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Abstract: The Winding Function Approach has been used since 1965 to describe the inductance
behavior of small air-gap electrical machines, and several works have contributed to its formulation
in the presence of mechanical faults, such as eccentricity, leading to the Modified Winding Function
Approach (MWFA). In order to use the MWFA, an integral over a full rotation period needs to be
computed. Nevertheless, this typically requires the performance of numerical integration, and thus it
is affected by integration error, requires relatively high computational effort and, at the same time, it
does not easily allow for performance of the analysis of the inductance harmonics. In this work, an
exact analytical solution to the MWFA equation is provided in a form that allows to highlight the
harmonic content of the inductances. After a thorough mathematical derivation of the solution, a
numerical investigation is proposed for verification purposes.

Keywords: synchronous machines; Modified Winding Function; eccentricity; fault detection; condi-
tion monitoring

1. Introduction

Permanent Magnet Synchronous Motors (PMSMs) are prominent nowadays in a
variety of fields, such as mobility, industry, and home appliances mostly replacing DC and
induction motors [1,2]. The main benefits compared to other drives are their high efficiency,
lightweight structure, high power density, lower required maintenance, as well as a high
and steady torque output [3–5]. Nevertheless, these machines require the rotor position
information for proper driving [6], thus requiring the usage of an encoder that increases
space requirements and costs. For this reason, several techniques have been proposed in
the literature to overcome this limitation [7–10] that are mainly based on the exploitation
of machine anisotropies or induced Back-Electro Motive Force (BEMF). Depending on the
expected performance of the machine, the structure of PMSMs can vary. These variations
can be classified according to the position of the permanent magnets on the rotor structure.
If magnets are mounted on the surface of a cylindrical rotor, the machine is referred to as
surface-mounted PMSM (SPMSM); otherwise, if magnets are buried in the rotor structure,
the machine is referred to as an Interior PMSM (IPMSM).

Despite the robustness of PMSMs, machine failures can occur that can lead to the
end of production or even life-endangering situations, such as motor failures occurring in
transport and aerospace applications [11]. These events cannot only determine undesired
situations, but also generate labor effort and high costs, both being direct and indirect. For
this reason, failure prevention and condition monitoring techniques are of key importance
in a majority of applications.

A straightforward way to prevent failure is inspecting all PMSMs on a regular basis.
This, however, is not always possible, and in rare cases, profitable. Moreover, failures can
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still occur in between inspections. Instead, condition monitoring techniques are used to
detect faults in a machine during operation. A survey about these techniques for rotating
electrical machines can be found in the Ref. [12]. They can be classified in mechanical,
chemical and electrical methods, although a number of novel methods, like the ones
presented in the Ref. [13], use multi-parameter monitoring combined with a data-driven
approach. Electrical fault detection methods are especially interesting for PMSMs, as some
of them are based on quantities that are already measured to control the machine. This
avoids the need for additional sensors, which are necessary for mechanical and chemical
condition monitoring methods. Depending on the method, the typical measured electrical
quantities include power, stator currents and voltages.

Machine faults can be categorized into mechanical, electrical and magnetic ones [14].
Mechanical faults are caused by material corrosion or fatigue, poor lubrication and an
unbalanced rotor. These factors lead to eccentricity and, in the worst-case scenario, to a
failure of the bearing. Electrical faults, such as a short circuit in the stator windings, are
caused by overloading the machine, high temperature, and high stress. Magnetic faults
include partial or anisotropic magnetization and, even worse, complete demagnetization.
Causes for this are high temperature, mechanical stress and aging processes. It is fairly
common that one of these faults quickly prompts additional faults even of another category
(fault avalanche).

In particular, the works presented in the Refs. [15,16] trace the majority of failures
occurring in induction machines back to mechanical issues. This data cannot simply
be transferred to PMSMs, although it is safe to assume that PMSMs are also strongly
affected by mechanical faults. Extensive reliability surveys for PMSMs are not yet available,
as their mass application is fairly recent. As mentioned before, the main mechanical
faults are eccentricity and bearing failures. With eccentricity being a big contributor to
the failure of a bearing and a less obvious mechanical fault, it is a crucial parameter to
monitor. This can be accomplished by means of mechanical sensors. Nevertheless, this
approach would increase the size, cost and complexity of the overall system. Thus, another
approach is the monitoring of the machine phase inductances. Indeed, the latter ones have
a relatively strong dependency on eccentricity and, for this reason, any method based on
their measurement and observation can be exploited for eccentricity detection.

The influence of eccentricity on the machine phase inductances can typically be ob-
served by direct measurement on a test machine or by means of numerical methods and
Finite Element Analysis. In any case, in order to fully analyze this dependency, it is very
important to elaborate a mathematical model. This can be more easily numerically eval-
uated and provides, at the same time, a deeper insight into the dependency inductance,
or eccentricity. One of the most frequently used starting points for numerical and analyti-
cal inductance models is the Modified Winding Function Approach (MWFA). Its general
form is

Lxy(θ) = µ0rl
∫ 2π

0
Ny(ϕ, θ)nx(ϕ)g−1(ϕ, θ)dϕ, (1)

where x and y are arbitrary phases belonging to the set {A, B, C} of the three-phase machine,
µ0 is the permeability of the air-gap, r is the radius of the average air-gap, and l is the
stack length of the machine. If x = y, Equation (1) describes a self-inductance, otherwise
a mutual-inductance. The functions of Equation (1) are the modified winding function
Nx(ϕ, θ), the turns function nx(ϕ) and the inverse air-gap function g−1(ϕ, θ), where θ is
the rotor position and ϕ is an arbitrary angle in the stator reference frame.

The Winding Function Approach (WFA) has been used extensively since at least
1965 [17] and has undergone major modifications and extensions over the last couple of
decades, as illustrated in Figure 1. Using it, it is possible to model electrical machines
based directly on the geometry and the physical layout of the winding. Although this
approach is limited to a symmetrical air-gap, it is still applied to model healthy machines,
as well as induction machines with broken bars and end rings [18] or inter-turn short
circuits [19]. In order to extend this model to include machines with a non-symmetric
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air-gap, the MWFA was introduced in the Ref. [20]. Already in this first work, the MWFA
was used to model dynamic eccentricity in a synchronous machine. Since then, it has
been adopted to describe electrical machines in all kinds of conditions, such as skew [21],
inter-turn short circuits [22] and, due to its modification, eccentricity [23]. In fact, models
describing all types of eccentricity at once have been derived [24]. Most of these extensions
to the MWFA, unfortunately, are based on inserting the specific functions into the general
Equation (1) and performing a numerical integration. This is sufficient for most applications.
However, an analytical solution would provide a meaningful insight into the dependency
between eccentricity and machine phase inductances, making the MWFA more suitable
for the synthesis of model-based fault detection techniques. There are several analytical
inductance models which have been derived from the MWFA, but these are either restricted
to a small number of harmonics or use a complex representation of the turns and air-gap
functions [25]. Additionally, most models describe induction machines instead of PMSMs.
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Figure 1. Timeline of the Winding Function Theory and the Modified Winding Function Approach.

Simplifications while using the MWFA usually include a cylindrical stator shape and,
therefore, the exclusion of slot openings, the permeability of the stator and rotor cores
to be infinite compared to the air-gap material, and the use of linear materials. The last
simplification is generally true in low-current or fully saturated conditions. Although
there are a number of severe simplifications, reviews such as the Ref. [26] have found the
MWFA to fit well to most electrical machines, although this work points out its limitations,
including machines with large air-gaps.

This work derives and presents an exact solution to the MWFA equation for PMSMs
that highlights the harmonic content of the machine phase inductances in dependence
of machine eccentricity. After introducing the MWFA formula and the mathematical
expressions of each term, the exact solution is derived. Afterwards, validation is conducted
by means of numerical simulations.

2. Eccentricity

Electrical machines are typically affected by eccentricity. As described in the Ref. [14],
tolerances in manufacturing and assembly processes generally lead to eccentricities of
5–10% at the end of line of motor productions. Other sources of eccentricity include
material fatigue, corrosion, non-isotropic mass distribution, and poor lubrication. in the
Ref. [27], eccentricity is distinguished as three types: static eccentricity (SE), dynamic
eccentricity (DE) and mixed eccentricity (ME). These three categories are schematized in
Figure 2.
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Figure 2. Points of interest of different types of eccentricity: (a) static eccentricity; (b) dynamic
eccentricity; (c) mixed eccentricity.

In the case of SE, the rotor symmetry center Or coincides with the rotor rotation center
Oω, but not with the stator symmetry center Os. This offset is constant regarding distance
and angle in the stator reference frame. The degree of SE, δs, is defined as

δs =
|OsOω |

g0
, (2)

where g0 is the average air-gap length of the healthy machine. The minimum air-gap length
is at the angle β0. δs and the other degrees of eccentricity are limited to values between
zero and one. If they are one, the air-gap is zero at β0, which means that the stator and
rotor are in contact.

DE is typically caused by an unbalanced machine: Oω coincides with Os, but not with
Or. This leads to a rotation of Or around Os in the stator reference frame according to the
mechanical angle θ. The non-uniform air-gap in the rotor reference frame translates into a
rotation of the minimum air-gap length in the stator reference frame according to

β = θ + β0. (3)

The degree of DE, δd, is

δd =
|OωOr|

g0
. (4)

ME is the combination of SE and DE. Neither Oω , Os nor Or are aligned. As defined in
the Ref. [27], the degree of ME, δm, and angle of the air-gap, β, changes with θ according to

δm =
|OsOr|

g0
= |OsOω

g0
+

OωOr

g0
| =

√
δ2

s + δ2
d + 2δsδd cos(θ), (5)

β(θ) = atan
(

δd sin(θ)
δs + δd cos(θ)

)
+ β0. (6)

It is easy to prove that ME describes SE and DE if only one of them is present, which
is why ME will be used to describe eccentricity in a general way.

3. Derivation of the General Solution

In order to solve Equation (1), the contained functions have to be defined. In this
work, the functions are approximated by even Fourier-series with an arbitrary number of
harmonics, as highlighted in the Ref. [20].

The turns function nx(ϕ) describes the windings of the machine as the number of
turns at every position ϕ in the stator reference frame. Depending on the direction of the
current in the turn, it is counted as positive or negative. nx(ϕ) is defined as

nx(ϕ) =
Na

∑
k=0

Ak cos(k(ϕ + ϕx)), (7)
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where Na is the number of harmonics considered, Ak is the coefficient of the kth harmonic,
and ϕx is the phase shift of phase x in the stator reference system. As ϕ is an arbitrary angle,
any symmetric winding can be phase-shifted to be even. This allows the Fourier-series to
only contain cosines.

The inverse air-gap function g−1(ϕ, θ) describes the inverse of the air-gap length
between the stator and the rotor. It is highly dependent on the machine geometry and
will change due to eccentricity. As the permeability of permanent magnets is close to the
permeability of air, the air-gap includes any permanent magnet-filled slot. Its complete
form is

g−1(ϕ, θ) =G0 + ∆G + ∆Ge = (8)

G0 +
Ng

∑
k=1

G2pk cos(2pk(ϕ− θ)) +
Ne

∑
t=1

Ge,t cos(t(ϕ− β)).

The inverse air-gap function consists of two parts: the healthy machine contributes a
Fourier-series of the symmetric air-gap in the form of a mean value G0 and even harmonics
∆G = ∑

Ng
k=1 G2pk cos(2pk(ϕ− θ)), where Ng is the number of harmonics considered, p is

the number of pole pairs of the machine, and G2pk is the coefficient of the harmonic 2pk. If
the machine sustains eccentricity, the mean value G0 of the air-gap changes according to

G0 =
G0√

1− δ2
m

. (9)

If no eccentricity is present, this equation simplifies to G0 = G0. Eccentricity may
also introduce Ne additional harmonics ∆Ge = ∑Ne

t=1 Ge,t cos(t(ϕ− β)), where Ge,t is the
coefficient of the tth harmonic and, as shown in the Ref. [27], it is defined as

Ge,t = G0

(
1−

√
1− δ2

m
δm

)t

. (10)

In the presence of eccentricity, some harmonics are considered both in the healthy
machine formula, as well as in the eccentric one. This infers a change of harmonics existing
in the healthy machine.

The modified winding function Nx(ϕ, θ), as introduced in the Ref. [20], is defined as

Nx(ϕ, θ) = nx(ϕ)− 1
2π < g−1(ϕ, θ) >

∫ 2π

0
nx(ϕ)g−1(ϕ, θ)dϕ, (11)

with < g−1(ϕ, θ) > being the mean value of the inverse air-gap function G0.
Inserting Nx(ϕ, θ) into Equation (1) leads to

Lxy = µ0rl
∫ 2π

0

[
ny −

1
2πG0

∫ 2π

0
nyg−1dϕ

]
nxg−1dϕ, (12)

which can be extended into a sum of integrals by inserting Equation (8)
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Lxy =M
∫ 2π

0

[
ny −

1
2πG0

∫ 2π

0
nyG0 ϕ

]
nxG0dϕ+ (13)

M
∫ 2π

0

[
− 1

2πG0

∫ 2π

0
ny∆Gdϕ

]
nxG0dϕ+

M
∫ 2π

0

[
ny −

1
2πG0

∫ 2π

0
nyG0 ϕ

]
nx∆Gdϕ+

M
∫ 2π

0

[
− 1

2πG0

∫ 2π

0
ny∆Gdϕ

]
nx∆Gdϕ+

M
∫ 2π

0

[
− 1

2πG0

∫ 2π

0
ny∆Gedϕ

]
nx(G0 + ∆G)dϕ+

M
∫ 2π

0
nynx∆Gedϕ+

M
∫ 2π

0

[
− 1

2πG0

∫ 2π

0
ny(G0 + ∆G)dϕ

]
nx∆Gedϕ+

M
∫ 2π

0

[
− 1

2πG0

∫ 2π

0
ny∆Gedϕ

]
nx∆Gedϕ =

(I) + (I I) + (I I I) + (IV) + (V) + (VI) + (VII) + (VII I),

where M = µ0rl. The addends (I) to (VII I) will be examined separately for readability
purposes.

Inserting nx(ϕ) into the first equation results in

(I) = M
∫ 2π

0

[
Na

∑
k=0

Ak cos(k(ϕ + ϕy))−
1

2πG0

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕy))G0dϕ

]
· (14)

Na

∑
k=0

Ak cos(k(ϕ + ϕx))G0dϕ =

MG0

∫ 2π

0

[
Na

∑
k=0

Ak cos(k(ϕ + ϕy))−
1

2π

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕy))dϕ

]
·

Na

∑
k=0

Ak cos(k(ϕ + ϕx))dϕ =

MG0

∫ 2π

0

[
Na

∑
k=0

Ak cos(k(ϕ + ϕy))− A0

]
Na

∑
k=0

Ak cos(k(ϕ + ϕx))dϕ =

MG0

∫ 2π

0

Na

∑
k=1

Ak cos(k(ϕ + ϕy))
Na

∑
k=0

Ak cos(k(ϕ + ϕx))dϕ =

MG0π
Na

∑
k=1

A2
k cos(k(ϕx − ϕy)).

This part only exhibits a mean value and describes the inductance of a healthy SPMSM.
Using the assumptions introduced, the air-gap of a healthy SPMSM is constant. In the
general equation, this can be achieved with g−1(ϕ, θ) = G0, which removes all effects of the
remaining terms I I–VII I. An eccentric SPMSM can also be described on its own, although
the derivation of the expression is not shown here as the general expression is sufficient to
describe both SPMSMs and IPMSMs.
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Examining the next part leads to

(I I) = M
∫ 2π

0

[
− 1

2πG0

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕy))
Ng

∑
t=1

G2pt cos(2pt(ϕ− θ))dϕ

]
· (15)

Na

∑
k=0

Ak cos(k(ϕ + ϕx))G0dϕ =

− M
2π

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕy))
Ng

∑
t=1

G2pt cos(2pt(ϕ− θ))dϕ·

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕx))dϕ =

− M
2π

Ng

∑
t=1

πA2ptG2pt cos(2pt(θ + ϕy))2πA0 =

−MA0π

Ng

∑
k=1

A2ptG2pt cos(2pt(θ + ϕy)).

When multiplying the sums inside an integral, the highest harmonic present is defined
by the smaller number between Na and 2pNg. This is due to all higher harmonics created
containing ϕ. As ϕ is the integration variable and the integration is always performed
between 0 and 2π, they have no contribution on the final result. Choosing Ng for the
resulting sum is arbitrary, as the amplitude Ak of harmonics higher than Na are considered
zero in nx(ϕ), and therefore, in the resulting sum too. This property is considered true for
all coefficients outside their defined range. Although this leads to unnecessary calculations
when applying these equations, it greatly reduces their complexity without changing the
result. A possibility to avoid these calculation steps is to check Na, Ng, and Ne and only
perform the calculation if all necessary coefficients are defined.

Part (I I I) can be transformed to

(I I I) = M
∫ 2π

0

[
Na

∑
k=0

Ak cos(k(ϕ + ϕy))−
1

2πG0

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕy))G0dϕ

]
· (16)

Na

∑
k=0

Ak cos(k(ϕ + ϕx))
Ng

∑
t=1

G2pt cos(2pt(ϕ− θ))dϕ =

M
∫ 2π

0

[
Na

∑
k=0

Ak cos(k(ϕ + ϕy))− A0

]
Na

∑
k=0

Ak cos(k(ϕ + ϕx))·

Ng

∑
t=1

G2pt cos(2pt(ϕ− θ))dϕ =

M
∫ 2π

0

Na

∑
k=1

Ak cos(k(ϕ + ϕy))
Na

∑
k=0

Ak cos(k(ϕ + ϕx))·

Ng

∑
t=1

G2pt cos(2pt(ϕ− θ))dϕ.



Mathematics 2022, 10, 345 8 of 28

Differently from the other cases, here the product of three sums is present. Neverthe-
less, the product of the sums of the turns functions can be proven to reduce to:

Na

∑
k=1

Ak cos(k(ϕ + ϕy))
Na

∑
k=0

Ak cos(k(ϕ + ϕx)) = (17)

A0

Na

∑
k=1

Ak cos(k(ϕ + ϕy)) +
Na

∑
k=1

1
2

A2
k cos(k(ϕx − ϕy))+

1
2

2Na

∑
k=1

 Na

∑
t=1

At Ak+t cos(kϕ + (k + t)ϕx − tϕy) +
Na

∑
t=1
t 6=k

At A|t−k| cos(kϕ + (k− t)ϕx + tϕy)

.

This formulation allows to bring the result into the more convenient following form:

Lxy = L0 +
∞

∑
k=1

Nk cos(k(θ − αk)). (18)

Inserting Equation (17) into Equation (16) results in

(I I I) = M
∫ 2π

0
A0

Na

∑
k=1

Ak cos(k(ϕ + ϕy))
Ng

∑
t=1

G2pt cos(2pt(ϕ− θ))dϕ+ (19)

M
2

Na

∑
k=1

A2
k cos(k(ϕx − ϕy))

∫ 2π

0

Ng

∑
t=1

G2pt cos(2pt(ϕ− θ))dϕ+

M
2

∫ 2π

0

2Na

∑
k=1

[
Na

∑
t=1

At Ak+t cos(kϕ + (k + t)ϕx − tϕy)+

Na

∑
t=1
t 6=k

At A|t−k| cos(kϕ + (k− t)ϕx + tϕy)

]
·

Ng

∑
t=1

G2pt cos(2pt(ϕ− θ))dϕ =

MA0π

Ng

∑
k=1

A2pkG2pk cos(2pk(θ + ϕy))+

M
2

∫ 2π

0

2Na

∑
k=1

Nk cos(kϕ− αk)
Ng

∑
t=1

G2pt cos(2pt(ϕ− θ))dϕ =

MA0π

Ng

∑
k=1

A2pkG2pk cos(2pk(θ + ϕy))+

Mπ

2

Ng

∑
k=1

N2pkG2pk cos(2pkθ − α2pk).

Nk and αk are introduced for notation purposes. Their full expressions can be found in
Appendix A.
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The notation introduced in Equation (17) is used to solve part (IV) too:

(IV) = M
∫ 2π

0

[
− 1

2πG0

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕy))
Ng

∑
t=1

G2pt cos(2pt(ϕ− θ))dϕ

]
· (20)

Na

∑
k=0

Ak cos(k(ϕ + ϕx))
Ng

∑
t=1

G2pt cos(2pt(ϕ− θ))dϕ =

− M
2πG0

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕy))
Ng

∑
t=1

G2pt cos(2pt(ϕ− θ))dϕ·

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕx))
Ng

∑
t=1

G2pt cos(2pt(ϕ− θ))dϕ =

− Mπ

2G0

Ng

∑
k=1

A2pkG2pk cos(2pk(θ + ϕy))
Ng

∑
t=1

A2ptG2pt cos(2pt(θ + ϕx)) =

− Mπ

4G0

[ Ng

∑
k=1

A2
2pkG2

2pk cos(2pk(ϕx − ϕy))+

2Ng

∑
k=1

[ Ng

∑
t=1

A2ptG2pt A2p(k+t)G2p(k+t) cos(2p(kθ + (k + t)ϕx − tϕy))+

Ng

∑
t=1
t 6=k

A2ptG2pt A2p|t−k|G2p|t−k| cos(2p(kθ + (k− t)ϕx + tϕy))

]]
.

A highly interesting observation is the introduction of harmonics up to 4pNg, which is
twice as high as the number of harmonics considered in the initial function. The effective
highest harmonic also depends on Na, as harmonics only have a non-zero amplitude if
both the turns and the air-gap function coefficients are non-zero, but if Na is high enough,
this statement is true.

All addends until this point have not contained eccentricity apart from the change
in the mean value of the inverse air-gap. Therefore, replacing this value with the one of
the healthy machine describes the inductance without eccentricity. Combining the partial
results and rearranging them leads to

Lxy = L0,h +
2Ng

∑
k=1

N2pk cos(2pkθ − α2pk), (21)

where L0,h is the mean value of the inductance and the harmonics are described by the
coefficient N2pk and phase shift α2pk. The full expression of these variables can be found
in Appendix A. This form clearly shows that, given the assumptions made, all present
harmonics in a healthy machine are even. As the mechanical angle θ always appears in
connection with 2p, the harmonics are only referring to the electrical period.

The first term that includes eccentricity can be rewritten as
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(V) = M
∫ 2π

0

[
− 1

2πG0

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕy))
Ne

∑
t=1

Ge,t cos(k(ϕ− β))dϕ

]
· (22)

Na

∑
k=0

Ak cos(k(ϕ + ϕx))(G0 +
Ng

∑
t=1

G2pt cos(2pt(ϕ− θ)))dϕ =

− M
2πG0

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕy))
Ne

∑
t=1

Ge,t cos(k(ϕ− β))dϕ·

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕx))(G0 +
Ng

∑
t=1

G2pt cos(2pt(ϕ− θ)))dϕ =

− M
2πG0

π
Ne

∑
k=1

AkGe,k cos(k(β + ϕy))

[
2πG0 A0 + π

Ng

∑
t=1

A2ptG2pt cos(2pt(θ + ϕx))

]
=

MπA0

Ne

∑
k=1

AkGe,k cos(k(β + ϕy))−

Mπ

2G0

Ne

∑
k=1

AkGe,k cos(k(β + ϕy))
Ng

∑
t=1

A2ptG2pt cos(2pt(θ + ϕx)).

The general solution of part (V) still contains a product of two sums. As θ and β
are not equal at all times, Equation (17) cannot be applied. This problem may simplify
depending on the type of eccentricity present in the machine, which will be presented at
a later point. If the solution cannot be simplified, the product of these sums represents
harmonics around the already existing electrical ones introduced by eccentricity. Once
again, the choice of Ne instead of Na is arbitrary, as the coefficients of harmonics higher
than Na are zero.

Equation (17) is applied to solve part (VI):

(VI) = M
∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕy))
Na

∑
k=0

Ak cos(k(ϕ + ϕx))
Ne

∑
t=1

Ge,t cos(k(ϕ− β))dϕ = (23)

MA0π
Ne

∑
k=1

AkG2,k
[
cos(k(β + ϕx)) + cos(k(β + ϕy))

]
+

M
∫ 2π

0

2Na

∑
k=0

Nk cos(kϕ− αk)
Ne

∑
t=1

Ge,t cos(k(ϕ− β))dϕ =

MA0π
Ne

∑
k=1

AkG2,k
[
cos(k(β + ϕx)) + cos(k(β + ϕy))

]
+ Mπ

Ne

∑
k=1

NkGe,k cos(kβ− αk).

Part (VII) is very similar to part (V). Indeed, the only difference is a switch of nx and
ny. The solution of (VII) is, therefore, acquired by a minor change of Equation (22), which
results in

(VII) = MπA0

Ne

∑
k=1

AkGe,k cos(k(β + ϕx))− (24)

Mπ

2G0

Ne

∑
k=1

AkGe,k cos(k(β + ϕx))
Ng

∑
t=1

A2ptG2pt cos(2pt(θ + ϕy)).
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The last part requires the usage of Equation (17), which leads to

(VII I) = M
∫ 2π

0

[
− 1

2πG0

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕy))
Ne

∑
t=1

Ge,t cos(k(ϕ− β))dϕ

]
· (25)

Na

∑
k=0

Ak cos(k(ϕ + ϕx))
Ne

∑
t=1

Ge,t cos(k(ϕ− β))dϕ =

− M
2πG0

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕy))
Ne

∑
t=1

Ge,t cos(k(ϕ− β))dϕ·

∫ 2π

0

Na

∑
k=0

Ak cos(k(ϕ + ϕx))
Ne

∑
t=1

Ge,t cos(k(ϕ− β))dϕ =

− Mπ

2G0

Ne

∑
k=1

AkGe,k cos(k(β + ϕy))
Ne

∑
t=1

AtGe,t cos(t(β + ϕx)) =

− Mπ

4G0

[
Ne

∑
k=1

A2
kG2

e,k cos(k(ϕx − ϕy))+

2Ne

∑
k=1

[ Ne

∑
t=1

AtGe,t At+kGe,t+k cos(kβ + (k + t)ϕx − tϕy)+

Ne

∑
t=1
t 6=k

AtGe,t A|t−k|Ge,|t−k| cos(kβ + (k− t)ϕx + tϕy)

]]
.

Finally, combining all the addends (I) to (VII I) and rearranging the solution results in

Lxy(θ) =L0 + Lc,0 + Le,0 +
2Ng

∑
k=1

[
N2pk cos(2pkθ − α2pk) + Nc,2pk cos(2pkθ − αc,2pk)

]
+

(26)
Ne

∑
k=1

MπNkGe,k cos(kβ− αk) +
2Ne

∑
k=1

Mk cos(kβ− βk)−

Mπ

2G0

[
Ne

∑
k=1

AkGe,k cos(k(β + ϕx))
Ng

∑
t=1

G2pt A2pt cos(2pt(θ + ϕy))+

Ne

∑
k=1

AkGe,k cos(k(β + ϕy))
Ng

∑
t=1

G2pt A2pt cos(2pt(θ + ϕx))

]
.

This equation could be expressed in a more compact form. Nevertheless, it is chosen
in order to illustrate the change in inductance due to eccentricity. L0 is the mean inductance
of the healthy machine. This mean value is changed due to the replacement of G0 with G0,
which is represented by the correction Lc,0. An independent mean value due to eccentricity
is introduced with Le,0. The existing harmonics, as employed in Equation (21), are corrected
using Nc,2pk and αc,2pk. The next two addends are, in the case of DE and ME, additional
harmonics introduced due to eccentricity. These harmonics are directly linked to the
mechanical angle θ without the number of pole pairs p. In the case of SE, these terms
contribute to the mean value. Mk, βk and all other introduced variables can be found in
Appendix A. The last part of Equation (26) is the aforementioned product of two sums,
which, determined by the type of eccentricity, introduces additional harmonics.

4. Solutions for Special Cases

During the derivation of the general solution Equation (26), some parts were men-
tioned to differ depending on the type of eccentricity. Therefore, it is of interest to extract
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and examine separate solutions for the different types of eccentricity. Their derivation
is not presented here, as it only consists of inserting β and rearranging the equation in a
clearer manner.

Inserting SE into Equation (26) simplifies the result to

Lxy = Lse,0 +
2Ng

∑
k=1

Kse,2pk cos(2pkθ − αse,2pk), (27)

where
Lse,0 = L0 + Lc,0 + Le,0 + Ls,0, (28)

and Ls,0 is an additional addend to the mean inductance only present under SE conditions.
The full expressions of Ls,0, Kse,2pk, and αse,2pk can be found in Appendix A.

Equation (27) clearly shows that SE only changes already existing features of the
healthy machine and does not introduce further harmonics. This behavior is also supported
by the harmonic content of the initial Equation (1) with and without SE, as shown in
Figure 3.
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Figure 3. Harmonic content of Laa of an arbitrary IPMSM with and without SE.

In the case of DE, Equation (26) can be rearranged to

Lxy = Lde,0 +
2Ng

∑
k=1

Ne,2pk cos(2pkθ − αe,2pk) +
2Ne

∑
k=1

Mde,k cos(kθ − βde,k)+ (29)

Ne

∑
k=1

Ng

∑
t=1

[
R−k,2pt cos((2pt− k)θ − α−k,2pt) + R+

k,2pt cos((2pt + k)θ − α+k,2pt)

]
.

The variables used in this compact form are noted in Appendix A. In contrast to SE,
DE clearly has the potential to introduce additional mechanical harmonics while changing
the existing electrical ones and the mean value. The product of the sums in Equation (26) is
still present in Equation (29) as the harmonics (2pt± k)θ.



Mathematics 2022, 10, 345 13 of 28

5. Verification and Analysis

In this section, the derived formula is verified. Firstly, a numerical analysis is con-
ducted on fictitious data. Afterwards, a comparison is performed based on the data of a
given machine.

5.1. Numerical Analysis

In order to verify the derived closed solution to Equation (1), a comparison between
Equation (26) and the numerical integration of Equation (1) is performed. The accuracy
of the numerical integration naturally depends on the step-size that is chosen for dϕ.
Due to this property, the numerical error should reduce with a decreasing dϕ, if the
proposed solution is accurate. In order to rule out disadvantageous conditions for the
numerical integration, all tests were performed 10 times with randomly chosen values for
all coefficients. The presented results of mean error and calculation time were averaged
among these tests. The parameters for each test are provided in Table 1.

Table 1. Calculation parameters of the tests performed.

Test p Na Ng Ne dθ dϕ

1 5 30 5 5 0.005 rad 0.002 rad
2 5 30 5 5 0.005 rad 0.0005 rad

Using dϕ = 0.002 rad leads to an absolute mean error of 0.18% on average. The
mean calculation time of the analytical variant is about 122 times faster than the numerical
calculation throughout these tests. The absolute time saved obviously depends on the
system and architecture used, as well as the variables of the simulation. Reducing the
step-size to 0.0005 rad decreases the absolute mean error to 0.07%, while quadrupling the
calculation time of the numerical solution. This behavior gives reason to assume that the
analytical expression presented in Equation (26) is the exact solution. As Equation (26)
is independent of ϕ, the calculation time is only dependent on the number of harmonics
considered, as well as the number of positions θ examined. The latter is especially important
to correctly describe high harmonics in the inductance. The numerical variant additionally
requires a smaller step-size dϕ to prevent large errors when calculating fast harmonics. This
leads to a massively increased calculation time compared to the linearly rising calculation
time of the analytical solution.

To decide whether or not the presented equations are useful as a basis for future
inductance-based condition monitoring, it is important to analyze whether the solution
contains information about eccentricity. Starting with SE, Equation (27) shows an impact
on the mean value. For this reason, and the more difficult the measurement of harmonics,
the behavior of the mean value of the self-inductance under different degrees of SE δs were
examined, and are illustrated in Figure 4.

This figure proves that the self-inductance contains information about the eccentricity.
In the case of a healthy machine, all self-inductances are equal. The mean value rises with
δs, stronger if the SE is located near the phase, and to a lesser extent, if it is on the other side.
Comparing these values with the healthy self-inductance is in itself a viable tool to detect
SE. Although as the absolute change in inductance depends on the machine, a reasonable
approach could be to use a lookup table including the self-inductance calculated using this
model. For a more simple method, a threshold inductance can be calculated where the
eccentricity could damage the machine in the near future.
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As mentioned before, the change in mean value depends on the position β0. This
characteristic can be used to locate the SE in the machine, as shown in Figure 5 and the
usage of

Lαβγ = TCLabc, (30)

κ = atan2
( Lβ

Lα

)
, (31)

where Labc is a vector containing the mean value of the self-inductance Laa, Lbb and Lcc and
TC are the Clarke transformation matrix.
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Figure 4. Mean values of Laa, Lbb and Lcc experiencing SE: changing δs, β0 = 30◦.
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Figure 5. κ depending on β0 with δs = 0.6.
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Figure 5 clearly shows the ability to identify β0 using the self-inductance. However,
the information is not complete, as κ assumes the values from [−π, π] twice over one
mechanical rotation. This duality is present, due to the inductance being dependent on the
flux of the permanent magnets. This flux is at a maximum with a period of 180◦, which
coincides with Figure 5. Another interesting characteristic is the presence of additional
harmonics in κ. These harmonics will make approximating β0 more complicated, especially
in a real system, where noise is an additional disturbance, but are negligible until the
duality of κ is solved.

DE and ME are more complicated eccentricities, as they change with the mechanical
angle θ. Nevertheless, the harmonic content presented in Figures 6 and 7 clearly show
characteristics, especially additional harmonics, introduced by eccentricity. These types
of eccentricity have not been investigated further as of yet, but likely contain information
regarding degree and position.

It is important to note, that some eccentricity-related features are machine-dependent.
Figure 6 shows an arbitrary IPMSM with all harmonics present in the turns function. The
harmonic content of the inductance of a different arbitrary machine with an overlapping
concentrated winding is pictured in Figure 8. As the turns function to describe this ma-
chine only contains synchronous harmonics, as shown in the Ref. [28], a lot of harmonics
introduced in the IPMSM of Figure 6 are not present here. This is just an example of the
machine structure affecting the harmonic content of the eccentricity-related inductance. A
thorough investigation of other machine geometries and windings is yet to be made.
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Figure 6. Harmonic content of Laa experiencing DE: δd = 0.6, β0 = 30◦.
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Figure 7. Harmonic content of Laa experiencing ME: δs = 0.3, δd = 0.3, β0 = 30◦.
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Figure 8. IPMSM with an overlapping concentrated winding, harmonic content of Laa experiencing
DE: δd = 0.6, β0 = 30◦.

5.2. Case of Study

In this section, a concentrated-winding PMSM is considered. A cross-section of the
machine is shown in Figure 9. This machine has 20% inset permanent magnets, 12 slots
and 10 poles. The mean air-gap radius is 15 mm, the stacklength is 100 mm, the number of
stator turns is 100, and the magnet angular span is 25◦, while the stator slot angular span
is 50◦.
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Figure 9. Cross-section of the concentrated-winding PMSM. Winding scheme is indicated in the
stator slots.

For this machine, the stator turn functions na, nb and nc can be derived, as well
as the inverse air-gap profile in absence of eccentricity. These functions are shown in
Figures 10 and 11.

In order to determine the coefficients for the harmonics of the stator turn functions
and the inverse air-gap profile, the Fast Fourier Transform (FFT) can be used. As shown in
Figures 12 and 13, it is meaningful to consider up to the first 50 harmonics for the stator turn
functions (i.e., Na = 50) and up to the first 50 harmonics for the inverse air-gap profile (i.e.,
Ng = 5 given the number of poles being 10). Additionally, in the following analysis, a static
eccentricity was imposed with δs = 0.6 and β0 = 30◦. Three integrations of the MWFA
formula were performed for the self-inductance of phase A and the mutual-inductance
between phases A and B by using different integration steps, namely, 0.01 rad, 0.005 rad
and 0.002 rad. The resulting inductances were compared to those obtained through the
proposed solution. The obtained results are shown in Figures 14–19.
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Figure 10. Stator turn functions na, nb and nc for the three machine phases.
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Figure 11. Inverse air-gap profile in absence of eccentricity.
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Figure 12. FFT of the stator turn function of phase A.
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Figure 13. FFT of the inverse air-gap profile.
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Figure 14. (Top) Self-inductances of phase A calculated by using the proposed solution (in black) and
by integrating the MWFA integral (in red) with a step angle of 0.01 rad. (Bottom) Error between the
proposed solution and the integration of the MWFA.
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Figure 15. (Top) Mutual-inductance between phases A and B calculated by using the proposed
solution (in black) and by integrating the MWFA integral (in red) with a step angle of 0.01 rad.
(Bottom) Error between the proposed solution and the integration of the MWFA.

0 1 2 3 4 5 6
Mechanical degrees [rad]

0.028

0.029

0.03

0.031

0.032

0.033

0.034

0.035

Se
lf

-I
nd

uc
ta

nc
e 

[H
]

L
aa

L
aa, num

0 1 2 3 4 5 6
Mechanical degrees [rad]

0

2

4

6

8

E
rr

or
 [

H
]

10 -4

Figure 16. (Top) Self-inductances of phase A calculated by using the proposed solution (in black) and
by integrating the MWFA integral (in red) with a step angle of 0.005 rad. (Bottom) Error between the
proposed solution and the integration of the MWFA.
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Figure 17. (Top) Mutual-inductance between phases A and B calculated by using the proposed
solution (in black) and by integrating the MWFA integral (in red) with a step angle of 0.005 rad.
(Bottom) Error between the proposed solution and the integration of the MWFA.
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Figure 18. (Top) Self-inductances of phase A calculated by using the proposed solution (in black) and
by integrating the MWFA integral (in red) with a step angle of 0.002 rad. (Bottom) Error between the
proposed solution and the integration of the MWFA.
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Figure 19. (Top) Mutual-inductance between phases A and B calculated by using the proposed
solution (in black) and by integrating the MWFA integral (in red) with a step angle of 0.002 rad.
(Bottom) Error between the proposed solution and the integration of the MWFA.

As it can be observed, the error between the MWFA integration and the proposed
solution decreases with the integration step size, as it can be seen in Table 2, while the com-
putational time increases considerably when integrating the MWFA formula. In particular,
by choosing an integration step of 0.002 rad, the computational time reduces by 100 times
(from 80 s to 0.8 s).

Table 2. Integration error and computational time at different step sizes.

Integration Step Error on Laa Error on Lab Computational Time with MWFA Computational Time Proposed Solution

0.01 rad 5.45% 1.77% 16.65 s 0.78 s
0.005 rad 1.46% 0.48% 32.66 s 0.81 s
0.002 rad 0.65% 0.21% 79.99 s 0.80 s

6. Conclusions

This work has presented an analytical solution to the integral of the MWFA using
turns and inverse air-gap functions that are described in terms of their harmonic content.
The MWFA is used to model machines and has been proven to describe small air-gap
machines with good accuracy. Several previous works have expanded its expression to
describe machines experiencing mechanical faults. Nevertheless, an exact solution to the
MWFA formula has never been derived. This work has addressed this issue by solving the
integral of Equation (1) without any assumptions on the formulation of its elements besides
specifying a finite number of harmonics. The exact solution to the integral allows a drastic
reduction of computational time, as shown in the previous section, and this is especially
the case when a high number of harmonics is considered. In fact, in this case, not only
does the proposed solution require very little computational effort compared to integrating
Equation (1), but it is also unaffected by errors due to numerical integration. Moreover,
the proposed solution provides the possibility of performing a direct harmonic analysis
that allows to study how the presence of eccentricity affects the harmonics of the machine
inductances. Nevertheless, it has to be remarked that the proposed solution cannot provide
a full harmonic description of the machine inductances in the case of ME (as it is possible
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to observe from Equation (26)). In this particular case, it is convenient to isolate the term of
the solution that is not expressed in terms of harmonics and compute an FFT. Although this
approach is convenient from a numerical point of view, it does not allow to perform a direct
analysis of how ME affects the inductance harmonics. Finally, future research activities will
focus on the usage of this solution for application to condition monitoring techniques that
are based on the real-time measurements of the machine phase inductances that would
allow for real-time detection of eccentricity.
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Appendix A

Nk =

[[ Na

∑
t=1

1
2

At Ak+t cos((k + t)ϕx − tϕy) +
Na

∑
t=1
t 6=k

1
2

At A|t−k| cos((k− t)ϕx + tϕy)

]2

+ (A1)

[ Na

∑
t=1
−1
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Na
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t 6=k

1
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At A|t−k| sin((k− t)ϕx + tϕy)

]2
] 1
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αk = atan2
( Na

∑
t=1
−1

2
At Ak+t sin((k + t)ϕx − tϕy)−

Na

∑
t=1
t 6=k

1
2

At A|t−k| sin((k− t)ϕx + tϕy)

/
(A2)

Na

∑
t=1

1
2

At Ak+t cos((k + t)ϕx − tϕy) +
Na

∑
t=1
t 6=k

1
2

At A|t−k| cos((k− t)ϕx + tϕy)

)

L0 = MG0π
Na

∑
k=1

A2
k cos(k(ϕx − ϕy))−

Mπ

4G0

Ng

∑
k=1

A2
2pkG2

2pk cos(2pk(ϕx − ϕy)) (A3)

N2pk =

[[
Mπ

2

Ng

∑
k=1

N2pkG2pk cos(α2pk)−

Mπ

4G0

2Ng

∑
k=1

[ Ng

∑
t=1

A2ptG2pt A2p(k+t)G2p(k+t) cos(2p((k + t)ϕx − tϕy))+

Ng

∑
t=1
t 6=k

A2ptG2pt A2p|t−k|G2p|t−k| cos(2p((k− t)ϕx + tϕy))

]]2

+

[
− Mπ

2

Ng

∑
k=1

N2pkG2pk sin(α2pk)+

Mπ

4G0

2Ng

∑
k=1

[ Ng

∑
t=1

A2ptG2pt A2p(k+t)G2p(k+t) sin(2p((k + t)ϕx − tϕy))+

Ng

∑
t=1
t 6=k

A2ptG2pt A2p|t−k|G2p|t−k| sin(2p((k− t)ϕx + tϕy))

]]2] 1
2

(A4)

α2pk = atan2

(
− Mπ

2

Ng

∑
k=1

N2pkG2pk sin(α2pk)+
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2Ng

∑
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]/
[

Mπ

2

Ng
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N2pkG2pk cos(α2pk)−

Mπ

4G0

2Ng
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k=1
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∑
t=1

A2ptG2pt A2p(k+t)G2p(k+t) cos(2p((k + t)ϕx − tϕy))+

Ng

∑
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t 6=k

A2ptG2pt A2p|t−k|G2p|t−k| cos(2p((k− t)ϕx + tϕy))

]])
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L0 = MG0π
Na

∑
k=1

A2
k cos(k(ϕx − ϕy))−

Mπ

4G0

Ng

∑
k=1

A2
2pkG2

2pk cos(2pk(ϕx − ϕy)) (A6)

Lc,0 = M(G0 − G0)π
Na
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k=1
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− 1
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2pkG2

2pk cos(2pk(ϕx − ϕy))

Le,0 = −Mπ

4G0

Ne

∑
k=1

A2
kG2

e,k cos(k(ϕx − ϕy)) (A8)
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(
1

G0
− 1
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) Ng
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+
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4

(
1

G0
− 1
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) Ng

∑
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A2ptG2pt A2p(k+t)G2p(k+t) sin(2p((k + t)ϕx − tϕy))+

Ng
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]2
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A2ptG2pt A2p|t−k|G2p|t−k| sin(2p((k− t)ϕx + tϕy))

/

− Mπ

4

(
1

G0
− 1
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) Ng

∑
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Ng
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t 6=k
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Mk =

[[
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Ne
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Ne
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]2

+

[
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Ne
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Ne
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βk = atan2
(

Mπ

4G0

Ne

∑
t=1

AtGe,t At+kGe,t+k sin((k + t)ϕx − tϕy)+ (A12)

Ne

∑
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AtGe,t A|t−k|Ge,|t−k| sin((k− t)ϕx + tϕy)
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− Mπ
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Ne

∑
t=1
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Ne
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k=1
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2Ne
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Ne,2pk cos(−αe,2pk) + My,2pk cos(2pkϕx) + Mx,2pk cos(2pkϕy)

]2
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(
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Mπ

4G0
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My,2pk = −
Mπ

2G0
G2pk A2pk

Ne

∑
t=1

AtGe,t cos(t(β + ϕy)) (A18)

Mx,2pk = −
Mπ
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G2pk A2pk

Ne

∑
t=1

AtGe,t cos(t(β + ϕx)) (A19)

Lde,0 = L0 + Lc,0 + Le,0 (A20)

Mde,k =

[[
MπNkGe,k cos(kβ0 − αk) + Mk cos(kβ0 − βk)

]2

+ (A21)

[
−MπNkGe,k sin(kβ0 − αk)−Mk sin(kβ0 − βk)

]2
] 1
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βde,k = atan2
(
−MπNkGe,k sin(kβ0 − αk)−Mk sin(kβ0 − βk)
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− Mπ
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[
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]]2

+ (A23)
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[
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]]2
] 1

2
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(

Mπ
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[
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(A24)

− Mπ

4G0
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[
cos(2ptϕx − kϕy − kβ0) + cos(2ptϕy − kϕx − kβ0)
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k,2pt =

[[
− Mπ
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[
cos(2ptϕx + kϕy + kβ0) + cos(2ptϕy + kϕx + kβ0)

]]2

+ (A25)

[
Mπ

4G0
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[
sin(2ptϕx + kϕy + kβ0) + sin(2ptϕy + kϕx + kβ0)

]]2
] 1

2

α+k,2pt = atan2
(

Mπ

4G0
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[
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