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Mathematical Analysis of Pipelines
Located Through Both Liquefied and Non-Liquefied Ground

Masakatsu MivaJmMa*, Masaru KiTAURA* and Tetsuo KIMURA**

Abstract
The earthquake damage data in the 1964 Niigata Earthquake and the 1983 Nipponkai-Chubu
Earthquake show that the pipeline damage were found near the boundary between the liguefied
and non-liquefied areas. In this paper, main factors affecting the pipe failure located through
both liquefied and non-liquefied ground are considered in connection with subsidence, buoyancy
and seismic motion which is different from the motion of neighboring sites. Formulae obtained
by using beam theory are presented and the response characteristics of pipelines are discussed.

The results suggest that serious attention should be paid to vibration-induced strains during
liquefaction.

Keywords : Buried pipeline, soil liquefaction, mathematical analysis.
1. General Remarks

+ One of the most striking characteristics of pipeline damage during the 1983 Nipponkai-Chubu
Earthquake was that all of the damage to cast iron pipe (CIP) occurred at liquefied sites and most
of those occurred near the boundary between the liquefied and non-liquefied sites?. Fig. 1
illustrates an example of earthquake damage to a pipeline observed in the 1983 Nipponkai-Chubu
Earthquake. This figure also shows failure modes of the pipelines in accordance with Fig. 2. Fig.
1 reflects that 13 failures of the cast iron pipe occurred near the boundary between the liquefied
and non-liquefied sites. Damage to the pipelines seems to be induced by ground movements due -
to sharp change of the ground characteristics, buoyancy effect at the liquefied sites and settle-
ment of the liquefied ground,

The purposes of the present paper are to clarify pipe behavior through a boundary between

liquefied and non-liquefied sites and to discuss characteristics of the failures of the pipelines
buried in such areas.

2, Mathematical Treatment

Fig. 3 shows analytical models for pipelines buried through a boundary between liquefied and
non-liquefied ground. In case 1, the pipeline is assumed to he subjected to subsidence of the
liquefied ground, while in case 2 buoyancy effect is a governing factor. In case 3, the pipeline is
subjected to a selsmic motion which is different from the motion of the neighboring zones, In
this last case, the superficial layer of the ground above the liquefied layer can be regarded as a

*  Department of Civil Engineeting
** Graduate Student, Department of Construction and Environmental Engineering



22 MEMOIRS OF THE FACULTY OF TECHNOLOGY KANAZAWA UNIVERSITY Val. 22 No, 1

¢ 50 100 (m) 500 om
——

Liquefied site
% Pipe damage

Fig. 1 Liguefied sites and pipe damage
{Nagasaki in Noshiro city).

horizontally vihrating elastic plate which is
subjected to a periodical driving force at both
ends. These three analytical models have
been constructed under the same assumptions
described in Ref. 2. That is, the perfectly
elastic behavior is assumed for the pipe ma-
terial and the pipe motion is analyzed in the
two-dimensional plane. Characteristics of the
pipe strains are investigated using these
simplified mathematical models. In this inves-
tigation, the responses of the pipelines can
he estimated by solving the following differ-
ential equations with suitable boundary condi-
tions.

(1) Case 1
According to the schematic representa-
tion of case 1, as shown in Fig. 3 and upon the

ahove several assumptions, the differential
equations for case 1 may be expressed as
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Fig. 2 Failure modes of pipeline (from Noshiro

City Gas and Waterworks Bureau, 1983).
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Fig. 3 Analytical models for buried pipelines
located between liquefied and non-lig-
uefied ground.
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follows ;
d'y
EI—g7=tK, n=K, W (0<x<i) (1)
d¢ . .
Ef—“-"—d;f +.szvz=0 (x>0 @

The boundary conditions are

%=0, _f;;’_;:o (x=0) @)
nmn G, Ly dn Lo L W W
w:g,d_dx”z_:o | (x=c0) ()
respectively. -
{2) Case 2

Supposing that the transverse displacement in the pipeline depends on buoyancy effect, the
governing differential equations for case 2 may be given by

dt .

EI d;’; +K, n=F _ : 0<x<l) (6
dio, _

Ef—ax,‘—"!'szvz—O (x>” (7)

The boundary conditions Egs. (3), (4) and (5) are also available for the problem of case 2.
Therefore, Egs. (3) through (5) are used to obtain the generalized analytical solutions of v and ..

(3) Case 3

Since the schematic model of case 3 is taking account of the liquefaction in the superficial
layer of the ground, including the original model presented by Nishio et al.®, the differential
equation can be written in a form of

2.
EA C;;‘; -K,u=—K,U . 0<x<l) (8
d?u, _ .
EA—*&xz—— .K% = _K% Uz . (x > l) (9)

The boundary conditions are

dw

du (x=0) (0



24 MEMOIRS OF THE FACULTY OF TECHNOLOGY KANAZAWA UNIVERSITY Vel. 22 No. 1

d d
=1, ~g =t =0 a1
du, '
il x=L) (12)

where U in Eq. (8) and U} in Eq. (9) are expressed as follows ;

2
cos(ﬁ-)
U=———5=Ua (13)
cost 224y
cT
U,=U,, (14)

By integrating Eqs. (1) and (2) with respect to x using the boundary conditions Eqs. (3), (4) and
{5}, the analytical solutions of », and # for case 1 are

n{x}=exp(Bix){A;cosfx+ A,sing x) +exp(— B x)(Ascosfix + Asingx)+ 6

_ 0<x<d) (15
v (x)=exp(— Fx){Ascosfox + Agsingx) x>0 (16)
The solution of # for case 2 is ’

F
wix)=exp(fx)(A,cosfx + A.5in 8 x)+exp(— Bix)Ascosfix + Assingix) +E

1

(0<x<l) (A7)

and the sclution of #, for case 2 may be given by Eq. (16). In addition, solving Eqs. (8) and (9) with
the boundary conditions Eqs. (10) through (12) gives

ul (x)=A—,coshA.,x+—*-—-%w—— _ 0<x<yy (18)
1+
AT
(%)= Agexp(A.x)+ Agexp(— A2)+ Us, >0 (19

where A,, A,---and A, in the above solutions are integral constants. These constants are listed
in Table 1. 1w, in Table 1 is equal to ¢ for case 1 and F/Ku for case 2, respectively.
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Table 1 Integral constants.
— - wC;

Al Aa Bxcl_BJQ'l'BJCA_Bacd
A= A= s

: ! —-BG+ BC—B G+ BG
A= wC

’ Bacs_Blncln+BJ:cll_BlzC|z
A= — iz

5 _BI.:-ICI.S +BH.CH_'BIECIE+BIGCIE
A= G G { c‘é‘ sinG, — }Lz-%(msGl —%)}

AsinhA, I— A; G‘ cosha, ! 4 2
£

Ay= %(2/1, cosha,/+ GicosG— Ua)

A= Ag exp (24D

B= {exp(l)+exp(—pii)coss!
B= DiiDexplfil)—Dexp(— D}

B= Dj{—exp(f!)+exp(~g]ising !
B,= D}{—Diexp(si)+Diexpl(~A1)}

B=  {exp(f ) —exp(— 5 {}Ising,!
B;= D¢l Diexp(8)— Deexp(— A n

B= Diexp(s/)+exp(~f]}cos!

B= DY Diexp(gl)—Diexp(~ i)}

By;=  —Bis= —exp(—fllcosf:!
Bio= —Bis=Dsexp{— 41
Biu= Bi=—exp(—Bl)sing!
B;= B.=—Diexp(—f!)

o
G= 7 )
_ U
Gi= 1_|_(2_”)z
A.]CT

Gi=  expli.)+exp{A,(2L—NH}
Gi= expllD)—exp{A,L—0}

G =BsBqu + + BB B +:BHBIZBV —BuBuB —B; BB, “BmB:Bls
Q = BsBuBm +BastBa + BB, 5, — BB 5 - BSBl2B15 —B,B:Bs
G =BBuBs +B,B.5;. + B3 B, B; — B85 —EB,. B, —BE5Bs
C4 =&BloBls +BBBI’4-B7 -+ BLaBu-Bs '"'BlzBmBl "'BEBuBu _BgBast
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Co =RBBys + BB B, + BB B; — BB, B, —B BB —B.BBys
Cu =B;BeBm +BsBuB4 ‘*’B:aBa-Ra “‘BlaBeBnt _BlBaBu _‘B:,BzB]a
C. =B,EB;s + B.B.B; + B85 C = BuBB —B BB, —BB,B;
C13 =B BB, +Bng& +BeBnBJ —BmeE -RRE, —-BG&BM ’
cu =BjByBa,z +B;BaBa +BSBHBnl "'393734 _BIBBBl: _BS&BW
Cs =B BB +BBE + By B, B, —5B,B, —B,BB, - B BB,
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3. Application of Analytical Solutions to the Practical Cases

Soil spring constant shows non-linear characteristics with increasing soil displacement.
However, the soil spring constant is assumed to be unchangeable irrespective of the relative
displacement for simplicity in this paper. This unchangeaibl'e value is called as equivalent soil
spring constant, The equivalent soil spring constant for liquefiable ground depends on the degree
of liquefaction of the soil. Initially, the bending pipe stresses due to subsidence of the ground
induced by liquefaction are investigated in relation to the ratio of the equivalent soil spring
constant K,/K, for case 1. Fig. 4 shows the relationship between : 2) the maximum bending
pipe stresses due to subsidence of the liquefied ground and, b) the width of the liquefaction zone.
The pipelines used in this analysis are steel pipelines whose physical properties are listed in Table
2. The magnitude of subsidence of the liquefied ground is assumed to be 20cm, and it is
equivalent to a 2% subsidence of 10m liquefied layer. .Yoshimi et al. concluded that the average
vertical strain as a result of consolidation under the weight of the soil was 1% to 3% when a
horizontal layer of loose saturated sand was liquefied to a depth of approximately 5m to 20m®.
The experimental results presented by Lee et al.® also agree with the results indicated by Yoshimi
et al. It can be seen from Fig. 4 that the higher the ratio of the equivalent soil spring constant
is, which means smaller degree of liquefaction, the greater the maximum bending pipe stresses
are. It is interesting to note that the maximum bending pipe stress for each ratio of the
equivalent scil spring constant does not increase in areas of liquefied ground where the width
exceeds 10m. The maximum bending stress exceeds the allowable bending stress of steel pipe
(4,200kgf/cm?®) when the ratio of the equivalent soil spring constant is greater than 0.1, particular-
ly at a width of liquefied zone less than 5m except for the region near 0m. Fig. 5 shows the
relationship between the displacement of the pipe and the width of the liquefied zone. It can be
seen from this figure that for relatively narrow width of the liquefied ground or low ratio of the

w0 F Width of liguefied ground [m)

o
a
14000 1 Ratio of equivalent S ijg -1
soll spring constant o qiquefted ground w2
Ng 12000 — = am I non-Higuefied wm:nd E
5 e 1 E 2 10.0
4 K.k, v 107 )
<= 10000 12 Kok, = 1072 .E Wwidth of 14quefied ground {m)
u e 1073 » 10 ) L L
g % ® = (3 5 10 15 20
5 gooof .
§ : Distance from center of liguefied ground [m}
a _Z_7L_._.__..._
o 6000
—
F 4004 a_ ¢ [rmm—— "
2 ’ 7 =% 4.0 Rk, 10
: ‘ - - - - 57 ol
2 2000 ; = ~
T3 .
/’ -/ T —_— %
%
2
>
=S

Width of liguefied ground [(m) 30 N L
0 5 10 15 20
Distance From center of liquefled ground {m}
Fig. 5 Distribution of pipe displacement due to

subsidence.

Fig. ¢ Relationship between maximum bending
pipe stress due to subsidence of liquefied
ground and width of liquefied zone.
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equivalent soil spring constant, the relative displacement between the ground and pipe is ob-
served, The maximum displacement of the pipe decreases because rigidity of the pipe dominates
that of the ground. In case 1, the lGcation where the maximum bending stress occurs coincides

* with the pipe located at the center of the liquefied zone ; however, for greater width of the
liquefied ground or higher ratio of the equivalent soil spring constant, the location is nearer the
boundary between the liquefied and non-liquefied ground.

Table 2 Physica! properties of steel pipe.

L . "
0 H 10 15 20 5 30

——  in nonsliqutied u% y

E_ ‘g 150 Ratip of excass pore water pressure
. a = 0.993

Outer diameter  {mm) 406.4 % 1

Thickness (tam) 6.0 E ,

Young's modulus  (kgf/em?)  2.1X1¢° g =k Wioth of Liamefiad

.p . )
Specific gravity 7.85 b o : ) : 1
(1kgf/cm2=98kPa) ] 5 10 15 20 25 30
Distance from center of 1iguefied ground {m)
00
w0 Hidth of 1iquefted ground {m) , o~ 150

o 0 28 Ratio of excess pore water pressure
u™g / a = 0.97
i %
g 2 e}
8- . 5
= L
R e oo i st e
T 2
5 ° 0 L
£
g
2

Distance from center of liguefied ground (m)

0 1 ' L
0.86 0.28 0.90 0.92 0.94 0.96 0.98 1.3

Ratlo of excess pore wilar pressire Fig. 7 Distribution of pipe displacement due to

. . . buoyancy effects.
Fig. 6 Relationship between maximum bending yancy

pipe stress due to buoyancy effects in-
duced by liquefaction and excess pore
water pressure ratio.

In case 2, the buoyancy effects of the pipelines during liquefaction are estimated by using the
method described by Kitaura and Miyajima®. Fig. 6 shows the relationship between the
maximum bending pipe stress due to buoyancy effects induced by liquefaction and the excess pore
water pressure. Fig. 7 illustrates the relationship between the displacement of the pipe and the
width of the liquefied ground. In this study, the equivalent soil spring constant of the liquefied
soil is estimated by the empirical equation proposed by Yoshida and Uematsu®, It was noted
that the pipe reached the ground surface in the area where the width of liquefied ground exceeded

Liquefied ground | . Hon=11quefied ground | E‘? 2000
ao
=
—_=
fch
=~ Ratio of equivalent soil spring constant -]
gL o000 K.k =1 . 2000
) e & e
RN —
e 25
£ an00f £a
- o L 1 L 1 i
] -2 -
z 0 \n n . 107! 1973 10t 107 1
= ] 10 20 k) 40 50
. Ratio of equivalent soil spring
Distance from center of Viquefiad ground (m) constant, X /K,
Fig, 8 Distribution of axial pipe strain in rela- Fig. 9 Relationship between maximum axial
tion to ratio of equivalent soil spring pipe strain and ratio of equivalent soil

constant. spring constant.
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10m as shown in Fig. 7. Therefore, the maximum bending pipe stresses disappear for great width.
and high excess pore water pressure in Fig. 6. It is evident from Fig. 6 that the greater the width
of the liquefied ground'is, the higher the maximum bending stresses are, that is, the greater the
probability of failure of the pipe due to buoyancy effects. It is also interesting to note that the
maximum bending pipe stresses occurred in the non-liquefied ground in case of great width of the
liquefied ground. In these analyses, it is assumed that the duration of the liquefaction process is
lengthy enough to allow the occurrence of pipe deformation. However, since the duration of
liquefaction induced by a real earthquake depends on the local soil conditions, the above may
actually not be the cases in reality. Therefore, these results may be overestimated. In order to
evaluate the pipeline response due to buoyancy effects more precisely, the method proposed by
Kitaura et al.® is preferable,

In case 3, the distribution of the axial pipe strain is shown in Fig. 8, in relation to the ratio
of the equivalent soil spring constant K,/K,. Fig. 9 illustrates the relationship between the
maximum axial pipe strain and the ratio of the equivaient soil spring constant. The conditions
for the ground and the magnitude of an earthquake used in these analyses are summarized in
Table 3. It is evident from these figures that the maximum axial strains decrease and the
location where the maximum straing occurs approaches the boundary of the ground with a
decrease in the ratio. During liquefaction processes, not only the equivalent soil spring constant
varies but also longitudinal wave velocity ¢ varies. Therefore, the longitudinal wave velocity is

Table 3 Conditions of ground and magnitude
of earthquake,

| Liguefied ground | Nun-1i;uefled qround ]
Longitudinal wave velocity ¢ 170(m/s)
Period of shaking T 0.5(s)
Acceleration in superficial layer « 200{gal) & 50000 Excess pore water pressure ratio
Displacement amplitude U, =(T/2zfa = o

of non-liquefied superficial layer 20000

10000

Axial pipe straig)

5000

r

Oistance from center of Viquefied ground (m)

Fig. 10 Distribution of axial pipe strain in

4000 relation to excess pore water pressure,

3000

&
1
2
=z
=
z
5
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3 P
s 2000 L - o
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= o3t
bt
c 5
g 1000 | 2,
E z
2 _ . £

0 1 I 5’

0.0 0.z 0.4 0.6 0.8 1.0 g . . ‘
Excess pore water pressure ratio 0 1 2 3 4
Fig. 11  Relationship between maximum axial /(c7/2)
pipe strain and excess pore water Fig. 12  Magnification ratio of response dis-

pressure ratio. : . placement in superficial layer.
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assumed to be proportional to the fourth root of (1— #), where # is the excess pore water pressure
ratio because the longitudinal wave velocity is proportional to the square root of Young’s modulus
of soil, and the shear modutlus of the soil is proportional to the square root of (1—#)., Moreover,
Young’s modulus is proportional to the shear modulus of the soil. Fig. 10 shows the distribution
of the axial pipe strain in relation to the excess pore water pressure ratio. Fig. 11 illustrates the
relationship between the maximum axial pipe strain and the excess pore water pressure ratio.
Excess pore water pressure higher than 0.9 is not included in this analysis because the longitudinal
wave cannot be transmitted in such soft ground. It is evident from these figures that the
maximum axial pipé strain occurs at the liquefied ground near the boundary between the liquefied
and non-liquefied ground. The maximum axial pipe strain corresponding to the value of 0.2 of
excess pore water pressure ratio is markedly great. This can be explained as follows : Fig 12
‘'shows the magnification ratio of response displacement in a superficial layer. In this analysis,
1/(cT/2) is less than 1.0 ; therefore, the magnification ratio increases sharply with an increase in
1Y/(cT /D), ie. with a decrease in ¢. However, in this case the magnification ratio decreases
because 1/(cT /2} is greater than 1.0. Effects of the resonance of the liquefied ground are great
when excess pore water pressure ratio is equal to 0.2, Furthermore, Fig. 12 suggests that care
should also be taken in evaluating the resonance of the liquefied ground for greater width of
liquefied ground than that in this analysis. The above results obtained by mathematical analyses
suggest that the probability of failure is high at the boundary between the liquefied and non
-~liquefied ground for each cause of pipe failure. These findings agree with the experimental
results presented in Ref. 9.

4. Conclusions

Response characteristics of pipelines located through both liquefied and non-liquefied ground
were clarified based on mathematical analysis. The following can be concluded :

(1) One of the response characteristics of pipelines subjected to subsidence of ground is that the
smaller the degree of liquefaction in the superficial ground, the greater the maximum bending
pipe stresses. Moreover, the higher bending pipe stress occurs in areas of smatler width of the
liquefied ground.

{2) The effects of buoyancy on pipe response are great in areas of great width of the liguefied
ground and a high degree of liquefaction in the superficial ground.

(3) Resonance of the superficial layer of ground has great influence on the axial pipe strains
during liquefaction processes. This suggests that great consideration should be given to
vibration-induced strains during liquefaction.

Nomenclature
A : cross-sectional area of the pipe
¢ . longitudinal wave velocity=+ Ey/p

E : Young's modulus of the pipe material
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E, . Young’s modulus of soil

F : a force caused by the buoyancy effect

I : area moment of inertia of the pipe

K,, K, :equivalent spring constants for the longitudinal and transverse motions
L : pipe length )

{ : width of the liquefied zone

T : period of shaking -

uv ! displacemnents in the ground

#, v : longitudinal and transverse displacements in the pipeline
u, : displacement amplitude in non-liquefied superficial layer
Greek letters

B K, /4ET

Al : KW/EA

p : s0il density

Subscripts

1 : liquefied ground

2 : non-liquefied ground
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