizontal line denotes the Fermi
energy in the case of no doping electrons on the chain. (b) In the
dimerized chain, the N = 70 atoms are coupled to their neighbors by
two different hopping parameters t1 and t2. As a consequence, a band
gap opens around E = 0 and renders the system semiconducting.

Figure 3. Absorption cross sections of the 70 atomic linear chain (a)
and dimer chain (b) for various doping levels. (c) Absorption cross
section of the dimer chain for 0, 8, and 20 doping electrons. The
arrows indicate the resonances that are investigated in more detail.
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electrons determines the spectral position of the resonance,
revealing its collective nature. Moreover, it is evident that the
Fermi energy’s position determines which transitions contrib
ute to the resonance. For the undoped linear chain, all the
results mentioned above are qualitatively the same. The only
difference is that the Fermi energy will be at E = 0, such that
the two black dashed horizontal and vertical lines (signifying
EF) and the blue dashed diagonal line, as shown in Figure 4,
intersect at a single point. The states involved in the
resonances will be symmetric with respect to the anti diagonal
blue dashed line of the density matrix, which is not the case in
doped systems. In real space, the prominent resonances in the
spectrum, as shown in Figure 3a, correspond to the first (third,
fifth, seventh, ...) plasmonic mode exhibiting 1 (3, 5, 7, ...)
node(s) in the induced charge oscillation pattern (not shown
in the figures).
Dimer Chain. The dimer chain is a one dimensional

arrangement of atoms being coupled to their nearest neighbors
asymmetrically. In this study, the couplings are such that
evenly labeled atoms are coupled to their right neighbors by a
coupling constant t1 = t and to their left neighbors by a
coupling constant of t2 = 1.3t. The results shown in this work
depend only quantitatively on the choice of t2 > t1 = t. The
energy landscape is shown in Figure 2b. It exhibits a similar
overall shape as compared to the linear chain. However, there
is one clearly distinguishing feature: a band gap opens up
symmetrically around E = 0. The set of states below (above)
the band gap originates from the discretization of the valence
(conduction) band, completely populated (unpopulated) by
electrons in the undoped case. Consequently, the undoped
system should not show any metal like collective plasmonic
resonances. We expect mostly single particle like behavior for
excitation frequencies that can lift electrons across the band
gap EBG ≈ 1.67 eV, that is, for ℏω > EBG only. This
interpretation of the electronic landscape is in good agreement
with the absorption cross section of the structure, as shown in
Figure 3b,c. For d = 0, there are no resonances below E = 1.67
eV, which represents the dipole active HOMO−LUMO
transition resonance. For two additional doping electrons,
this HOMO−LUMO transition peak disappears in the
absorption spectrum because the former LUMO state is now
fully occupied and cannot serve as an acceptor state any more.
This behavior of vanishing resonance peaks repeats consec
utively when adding electrons in pairs and filling up more
states. We can see the abovementioned Pauli blocking

mechanism here, revealing the single particle like nature of
the resonance.
Figure 5 shows the absolute values of the density matrix

elements in the energy basis of the dimer chain in the undoped

case under CW illumination for the two selected resonance
frequencies (all the other resonances behave qualitatively the
same). In contrast to the previously considered linear chain,
only transitions from state m to state n, which meet the energy
matching condition |Em − En| ≈ ℏω, participate in the electron
dynamics, revealing the single particle like behavior of the
resonance.
As soon as we dope the dimer chain, additional resonances

in the low energy region appear (see Figure 3b). They blue
shift with increasing doping until they saturate in close vicinity
to those spectral positions, where the linear chain’s resonances
are located (see Figure 3a,b). For the latter reason, we deem
them of plasmonic nature. This interpretation is supported by
inspecting the energy landscape of the dimer chain. Doping the
structure with additional electrons changes the local electronic
landscape environment around the Fermi energy dramatically.
The latter is lifted from inside the band gap into the
conduction band, such that the dimer chain becomes metallic
and conduction band electrons can move collectively and
consequently form plasmons.
The investigation of the density matrix elements after CW

illumination on resonance is shown in Figure 6 for a
predominantly collective (a), two predominantly single
particle like (b,c), and a hybrid resonance (d). The collective
resonance at ℏω = 1.6 eV and the hybrid resonance at ℏω =
4.1 eV couple states from just below the Fermi energy to states
just above it, whereas in the single particle like resonances at
ℏω = 3.4 eV and ℏω = 3.9 eV, only the states that meet the
energy matching condition |Em − En| ≈ ℏω are coupled,
disregarding the position of the Fermi energy in the system.
Next, we would like to explore signatures of these resonances
in real space and argue that from the real space dynamics the
character of the resonances cannot always be clearly seen.

Real Space Dynamics. In real space, one can find the
fingerprints of collective, single particle like, and hybrid
resonances in the pattern of the induced charges on the
atoms of the chain. Figure 7 shows the induced charge on the
dimer chain’s atomic sites as a function of time under CW
illumination on resonance after about 30 optical cycles for the
four frequencies already investigated, as shown in Figure 6. We
show the last five optical cycles of the simulation period. It is
apparent that the predominantly collective resonance at ℏω =

Figure 4. Absolute value of the density matrix elements of a linear
chain doped with 8 electrons under CW illumination after about 30
optical cycles. The illumination frequency is ℏω = 1.8 eV (a) and ℏω
= 6.2 eV (b), respectively.

Figure 5. Absolute value of the density matrix elements in the energy
basis of the dimer chain in the undoped case under CW illumination
in the stationary state. The illumination frequency is (a) ℏω = 2.0 eV
and (b) ℏω = 3.0 eV, respectively.
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1.6 eV and the hybrid one at ℏω = 4.1 eV with their long range
standing wave oscillation patterns can be easily told apart from
the single particle like resonances at ℏω = 3.4 eV and ℏω = 3.9
eV by bare eye. The latter two exhibit a high spatial oscillation
of positive and negative induced charge, alternating on
neighboring atoms. However, all four figures show charge
distributions with a nonvanishing dipole moment, in
accordance with the employed dipolar coupling mechanism.
As we will outline below, one has to be careful in deciding on
the character of a resonance by only looking at the induced
charge distribution in real space. To achieve a more coherent
picture of the population dynamics, we have to consider energy
space as well.

Energy Space Dynamics. Figure 8 shows the same
dynamics in energy space. We depict the occupation difference

ρjj(t) − ρjj
0 of the states near the Fermi energy with respect to

the initial state for the last five optical cycles of the simulation
period as a function of time in energy basis {|j⟩}. The states
below the Fermi energy are initially occupied by two electrons
and lose occupation during CW illumination, indicated by the
blue color. In contrast, the states above the Fermi energy,
initially empty, gain occupation with time (red).
For the predominantly collective resonance at ℏω = 1.6 eV

(a) and the hybrid one at ℏω = 4.1 eV (d), the occupation
differences oscillate in time with frequency ω, revealing rich
dynamics of the electrons near the Fermi energy that is
indicated in the plot by the horizontal solid line. This agrees to
prior findings from Townsend and Bryant who called this
behavior “sloshing”.59,60 The oscillation pattern reveals a high
symmetry with respect to the Fermi energy. The electron cloud
collectively moves back and forth from below the Fermi energy
to above it and back again in an oscillatory manner.
The predominantly single particle like resonances at ℏω =

3.4 eV and ℏω = 3.9 eV behave qualitatively different. The
most notable difference to the collective resonances is that the
patterns, as shown in Figure 8b,c, show a symmetry with
respect to the E = 0 line and not to the Fermi energy. This
indicates that the set of active transitions is not determined by
the number of doping electrons but purely by the electronic
landscape and electrons from deep inside the Fermi sea can be
lifted up to states far above the Fermi energy, as expected for
single particle like electron−hole creation processes. The states
involved in these resonances gain (lose) population in a Rabi
flopping mechanism. For states below the Fermi energy,
∂ρjj(t)/∂t < 0 holds for all times of the simulation period,
which is much shorter than the characteristic time scale of the
Rabi flopping. Accordingly, for the states above the Fermi
energy, we observe ∂ρjj(t)/∂t > 0, again in accordance with
Townsend and Bryant who called this behavior “inver
sion”.59,60 Please note that this inversion process takes place
on larger time scales than the optical cycles, and the full
flopping cycle, therefore, cannot be seen in Figure 8. In the

Figure 6. Absolute value of the density matrix elements in the energy
basis of the dimer chain doped with 8 additional electrons under CW
illumination in the stationary state. The illumination frequencies are
chosen such that one of the resonances shows collective behavior, ℏω
= 1.6 eV in (a), two show single particle like behavior, ℏω = 3.4 eV in
(b) and ℏω = 3.9 eV in (c), and one is of hybrid character, ℏω = 4.1
eV in (d).

Figure 7. Induced charge on the dimer chain doped with 8 additional
electrons under CW illumination in the stationary state for the last
five optical cycles of the simulation period. The illumination
frequencies coincide with those in Figure 6 and are chosen such
that one of the resonances shows collective behavior, ℏω = 1.6 eV in
(a), two show single particle like behavior, ℏω = 3.4 eV in (b) and
ℏω = 3.9 eV in (c), and one is of hybrid character, ℏω = 4.1 eV in
(d).

Figure 8. Population difference ρjj(t) − ρjj
0 of the energy states {|j⟩} of

the dimer chain doped with 8 additional electrons under CW
illumination for the last five optical cycles of the simulation period
with respect to the ground state ρ0. Initially, all the states below the
Fermi energy are populated by 2 electrons, the states above are empty.
The illumination frequencies coincide with those in Figure 6 and are
chosen such that one of the resonances shows collective behavior, ℏω
= 1.6 eV in (a), two show single particle like behavior, ℏω = 3.4 eV in
(b) and ℏω = 3.9 eV in (c), and one is of hybrid character, ℏω = 4.1
eV in (d).
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following, we want to introduce the EPI, which is capable of
distinguishing these resonances based on energy space
dynamics.
Construction of the EPI. In this section, with the EPI, we

present a figure of merit that clearly distinguishes the single
particle like resonances in a nanostructure from the plasmonic
ones. Most suitable for the simulation method presented above
is a measure based on the density matrix elements ρjj′ of the
antennas. However, we want to point out that the applicability
of the EPI is not limited to density matrix based simulation
schemes but can be also applied to wavefunction based
methods like TDDFT that lack particle hole symmetry, for
instance. One can retrieve the weight of the transitions which
are involved in a resonance by the projections ⟨φj(t)|φj′(0)⟩ of
Kohn−Sham wave functions in TDDFT as well,58−60 being
analogues of the coherences ρjj′(t) used in this work and
closely related to the transition contribution map.97

Single particle like transitions that occur between states |j⟩
and |j′⟩ with energies Ej and Ej′ become apparent in the density
matrix of the system as coherence elements ρjj′, indicating said
coupling. Therefore, we define the quantity ρ̃ω, which is large if
such a coherence element exists between states whose energy
difference matches the energy of the incident irradiation

ρ
ρ

ω ε
̃ =

| |

|| − | − ℏ + |
ω

ω

′
′

′E E ijj
jj

j j
2

(6)

Here, ρω is the density matrix of the nanostructure in the
energy basis after it has been exposed to CW illumination at
frequency ω for a sufficiently long time (several tens of optical
cycles at least). We introduced ε = 0.05 eV which assures the
regularity of the denominator, even if the incident light hits a
transition frequency perfectly. It is in the order of the
scattering time of electrons in bulk graphene94 used in eq 5.
For a detailed discussion on the dependence of the EPI on ε,
see Figure S1 in the Supporting Information. Please note again,
the matrix ρω has been depleted on its diagonal before entering
the definition of ρ̃ω in eq 6, that is, ρω → ρω − ∑jρjj

ω|j⟩⟨j| . The
quantity in eq 6 enhances transitions that meet the energy
matching conditions |Ej − Ej′| ≈ ℏω and disregards elements in
ρω that are of plasmonic nature and, therefore, cannot be
related to single particle transitions in the energy landscape of
the structure. Please note that the quantity in eq 6 is closely
related to the frequency dependent noninteracting suscepti
bility of the random phase approximation framework
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which also exhibits poles at spectral positions that can be
attributed to single particle like transitions.41,62

In the TB based simulation scheme employed in this work,
one can additionally exploit the particle hole symmetry of the
energy landscape in moderately doped systems by employing

ρ
ρ ρ

ω ε
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| |

|| − | − ℏ + |
ω

ω ω
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′E E ijj
jj N j N j

j j
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instead of the more generally applicable expression in eq 6.
Here, moderately doped means that the Fermi energy in the
system is non zero but smaller in the absolute value than half
the energy carried by a single photon of the incident electric
pulse, that is, 0 < |EF| < ℏω/2. In this case, single particle like

transitions that meet the energy matching conditions are not
Pauli blocked and appear symmetrically with respect to the
blue antidiagonal of the density matrix. The GNAs under
consideration below are built of several hundreds of atoms and
only a small number of doping electrons are needed to
efficiently launch plasmons.41 Consequently, the GNAs meet
this constraint very well. In the expression for ρ̃ω given in eq 7,
transitions not occurring symmetrically to the antidiagonal of
ρω (blue diagonal dashed line in Figures 4−6) are suppressed
and cannot be found in ρ̃ω.
As a result, for a single particle like resonance, we expect

that ρ̃ω is nearly proportional to ρω, whereas for plasmonic
resonances, the two matrices differ substantially from each
other. To measure this similarity, we define a scalar product of
two matrices a and b according to

⟨ ⟩ =
∑ | |

∑ | | ·∑ | |
∈ [ ]a b

a b

a b
, :

( )
0, 1mn mn mn

mn mn
2

mn mn
2 1/2

(8)

We emphasize that the matrices a and b do not necessarily
need to be normalized in any sense for this scalar product to
work as a measure of similarity. Indeed, it can be understood as
a measure of how similar the magnitude of the elements is
distributed and disseminated in a and b, and not of how large
the elements are in absolute value. As a consequence, our
figure of merit is both independent of time and independent of
the strength of the resonance in the absorption cross section.
Finally, we define the EPI as

ω ρ ρ= − ⟨ ̃ ⟩ ∈ [ ]ω ωEPI( ) 1 , 0, 1 (9)

which is a measure of how strongly the resonance is built up by
plasmonic contributions, that is, how strongly the amplification
of the single particle like transitions affects the elements of ρω.
If the resonance is purely single particle like, then by applying
eqs 6 or 7, we obtain a rescaled version of ρω, the scalar
product ⟨ρ̃ω, ρω⟩ is close to unity, and EPI(ω)=1 − ⟨ρ̃ω, ρω⟩ ≈
0. On the other hand, if the resonance is plasmonic and built
up by transitions around the Fermi energy that do not meet
|Ej − Ej′| ≈ ℏω, then EPI(ω) ≈ 1, unless the involved
transitions accidently both meet the energy matching
condition and are situated symmetrically around E = 0. We
want to emphasize that the EPI is independent of the point in
time that is chosen to pick ρω. Even though the elements of ρω

might change with time, the EPI itself does not because it is
independent of the absolute values of ρω

′jj . For the same reason,

the EPI is independent of the relative height of the resonance
in the absorption spectrum. The EPI can be applied to all the
resonances in the spectrum, that is, whenever the structure
shows an optical response.
Figure 9 shows the EPI (purple diamond elements), applied

to various resonances of the linear (left column) and dimer
chain (right column) in the undoped case (top row) and in the
case of 8 doping electrons (bottom row) alongside with their
absorption spectra (black solid lines). As outlined above, the
linear chain’s absorption spectrum is dominated by plasmonic
resonances. However, we see that the EPI for the undoped
linear chain, as shown in Figure 9a, is spread across almost the
whole interval [0, 1]. This is because the energy mesh provided
by the TB method to construct the density matrix is not dense
enough to resolve the energy region around the Fermi energy
sufficiently well. Especially for small irradiation frequencies, the
plasmonic contributions in ρω have a nonvanishing overlap

http://pubs.acs.org/doi/suppl/10.1021/acs.jpcc.0c07964/suppl_file/jp0c07964_si_001.pdf


with their scaled correspondences in ρ̃ω. Also, the system is not
doped and both the plasmonic and the single particle like
transitions lie symmetric with respect to the antidiagonal of ρω.
This misinterpretation does not occur in doped systems (see
Figure 9c) and in systems that are large enough such that the
TB method provides enough single particle energy states to
resolve the energy landscape sufficiently well (see the
hexagonal GNA below). Alternatively, to overcome this
limitation of the applicability of the EPI to TB based
simulations, one can employ simulation techniques that
provide more energy states per atom, for example TDDFT.
This problem does not exist for the 8 fold doped linear

chain, as shown in Figure 9c, because of the asymmetry of the
transitions contributing to all resonances with respect to the
antidiagonal of ρω. The EPI is well above 0.8 for all the
investigated resonances, classified therefore as plasmonic in
agreement with the qualitative discussion of the linear chain. In
real space, the induced charge oscillation pattern exhibits an
odd number of nodes, corresponding to dipole allowed
plasmonic modes (not shown).
The pronounced resonances of the undoped dimer chain, as

shown in Figure 9b, exhibit an EPI well below 0.1. The
resonances are purely built up by single particle like transitions
which meet the energy matching conditions. Consequently, all
the resonances are classified single particle like in agreement
with the qualitative discussion above.
The 8 fold doped dimer chain, as shown in Figure 9d, is the

most complex and interesting structure under investigation. It
supports single particle like resonances, plasmonic resonances,
and hybrid ones. Those that show predominantly single
particle like behavior have an EPI well below 0.3, two of which
at ℏω = 3.4 eV and ℏω = 3.9 eV, we already investigated in
more detail in Figures 6−8. They are highlighted by red circles.
The remaining two circles around the resonances with EPI
around 0.95 (almost purely plasmonic) and 0.65 (hybrid),
highlight the resonances at ℏω = 1.6 eV and ℏω = 4.1 eV,

investigated in Figures 6−8 as well. In fact, by having a look at
the population difference of the resonance around 1.6 eV, as
shown in Figure 8a, we see that it is purely built up by
collectively oscillating transitions. In contrast, the resonance
around 4.1 eV, as shown in Figure 8d, shows both the
oscillatory behavior of plasmonic transitions and monotoni
cally increasing populations indicating single particle like
transitions. That renders this resonance hybrid in the sense
that both mechanisms contribute substantially and leads to an
intermediate EPI of 0.65. We want to emphasize that this
qualitative difference between the resonances at 1.6 and 4.1 eV
is not revealed by the real space oscillation patterns of induced
charges, as shown in Figure 7a,d. They both look collective and
plasmon like. We, therefore, conclude that further resonance
classification efforts should predominantly rely on energy space
considerations. Neglecting electron−electron interaction in the
simulation, as it was done in the scaling approach of
Bernadotte et al.,62 results in a different spectrum with
resonances of predominantly single particle like nature (see
Figure S2 in the Supporting Information). Figure S3 of the
Supporting Information shows the absorption cross sections of
the 8 fold doped linear and dimer chains as a function of the
Coulomb interaction strength. The scaling approach and the
EPI are in perfect agreement in identifying the plasmonic
resonances. However, the number of simulations needed to
draw reliable conclusions from the scaling approach is much
higher than for the EPI method. In the scaling approach, it is
required to compare results for different Coulomb interaction
strengths, whereas when using the EPI, a single simulation
suffices to assign the EPI to the interval [0, 1]. Furthermore,
the scaling approach allows for a binary conclusion only
(shifting or nonshifting as a function of Coulomb interaction
strength), whereas the EPI measures to what extent hybrid
resonances are single particle like and plasmonic. To demon
strate that the EPI provides reliable results also in the regime
where plasmonic and single particle like resonances overlap
spectrally and the energy of plasmonic modes exceed the
HOMO−LUMO gap, we discuss the 20 fold doped dimer
chain in the Supporting Information (see Figure S4).
Concluding this section, we want to stress that the immunity

of a resonance in the absorption spectrum against a change in
doping does not immediately reveal its single particle like
nature. The property is necessary but not sufficient to draw this
conclusion. We can see in Figure 3a that all the resonances of
the linear chain are insensitive to doping although they are of
plasmonic nature. Conversely, it is also not correct that all
plasmons blue shift with increasing doping as can be
appreciated from the very same figure. A plasmonic resonance
undergoes a spectral shift while the doping changes, only if the
local energy landscape environment around the Fermi energy
changes as well. For an investigation of the resonances in a
polyacene chain, as shown Figures S5 and S6 of the Supporting
Information. In the following of the main paper, we want to
apply the EPI to a physical structure already widely
investigated, a hexagonal GNA.

Hexagonal GNA. The promising optical properties of
GNAs of various shapes in tailored photonic environments
h a v e b e e n i n v e s t i g a t e d i n m a n y p r e v i o u s
works.13,40,41,73,76,77,79−81 They are believed to constitute an
excellent platform for plasmon assisted nonlinear energy
conversion processes. This renders them an optimal
application to the EPI because it is of immense interest to
find their plasmonic resonances. We want to explicitly pick out

Figure 9. EPI (purple diamond elements), evaluated for the linear
chain in the undoped case (a), with 8 doping electrons (c), and for
the dimer chain in the undoped case (b) and with 8 doping electrons
(d) alongside the absorption cross sections (black solid lines). The
red circles mark the resonances investigated in Figures 6−8 in more
detail. Please note that the energy axis for the linear chain ranges up to
9 eV, whereas the dimer chain is shown for energies up to 4.2 eV. The
upper bound was chosen such that comparably many resonances
could be investigated in both structures.
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those resonances of the GNA’s spectrum that have collective
character and may provide all the beneficial effects that come
along with a plasmonic response.
Figure 10a shows the absorption cross section of an

armchair edged hexagonal GNA with 366 atoms for a number

of doping electrons between 0 and 6. We see that the system
behaves similar to the dimer chain. This is because the energy
landscapes of both structures are similar as well, exhibiting an
energy gap across E = 0. The GNA’s spectrum has no low
energy resonances in the undoped case. However, when
additional electrons are introduced into the system, blue
shifting low energy resonances start to appear. Simultaneously,
like in Figure 3b, we notice the red shift of the lowest
resonance that is present in the undoped case.
Real Space Dynamics. First, we investigate the real space

dynamics of the induced charge on the flake. Figure 11 shows a

snapshot of the induced charge on the hexagonal GNA with
two doping electrons for three different CW illumination
frequencies at the time of maximum dipole moment. The
charge distributions for the illumination frequencies ℏω = 0.65
eV and ℏω = 1.09 eV, as shown in Figure 11a,b, respectively,
show a clear collective character. In both cases, we find a
charge separation along a horizontal line intersecting the GNA
through the middle and antinodes of the charge distribution at
the top and bottom edge of the flake. A different pattern
reveals the charge distribution of the resonance at ℏω = 1.73
eV, as shown in Figure 11c. Similarly to the charge distribution
patterns, as shown in Figure 7b,c, the spatial frequency of the
charge distribution is much higher. From these considerations
only, one could conclude that, just like for the dimer chain, the
resonances with collective real space dynamics (ℏω = 0.65 eV

and ℏω = 1.09 eV) can be classified as plasmonic and the one
exhibiting the more erratic pattern (ℏω = 1.73 eV) single
particle like. However, we will see below that also for this
structure relying on real space dynamics only lets us draw
wrong conclusions.

Energy Space Dynamics. We examine the very same
three resonances in energy space and look for the fingerprints
of plasmonic and single particle like transitions as introduced
above for the dimer chain. Figure 12 shows the occupation

difference ρjj(t) − ρjj
0 of the GNA’s energy states {|j⟩} with

respect to the initial state ρ0 near the Fermi energy for the last
five optical cycles of the simulation period. The involved
energy states of the resonance at ℏω = 0.65 eV (Figure 12a) lie
mostly symmetrically to the Fermi energy and exhibit clear
sloshing behavior both above and below EF. This reveals that
they dynamically exchange population back and forth across
the Fermi energy level, which is typical for plasmonic
excitations. However, from the different color shadings, we
can see that there is also a monotonically increasing
(decreasing) component overlayed in the dynamics. Although
this is generally true for all the resonances under consideration
here, at the end of the day, the symmetry around EF renders
this resonance predominantly plasmonic.
In contrast, both the resonance at ℏω = 1.09 eV and ℏω =

1.73 eV are built up by occupation dynamics in states that lie
symmetrically to E = 0 and that are mostly monotonically
increasing or decreasing, revealing the “inversion” signature.
The sloshing character of the population dynamics is less
pronounced in both figures but not completely absent. Thus,
from energy space considerations only, one could conclude
that only the resonance at ℏω = 0.65 eV is of predominantly
plasmonic nature, and the other two are predominantly single
particle like. Please note that this contradicts the expectation
that followed from real space considerations.

EPI for the GNA. To apply the EPI to the GNA, we
investigate the six most prominent absorption peaks for d = 2,
as shown in Figure 10b. We find that the two resonances
lowest in energy can be classified to be predominantly
plasmonic with an EPI around 0.83 and 0.68, respectively.
This is expected because we cannot find these resonances in
the undoped structure. They appear when at least one state
above E = 0 is populated and they blue shift with increasing
doping. These are both clear signs for collective plasmon like
behavior. The three resonances highest in energy with an EPI

Figure 10. (a) Absorption cross section for the graphene armchair
hexagon with 366 atoms as a function of doping charge. (b) EPI
(purple diamond elements) for the resonances of the hexagon with 2
doping electrons alongside the absorption cross section (black solid
line).

Figure 11. Snapshots of the induced charge distribution on the
hexagonal GNA with 366 atoms and two doping electrons. The
snapshots are taken at the time of maximum dipole moment under y
polarized CW illumination at the resonance frequencies (a) ℏω =
0.65 eV, (b) ℏω = 1.09 eV, and (c) ℏω = 1.73 eV.

Figure 12. Population difference ρjj(t) − ρjj
0 of the energy states {|j⟩}

of the hexagonal GNA doped with 2 electrons under CW illumination
for the last five optical cycles of the simulation period with respect to
the ground state ρ0. The illumination frequencies coincide with those
in Figure 11, ℏω = 0.65 eV (a), ℏω = 1.09 eV (b), and ℏω = 1.73 eV
(c).
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around 0.1 can be classified as predominantly single particle
like. They do not exhibit any shift with doping and are
therefore determined by the electronic structure of the GNA
only. The resonance at 1.09 eV is evaluated close to 0.2. We
can see that this latter resonance already exists in the undoped
structure and can be attributed to a single particle transition.
However, we also see that the resonance red shifts with
increasing doping, which is a sign of collective behavior. At the
end of the day, one can classify it as hybrid yet with a very
strong single particle like contribution. This is in accordance
with our expectation that followed from the energy space
dynamics considerations in the previous section, cf. Figure 12,
but does not coincide with the expectations that followed from
real space dynamics of induced charge on the flake. For this
reason, we have suggested a measure classifying the nature of a
resonance in a nanoparticle based on energy space population
dynamics, rather than on real space dynamics, as it was done
by constructing the (generalized) plasmonicity index (G)
PI.66,98 The GPI and the EPI should be seen as
complementary. We want to point out here that our measure
does not give information on how the resonance manifests
itself in real space (like the PI and the GPI do). It concerns
only the physical origin of the resonance. In other words, we
probe if the resonance’s existence can be explained by the
energy landscape of the structure or if interaction energy has to
be taken into account to explain its emergence.

CONCLUSIONS
In this paper, we have contributed to answering the question of
what a plasmon in truly nanoscopic systems is. We have
introduced an energy space based figure of merit for molecular
structures in TB description which can also be applied in wave
function based methods like TDDFT. It can tell apart
resonances built up by single particle like transitions from
those that reveal plasmonic behavior in the sense that their
spectral position can only be explained by taking into account
the interaction energy of electrons. The performance of the
EPI was checked against both energy space and real space
dynamics of the induced charge in the system. We obtain
excellent agreement between our classification conclusions
based on energy space investigations by bare eye on the one
hand, and the EPI based on the antenna’s density matrix
elements on the other hand. Moreover, we are in excellent
agreement with the scaling approach by Bernadotte et. al.,62

which also relies on interaction energy considerations.
However, using the EPI reduces the computational cost
considerably. One single simulation rather than a full cycle of
simulations with different interaction energy strengths is
sufficient to characterize a resonance. We have shown that
the real space oscillation patterns of hybrid resonances mostly
resemble those of the plasmonic kind and miss single particle
like characteristics. This renders real space unreliable in
deciding the resonance’s nature. One should rather rely on
energy space dynamics in the first place, which exhibit clear
signatures of both transition species simultaneously. Plasmonic
transitions build up symmetrically with respect to the Fermi
energy, and their population differences show rich oscillation
dynamics in energy space (“sloshing”). Contrarily, single
particle like transitions build up symmetrically with respect to
the particle hole symmetry level, which is E = 0 in the TB
method introduced above. Their population differences
increase (decrease) for states below (above) the Fermi energy
in a Rabi flopping process (“inversion”). Furthermore, the

immunity of a resonance’s spectral position with changing
doping is not a sufficient feature to conclude that it is of the
single particle like nature. Conversely, some predominantly
single particle like resonances may yet have a significant
collective component responsible for spectral dependence on
the doping level and dominating the real space charge
distribution.
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