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A B S T R A C T   

Interfacial thermal resistance (ITR) presents a measure of the thermal resistance to heat transport caused by the 
interface in composites to a thermal movement when the heat flows across it. In the heat transfer analysis, the 
presence of an ITR invalidates the continuity condition of temperature at the interface, so that a special treatment 
is required. In this paper, two one-dimensional models are developed for the heat transfer analysis in multi- 
layered materials with ITR. One is to create a virtual layer at the interface to represent the ITR and the other 
is to use a local artificial layer surrounding the interface with modified thermal properties to reflect the influence 
of ITR on the heat transfer in the layer involving the interface. As the application of the present models, nu-
merical examples are also provided for the heat transfer analysis of a multi-layered composite and a substrate 
with multilayer surface coatings, from which the effect of ITR on the heat transfer in composite materials is 
demonstrated.   

1. Introduction 

Composites with multilayer materials, due to their outstanding 
thermal, electrical, chemical and mechanical properties, have been 
widely used in civil, mechanical, aeronautical and aerospace engineer-
ing. A multi-layered composite normally consists of two or more layers 
of different materials with different chemical and/or physical proper-
ties. When they are combined, the jointed composite can produce the 
properties that are different from those of their original components. By 
changing the components and/or thicknesses of the layers one can 
produce the tailor-made properties of composite materials and/or 
composite structures. Typical examples of the multi-layered composites 
include the sandwich beams [1] made by attaching two thin but stiff 
skins to a light weight but thick core, which can produce high bending 
stiffness but have overall low density; the composite laminates [2] 
assembled of layers of fibrous composite materials, which are integrated 
together to provide required engineering properties such as bending 
stiffness, in-plane stiffness, strength and coefficient of thermal expan-
sion; and the multilayer surface coatings [3] which combine the several 
materials of attractive properties, each chosen to solve a problem in the 
application to protect the substrate materials. 

In recent years, there is a growing interest to use multi-layered 

composites to provide thermal barriers in structural components [4]. 
For instance, Srivastava et al. [5] proposed a three-layer coating archi-
tecture to reduce the heat transfer and chemical diffusion in die steel. 
Josell et al. [6] investigated the heat transfer through thermal barrier 
coatings (TBCs) composed of nanoscale thick layers. Kovalev et al. [7] 
analysed the physical nature of thermal barrier properties of nano- 
laminated films by using X-ray photoelectrons and high-resolution 
electron-energy loss spectroscopies. Tang et al. [8] developed a nu-
merical model for turbine blades with TBCs and analysed the tempera-
ture distribution and thermal-stress field in different service stages. Liu 
et al. [9] reported a study on the TBCs insulation and the resultant 
stresses in coated blades. Zhu et al. [10] developed a three-dimensional 
finite element analysis model for turbine blades coated with multilayer- 
structured TBCs. Sun et al. [11] presented an experimental investigation 
on the thermal effect in picosecond laser drilling of thermal barrier 
coated In718. Ge et al. [12] reported an experimental investigation on 
the thermal radiation and conduction in functionally graded TBCs. 
Munuhe et al. [13] proposed an integrated model by incorporating 
simultaneous droplet spreading, wetting interactions, heat transfer, and 
liquid infiltration with temperature-dependent viscosities in unsatu-
rated porous media. In literature, there are reports on the thermal 
resistance generated at the interface [14,15], particularly when the 
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materials on the two sides of the interface have significantly different 
thermal properties and/or the thickness of one of the layers involved is 
very thin. For example, Choi et al. [16,17] reported the influence of 
interphase characteristics on the thermal conductivity of carbon nano-
tubes reinforced polymer composites. Hassanzadeh-Aghdam et al. [18] 
examined the effect of surface coating of carbon nanotubes on the 
effective thermal conductivity of unidirectional polymer hybrid nano-
composites. Fang et al. [19] developed an analytical model to calculate 
the effective thermal conductivity with considering the interfacial 
thermal resistance (ITR). Note that the heat transfer analysis for the 
composites with multilayer materials is generally carried out by using 
numerical methods such as finite element methods, in which the tem-
perature and heat flux are treated as the continuous functions in the 
formulations of finite element analysis. To deal with the ITR, one has to 
use special interface elements which are similar to the “contact ele-
ments” used in the structural analysis to deal with the discontinuity in 
displacement at the interface between the two involved materials in a 
composite structure [20]. The difficulty in developing such special 
interface elements is the formulation of governing equations to describe 
the discontinuity of physical variables and the determination of corre-
sponding material constants to be used in the interface element. 
Currently, the ITR could be handled by using the interphase elements in 
which a liquid phase is artificially added at the interface with specified 
ITR. The liquid phase discontinues the materials on the two side of the 
interface and thus allows for the discontinuity of temperature at the 
interface. However, the use of such interphase elements not only re-
quires the finite element model utilised to have a built liquid phase but 
also makes the element mesh inconvenient and increases the computa-
tional complexity. 

ITR represents a measure of the thermal resistance provided by the 
interface to thermal transport when the heat flows across it. ITR arises 
because of the differences in the material properties on the two sides of 
the interface [21], and it results in a temperature jump at the interface 
whereas the continuity of heat flux is maintained there. The problem 
related to ITR was addressed as early as 1941 when Kapitza [22] 
discovered the temperature jump at an interface between solid and 
liquid phases. The similar phenomenon was also reported for the 
interface jointed by two solid materials [23–25]. In order to take account 
into the effect of ITR on the heat transfer in multilayer composite 
structures, various analysis models have been developed. One of the 
approaches is to modify the thermal properties of the materials in the 
two layers surrounding the interface to reflect the influence of ITR on the 
heat transfer [6,26]. This kind of approaches not only have some diffi-
culty in determining the equivalent thermal properties but also may lead 
to inaccurate results because it dilutes the local effect of ITR. In this 
paper, two one-dimensional models are developed for the heat transfer 
analysis in the composites with multilayer materials in which the ITR is 
considered locally. One is to create a virtual layer at the interface to 
represent the ITR and the other is to use a local artificial layer sur-
rounding the interface with modified thermal properties to reflect the 
influence of ITR on the heat transfer in the layer involving the interface. 
As the application of the present models, numerical examples are also 
provided for the heat transfer analysis of a multi-layered composite and 
a substrate with multilayer surface coatings, from which the effect of ITR 
on the heat transfer in composite materials is highlighted. 

2. Description of heat transfer analysis in multi-layered 
composites with ITR 

Consider a composite with multilayer materials, in which each layer 
can be treated as a homogeneous material. The governing equation for 
the heat transfer analysis of the composite is well known and can be 
expressed as follows, 

(ρici)
∂Ti

∂t
= ∇(ki∇Ti) in Ωi (i = 1, 2,⋯) (1)  

where ρi is the density, ci is the specific heat, Ti is the temperature, t is 
the time, ki is the thermal conductivity coefficient, Ωi is the layer 
domain, and the subscript i represents the i-th layer. For a multi-layered 
composite two additional equations are required at each interface to 
define the temperature and heat flux, which can be expressed as follows 
[19,26], 

ki
∂Ti

∂n
=

1
Ri,i+1

(Ti+1 − Ti) on Γi,i+1 (i = 1, 2,⋯) (2)  

− ki+1
∂Ti+1

∂n
=

1
Ri,i+1

(Ti+1 − Ti) on Γi,i+1 (i = 1, 2,⋯) (3)  

where n is the normal of interface, Ri,i+1 is the thermal resistance of the 
interface, and Γi,i+1 is the interface between layer i and layer i + 1. It is 
obvious from Eqs. (2)–(3) that, if there is no ITR, i.e. Ri,i+1 → 0, then Eqs. 
(2) and (3) reduce to the conventional continuity conditions for tem-
perature and heat flux at the interface, i.e. Ti = Ti+1 and ki

∂Ti
∂n =

− ki+1
∂Ti+1

∂n . 
Theoretically, Eqs. (1)–(3) plus the initial and boundary conditions 

can be used to determine the temperature distribution in the multi- 
layered composite at any time. For instance, if the temperatures at a 
time tk at three points xj-2, xj-1, and xj are known (see Fig. 1), then the 
temperature at the time tk+1 at point xj-1 can be calculated from Eq. (1) 
by using the finite difference method with an explicit time integration 
scheme as follows, 

Tk+1
p = Tk

p +

(
k1

ρ1c1

)( Δt
Δx2

)(
Tk

p+1 − 2Tk
p + Tk

p− 1

)
(p = 2, 3,⋯j − 1) (4)  

Tk+1
p = Tk

p +

(
k2

ρ2c2

)( Δt
Δx2

)(
Tk

p+1 − 2Tk
p + Tk

p− 1

)
(p = j+ 1, J + 2,⋯m − 1)

(5)  

where Δt is the increment of time t, Δx is the increment of coordinate x, 
(ρ1, c1, k1) and (ρ2, c2, k2) are the density, specific heat, and thermal 
conductivity coefficient in the layers 1 and 2, respectively, and Tk

p is the 
temperature at time tk and coordinate point xp. The temperatures at the 
two sides of the interface where x = xj = xj* can be calculated using Eqs. 
(2) and (3), which are given as follows, 

Tk+1
j =

(
1 + Δx

R1,2k2

)
Tk+1

j− 1 + Δx
R1,2k1

Tk+1
j+1

1 + Δx
R1,2k1

+ Δx
R1,2k2

=

(
R1,2
Δx + 1

k2

)
Tk+1

j− 1 + 1
k1

Tk+1
j+1

R1,2
Δx + 1

k1
+ 1

k2

(6)  

Tk+1
j* =

(
1 + Δx

R1,2k1

)
Tk+1

j+1 + Δx
R1,2k2

Tk+1
j− 1

1 + Δx
R1,2k1

+ Δx
R1,2k2

=

(
R1,2
Δx + 1

k1

)
Tk+1

j+1 + 1
k2

Tk+1
j− 1

R1,2
Δx + 1

k1
+ 1

k2

(7) 

Eqs. (6) and (7) indicate that the temperatures at the two sides of the 
interface are dependent on the temperatures at the two nodes adjacent 

Fig. 1. Explicit scheme for calculation of temperature in one-dimensional two- 
layered composites with ITR at x = xj = xj*. 
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to the interface, the thermal properties of the two layers surrounding the 
interface, and the thermal resistance of the interface itself. Finally, the 
temperature at the two boundaries where x = 0 and x = xm can be 
determined based on the prescribed boundary conditions. For example, 
if the temperature and heat flux are prescribed at x = 0 and x = xm, 
respectively, then the corresponding temperatures there can be 
expressed as follows, 

Tk+1
1 = T1 at x = 0 (8)  

Tk+1
m = Tk+1

m− 1 −
qmΔx

k2
at x = xm (9)  

where T1 and qm are the prescribed temperature and heat flux applied on 
the surfaces at x = 0 and x = xm, respectively. The temperatures given by 
Eqs. (4)–(9) are the solution obtained by using the finite difference 
method. Also, it should be noted that the explicit time-integration 
scheme is not unconditionally stable. Thus, when Eqs. (4)–(9) are 
employed smaller time steps should be used in the calculations in order 
to achieve accurate results. 

3. Virtual layer representing discontinuity condition of 
temperature at interfaces 

To describe the discontinuity condition of temperature at the inter-
face in a two-layered composite, herein a virtual layer model is proposed 
to represent the interface. Thus, the original two-layered composite with 
ITR shown in Fig. 2a is now represented by the three-layered composite 
shown in Fig. 2b, in which the middle layer represents the interface 
(virtual layer) which reflects the ITR in the two-layered composite. Since 
the virtual layer could be very thin it would be reasonable to assume the 
temperature to be linearly distributed in the virtual layer. According to 
the continuity condition of heat flux at each side of the virtual layer, the 
following two equations can be obtained, 

k1
Tk+1

j − Tk+1
j− 1

Δx
= kint

Tk+1
j* − Tk+1

j

Δxint
(10)  

k2
Tk+1

j+1 − Tk+1
j*

Δx
= kint

Tk+1
j* − Tk+1

j

Δxint
(11)  

where kint is the thermal conductivity coefficient of the virtual layer and 
Δxint = xj* - xj is the thickness of the virtual layer. The energy conser-
vation in the virtual layer requires the following equation: 

(ρintcint)
∂Tint

∂t
= −

∂
∂n

(

k2
∂T2

∂n
+ k1

∂T1

∂n

)

(12)  

where ρint and cint are the density and specific heat of the virtual layer, 
respectively, and Tint is the temperature in the virtual layer. According 
to the flux expressions given by Eqs. (10) and (11), it can be concluded 
that the right-hand-side of Eq. (12) is zero. This indicates that if a linear 
temperature distribution is assumed in the virtual layer then the specific 
heat or the density of the virtual layer must be zero, i.e. cint = 0 or ρint =

0. Eqs. (10) and (11) can be also used to solve for the temperatures at the 
two sides of the virtual layer, which yields, 

Tk+1
j =

(
1 + Δxkint

Δxint k2

)
Tk+1

j− 1 + Δxkint
Δxintk1

Tk+1
j+1

1 + Δxkint
Δxintk1

+ Δxkint
Δxintk2

=

(
Δxint
Δxkint

+ 1
k2

)
Tk+1

j− 1 + 1
k1

Tk+1
j+1

Δxint
Δxkint

+ 1
k1
+ 1

k2

(13)  

Tk+1
j* =

(
1 + Δxkint

Δxint k1

)
Tk+1

j+1 + Δxkint
Δxintk2

Tk+1
j− 1

1 + Δxkint
Δxintk1

+ Δxkint
Δxintk2

=

(
Δxint
Δxkint

+ 1
k1

)
Tk+1

j+1 + 1
k2

Tk+1
j− 1

Δxint
Δxkint

+ 1
k1
+ 1

k2

(14) 

Comparing Eqs. (13) and (14) with Eqs. (6) and (7), one can find that, 
if kint is chosen as kint = Δxint/R1,2, then the temperatures at the two 
sides of the interface calculated from Eqs. (6) and (7) are exactly the 
same as the temperatures at the two sides of the virtual layer calculated 
from Eqs. (13) and (14). This means that if the virtual layer with 
thickness Δxint, thermal conductivity coefficient kint = Δxint/R1,2 and 
zero specific heat cint = 0 or zero density ρint = 0 are used to represent 
the interface, then the results obtained from the three-layered composite 
without ITR will be effectively the same as those obtained from the two- 
layered composite with ITR. While the virtual layer is employed, both 
the temperature and heat flux will be continuous at the two interfaces 
between layer 1 and virtual layer and between layer 2 and virtual layer. 

Fig. 2. Temperature distributions in different models. (a) Two-layered composite with ITR. (b) Virtual layer model. (c) Artificial layer model.  
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The benefit of using the virtual layer to model the interface with ITR is 
its convenience when the problem is solved by using the finite element 
method as it does not need to use special interface element to reflect the 
effect of ITR. 

4. Artificial layer representing discontinuity condition of 
temperature at interfaces 

The weakness of using the virtual layer is the need to modify the 
domain of the structure to be analysed. To avoid this problem, an 
alternative approach is to overlay the virtual layer to the existing ma-
terials in the two sides of the interface. For example, a half of its 
thickness is overlaid in layer 1 and the other half is overlaid in layer 2 
(see Fig. 2c) to create an artificial layer Δx, which consists of three 
different materials that are connected in series. The thermal properties 
of the artificial layer thus can be expressed as follows, 

ρeff ceff =
1
2
(ρ1c1 + ρ2c2) (15)  

1
keff

=
1

kint
+

1
2k1

+
1

2k2
(16)  

where ρeff, ceff and keff are the effective density, effective specific heat 
and effective thermal conductivity coefficient of the artificial layer, 
respectively, kint = Δx/R1,2, and Δx is the width of the artificial layer. 
The temperatures at node j and j* thus can be calculated by using Eq. (1), 
as follows, 

Tk+1
j = Tk

j +

(
k1

ρ1c1

)( Δt
Δx2

)[keff

k1

(
Tk

j* − Tk
j

)
−
(

Tk
j − Tk

j− 1

)]

(17)  

Tk+1
j* = Tk

j* +

(
k2

ρ2c2

)( Δt
Δx2

)[(
Tk

j+1 − Tk
j*

)
−

keff

k2

(
Tk

j* − Tk
j

)]

(18) 

As a numerical example, Fig. 3 shows a comparison of the temper-
ature profiles at the time of t = 0.417 h in a two-layer composite plate, 
each layer has 0.5 m thickness, and the ITR is Rint = 1/500 m2⋅K/W. The 
results plotted in Fig. 3 are obtained by using (1) the finite difference 
method for the actual two-layer model with ITR as described in Section 
2, (2) the finite element method for the virtual layer model described in 
Section 3, and (3) the finite element method for the artificial layer model 
described in this Section. The thermal properties of the composite plate 

used in the example are given in Table 1. The initial temperature of the 
composite plate is assumed to be 20 ◦C. The temperatures of the com-
posite plate at its two sides are assumed to be 480 ◦C and 20 ◦C, 
respectively. The thicknesses of the virtual layer and artificial layer are 
taken as Δxint = Δx = 0.02 m. Note that the total thickness of the two- 
layer composite plate is 1.0 m in both the actual two-layer model and 
artificial layer model; whereas in the virtual layer model it is 1 + Δxint =

1.02 m (0.02 m is the thickness of the virtual layer). For the presentation 
of comparison, the temperature profile in the virtual layer model plots 
only the temperature in layer 1 and layer 2 (i.e. the temperature in the 
virtual layer has been narrowed down to a point), so that the total 
thickness in the plot keeps the same as that in the other two models; 
whereas the actual variation of the temperature in the virtual layer is 
plotted in the zoom plot of the figure to visualise its variation. 

It can be seen from Fig. 3 that the temperature profiles given by the 
actual two-layer model with ITR and the virtual layer model are almost 
identical, which demonstrates that the use of virtual layer model to 
analyse the heat transfer in multi-layered composites is reliable and able 
to provide accurate results. The temperature predicted by the artificial 
layer model is also almost the same as that calculated by the actual two- 
layer model with ITR, except for those in the artificial layer where the 
temperature drops continuously from layer 1 to layer 2, instead of a 
jump at the interface. This means that if the thickness of the artificial 
layer is sufficient small then the artificial layer model can also provide 
accurate temperature distribution. 

Fig. 4 shows the comparison of temperature histories at the two sides 
of the interface, obtained from the three models. The figure demon-
strates the ability of the virtual layer model which is able to provide 
accurate results; whereas the results provided by the artificial layer 
model are approximate, the accuracy of which is dependent on the 
thickness of the artificial layer employed in the model. The temperature 
histories plotted in Fig. 4 show that under the influence of ITR the 
temperature jump at the interface between layers 1 and 2 increases with 
time. 

5. Heat transfer analysis of composites with multilayer coatings 
involving ITR 

TBCs are the advanced materials that are usually used as coatings on 
turbines, aircraft engines and structural components for materials pro-
tection against excessive heat in high-temperature processes [6,27,28]. 
TBCs are often made by using multi-layered composites with several 
different materials in order to perform well in aggressive thermo- 
mechanical environments. ITR is normally generated in such multi-
layer coatings to provide thermal barrier. Depending on the type of 
applications, the thickness of TBCs can be in the range from nanometres 
to millimetres. Owing to the significant scale difference between the 
coating and substrate, the heat transfer analysis for such composites 
need to use special finite element methods or multi-scale models 
[29–33]. However, if the present virtual layer model is used, the analysis 
would be much simple. Here, as an example, we consider the heat 
transfer in an aluminium plate (substrate) coated with a multi-layer 
polymer metal laminate (PML) on its rear surface. The thicknesses and 
thermal properties of the aluminium and PML are taken directly from 
[34] and given in Table 2. In the experiment the aluminium plate is 
subjected to a constant heat flux of 50 kW/m2 on its uncoated front 

Fig. 3. Comparison of temperature profiles at t = 0.417 hrs in a two-layer 
composite plate with ITR Rint = 1/500 m2⋅K/W obtained from three different 
models. The zoom plot shows the temperature variation in the virtual layer, 
which is not shown in the main plot. 

Table 1 
Thermal properties used in example 1.  

Layer Thickness 
(m) 

Density 
(kg/m3) 

Specific heat 
(J/(kg⋅K)) 

Thermal conductivity 
(W/(m⋅K)) 

1  0.5 2700 1000 200 
2  0.5 2700 1000 100 
Virtual  0.02 0 0 10 
Artificial  0.02 2700 1000 9.95  
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surface and exposed to room temperature on its coated rear surface. The 
boundary conditions of the plate at the front and rear surfaces thus can 
be expressed as follows, 

− k1
∂T
∂x

= q − h1(T − 20) − σε1
[
(T + 273)4

− 2934] (19)  

k2
∂T
∂x

= − h2(T − 20) − σε2
[
(T + 273)4

− 2934] (20)  

where k1 and k2 are the thermal conductivity coefficient of the 
aluminium and PML, h1 and h2 are the convective coefficient of the front 
and rear surfaces, ε1 and ε2 are the surface emissivity of the front and 
rear surfaces, and σ = 5.6704 × 10− 8 W/(m2⋅K4) is the Stefan-Boltzmann 
constant. In the present simulation, the ambient temperature is assumed 
to be 20 ◦C, h1 = 25 W/(m2⋅K) and ε1 = 0.75 on the front surface exposed 
to heat flux, h2 = 9.0 W/(m2⋅K) and ε2 = 1.0 on the rear surface exposed 
to ambient temperature are assumed herein since these parameters are 
not available in [34]. The ITR between the substrate and coating layer is 
assumed to be Rint = 1/50 m2⋅K/W. Considering the lateral flow of heat 
on the front surface the actual heat flux used in Eq. (19) is reduced by a 
factor of 0.75, that is q = 0.75 × 50 kW/m2. 

Fig. 5 shows the time histories of the temperature on the front and 
rear surfaces of the coated aluminium plate obtained from the present 
virtual layer model (lines) and tests [34] (points), respectively. In the 
virtual layer model the thickness of the virtual layer is assumed to be δ =
0.01 mm. It can be seen from the figure that the temperatures on the 
both sides increase with time initially very quick; but with the increase 
of time they become stabilized, which means that the heat flux into the 
plate from the front surface is almost balanced by the heat flux out from 
the plate on the rear surface. It is evident from Fig. 5 that the predictions 
are in very good agreement with those obtained from the experiments. 
To demonstrate the importance of considering ITR in the heat transfer 
model, Fig. 6 shows the temperature profiles at three different times 
obtained from the virtual layer model. It can be observed from the figure 

that the temperature has very small variation in either the substrate 
layer or the coating layer. In contrast, the temperature jump at the 
interface is very significant. Therefore, it would be expected that, if the 
ITR were ignored the temperature at the rear surface of the plate would 
be very high. This implies that the thermal barrier in the multilayer 
coatings is mainly provided by the ITR rather than by the materials of 
the coatings. 

For a thin multilayer coating with ITR, its effect on the heat transfer 
into the coated substrate can be modelled by using a modified surface 
boundary condition. Consider a substrate with a bilayer surface coating 
as shown in Fig. 7. It is assumed that ITR exists only at the interface 
between coating layers 1 and 2, but not at the interface between coating 
layer 2 and substrate. Since the thicknesses of the coating layers 1 and 2 
are much smaller than that of the substrate, the temperature in these two 
coating layers can be assumed to be linearly distributed as plotted in 
Fig. 7. According to the continuity condition of heat flux, the following 
equations can be established, 

Fig. 4. Comparison of time-histories of temperatures at two sides of interface in 
a two-layer composite plate with ITR Rint = 1/500 m2⋅K/W obtained from three 
different models. 

Table 2 
Thermal properties of aluminium with PML coating used in example 2.  

Layer Thickness 
(mm) 

Density 
(kg/m3) 

Specific heat 
(J/(kg⋅K)) 

Thermal conductivity 
(W/(m⋅K)) 

Aluminium  6.35 2700 900 121 
PML  0.8 2450 1000 1.09  

Fig. 5. Time-histories of temperature on the front and rear surfaces of coated 
aluminium plate (lines are prediction and symbol-points are experimental data 
from [34]). 

Fig. 6. Temperature distribution profiles in coated aluminium plate at 
different times. 
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hb(Te − TA) =
k1

Δ1
(TA − TB) (21)  

k1

Δ1
(TA − TB) =

1
R12

(TB − TC) (22)  

1
R12

(TB − TC) =
k2

Δ2
(Tc − TD) (23)  

k2

Δ2
(Tc − TD) = − ks

∂TD

∂x
(24)  

where hb is the convective coefficient of the exposed surface, k1 and k2 
are the thermal conductivity coefficient of the coating layers 1 and 2, Δ1 
and Δ2 are the thickness of the coating layers 1 and 2, R12 is the thermal 
resistance of the interface between coating layers 1 and 2, ks is the 
thermal conductivity coefficient of the substrate, Te, TA, TB, TC, and TD 
are the temperatures in the environment next to the coated surface, on 
the two sides of layer 1 and layer 2 (see Fig. 7), respectively. If the 
surface radiation on the exposed surface is involved, then hb will be the 
function of temperature Te and TA. Solving Eqs. (20)–(23) for TA, TB, TC, 
and TD, it yields, 

TD = Te + ks

(
1
hb

+
Δ1

k1
+R12 +

Δ2

k2

)
∂TD

∂x
(25)  

TC = Te + ks

(
1
hb

+
Δ1

k1
+R12

)
∂TD

∂x
(26)  

TB = Te + ks

(
1
hb

+
Δ1

k1

)
∂TD

∂x
(27)  

TA = Te + ks

(
1
hb

)
∂TD

∂x
(28) 

Use Eq. (26) to substitute Tc in Eq. (24), yielding, 

heff (Te − TD) = − ks
∂TD

∂x
(29)  

in which, 

heff =
1

1
hb
+ Δ1

k1
+ R12 +

Δ2
k2

(30) 

This implies that if an effective convective coefficient heff is used, 
then the boundary condition of the temperature on the substrate surface 
can be expressed directly in terms of Eq. (29) where heff is defined by Eq. 
(30). Physically, Eq. (30) indicates that the thermal resistances provided 
by the interphase between the environment and exposed surface of 

coating layer 1, the materials of coating layers 1 and 2, and the ITR of the 
interface between coating layers 1 and 2 can be calculated by using the 
in-series model, which is similar to that reported in literature 
[6,16,19,35]. By using Eqs. (29) and (30) as the boundary condition of 
the substrate one can avoid the modelling of the multilayer surface 
coatings. In other words, the effect of the multilayer coatings on the heat 
transfer in the substrate can be simplified by modifying its exposed 
boundary condition given by Eq. (29). 

It should be noted that, although only one-dimensional problems are 
discussed in the present study, the two models developed above can be 
easily extended to two- and three-dimensional problems where the 
virtual layer or artificial layer will turn into the virtual element or 
artificial element. However, owing to the large scale difference in the 
geometry, the corresponding virtual element or artificial element has to 
be treated as the orthotropic material. The thermal conductivity derived 
in the present study can be used as the thermal conductivity in the di-
rection normal to the interface, whereas the interface-contributed heat 
transfer in the directions parallel to the interface could generally be 
ignored in the virtual element or artificial element. In other words, as far 
as the interface element is concerned the heat transfer takes place only in 
the direction normal to the interface regardless of the dimension of the 
problem. Also, it should be mentioned here that, the experimental 
measurement of ITR is very difficult and the reported data on ITR are 
sparse as a result of a lack of efficient measurement methods [36]. In 
literature ITR are mostly determined by using the combination of 
analytical and measurement methods. 

6. Conclusions 

This paper has presented two one-dimensional heat transfer analysis 
models to deal with the ITR involved in multi-layered composites. The 
models can describe accurately the effect of ITR on the heat transfer in 
composites and are easily implemented in the finite element analysis 
models. From the results obtained in the present study the following 
conclusions can be drawn.  

• The thermal resistance generated by an interface in multi-layered 
composites can be modelled by using the virtual layer model or the 
artificial layer model. The former involves the interface only, 
whereas the latter includes not only the interface but also parts of the 
materials in the layers surrounding the interface.  

• In the virtual layer model, the density or specific heat assigned to the 
virtual layer should be taken as zero; whereas the thermal conduc-
tivity coefficient of the virtual layer should be equal to the thickness 
of the virtual layer divided by the thermal resistance of the interface.  

• In the artificial layer model, the thermal properties assigned to the 
artificial layer should use their effective thermal properties. The 
effective density and effective specific heat are calculated based on 
the concept of volume average; whereas the effective thermal con-
ductivity coefficient is determined based on the in-series model. 
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