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Abstract

This thesis aims to innovate knowledge on nonlinear flight control algorithms with
reduced model dependency by resolving the research gaps for practical applications.
Two control schemes with different principles on reducing model dependency are
considered in this thesis; incremental control scheme and adaptive control scheme.
In incremental control scheme, state derivative and control surface deflection an-
gle measurements are additionally utilized to substitute required model information
except control effectiveness. In adaptive control scheme, uncertain model param-
eters are estimated online via adaptation law and these estimates are utilized in
control input command calculation. Discussions in this thesis are based on incre-
mental backstepping control (IBKS) and composite adaptive backstepping control
(C-ABKS) which are obtained by applying those control schemes to backstepping
control (BKS). Contributions of this thesis with each algorithm are detailed as fol-
lows.

This thesis provides critical understandings on IBKS in a systematic way via the-
oretical analysis under various defects. As a starting point, closed-loop analyses
under the model uncertainties are conducted with IBKS and BKS for theoretical
interpretations on reduced model dependency in IBKS. Stability and performance
of the closed-loop system with IBKS are shown to be not affected by the model
uncertainties, while they significantly influence the closed-loop characteristics with
BKS. One interesting observation is that the uncertainty on control effectiveness
information, which is still required to implement IBKS, does not have any impact
on the closed-loop system with IBKS if a control input is calculated, transmitted
and reflected fast enough to an actual control surface. The next two analyses are
conducted to identify how the defects on the additional measurements together with
the model uncertainties affect stability and performance of the closed-loop system
with IBKS. First, the closed-loop characteristics with IBKS is analyzed under biases
on the additional measurements and the model uncertainties. The measurement bi-
ases result in a steady state error while not affecting the closed-loop system stability
with IBKS. Unlike the analysis results only with the model uncertainties, the uncer-
tainty in control effectiveness information has an impact on the steady-state error
of the closed-loop system. Second, the closed-loop system with IBKS under de-
lays on the additional measurements and the model uncertainties is examined with
the analysis framework proposed in this thesis. New analysis framework with opti-
mization concept is proposed to systematically and efficiently test the closed-loop
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system stability under measurement delays. The key finding is that the delays on
the additional measurements should satisfy a specific relationship for the closed-loop
stability with IBKS. Besides, it is identified that this stability condition is affected
by the uncertainty on control effectiveness information.

A new C-ABKS is designed by resolving research gaps of the composite adaptive
control for a practical application as follows. First, parameter convergence under
finite excitation (FE) is guaranteed with a new paradigm for the information matrix
design which is suggested by developing a modulation-based approach. It is proven
that the new information matrix is positive definite for all the time from the begin-
ning under FE, while the accumulation-based approach in previous studies requires
uncertain amount of time to populate the information matrix to be full rank. The
closed-loop system with the C-ABKS utilizing the new information matrix is guar-
anteed to be globally exponentially stable for all the time under FE. Comparing
to the accumulation-based approach, the new modulation-based approach provides
advantages in adaptation speed and system robustness since the information ma-
trix is designed to have all eigenvalues with moderate level of magnitudes. Second,
the adaptation speed is improved without excessive increase of the adaptation gains
in the new logarithmic regression-based composite adaptive control system. The
parameter convergence speed is enhanced by slowing down the adaptation speed
degeneration at the later stage where the estimation error is small; a concave and
monotonically increasing characteristics of a logarithmic function is utilized for the
regression term design in this research. The closed-loop system with the proposed
logarithmic regression-based C-ABKS is shown to be asymptotically stable under
FE by applying Lyapunov theory. Within the system boundary, the new logarithmic
regression-based algorithm is proven to be always faster than the well-known linear
regression-based algorithm under the same adaptation gain if its design parameters
satisfy the suggested condition. In order to make the linear regression-based ap-
proach to become faster than the logarithmic regression-based approach with the
design parameters satisfying this condition, the adaptation gain of the linear regres-
sion term should be increased and this can result in reduced robustness.

Important findings for IBKS and C-ABKS are suggested and verified with simula-
tions throughout the thesis. A comparative study is additionally conducted to show
different properties of IBKS and C-ABKS under model uncertainties and measure-
ment delays via numerical simulations.
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Chapter 1

Introduction

1.1 Background and Motivation

There have been extensive and valuable researches on nonlinear flight control al-
gorithms [1-15] which have advantages comparing to linear controllers as follows.
First, time-consuming tasks for gain scheduling are not required. Second, nonlinear
controllers can show improved performance especially for flight envelope with signif-
icant nonlinearities. One of the biggest limitations in nonlinear flight controllers is
that they are highly dependent on aircraft model information identified off-line. By
utilizing the model information to cancel out undesired nonlinearities in dynamics,
most nonlinear controllers make error dynamics of a closed-loop system to achieve

desired behaviors.

Since it is difficult to obtain accurate model information from aero-prediction or
wind tunnel test in reality, model uncertainties are inevitable. Besides, there exist
possibilities of accidents in flight which significantly change original characteristics
of an airplane in unpredictable manner. Hence, it is important to reduce model

dependency of nonlinear flight control algorithms.

Backstepping(BKS) control [16] is one of the most widely and successfully applied
nonlinear flight control algorithms [1-10]. BKS is sensitive to model uncertainties
like other nonlinear controllers, but it has additional merits as follows. Since BKS
has a cascade control structure, a control law design for a system with large dimen-
sion can be split into recursive design for several subsystems with smaller dimensions.
Besides, the closed-loop system with BKS fulfills desired response with known sta-

bility and convergence properties, as it is designed under Lyapunov framework. This
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thesis focuses on BKS among nonlinear flight control algorithms and mainly consid-

ers two sensor dependent approaches to reduce its model dependency as follows.

Incremental backstepping(IBKS) controller is proposed in previous studies [17-20]
to reduce model dependency of BKS with supplementary measurements. Compar-
ing to BKS, IBKS additionally utilizes state derivative and control surface deflection
angle measurements which replace required knowledge about a model except con-
trol effectiveness information for its implementation. It is evident that stability and
performance with IBKS are strongly influenced by quality of these additional mea-
surements, but measurement defects are inevitable in practical applications. Hence,
it is essential to have critical understandings on the impacts of defects in these ad-
ditional measurements and uncertainty in control effectiveness information to the
system with IBKS.

Adaptive control [21-45] can be considered as another sensor dependent approach
for reduced model dependency of BKS. Note that adaptive control algorithm can
be designed to estimate uncertain model information on-line via an adaptation law
with existing measurements and utilize these estimates in control command calcu-
lation. This thesis focuses on composite adaptive backstepping(C-ABKS) control
for improved estimation and tracking performance with enhanced system robustness.
There are practical issues with this parameter estimation-based control scheme; per-
sistent excitation(PE) is required for parameter convergence and high adaptation
gain is utilized to enhance convergence speed. PE results in persistent oscillations
of state and control input signals, which is unrealistic. Fast convergence is essential

for online adaptation, but excessively large adaptation gain amplifies noise.

To this end, it is important to reduce model dependency of BKS while respond-
ing research gaps for practical applications in considered methodologies mentioned

above.

1.2 Research Aim and Objective

The overall scientific aim of this thesis is to innovate knowledge on nonlinear flight
control algorithms with reduced model dependency by resolving research gaps for

practical applications in considered methodologies.

This thesis considers BKS among nonlinear flight control algorithms and focuses

on incremental and adaptive control schemes to reduce its model dependency. The
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individual objectives against the overall aim are addressed as follows, considering
technical issues to be tackled in each considered approach i.e. IBKS and C-ABKS.

e O1. Analysis with IBKS under Model Uncertainty: Suggest critical
understandings obtained from theoretical closed-loop analysis under model

uncertainty with IBKS comparing to one with BKS.
0O2. Analysis with IBKS under Measurement Bias and Model Un-

certainty: Suggest critical understandings on closed loop system characteris-
tics with IBKS under measurement bias and model uncertainty obtained from

theoretical analysis.

0O3. Analysis with IBKS under Measurement Delay and Model Un-
certainty: Propose new stability analysis framework and suggest critical un-
derstandings about closed-loop characteristics with IBKS under measurement

delay and model uncertainty.

e O4. Design of C-ABKS: Propose C-ABKS which reduces model depen-
dency of BKS and design an adaptation law with less computational complex-

ity which takes advantage of cascade control structure of BKS.

05. Design of C-ABKS with new information matrix: Propose C-
ABKS with new information matrix, which achieves parameter convergence
without PE.

06. New C-ABKS Design for adaptation speed enhancement: Pro-
pose new C-ABKS which enhances adaptation speed without high gains.

e O7. Comparative study between IBKS and New C-ABKS: Compare
pros and cons of IBKS and New C-ABKS under various defect circumstances
e.g. model uncertainty and measurement delay, demonstrating their advan-

tages from reduced model dependency comparing to BKS.

1.3 Thesis Overview and Contribution

This thesis is written in a paper-format; each chapter from 2 to 7 is based on the
corresponding paper published or submitted. Accordingly, each chapter becomes
a self-contained description of all aspects of the research, which provides introduc-
tion with research context and relevant literature review, methodologies, results,

discussions, conclusions and references.



4 Introduction

Connections between research objectives, chapters and papers are illustrated in Fig
1.1.

Overall Aim : Innovate knowledge on nonlinear flight control algorithms with reduced model dependency
by resolving research gaps for practical applications in considered methodologies

1. Modified BKS with Incremental Control Scheme 2. Modified BKS with Composite Adaptive Control Scheme

Ch 2. IBKS under Model Uncertainty. Ch 5. C-ABKS
01/11,c1 o4/c3

Ch 6. C-ABKS with New Information Matrix

05/13
Ch 3. IBKS under Ch 4. IBKS under

Measurement Bias and Measurement Delay and
Model Uncertainty. Model Uncertainty Ch 7. Logarithmic Regression based C-ABKS
02/c2 03 /12 with New Information Matrix 06 /14

Ch 8. General Discussion : Comparative Study on
IBKS and New C-ABKS o7

Synthesis of 1 and 2

Figure 1.1: Thesis Outline

Chapter 2, 3 and 4 deal with incremental control scheme to reduce model dependency
of BKS, providing knowledge on IBKS under various critical defects in a system-
atic way. Note that IBKS additionally utilizes state derivative and control surface
deflection angle measurements to replace required knowledge about a model except
control effectiveness information, comparing to BKS. Chapter 2 suggests theoretical
closed-loop analysis results under the model uncertainties with IBKS comparing to
the ones with BKS. Chapter 3 provides closed loop characteristics with IBKS con-
sidering biases in the additional measurements and the model uncertainty in control
effectiveness information via theoretical analysis. In Chapter 4, delays in the ad-
ditional measurements together with the model uncertainty in control effectiveness
information are considered for the analysis of the closed-loop system with IBKS.
For this delayed system with the model uncertainty, new stability analysis frame-
work is proposed and critical understandings about the closed-loop characteristics

are investigated.

Chapter 5, 6 and 7 deal with composite adaptive control scheme to reduce model
dependency of BKS, providing new C-ABKS where research gaps for practical ap-
plications in the considered scheme are resolved step by step. Chapter 5 corresponds
to a basis for Chapter 6 and 7 where new C-ABKS is proposed. In Chapter 5, model
dependency of BKS is reduced via parameter estimation in the composite adapta-

tion law which has less computational complexity by taking advantage of cascade
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control structure of BKS. Note that linear regression based approach and accumu-
lation based information matrix design method in previous studies are utilized in
Chapter 5. In Chapter 6, a new paradigm in the information matrix design for pa-
rameter convergence without PE is proposed, which resolves issues arising from the
existing accumulation based design method. In Chapter 7, a novel idea to enhance
adaptation speed without an excessive increase in gains is proposed, resulting in
logarithmic regression based approach. Finally, new C-ABKS is proposed in Chap-
ter 7 with new information matrix in Chapter 6 and logarithmic regression based

composite adaptation law in Chapter 7.

Comparative study between IBKS in Chapter 2-4 and new C-ABKS in Chapter 7 is
conducted for general discussions in Chapter 8. Their pros and cons under various
defect circumstances are investigated from the simulation results with a short period
mode dynamics of an aircraft under the model uncertainty and the measurement
delay. Note that Chapter 2-4 with IBKS are based on short period mode dynamics
due to its importance in flight control and simplicity in theoretical analysis, but
more general and complicated dynamics are considered especially in Chapter 6-7 for

verification of newly proposed algorithms.

Each chapter from 2 to 7 which corresponds to each block in Fig 1 is overviewed in

detailed way as below, underpinning its contributions.

e Chapter 2. Incremental Backstepping Control under Model Uncer-
tainty

C1. B.-J. Jeon, M.-G. Seo, H.-S. Shin, and A. Tsourdos, “Understandings of
the Incremental Backstepping Control through Theoretical analysis under the
Model Uncertainties,” in 2018 IEEE Conference on Control Technology and
Applications (CCTA). IEEE, 2018, pp. 318-323. (Published)

J1. B.-J. Jeon, M.-G. Seo, H.-S. Shin, and A. Tsourdos, “Understandings
of Classical and Incremental Backstepping Controllers with Model Uncertain-

ties,” IEEE Transactions on Aerospace and Electronic Systems, 2019. (Online
published)

Chapter 2 suggests theoretical closed-loop analysis results with BKS and IBKS
under model uncertainties. Note that both BKS and IBKS are designed to
achieve asymptotic stability of the system for the nominal case. For the case
with and without model uncertainties, closed-loop analyses with BKS and
IBKS are conducted under a piecewise approach, whose results are system-

atically assessed as follows. First, transfer functions with BKS and IBKS
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under the model uncertainties are compared with the ones for the nominal
case. This shows important changes on the transfer functions due to consider
model uncertainties, resulting in conditions to maintain stability and perfor-
mance metrics under the model uncertainties. Second, distinctions between
the transfer functions with two algorithms are investigated to clarified how
the effect of the model uncertainties to the closed-loop system becomes dif-
ferent depending on the applied control algorithm. The key finding can be
summarized as follows; unlike the system with BKS, the closed-loop system
with IBKS is not affected by the uncertainties on any model information in-
cluding control effectiveness which is still required for IBKS implementation,
if the control input is calculated, transmitted, and reflected fast enough to
the actual control surface. To have more insight from simplified situations,
case studies are conducted for BKS and IBKS under the assumption that the
uncertainty exists only in one aerodynamic derivative estimate while the other
estimates have true values. This facilitates systematic interpretations on the
impacts of the uncertainty on the specific aerodynamic derivative estimate to
the closed-loop system, which is represented as weight factors derived for each

case. Simulation is performed to verify properties obtained from the analysis.

Chapter 3. Incremental Backstepping Control under Measurement

Bias and Model Uncertainty

C2. B.-J. Jeon, M.-G. Seo, H.-S. Shin, and A. Tsourdos, “Closed-loop Analysis
with Incremental Backstepping Controller considering Measurement Bias,” in
the 21st IFAC Symposium on Automatic Control in Aerospace, vol. 52, no.
12, pp. 405-410, 2019. (Published, One of six finalist papers for the young

author award)

In Chapter 3, closed loop characteristics with IBKS obtained from theoretical
analysis when both measurement bias and model uncertainty exist, are exam-
ined. Comparing to BKS, measurements about state derivatives and control
surface deflection angles are additionally required to implement IBKS, so bi-
ases on them are mainly considered in this analysis. Considering measurement
biases and model uncertainty, a transfer function with IBKS is derived under
a piecewise approach and following properties are suggested from the analysis.
First, the measurement biases cause a steady state error, but they do not have
any impact to the characteristic equation. Second, a model uncertainty in con-
trol effectiveness information has an impact to this steady state error, which

is the key difference between properties provided in Chapter 2 and 3. Note
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that in Chapter 2 where the closed-loop characteristics with IBKS considering
only model uncertainties are investigated, it is shown that system stability
and performance are not affected by any model uncertainty even in control
effectiveness information if a control command is calculated, transmitted and
reflected fast enough to a real control surface deflection. Properties obtained

from the theoretical analysis are verified through simulations.

e Chapter 4. Incremental Backstepping Control under Measurement

Delay and Model Uncertainty

J2. B.-J. Jeon, M.-G. Seo, H.-S. Shin, and A. Tsourdos, “Understandings
of Incremental Backstepping Controller considering Measurement Delay with
Model Uncertainty,” Aerospace Science and Technology, 2020. (In revision to

submit)

Chapter 4 suggests closed loop characteristics with IBKS under measurement
delay along with model uncertainty, obtained from a proposed analysis frame-
work. Delays on state derivative and control surface deflection angle measure-
ments which are additionally utilized in IBKS comparing to BKS are mainly
considered in this closed loop analysis. To judge absolute stability for the
system with IBKS under measurement delays and model uncertainty, new nu-
merical framework with an optimization concept is proposed. Note that a
transfer function can be derived under a piecewise approach but it is diffi-
cult to find analytic solutions of the characteristic equation because of the
exponential terms generated from considered delays. The proposed numerical
framework utilizes an optimization concept to search unstable poles in efficient
and systematic manner even for a metric function with high nonlinearity due
to the considered measurement delays. By applying the suggested numerical
framework, critical system characteristics with IBKS under measurement de-
lays and model uncertainty are obtained in absolute stability point of view as
follows. First, a stability condition is found as a relationship between delays on
state derivative and control surface deflection angle measurements. Second,
this stability condition is shown to be affected by the model uncertainty in
control effectiveness information, which is the main difference with the anal-
ysis results in Chapter 2 and 3. Verification and validation of the obtained
properties about the absolute stability are performed through simulations.
From simulation results, robustness and performance under the measurement
delays together with the model uncertainty are additionally investigated for

better understandings. Comparative study provides valuable insights about
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individual and integrated effects of the measurement delays and the model

uncertainty to the closed loop system with IBKS.

Chapter 5. Composite Adaptive Backstepping Control
C3. B.-J. Jeon, H.-S. Shin, and A. Tsourdos, “Composite Adaptive Back-

stepping Control considering Computational Complexity and Relaxation of
Persistent Excitation,” in the 21st IFAC World Congress, 2020. (Accepted)

In Chapter 5, adaptive control is examined as another sensor dependent ap-
proach for reduced model dependency of BKS. Note that composite adaptive
control is considered for improved estimation and tracking performance with
enhanced system robustness. The adaptation law for C-ABKS is designed to
estimate model parameters in each loop separately by taking an advantage
from a cascade control structure of BKS. Comparing to the adaptation laws
in previous studies which estimate whole model parameters of the dynamic
system at once, the designed adaptation law deals with smaller estimation
problems, resulting in reduced computational complexity. Relaxation of PE
requirement for parameter convergence has not been discussed for C-ABKS,
which is one of main technical issues to be tackled in adaptive control. In
Chapter 5, PE requirement is relaxed to FE condition by utilizing the infor-
mation matrix design method in previous studies. Note that new paradigm in
the information matrix design for parameter convergence without PE will be

proposed in Chapter 6.

Chapter 6. Composite Adaptive Backstepping Control with New

Information Matrix

J3. B.-J. Jeon, H.-S. Shin, and A. Tsourdos, “Composite Adaptive Control
with New Information matrix for Parameter Convergence without Persistent
Excitation,” Automatica, 2020. (Submitted)

Chapter 6 proposes a composite adaptive control algorithm with new infor-
mation matrix, which aims to achieve parameter convergence without PE.
If parameter estimates do not converge to their true values, parameter drift
can occur especially under the existence of non-parametric uncertainties such
as noise and unmodeled dynamics, resulting in instability phenomena with
sudden bursting. Hence, the convergence of the parameter estimation should
be guaranteed, but PE requirement is unrealistic for practical applications
since this leads to continuous oscillations of state and control input signals.

In Chapter 6, a new paradigm for the information matrix design is proposed
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to accomplish full rank under FE for parameter convergence by developing a
modulation-based approach. This novel approach has substantially different
design principle from the accumulation based approaches in previous studies;
the proposed design framework is based on linear independency between the
signals via multiple filters with different modulation effects. Multiple filtered
regressor vectors are modified to be orthogonal with each other while main-
taining their magnitudes, and the information matrix is constructed with these
modified filtered regressor vectors. The new information matrix is shown to
be positive definite for all the time from the beginning and it is proven to
be bounded. The new information matrix has moderate level of eigenvalues,
which is beneficial for adaptation speed and system robustness. The closed-
loop system with the proposed composite adaptive control utilizing the new
information matrix is shown to be globally exponentially stable based on Lya-
punov stability theory. Numerical simulations are conducted for verification
of the theoretical findings and demonstration of advantages over the existing

information matrix design approaches.

e Chapter 7. Logarithmic Regression based Composite Adaptive Back-
stepping Control

J4. B.-J. Jeon, H.-S. Shin, and A. Tsourdos, “Composite Adaptive Control
with Logarithmic Regression for Fast Adaptation,” IEEE Transactions on Au-

tomatic Control, 2020. (In revision to submit)

In Chapter 7, new logarithmic regression-based composite adaptive control is
proposed to accomplish fast parameter convergence without excessive increase
of the adaptation gain. In order to achieve this aim, Chapter 7 suggests a
new paradigm for composite adaptation law design with regression pattern
shaping. Comparing to linear regression-based approach in previous studies,
logarithmic function with concave and monotonically increasing characteris-
tics is introduced for the regression term of the proposed approach to enhance
parameter convergence speed by relaxing the adaptation speed degeneration
at the later stage. With the proposed logarithmic regression-based composite
adaptation law, the asymptotic stability of the closed-loop system is guaran-
teed and this is proven under the Lyapunov theory. The condition on the de-
sign parameters of the logarithmic regression-based composite adaptation law
to make it always faster than the linear regression-based composite adapta-
tion law for the same adaptation gain is provided within the system boundary.

When this condition is satisfied, the adaptation gain of the linear regression-
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based approach is required to be increased to make this approach always faster
than the new logarithmic regression-based approach, which can result in lack
of system robustness. Numerical simulations are performed for demonstration
of advantages over the existing linear regression-based composite adaptation
law and verification of the theoretical findings. Note that new information
matrix in Chapter 6 is utilized to the logarithmic regression based composite
adaptation law in Chapter 7, resulting in the final new C-ABKS which achieves
both parameter convergence under FE and fast adaptation without excessive

increase of the adaptation gain.

1.4 List of Publications

List of journal and conference papers submitted or published is addressed below,
which are related to this PhD research.

Journal Papers

J1. B.-J. Jeon, M.-G. Seo, H.-S. Shin, and A. Tsourdos, “Understandings of Clas-
sical and Incremental Backstepping Controllers with Model Uncertainties,” IEEE

Transactions on Aerospace and Electronic Systems, 2019. (Online published)

J2. B.-J. Jeon, M.-G. Seo, H.-S. Shin, and A. Tsourdos, “Understandings of Incre-
mental Backstepping Controller considering Measurement Delay with Model Uncer-

tainty,” Aerospace Science and Technology, 2020. (In revision to submit)

J3. B.-J. Jeon, H.-S. Shin, and A. Tsourdos, “Composite Adaptive Control with
New Information matrix for Parameter Convergence without Persistent Excitation,”
Automatica, 2020. (Submitted)

J4. B.-J. Jeon, H.-S. Shin, and A. Tsourdos, “Composite Adaptive Control with
Logarithmic Regression for Fast Adaptation,” IEEE Transactions on Automatic

Control, 2020. (In revision to submit)
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Conference Papers

C1. B.-J. Jeon, M.-G. Seo, H.-S. Shin, and A. Tsourdos, “Understandings of the
Incremental Backstepping Control through Theoretical analysis under the Model

Uncertainties,” in 2018 IEEE Conference on Control Technology and Applications
(CCTA). IEEE, 2018, pp. 318-323. (Published)

C2. B.-J. Jeon, M.-G. Seo, H.-S. Shin, and A. Tsourdos, “Closed-loop Analysis
with Incremental Backstepping Controller considering Measurement Bias,” in the
21st ITFAC Symposium on Automatic Control in Aerospace, vol. 52, no. 12, pp.
405-410, 2019. (Published, One of six finalist papers for the young author award)

C3. B.-J. Jeon, H.-S. Shin, and A. Tsourdos, “Composite Adaptive Backstepping
Control considering Computational Complexity and Relaxation of Persistent Exci-
tation,” in the 21st IFAC World Congress, 2020. (Accepted)
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Chapter 2

Incremental Backstepping Control

under Model Uncertainty

2.1 Introduction

Backstepping algorithm [1] is one of the most widely and successfully applied non-
linear flight control methods [2-11]. The backstepping(BKS) controller design starts
from dynamics farthest from a control input and then steps back through integra-
tors by considering augmented Lyapunov functions, to obtain the controller which
fulfils desired motions with known stability and convergence properties. Since BKS
requires explicit model information to implement the algorithm, it can be regarded
as a model based approach. The issue is that a model based control strategy is
normally sensitive to model uncertainties, but it could be hard to obtain accurate

model information.

Incremental backstepping(IBKS) method [12-15] is suggested to reduce model de-
pendency of BKS. This incremental controller utilizes additional measurements such
as state derivatives and control surface deflection angles, replacing a part of required
model information. This algorithm becomes implicit, not totally residing in explicit
model to be cancelled. Because IBKS still requires knowledge about control effec-
tiveness for its implementation, it lies in between model based and sensor based

approach.

Not only for BKS but also for IBKS, it is essential to identify and understand the

effects of the model uncertainties on each closed-loop system. There have been some
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studies [12-15] that investigated their closed-loop characteristics under the model
uncertainties, but only by numerical simulations or experiments. Since results ob-
tained from simulations or experiments are valid for particular plants under specific
conditions, theoretical analysis is necessary for general interpretations on the ef-
fects of the model uncertainties to the closed-loop systems with BKS and IBKS.
To the best of our knowledge, it is difficult to find existing studies that successfully
provide theoretical analysis on BKS and IBKS considering the model uncertainties.
Hence, Chapter 2 aims to suggest the closed-loop analysis results on BKS and IBKS,

especially in consideration of the model uncertainties.

Unlike BKS and IBKS, there have been several researches [16-20] in which closed-
loop analysis under the model uncertainties was carried out for nonlinear dynamic in-
version(NDI) and incremental nonlinear dynamic inversion(INDI). Note that NDI|[21]
is another representative nonlinear control approach, most widely developed and
applied[22-25]. NDI explicitly cancels out undesired nonlinearities in system using
inverse dynamics, and INDI is its incremental version, similar to IBKS. BKS and
NDI have some similarities, since both nonlinear controllers ultimately try to make
error dynamics of a closed-loop system to achieve desired behaviors by cancelling
undesired nonlinearities in dynamics. Therefore, it would be worth to examine pre-
vious analyses on NDI / INDI and investigate possibility to extend them to the
analysis of BKS / IBKS.

In [16], each of NDI and INDI was applied to an inner-loop of 6-DoF nonlinear
dynamics for an unmanned aerial vehicle. Under model uncertainties, a transfer
function with INDI was suggested, but closed-loop analysis with NDI was difficult
to proceed further due to remaining nonlinearities. For the closed-loop analysis with
INDI, incremental dynamics utilized in control law derivation process was applied
instead of true system dynamics. This makes difficult to comprehend the effects
of the control surface deflection measurement to the system. Besides, it is hard to
find comparative study between INDI and NDI in closed-loop characteristics under
the model uncertainties. [18] performed analysis with NDI and INDI under a gen-
eral type of nonlinear dynamics based on Lyapunov stability theory. Consequently,
proof of bounded stability for the closed-loop systems and conditions to achieve it
were provided. This Lyapunov-based analysis was mathematically rigorous, but it
had limitations to get physical understandings for applications on real systems. Ad-
ditionally, analysis considering the model uncertainties was conducted, addressing
rough understandings about their effects. It is difficult to investigate detailed effects

of the model uncertainties on stability and performance.
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The review on analysis of NDI and INDI suggests that they could shed some lights
on potential direction of our analysis. However, they cannot be direct references
for our research with BKS and IBKS, due to the following difference between BKS
and NDI. NDI disregards interconnections between the loops under the time-scale
separation assumption. On the contrary, BKS intermediately adopts the time-scale
separation assumption, but it considers the transient responses in the end. This
difference can make the analysis with BKS and IBKS more challenging than the one
with NDI and INDI.

To this end, Chapter 2 suggests theoretical closed-loop analysis with BKS and IBKS
under the model uncertainties. This analysis enables critical understandings on sys-
tem characteristics related to the model uncertainties. Note that short period mode
dynamics for an aircraft is utilized for simplicity of the analysis. BKS and IBKS are
designed to achieve asymptotic stability of the system for the nominal case. Con-
sidering the model uncertainties, closed-loop analysis is conducted with a piece-wise
approach. Transfer functions with BKS and IBKS under the model uncertainties, are
compared with the ones for the nominal case. This shows important changes on the
transfer functions due to the model uncertainties, resulting in conditions to maintain
stability and performance metrics under the model uncertainties. By investigating
distinctions between the transfer functions with two algorithms, it is clarified how
the effect of the model uncertainties to the closed-loop system becomes different
depending on the applied control algorithm. This comparative study also enriches
understandings about the effect of additional measurements in IBKS. To have more
insights from simplified situations, case studies are conducted under the assumption
that the uncertainty exists only in one aerodynamic derivative estimate while the
other estimates have true values. This facilitates systematic interpretations on the
impacts of the uncertainty on the specific aecrodynamic derivative estimate to the
closed-loop system. Simulation is performed to verify properties obtained from the

analysis.

2.2 Preliminaries : Dynamics

From Newton’s law of motion about conservation of linear and angular momentum,
6-DoF nonlinear coupled dynamics for an aircraft can be derived. Taylor series ex-
pansion provides the first order approximation in the neighborhood of trim points.
Then, longitudinal and lateral motions can be decoupled under several flight con-

ditions like a level flight. Short period mode is one of the longitudinal oscillation
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modes with high natural frequency. This mode is of paramount importance in flight
control, because one of the main purposes of a stability augmentation system for an
aircraft is to improve short period mode characteristics. Since the oscillation lasts
for relatively short time, velocity change is assumed to be negligible. This results
in the dynamics (2.1) below [26], and in Chapter 2, it is applied for control law

derivation and closed-loop analysis.

a=27(M,o)a+q+ Z; (M,a)d
d= Mz (M, a)a+ M (M,0) g+ M (M, )0

where
. qS 1
2 (M = — M —
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q ( ’CO 2IyUOCMq< ,CY)+ QIyUOCMa ( ,Oé)
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State variables o and ¢ represent an angle of attack and a pitch rate. Control input ¢
corresponds to a deflection of an elevator. ¢ indicates a dynamic pressure, Uy means
a constant velocity of an aircraft, and M stands for Mach number. For notational
convenience, aerodynamic derivatives will be expressed in shorthand form as Z;, Z5,
M, My and Mg, but they are still functions of M and «. C'() denotes dimensionless
aerodynamic coefficients. S, ¢, m and I, are reference area, reference length, mass

and moment of inertia in y-axis of an aircraft.

Dynamics (2.1) represents a linear parameter-varying(LPV) system, i.e., a nonlinear
system which can be described as a parameterized linear system whose parameters
change with the states. This simplified version of dynamics, not full 6-DoF dynamics,
is utilized for simplicity of the analysis, because complex dynamics can make analysis
with model uncertainties more complicated. Since the main objective in this study is
to have critical understandings about the closed-loop characteristics with BKS and

IBKS under the model uncertainties, dynamics (2.1) is reasonable for this purpose.
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As a future work, this research can be extended to the analysis with full 6-DoF

dynamics.

2.3 Derivation of Control Laws

Before derivation of BKS and IBKS, following modification and assumption widely

accepted in controller design phase, are applied to dynamics (2.1).

First, aerodynamic derivatives estimates (A) are utilized instead of real Z7%, Z5, M},
M, and M, as only estimated values are available in controller design phase. Those
derivatives are calculated from the dimensionless aerodynamic coefficients C.) iden-
tified from wind tunnel test or aeroprediction, and the aircraft parameters S, ¢,
m and I, measured before flight. Hence, the aecrodynamic derivatives estimates (A)
are most likely to contain uncertainties which make them different with their true
values. Nevertheless, in Section 2.3, both controllers are designed to accomplish
asymptotic stability assuming that the estimates are the same as their true values.
The effects of the model uncertainties, which can make aimed performance and sta-
bility characteristics in this design phase difficult to be achieved, will be investigated

in the closed-loop analysis part IV.

Second, Zg‘é related to non-minimum phase is neglected, to make the system in
lower-triangular form. Both control laws are based on the backstepping method,
which requires that the dynamics should be in strict feedback form. Therefore, it is
assumed that a fin surface is a pure moment generator. This is a valid assumption
for most of aircrafts, often made in flight control systems design, because Cy, is

usually small enough [26].

Under these modification and assumption, the dynamics (2.2) below is utilized for

the control law derivations.

a=Za+q

. . . (2.2)
q= Mya+ Mjq+ Mso
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State errors are defined as follows.
2= — Q
Z92 = (q — (gc

where subscript ¢ represents a command.

2.3.1 Backstepping Control

If Lyapunov function candidate becomes positive definite and its derivative becomes
negative definite, asymptotic stability can be guaranteed for the system. To derive
BKS control command which satisfies asymptotic stability, 2 cascaded steps are

performed as follows.

First, Lyapunov function candidate V] considering only z; is selected as
1L,

which is positive definite. It’s for the outer-loop related to the force equation, and
the time-scale separation assumption is intermediately adopted here. In this step,
it is assumed that the fast state has already achieved its desired value, without any

considerations about its transient response (i.e. zo is zero).

Derivative of Lyapunov function candidate V; becomes

Vi=x%

. (2.5)
=2z <Z2a+q— dc>

In order to satisfy Lyapunov stability condition, a pseudo-command ¢, is derived as
ge = —Ciz — Zra + d, (2.6)

which makes negative definite V; = —(C122 where (] is a positive design parameter.
The state of the fast dynamics is regarded as a control input for the state of the

slow dynamics.

Second, Lyapunov function candidate V5 considering both z; and zj is selected as

1 1
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which is positive definite. V5 can be interpreted as an augmented V; with the
additional term to penalize 2o, considering the transient response of the fast state.
Another explanation about V5 is also possible. For the inner-loop related to the
moment equation, it’s hard to assume that the slow state has already achieved its
desired value (i.e. z; can’t be assumed to be zero here). Hence, not only zy, but
also z; is considered in the inner-loop controller design. Regardless how this step is

explained, the time-scale separation assumption is significantly relaxed, as a result.

Derivative of V5 can be calculated as below.

Vo = 2121 + 2229

) . . . (2.8)
=z (Z;a tq- ac) + 2 (M;;a + Mg+ NS — qc)
By using the pseudo-command (2.6), V3 becomes

Vo =2 (—Chz1 + 22) + 29 (M;a—i—M;q—l—Mg‘(S—qC) (2.9)

To satisfy Lyapunov stability condition, the control command ¢ is derived as

1 S Ve .
0= — (—szz -z — Myoo—Mjq+ qc> (2.10)
M;

which makes negative definite Vy = —C12? — (422 where C) and Cy are positive

design parameters.

The final form of BKS controller derived in Section 2.3.1 can be suggested as follows.

g. = —Chz1 — Zja + &,

1 . . _ (2.11)
5= — (=Coz— 21— Mo — Mg+ .)
M;

The pseudo-command ¢. to make the angle of attack a achieve its desired value «.,
is derived. q goes to ¢. by the derived control input 0. The model information about

Z . M 5 M o and M , 1s required to implement the control algorithm.

2.3.2 Incremental Backstepping Control

For the outer-loop controller design, BKS, not IBKS, is utilized in Section 2.3.2.
If IBKS is applied here, it additionally requires measurements about current state

derivative and control in the outer-loop (i.e. dp and ¢g). Instead of using those



IBKS under Model Uncertainty 25

measurements hard to be obtained, more practical ways exist to compensate the
model information Z; For example, more general measurements like a normal force
and a velocity can directly substitute for Z >a. For this reason, the incremental law is
not normally used for the outer-loop, and it can be seen in other papers [12] [14] [17]
which just applied BKS or PID for it. In Chapter 2, BKS is utilized for the outer-
loop, to make the comparison easier with a pure BKS proposed in Section 2.3.1.
Therefore, the first step is identically applied, so the pseudo-command becomes the
same with (2.6).

For the inner-loop controller design, ¢ dynamics in (2.2) is modified assuming that
the states «, ¢ and the control input ¢ can be expressed as combinations of refer-
ence points (-)g and disturbances A(-) around them. This assumption is reasonable

especially with a sufficiently high sampling rate.

§= M (00 + Aar) + M; (g0 + Dg) + M (60 + A0) (212

= qGo + MyAa+ M;Aq + MsAS
As in [12], [16], [19] and [20], the increments in states, Aa and Ag, can be ignored,
since they have much smaller effects than the increment in input, Ad. This becomes
acceptable as the control surface deflection directly and instantly affects the pitch
moment, whereas the effect of Ao and Ag on the pitch moment is not direct. Note
that a and ¢ first create lift force and this force then induces the pitch moment.
This implies that the effect of @ and ¢ on the pitch moment is slower than that of
0. Hence, comparing to the increment on control input, the effect of increments on
state variables becomes negligible, especially when a sampling time is small enough.

Then, ¢ dynamics for the inner-loop controller design with IBKS becomes

G~ Go+ M;AS (2.13)

In the second step, Lyapunov function candidate V5 considering both z; and 25 is

selected as

1 1
Vo = 5,3% + ng (2.14)

which is positive definite. It can be interpreted in the same way with Section 2.3.1.
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Derivative of V5 can be calculated as below.

Vo = 2121 + 2229

. . (2.15)
=2z (Z;a—i—q—o'zc) + 29 <q0+M§A5—q'c>

The only difference with (2.8) is that the dynamics (2.13) which is expressed into
an incremental form is applied. By using the pseudo-command which is the same
as (2.6), V5 becomes

“/2 =21 (—Clzl + ZQ) + 29 (qO -+ M;Aé - qc> (216)

To satisfy Lyapunov stability condition, the control command A¢ is derived as

1 ) )
Ad = — (—Cozo — 21 — Go + §c) (2.17)
M
which makes negative definite Vo = —C)22 — Cy22 where C; and C, are positive

design parameters.

The final form of IBKS controller derived in Section 2.3.2 can be suggested as follows.

g. = —Chz1 — Z;a +

0 =+ Ad (2.18)
1 . .
= M; (—Ch22 — 21 — 4o + Gc) + o

Like BKS, q goes to ¢. by ¢, and «a goes to a. by ¢.. Comparing to pure BKS control
command in Section 2.3.1, M;; and M; related terms are disappeared, because
A« and Ag are neglected in ¢ dynamics (2.13) during the control law derivation.
Only 2; and M; are necessary for the implementation of the algorithm, so less
model information is required. Instead of reduced model dependency, additional
measurements oy and ¢y, current control surface deflection and state derivative, are

required to implement the control algorithm.

2.4 Closed-loop Analysis

Closed-loop analysis is performed by substituting each control input (2.11) and
(2.18) to the dynamics (2.1) with Z;f = 0. In general, Cy, is small enough to
be neglected, especially for large aircrafts [26]. Comparing to the dynamics (2.2)
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utilized for the control law derivation, the main difference in the dynamics for the
analysis is that the real aerodynamic derivatives, not the estimates, are considered.
As in [22], analysis is performed in piece-wise way in order to easily utilize the

existing analysis framework for linear time-invariant(LTI) system.

In Section 2.4, analysis starts with the nominal case, where transfer functions with
both algorithms are derived assuming that the uncertainties do not exist in the aero-
dynamic derivative estimates. The next step is to consider the model uncertainties
in the closed-loop analysis, so their effects to the systems with each controller can
be investigated in stability and performance point of view. Under the model un-
certainties, a condition to maintain stability and a steady state error are suggested
for each closed-loop system. Although the control laws are designed to always en-
sure asymptotic stability with the positive design parameters in the nominal case,
it cannot be guaranteed if real model information is different with the estimates
utilized in the controller design phase due to the model uncertainties. Closed-loop
characteristics with BKS and IBKS under the model uncertainties can be directly
compared using derived common metrics, which reinforces critical understandings
about the algorithms. To have more insights from simplified situations, case stud-
ies are carried out, assuming that the uncertainty exists only in one aerodynamic

derivative estimate and the other estimates have true values.

2.4.1 Nominal Case

Under the assumption of perfect model information without any uncertainties, ideal
measurements without any delays, and constant . (i.e. &. = d&. = 0), transfer
functions with BKS and IBKS are derived for the nominal case. Their detailed
derivation processes are addressed in Appendix A and B, and the results are sug-
gested as (2.19).
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a(s) B Tn
ac(s) 82+ 20 wn, S +wh
where

20 wn, = C1+ C2
w2N = Clcz + 1

n

Cy and w, = represent a damping ratio and a natural frequency for the closed-loop

systems with BKS and IBKS in the nominal case.

Poles with BKS and IBKS for the nominal case, py 1 and py 2, are given from (2.19)

as follows.

(O 4+ Co) £(C)— G —4 (2.20)

PN1 = PN2 = 5

From the equation (2.20) above, following properties can be identified. First, with
the positive design parameters, poles are always located in left half plane, which
means that the systems always become stable with BKS and IBKS. Second, poles
can be expressed as a function of the design parameters only. This implies that the

system characteristics become uniform in the entire flight envelope.

Steady state error, ez, can be calculated using following relationships.

€ss = e — lim a(t) = a, — lim sa(s) (2.21)
t—o00 s—0

A step input o, = K in time-domain is expressed in the frequency-domain as below.
a(s) = — (2.22)

By applying (2.19) and (2.22) to (2.21), steady state errors with BKS and IBKS for

the nominal case, €5\, .1 and €ss,, 2, Can be calculated, resulting in zero values.

essN,l = essN,Z =0 (223)

Because the transfer functions with both algorithms are suggested, various perfor-
mance metrics can be discussed further. For instance, a settling time, when the

magnitude of the state error is reduced within 5%, can be calculated by the approx-
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imated equation (2.24) suggested below [27].

(
3.2
it 0 < ¢, <0.69
CyWny
ts, = (2.24)
4.5
¢y it ¢, >0.69

L

where

(JJnN =\ 0102 +1

‘- Cy + Cy (2.25)
N9 /O Cy + 1

This performance metric ¢; , related to fast response, is also determined only by

the design parameters C; and Cs.

For the nominal case, asymptotic stability is achieved in both closed-loop systems,
which is expected in the design stage of the controllers. Although the incremental
dynamics (2.13) is applied in the IBKS controller derivation process, the closed-
loop analysis shows that the desired characteristics are accomplished, because the

sampling rate is assumed to be fast enough for this sensor based approach.

2.4.2 Closed-loop Analysis under the Model Uncertainties

If the model uncertainties are considered, asymptotic stability cannot be achieved
only with the positive design parameters, and performance cannot be uniform in
whole flight envelope, unlike the nominal case. In Section 2.4.2; for each closed-
loop system, a condition to maintain stability under the model uncertainties is
investigated, along with performance metrics like a steady state error. To have more
insights from simplified situations, case studies are carried out for each closed-loop
system, assuming that the uncertainty exists only in one aerodynamic derivative
estimate and the others have true values. Detailed description for each case is
suggested in Table 2.1, where A | denotes the uncertainty in the estimate for real

aerodynamic derivative (-).
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Table 2.1: Case Description

M M} zZr M;
Case 1 [Ms(1+ A, M z M;
Case 2 M} My (1 + AM;) z M;
Case 3 M} My Za(1+ A, ) M;
Case 4 M My z* M;(l—f—AMg)

2.4.2.1 Backstepping Control

If there exist the uncertainties in the aerodynamic derivative estimates, a transfer
function with BKS can be derived as (2.26), under the assumption of perfect mea-
surements without any delays and constant «.. Detailed derivation process is listed

in Appendix A.

a(s) Tan
ac(s) 87420, Wn, 5+ w%m

where

M*
Tay = Mé (C1Cy + 1)

*

0

*

M N . 2.26
2CA,1wnA’1 - _ {Z; + M; _ M5 (Cl + Cy + M; + Z;)} ( )

*

)

M (e o
w2, =3 (Zangy = M) = =2 (Zaar; - o)
ALl Mg
M*
+ A5
M;

{02 (Z; - Z;;) 4 (C1Cy + 1)}

Ca, and Wn, , represent a damping ratio and a natural frequency for the system with
BKS under the model uncertainties. Because the model uncertainties are considered,
not only C and Cj, but also the aerodynamic derivatives and their estimates with
the uncertainties, have impacts on the closed-loop system and explicitly appear in

the transfer function as (2.26), unlike (2.19) for the nominal case.

For a damped system, stability is normally guaranteed. Hence, a condition ¥ ; to
maintain stability for the system with BKS under the model uncertainties can be
obtained from 2¢, ,w, >0 (Cond.1) under w%A >0 (Cond.2) as below.
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gAJ = {Cl,CQ € R>0| Cond. 1 & Cond. 2}

M . M .
Cond. 1: Cy +Cy > <Miz§ — Z;) + (M‘iMq* — M;‘)
5 5
(2.27)

~

A MFE
Cond. 2 : (01 . Z;;) > =1 (Z;Mq* - M;)
§

+ (Z;M; - M;) 1

it My and M 5 have the same sign. This stability condition can be interpreted into

constraints on the design parameters for BKS under the model uncertainties.

A steady state error ey, 1 with BKS controller can be obtained from (2.21), (2.22)
and (2.26).

M*
N2 + ﬁiﬂh

€ss, 1 = IC e (2.28)
o+ 2+ M—Eﬁg
n1, N2 and 73 in (2.28) can be written as follows.
m=CCy+1
" =Cs (Z:‘ - ZS) (2.29)

N3 = {(Z;M; - M;;) _ M (Z;M; - Ma>}
Mg
1, the only difference between the numerator and the denominator in the derived
steady state error equation (2.28), is dependent only upon the design parameters. 7,
is a function of the model information for the outer-loop and the design parameter
for the inner-loop. 73 is highly related to the model information for the inner-loop.
Unlike the nominal case, €ss,,1 Cannot be zero due to the model uncertainties. It can
be reduced with high 1, since n; increases as C; go up. It is difficult to generalize
this property with the design parameter for the inner-loop Cs, because 7, which is

also affected by C5, becomes effective to €ss 1 when the uncertainty exists in Z;

(2:-2:)

The steady state error becomes G (Z-z2)

if C3 goes to infinity, while es5 1 goes

to zero as C goes to infinity.

To have better understandings about the effects of the uncertainty in each aerody-

namic derivative estimate to the system with BKS, case studies are performed as
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below. Depending on where the uncertainty exists, even with the same level of the

uncertainty, its impact to the closed-loop system can be different.

For each case, a transfer function with BKS (2.26) can be simplified into (2.30) with
perturbed parameters 7"a 1, 2¢', ,w'n, | and w’iA ) from the nominal Ty, 2¢,w, ,

and w%N. These parameters are addressed in Table 2.2.

- / 12 <230)

Table 2.2: Case Study : Parameters for Transfer Function with BKS

2
Case | T'an 2¢ 5 Wy w’nm
1 TN QCNWnN wv%N + Mo*zAng
* 2 * *
2 Tn 20 wn, + MqAM;; w, — ZoM; AM;
3 TN QCanN + Z;Az* wsz -+ CQZ;Az*
p
2Cywn W
4 |l Tn LAy, L+ Ay
Fag | (zerag)a, | (zmp - ) A,
— + 5
1+AMg 1+AW

Note that, except the case 4, T"a; becomes the same as the nominal one, and
the additive perturbation term appears in the parameters 2¢’, ,w’, = and w’iA )
respectively. This perturbation term can be described as a product of the weight

factor and the uncertainty A . The parameters for the case 4 show similar forms

with the others, but they are additionally divided by (1 + A M*>.
8

For each case, using the parameters 2(’, ,w',, = and w’iA  n Table 2.1, a stability
condition can be simplified into (2.31) with Table 2.3.

gA,l == {Cl,CQ S R>0‘ Cond. 1 & Cond. 2}
Cond. 1: C; +Cy > K11 (231)
Cond. 2 : 0102 +1> R2.1

k11 and ke 1, which are related to the feasible boundary of the design parameters,
appear to be the perturbation term of 2¢', ;w’, = and w’iA ) with the opposite sign.
Depending on where the uncertainty exists, the boundary value of each A ., for the

stable closed-loop system can be different. It becomes small if the corresponding
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Table 2.3: Case Study : Parameters for Stability Conditions with BKS

Case K11 K21
1 0 —MZA
2 — My Ay Za My Ay
3 — 23 Ay O YAVAYS
4 @Q+MﬁAw:—<ﬁM;aM®Am

weight factor is large. It is observed from Table 2.3 that, for the case 1, Cond.1 is

always satisfied with the positive design parameters, so only Cond.2 is effective.

By comparing the cases, more simplified structure for the steady state error equation
can be found as (2.32). n; in (2.32) is identical with the one in (2.28), defined only
by the design parameters. For each case, the weight factor to the model uncertainty

n'21 only changes, and it is listed in Table 2.4.

le,lA(.)

—_— 2.32
m+n21A (2:32)

/ _
€ N

Table 2.4: Case Study : Parameters for Steady State Error with BKS

Case n'21

1 M

2 —ZL M
3 CoZ*

4 || zzm; — M

As can be seen in Table 2.3 and 2.4, k21 = —7/21A . Depending on where the
uncertainty exists, even with the same level of the uncertainty, |655A71’ gets larger for

the case with greater weight factor. Additionally, |ess 1| goes up as |A ., | increases.

2.4.2.2 Incremental Backstepping Control

For successful analysis with IBKS, it is necessary to decide how to deal with the

additional measurements ¢y and dyg. In Chapter 2, they are suggested as follows.

(jo = M;O./—l—M;(]—FMg(SU

o 5t 1) (2.33)
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The model for the current state derivative measurement ¢o comes from the piece-
wise version of (2.1). For an ideal actuator, a control surface deflection directly
follows a generated control command. Then, the current control surface deflection
measurement dy can be regarded as a control command generated in the previous

step, where 7 indicates a step size.

If the uncertainties exist in the aerodynamic derivative estimates, a transfer function
with IBKS can be obtained as (2.34), under the assumption of perfect measurements

without any delays and constant a.. Detailed derivation process is addressed in

Appendix B.
a(s) _ D o(s)
ac(s) s+ Naa(s)s+ N’A’Q(s)
where
DAQ(S) == ;\Zf) (0102 + 1) (2 34)
. * * M(;k * S ’
Nas(s) = — {Za M- o (Cr+Cotny + Za>}
/ _ Mgk * N Ik *
NA o(s) = (1 - ¢(s)) (Zan - Ma)
M; 7% *
0 {02 (Zi-2z:) + @G+ 1)}
¢(s) is defined as below.
¢(s) =My (1—e ™) + Mje ™ (2.35)

Since the model uncertainties are considered, not only C; and Cs, but also the
aerodynamic derivatives and their estimates with the uncertainties, have impacts
on the closed-loop system and explicitly appear in the transfer function as (2.34),
unlike (2.19) for the nominal case. Comparing to (2.26) with BKS, there are the
two main differences in the transfer function (2.34). First, the true values for the
stability derivatives in the inner-loop, not the estimated ones, appear in (2.34).

Second, the effect of the control derivative estimate M resides in ¢(s).

The transfer function with IBKS can be simplified as (2.36) with 7 ~ 0 assumption

for the analysis purpose.
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a(s) _ Tas

ac(s) 8?4 20, ,Wn, S + Wi,

where

Tas=CiCy+1 (2.36)

20, ,0n, , = (C1+ Co) + (Z;; - Z;;)

W2, = OO+ )+ G (2, - Z;)

LLYND

s, and Wn, denote a damping ratio and a natural frequency for the system with
IBKS under the model uncertainties. An interesting observation from (2.36) is that,
under the 7 o~ 0 assumption, the effects of M; and its estimate with the uncertainty
are vanished in the closed-loop system with IBKS, while they still remain in the sys-
tem with BKS. This implies that, if the control command is calculated, transmitted
and reflected fast enough to the real control surface deflection, the closed-loop system
with IBKS becomes insensitive to the uncertainty in M 5, although this information

is still required to implement the control algorithm.

The differences in the analysis results with IBKS to the ones with BKS, can be
explained as follows. The incremental controller for the inner-loop utilizes the addi-
tional measurements ¢o and dy. In ¢y measurement obtained in flight, the effects of
true M and M are included in implicit way. Hence, model information about M
and My is not required for IBKS, unlike BKS. Not only these stability derivatives,
but also the control derivative M; are involved in this ¢y measurement. If there
is no uncertainty in Mg‘ utilized to implement the algorithm, the effect of Mj in
the ¢o measurement can be totally compensated with the J, measurement, in the
suggested control law (2.18). Generally, they cannot be fully cancelled out due to
the uncertainty, resulting in ¢(s) for the closed-loop system with IBKS. However, if
T ~ 0, ¢(s) becomes just My, even if M; has uncertainty. Hence, the closed-loop
system with IBKS becomes robust with respect to the uncertainty in M 5 utilized
to implement the algorithm, if the control command is calculated, transmitted and
reflected fast enough to the real control surface deflection. To sum up, all model un-
certainties do not affect the system with IBKS when computation and transmission
of the control command are fast enough. This is the key difference in the system
behaviors with IBKS, comparing to the ones with BKS.

For the same reason in Section 2.4.2.1 above with BKS, a condition ¥, » to maintain

stability for the system with IBKS under the model uncertainties can be obtained
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from 2, ,w,, , >0 (Cond.1) under wim > 0 (Cond.2) as below.

gA,Q = {Cl,CQ S R>0‘ Cond. 1 & Cond. 2}
Cond. 1: Cy+Cy > — (22— 2;) (2.37)
Cond. 2 : (01 - Z;;) Oy > —1

This stability condition can be interpreted into constraints on the design parameters

for IBKS under the model uncertainties. Note that the stability condition is affected
only by the uncertainty on Z > utilized for the outer-loop controller design with BKS.

Through the same process above using (2.21), (2.22) and (2.36), a steady state error

€ss, 2 With IBKS controller can be suggested as follows.

2
m + 2

6ssA,2 =K (238)

where

m = C1Cy +1

—_— <Z; B Z;) (2.39)

Unlike the nominal case, the steady state error exist as (2.38) with (2.39) due to
the model uncertainties. Comparing to (2.28) with (2.29) for pure BKS, there exist
the same 7, and 7, in (2.38) with (2.39) for IBKS. However, there is no n3 which is
mainly related to the model information for the inner-loop, unlike pure BKS. The
steady state error occurs only when there exists uncertainty on Zjl‘ utilized for the
outer-loop controller design with BKS. In both (2.28) and (2.38), the denominator
is bigger than the numerator by 7; which increases as the design parameters go
up. It indicates that high C; can also reduce €ss, 2- For the same reason in Section
2.4.2.1 above with pure BKS; it is difficult to generalize this property with the design

parameter for the inner-loop Cj.

Case studies are conducted to clearly show the effects of the uncertainty in each aero-
dynamic derivative estimate to the system with IBKS. Since M;: and M , are not
required to implement IBKS thanks to the additional ¢y measurement, the closed-
loop system with IBKS is not affected by A M and A e Hence, the analysis results
with IBKS for the case 1 and 2 are the same with the ones for the nominal case.
In addition, under the 7 ~ 0 assumption, the analysis results with IBKS for the

case 4 also become identical to the ones for the nominal case. It is shown that the
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closed-loop system with IBKS becomes robust with respect to A Mpd if the control
command is calculated, transmitted and reflected fast enough to the real control
surface deflection. For the case 3 where the model uncertainty only exists in dy-
namics for the outer-loop, the analysis results with IBKS appear to be the same
with the corresponding case study results with pure BKS in Section 2.4.2.1. This
can be explained from the fact that each outer-loop controller is designed with BKS
in common, and inner-loop controllers with BKS and IBKS become the same when

there are no model uncertainties in dynamics for the inner-loop, which is the case 3.

2.5 Simulation

In Section 2.5, simulations are performed to verify the proposed theoretical analysis
results. Since a piece-wise approach is considered to handle the LPV system as in
[22], several points assigned to each grid were simulated. The aerodynamic deriva-
tives shown in Fig. 2.7 of Appendix C and zero Z; are utilized for the simulations.
As an example, simulation results when altitude is 7.6200km and Uy = 185.9280m/s
are suggested in Chapter 2.

Simulation parameters about the angle of attack command, the design parameters,
and the level of the model uncertainties are suggested in Table 2.5. The simulation
parameter A | which represents the level of the model uncertainty, indicates how
much percentage of error exists in the aerodynamic derivative estimate utilized in
the control system design, comparing to the actual aerodynamic derivative (-). For
example, A = = —0.75 means that an aerodynamic derivative estimate used in the
flight controller is 75% smaller than its real value for (-). A = 1 implies that the
flight controller utilizes an aerodynamic derivative estimate twice larger than its real
value for (-). Initial values for the state variables o and ¢ are set to be 0° and 0°/s.
Small enough 7 is applied as 0.001sec for the simulation. With BKS, simulations are
carried out for case 1, 2, 3 and 4 respectively. With IBKS, simulations are performed

for each case 3 and 4.

Table 2.5: Simulation Parameters

Parameter Value

Q. 1.5°

C1,Cy 1.5
A(A) [—0.75, —0.5, —0.25, 0, 0.25, 0.5, 0.75, 1]




38 IBKS under Model Uncertainty

The stability condition and the performance metric like e, predicted by the analysis,
can be examined in pole trajectories and time response graphs. Besides, simulation

results show which model uncertainty has much influence in stability and perfor-

mance for this aircraft.

2.5.1 Simulation results with BKS
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Figure 2.1: Closed-loop System Response with BKS under the uncertainty in M 5
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Figure 2.2: Closed-loop System Response with BKS under the uncertainty in M, M

Fig. 2.1 shows that the system becomes unstable when A x = 0.75 and 1. From
Fig. 2.2, it is observed that AM;; = 0.5,0.75 and 1 can result in unstable behaviors
of the system. Fig. 2.3 indicates that the closed-loop system is stable with every
Azg. It can be seen from Fig. 2.4 that AMg = —0.5 and —0.75 can make the system

unstable.
These observations can be clearly explained by the stability condition (2.31) with
Table 2.3. Under this simulation environment, the Cond. 2 in (2.31) is appeared to

be a dominant condition for stability. The Cond. 2 implies that, for larger |n's|
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Figure 2.4: Closed-loop System Response with BKS under the uncertainty in M 5

case, the closed-loop system becomes unstable with smaller |A(,)|. n'eq = —4.7488,
—7.7182, —2.9439 and 12.4670 for Case 1, 2, 3 and 4, respectively. Thus, |A ||
resulting in unstable behavior to the system is predicted to be smaller for the Case
4 than for the Case 2, 1 and 3 where it becomes the largest. This coincides with the

observations above obtained from Fig. 2.1 to 2.4.

By rewriting the stability condition (2.31), a minimum C} to guarantee stability for
each case under fixed Cy and every |A(A)\ in this simulation, can be predicted. It is
expected that, in the stability point of view, C > 2.4992 for the Case 1, C; > 4.4788
for the Case 2, C'; > 1.2960 for the Case 3, and C' > 5.5668 for the Case 4, under
this simulation environment. Thus, all simulations with the BKS in Chapter 2 for
every case will show stable results, by increasing ' larger than 5.5668, which is the

minimum C; for the Case 4 where |1'2] is the largest.

Steady state errors egs; are given in Table 2.6 for stable instances. It is interpreted
from (2.32) that, |ess 1| is larger for the case with greater |1/2,], under the same

|A ;|- The comparison should be carefully carried out between the cases with the
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Table 2.6: Steady State Error for system with BKS, ey ;

Case A —-0.75 | 0.5 —-0.25 0 0.25 0.5 0.75 1
1 0.7843 | 0.6332 | 0.4013 | 0| —0.8632 | —3.8281 - -
2 0.9606 | 0.8143 | 0.5588 | 0 | —2.1919 - - -
3 0.6068 | 0.4676 | 0.2770 |0 | —0.4391 | —1.2418 | —3.1749 | —14.4279
4 - - —35.0820 | 0 | 0.7343 0.9859 1.1131 1.1898

same sign of 751 A . 721 = —4.7488, —7.7182, —2.9439 and 12.4670 for the Case
1, 2, 3 and 4, respectively. Thus, 12| is predicted to be smaller for the Case 3 than
for the Case 1, 2 and 4 where it becomes the largest. The sign of 1’y is positive
only for the Case 4 and it is negative for the other three cases. Thus, the Case 1,
2 and 3 with A | and the Case 4 with —A | should be compared with each other.
By applying this comparison scheme to Table 2.6, the interpretation from (2.32) is

shown to agree with the simulation results.

Additionally, it is observed from Table 2.6 that |ess1| becomes larger as [A || grows,

which coincides with the analysis result.

2.5.2 Simulation results with IBKS
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Figure 2.5: Closed-loop System Response with IBKS under the uncertainty in Z;

Fig. 2.5 shows the identical results with Fig. 2.3. For case 3, the system behav-
iors with IBKS and BKS become the same, which has been already predicted and

explained in the analysis part. Under this simulation environment, the closed-loop

system is stable with every A _, . |e,s1| increases as |A _, | gets larger, and the system
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Figure 2.6: Closed-loop System Response with IBKS under the uncertainty in M 5

response becomes slower as A . Tises.
«

Fig. 2.6 shows that the closed-loop system is insensitive to the model uncertainty
A Iy in M, with 7 = 0.001 which is set to be small enough for the simulation. Poles
are always in the left half plane, so the system is stable all the time. There is no
change in the location of poles depending on the variation of A e Consequently,
Wy, ¢ and ¢, remain the same, and ey, o doesn’t exist. These simulation results
coincide with the prediction from the analysis under the assumption that the control
command is calculated, transmitted and reflected fast enough to the real control

surface deflection.

2.6 Conclusion

Chapter 2 suggests closed-loop analysis results with BKS and IBKS methods un-
der model uncertainties. The proposed analysis enables critical understandings and
insights about system characteristics under the model uncertainties. Transfer func-
tions with BKS and IBKS under the model uncertainties are compared with the ones
for the nominal case. The effects of the model uncertainties on the closed-loop sys-
tems are figured out, resulting in the condition to maintain stability and the steady
state error. The closed-loop characteristics with BKS and IBKS under the model
uncertainties are directly compared using derived common metrics, which clarifies
how the effects of the model uncertainties to the closed-loop system become different
depending on the applied control algorithm. Unlike BKS, IBKS is not affected by
the uncertainties on any model parameters, including control effectiveness which is

still required for IBKS implementation, when the control input is calculated, trans-
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mitted and reflected fast enough to the actual control surface. Under the assumption
that the uncertainty exists only in one aerodynamic derivative estimate while the
other estimates have true values, case studies are conducted to find the impact of
the uncertainty on the specific aerodynamic derivative estimate to the closed-loop
system. Depending on where the uncertainty exists, even with the same level of
the uncertainty, its impact to the closed-loop system becomes different, and this is
explained with the weight factors for each case. As a future work, the short period

mode dynamics can be extended to full 6-DoF dynamics.

Appendix

A Derivation of Transfer Function with BKS

Dynamics (2.1) with Z; = 0 can be expressed as a state space equation below.

x = Ax + Bu y = Cx

T
X:[“ q] u=9 (2.40)
71
A=| 20 g—| ! 02[10]
M: M M

Using (2.11) with (2.1) and (2.3) under the assumption of constant a,. and zero Zj,

0 can be rearranged as follows.

1
5 = [ —Migul,a —M%Vl,q ] X+ (102 +1) e

ES

1)

where
(2.41)

Vi = {<01 + Z;) (Cy+ Z%) + M + 1}
vig = (C1+ G+ M + 2

Closed-loop system with BKS can be derived by substituting (2.41) into (2.40).
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x=A;x+Bja, y = Cx

111 G112
A=
Q121 Q122

Z: 1
- m—%mlm—%m (2.42)
B, M; "
T (C1Cy+ 1)
c=[10]

Transfer function for the closed-loop system with BKS can be derived as below.

) _ Gg) (sT— Ax(s) " Buls)

1,127
)

(CLCy + 1) B T(s)

52 — (Cl1,11 + a1,22) s+ (a1,11al,22 — a1,12a1,21) 52 + 2Cwns + w?

where
M; M*

T(s) = a1z 2 (C1C +1) = 0 (C1Cy + 1)
My M;

2.43
2Qwy, = — (Cl1,11 + a1,22) ( )

*

M N
::_{Z;+AQ¥—N;(Cy+C§+Aﬁ+dﬁ)}

*

0

*

* 0k * My * 0Ok Srx
wi = @1,1101,22 — A1,120121 = {(Zan - Ma> - M(S (Zan - Ma>}
)

*

+Ai%ggﬁ—ﬁ)+wpyuﬁ

)

When the uncertainties in every aerodynamic derivative estimate are neglected in
(2.43), the closed-loop transfer function with BKS for the nominal case can be
obtained as (2.19).
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B Derivation of Transfer Function with IBKS

Using (2.18) with (2.1), (2.3) and (2.33) under the assumption of constant «. and

zero Z3, 0 can be rearranged as follows.

1 1 1

(5:—A—VQOJ—A—I/ + = C,C +1 (6%
N 2, M 2,q4 Mg‘( 1L2 )
M*
+l1==2)6(t—1)
Mg

(2.44)

where
Voo = {(C’1 + Z;) (Co+ Z2)+ M + 1}

Yoy = (Cl +Cot M+ Z;)

Applying Laplace transform to (2.44) and arranging the equation with respect to 4,

3(s) = | —giytaa(s) —gtraals) | X(s)

1
+ 35 (C1Cs + 1) ae(s) (2.45)

where

o(s) = ]\2/5 (1 — e_TS) + Mje ™

Dynamics for closed-loop analysis with IBKS is the same with (2.40) mentioned in
the closed-loop analysis with BKS. If Laplace transform is applied to (2.40) and 4(s)
in (2.45) is substituted into that equation, the closed-loop system with the IBKS

can be derived, as follows.

sX(s) = Az(s)X(s) + Ba(s)ac(s) Y = C(s)X(s)

A (s) . @2,11(5) G2,12(5)
9 =
a2,21(8) Cl2,22(3)
zZr 1
- * M * Mg
Ma - WgV27a(8) Mq - W;S)VQ,Q<S) (246)
0
By(s) = M
55 (G0 + 1)
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Transfer function for the closed-loop system with IBKS can be derived as below.

a(s) C(s) (sT — Ay(s)) ' Ba(s)

ae(s)
_ a2,12% (C1Cy + 1) _ 1(s)
s — (a2,11 + a2,22) s+ (a2,11a2,22 - a2,12a2,21) % + 2Qwns + wyy
where
M My
(5) = a2z(s) Z55 (C1Ca+ 1) = 205 (C1Ca+ 1) (2.47)

20w, = — (a2,11(8) + a2,22(3))
Y "
@ (e z)

wz = @2,11(5)612,22(3) - a2,12(8)a2,21(5)

- (1 - ;‘(4;)) (Z;;M; - Mg;) + % {02 (Z; - Z;;) +(C1Cy + 1)}

When the uncertainties do not exist in any aerodynamic derivative estimates, (2.47)
becomes identical to (2.19), which is the closed-loop transfer function with IBKS for

the nominal case.
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C Aerodynamic Derivatives for Simulation
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Chapter 3

Incremental Backstepping Control

under Measurement Bias and
Model Uncertainty

3.1 Introduction

Backstepping(BKS) method has been widely applied as one of nonlinear flight con-
trollers. Nevertheless, it has a crucial drawback to be sensitive to model uncertainties
because it requires explicit model information for its implementation. In reality, it
is difficult to get an accurate model, so incremental backstepping(IBKS) algorithm
is proposed to reduce model dependency of BKS. Thanks to additional measure-
ments about state derivatives and control surface deflection angles, only control

effectiveness information is required to implement IBKS.

There have been several researches [1-4] where closed loop characteristics with IBKS
under model uncertainties can be found from numerical simulations or experiments.
[5] suggested theoretical closed loop analysis results to have critical understandings
about them. Previous studies indicate that IBKS has a strong advantage when model
uncertainties exist; one of important characteristics obtained from the analysis in [5]
is that a system is robust with respect to an uncertainty even in control effectiveness
information if a control command is calculated, transmitted and reflected fast enough
to a real control surface deflection. However, there is a limitation in previous works
that measurements are assumed to be ideal, which is hard to be achieved in practical

applications. If measurement related issues like a bias, a noise and a delay are
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additionally considered, IBKS which lies in between model based and sensor based

approach, might show worse performance than BKS.

In Chapter 3, closed loop analysis with IBKS considering both measurement biases
and model uncertainties, is performed. The main purpose of this research is to
have critical understandings about the effects of biases to system characteristics
with IBKS, which can make aimed performance and stability characteristics difficult
to be achieved. As previously mentioned, measurements about state derivatives
and control surface deflection angles are additionally required to implement IBKS
comparing to BKS, so biases on them are mainly considered in this analysis. Besides,
in Chapter 3, it will be investigated whether closed loop system with IBKS is still
robust with respect to model uncertainties although those biases are additionally

considered.

In Section 3.2, dynamics for control law derivation will be suggested as a preliminary.
In Section 3.3, a control algorithm using IBKS will be derived and proposed. In
Section 3.4, closed loop analysis with IBKS considering both measurement biases
and model uncertainties, is performed to have critical understandings especially
about the effects of biases to a system. To verify properties obtained from Section
3.4, simulations will be carried out and following results will be suggested in Section
3.5.

3.2 Preliminary : Dynamics

For control law derivation and closed loop analysis, short period mode dynamics
(3.1), one of the longitudinal oscillation modes with a high natural frequency, is
applied. This simplified version of dynamics, not full 6-DoF dynamics, is utilized for
simplicity of analysis. This short period mode is of paramount importance in flight
control, because one of the main purposes of a stability augmentation system for an
airplane is to improve characteristics about this mode. Since the main objective of
Chapter 3 is to have critical understandings about closed loop characteristics with
IBKS especially considering measurement biases, dynamics (3.1) is reasonable for

this purpose.

a=7"(M,a)a+q+ Z; (M,a) 6

(3.1)
G =M (M, a) a + M (M,a) g+ M; (M,a)§
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The state variables a and ¢ indicate angle of attack and pitch rate. The control input
4 represents elevator deflection angle. Z;, Z5, My, M; and M; denote aerodynamic
derivatives where M corresponds to Mach number. Dynamics (3.1) can be regarded
as a linear parameter-varying(LPV) system i.e., a nonlinear system which can be
expressed into a parameterized linear system whose parameters change with the

states.

3.3 Control Law Derivation

Before derivation of a control algorithm, dynamics (3.1) is modified as follows. First,
aerodynamic derivatives estimates (A) are utilized instead of real aerodynamic deriva-
tives (+), because only estimated values are available in a controller design phase.
Second, Zg 0 related to non-minimum phase is neglected. IBKS control law is also
based on backstepping method, so a system is required to be in strictly feedback
form. This is valid for most of aircraft, often made in flight control systems’ design

process, because Z:{é is usually small enough comparing to the other terms in &

equation.
&= Z'a+q
R . . (3.2)
= ]\/[;a—i—M;q—i— Mo
The state errors are defined as follows.
2= — Q,
(3.3)

22 =(q —{qc
where subscript ¢ represents a command.

If Lyapunov candidate function becomes positive definite and its derivative becomes

negative definite, asymptotic stability for a nonlinear system can be guaranteed. To
derive a control command which satisfies asymptotic stability assuming that (A) have

their true values, following 2 cascaded steps are performed.

First, Lyapunov function candidate V) considering only z; for an outer-loop con-

troller design is selected as

1
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which is positive definite. The derivative of V; becomes

Vi=u%

) (3.5)
=z <Z;Oé +q— ac)

In order to satisfy Lyapunov stability condition, a pseudo-command ¢, is derived as
= —Cizy — Z;a + A, (3.6)

which makes negative definite V) = —(C12? where C] is a positive design parameter.

For the outer-loop controller design, classical BKS, not IBKS, is applied in Chapter
3. If IBKS is applied here for the outer loop control, &g measurement is additionally
required instead of model information Z ». There exist more practical ways to replace
Z; information, so an incremental algorithm is not normally used for an outer loop
control. This can be seen also in other papers [1] [3] [6] [7] which just applied BKS
or PID for it.

For the second step to design an inner-loop controller, ¢ dynamics in (3.2) is modified
assuming that the states «, ¢ and the control input 0 can be expressed as combi-
nation of reference points (-)o and perturbations A(:) around them. This is a valid

assumption especially with a sufficiently high sampling rate.

§ = M, (oo + Acr) + M; (qo + Aq) + M; (Jo + AJ) .
= do + MDA+ M} Aq + MiAS '
The increments in states, Aa and Ag, are negligible comparing to the increment
in input, Au, since a control surface deflection directly affects pitch moment, while
integrations are required first for states. Then, final incremental ¢ dynamics for the

inner loop controller design with IBKS is given as below.

G~ Go+ MiAS (3.8)

In the second step, Lyapunov function candidate V5 considering both z; and 25 is

selected as

1 1
Vy = 523 + 525 (3.9)
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which is positive definite. The derivative of V5 becomes

Vo= 2121 + 2202

. . (3.10)
=2 (Z;oz +q— dc) + 2o ((jo + M5AS — qc>
Using the pseudo-command (3.6), V4 becomes
“/2 =21 (—Clzl +22)+22 (qO—f-Md*A(S—qc) (311)
To satisfy Lyapunov stability condition, Ad is derived as
A 1 . .
Ad = — (—Ch22 — 21 — o + 4e) (3.12)
Mg
which makes negative definite Vz = —(12} — (22 where C; and Cy are positive
design parameters.
Final form of the control law can be suggested as follows.
Gc = —012’1 - ZA;a + dc
1 . .
= — (—Coza — 21 — Go + ¢c) + o
M;

0 makes g to achieve ¢., and « goes to its desired value o, by ¢g.. For implementa-
tion of a control algorithm, only Z; and Mg are required, and ]\Z/; and ]\Z/; are not
necessary because the incremental dynamics about ¢ is utilized for a derivation pro-
cess of IBKS as an inner loop controller. Hence, comparing to BKS only controller,
model information is less required and a system becomes robust with respect to the
uncertainties in M; and Mq* Instead, the additional measurements d, and ¢y are

required to compensate them.

3.4 Closed-loop Analysis

Closed-loop analysis considering both biases on additional measurements and model
uncertainties, is performed. As in [8], analysis is carried out in piece-wise way to
easily apply existing analysis framework for a linear time-invariant(LTI) system.

The effects of measurement biases, which can make aimed performance and stability
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characteristics in a controller design phase difficult to be achieved, are investigated.

Dynamics (3.1) with Z} = 0 can be expressed as a state space equation (3.14) below.

In general, Z 5 is small enough to be neglected, especially for large airplanes.

x = Ax + Bu y = Cx

where

x:[a q}T u=2: (3.14)

Z: 1 0
1] e
M; M M;

Comparing to the dynamics (3.2) for the control law derivation, real aerodynamic

c=[10]

derivatives, not estimates, are considered in this dynamics (3.14) for the analysis.

In (3.13), ¢ can be rewritten as follows by substituting ¢., under the assumption of

constant «. (i.e. &, = d. =0).

1 . .
b= {— (01 +Z;;) (Cot+ Z)a— (01+c2+zg> q
) , (3.15)
+0102046—21} — A*Cjo+(50

)

As mentioned in Section 3.3, measurements oy and ¢y are additionally required to
implement IBKS. Hence, if there exist biases on these additional measurement, as
an innerloop controller, IBKS might show worse performance than BKS. In Chapter
3, biases on dp and ¢y measurements, b;, and bs,, are considered in closed loop
analysis as follows, to have critical understandings about the effects of them to

system characteristics with IBKS.

Go = qo,true + by,

00 = 00 true + bs,
where (3.16)
Go,true = Myoo + M q + Mg 0o true
Sogrue = 8(t —7)

From a piece-wise version of (3.1), the model for ¢ 4 in (3.16) is suggested. Under
the assumption of an ideal actuator, a control surface deflection becomes the same as
a generated control command. Then, &g e can be regarded as a control command

generated in previous step, where 7 indicates a step size.
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By substituting (3.16) to (3.15), § can be rearranged as below.

1 1 1
6= — Uy — ——1g g+ —— (C1Cy + 1) v,
My M 244 Mg( G+
M 1
(1= =2 ) 6(t—7) — =Dy + bs,
N M

(3.17)
Vo = {(C1+Z;> (02+Z;)+M;+1}

v, = (01+OQ+M;+2;)

Applying Laplace transform to (3.17) and arranging this equation with respect to
9,

8(s) = | ~ghyvals) —giguals) | X(s)

b a(s) — Ly My
T gy (GO T D acls) = Zrsb + oyt (3.18)

where

o(s) = Mg (1 - 6_75) + Mje ™

If Laplace transform is applied to (3.14) and d(s) in (3.18) is substituted into that

equation, a closed loop system can be suggested, as follows.
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sX(s) = A(s)X(s) + B(s)ae(s) + D(s)b(s)

Y = C(s)X(s)
where

aga1(s) azi2(s)
A(s) = ’

( ) [ a2 21(8) a2,22(3) ]
_ zZ 1
M — 3t5vna(s) My — 55vn4(s)
(3.19)

Bls) = (OOC’ +1 )]

¢(s 1“2
C(s) = [1 o}

Then «a(s) can be derived as below.

) {sI— A(s)}! {B $) + D(s)b(s)}

82— (CL2,11 + a2,22) S+ (a2,116l2,22 - CL2,126L2,21) (3.20)
M; My M; M
{qzﬁ( )(0102+1)ac( s) — mbqo(s) + o(5) 560(3)}

(3.20) can be simplified as (3.21) assuming 7 ~ 0 for analysis purpose.

_ T(s)
afs) = s2 + 2Cwy, s + w?
where
T(s) = (C1Cy + 1) a(s) — by () + Mbsy(s) (3.21)

2 = (C1 +Co) + (2 - 22)
wy = (C1Cy + 1) + Cy (Z; —~ Z;)
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¢ and w, represent a damping ratio and a natural frequency for the closed loop

system.

Absolute stability is normally guaranteed for a damped system, so a condition ¢
to maintain stability under measurement biases and model uncertainties can be

proposed from 2¢w, > 0 (Cond.1) under w? > 0 (Cond.2) as follows.

G = {01,02 € R.¢|Cond. 1 & Cond. 2}
Cond. 1: C; +C5 > _Z;AZ; (322)
Cond. 2 : 0102 + CQZ;AZ; > —1

~

A,y indicates an uncertainty in aerodynamic derivative estimates (-) = (-) {1 + A(.)}.

ac(s) = 22, by, (s) = b%, and bs,(s) = b% for a step input and constant biases. Then,

a(s) becomes

(0102 + 1) Qe — bdo + M;bgol

_ 3.23
Oé(5> 82 + 2<wn8 + w% s ( )
Steady state error ez, can be derived from
Css = Qo — tliglo alt) = a. — il_rg% sa(s) (3.24)
Then, ey can be suggested as below.
1
€ss = 12 Qe+ bdo + ik b6
m + 12 m + 12 M+ 12
where (3.25)
m=CCy+1

ny = Cy (Za - Za> 1y = —M;

From the closed loop analysis above, following two main observations can be found,
and they can be further understood by comparing to [5] where closed-loop analysis
with the same control structure was carried out only considering model uncertainties

under the assumption of perfect measurements.

First, by, and b5, do not affect the characteristic equation which is the same as the
one in [5] without considering biases. Hence, the condition for absolute stability
(3.22) becomes the same with the one in [5] to maintain stability just under the

model uncertainties. Unlike Az: from BKS for the outerloop, Ay from IBKS for
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the innerloop doesn’t have any impact.

Second, by, and bs, additionally cause the second and the third terms in steady state
error (3.24) where the first term is identical to the one in [5]. One of important
characteristics obtained from the analysis in [5] is that the system is robust with
respect to Ay: if a control command is calculated, transmitted and reflected fast
enough to a real control surface deflection, even though M information is required
for implementation of IBKS. However, if by, and bs, are considered, Ay starts to
have an impact to the steady state error, as it can be seen especially in bs, related
term of (3.25).

3.5 Simulation

Simulations are carried out to verify theoretical analysis results suggested in Section
3.4. With a piece-wise approach as in [8], several points for each grid were simulated,
and as an example, results when altitude is 7.6200km and Uy = 185.9280m/s are sug-
gested in Chapter 3. The corresponding aerodynamic derivatives are Z% = —1.963,
Zi =0, My =—4.749, My = —3.933 and My = —26.68.

Simulation parameters such as an angle of attack command, design parameters, level
of a model uncertainty in control effectiveness information, and biases on additional
measurements are suggested in table 1. The initial values for o and ¢ are 0° and
0°/s. Small enough 7 = 0.001sec is applied for the simulation. The effects of
Az to this closed loop system comes from BKS for the outerloop. Since the main
objective of this research is to have critical understandings with IBKS, it is assumed
in this simulation that there is no model uncertainty in Z ». As suggested in Section
3.4, the condition to guarantee absolute stability for the system is only affected by
Az:. Without Az, absolute stability can be accomplished just with positive design
parameters, as intended in previous controller design process. Theoretical analysis
results indicate that a primary effect of biases on additional measurements is in a

steady state error, so stable cases with Az« = 0 are examined in this simulation.

Closed loop system responses obtained from simulations considering only b4, are
suggested in Fig.3.1, and ez values predicted by (3.25) for corresponding cases
are summarized in Table 3.2. When b5, is only considered, simulation results are
proposed in Fig.3.2 and predicted steady state errors by (3.25) are suggested in

Table 3.3. Since Z; information is assumed not to have any uncertainty in this
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Table 3.1: Simulation Parameters

Parameter Value
o 1.5°
Ch, Cy 1.5
AME [—0.25, 0, 0.25]
b4, » bs, [—0.1, 0.1]

Table 3.2: Predicted Steady State Error ez by (3.25) with by,

A b —0.1°/s | 0.1°/s

—0.25 —0.0308° | 0.0308°

0 —0.0308° | 0.0308°

0.25 —0.0308° | 0.0308°
E I N U T N N A R
(a) Time response when bg, = —0.1 (b) Time response when by, = 0.1

Figure 3.1: Closed-loop System Response with b,

simulation, ¢ and w, of the system doesn’t change depending on cases as expected,
resulting in the same rising and settling time for Fig.3.1 and Fig.3.2. Steady state
errors identified from simulations and predicted from the analysis result (3.25) are
shown to be the same for every cases. Additionally, following phenomena observed in
Fig.3.1 and Fig.3.2 can be also understood from (3.25). While Ay has an impact
on steady state errors induced by bs,, steady state errors induced by b4, are not
affected by Ap:. Besides, the effect of bs, is appeared to be bigger than of by, in

steady state error point of view, because |M;| > 1 in this simulation.
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Table 3.3: Predicted Steady State Error egs by (3.25) with bs,

A ol 010 | 0ae
—0.25 —0.6158° | 0.6158°
0 —0.8211° | 0.8211°
0.25 —1.0263° | 1.0263°
LRI RECROR R R R
(a) Time response when bs, = —0.1 (b) Time response when b5, = 0.1

Figure 3.2: Closed-loop System Response with b;,

3.6 Conclusion

In Chapter 3, closed loop analysis with IBKS considering both measurement biases
and model uncertainties, is performed to have critical understandings especially
about measurement bias effects. In previous study where closed loop characteristics
with IBKS considering only model uncertainties are investigated, it is shown that a
system is robust with respect to an uncertainty even in control effectiveness infor-
mation if a control command is calculated, transmitted and reflected fast enough to
a real control surface deflection. However, if measurement biases are additionally
considered, the analysis results in Chapter 3 indicate that a model uncertainty in
control effectiveness information starts to have an impact to a steady state error.
These biases on additional measurements cause a steady state error, but they do
not have any impact to the characteristic equation. These properties obtained from

the analysis are verified through simulations.
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Chapter 4

Incremental Backstepping Control

under Measurement Delay and
Model Uncertainty

4.1 Introduction

Backstepping control [1] is one of the most widely and successfully applied nonlinear
methodologies for a flight control system design [2-10]. One of the issues about a
classical backstepping(BKS) controller is that it is sensitive to model uncertainties,
because full model information is explicitly required for its implementation. Note
that it is difficult to get an accurate model from a wind tunnel test or an aero-
prediction in general. To reduce model dependency of BKS, incremental backstep-
ping(IBKS) controller [11-19] is proposed. Comparing to BKS, IBKS additionally
utilizes state derivative and control surface deflection angle measurements which
replace required knowledge about a model except control effectiveness information.
This algorithm becomes implicit, not totally relying on explicit model information

for its implementation.

Since IBKS lies in between sensor based and model based approaches, it is essen-
tial to understand the effects of measurement defects such as bias, noise, and delay
along with model uncertainties to the closed loop system. There have been some re-
searches investigating closed loop characteristics with IBKS only considering model
uncertainties [11-16]. One of the key findings from theoretical analyses in [15] and

[16] is that the system is robust with respect to any model uncertainties even in con-
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trol effectiveness information if a control command is calculated, transmitted and
reflected fast enough to a real control surface deflection. The limitation of analyses
in previous studies is that measurements are assumed to be ideal, which is impos-
sible in practical applications. If measurement defects are additionally considered,
IBKS might show worse performance than BKS. [17] suggested closed loop analysis
results with consideration of measurement biases together with model uncertainties.
This study indicates that measurement biases only cause additional steady state
error. One of the interesting observations is that a model uncertainty in control
effectiveness information starts to have an impact to the closed loop system when
these measurement biases are additionally considered. To the best of our knowledge,
there are no existing researches about IBKS analysis considering measurement de-

lays along with model uncertainties.

Unlike IBKS, there have been some studies [20-22] about incremental nonlinear
dynamic inversion(INDI) with consideration of measurement delays. INDI[20-25] is
an incremental version of NDI[26], as IBKS to BKS. Relevant studies with INDI can
shed some lights on our analysis with IBKS, but they also have limitations as follows.
[20] and [21] only consider delay in the state derivative measurement induced by a
filter to attenuate noise which is amplified during state differentiation process. In
[22], induced delay from a filter on the state derivative measurement path for noise
attenuation together with sensor delays are considered during a flight test. [20-22]
briefly mention that measurement delays have critical impacts on the closed loop
system with the incremental algorithm. [22] indicates that synchronization between
state derivative and control surface deflection angle measurements is essential for a
successful flight test with INDI. However, [20-22] just focused on algorithm designs
to avoid delay issues without systematic analysis or sufficient interpretations on the

effects of measurement delays to the system.

Despite their limitation in detailed analysis, there is a valuable lesson to be learned
from the previous studies with INDI [20-22] that it is important to have critical un-
derstandings and insights about the effects of measurement delays to the closed loop
system with the incremental algorithm. Besides, the literature review about IBKS
[17] shows possibility that the model uncertainty in control effectiveness informa-
tion starts to have an impact on the closed loop system when measurement defects
like delays are additionally considered. Hence, analysis framework and results con-
sidering both measurement delays and model uncertainties which are inevitable in
reality, should be beneficial in designing and applying IBKS algorithm to actual

aircraft systems.
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To this end, Chapter 4 aims to suggest a closed loop analysis framework and system
characteristics for IBKS, especially with consideration of measurement delays along
with model uncertainties. One of the biggest challenges to achieve this research goal
is that it is difficult to judge even absolute stability of the system in an analytic
way due to exponential terms in a characteristic equation generated from measure-
ment delays. There have been several studies [27-33] about analysis for delayed
systems. For the analysis, [27, 28, 30] approximate the exponential term using Tay-
lor series expansion, assuming that delay is small enough. One of the limitations
in this approach is that it is difficult to judge whether the existing delay is within
an acceptable range so that this assumption holds. Besides, with a simple example,
[29] shows that stability conditions obtained with Taylor series expansion are too
sensitive to the order of the approximation and they do not even match well with
those of the actual system. Rekasius substitution and Routh-Hurwitz criterion are
applied in [31] for stability analysis of time-delayed LTI systems, which is applicable
only when magnitudes of delays are identical for all the delayed signals. [33] utilizes
Euler’s formula to handle the exponential terms, and finds poles by defining a posi-
tive semi-definite metric function to become zero only at the poles. The pole search
is conducted in a heuristic way as discretizing a complex plane and figuring out
grid points in the right half plane where each metric function value becomes smaller
than a threshold value. This implies that performance of the algorithm is highly
dependent on grid settings, so it might be difficult to guarantee system stability
even when no grid point was found in the right half plane with the metric function
value under the threshold. If a grid size is reduced, probability of having grid points
right on the poles could be increased. Still, it does not guarantee an accurate search

while elevating the computation load.

To tackle the main technical issue mentioned above which makes difficult to suggest
the aimed research results, Chapter 4 proposes analysis framework with an opti-
mization concept to efficiently and systematically examine the existence of the poles
in the right half plane. Proposed framework successfully works, even for a highly
nonlinear metric function with a complex shape due to the considered measurement
delays. By applying the suggested numerical framework, closed loop characteristics
under measurement delays and model uncertainties especially in stability point of
view are investigated. A stability condition for the closed-loop system with IBKS
about the relationship between delays on state derivative and control surface deflec-
tion angle measurements is provided, and it is shown that this condition is affected by
the model uncertainty. A comparative study which enables critical understandings

about individual and integrated effects of the measurement delays and the model
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uncertainties to the closed loop system with IBKS is suggested.

The rest of Chapter 4 is organized as follows. In Section 4.2, dynamics and de-
rived control algorithm with IBKS are provided as preliminaries. Section 4.3 per-
forms closed loop analysis with IBKS when both measurement delays and model
uncertainties are considered. Numerical analysis framework is proposed and system
characteristics obtained from the framework are suggested. A comparative study is
performed to have critical understandings about individual and integrated effects of
these defects to the system. Simulations are carried out for verification and valida-
tion of the analysis results obtained from the proposed framework. From simulation

results, properties about robustness and performance are additionally investigated.

4.2 Preliminaries

For the closed loop analysis in Section 4.3, dynamics and control algorithm are sug-
gested in Section 4.2. Short period mode dynamics and derived control law with
IBKS are given in Section 4.2.1 and 4.2.2 respectively. Note that Chapter 4 utilizes
IBKS for the inner controller design and BKS for the outer loop controller design.
As can be seen in [11, 13, 16, 20] and [21], the incremental control algorithm is not
generally applied for the outer loop, because more practical ways are available to
compensate the required model information without utilizing additional measure-

ments in the outerloop.

4.2.1 Dynamics

Chapter 4 considers short period mode dynamics in [34]. Note that the short period
mode is of paramount importance in the flight control design because one of the
main purposes of a stability augmentation system(SAS) for an aircraft is to enhance

this short period mode characteristics.
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a =2, (M,a)a+q+ 25 (M,0) 6
G =M (M,a)a+ Mg (M, o) q+ Mg (M, a)d

where
: _ 9 1
Z (M, ) = - Cyz, (M, «) 0
. qS 1
Z(; (M, Oé) = ECZJ (M, Oé) 70
. qgSc
Mg (M, a) = =—Cu, (M, @) (4.1)
Y
qSe? qS 1
i M il
+ 2IyUOCM“< ya) —Cyz (M, ) 0
. _qse qSc?
Mq (M7Q) — QIyUOCMq< ,Oé)+ 2IyUOCMa (M,Oé)
7S¢
M (M, a) = q]—OMé (M, a)
)
qSéc? qS
mCMd (M, Oé) HCZJ (M, Oé)

State variables o and ¢ denote for an angle of attack and a pitch rate, respectively.
Control input ¢ indicates a deflection angle of an elevator. ¢, Uy and M are dynamic
pressure, constant velocity and Mach number of an aircraft. For notational conve-
nience, aerodynamic derivatives given as functions of M and «a will be represented
in shorthand form as 77, Z5, M, My and M. C, indicates dimensionless aerody-
namic coefficients. .S, ¢, m and I, denote reference area, reference length, mass and

moment of inertia in y-axis of an aircraft, respectively.

Dynamics (4.1) describes a linear parameter-varying(LPV) system, i.e., a nonlinear
system which can be expressed as a parameterized linear system with parameters
changing with state variables. In Chapter 4, short period mode dynamics (4.1), not
full 6-DoF dynamics, is utilized for simplicity of the analysis. This research could

be extended for the analysis with full 6-DoF dynamics in a future work.

Since IBKS is based on the backstepping algorithm which requires that dynamics
should be in strict feedback form, Z 50 term related to non-minimum phase is ignored
in (4.1), resulting in (4.2).
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a=2a+q

(4.2)
q= Mza+ Mjq+ Mg

In order to make the system in lower-triangular form, a fin surface is assumed to be
a pure moment generator. This is a reasonable assumption for most of aircraft, often
made in flight controller design, since Cz; is generally small enough to be neglected

[34].

For the inner-loop control algorithm design with IBKS, ¢ dynamics in (4.2) is mod-
ified as (4.3), under the assumption that the states a,q and the control input §
can be represented as combinations of reference points (-)g and perturbations A(-)

around them, which is valid especially with a sufficiently high sampling rate.

G = M (o0 + Aa) + My (g0 + Ag) + M (60 + A0)

(4.3)
= qo + MjAa + M;Aq + MjAS

As described in [11, 16, 20, 23] and [24], the increments of states, Aa and Ag, have
much less effects on ¢ dynamics than the increments of control input, Ad. This
results in the incremental dynamics (4.4) for the inner loop control system design
with IBKS, which is obtained by neglecting Aa and Ag in (4.3).

G g+ MIAS (4.4)

Here is the final form of dynamics for the controller design.

a=Za+
K (4.5)
4= qo + M5AS
State errors are defined as (4.6).
2 =a— Q.
(4.6)

22 =(q—(qc

where subscript ¢ indicates a command.
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4.2.2 Derivation of Control Law

When Lyapunov function candidate is positive definite and its derivative is negative
definite, asymptotic stability can be guaranteed for the closed loop system. A control
command satisfying asymptotic stability of the system is derived from 2 cascaded

designing steps as follows.

First, for the outer loop controller design, Lyapunov function candidate V| consid-

ering only z; is selected as
v 1,
1= 521 (47)

which is positive definite.

The derivative of Lyapunov function candidate V; is obtained as

‘7122121 (48)
=2z (Zra+q— d) .

In order to satisfy the Lyapunov stability condition, a pseudo-command gq. is de-

signed as
g = —Ciz1 — Zia + A, (4.9)

which makes negative definite V; = —C} z? with a positive design parameter C;. The

state of the fast dynamics, ¢, is regarded as a control input for the slow dynamics.

Second, for the inner loop controller design, Lyapunov function candidate V5 con-

sidering both z; and z is defined as

1 1
Vy = izf + §z§ (4.10)

which is positive definite.

The derivative of V4 can be calculated as (4.11), by utilizing the incremental dy-
namics of ¢ in (4.4) for the inner loop controller design with IBKS.

‘./2 = 2121 + 222:'2 (411>
=2 (Zya+q— de) + 22 (Go + M5 AS — qe)

From the pseudo-command (4.9), V3 becomes
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Vé = Z1 (—0121 -+ ZQ) + 29 (qO + M:;A(S — qc) (412)

To satisfy Lyapunov stability condition, A is designed as

1

(=Cozp — 21 — o + 4c) (4.13)
which makes negative definite V5 = —(C122 — Cy22 with positive design parameters

Cl and Cg.

The final form of derived control algorithm can be suggested as follows.

Gc = _Clzl - 2204 + dc

1 . .
= A*(_OQZQ_Zl_QO‘i‘qc)—F(;O

0

Note that aerodynamic derivatives estimates (A) are utilized in (4.14) instead of real
Z% and My, because only estimated values for the model information are available
in controller design phase. The pseudo-command ¢g. makes the angle of attack
converge to its desired value a,, and ¢ achieves ¢. by the designed control input §.
Comparing to a control command with pure BKS, explicit utilization of M > and M o
related terms is not required, since Aa and Ag are neglected in ¢ dynamics (4.4)
for the inner loop control algorithm design with IBKS. This implies that model
dependency is reduced because Z; and M 5 are only required for implementation of
the algorithm. Instead, measurements ¢y and ¢y, current control surface deflection
and state derivative in the inner loop, are additionally required to implement the
control algorithm with IBKS.

A flight controller is designed to accomplish asymptotic stability under Lyapunov
framework, assuming that there are no measurement defects like delays and model
uncertainties. The effects of measurement delays and model uncertainties, which can
make aimed performance and stability characteristics in this design phase difficult

to be achieved, will be investigated in following closed loop analysis part 4.3.
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4.3 Closed-loop Analysis

In Section 4.3, the closed loop analysis is performed considering measurement delays
and model uncertainties, under the piece-wise approach to handle this LPV system
as in [35]. For better understandings about the obtained closed loop characteristics
through a comparative study, relevant analysis results in [16] under the assumption
of perfect measurements are briefly summarized and suggested in Section 4.3.1. If
measurement delays are additionally considered in the closed loop analysis, it is
difficult to even judge absolute stability of the system in analytic way. Therefore,
a numerical framework is proposed in Section 4.3.2 to examine the system stability
under measurement delays and model uncertainties. An optimization concept is
utilized to search unstable poles efficiently and systematically, even for a highly
nonlinear metric function due to the measurement delays considered. By applying
the numerical framework suggested in Section 4.3.2, closed loop characteristics under
measurement, delays and model uncertainties especially in stability point of view
are identified, which are presented in Section 4.3.3. A stability condition about a
relationship between delays on state derivative and control surface deflection angle
measurements is suggested, and it is shown that this condition is affected by the
model uncertainty. Simulations are carried out for verification and validation of
the framework results about the absolute stability, and they additionally provides
understandings about the relative stability. From the simulation results, system

performance is also investigated, which is addressed in Section 4.3.4.

4.3.1 Analysis without Measurement Delays

With the same control structure of Chapter 4, [16] performed theoretical closed loop
analysis for the nominal case and the case only considering model uncertainties. For
the comparative study in Section 4.3.3, relevant studies in [16] without considering

measurement delays are reviewed as follows.

In [16], the transfer function is shown to be insensitive to the uncertainty in M,
if a control command is calculated, transmitted and reflected fast enough to a real
control surface deflection. As a result, the closed loop system is only affected by
the uncertainty in Z; Note that Z; is utilized for the outer loop controller design
with BKS, and M 5 is required for the inner loop controller design with IBKS. Since

Chapter 4 aims to have critical understandings about IBKS, the model uncertainty
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AMg on Mj = Mi(1+ AMg) is mainly considered in Chapter 4, resulting in the

transfer function (4.15) which becomes the same with the one for the nominal case.

afs) T

ac(s) 824+ 20wns +w?

where

T=CCy+1 (4.15)
2Cw, = C1 4+ Cy

w:=0C0y4+1

¢ and w, represent a damping ratio and a natural frequency of the system. A

detailed derivation process of the transfer function (4.15) can be found in [16].

Poles p are obtained from (4.15) as (4.16).

(G4 Co) £4/(Cy - o) -4 (4.16)
2

p:

With the positive design parameters, poles are always located in the left half plane,
which means that the closed loop system always becomes stable. Besides, poles are
given as a function of the design parameters only. This implies that the system

characteristics become uniform in the entire flight envelope.

A steady state error, ey, can be calculated using following relationship.

Css = Qlp — tliglo alt) = a. — il_rf(l) sa(s) (4.17)

A step input a, = K in the time-domain is expressed in the frequency-domain as

below.

(4.18)

a.(s) = g

By applying (4.15) and (4.18) to (4.17), the steady state error can be calculated,

resulting in zero value.

€ss = 0 (419)
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4.3.2 Stability Analysis Framework under Measurement De-
lays

Comparing to classical BKS, state derivative and control surface deflection angle
measurements are additionally utilized and consequently, model information about
control effectiveness is only required for IBKS implementation. Hence, delays
on M, 5

are mainly considered in Section 4.3.2 for the closed loop analysis. Note that the

and 75 on ¢y and dy measurements together with the model uncertainty A

5
measurement delays in Chapter 4 are defined as final delays on the measurements for
control command calculation, including delays from sensors, communication links,
and processors with estimation algorithms. M 5 is assumed to have the same sign
with Mj.

The first step for the stability analysis framework is to derive the transfer function

of the closed loop system with IBKS considering 74 and 75 along with A, resulting
6

in (4.20).

04(8) B %ﬁ: (0102+1)
ac(s)  d1(s)s? + pa(s)s + ¢(s)
where
Mo
$r(s) =1—e ™+ M—Zke_” (4.20)

*

M
$a(s) = —(Z5 + M) (1 — ) + =2 (Cy + Cy + Zi — Zje ™)

)

*

M
¢3(s) = (ZaMg — M) (1 —e %) + M6 (C1C2 + 1)

*

)

A detailed derivation of the transfer function (4.20) under the piece-wise approach

[35] is addressed in Appendix A.

The stability of the closed loop system can be examined by searching unstable poles
from its characteristic equation in (4.20). The biggest challenge to obtain poles is
that there exist exponential functions from the considered measurement delays. If
the exponential functions are approximated as in [27-30], it is difficult to figure out
the feasible range of delay for the valid approximation. In addition, [29] addresses
that the stability characteristics obtained with Taylor series expansion can be highly
sensitive to the order of the approximation. The proposed analysis framework in

Section 4.3.2 is based on a numerical approach without approximation, which will
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be shown in the rest of the steps.

The second step is to reformulate the characteristic equation for numerical pole
search. By substituting s = a + bi (a,b € R) and applying Euler’s formula, ¢1, ¢o
and ¢3 in (4.20) can be rewritten as (4.21).
¢1 = (1 — x5 + Qag) +i(ys — Qyq)
02 = {~(Zs+ M) (1= 25) + ACy + Ca + Z; = Ziwy) }
i { (25 + M)ys + 20y |

6 = {(Z20M; = M~ 25) + UCCH + 1)} +i(Z2M; ~ M2ys (4.21)

where
x5 = e %os(7sb) x4 = e "1%cos(T;b)

—Ts o —T4a o M5
ys = e 2%sin(7sb) Yy = e "%sin(yb) Q= i

From (4.21) with s = a+bi (a,b € R), the characteristic equation ¢;s?+¢os+¢3 = 0

can be re-arranged as (4.22).

$15% + s + 3 = Re(a,b) + Im(a,b)i =0
where
Re(a,b) = (a* — b?) [1 — {e7™%os(15b) — Qe COS(Tqb)}]
— 2ab {e" ™ sin(1sb) — Qe T sin(7yb) }
ta {—(zg + M) + Q(Cy + Cy + Z5) + Me ™5 cos(7b)
+ 7% {e ™ cos(15b) — Qe i cos(14b ))}}
+0b [M;e’““sz'n(mb) + Z {e ™ sin(Tsb) — Tan’in(Tqb)}]
+ {(Z;M; — M) (1 — e ™%os(75b)) + Q(C1Cy + 1)} (4:22)
m(a,b) = (a® — b*) {e " sin(7sb) — Qe "*sin(14b) }
+ 2ab [1 — {e"™%os(Tsb) — Qe’T‘?“cos(Tqb)}]
—a [M;e_”“sin(ﬂ;b) + Z {e ™ sin(Tsb) — Qe_T‘?“sin(Tqb)}}
+b [—(Z;j + M) + Q(Cy + Cy + Z2) + Mre ™" cos(rsh)
+2% {e ™" cos(1sb) — Qe_Tqacos(Tqb)}}
+ (ZyMy — Mj)e ™" sin(7sb)
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The last step is to find poles by searching a and b which make f(a,b) in (4.23) zero,
because both Re(a,b) and I'm(a,b) should be zeros to have zero f(a,b).

f(a,b) £ |Re(a,b)| + |Im(a,b)| (4.23)

If da > 0 s.t. f(a,b) = 0, the system is unstable. If not, it is stable. By utilizing

this property, Chapter 4 suggests a numerical analysis framework to judge absolute

stability for the system with IBKS considering 7; and 75 along with A ., which is
5

summarized in Table 4.1.

Table 4.1: Stability Test Algorithm for Nonlinear Characteristic Equations

Algorithm 1. Stability Test Algorithm
1: count <0

2: for agrip = 0 t0 e With Aa

3: for bGRID = bmm to bmax with Ab

4: if f(agrip:barip) < fru

5: a*,b* « argmin, e f (a,b)

6: with ag, by < agrip, barip
7 f* <« f(a*,b%)

8: if f*<eanda* >0

9: count < count + 1

10: end if

11: end if

12:  end for

13: end for

14: if count > 0
15: return Unstable

16: else
17: return Stable
18: end if

First, grid points (agrip,bgrip) are determined by sparsely dividing the area of
interest, 0 < agrrip < Gmaz a0d bpin < barip < bmaz, With grid sizes Aa and Ab.
The grid points (agrip, berip), whose function values f(agrip, borip) are less than
a certain threshold value fry, are selected as points for the initial guess. Second,
optimizations are conducted with each initial guess points, resulting in a set of local
minimum points (a*, b*). The local optimal points, where f(a*, b*) are less than a
threshold value € ~ 0, are regarded as poles. count indicates the number of unstable

poles.

As shown in Table 4.1, the proposed framework utilizes an optimization concept to
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examine the existence of the poles in the right half plane in systematic and efficient
way, even for the highly nonlinear metric function (4.23) with (4.22). Note that
under the heuristic approach as in [33], reliable pole search can not be guaranteed

even with the reduced grid size which elevates the computation load.

4.3.3 Closed-loop characteristics : Stability

In Section 4.3.3, closed loop characteristics under measurement delays along with
model uncertainties especially in stability point of view are presented, which are
identified by applying the suggested numerical framework in Section 4.3.2. Simula-
tions are performed for verification and validation of the obtained properties from
the framework. As illustrative examples, four different types of aircraft models are
considered for analysis and simulation, and their aerodynamic derivatives at certain
flight conditions [36] are provided in Appendix B. The design parameters C; and Cy
for the control algorithm are set to be 1.5 respectively. An extensive range of 7; and
Ts together with A iy is introduced to obtain critical insights about the effects of mea-
surement delays along with a model uncertainty on the system. Note that consider-
ing the page limit, this paper shows some parts of the results that are representative.
The presented cases are with 7; and 75 from 0s to 0.1s with 0.01s increment and from
0.1s to 0.2s with 0.02s increment (i.e. [{0s:0.01s:0.1s} U{0.1s: 0.02s : 0.2s}])
along with AMg = [ —50%, —35%, —20%, 0%, 25%, 100%, 200%, 300%} . Initial
values for the state variables a and ¢, and the a-command «., are set to be 0°, 0°/s
and 1.5° respectively. Remaining parameters especially for the framework are listed
in Table 4.2.

Table 4.2: Framework Parameters

Parameter || Value
Grmaz 1000
Aa 10
bomin —1000
Ab 10
bmaz 1000
Jru 10°
€ 1073
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7; and 75 cases examined to be stable by the framework are illustrated for each
AM:; in Fig. 4.1. Note that the markers (), 00, O and 0O in Fig. 4.1 denote the
framework results of aircraft A, B, C and D, respectively. Fig. 4.1 shows that the
closed loop system is stable if 7; = k75 and the non-negative k has an upper bound
kmae which varies with A N kmaz values in Fig. 4.1 are summarized as Table
4.3 which provides following observations. For A Ny = 0, kmaz is 1, indicating the
system becomes stable when there is no delay on ¢y measurement (i.e. 7, = 0) or
when the additional measurements ¢y and &y are synchronized with the same amount
of delay (i.e. 7; = 75). If M} is under-estimated(i.e. AMg < 0), Kkmaz gets smaller,
resulting in reduced number of stable points. On contrary, if Mj is over-estimated

(ie. A vy > 0), kmaz becomes larger, resulting in increased number of stable points.

Table 4.3: k,,.. for each A NI

kma:c

A iz Airplane A | Airplane B | Airplane C | Airplane D
-0.5 0 0 0 0
-0.35 1 1 1 1
-0.2 1 1 1 1

0 1 1 1 1
0.25 2 2 2 2

1 3 3 3 3

2 5 5 5 4

3 6 6 6 5

The simulation results appear to coincide with the framework results, as can be seen
in Fig. 4.1. Note that the simulation results are given with markers = |, 1, = and

for each aircraft A, B, C and D in Fig. 4.1. For some representative cases with
Aircraft A, time responses are presented in Fig. 4.2. It is shown in Fig. 4.2 that the
closed-loop system is unstable if 7; and 75 do not satisfy 7; = k75 (k < kpar) even

with small deviation.

For better understandings on stability and robustness of the closed loop systems,
gain margins under 7; and 75 together with A Npp are examined through simulations.
For illustrative purpose, a part of results with Aircraft A under 75 = {0s : 0.01s :
0.05s} are given as Fig. 4.3, but the trend of all results is the same. Fig. 4.3
indicates that the gain margin increases as A Npy Increases under the same 7, and
7s. For the same A N the gain margin decreases when k approaches to its upper

bound k4.
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Figure 4.3: Gain margin(GM) for stable closed-loop system under 7; and 75 together
with A Mg

The important findings from the framework results can be summarized as Observa-
tion 4.1 and 4.2.
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Observation 4.1. (Stability condition with 7, and 75) : The system with IBKS is
stable only when 14 = k75 with a non-negative integer k which has an upper bound

kmaz- Otherwise, the closed loop system becomes unstable.

Observation 4.2. (Effect of AM; to stability condition) : k. becomes smaller as

the model uncertainty on control effectiveness information A ;. decreases.
s

Observation 4.1 and 4.2 can be understood as follows. ¢y measurement has critical
influences on the system with IBKS because it contains the model information about
M and M} to be replaced. If there is no delay on this measurement (i.e. 7; = 0 with
k = 0), the system with IBKS becomes stable. If ¢, signal is delayed, the relationship
between delays on ¢y and §y becomes important for the system stability due to the
following reason. Due to the considered delays on ¢y and ¢y, trigonometric functions
whose frequencies are 7, and 75 appear in the characteristic equation (4.22). The
differences between trigonometric terms with frequencies of 7; and 75 are repeatedly
shown in (4.22) and they have significant impacts to the closed-loop system stability
with IBKS. When 7; = k75 with a positive integer k, these differences shows a
periodic pattern with the frequency of 75 like the case without 7,4, resulting in the
stable closed-loop response. k has its upper bound k,,,, determined by the model
uncertainty on control effectiveness information A N which can be explained as
follows. k& indicates how many times the cycle of the trigonometric term with 7,
is repeated during one period of that with 75. A NIz affects the amplitude of the
trigonometric term with 74, as can be seen in (4.22). The maximum magnitude of
the differences between trigonometric terms with frequencies of 7; and 75 can be
more amplified as k increases, and A NIz has an impact on the magnitude of this
amplification. This implies that there exists an upper bound k,,,, which makes
the amplification to be within the range where the system is stable and this k4.
is affected by A iz The reason why k,,., decreases as A iz gets smaller can be
explained with loop gain point of view. In the derived control command (4.14),
there exists a reciprocal of M 5- This implies that a loop gain becomes smaller with
over-estimated M, S (e, A Ny > 0), while it gets larger with under-estimated M 5 (ie.
A iy < 0). Thus, the closed-loop system becomes less robust against the defects as
A iz reduces, resulting in smaller k,,,,. Instead, the time domain response of the

system becomes faster as A ;. gets smaller since the loop gain increases.
S

The comparative study between the closed loop systems with and without measure-
ment delays under model uncertainties is provided as follows. Note that critical
understandings about individual and integrated effects of measurement delays and

model uncertainties to the system with IBKS can be facilitated by this comparative
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study. For the closed loop system with model uncertainties and without measure-
ment delays, the previous study in [16] shows that the system with IBKS is not
affected by any model uncertainty even in M 5 and always stable with uniform per-
formance. When the closed loop system is under both measurement delays and
model uncertainties, the relationship between 7; and 75 for the system stability is
provided, which is affected by A N The framework result with A N = 0 indicates
the case when 7; and 75 are only considered. In this case, the system is stable only
if ;=00r 7 =75 (e kpar =1). If A iz is additionally considered, the number
of stable points tends to decrease with 0 < k4., < 1 for under-estimated My and

increase with k., > 1 for over-estimated M 5

4.3.4 Closed-loop characteristics : Performance

77,AM;=-0.5
S ,AM;—-OBS
AM;='0'2
AM',=0
a9
I ,AM;=O.25
Ay =1
a4
I ,AMi_Z
a4
- *AM',_3
a9

O3 0% DO x
x X X X X X X
| | | R | O | O | |
OO hA WN = O

Figure 4.4: Rising time(t,) for the stable points

Section 4.3.4 suggests closed-loop characteristics about system performance inves-
tigated from the simulation results. One of the system stability related properties
mentioned in Section 4.3.3 is that the number of stable points increases with im-
proved gain margin as A Nz gets bigger in the positive direction. However, large A NI
has a negative impact on the system performance, especially about fast response.
As can be seen in Fig. 4.4, rising time ¢, gets larger as A NIz increases for the same
amount of delays on ¢y and dg. For the same A Nz t, increases with larger 7; and

7s. The time response graph for the representative cases, Fig. 4.5, shows that the
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Ay =0,75=0,7,=0

- = =2y =0,75=01,7, =01

Ay 0.35,75 = 0.1,7; = 0.1 |
Ay =1,7=01,7,=01

Time (s) Time (s)

(a) System Output (b) Control Input

Figure 4.5: Time response graphs for the representative cases

steady state error always becomes zero. Steady state error can be also obtained in

analytic way by applying (4.20) and (4.18) to (4.17), resulting in zero value.

4.4 Conclusion

Chapter 4 suggests closed loop characteristics with IBKS obtained from the proposed
analysis framework, especially with consideration of measurement delays along with
model uncertainties. A numerical framework is proposed to judge absolute stability
for the closed loop system with IBKS under the measurement delays and the model
uncertainties. The suggested framework with an optimization concept efficiently
and systematically examines the existence of the poles in the right half plane, even
for the highly nonlinear metric function due to the considered measurement delays.
Chapter 4 also suggests critical understandings about the closed loop characteristics
with IBKS considering both measurement delays and model uncertainty. By apply-
ing the proposed numerical framework, a stability condition about the relationship
between delays on state derivative and control surface deflection angle measure-
ments is found. It is shown that this condition is affected by the model uncertainty
on control effectiveness information. The comparative study are conducted to sug-
gest important insights about individual and integrated effects of the measurement
delays and the model uncertainties to the closed loop system. The obtained prop-
erties about the absolute stability are verified through the simulation. From the
simulation results, robustness and performance under the measurement delays and

the model uncertainty are additionally investigated.
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Appendix

A Derivation of Transfer Function for the System with IBKS

under Measurement Delays and Model Uncertainties

Dynamics (4.2) can be expressed as a state space equation (4.24).

x = Ax + Bu y = Cx

T
XZ[a q] u=9
Z* 1 0
« B:
M M;] [Ms

Delays on ¢y and dy measurments are mainly considered for the analysis with IBKS

(4.24)

c=[10]

in Chapter 4, and modellings of these delayed measurements are suggested for the

closed loop analysis as (4.25) utilizing (4.2) for go.

50 :5(t—7'5)
Go=q(t—my) (4.25)
= Mo (t — 1) + Myq(t —73) + M6 (t —7y)

Since Chapter 4 focuses on IBKS, the model uncertainty A . on M; is mainly
&

considered in this closed loop analysis. Using (4.14) with (4.2), (4.6) and (4.25)

under the assumption of constant a.(i.e. &. = d&. = 0) and zero A _,, § can be

zk?

rearranged as (4.26).

1 1 1
0= —A—*VaOl — A—*l/qq + o (0102 + 1) Qe
Mg M; 5
M* )
— — Oz(t—Tq) — — q(t—Tq)
5 5
M*
+e6(t—T15) — =26 (t— 1) (4.26)
Mg
where

Vo = {(C1 + Z2) (Cy + Z2) + 1}
I/q = (Cl +02 + Z;)
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Applying Laplace transform to (4.26) and rearranging the equation with respect to 4,

6(5) = | —matals) —gmiha(s) | X(s)

1
+ —(CiC3+ 1) a.(s
M§¢1(S)< ol

h
where . (4.97)
s)=1—¢ % 4 LT
b1(s) 7

fa(8) = Vo + Mie 7*
pals) = vy + M

If Laplace transform is applied to (4.24) and d(s) in (4.27) is substituted into that

equation, the closed loop system can be derived as (4.28).

A(s) . i all(s) alz(S o Z; 1
i G21(8) a22(s) Ma - Mg‘d;i(S)Ma(S) Mq - ng;i(s)/iq(S)
- L (4.28)
B(s) :
S) =
M*qj( (GG + 1) |
Cs)=[1 0]
From (4.28), transfer function can be derived as (4.29)
als) _ C(s) (sT— A(s))‘1 B(s)
ac(s)
a12 M*qS (0102 + 1) #(0102 ‘I’ )
s2 — (a1 + Cl22) s+ (a11a22 — a12a21)  $1(5)s2 + Pa(s)s + 3
where
. (4.29)
P1(s) =1 —e ™ Lo
5

M*
2(Cr+ Cy+ Z; — Z3e ™)
6
M*
Mz (C1Cy +1)

Pa(s) = —(Zo + M) (1 —e77%) +

¢3(s) = (ZoaMg — My)(1 — e %) +
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B Aerodynamic Derivatives

Table 4.4: Aerodynamic Derivatives of Aircraft

’ Parameters H Airplane A | Airplane B | Airplane C | Airplane D

h (km) 7.6200 1.5240 1.5240 6.0960
U (m/s) || 185.9280 | 67.0865 | 103.6320 | 205.1304
Z* -1.9626 -0.8222 -2.4660 -0.5249
M 47488 | -17.1690 | -23.8147 | -1.2473
M; -3.9326 -6.8791 -5.8557 -0.6474
M -26.6845 | -35.2513 | -28.4270 -1.6937
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Chapter 5

Composite Adaptive Backstepping
Control

5.1 Introduction

Backstepping(BKS) control is one of the most widely and successfully applied non-
linear flight control methods [1-3]. BKS has a cascade control structure, where a
state for an inner loop acts on an outer loop as a pseudo input driving a state for an
outer loop to its desired value. This implies that a control law design for a system
with large dimension can be split into several control law designs for simple systems
with smaller dimension in recursive way. The closed-loop system with BKS fulfills
a desired system response with known stability and convergence properties under
Lyapunov framework. One of the critical issues about BKS is that it is sensitive to
model uncertainties, because it requires full model information for implementation
of the algorithm. Since it is difficult to get accurate model information in general,

it is important to make BKS less dependent on model information.

In Chapter 5, a composite adaptive control approach [4-10] is introduced to BKS in
order to reduce its model dependency by estimating part of model parameters online
and utilizing the estimates for controller implementation. Note that the composite
adaptive control scheme has been widely utilized in previous studies, resulting in
advanced algorithms like composite model reference adaptive control (MRAC) [9]
and composite adaptive neural network-based control [11]. A composite adaptation
law has an advantage of improved estimation performance, which is achieved by

introducing an estimation error based term to a tracking error based adaptation
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law [4]. While a tracking error based adaptation law can be interpreted as a simple
integration of a tracking error signal, a composite adaptation law appears to be a low
pass filter on a tracking error signal due to the additionally introduced estimation
error based term. This implies that, when adaptation gains are increased to enhance
estimation speed, oscillations on estimation and tracking response in transient phase
can be amplified with a tracking error based adaptation law. On the other hand,
increase of adaptation gains enlarges a bandwidth of a composite adaptation law
without excessive amplifications of oscillatory behaviors in estimation and tracking
response in transient phase. Thus, a composite adaptation law achieves smoother
transient response than a tracking error based adaptation law, resulting in enhanced
tracking performance and system robustness. Note that robust adaptation laws have
been developed to enhance system robustness by introducing modification terms like
o-modification[12], e-modification[13] and low-frequency learning[14], or suggesting
architectures like £, adaptation law[15] and derivative-free adaptation law[16], but

only boundedness of parameter estimation error is guaranteed with those algorithms.

The parameter convergence can be guaranteed with the composite adaptation law,
but one of the main issues is that persistent excitation (PE) is required for the con-
vergence. This PE condition results in persistent oscillations of state and control
input signals, which is unrealistic for practical applications. There have been previ-
ous studies [17-20] on relaxation of PE condition to finite excitation (FE) condition
for composite adaptation laws. To achieve convergence of parameter estimation
only with FE, they utilize a similar approach as follows. An information matrix
is obtained by accumulating regressor data and algorithms to make use of richer
regressor signals for the information matrix are introduced. This results in full rank
of the information matrix after a certain time, only with FE. Besides, speed in the
slowest adaptation direction is maximized since the information matrix which max-
imizes its minimum eigenvalue is selected. The approaches in [17-19] require larger
memory than [20], since they store all regressor matrices for the information matrix
calculation. To the best of our knowledge, relaxation of PE condition has not been
discussed for the composite ABKS [21]. [17] and [20] are based on full-state feedback

control, and [18] and [19] utilize dynamic inversion control scheme.

For successful design of an adaptation law, it is also important to consider prac-
tical issues related to computational complexity induced from the adaptation law
structure. A structure of an adaptation law is highly dependent on a structure of a
baseline control algorithm. If the baseline control law has a cascade control struc-

ture, it is possible to design the adaptation law for each loop of the control system.



94 C-ABKS

In previous studies [17-20], baseline control algorithms do not have cascade control
structures. Even in [21] with ABKS, an adaptation law design does not fully take
advantage of the structural characteristics of BKS. As a result, adaptation laws in
relevant literature [17-21] are designed to estimate all the uncertain parameters in
the dynamic system at once. Since a dimension of an augmented parameter estima-
tion problem enlarges as the number of dynamic equations and uncertain parameters
increases, matrix operations with excessively large matrices are required, resulting
in high computational complexity. Thus, a structure of the proposed adaptation law

needs to be designed in a way to decrease the estimation problem dimension.

In Chapter 5, a composite ABKS control algorithm is designed, where its estimation
problem dimension is reduced and PE requirement is relaxed. The composite adap-
tation law which enhances both estimation and tracking performance is utilized.
The relaxation of PE requirement to FE for parameter convergence is accomplished
by utilizing information matrix construction and selection methods based on [20].
One of the main contributions of Chapter 5 is that the adaptation problem for the
overall dynamic system is divided into smaller estimation problems with the new
composite ABKS. By taking advantages from a cascade control structure of BKS, the
proposed adaptation law estimates model parameters in each loop separately, rather
than estimates whole parameters of the system at once. This results in decreased

computational complexity from reduced estimation problem dimension.

Chapter 5 is organized as follows. System dynamics with model uncertainty is de-
fined in Section 5.2. Derivation and stability analysis of the proposed composite
ABKS are addressed in Section 5.3. In Section 5.4, simulations are conducted to
show performance and characteristics of the new composite ABKS. The overall con-

cluding remarks are stated in Section 5.5.
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5.2 System Dynamics

In Chapter 5, system dynamics with model uncertainty is considered as follows.

© = f(x) +g(x)u+ Az)

where
@ =[r,200, -, 20"
@) =[x, 29, ;)" (=1, ,n
Fla) = [Aih). o) fulw)] (5.1)
g(x) = diag (g1 (), g2(T2), -+~ , gu(Thr)]
u:[ul,u2,~--,un}T with u; = T (0=1 n=1)
J (i =mn)
A) = [Mi(h), Ag(ay). - Au(,)]

x € R™! indicates a state vector and x; € R™! is a subset of the state vector
xz. f(x) € R™! and g(x) € R™ " represent known model information. u € R™!
denotes a control input vector. Model uncertainty is expressed as A(x) € R™*!
which satisfies the matching condition in [22]. Since a control algorithm based on the
backstepping methodology will be proposed, the system dynamics (5.1) is suggested
in a strict-feedback form. First, f;(a}) and g;(x}) in f(x) and a diagonal matrix
g(x) only depend on ;. Second, a real control input ¢ is applied for the innermost
loop and a state becomes a pseudo input for the next outer-loop in recursive way,

constructing the control input vector u as (5.1).

A structured model uncertainty A(x) which is linearly parameterized, is utilized in

Chapter 5 as below.

where

0; = [9 6, - ezml} (5:2)

) = [ou @) o)+ 61, ()]

0; € R™*! is a vector of unique constant true parameters, which is unknown.
¢;(x) € R™>*! represents a known regressor vector which is continuously differen-
tiable.
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5.3 Composite Adaptive Backstepping Control

5.3.1 Derivation

A control command vector u. € R"*! is defined as (5.3) from (5.1). Subscript ¢

indicates a command.

T
Ue = [, Uz, Un,]
z; i=1,,n—1 (5.3)
with u, — e ( )
Oc (i =n)

u;, is a command which u; should follow in order to drive x; to z;,. Under the

c

assumption of ideal actuator, u,,6 = d. = 9.

A tracking error z € R™*! is given as below.

o T
z_[217227”' y Rn

(5.4)

where z; = x; — ;.

The unknown vector 6; of true parameters will be estimated as 0, by the adaptation

law (5.7). A vector of parameter estimation errors is given as (5.5).

. R . R T
0i— 0= 0, — 0,0, — Oy . 0i,, — 03, (5.5)
A recursive design methodology for the control command u. with an adaptation
law is utilized under Lyapunov framework, resulting in (5.6) with (5.7). Asymptotic
stability is achieved for the closed loop system with (5.6) and (5.7), which will be

proved under Lyapunov stability analysis framework in following Section 5.3.2.

A derived control command u;, is suggested as follows.

1 AT .
Ujc = — [_Cizi —gi1zi-1— i — 0; &; + $ic]

)

(5.6)

where gozo £ 0

C; is a constant and positive design parameter for the control law to achieve a desired

closed-loop response.
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~

0; in (5.6) can be obtained from the adaptation law (5.7).

d » ~
EO'L = zilip; — Al <Qi9i - m-) (5.7)
I'; = diag | Vi, Vigy - - ,%-mz,] € R™i*™i ig a matrix of constant and positive design

parameters for the adaptation law. Constant and positive \; is a relative weight
factor on the estimation error based term to the tracking error based term. €2; €
R™*™mi denotes an information matrix to be designed. m; € R™*! denotes an
auxiliary vector, which can be expressed as m; = €2;0;. Since 6; is unknown, 7,
should be calculated from known signals in another way, which will be discussed in
later part related to a regressor filtering scheme. The estimation error based term
in the composite adaptation law (5.7) leads to smoother transient estimation and

tracking response, resulting in enhanced system performance.

Regressor filtering scheme is utilized to compute the auxiliary vector without state

derivative information. For the i-th loop, (5.1) can be rewritten as (5.8) with g/ £

giu;.

ii=fi+9g.+0; b, (5.8)

By applying Laplace transform to (5.8),

swi(s) = fi(s) + gi(s) + 6; ¢(s) (5.9)

Filtered dynamics (5.10) can be obtained by multiplying a first order filter F(s) =

ﬁ with the filter parameter k& for both sides.

SP(s)zi(s) = F(s) { fi(s) + glls) + 0 y(s) } (5.10)
Using sF(s) = (1 — F(s)), (5.10) can be rearranged as (5.11).

% [2,(s) — F(s)ai(s)}
= F(s)fi(s) + F(s)gi(s) + 0] {F(s)o;(s)}

(5.11)

Filtered dynamics in the time domain (5.12) is obtained by applying inverse Laplace
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tranform to (5.11).

1
E(-ri_xif> :fif“‘gz{f‘i‘eiT(f’if (5.12)
where (-); represents a filtered signal by F'(s).

Let

1
Cz‘féE%f+fif+gz/‘f (5.13)

(5.14) is obtained by rearranging (5.12) in terms of OiTq,’)if and substituting (5.13)

into the rearranged equation.

1
0; b;; = 7%~ Gy

where
. 1
¢if = E <¢i - ¢if>
. 1/1
Gif = T (E% + fi+gi— Cif)

(5.14)

07 ¢, s information in (5.14) will be utilized to calculate the auxiliary vector in (5.15).

Without regressor filtering scheme, 6} ¢,

, information is required to calculate the

auxiliary vector instead of 0} ¢, s Information, and 07 ¢, information can be obtained
from (5.8), resulting in usage of the state derivative information. In general, state
derivatives are difficult to be measured, and noise in state measurement signals can
be amplified if the state derivatives are calculated via differentiation of the state
measurements. Hence, it is advantageous to utilize regressor filtering scheme and

prevent usage of the state derivative information in auxiliary vector calculation.

Update laws for the information matrix €2; and the auxiliary vector ), are designed

as (5.15).

Qi(t) = —K()%u(t) + ¢if<t)¢i3;<t)

. T (5.15)
(0) = ~K(0m(0)+ 94,00 (0~ 6,00

with €;(t0) = O, xm, and n;(to) = Om,x1. K (t) is a forgetting factor to be designed,

which is positive and bounded. The information matrix update law in (5.15) consists
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of two terms. The first term is defined by introducing the forgetting factor (5.17)
to the current information matrix obtained from accumulated regressor data for
previous time interval. The second term represents the effects of the current filtered

regressor ¢; . on the information matrix update.

Q; and n; are derived by integrating the update laws (5.15).

() = [ o FKg, (1197 )i

to

n;(t) = /t e~ EWdvg, (1) (%%(T) _ gf(T))T dr (5.16)

to

It can be observed from (5.16) that the information matrix €2; is positive semi-
definite. Besides, (5.16) implies that the information matrix can have full rank and

become positive definite matrix over time, when the regressor signal is excited.

K(t) is a forgetting factor, which is designed as below.
K (8) = by + Ok — k) tanh (9165, (1)) (5.17)

kr and ky indicate lower and upper bounds of K (t) with positive constant values,

respectively. 1 is a constant and positive design parameter for the forgetting factor.

The effects of the forgetting factor on the information matrix are addressed as fol-
lows. First, the forgetting factor enables the information matrix to be upper bounded
in its norm. Second, the forgetting factor makes richer signal to be reflected more on
the information matrix update (5.15). The forgetting factor (5.17) becomes larger
when ¢, contains richer data with large b, #(@)]|. Consequently, the information
matrix is updated to consider the current filtered regressor signal more and the ac-
cumulated data less. On the other hand, when @;; does not contain rich data with
small [|@;,(?)]|, the forgetting factor (5.17) gets smaller. As a result, the current
filtered regressor signal is reflected less and the accumulated data affects more to

the information matrix update.

After the excitation is finished, the information matrix will be degenerated due to

the forgetting design and the incoming filtered regressor signal which is not rich. In
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order to prevent this phenomena, information matrix selection method is introduced.
Qi (t) £ Qi(ty), m4y(1) 2 n;(ts)

t, = max {argmax}"(Q(T))} (5.18)

T€E(to,t)

where F (7)) = O pmin(T)

F(Q(7)) is selected as a minimum eigenvalue of the information matrix. Eigenvalues
of the information matrix are related to speed for the estimation error based term of
the adaptation law in corresponding eigenvector directions. This means that max-
imizing the minimum eigenvalue can be interpreted as maximizing the adaptation
speed of the slowest direction. Information matrix becomes positive definite dur-
ing excitation, but after FE it might become positive semi-definite again with rank
deficiency. The selection method (5.18) has an effect which automatically excludes
positive semi-definite matrices with zero eigenvalues. Hence, the condition to guar-
antee parameter convergence is relaxed from PE to FE through accumulation and

selection procedures.

A final adaptation law is suggested as (5.19), with best information matrix and

auxiliary vector from (5.18).

d ~ A
20 — >T-bh. — \.T. 0. —m. 5.19
7 0;, =z, — \T; (Q,,ﬂz nzb> ( )

Note that the adaptation law (5.19) is designed to estimate 6; for each loop sep-
arately. If all @; are augmented into one parameter estimation problem for whole
system, the size of this augmented matrix for the unknown parametersis y . m;xn,
and the size of the corresponding information matrix becomes ;. , m; X > m; in
maximum. This implies that complex matrix operations, like matrix multiplication
and eigenvalue calculation for matrix selection, should be conducted with an exces-
sively large size of a matrix. Since the computational complexity of those matrix
operations dramatically increases as the matrix size enlarges, it is beneficial to divide
the adaptation problem into smaller ones and conduct estimation for parameters in

cach loop, as addressed in (5.19).
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5.3.2 Stability Proof

A Lyapunov candidate function V,, considering both tracking and parameter esti-

mation errors, is selected as below.

Zer ZZ ( ~6,) (5.20)

zljl

V,, is positive definite for all tracking and parameter estimation errors except the

origin. V., derivative of Vj,, can be derived as (5.21).

o=y wi 5L (0, -0,)dy
=1 j=1 ’Lj
= [21 {—012’1 + 9122 — éip¢1}
n—1 B
+ Z Z; {_Cizi — Gi—1%i—1 + GiZi+1 — BZTQ-'%}
i=2

+2zn {—ann + Gn-1%n-1 — éfqbn}}

* i Z ( ) él’j (5.21)

i= 1; 1 Vi

i=1 i=1 j=1
DR

=1 j=1 J

n . T N
= — ; 01212 — ; )\z (07, - 01,> (szg nzb>
n n . T ~
= — ; C’iz? — ZZ:; by (Oi — 91’) Qy, (02' - Oi)

Since €2;;, becomes positive definite under FE, V, becomes negative definite for
all tracking and parameter estimation errors except the origin. To this end, the

asymptotic stability for the closed-loop system is guaranteed.
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5.4 Simulation

Simulations are carried out to check performance of the proposed composite ABKS.
As an illustrative example, simulation results with short period mode dynamics for

an aircraft will be suggested in Section 5.4.

A short period mode dynamics is considered in this simulation as follows.

Q zy 1 o)
S - * * —"_
[q] M Mq][q]

State variables « and ¢ represent an angle of attack and a pitch rate, respectively. ¢

Zs

) 5.22
i (5:22)

denotes a deflection angle of an elevator. Z, My, M, Z5 and My are aerodynamic

derivatives.

(5.22) is rewritten in the strict-feedback form in (5.1) with (5.2) under the assump-
tion that the effect of Z; is negligible [23].

z=la,q"
Fz)=[0,0"
g(z) = diag [1, M;]
u = [q,]"
Ae) = [Ay(ah), Ao(ah)]
= (0701 (h), 0 6a(ay)] (529
where
0, = [Z;]
¢4 () = [o]
02 = | M, M |

Note that Z;, M} and M, are considered as unknown model parameters to be
. . . . . T

estimated as 6, = [Zﬂ and @5 = [M;, M;] with the proposed composite ABKS.

The estimate (-) of the parameter (-) is defined as (-) = (-)(1 + D), where D,

is a parameter uncertainty level on (-) in percentage. True values for the model

parameters are set to be 8; = [—1.963] and 0, = [—4.749, —3.933]" and M; =
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—26.685.

To have critical understandings about closed-loop characteristics with the proposed
composite ABKS, simulation results with BKS will be additionally suggested and
investigated for cases with and without D, as references. For BKS and the pro-
posed composite ABKS, C; and Cs are set to be 1.5, and angle of attack command
a. is given as low pass filtered 0° — 1.5° — 0° — —1.5° — 0° with 3%1 Simulation

parameters for the proposed composite ABKS can be summarized as Table. 5.1.

Table 5.1: Simulation parameters for ABKS
rmn N I, A2 k kp ky 0
10 0.5 diag[10%,10*] 05 107* 0.1 10 1

Figure. 5.1 shows each « response for nominal BKS, BKS with D), = 5% and
ABKS.
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4 ! o
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Figure 5.1: a Response

Magnitudes of tracking errors for each case and estimation errors with the proposed

composite ABKS are suggested in Figure. 5.2.

It is shown in Fig. 5.1 that the closed-loop system with BKS under true model
information tracks a desired response determined by C; and Cy without any steady
state error. However, for BKS, 5% error on model information results in about
30% steady state error. The angle of attack response with new composite ABKS

converges to the command without any prior knowledge on model parameters. At
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Figure 5.2: Tracking and Estimation Error

the early stage, since the parameter estimation is not converged yet, it is observed
in Fig. 5.1 and Fig. 5.2 that the tracking performance with the proposed composite
ABKS is worse than with BKS for the nominal case. As the parameter estimation
converges, the tracking performance of the system with new composite ABKS is
enhanced, showing similar performance with nominal BKS, as addressed in Fig. 5.1
and Fig. 5.2. These simulation results imply that the information matrix becomes
full rank with the finite excitation and the information matrix is maintained to be
full rank after the finite excitation. The proposed composite ABKS shows high

estimation and tracking performance without persistent excitation.

5.5 Conclusion

A new composite ABKS control is successfully suggested with relaxation of PE
requirement to FE for parameter convergence and reduction of computational com-
plexity from decreased estimation problem dimension. A composite adaptation
method is applied for enhanced estimation and tracking performance. Parameter
convergence is accomplished without PE by making the information matrix full rank
only with FE. The adaptation law of the proposed composite ABKS is designed by
taking advantage of a cascade control structure of BKS. As a result, this adaptation
law estimates uncertain model parameters of each loop separately and computational
complexity is decreased from the reduced estimation problem dimension. Simula-
tion results are provided to show performance with the proposed composite ABKS
under FE.
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Chapter 6

Composite Adaptive Backstepping
Control with New Information
Matrix

6.1 Introduction

Adaptive control is one of the most widely and successfully applied control method-
ologies for dynamic systems with uncertain model parameters [1-5]. Uncertainty or
unknown variation in model parameters frequently occurs in many practical applica-
tions e.g. ship steering [1, 6], aircraft control [2, 7, 8|, process control [9, 10], power
system control [3, 11] and robot manipulation [4, 5, 12]. The overall aim in adaptive
control algorithms is to maintain consistent performance of the closed loop system
under the model uncertainty. The basic idea for the adaptive control methodologies
to achieve this aim can be summarized as follows; uncertain model parameters or
corresponding controller parameters are estimated online via an adaptation law and

these estimates are utilized in a control command calculation.

Chapter 6 considers a composite adaptation law [12-24], which is designed by intro-
ducing a linear regression term to a tracking error based adaptation law. Note that
the composite adaptation law achieves faster estimation with smoother transient
response than the tracking error based adaptation law, resulting in enhanced esti-
mation and tracking performance with improved system robustness [25]. The linear
regression term consists of the information matrix and the corresponding auxiliary

vector. The information matrix appears to be positive semi-definite with rank-1 as
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shown in [12, 25] with its fundamental design. Consequently, persistent excitation
(PE) is required to guarantee the convergence of the parameter estimation. If pa-
rameter estimates do not converge to their true values, parameter drift can occur
especially under the existence of non-parametric uncertainties such as noise and un-
modeled dynamics, resulting in instability phenomena with sudden bursting [25].
Hence, the convergence of the parameter estimation should be guaranteed, but PE
requirement is undesirable for practical applications since this leads to continuous
oscillations of state and control input signals. The leading principle to relax the PE
requirement is to design positive definite information matrix under finite excitation
(FE) by modifying its fundamental form with positive semi-definiteness to be full

rank.

There have been extensive studies [26-30] which attempt to design positive definite
information matrix under FE by accumulating rank-1 matrices over time. Note that
the information matrix is populated to be full rank with rank-1 matrices obtained
from sufficiently excited regressor signals. Since this accumulation based approach
can lead to unboundedness of the information matrix and low tracking capability
against sudden parameter changes, a forgetting algorithm is introduced to this ap-
proach. The forgetting algorithm can make the information matrix become rank
deficient after FE, but this is prevented by additionally introduced selective update
scheme. Despite those measures in the previous researches, limitations from the
nature of accumulation over time still remain as follows. First, uncertain amount of
time is required to obtain sufficient number of linearly independent regressor signals
to make the information matrix full rank. Note that adaptation speed is degenerated
and asymptotic stability is not guaranteed before the information matrix becomes
full rank. Second, the eigenvalues of the information matrix constructed by accumu-
lating the rank-1 matrices from the regressor vectors with uncertain directions can
show undesirable pattern. For example, when obtained regressors are independent
but on a similar direction over time, the information matrix has an excessively large
principal eigenvalue and the others with extremely small values, resulting in lack of
system robustness and adaptation speed degeneration, respectively. These issues do
not appear if positive definite information matrix can be achieved under FE without

accumulation over time.

In Chapter 6, a new paradigm for the information matrix design is proposed to ac-
complish full rank under FE for parameter convergence by developing a modulation-
based approach. Since the modulation effects of the multiple filters on a regressor

signal are different from each other especially in its transient phase, a sufficient
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number of filtered regressor signals which are linearly independent with each other
can be obtained at each time step during excitation. These filtered regressor vec-
tors are modified to be orthogonal from each other while maintaining their original
magnitudes, and the information matrix is constructed from the set of these modi-
fied regressor vectors. The information matrix is updated to maximize its minimum
eigenvalue to enhance the adaptation speed and prevent a possible impacts from
linear dependency between filtered regressor vectors after excitation. This informa-
tion matrix is guaranteed to be full rank for all the time from the beginning under
FE, while achieving bounded information matrix and enhanced tracking capability.
Besides, adaptation speed and system robustness can be improved with a moderate

level of eigenvalues of the information matrix from the modified filtered regressors.

The rest of Chapter 6 is organized as follows. Preliminaries with mathematical defi-
nitions are given in Section 6.2 and Section 6.3 provides system dynamics with model
uncertainties. In Section 6.4, a composite adaptive control with new information
matrix is proposed to guarantee parameter convergence under FE. The fundamental
structure of the composite adaptive control is addressed in Section 6.4.1, and Section
6.4.2 suggests new information matrix from new modulation based design approach
and corresponding composite adaptation law. Section 6.5 presents key properties of
new information matrix including its positive definiteness and boundedness under
FE with theoretical proofs. In Section 6.6, it is proven that the closed-loop system
with the proposed algorithm is globally exponentially stable. Numerical simulations
in Section 6.7 are performed to examine the characteristics illustrated in Section

6.4, 6.5 and 6.6. The overall concluding remarks are addressed in Section 6.8.

6.2 Preliminaries

The main objective of this research is to propose new composite adaptive control
algorithm with relaxed requirement for parameter convergence from PE to FE. In
Section 6.2, definitions of persistent excitation (PE) and finite excitation (FE) in

[25, 31] are addressed as preliminaries.

Definition 6.1. (Persistent Excitation) : A bounded vector signal ¥(t) is persis-
tently exciting, if Vt > to there exist T > 0 and v > 0 s.t.

/tHTz,b(T)z,bT(T)dT >~ (6.1)
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Definition 6.2. (Finite Excitation) : A bounded vector signal ¥ (t) is finitely ex-
citing over a time interval [ts,ts + T, if there exist T > 0, ty > tg and v > 0

s.t.

ts+T
/t (TP (r)dr > AT (6.2)

s

6.3 System dynamics

In Chapter 6, system dynamics with model uncertainty is considered in strict feed-
back form as (6.3), since backstepping control is introduced in Section 6.4.1 as a
representative example of baseline control algorithms to apply new composite adap-
tation law in Section 6.4.2. Note that the proposed adaptation law is compatible

with any stabilizable system and baseline control algorithm.

&= f(z)+Gx) [u+ Ax))

where

x = [r1,29, - L)t

@ = [, 200, ,x)" (i=1,---,n)

Fla) = [fi(@), folah), - ful@))]” (6.3)

G(z) = diag [g1(2)), g2(25), -+ , gu(},)]
w=[ug, Uy, Uy with u; =

Az) = [Ag(@)), Aolah), -+, Anlal)]”

n

x € R™! denotes a state vector and x, € R™! are subsets of the state vector.
f(x) € R and G(x) € R™™ are known model information, and all elements in
the control effectiveness information are not zeros (i.e. g;(z}) # 0). u € R™! is
a control input vector; a real control input u is applied for the innermost loop and
a state becomes a pseudo input for the next outer-loop in recursive way. Matched

model uncertainty is represented as A(x) € R™*1.

It is assumed that the model uncertainty in (6.3) has a linearly parameterized struc-

ture, resulting in (6.4).
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Ai(@) = 0] ¢y(x;)  (i=1,---,n)
where

0; = [0i1,0i2- - i, )
bi(x7) = [11(7), Pin(®7) - - Pip, ()]

T

T

0; € R™*! represents a vector of unique and constant true parameters for the i-th
loop, which is unknown. ¢,(z}) € R™*! indicates a known regressor vector for the
1-th loop, where its components ¢; ](w;) are linearly independent functions from each
other.

6.4 Composite Adaptive Control with New Infor-

mation Matrix

6.4.1 Structure of Composite Adaptive Control

As a representative example, composite adaptive backstepping control is introduced
in Chapter 6. Note that the composite adaptation law with new information matrix
proposed in Section 6.4.2 is compatible with various baseline control algorithms,
whose application is not restricted to backstepping control. With the backstepping
algorithm, the adaptive control system in Chapter 6 can be designed for each loop

in a recursive way by taking advantage of its cascade structure [28, 32].

The control input command u;. based on the backstepping algorithm is derived as
(6.5).

(
1 .
—[~Cizi — fi + @ic) — 6 ¢; (i=1)
tie = (6.5)
1 R
; [_Oizi — fi+ T — gi_lzi_l] — H;F(ﬁz (@ =2, ’n)
\ 7

C; is a constant and positive design parameter for u;. to achieve a desired i-th closed-
loop response. z; is the i-th component of a tracking error vector z = & —x, € R"*1,
0; € R™*! denotes an estimate of the unknown parameter vector in the i-th loop 6;,

obtained by the composite adaptation law (6.6). Note that subscript ¢ represents a
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command to follow.

A fundamental structure of the composite adaptation law to provide perfect estima-
tion for u;, in (6.5) is derived as (6.6) with ¢, = ¢;¢;.

I'; € R™>*™i ig a constant and positive definite matrix with design parameters of
the adaptation law for the i-th loop. A; represents a relative weight factor on the
linear regression term to the tracking error based term in the adaptation law for
the i-th loop, which is constant and positive. €2; € R™*™ denotes an information
matrix for the ¢-th loop, which is designed in Section 6.4.2 to be positive definite.
An auxiliary vector for the i-th loop n; € R™*! is designed to satisfy n; = ©,0; in

Section 6.4.2 to make linear regression term for the composite adaptation law (6.6).

Comparing to the tracking error based adaptation laws, the composite adaptation
law (6.6) shows improved estimation and tracking performance with enhanced sys-
tem robustness because of the additionally introduced linear regression term [25].
The most fundamental way to design n; = €2,;0; from known information in dy-
namics with A;(z}) = 67 ¢,(x) is to design corresponding information matrix as
Q, = qﬁ;qﬁ;T [12, 25]. In this case, €2; is positive semi-definite always with rank-1,
resulting in PE requirement to make parameter estimates converge to their true
values. This PE requirement can be relaxed by designing a positive definite infor-
mation matrix under FE with consideration of rank deficiency issue in €2; = ¢;¢;T
Previous studies [26-30] utilize the property that rank of €2; can be populated to
full rank by accumulating ¢'¢," over time if direction of ¢, changes sufficiently, not
persistently. In Chapter 6, a novel idea to design the information matrix with full
rank under FE is suggested in Section 6.4.2; a modulation-based approach is devel-
oped which utilizes linear independency between multiple filtered regressor signals

generated from ¢) at each time instance.

6.4.2 New Information Matrix and Composite Adaptation

Law

To achieve parameter convergence without PE, new information matrix design frame-
work is proposed in Section 6.4.2, which guarantees its positive definiteness under
FE. The final composite adaption law is suggested by combining new information

matrix with the fundamental structure of the composite adaptation law introduced
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in Section 6.4.1.

The information matrix €2; in the adaptation law for the i-th loop is defined as (6.7).
Q; £ Qi Qiy (6.7)

where Q;; € R™>™ is a matrix to be designed. Positive semi-definite €2; in (6.7)
can become positive definite if €2; is designed to be full rank. Since ranks of €2;
and €Q; are the same, full rank of €2; can be achieved by designing €2; to be full
rank. Chapter 6 proposes a new paradigm for the information matrix design based
on modulated regressor vectors ¢/ F via multiple filters F;; which are shown to be

linearly independent with each other in Section 6.5.1.

¢;FZ-]. = Fi;(s)®;

here F(s) 1 (6.8)
where Fj(s) = ————

J ijS + 1
ki; (j = 1,---,m;) denote multiple filter parameters with different values for the

i-th loop. The fundamental design methodology for €2;5 with full rank based on
the new paradigm is to simply augment qbgj In this case, €2; appears to have an
extremely large principal eigenvalue and the others with excessively small values.
This is because ¢, £ which are obtained from modulations of the same ¢, tend to
have large parallel component but small orthogonal components with each other.
Note that excessively small or large eigenvalues of the information matrix can be
problematic for the estimation performance and system robustness since they work
as adaptation gains for the corresponding components of the estimation error vector.
To this end, Chapter 6 proposes ;5 to be designed as (6.9) by augmenting the

T
vectors @ 1. .
¥

T
A
where
/ .
Gir, = Bir, G=1)
/ i1 g

. H¢2F’J , l ¢iFij ¢;kF25 "

?; Fi; — Pir,; PiF; = ¢ZF” - Z —— i Fie (J =2 , ;)
*
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In (6.9), ¢; F, are obtained by conducting following procedures recursively from
j=2toj=m;with; . = qbiF“ First, components of d);F” parallel to qb;»‘Fij, (j' =
1,---,j — 1) are subtracted from ¢; iy resulting in a vector ¢; F, orthogonal to
o; Fiy Second, ¢ F, is obtained by scaling up ¢, Fi to have the same magnitude
with the original qﬁ;F” Note that it is proven in Section 6.5.1 that the proposed
Q, y is full rank from the orthogonality among ¢; e For detailed discussion on the
auxiliary vector design, ;5 in (6.9) is rewritten as a multiplication of O; € R™*"™:
and H; € R™>*™i in (6.10), which represents an operation to transform (]bgij into

*T /T .
¢¢ Fij and a set of qﬁi R respectively.

Qip = O;H,;
where
O, =P, P,_ P,
(
— s, [ <j=r
HsoiFij qb:Fu
6.10)
)|, (
Br(]?l): - X l:j:T
H‘PiFij
L l=j#r
0, Otherwise

\

T
A / / /
HZ B |:¢7“le ¢ZFZ2 T ¢1Flnzl:|

The auxiliary vector n; in the adaptation law for the i-th loop can be suggested as
(6.11) with (6.7) and (6.10).

H,0;, which is a set of filtered uncertainties for the ¢-th loop OiT ip , can be derived
ij

from known information in a set of filtered dynamics for the i-th loop as follows.
First, a set of filtered dynamics for the i-th loop is obtained as (6.12) by applying
multiple filters F;(s) in (6.8) to the dynamics (6.3) for the i-th loop in s-domain

and taking inverse Laplace transform of this filtered dynamics in s-domain.

1 T
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where g,; = gu; and (-) r,, indicates a filtered signal by F;;(s). Second, a set of
filtered uncertainties for the i-th loop 67 ¢/ F,, is obtained as (6.13) from known

information in (6.12).

1
9iT¢;Fij =TT Gir,
where (6.13)

. 1 1

vJ

From the definition of H; in (6.10) and (6.13), H;6; is obtained as (6.14).

1
kilxz CZFZ'I

1
Ty Lt~ GiFy

HO = | """ (6.14)

1
k; m; Li CZ F; my

By substituting (6.14) into (6.11), m; is derived as (6.15).

1
k.“xz CZF“

1
ki2xl CZF’LQ

=010, (6.15)

1
k.

tmy

Li — CiFimi

The new composite adaptation law is obtained as (6.16) by utilizing €; in (6.7) with
(6.9) and m; in (6.15) with the maximum F(€2;).

0, = zili@; — AT (Qibéi - 77ib> (i=1,---,n)

where

Qi (1) 2 ), (1) 2 milty) (6.16)

tp = max {argmax F((1)) }

T€E(to,t)

(6.16) implies that €2;;, and n;;, are updated only when a newly acquired 2; increases

F(€2;). Minimum eigenvalue of €2; is considered for the metric function F(£2;) as
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(6.17), resulting in adaptation speed maximization in the slowest direction.

F() = min og; (6.17)
where og,, (g = 1,---,m;) denote eigenvalues of ;. The proposed composite
adaptation law accomplishes parameter convergence with positive definite €2;, under
FE, which is proven in Section 6.5.1. Note that key design considerations such
as linear independency of @) Fij orthogonality of ¢; Fij and selective update to
maximize minimum eigenvalue of €2;;,, are discussed to show positive definiteness of
(2;;, in Section 6.5.1.

6.5 Properties of New Information Matrix

6.5.1 Positive Definiteness

The parameter estimates converge to their true values if the information matrix in
the composite adaptation law is positive definite. In order to show positive definite-
ness of the proposed €2;, under FE, the first step is to address linear independency
between ¢ £, during excitation in Remark 6.1. From Remark 6.1 and the orthogo-
nality between ¢; o the second step is to prove that €2, is full rank while excited
in Lemma 6.1. Based on Lemma 6.1 and the selective update scheme, €2;, is shown
to be positive definite for all the time during and after excitation in Theorem 6.1,

as the final step.

Remark 6.1. (Linear Independency between Filtered Regressor Vectors) : qb;Fi]_ are

linearly independent while excited.

T

qb;F” = glFij, s ;sz” (j = 1,--- ,m,;) are linearly independent with each

other if and only if there exist [* and I’ (I* # I') with any set of (;; which satisfy
(6.18) for any j*.

p
’/il*Fij* (t) Zzl;l /Bl] ;l*Fij (t)
J#5*
(6.18)

i (0 £ 5 Byl ()

\ J#5"
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From (6.8), the dynamics of qﬁle (t) can be given as (6.19).

kijéglFij (t) = _gbglFij (t) + ¢;l(t) (l =1, ’mi) (6'19>

gb;lF_ (t) is obtained as (6.20) by integrating (6.19) with an initial condition qule (0) =
0.

ur (0 =1 [ ¢ Folrar (6.20)

ij

By substituting (6.20) and ¢}, £ g;¢;; into (6.18), (6.18) can be rewritten as (6.21).

[« Faont dT—Zﬁz; [ ¢ T atwron (e
0

J#J
(6.21)

/Oe_’zii;gz( )iy (T dT#Zﬁw/ 67%%(7)@1’(7”7

J#J

\

Since k;; (j = 1,---,m;) are defined to be different from each other and ¢;; (I =
1,--+,m;) are linearly independent functions of state variables, a set of 3;; which
makes both conditions in (6.21) to become equality for all pairs of I* and I’ (I* # ')
with any j* does not exist while ¢;, are excited. This implies that ¢, F, A1¢ linearly

independent during the excitation.

Lemma 6.1. (Q;y with Full Rank) : Sy is full rank during excitation.

Proof. ;5 is shown to be full rank during excitation by proving that all of its row
vectors, ¢; Z_j (j = 1,---,m;), are non-zero and orthogonal to each other while

excited.

First, all ¢ P, are shown to be non-zero by utilizing Remark 6.1. From (6.10), ¢; F,

can be expressed for any j as (6.22).

ZO (7, )P, (6.22)

Since @) F, ¢ linearly independent while excited as described in Remark 6.1,
qb;kFij in (6.22) equals to 0,,,x1 during excitation only when O;(j,&) = 0 for all

& = 1,---,m;. However, as shown in (6.10), O;(j,j) is non-zero with linearly
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independent ¢, Py This implies that at least one of O;(j,€) is non-zero. Thus,
¢;(Fij 7é OmiX1 (] = 17 s ,mz‘) holds.

Second, orthogonality between non-zero ¢; . = and ¢; . for all j*, 7/ < m,;(5* # j')
ij i/
is proven from a mathematical induction to show that the inner product between

®; ,,. and @i, equals to 0.

The base step shows that d’:Fm @i, =0forall j’and j* (1 < j* < j' < j7) holds
with j# = 2. The dot product between ¢; r, and @; . is calculated from (6.9) as
(6.23).

HQSQFY &, b
12 * 117%2 ? ]721 * *
¢iFi1 ) ¢;F12 - —2¢iFi1 ) ¢iFi1 =0 (6-23)

bi 1,

(i)j‘Fgl ’ (i)z‘FEQ

HgoiFiz

The inductive step shows that qﬁ;‘Fij* "75:1«1-]., =0 for all ' and j* (1 < j* < j' < %)
holds for an arbitrary j# = j* (7 > 3) under the assumption that the relationship
is satisfied for j# = j* — 1 case. The dot product between ¢; By and ¢; Fiy for any
g and 7* (1 < j* < j' < j1) is calculated as (6.24).

|l (¢l 6
ij/ / ZFi Y] ZFi{
Bir Bin, = | Pir Py, DT Pin Plng| (624)

If j/ <yt —1, it is given from the assumption that qb:F_j* - @; ., in (6.24) equals to
K2 Z]
0. If j/ =457, (6.24) is rewritten as (6.25).

/ it_1 / . *
* * _ ‘¢iFij+ * / : ¢iFij"’ ¢iFi§ * *
¢1Fij* '¢iFZ~j, =1 d)zFlj* 'd)iFij_,_ - Z ﬁd)zFlj (f’zfq5
H‘piFij+ &=1 Hd)z Fie

(6.25)

Since the assumption indicates that qbe”* . qb;"E5 =0 for all £ # j* (£ <5t —1),
(6.26) is derived from (6.25).

|
15+
(z): ij* : (z): ij/ el —

H%’Fiﬁ
=0

/ *
Gy P ————F Dl ]

ij* ’LFl.+ 2 Zsz* Zsz*
4, [#70, 620

Thus, ¢ _ is orthogonal to ¢}, for all j’ and j* (1 < j* < j/ < j#) with an
ij i/
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arbitrary j# = j* (j7 > 3) if this statement holds for j# = j© — 1. From the base

and the inductive steps, the orthogonality between non-zero ¢; .. = and ¢; . = for all
ij ij/

75" < 3% (7* # j') is proven.

The first and the second steps imply that all ¢; JTD are non-zero and orthogonal to
¥

each other with j# = m,; while excited. Thus, €, is full rank during excitation. [

Theorem 6.1. (Positive Definiteness of New Information Matriz) : Qu(t) (i =
1,---,n) is positive definite for allt > to if ¢L(t) is finitely exciting over t € [to,11].

Proof. Lemma 6.1 implies that €2;(¢) in (6.7) becomes full rank during excitation,
resulting in positive definite Q;(t) for t € (to,t1]. Since £2;;(t) is selected among
Q;(t), Q;(t) is positive definite for ¢t € (tg, t1].

For t > t;, rank deficiency issue for Q;(¢) can be arised as @) F, (t) from multiple
filters converge to a steady-state value of ¢/(t). Although one or more eigenvalues of
Q;(t) diminish to 0 and €;(t) becomes positive semi-definite after excitation, €2;;,(¢)
remains to be positive definite for ¢ > ¢, as follows. €;,(¢) is obtained from €2;(¢) with
the selective update scheme; €;,(¢) is designed to be updated only when min, oq, .
is increased. Hence, €;;,(¢) is not updated for the case when €;(¢) becomes rank
deficient after excitation, since all eigenvalues of €;(¢) are always positive during

excitation.

From the analyses on positive definiteness of ;,(t) for ¢ € (to,t1] and for t > ¢4,
Q;,,(t) is shown to be positive definite for all ¢ > . ]

6.5.2 Boundedness

Since the information matrix works as a time-varying gain for the linear regression
term of the composite adaptation law, boundedness of the information matrix is
inevitably related to estimation performance of the composite adaptation law and
stability of the closed-loop system. In Section 6.5.2, €2;; is shown to have lower and

upper bounds in Theorem 6.2 and 6.3, respectively.

Theorem 6.2. (Lower Bound of New Information Matrixz) : If @) is exciting over
finite time [to,t1], there exists a constant K; > 0 where Qyy > KLy, wm, for all
t > .

Proof. In Theorem 6.1, €;;, is shown to be positive definite for all ¢ > t, if ¢} is
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exciting over [to,?1]. €2;;, > 0 indicates that min, 0, 18 greater than 0. As a result,
there exists Kj > 0 where €2;, > K1 I,,,«m, for all t > . O

Theorem 6.3. (Upper Bound of New Information Matriz) : If @) is bounded i.e.

HQ’);H < 5¢;, there exists a constant Ky > 0 where §, < Kyl xm, for allt > ty.

Proof. The sum of the eigenvalues of ;;, is obtained as (6.27) from (6.7), (6.9) and
(6.16).

mg m; 9
> o0, =t (@) =Y |ir, (0) (6.27)
q=1 j=1
Since HQS;F”H < H¢g|| and (6.9) implies H¢);kF”H = qu;F” , (6.27) results in the
inequality (6.28).
D00, < mily, (6.28)
q=1

Since oq,, are all positive for all t > ¢, from Theorem 6.1, the upper bound of oq

ibq ibq

can be suggested as (6.29) from (6.28).

< 1‘52/
max og M0 (6.29)

ibq

(6.29) indicates that there exists a constant Ky > 0 where Q;, < Kyl xm, - O

6.6 Stability Analysis

The stability of the closed-loop system with the proposed composite adaptive control
utilizing new information matrix is analyzed in Section 6.6. The closed-loop error
dynamics is derived as (6.30) by substituting (6.5) into (6.3).

—Cizi + giziv1 — ézT¢'; (i=1)
Zi = —Cizi— gi1zio1 + giZip1 — észib; (i=2,---,n-1) (6.30)
—Cizi — Gi—1%i-1 — é@TQb; (i=mn)
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The estimation error dynamics is obtained as (6.31) by rearranging (6.16) with

respect to 0~Z
éi = Zirid); - Airiﬂibéi (i=1--.,n) (6.31)

The equilibrium points for the system with (6.30) and (6.31) are z = 0 and 6; =
0 (i =1,---,n). The global exponential stability of the closed-loop system with
(6.30) and (6.31) is shown in Theorem 6.4 based on Lyapunov stability theory.

Theorem 6.4. (Global Exponential Stability of Closed-loop system) : The closed-
loop system with the proposed composite adaptive control utilizing new information

matriz is globally exponentially stable under FE for all t > tg.

Proof. The Lyapunov candidate function V,, is defined as (6.32).

1 o I grpeig
Vo=52Tz+ 5 ;ei r;'o, (6.32)
(6.32) indicates that V,, = 0 if and only if z and 6; (i = 1,--- ,n) are 0, and V,, > 0
if and only if z or @; (i = 1,--- ,n) is not 0. (6.32) implies that V,, is bounded as in
(6.33).
1

1
—min<{ 1, minop1 p|v)* <V, < =max<{ 1, maxop1 p|v|? (6.33)
2 q iq 2 q iq

mg

with (6.30) and (6.31).
Vo= zs+> 00T,
=1 =1

= [21 {—0121 + g122 — é1T¢'/1} + Zzi {_Cizi — Gi—1%i-1 T Gi%i+1 — élTCﬁi}

1
2

- T
where v 2 [zT or ... BT} . The derivative of V}, is obtained as (6.34) from (6.32)

(2

+ Zn {—C’nzn + On—12n—1 — é:ﬁb;} }
+ ; 91-T {Zz(b; - )\iQiboi}

- z”: Ciz? — Zn: )\lé,Tszéz
i=1 i=1

(6.34)
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The boundary of V, is derived from (6.34) as (6.35).

2

V< — min C'Z-HzH2 — Zmin </\iagibq> 0,
=1 (6.35)
< — min {mln C;, min ()\iagib() } ||,/||2
i i,q
To this end, (6.36) is obtained from (6.33) and (6.35).
V, < —aV,
where
2 min {mini Ci,min; , ()\iagib() } (6.36)
a =
max {1, max, op-1 }
v q
Since 0Q,,, > 0 under FE, a > 0 which implies that V,, converges to 0 exponen-
. 9T
tially fast. Thus, the equilibrium point v = [zT or ... 0%} = 0 is globally
exponentially stable. O

6.7 Numerical Simulation

6.7.1 Simulation Setup

As an illustrative example, system dynamics for numerical simulation is defined as

(6.37).

z=f(z)+G(x) [u+ Ax)]
where
x = |11, x5]"
F@) = [fil@), folzr, )] = [w1|z], @isin (2) + 23]
G(z) = diag [91(%), 92(%@2)}
= diag [x‘ll|x1| + 1, || + x| + 1}

(6.37)

u = [z, u]T

Az) = [Ay(z1), Aoy, 22)]”
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The initial value for the state vector  is set to be [0, 0]". A; (i = 1,2) in (6.37)
are modeled as (6.38).

Ai(z1) = 07 dy(z1)  Ag(x1,22) = 05 Py(1, 72)

where
T / 2 T
0, = [911, 912] ¢1($1) = [5517 |$1|}

T
0y = [021, 02, o3, 924]T ({bl2($1,$2) = [95%7 21| 22, 21 + x%; log (’951| + 1)}
(6.38)

The true values of the model parameters are defined as 8; = [1.2, 2.5]" and 6, =
2.3, 1.7, 1.2, 3.1]T. The initial values for their estimates ; and 6, are set to be
[0, 0]" and [0, 0, 0, 0]", respectively.

Simulations are performed to verify the composite adaptive control with new infor-
mation matrix proposed in Section 6.4.2. As discussed in Section 6.4.1, the back-
stepping algorithm is applied for simulations as a representative example of baseline
control algorithms. To clearly show the characteristics of the new information ma-
trix investigated in Section 6.4, 6.5 and 6.6 via simulations, the proposed algorithm
is compared to the composite adaptive backstepping control algorithms with the
rank-1 information matrix ;" as in [12, 25] and with the accumulation based 7,

in [29]. The rank-1 information matrix Q is provided as (6.39).
1
= bl { o G}

In [29], QF, is obtained from QF in (6.40) by applying the selective update scheme

(6.39)

given in (6.16) and (6.17) to prevent rank deficiency after FE due to the forgetting

design.
Q;k = —Kk§Y; + ¢;FZ¢;F}FQ
1
N = —kKimn; + {—Jii — G Z} ®ir,
k e (6.40)

where

K; = Ki1, + (Fdz‘U - ’%‘L) tanh (ﬁZH"?:H)

ki1, kiy and 19; are design parameters for the forgetting factor x; where 0 < k;;, <
ki < Kipy. Note that the subscript F; in (6.39) and (6.40) denotes a filter with a single
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parameter k; which is applied not to use state derivative information for 1;. Since the
information matrix designs in the previous researches have different principles and
parameters with the one in this research, simulations are conducted with various
parameter sets for each algorithm and the results with the set which show the
best adaptation performance with each algorithm are provided in Chapter 6 for fair
comparison. Common design parameters are listed in Table 6.1 and individual design
parameters for each information matrix with the values for the best adaptation
performance are provided in Table 6.2. The state command to follow is given as a
step function with z;, = 1.5 and the step size for numerical simulations is set to be
1074,

Table 6.1: Common Design Parameters

Parameter Value
C1, Cy 1.5, 1.5
'y, I'y diag [10, 10}, diag[10, 10, 10, 10]
A1, Ao 2,2

Table 6.2: Design Parameters for Information Matrix

Simulation Cases Parameters and Values
Q; with Rank 1 ky = ky = 1.0 x 1072
— =2
o, in [29] ki = 1.0 x 102,

Kir, = 5 X 10_3, Riy = 1 x 10_2, 191 =1 (’L = 1,2)
kll = ]{721 = 1.0 x 10_2, ]{312 = ]{522 =15x 10_2,
kps = 2.0 X 1072, kgy = 2.5 x 1072

New Qib

6.7.2 Simulation Results

The simulation results under ;" with rank-1, 7, in [29] and new €, proposed
in Chapter 6 are addressed in Fig. 6.1 to 6.4. Note that it can be inferred from
Fig. 6.1 that there is no PE. Under FE, Fig. 6.1 and 6.2 show that tracking errors
become zeros for all cases. It is observed from Fig. 6.3 and 6.4 that the information
matrices of all three cases are bounded. Fig. 6.2 clearly indicates that 6, and 6, do
not converge to their true values @; and 8, without PE for the case under the Qj

with rank-1. This is because ;" is rank deficient in the outer loop (i = 1) and the
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Figure 6.2: Tracking and Estimation Error

inner loop (i = 2) where the number of unknown parameters are set to be 2 and 4
respectively, which is confirmed in Fig. 6.3 and 6.4 with 0 eigenvalues. Note that
instability phenomena can occur under the existence of non-parametric uncertainties
such as measurement noise and unmodeled dynamics if parameter convergence is not
accomplished even for the nominal circumstances [25]. él and éQ converge to 6, and
0, for both cases under Q7, in [29] and new €2;;, proposed in Chapter 6. Fig. 6.3
and 6.4 show that both €27, and €2;, become full rank with all positive eigenvalues
but have different patterns in these eigenvalues. The principal eigenvalue of €27, is
excessively large while the others are extremely small. For €2;,, all eigenvalues have
similar and moderate values. These observations imply that the adaptation speeds

in all directions, including the slowest direction, are evenly high with €2;,. As a
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result, the overall adaptation speed with €2;;, is higher than with €27, as can be seen

in Fig. 6.2.

6.8 Conclusion

A composite adaptive control with new information matrix is successfully suggested

in Chapter 6 which guarantees convergence of parameter estimation under FE. The

novelty of this research is in the modulation based information matrix design frame-

work which achieves its positive definiteness for all the time only with FE. Based on
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the key design considerations such as linear independency between the filtered re-
gressor signals, orthogonality between the modified filtered regressor vectors and the
selective update for the information matrix, the new information matrix is proven
to be positive definite for all time from the beginning under FE. Besides, the new in-
formation matrix is shown to be lower and upper bounded. Note that the proposed
information matrix appears to have eigenvalues with moderate level of magnitudes,
which is advantageous for adaptation speed and system robustness. The global expo-
nential stability of the closed-loop system with the proposed composite adaptation
control utilizing new information matrix is addressed via stability analysis based
on Lyapunov theory. Numerical simulations are conducted to verify the proposed

algorithm and related theoretical findings.
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Chapter 7

Logarithmic Regression based
Composite Adaptive Backstepping
Control with New Information
Matrix

7.1 Introduction

Adaptive control has been extensively studied and utilized for various dynamic sys-
tems with uncertainties from robot manipulators to aircraft systems [1-15]. Since an
adaptive control algorithm estimates uncertain model parameters on-line and then
calculates a control input command from these estimates, stability and performance
of the closed-loop system are highly dependent on estimation performance of the
adaptation law. In order to achieve fast tracking performance of the closed loop
system, the parameter estimates should converge fast to their true values, which is

essential especially for fast dynamic systems like fighters [12] and missiles [13].

Composite adaptive control [14-28] is designed to achieve fast parameter conver-
gence by introducing a linear regression term to a tracking error based adaptation
law. This results in enhanced estimation and tracking performance with improved
system robustness comparing to the tracking error based adaptation law. Since the
linear regression term is simply proportional to the estimation error, the adaptation
speed is sufficiently high at the early stage with large estimation error, but it de-

creases as the estimation error becomes small. If the adaptation gain increases to
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relax this parameter convergence speed degeneration, the system robustness might
be reduced with the high adaptation gain. To the best of our knowledge, there
has been no relevant studies on the learning rate enhancement without excessive

increase of the adaptation gain for composite adaptive control.

In Chapter 7, a new paradigm for composite adaptation law design with regression
pattern shaping is proposed to achieve fast parameter convergence. The proposed
regression term is designed to be a logarithmic function of a signal containing esti-
mation error information, resulting in a high learning rate with reduced necessity of
a large adaptation gain. Since a logarithm is a concave and monotonically increasing
function, the new regression term diminishes slowly comparing to the linear regres-
sion term in the existing composite adaptation law. Chapter 7 suggests detailed
analysis about the condition on the design parameters of the logarithmic regression-
based composite adaptation law to guarantee faster parameter convergence than the
linear regression-based approach for the same adaptation gain within the system
boundary. If this condition is accomplished, it is examined for the linear regression-
based approach how much its adaptation gain is required to be increased for higher
adaptation speed than that of the logarithmic regression-based approach. Note that
the logarithmic regression-based composite adaptation law can provide improved
system robustness since lower adaptation gain can be utilized for the similar adap-
tation speed with the linear regression-based approach. The proposed logarithmic
regression-based composite adaptation law is designed to guarantee the asymptotic
stability of the closed-loop system and it is proven under the Lyapunov stability
theory. Note that the signal containing estimation error information is obtained by
utilizing the information matrix design in [28] which achieves positive definiteness
all the time under FE.

The rest of Chapter 7 is organized as follows. System dynamics with model un-
certainty and a baseline controller are provided in Section 7.2. In Section 7.3, the
new logarithmic regression-based composite adaptation law is proposed to enhance
the parameter convergence speed via regression pattern shaping instead of adap-
tation gain increase. The asymptotic stability of the closed-loop system with the
proposed logarithmic regression-based composite adaptation law is proven under the
Lyapunov stability theory in Section 7.4. Section 7.5 provides comparative study
between the existing linear regression based approach and the proposed logarithmic
regression-based approach in adaptation speed and system robustness point of view.
Numerical simulations are conducted in Section 7.6 for verification and Section 7.7

addresses the overall concluding remarks of Chapter 7.
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7.2 Preliminaries and Problem Formulation

7.2.1 Preliminaries

In Chapter 7, a new composite adaptive control algorithm for fast adaptation is
proposed, which is basically designed to achieve parameter convergence under finite
excitation. Note that the requirement for parameter convergence is relaxed from
persistent excitation to finite excitation based on the information matrix design
in [28]. Section 7.2.1 suggests definitions of persistent excitation (PE) and finite

excitation (FE) in [16, 29] as preliminaries.

Definition 7.1. (Persistent Excitation) : A bounded vector signal ¥(t) is persis-
tently exciting, if Vt > to there exist T' > 0 and v > 0 s.t.

/t . P(r)' (1)dr > 71 (7.1)

Definition 7.2. (Finite Excitation) : A bounded vector signal ¥ (t) is finitely ex-
citing over a time interval [ts,ts + T, if there exist T > 0, ty > tg and v > 0

s.t.

/t T (T (r)dr > A1 (7.2)

s

7.2.2 Problem Formulation

A backstepping control algorithm is introduced in Section 7.2.2.2 as a representative
example of the baseline controller for the adaptive control system with the new log-
arithmic regression-based composite adaptation law in Section 7.3. Consequently,
system dynamics in a strict-feedback form is considered in Section 7.2.2.1 as a rep-
resentative example to apply the proposed method. Note that the new logarithmic
regression-based composite adaptation law in Section 7.3 is compatible with any

stabilizable system and baseline control algorithm.
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7.2.2.1 System dynamics

Consider system dynamics with model uncertainty as (7.3).

&= f(z)+G(z) [u+ Az))

where
@ =[r1,20, -, 20"
@ = [, 200, 2] (i=1,---,n)
Fl@) = [Ail@). fol@y). - ful@)] (7.3)
G(z) = diag [g1(z}), g2 (wz) g,
w=[ug, us, -, uy]” with u; = v (=1 n 1)
u (1=n)

A(z) = [Ar(a)), Aolah), -+, Anlal)]”

n

x € R™! represents a state vector and @} € R**! indicate subsets of . f(x) €
R™! and G(x) € R™™ with g;(x}) # 0 are defined as known model information.
u € R™! indicates a control input vector; u is an actual control input exerted on
the innermost loop, and a state variable works as a pseudo control input on the next

outer loop recursively. A(x) € R™*! stands for a matched model uncertainty.

The model uncertainty in (7.3) is assumed to be linearly structured as shown in
(7.4).

Ai(x)) =07 ¢y(x)  (i=1,-,n)
where

0, = [91'1790 : 91m
(@) = [0 (]), Gia()) -+~ biyy, ()]

]T

0; € R™*! is a vector of true model parameters for the i-th loop, which is unique,
constant and unknown. ¢,(x}) € R™>*! denotes a known regressor vector for the

i-th loop, and ¢;;(x;) are linearly independent from each other.

7.2.2.2 Baseline Controller and Tracking Error Dynamics

The control input command for the i-th loop u;,. is derived with the backstepping
algorithm as (7.5). Note that the adaptive control system design can be conducted
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for each loop in a recursive way by taking advantage from the cascade structure of
the backstepping algorithm [27, 28, 30].

(

1 .
7 [—Cizi — fi + @) — 0] &, (i =1)
tie = 9 (7.5)
1 A
g_ [—Cizi — fi + Tie — gim12i-1] — Of(pi (i=2,--+,n)
\ Tt

A subscript i denotes the i-th loop and (-). represents a command for (-). C; rep-
resents a positive and constant design parameter for u;. to accomplish a desired
response of the i-th closed-loop. z £ x — x, € R™*! is a tracking error vector and
z; denotes the i-th component of z. 0; € Rmix1 represents an estimate of @; and it

is obtained from the adaptation law discussed in Section 7.3.

Tracking error dynamics of the closed-loop system is obtained by applying the con-

trol input command in (7.5) to the system dynamics in (7.3).

—Cizi + gi%ig1 — ézT(Zb; (i=1)
4= —Cizi — gis12i-1 + gizip1 — 07 @] (1=2,---,n—1) (7.6)
—Cizi — Gi—1%i-1 — 97@5; (i=mn)

7.3 Logarithmic Regression-based Composite Adap-

tation Law

In Section 7.3, a new composite adaptation law with logarithmic regression is pro-
posed for fast adaptation via parameter convergence pattern shaping. A fundamen-
tal structure of the composite adaptation law is represented as (7.7) with ¢ = g;¢;,
which is constructed by introducing a regression term to a tracking error based
adaptation law. Note that the regression term provides enhanced estimation and

tracking performance with improved system robustness [16].
0; = zlig, — \NDiE; (i=1,---,n) (7.7)

I, € R™*™i is a design parameter of the adaptation law which is defined as a
constant and positive definite matrix. \; is a constant and positive design parameter

representing a relative weight factor on the regression term to the tracking error
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based term. =, = Ez(éz) € R™>*! is designed to be a function of a parameter
estimation error 0~, € R™>1  Since the unknown parameter 6; is assumed to be

constant, estimation error dynamics is derived as (7.8) from (7.7).

éz’ = zil“z-cbé - NIGE; (7-8)

A composite adaptation law is designed by introducing an appropriate E; to its
fundamental structure in (7.7). The main consideration in E; design is that desired
estimation performance should be accomplished with proper Z; while stability of the
closed loop system is still guaranteed. A design requirement on Z; in stability point
of view is derived from Lyapunov stability condition as follows. First, a Lyapunov
candidate function considering both state tracking and parameter estimation errors
is defined as (7.9).

1 1 noo e
‘/ — _zq A + — E 0? I . 0
n 2 2 - i i 1 (79)

Note that V,, in (7.9) is positive definite except for the equilibrium point z = 0 and
6; =0 (i=1,--- ,n) where V,, = 0. Derivative of V,, is derived as (7.10) from (7.9)
with (7.6) and (7.8).

i=1 i=1
= |:Z1 {—0121 + q122 — éip(ﬁ&}
n—1 B
+ Z 2 {_Cizi = 9i-1%i—1 T GiZiy1 — 9;[(]5;}
=2 (7.10)

+2zp {—ann + On-12n-1 — 53{%}}

+ Z (éz - 91>T ! [z — NTE]
i—1

= — i&zﬁ — i)\i (éz — 9i>TEi
i=1 i=1

Since the first term in (7.10) is negative definite for all z except z = 0, the Lyapunov
stability condition can be satisfied if the second term in (7.10) becomes negative

definite for ; # @;. This results in a design requirement on =; for the closed-loop
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system stability as (7.11).

(9}- . ei)TEi >0  for 6;+6, (7.11)

In previous studies [14-28], Z; is designed to be simply proportional to éi, which
satisfies (7.11). This linear regression term leads to sufficiently high adaptation
speed for the initial phase with large estimation error, but the learning rate starts
to diminish as the estimation error decreases. The adaptation speed can be enhanced
by simply increasing adaptation gains like A\; or I';, but this can result in lack of

system robustness.

The main objective of a new composite adaptation law is to achieve fast adaptation
with appropriate design of Z; which makes the regression term to degenerate slowly.
Chapter 7 proposes Z; design with a logarithm as shown in (7.12) to accomplish

this objective with a guarantee of the closed loop system stability.

E;, = QzHé’L - T = [EilaEi27”' 7Eimi }T

sgn (E;y) - 0

o o (] (7.12)
0 sgn (Ei, )

B = [ Ei B B ]

EZ; - 10gpi <qZ‘E1J‘ + 1) (j =1, 7mi)

E; ¢ R™*! is a signal containing estimation error information with r; £ Q,40; €
R™i*1 €, is designed to be full rank for parameter convergence and system sta-
bility under FE. p; and ¢; in Ef € R™*! denote constant design parameters for
the logarithms. Note that p; > 1 and ¢; > 0 for system stability. The condition in
(7.11) is satisfied and the detailed stability proof of the closed-loop system is sug-
gested in Section 7.5. The new logarithmic regression-based composite adaptation
law is designed as (7.13) by substituting (7.12) into (7.7).

éi =z, — \IiQy 7, diag {sgn (E;) } E; (7.13)
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In Chapter 7, €2, in (7.13) is constructed to be full rank for all the time under FE by
considering the design principles in [28]. As shown in [28], multiple filtered dynamics
are generated by applying the first-order filters F;;(s) = ﬁ (j=1,--+,my) with
different parameters k;; to dynamics of the i-th loop in (7.3) with gu; £ g,; and the
multiple filtered uncertainties of the i-th loop can be obtained as (7.14) from these

multiple filtered dynamics.

1 .
eiT(f);Fij =T — CzFZJ (=1 ,m)

ki
where
. 1 14
Dir, = ki <¢; B ¢;Fij> e
ij
) 1 1
CiFij = k—w (k—zjﬂﬁz + fi+ Gu; — C’LF”>

Q;y € R™*™i ig constructed as (7.15) by utilizing the multiple filtered regressor
vectors @) F in (7.14) which become linearly independent during excitation as shown

in [28] based on different modulation effects of the multiple filters.

T
QiHé[(b:Fil ¢:Fi2 g }

where
(
i, = B, (=1
(7.15)
¢2’kFi]. = : Pir,;, PiF; = Q”;Fij - Z 1—26‘25:55
(j = 2a : 7mz)

Q; in (7.15) becomes full rank during excitation, and its detailed proof is provided
in [28] based on the orthogonality among ¢; F,- For m; design, Q;y in (7.15) is
rewritten as a multiplication of O; € R™*™ and H; € R™*™ in (7.16).
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Qip = O;H;
where
Oi = lePZ(mz—l) U 'Pil
4
— s, [ <j=r
7.16)
), (
P,(j1) = 10l [ —
H%Fij
L L=j#r
0, Otherwise

\
T
A ’ ’ /
H; = {@szH ¢iFi2 ¢iFimi:|

From (7.14) and (7.16), r; can be suggested as (7.17), which is obtained from known

information.

1
kilxz CZFZ'I

1
kiQxl CZFZ‘Q

r; £ Qipb; = O, (7.17)

1
kimi xl CZFim,L

As can be seen in (7.18), Q;p, is selectively updated from €, when the minimum

. A . ..
eigenvalue of €2; = lel;ﬂz 7 18 maximized.

Qip(t) = Qulty) Qg (t) = Qigg(ty) () 2 7i(ty)

where

t, = max {argmax F((7)) } (7.18)

TE(to,t)
F(£;) = minog,,
q
oQ;, (g =1,---,my) represent eigenvalues of €2;. From the linear independency of
o} Fiy the orthogonality of ¢ F, and this selective update scheme, it is proven that
Q;, is full rank for all the time under FE in [28]. Since the rank of €, is identical
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with the rank of €, €, 5, is also full rank for all the time under FE.

The logarithmic regression-based composite adaptation law is finally proposed as
(7.19) with guaranteed parameter convergence under FE by utilizing €; 5, and r;,
in (7.18) for (7.13) with (7.12).

éi = 2 0i¢; — A\TiQy;, diag {sgn (E;,)} E;}
where

E;, = QiHbéi —Tip = [ Eirp, Eigp, -+
EJ; = [ EilZaEiQZf" s Eiiy, ]T

im;p
* J—

)

T
Eingy | (7.19)

?

Eij b

7.4 Stability Analysis

In Section 7.4, the asymptotic stability of the closed-loop system with the proposed
logarithmic regression-based composite adaptive control is proven under the Lya-
punov theory. In Section 7.2.3, tracking error dynamics of the closed-loop system is
provided as (7.6). Since the unknown parameter ; is assumed to be constant, the

estimation error dynamics is derived from (7.19) as (7.20).
éi = Ziri¢; - )\z‘Fin‘HbT diag {sgn (Ezb)} E; (7.20)

The equilibrium points of the closed-loop system dynamics in (7.6) and (7.20) are
obtained as z = 0 and 6; = 0 (¢t = 1,---,n). The asymptotic stability of the

closed-loop system is proven with Lyapunov theory in Theorem 7.1.

Theorem 7.1. (Asymptotic Stability of Closed-Loop System) : The closed-loop sys-
tem with the logarithmic regression-based composite adaptation law is asymptotically

stable for all t > ty if the system is under FE overt € [ty,t1].

Proof. The Lyapunov candidate function V,, is defined by considering both z and
0, (i=1,---,n)as (7.21).

1 T 1 - NT1T—1pn
V=52 z+§;9i r;'o; (7.21)

Note that V;, in (7.21) is positive definite except the equilibrium point and becomes
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0 if and only if z = 0 and 6, = 0.

The derivative of V,, is derived as (7.22) from (7.21) with (7.6) and (7.20).

V, = i 2%+ i 67T;10;
=1 i=1

= [21 {—0121 + g122 — élTQ')ll}
n—1

+ Z Z {—C@'Zi — Gi—1%i-1 + Gi%Zit1 — észﬁi}
i—2

(7.22)
+2z, {—(ann + gn—12n—1 — égfﬁ%}}

- ) T —1 / T q: *
+ Z <91' - 01’) I'; |:Zi]-—‘i¢i — ALy, diag {sgn (Ezb)} Eib}
i=1
== Z Cyz} — Z N Ey diag {sgn (Ezb)} E;,
i=1 i=1

The first term of (7.22) is negative definite when z # 0 and becomes 0 if and only
if z = 0. To examine the negative definiteness of the second term in (7.22), E;; is
rewritten as (7.23).

sgn (Eilb) T 0 |Ei1b|
E; = : : : (7.23)

0 o Sgh (E’Lmzb) |Eimib

(7.24) is obtained by substituting (7.19) and (7.23) into the second term of (7.22).
- Z AiEilj; diag {sgn (Ezb)} E;;

|

_ —Z/\i |:|Ei1b| v By
i—1

x diag {sgn (Eip) }T diag {sgn (Ezb>} E;
= — Z A Z logpl_ (qi + 1)
i=1 j=1

Since €5, is full-rank for all ¢ > ¢, if the system is under FE over t € [to, 1],
E;, = QZ-HbBNi — 0 if and only if §; = 0. Hence, (7.24) is negative definite with

(7.24)

E

ijp

Eijb
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p; > 1 and ¢; > 0 except for §; = 0. Therefore, the asymptotic stability of the
closed loop system with new logarithmic regression-based composite adaptation law

under FE for ¢ > ¢4 is shown to be guaranteed. m

7.5 Comparative Study

7.5.1 Linear Regression-based Composite Adaptation Law

A linear regression-based composite adaptation law [14-28] can be derived as (7.25)
by introducing E; = 0.0, — n; to (7.7).

0 = =T — AT, (26 - m) (7.25)

Q; € R™*™ denotes an information matrix, and 1; = ©;0;, € R™*! represents
an auxiliary vector. For positive definite €2;, the condition in (7.11) is satisfied.
If the information matrix in (7.18) is utilized for (7.25), the linear regression-based
composite adaptation law is derived as (7.26) with guaranteed parameter estimation

convergence under FE [28].

éi = zLig; — AT (széz - "7ib>

(7.26)
where €2, = QiHbTﬂiHb Nip = Qz‘HbT""ib

Note that it is proven in [28] that the closed loop system is stable with positive
definite €2; for all the time under FE. The linear regression-based composite adapta-
tion law in (7.26) can be rewritten as (7.27) using E;, = diag {sgn (E;;) } E;} with
Eij# - ’Eijb

éi = 21, — \TiQyy diag {sgn (Ey)} E}

where

E;, = QiHbéi —Tib = [ Eiry, Bigpy -+ 5 Bimyy, }T (7.27)
Ezb# — [Eilz}éaEin#f" szmf ]T

Eijb# - ’Eijb

It is shown that the logarithmic regression term in (7.19) and the linear regression
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term in (7.27) can be expressed in the same form with only difference from E;;

and E ; iy, = log,, ( i

ijp ijp

+ 1) with p; > 1 and ¢; > 0 for the logarithmic

a result, com-

regression term and E”b ’
parative studies on the two composite adaptation laws can be simply conducted

with investigations on the differences between Ej;; and E;;# in Section 7.5.2.

15p

7.5.2 Comparative Study between Logarithmic and Linear

Regression-based Composite Adaptation Law

The logarithmic function Ej;, is a concave and monotonically increasing function of

)Eij and the linear function EZJ ; Eij,

with constant slope. Considering these different regression patterns, a condition

is a monotonically increasing function of

to always accomplish faster parameter convergence with the logarithmic regression
based composite adaptation law than the linear regression based approach is mainly

investigated within the system boundary.

Before detailed discussions, reasonable system boundary with respect to ’Eijb

examined for the comparative study. With (7.15) and (7.17),
(7.19) and (7.27) is derived as (7.28).

i from E;, in

‘Eijb - ‘d)z bF;; (7.28)

Under the assumption that ¢/ is bounded as Hqﬁ'” < 04, With constant dy,, ‘ D or
can be suggested as (7.29) from Hd)z bF;; H = qusz

H@W < (7.29)

The unknown parameter 6; is assumed to be within the range defined with constant

do,; and dg,;; as in (7.30).
0 L < Hez” < 691’U (7-30)

If 91 = OAZ — 0, decreases with an adaptation law,

6, — 6 6;, — 0; (7.31)
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where éio represents the initial value of ;. The upper bound of 0, is derived as
(7.32) from (7.30) and (7.31).

From (7.28), (7.29) and (7.32), the upper bound of‘Eijb

< 0y, (‘

is given as (7.34).

é’i é’io - H’L éio éio

<|

¢

+llell <|

+ 591‘U (732)

is obtained as (7.33).

~

|3, 4, 0

<[

10

+ 592.U> (7.33)

> 0, the boundary of ‘Eijb

Since ‘ Eij,

0<|By,

S ‘EZ]b U

U = %0 (‘

Within the system boundary, the logarithmic regression-based approach always

~

0

(7.34)
where ‘EZ io |l 591.U)

Jb

shows faster parameter convergence than the linear regression-based approach under

the same \; and I'; when condition on p; and ¢; in Theorem 7.2 is satisfied.

J'Z > E,,]f) . Under the assumption of

the same \; and I';, the logarithmic regression-based composite adaptation law with

Theorem 7.2. (Condition on p; and g; for E;

E;.7 is guaranteed to achieve faster parameter convergence than the linear regression-

Jb
based composite adaptation law with Eijb# for0 < ‘Eijb < ‘Eijb

Uifpi > 1andg; >0
E

ijp

satisfy pi|E”b’U —q; < 1.
U

Proof. Since E;;; with p; > 1 and ¢; > 0 for the logarithmic regression term is con-

Jb
cave and monotonically increasing function, log,, (qi Eij, | + 1) > ‘Eijb is always
satisfied for 0 < )Eijb < ’Eijb when (7.35) is satisfied.
U
log,, (@|Biy| +1) >|B; 7.35
O8p, (q iv|y > iv|y (7.35)

The condition on p; and ¢; to make the logarithmic regression-based composite
adaptation always faster than the linear regression-based composite adaptation for
the same \; and T'; is derived by rewriting (7.35) into (7.36).

piEi“ v — q;|E;

<1 (7.36)

JbU
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]

When the logarithmic regression-based composite adaptation law has higher learn-
ing rate than the linear regression-based composite adaptation law satisfying the
condition in Theorem 7.2, the required increase of \; to ] for the linear regression-
based approach is addressed in Theorem 7.3 for higher adaptation speed than the

logarithmic regression-based approach with A;.

Theorem 7.3. (Required increase of \; to X, in linear regression for )\;-El-jb# >

ANiEi;y) o If Theorem 7.2 is satisfied, \; for the linear regression-based composite

adaptation law should increase to X, which satisfies i—z > lnq;i for higher learning

rate than the logarithmic regression-base composite adaptation law with A;.

Proof. N,E;;# > \E;;* is satisfied when the slope of the tangent line of \;E;;F =

ijp 1jp b
Ailog, <qi Eij | + 1) (p; > 1, ¢; > 0) at the origin is smaller than the slope of
NEy# = X|Ejj,| which is X,

Aigi
E;

<A} (7.37)

g T 1

In p; (Qi

The condition on A; in (7.37) can be rewritten as (7.38).

E; ;. |=0

ijb

)‘Q qi

>\i In Pi

(7.38)

Since p; and ¢; are designed to satisfy Theorem 7.2, (7.39) is obtained from (7.36).

B/, npi <1n (qi By + 1) (7.39)
(7.40) is derived from (7.39) by utilizing In <qi Eij, ; + 1) < G|Eij, y for any
By >0
4
1
np (7.40)

Thus, X, > h?;)\i > \; for /\QEZ-]-Zéﬁ > A\ E;j;p when Theorem 7.2 is satisfied, resulting

in Theorem 7.3. O
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Theorem 7.2 and 7.3 imply that the logarithmic regression term can be designed
to utilize smaller adaptation gain than the linear regression term while accomplish-
ing the same adaptation speed. Thus, measurement signal errors induced by var-
ious non-parametric uncertainties like delay, noise or bias, are less amplified with
the logarithmic regression term than with the linear regression term. To this end,
the logarithmic regression-based composite adaptation law has enhanced robustness
than the linear regression-based composite adaptation law while providing the same

adaptation speed.

In order to prevent the logarithmic regression-based composite adaptation law to
become always slower than the linear regression-based composite adaptation law
under the same A\; and T';, p; and ¢; should be designed at least not to satisfy the

condition in Theorem 7.4.

Theorem 7.4. (Conditions on p; and q; for ijz < Eijf) . Under the assumption

of the same \; and T';, the logarithmic regression-based composite adaptation law

with E;;; is slower than the linear regression-based composite adaptation law with

Eijf if pi > 1 and q; > 0 satisfy q; > logp;.

*

Proof. Since E;;; with p; > 1 and g; > 0 for the logarithmic regression term is con-

cave and monotonically increasing function, log,, | ¢;|Eij, | + 1> < ’Eijb is satisfied
when the slope of the tangent line of Ej;;" at the origin is smaller than the slope of
E;;# which is 1.
di
<1 (7.41)
In p; (Qi Eij | + 1>
|Ei7'b|:0

From (7.41), the condition on p; and ¢; to make the logarithmic regression-based
composite adaptation law slower than the linear regression-based composite adap-

tation law under the same \; and I'; is obtained as (7.42).

]
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7.6 Numerical Simulation

7.6.1 Simulation Setup

As an illustrative example, dynamics of an inverted pendulum on a cart is pro-
vided with consideration of uncertainties on a friction model as (7.43) for numerical

simulation.
&= f(z)+Gx) [u+ Ax)]
where

r = [ZEl, l‘g]T

f@) = [filx1), folzr, )]

T
o (Mg + Mp) gsinzy — LpMpx3 sin xy cos x
’ Lp [Mc + (1 — cos® 1) Mp]

(7.43)
G(x) = diag [g1(21), ga(1,22)]

_ diag [17 —Cos T ]

Lp [MC + (1 — cos? l’l) Mp]
T
u = [z, Ul

A(z) = [0, Ag(wy,72)]"

x1 is a pendulum angle from the vertical line and x5 is a pendulum angle rate. Mg
and Mp denote mass of the cart and the pendulum, respectively. A pendulum length
is given as Lp. g is gravitational acceleration. The control input u indicates lateral

force exerted on the cart. The friction model A, is suggested as (7.44).

Ag(z1,29) = 0§¢2(x1,$2)

where

02 = 001, O] (21, 20) = [y (21, 20), Py(1,22)]"
— (Mc + Mp) x5
Lp [Mc + (1 — cos?x) ij|
(Mc + Mp) g cosay
Lp [MC + (1 — cos?xy) ij|

(7.44)

¢/21($1,~’U2) =

¢/22($1,5U2) =

021 is a friction coefficient at the link between the pendulum and the cart. 6g
represents a friction coefficient between the cart and the ground. 6y, and 65, are

uncertainties to be estimated.
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In this simulation, known model parameters are defined to be Mgy = 0.1kg, Mp =
0.0l1kg, Lp = 2m and g = 9.81m/s®. The boundaries of the uncertain model
parameters are given as 0.2 < fy; < 2 and 0.2 < 6y < 2, resulting in dg,; = 0.2¢/2
and dg,;; = 2v/2 in (7.30). The true values of the uncertain parameters to be
estimated from the adaptation law are defined as 0, = [1.2, 1.7]T. The initial
conditions of the parameter estimates are set to be the minimum values of the
boundaries as 920 =[0.2, O.2]T. The boundaries of the state variables are given as
—180° < x; < 180° and —60°/s < x5 < 60°/s. The initial conditions of the state
variables are defined as [60°, 0], and the desired command on the state z; is given

as r1, = 0° to make the pendulum stand vertically.

Simulations are conducted for verification of the logarithmic regression-based com-
posite adaptation law proposed in Section 7.3. The backstepping controller is uti-
lized as a representative example of the baseline controller as discussed in Section
7.2.2. The proposed algorithm is compared with the linear regression-based compos-
ite adaptation law in Section 7.5.1 to clearly show the characteristics suggested in
Section 7.5.2. Design parameters for the control input command vector are defined
as 7 = Cy = 1.5. The multiple filter parameters for €25, and €2, are set to be
koy = 0.01 and koy = 0.015.

The design parameters for the logarithmic and the linear regression-based composite
adaptation laws are selected to verify Theorem 7.2, 7.3 and 7.4 in Section 7.5.2 as
follows. First, ‘EQJ‘ b

in (7.34) can be inferred from the boundaries of the state
U

= 0.2v/2 and 0o,y = 2v/2. To obtain
84y, norm of @y (x1,22) is examined from (7.44) as (7.45).

variables and the uncertain parameters. HOQO ‘

M M 2 a2 2
H¢'2($1;$2)H _ Mo + Mp \/g COos“ x1 + 5 (7.45)
Lp Mo + Mp — Mp cos? z;

Since cos?z; < 1 and —% < a9 < 3§, Oy, is derived as (7.46),

M. M / 12 2
H(ﬁIQ(-iEth)H < 5¢2 _ C’; P g j—&:Qmax (746)

In this simulation, d4, = 5.4262 and this results in ’Eij

= 16.8822.
U

Second, design parameters are defined by considering Theorem 7.2, 7.3 and 7.4 with

the obtained ‘Eijb as Table. 7.1.
U
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Table 7.1: Design Parameters for Adaptation Laws

‘Case‘ Algorithm H Iy ‘ Ao ‘ Do ‘ G2 ‘
1 Logarithmic Regression diag[0.8, 0.8] | 1.2 | 1.2 | 1.5
2 Logarithmic Regression diag [0.8, 0.8] | 1.2 | 1.2 | 0.15
A Linear Regression diag [0.8, 0.8] | 1.2 | - -
B | Linear Regression with High Ay (X\}) || diag[0.8, 0.8] | 10 | - -

7.6.2 Simulation Results
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Figure 7.1: Tracking and Estimation Error under Nominal Circumstance

Under the nominal circumstance, simulation results of the logarithmic and the linear
regression-based composite adaptation laws with the design parameters in Table.
7.1 are addressed in Fig. 7.1. It is shown in Fig. 7.1 that tracking and parameter
estimation errors for all cases converge to 0, as expected from the analysis in Section
7.5. Theorem 7.2 is verified from the following observation with Case 1 and A in
Fig. 7.1. Under the same )y, parameter convergence for Case 1 with the proposed
logarithmic regression-based composite adaptation law is faster than the one for Case
A with the existing linear regression-based composite adaptation law. Note that p,
and ¢o of Case 1 satisfy the condition in (7.36). Simulation results with Case 1 and
B in Fig. 7.1 validate Theorem 7.3. Since ) increases to A, which satisfies (7.38)
in Case B, Case B with linear regression-based approach shows similar but slightly
higher parameter estimation speed than Case 1 with the logarithmic regression-
based approach. Instead, there exists a significant side-effect of the Ay increase in
Case B on system robustness comparing to Case 1, which will be shown in Fig. 7.2

from simulations under measurement delays. Simulation results with Case 2 and A
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Time (s)

Figure 7.2: Tracking and Estimation Error with Measurement Delay

in Fig. 7.1 verify Theorem 7.3 as a design constraint for faster adaptation with the

proposed algorithm.

Simulations are additionally conducted as increasing measurement delays 7 on both
x1 and xo before system instability especially with Case 1 and Case B. The sys-
tem appears to be unstable from 7 = 0.0018s with Case B and from 7 = 0.0225s
with Case 1, which implies enhanced robustness for the logarithmic regression-based
approach. As a representative example, simulation results under 7 = 0.0017s are
suggested in Fig. 7.2. Unlike Case 1 with the logarithmic regression-based approach,
Case B with the linear regression-based approach shows undesirable parameter es-
timation and tracking performance in Fig. 7.2. This is because \; is increased for
the linear regression-based law in Case B to have similar adaptation speed with the

logarithmic regression-based law in Case 1 under the nominal circumstance.

7.7 Conclusion

A new logarithmic regression-based composite adaptation law is successfully pro-
posed in Chapter 7, which accomplishes fast parameter convergence without exces-
sive increase of the adaptation gain. The novelty of this research is in the composite
adaptation law design with regression pattern shaping based on the logarithmic func-
tion to avoid the adaptation speed degeneration. Important findings on adaptation
speed and system robustness with the proposed algorithm is provided with detailed
analysis, which is obtained from comparative study between the logarithmic and the
linear regression-based approaches. The condition on the design parameters of the

logarithmic regression-based composite adaptation law is suggested, which always
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provides higher adaptation speed than the linear regression-based approach for the
same adaptation gain within the system boundary. If this condition is satisfied, it is
studied how much the linear regression-based approach should increase its adapta-
tion gain to make the adaptation faster than logarithmic regression-based approach.
The system robustness can be improved with the logarithmic regression-based ap-
proach comparing to the linear regression-based approach since the logarithmic ap-
proach with lower adaptation gain can accomplish similar parameter convergence
speed with the linear approach. With new logarithmic regression-based composite
adaptation law, the closed-loop system is proven to be globally exponentially stable.
Numerical simulations are performed to verify the proposed algorithm and related

theoretical findings.
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Chapter 8

General Discussion : Comparative
Study on Incremental and
Composite Adaptive Backstepping
Control

In Chapter 8, a comparative study between the incremental backstepping control
(IBKS) in Chapter 2-4 and the new composite adaptive backstepping control (new
C-ABKS) in Chapter 7 is performed through numerical simulations under various
defects. Note that simulations are conducted with short period mode dynamics and
6-degree of freedom (6-DoF') dynamics of aircraft, respectively. In Section 8.1, two
algorithms are compared under the short period mode dynamics where the analysis
on IBKS in Chapter 2-4 holds. In Section 8.2, the dynamics is extended to the
6-DoF' aircraft dynamics in order to check whether the characteristics observed in

Section 8.1 are maintained under this extension.
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8.1 Comparative Study on IBKS and new C-ABKS
under Short Period Mode Dynamics

8.1.1 Simulation Setup

8.1.1.1 Aircraft Short Period Mode Dynamics

Short period mode dynamics (8.1) which has significant importance on flight control
system design [1] is considered for this comparative study. ZZ* is assumed to be
known since it can be obtained with relatively high accuracy in general. The model

parameters for the inner-loop dynamics, M, and M, are set to be uncertain.

(8.1)

Ag(xh) in (8.1) is defined as (8.2).

Ny(x)) = 6, dy(h)

0= Vo] dhah) = lonal” >

8.1.1.2 Flight Controllers with IBKS and new C-ABKS

In Section 8.1.1.2; flight control algorithms for the comparative study, IBKS and
new C-ABKS, are briefly addressed with classical backstepping control (BKS) as
a reference. Note that both algorithms are utilized for inner-loop control, and the
outer-loop controller is designed with classical BKS since accurate Z is assumed to

be available.
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Backstepping Controller A flight control law with the classical BKS is given as
(8.3) for the dynamics in (8.1). Note that detailed derivation of (8.3) is suggested
in Chapter 2.

g = —Ciz1 — Zia+ a,

1 -~ N (8.3)
0= — (—CQZQ—Zl—MaOé—qu—l—qc)
Mg

Incremental Backstepping Controller The IBKS is applied to design the inner-
loop controller for the dynamics (8.1), resulting in (8.4). Note that detailed deriva-
tion of (8.4) can be found in Chapter 2, 3 and 4.

¢ =—Cizx1 — Za+ 6,

1 . .
= A*(_0222—21—(I0+CIC)+50

)

New Composite Adaptive Backstepping Controller A flight control algo-
rithm is designed by applying new C-ABKS detailed in Chapter 7 to (8.1).

¢ = —Ciz1 — Z o+ 6,

1 N / .
0= Mg <—022’2 — 21— 92T¢2(332) + qc)

(8.5)

The estimate on the uncertain parameter vector @, in (8.1) is obtained from the
logarithmic regression-based composite adaptation law with new information matrix
in Chapter 7.

8.1.1.3 Simulation Case Definitions and Parameter Settings

Simulation case definitions and parameter settings for the comparative study with
short period mode dynamics are addressed in Section 8.1.1.3. The aerodynamic
model of F-16 in [2] at the altitude of 4000ft and the velocity of 846.27ft /s is utilized
for the simulations. The initial conditions on the state variables are ag = —0.6384°
and ¢y = 0°. The control command on « is a, = 1.5°. The common design param-
eters from the backstepping control structure, C; and Cy, are set to be C; = 6 and

Cy = 3. A set of design parameters for the logarithmic regression-based composite
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adaptation law with new information matrix, which provides the best parameter
estimation performance, is selected from a number of simulations. The selected de-
sign parameters are 'y = diag [1000, 1000], Ay = 1, po = 1.2, gz = 1.5, ky; = 0.10,
koo = 0.15.

Model uncertainties and measurement delays are considered in this comparative
study. First, simulations are performed under the model uncertainties on the sys-
tem matrix and the control effectiveness matrix, respectively. Note that the model
parameters in the system matrix are replaced with the additional measurements
in IBKS and with their estimates in new C-ABKS, while the control effectiveness
information is still required for both algorithms. For the case with the model un-
certainty on the system matrix, Ay and Ay are set to be 0.5. The results for
the case with the model uncertainty on the control effectiveness matrix are obtained

under Aprr = —0.2 and Ayz = 0.5, respectively.

Second, simulations are conducted under the measurement delays with or without
the model uncertainty on the control effectiveness information. Note that delays
on state derivative and control surface deflection angle measurement are mainly
considered for IBKS, and simulations with new C-ABKS mainly deal with delay
on control surface deflection angle measurement. This is because the above two
measurements are additionally utilized for IBKS comparing to BKS for its reduced
model dependency, and the delay is considered in new C-ABKS for fair comparison.

The defined simulation cases are listed in Table 8.1.

Table 8.1: Simulation Cases under 75, 74 and Apye

Case || Ap: | 75 T4
1 —0.2 | 0.01s | 0s, 0.001s, 0.01s, 0.011s, 0.02s
2 0 | 0.01ls | 0s, 0.001s, 0.01s, 0.011s, 0.02s
3 0.5 | 0.01s | 0s, 0.01s, 0.02s, 0.021s, 0.03s

8.1.2 Simulation Results

8.1.2.1 Model Uncertainty

Model Uncertainty on System Matrix The simulation results with the model

uncertainties on the system matrix are given in Fig. 8.1. It is shown in Fig. 8.1
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Figure 8.1: System Response with Apz: and Ay

that both IBKS and new C-ABKS have advantages from their reduced model de-
pendency comparing to BKS as follows. BKS with the model uncertainties on M}
and M, shows a steady-state error on a response. IBKS provides the same response
with the nominal BKS. New C-ABKS takes some time for model parameter estima-

tion, but this also shows the same performance with the nominal BKS after perfect

adaptation.
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Figure 8.2: System Response with Ay

Model Uncertainty on Control Effectiveness Fig. 8.2 provides the simulation
results with the uncertainty on the control effectiveness information. The closed-
loop system with BKS shows large steady-state errors with the uncertainty in control
effectiveness information. The IBKS shows the same response with the nominal BKS
even with the uncertainty in control effectiveness information if the control input is

calculated, transmitted, and reflected fast enough to the actual control surface. The
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new C-ABKS with uncertainty in control effectiveness information shows parameter
estimation errors, resulting in steady-state error in o response. This can be explained

by (8.19) in Appendix A with 75 = 0; 6, converges to 8} which becomes different

with 65 because of non-zero Ayy:.

8.1.2.2 Delays on Additional Measurements and Model Un-

certainty on Control Effectiveness
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Figure 8.3: System Response with 7; and 7; under Ay = —0.2
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Figure 8.4: System Response with 75 and 7; (Apx = 0)

Fig. 8.4 shows the simulation results for case 2 with delays on the additional mea-
surements and without model uncertainties. It is addressed in Fig. 8.4 that the
closed-loop system with the IBKS is stable if there is no delay on the state deriva-

tive measurement or the non-zero delay on the state derivative measurement is
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Figure 8.5: System Response with 7; and 7; under Ay = 0.5

identical to the delay on the control surface deflection angle measurement. Even
with very small deviation from this stability condition, the system with the IBKS
becomes unstable as shown in Fig. 8.4. With the new C-ABKS, the closed-loop sys-
tem shows stable response under delay on the additional measurement. However,
as shown in Fig. 8.4, the delay induces parameter estimation error which results in

tracking error.

The simulation results for the cases 1 and 3 considering both measurement delay and
model uncertainty are provided in Fig. 8.3 and 8.5. Fig. 8.3 and 8.5 address that
the stability condition for the IBKS about delays on the additional measurements is
affected by the model uncertainty on control effectiveness information, resulting in
different k,,,, for different model uncertainties. In this comparative study, k.. = 1
for Ay: = —0.2 and Ay = 0, and ke = 2 for Ay = 0.5. It is also shown
in Fig. 8.3 and 8.5 that the closed-loop system with the IBKS becomes unstable
under the delays on the additional measurements which do not satisfy this stability
condition with the model uncertainty by small difference. Fig. 8.3 and 8.5 indicate
that the new C-ABKS under the delays on additional measurement and the model
uncertainty on control effectiveness has parameter estimation errors which makes «

response have a steady-state error.

Note that the detailed theoretical backgrounds for the above observations on the
IBKS are provided in Chapter 4. The parameter estimation error of the new C-
ABKS under delays on additional measurement can be explained with (8.19) in
Appendix A which implies that non-zero 75 makes 6} become different with 6, and

the new C-ABKS drives 6, to ).
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8.2 Comparative Study on IBKS and new C-ABKS
under 6-DoF Dynamics

8.2.1 Simulation Setup

8.2.1.1 Aircraft 6-DoF Dynamics

The 6-DoF dynamics with the model uncertainty A, is derived as (8.6) for compar-

ative study in Section 8.2.

V T
d =f1+G
T R
15} r
p Oc
d =f+G |5, | +A
dt q - 2 2 a 2
r or
where
f{:fl‘i‘fg
%(XTcosacosﬂ+YTsinﬁ+ZTsinacosﬁ)
Ji= —pcos&tanﬁ+m(ZTcosa—XTsina)

psina + #(—XTcosasinﬁ—i—YTcosﬁ — Zrpsinasin §)

g (—sinf cosacos B + cosfsin ¢ sin 5 + cos 6 cos ¢ sin a cos f3)

Jo= a5 (cos B cos ¢ cos o + sin fsin «v)

# (cos B sin ¢ cos 3 + sin 6 cos asin 3 — cos 0 cos ¢ cos asin 3)

(cap+cir) q — C4bYT%

f2=|espr+cs (r? = p?) + er¢Zr (206, — Te)

(csp — car) q — cobY7 ¥

coso;r(;osﬁ 0 0 0 ch(;a -+ C4N5a C3L5T + C4N5,,
G, = _m‘SjIlgsﬁ 1 —sinatanpf Gy = | Ms, 0 0

__cosasinf8 0

Tz — Ccos Q& 0 cyLs, + cgNs, c4Ls, + coNs,

(8.6)
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V, a and B represent velocity, angle-of-attack and sideslip angle. p,q, and r denote
body angular rates and ¢, 0, and v stand for Euler angles. T, §., d,, and dr indicate
thrust and elevator, aileron and rudder deflection angles, respectively. X, Y and
Zr are aerodynamic forces in body z, y, and z-axis which are assumed to be known
3] [4]. Ls,, Ls,, Ms,, Ns, and Nj. represent control effectiveness of the control
surfaces to the aerodynamic moments. ¢y denote parameters related to moment of
inertia as described in [5]. m is mass and ¢ is the gravitational acceleration. zcq,
is the x-coordinate of the reference center of gravity position and x¢g denotes the
x-coordinate of the center of gravity position. ¢ and b represent reference chord

length and wing span, respectively.

A, in (8.6) is defined as (8.7).

T
Ao, ore, 070,

where
- -7

(cgclo 5+ eiCg ﬁ)
(cgcw v c4on0a5) .
Sb <03C’l062+040n052> ¢’p=q{5 af 5 §—V]

(c3Ciyy + e1Cny )
(c3C1 + €aCh,y)

- T

mo( (8.7)

S
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Q

T
(e / _ _ _
¢q:q{1 a g %qa}
a0

0(1 = SEC7

‘IO(_
- T

<c4Clo 5+ 9Ch, 5)
<C4Oz0a5 + CQCngaﬁ> T
9, = Sb (c40l0 2+ ¢Cng 52) ¢, =q {5 aB B2 3 é’—v]

(4l + €aCny )
(caClg + 9Ch, )

S denotes wing area and ¢ indicates dynamic pressure. C(_y are parameters to model
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the aerodynamic coefficients in (8.23). The detailed derivations of (8.6) and (8.7)
are provided in Appendix B.

The kinematics equation of the altitude A is given as (8.8).

%h = V (sin 6 cos 5 cos a — sin ¢ cos O sin 5 + cos ¢ cos 0 cos [3 sin «) (8.8)

The kinematics in (8.8) can be rewritten with small angle approximation on « as

(8.9).

d
—h:
i In + gno

where (39)
frn ="V (sinf cos 3 cos o — sin ¢ cos # sin 3)

gn =V (cos ¢ cos b cos )

8.2.1.2 Flight Controllers with IBKS and new C-ABKS

The flight control algorithms are designed in Section 8.2.1.2 for the comparative
study with 6-DoF dynamics. The overall structure of the flight control algorithms
is provided in Fig. 8.6.

v, - fe .
. qc ] 66’c
hC —» NDI » BKS > Adrcraft
I T, IBKS Oa, 6-DoF
ﬁ ; - i or »| Dynamics
y C-ABKS | 6,
p - —>
c

State Variables

Figure 8.6: Block Diagram of Control System

The angle-of-attack command «.. to track h. is generated as (8.10) with nonlinear

dynamic inversion (NDI).

0 =L <_fh ke (B — o) — ke /t (h — hy) dT) (8.10)

an
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where kp, and kj; are constant design parameters. Note that the altitude tracking

error, (h — h.), follows the desired error dynamics in (8.11) when A, is constant.

d t
G =) =k (=) = s [ (=) e (8.11)

The commands on thrust, pitch rate and yaw rates, T., q. and r., are calculated as
(8.12) from classical BKS to track V., a, and f..

T. V.
q.| = Gfl —Clzl — f{ + dc (812)
e Be

IBKS and new C-ABKS are applied respectively for the design of the fin deflection
angle commands, d.., 0., and 9,., to track the body angular rate commands, p., q.
and 7.. The fin deflection angle commands in (8.13) are derived by utilizing the

design procedures of IBKS in Chapter 2-4.

6ec Po pc 560
5ol =G | —Cozo— 21— |go| + [d| | + |6ug (8.13)
57“0 To Te 57“0

The new C-ABKS in Chapter 7 is applied to obtain the fin deflection angle com-
mands of (8.14).

Occ Pe 0,9,
bue| = G2 | —Coza— 21— f3+ |G| — éqT(b’q (8.14)
e ie| |69,

The estimates on the uncertain parameter vectors in (8.6), ég , é:{ and 67 utilized
in (8.14) are obtained with the logarithmic regression-based composite adaptation

law with the new information matrix proposed in Chapter 7.
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8.2.1.3 Simulation Case Definitions and Parameter Settings

The parameter settings and simulation case definitions for the comparative study
with 6-DoF dynamics are provided in Section 8.2.1.3. Note that the aerodynamic
model of F-16 in [2] is utilized for the simulations. The initial conditions of the state
variables are [ V o 8 p q r]¢ = [4000ft 846.27ft/s — 0.6384° 0° 0°/s 0°/s 0°/s]".
The initial values of the Euler angles are set to be [¢ 6 ¢]) = [0° — 0.6384° 0°]".
The control commands are defined as h, = 4000ft, V. = 855ft/s, 5. = 1° and
pe = 0°/s for altitude hold, velocity increase, sideslip angle change and roll rate sta-
bilization. The design parameters of the altitude controller are selected as kp, = 3
and kp; = 1. The common design parameters for the backstepping control struc-
ture are defined as C; = diag[20,20,20] and C, = diag[10,10,10]. The design
parameters for the logarithmic regression-based composite adaptation law with new
information matrix are selected to show the best parameter estimation perfor-
mance from a number of simulations. The parameter set for the new C-ABKS
are I', = T, = diag[0.1,0.1,0.1,0.1,0.1], 'y = diag[0.001,0.001,0.001, 0.001, 0.001],
Mp=XN=N=1Lp=p=p=12,q¢ =q,=q¢ =15, k = 0.1, ks = 0.15,
ks =0.2, ky, = 0.25, ks = 0.3.

The simulations with 6-DoF dynamics are performed to investigate whether the
closed-loop characteristics observed from the comparative study with short period
mode dynamics are retained under the extension to the 6-DoF dynamics. In the sim-
ilar manner with the short period mode dynamics, the effects of model uncertainties
and measurement delays on the closed-loop system are systematically examined with
the 6-DoF dynamics. First, simulations are conducted with the model uncertainties
on control effectiveness which is still required for both algorithms despite their re-
duced model dependency. The model uncertainties on control effectiveness informa-
tion are set to be Ay = —0.2 and A,y = 0.5 for all (x) = Ls,, Ls., Ms,, Ns,, Ns,.
Second, simulations are performed under the measurement delays with or without
model uncertainties on control effectiveness matrix. Due to the same reason ex-
plained in Section 8.1, delays on state derivative and control surface deflection angle
measurements are mainly considered for IBKS, and simulations with new C-ABKS
mainly deal with delays on control surface deflection angle measurements. Simula-
tion cases are defined with model uncertainties and measurement delays as Table.
8.2. Note that (x) = Ls,, Ls,, Ms,, Ns,, Ns., () =0¢, 04, 0, and (x) =p, ¢, 7.
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Table 8.2: Simulation Cases under 7., 7(,) and A,

[Case [ A [ 7y |

T(x)

|

a —0.2 | 0.01s | 0s, 0.001s, 0.01s, 0.011s, 0.02s
b 0 0.01s | 0s, 0.001s, 0.01s, 0.011s, 0.02s
c 0.5 | 0.01s | 0Os, 0.01s, 0.02s, 0.021s, 0.03s

8.2.2 Simulation Results

8.2.2.1 Model Uncertainty on Control Effectiveness

0.5
855
— or
%
=
E=4 == === = IBKS (A, = 0) —
= = = IBKS (A = 0.2 —-05 o~
gssop . IBKS EA ) ERel A \\_—/—‘
g ABKS (A, 1t \
= == +ABKS (A,
......... ABKS (A,
845 I 15
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Time (s) Time (s)
4010 T T T
1F
ke f
g 7\ sE == == —=-—=-—=<-4
o 4005 f 1 = .
3 i \ 05
= I 1
T ERNPEN
4000 v et N  ~— 19.9 19.92 19.94 19.96 19.98 20
L L L L L L L L L 0 L L L L L L L L L
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Time (s) Time (s)
(a) Velocity and Altitude (b) Angle-of-Attack and Sideslip Angle
20 T T T T T
x10°
> gE _____________ j
S 10 | ———
= 2t L]
o, 19.9 1992 1904 1906 1998 20 |
0 2 4 6 8 10 12 14 16 18 20 6 8 10 12 14 16 18 20
Time (s) Time (s)
10
@ 4l
L'}
o
OL\\/’—
0 2 4 6 8 10 12 14 16 18 20 6 8 10 12 14 16 18 20
Time (s) Time (s)
10
T of
i: O[ ————————————————————
0 2 4 6 8 10 12 14 16 18 20 4 6 8 10 12 14 16 18 20
Time (s) Time (s)

(¢) Body Angular Rates (d) Parameter Estimation Error with C-

ABKS
Figure 8.7: System Response with A,
The 6-DoF simulation results with the IBKS and the new C-ABKS under model

It
is observed in Fig. 8.7 that the closed-loop system with IBKS shows the same re-

uncertainties on control effectiveness information are addressed in Fig. 8.7.

sponse regardless of the uncertainties on the control effectiveness if the control input
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commands are generated, transmitted and reflected to the actual control surface ac-
tuators fast enough. The closed-loop system with the new C-ABKS is shown to be
stable in Fig. 8.7. Note that the closed-loop system with the new C-ABKS appears
to be stable for —0.4 < A(,) < 1.5 from a number of simulations with different
A, conducted to identify the effects of A(,) on the system. However, the system
with the new C-ABKS have parameter estimation errors as addressed in Fig. 8.7(d)
when the uncertainties on control effectiveness exist, which results in the steady-
state errors on state outputs as shown in Fig. 8.7(b) and 8.7(c). Those observations
on the closed-loop systems with the IBKS and the new C-ABKS coincide with the
characteristics identified from the analysis and comparative studies with the short

period mode dynamics.

8.2.2.2 Delays on Additional Measurements and Model Un-

certainty on Control Effectiveness
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Figure 8.9: System Response with 7.y and 7,y under A,y =0

Fig. 8.9 addresses the simulation results for case b with delays on additional mea-
surements and without model uncertainties. The closed-loop system with the IBKS
is shown to be stable in Fiig. 8.9 when the delays on state derivative measurements do
not exist or the delays on state derivative measurements and control surface deflec-
tion angle measurements are the same. The closed-loop system with IBKS becomes
unstable even with small deviations from this stability condition on measurement
delays. The closed-loop system with the new C-ABKS is observed to be stable in
Fig. 8.9. Note that the closed-loop system with the new C-ABKS appears to be
stable for 7.y < 0.06s from a number of simulations with different 7.y conducted to
identify the effects of 7.y on the system. However, parameter estimation errors of
the system with the new C-ABKS are induced by the measurement delays as shown
in Fig. 8.9(d), which results in the the steady-state errors on state outputs as shown
in Fig. 8.9(b) and 8.9(c). Note that properties of the IBKS and the new C-ABKS
with delays under the 6-DoF dynamics are the same with the results under the short

period mode dynamics.
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Figure 8.10: System Response with 7y and 7(,) under Ay = 0.5

The simulation results for case a and ¢ considering both measurement delays and
model uncertainties are provided in Fig. 8.8 and 8.10. It is shown that the stability
condition for the closed-loop system with the IBKS about delays on the additional
measurements is affected by the model uncertainties on control effectiveness infor-
mation; ke, = 1 for Ay = —0.2 while ky0p = 2 for A(,) = 0.5. It is also observed
that the closed-loop system with the IBKS becomes unstable when this stability
condition is not satisfied even with a small difference. The closed-loop system with
the new C-ABKS is stable under delays on the additional measurements and the
model uncertainties on control effectiveness information. However, the parameter
estimation errors induced by these defects result in the steady-state errors of the
state variables. These results address that the properties of the IBKS and the new C-
ABKS under measurement delays and model uncertainties identified with the short

period mode dynamics are maintained with the extension to the 6-DoF dynamics.



172 General Discussion : Comparative Study on IBKS and new C-ABKS

8.3 Conclusion

Numerical simulations are conducted for comparative studies between the IBKS and
the new C-ABKS with the model uncertainties and delays on the additional mea-
surements. Note that the short period mode and the 6-DoF dynamics are considered
in the numerical simulations. The summary of the comparative studies is provided
in Table 8.3.

Table 8.3: Summary of Comparative Study
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Appendix

A Estimation Error of C-ABKS with Model Uncertainty

and Measurement Delay

The estimation error from the model uncertainty on control effectiveness information
and the delay on the additional measurement is investigated in Appendix A for the

comparative study. 79, can be written from (7.17) in Chapter 7 with (8.1) as (8.15).

1 *
o (l’zb - szm) — M;i0r,,,

1 *
Koo (ZE?b - x2F22b) - M6 6F22b

k2o

Top = Q2Hb02 = 02b (8~15)

where (-), denotes (-) at t = t,. If there exist Aps: and 75, 75, is obtained as follows.

1 / / Trx S/

/e Y, e Y

T, = Q05 = Oy, ) ) . -
*

Fag <x2b - 952F22b> — M;orp,,, (t —7s)

(8.16)

where (-)’ represents (-) under Ay and 75. (8.16) can be rewritten as (8.17) with
dp,,, 24 b,y (£ T5) = 0, -

1 / / * S/
{km (%b %leb) M65F21b}

~M; A0, — My (14 gy ) dy,,

05,05 = 05, s / / (8.17)
{E <x2b - x2F22b> - MngQQb}
| Mg, — M (14 Dagg ) i,
(8.18) is derived from (8.1) with filtered dynamics (7.14) in Chapter 7.
]' / / / / * ¢f
ke, (5521; - IQFglb) = 9214171F2jb + 922372}72]-,) + M; 5F2jb (8.18)
j
Thus, €5 ,,05 is rewritten by applying (8.18) to (8.17).
J d d
Q1,0 = Dy, 05 — M; 0%, $ Ay |71 P Ay | (8.19)
6/ d/ d/
F22b F22b F22b
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It is shown in (8.19) that @) is different from 6, when Ajppy or 75 exist. Since

/

the composite adaptation law makes €% Hbég converge to 25,6, the parameter

estimates have steady-state errors if A M; Or Ts exist.

B Derivation of Equations for 6-DoF Dynamics with Un-

certainties

The 6-DoF aircraft dynamics [5] is provided as (8.20).
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L7, My and Np are aerodynamic moments in roll, pitch and yaw axis. Note that

the definitions of the other parameters are provided in Section 8.2.1.1.

The equations for the aerodynamic forces and moments and the control effectiveness

n (8.20) are listed in (8.21) and (8.22), respectively.

i
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Ms, = 4SeCh, (a,5) (8.22)
= quCnaa (o, B)
Ns, = qSbCh;, (a, B)

where C( is non-dimensional aerodynamic coefficient of (-).
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The aerodynamic coefficients related to aerodynamic forces are assumed to be ac-
curate which is reasonable as discussed in [3] and [4]. The uncertain aerodynamic
coefficients for aerodynamic moments are modeled as (8.23) by simplifying the mod-
els in [2].

Clo (OZ, 5) = Cloﬁﬁ + Cloagaﬁ + Cl()lB?B?

Ci, (=) = Cly

C, (=)= Clro

Crng (@) = Crgg + Cing o (8.23)
Crny (@) = Cpyy + Oy

Cry (0, 8) = Cog 5B+ Cro50B + Cog o 5

Cn, (=) = Cyg

Ch, (=) = Ch.

By substituting (8.21) and (8.23) into (8.20), the dynamic equation in (8.6) with
(8.7) is derived.
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Chapter 9

Conclusions and Future Works

9.1 Conclusions

This thesis successfully innovates knowledge on nonlinear flight control algorithms
with reduced model dependency, responding research gaps for their practical appli-
cations. Note that this thesis considers IBKS and C-ABKS which are obtained by
applying the incremental and adaptive control schemes to BKS for reduced model de-
pendency. The leading principle for each IBKS and C-ABKS to make the algorithm
less dependent on model information can be summarized as follows. IBKS addition-
ally utilizes state derivative and control surface deflection angle measurements to
replace required model information except control effectiveness for its implementa-
tion. C-ABKS estimates uncertain model parameters online via adaptation law and
utilizes these estimates in control input command calculation. The details on the

contributions of the research with each algorithm are suggested as follows.

Extensive and systematic theoretical analyses under various defects are conducted
to provide critical understandings on IBKS. As a starting point, closed-loop analyses
under the model uncertainties are conducted with IBKS and BKS for theoretical in-
terpretations on reduced model dependency in IBKS. A piecewise analysis method is
utilized to obtain transfer functions with two algorithms under the model uncertain-
ties. The characteristics of each algorithm are investigated by comparing them with
the nominal results or with each other. As expected, stability and performance of
the closed-loop system with IBKS are not affected by the model uncertainties, while
they significantly influence the closed-loop characteristics with BKS. One interesting

observation is that the uncertainty on the control effectiveness information, which
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is still required to implement IBKS, does not have any impact on the closed-loop
system with IBKS if the control input is calculated, transmitted and reflected fast

enough to the actual control surface.

The discussions on the analysis with IBKS are broadened considering defects on the
additional measurements along with the model uncertainties. First, the closed-loop
characteristics with IBKS is analyzed under the biases on the additional measure-
ments and the model uncertainties. A similar piecewise approach with the model
uncertainty-only case is applied to acquire a transfer function under the measure-
ment biases and the model uncertainties for theoretical analysis. The measurement
biases result in a steady state error while not affecting the closed-loop system sta-
bility with IBKS. Unlike the analysis results only with the model uncertainties, the
uncertainty in control effectiveness information has an impact on the steady-state
error of the closed-loop system. Second, the closed-loop system with IBKS under
the delays on the additional measurements and the model uncertainties is exam-
ined with the analysis framework proposed in this thesis. The transfer function of
the closed-loop system with the measurement delays and the model uncertainties is
derived under the piecewise approach as in the previous discussions. Since the mea-
surement delays result in a highly nonlinear characteristic equation with exponential
terms, the absolute stability is difficult to be examined in an analytical way. To this
end, new numerical framework with optimization concept is proposed to systemati-
cally and efficiently test the closed-loop system stability under measurement delays.
The key finding is that the delays on the additional measurements should satisfy a
specific relationship for the closed-loop stability with IBKS. Besides, it is identified
that this stability condition is affected by the uncertainty on control effectiveness

information.

A new C-ABKS is designed to guarantee parameter convergence without PE and
enhance the adaptation speed without excessive increase of the adaptation gain.
There exist two main novel ideas for the design of the new C-ABKS to achieve this
aim; a new modulation based approach for the information matrix design and a
new logarithmic regression-based approach for the composite adaption law design.
First, a new paradigm of the information matrix design is proposed by developing
a modulation-based approach to accomplish parameter convergence under FE. A
new information matrix is designed by utilizing linear independency between fil-
tered regressor vectors from the multiple filters with different modulation effects.
The filtered regressor vectors are modified to be orthogonal to each other while

retaining their magnitudes before modifications, and the information matrix is con-
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structed with these modified filtered regressor vectors. Second, a new logarithmic
regression-based composite adaptive control is proposed to enhance the adaptation
speed without excessive increase of the adapation gain. Since the linear regression
term in previous studies is simply proportional to the estimation error, the adapta-
tion speed of the linear regression term decreases fast at the later stage when the
estimation error is small. The parameter convergence speed can be enhanced by
slowing down the adaptation speed degeneration at the later stage; concave and
monotonically increasing characteristics of the logarithmic function is utilized for

the regression term in this research.

The key properties of the new logarithmic regression-based composite adaptive con-
trol with the new information matrix are investigated as follows. The closed-loop
system with this new C-ABKS is shown to be asymptotically stable under FE by
applying Lyapunov theory. The properties especially from the new information ma-
trix constructed with modulation-based approach are addressed as follows. The
new information matrix is proven to be positive definite for all the time from the
beginning under FE, while the accumulation-based approach in previous studies
requires uncertain amount of time to populate the information matrix to be full
rank. Comparing to the accumulation-based approach, the new modulation-based
approach provides advantages in adaptation speed and system robustness since the
information matrix is designed to have all eigenvalues with moderate level of mag-
nitudes. The properties originated from the logarithmic regression-based approach
are given as follows. The logarithmic regression term is proven to be always larger
than the linear regression term within the system boundary if its design parame-
ters satisfy the suggested condition. In order to make the linear regression-based
approach to become always faster than the logarithmic regression-based approach
when its design parameters accomplish this condition, the adaptation gain of the

linear regression term should be increased and this can result in reduced robustness.

The extensive theoretical findings on IBKS and C-ABKS are obtained and veri-
fied throughout the thesis. Note that a comparative study between IBKS and new
C-ABKS is additionally performed via numerical simulations to address their differ-

ences especially under various defect circumstances.

9.2 Future Works

Researches presented in this thesis can be extended in several ways as follows.
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Critical insights on the system characteristics with IBKS under the model uncer-
tainties and the measurement delays are obtained from the analysis based on the
short period mode dynamics due to its importance in flight control and simplicity in
theoretical analysis. Further studies to examine and validate the properties of IBKS

identified in this thesis with 6 degree-of-freedom dynamics would be beneficial.

From the closed-loop analysis with IBKS under model uncertainties and measure-
ment delays, important stability condition is provided in terms of the relationship
between delays on the state derivative and control surface deflection angle measure-
ments. As can be seen in the numerical simulations, this condition is too strict,
which could be disadvantageous for its practical applications. Hence, compensa-
tion algorithm against the delays on the additional measurements and the model

uncertainties would be an interesting topic for the system with IBKS.

Most of the adaptive control algorithms are designed under the assumption of
linearly structured uncertainty with constant unknown parameters satisfying the
matching condition. The extension of the proposed C-ABKS algorithm to the
problems with time-varying unknown parameters, unstructured uncertainty or un-

matched uncertainty would be a challenging and interesting research topic.
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