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Abstract: The principal object of this paper is to introduce two variable Shivley’s matrix polynomials
and derive their special properties. Generating matrix functions, matrix recurrence relations,
summation formula and operational representations for these polynomials are deduced. Finally,
Some special cases and consequences of our main results are also considered.
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1. Introduction

Generalized Laguerre polynomials (GLP) are defined explicitly

i o (D" (A +a), xf
Ly(x) = E)mr 1)

where a is a real -valued parameter, (a), is the Pochhammer symbol

@ _{ ala+1)...(a+(r—1)), r>1,
T, r=0.

In confluent hypergeometric notation, we have

LZ(X):(l—Zi'a)anl(*n;ﬂ+1;x). 2

These polynomials satisfy the second-order linear differential equation (see, for example, [1]
p- 298)

d
xD?LY(x) 4+ (1+a—x) DL (x) +nLi(x) =0, D= o ®3)

The so-called Shively’s pseudo-Laguerre polynomials R, (4, x) are defined by (see, [2])

Rn(a,x):%lﬂ(—n;a—f—n;x), (4)
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which are related to the proper simple Laguerre polynomial (see, [2])

Lu(x) = 1R (—n;1;x), )
R,,(a,x) = (u _11)n E) (ﬂ — 1)VH’:I“ Lnfr(x). (6)

Shivley deduced the generating function for pseudo Laguerre polynomials of one variable as
(see, [2])

a 1 2 Ry(a,x) t"
e oFl(—;E-&—E;tz—xt) =Y "(7 %)

Now, owing to the significance of the earlier mentioned work related to Laguerre polynomials,
we find record that many authors became interested to study the scalar cases of the classical sets of
Laguerre polynomials into Laguerre matrix polynomials. Of those authors, we mention [3-7].

Recently, the matrix versions of the classical families orthogonal polynomials such as Jacobi,
Hermite, Chebyshev, Legendre, Gegenbauer, Bessel and Humbert polynomials of one variables and
some other polynomials were introduced by many authors for matrices in CN*N and various properties
satisfied by them were given from the scalar case. Rather than giving an exhaustive list of references,
we refer the reader to the article [8]. Theory of generalized and multivariable orthogonal matrix
polynomials has provided new means of analysis to deal with the majority of problems in mathematical
physics which find broad practical applications. In [9,10], Subuhi Khan and others introduced the
2-variable forms of Laguerre and modified Laguerre matrix polynomials and generalized Hermite
matrix based polynomials of two variables and Lie algebraic techniques. Furthermore, several papers
concerning the orthogonal matrix polynomials for two and multivariables have become more and
more relevant, see for example [11-17].

The section-wise treatment is as follows. In Section 2, we deals with some basic facts, notations
and results to that are needed in the work. In Section 3, we define Shivleys matrix polynomials of two
variables and to study their properties. The generating matrix functions, matrix recurrence relations,
summation formula and operational representations these new matrix polynomials are obtained.
Some special cases of the established results are also underlined as corollaries. Finally, we give some
concluding remarks in Section 4.

Throughout this paper, for CN denote the N-dimensional complex vector space and CN*N denote
all square matrices with N rows and N columns with entries are complex numbers, Re(z) and Im(z)
denote the real and imaginary parts of a complex number z, respectively. For any matrix A in CN*N,
0(A) is the spectrum of A, the set of all eigenvalues of A, which will be denoted by ||A||, is defined by

|| Ax]2
[1x[2

’

||A[| = sup
x#0

where for a vector y in CN, ||y||, = (y7 y)% is Euclidean norm of y. I and 0 stand for the identity matrix
and the null matrix in CN*N, respectively.

2. Preliminaries

We shall adopt in this work a somewhat different notation and facts from that used throughout
this work.
For A € CN*N, the matrix version of the symbol is

(AW = (A A=) (A—(n—-1I), n>1,
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and the Pochhammer symbol (the shifted factorial) is
(An=AA+D)--(A+(m=1I), n=1 (Ap=1

Note that if A = —jI, where j is a positive integer, then (A), = 0 whenever n > j (cf. [18]).

The reciprocal scalar Gamma function denoted by I'!(z) = -L: is an entire function of the

I(z)
complex variable z. Thus, for any A € CN*N Riesz-Dunford functional calculus [18-20] shows that
I~1(A) is well defined and is, indeed, the inverse of I'(A). Furthermore, if

A+mnl is invertible for all integer n > 0, (8)
then
(A)y =T(A+nDILA). 9)

Form (9), it is easily to find that

(A = 2 (5 (A+ D)al5 (A,
and
(A)nk = (A)u(A+nl).

In 1731, Euler defined the derivative formula

T(a+v) -
Dix*= —"— 2 _x""V Dy=—
x Ta—v+1) o P ’
where « and v are arbitrary complex numbers. By application of the matrix functional calculus to this
definition, for any matrix A € CN*N one gets (see [5,18])

d

DA™ = (A4 Du[(A+ 1))t AT Dy = o n=0123.

On other hand, if D, = 8%' D, = % and D, = % the trinomial expansion for (D, + Dy, + Dy)"
is given by (see [21,22])

n n—r (71)r+s (771)

(D4 Dy +Do)" = L )~ DD D, (10)
r=0s=0 o
operating (10) on F(z,w, v), we get
(Dz 4+ Dy + Dy)"F(z,w,v) =
v D™ (n)ees an

n
r+s n—r—s myr s

Y. T D! D!, D5F(z,w,v),

r=0s=0 s

in particular, if F(z,w,v) = f(z)g(w)h(v), then (11) gives

(D. + Dy + Dy)" {f(z)g(w)h(v)} -

T s e a) D) D).

(12)

rls!
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Similarly,

(D-Dyy + D-D, + wa{f(z)g(w)h(v)} -

3 (13)
non—r (_qyrts (_ s s o N
Z Z % D! *f(z) D}, "g(w) Dv+ h(v).
r=0s=0 .o

Moreover, if A € CN*N, and z is any complex number, then the matrix exponential ¢/ is defined
to be

AY[
eAZ=I+Az+...+Fz"+A..,

n
—— [ = A" e =M A, 1=0,1,2,3, ...
dz"
Let A, B and C be matrices in CN*N and C satisfy condition (8), then the hypergeometric matrix
function of 2-numerator and 1-denominator for |z| < 1 is defined by the matrix power series (see [20,23])

WF(ABCz) =Y (AnEl(C] s, (14)

i
= n!

For an arbitrary matrix A € CN*N, satisfy condition (8) then the n-th Laguerre matrix polynomials
L#(z) is defined by (see [8])

LA(z) = (A:i'l)” 1F(—nL; A+ I;z). (15)

Therefore, the Shively’s pseudo Laguerre matrix polynomials are reduced in the form

RA(z) = M 1Fi(—nL A+ nl;z). (16)

For matrices A(k,n) and B(k,n) are matrices in CN*N forn > 0,k > 0, the following relations
are satisfied (see [24])

N

n

i i A(k,n) = i A(k,n — 2k) 17)
n=0k=0 n=0 k=0
and
Y Y B(kn)=Y Y Blkn—k). (18)
n=0k=0 n=0k=0

Similarly, we can write

= [%"] )
Y. Y Alkn) =YY A(kn+2k), (19)
n=0 k=0 n=0k=0
and
Y. Y B(kn)=Y_ Y Blkn+k). (20)
n=0k=0 n=0k=0
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3. Two Variables Shivley’s Matrix Polynomials

In this section we define two variables Shively’s matrix polynomials and several properties for
these polynomials as given below:

Definition 1. For an arbitrary matrix A € CN*N with A + mI invertible for every integer m > 1, then the
m-th Shively’s matrix polynomials of two variables R\ (z, w) is defined by

2w

A I I m
{8t mhn +m ; ;)[(A+ml)k}’1 (=mD) ik @1

R,ﬁ(z,w)

Remark 1. For simplicity, we consider only two complex variables Shively’s matrix polynomials, though the
results can easily be extended to several complex variables.

3.1. Generating Functions and Recurrence Relations

Two more basic properties of two variables Shively’s matrix polynomials are developed in this
subsection. The generating matrix functions which is obtained from Theorem 1 and with the help of
Definition 1. Also, some matrix recurrence relations for two variables Shively’s matrix polynomials
are given.

Theorem 1. The generating matrix function of R (z, w) is given by

A+I A+1

2 = e oFl(f;T;tz(l —w) — tz). 2)

[ee]
Z RA(z
m=0
Proof. From Definition 1 in the left hand side of (22), we get

A+1

Y. Ru(zw) [(Twl =
m=0
2 A+ g (A mI)y,
I
m=0
m m—n Zk w'"
X [(A+mI) ] (—=ml)yx TR
n=0 k=0 e
ad A A+1 4, A+T
=y 2" G At 1
m=0 (23)
m m—n . Zk w'"
X [(A+mD)] ™ (=ml),yx TR
n=0 k=0 e
© 0 0o A A B B
= Z Z Z (E)n (5 +n1)m+k [(A)2n] ! [(A+2”)m+k} !
m=0n=0k=0
_ +k k +n+k
><( 1)k (4¢)m
mntk!
A+I 1 (P —w))™ (—zt)"
2t 1
MZOWZ men] m! n! ’
Further simplification yields
> A+T, < A+, (P(l-w)—zt
3 RAGw) (A, 1= @ 3 A, e =)
m=0 m=0 ' (24)

A+1
=% oF (— TJF £2(1—w) —tz).
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This completes the proof of Theorem 1. [

Theorem 1 leads to the following corollaries:

Corollary 1. The generating matrix function for the Shively’s pseudo Laguerre matrix polynomials Rj(2) is
given by

A+I m o A+1T, 2
ZR (5=l e = & oR (= 55—~ 2). 25)
Proof. Follows by successive application of Theorem 1. [
Corollary 2. From the generating matrix function (22), we can deduce that
1 m_ —m+1 A
A _+ _ " T — (2 . 26
RA(0,w) szl( L Ll (2+m1),w). (26)
Proof. By putting z = 0 in (22), we find
t A+1, .
L R (0,w) [(F5—)m] 7"
m=0
A+1
=2 OFI( 5 ;21— w))
A + I, - 1—w)™
2[2[ ]1t2m( m!)
A+I 2 (—ml)y wk
o2t 1
Z [ m] m| Z k! .
k=0 :
Further simplification yields
> A+1, .
Y RAOw) (D)) e
m=0 (27)

v AL, 1 om,o—m4+1 A )
_mgo (5l " — 2R (= 5L =5 L= (5 +mDw),
and the relation (27) evidently leads us to the required result. [J

Among the infinitely many recurrence relations for two variables Shively’s matrix polynomials,
we list the following two as being the most useful or interesting ones.

ARA(z,w) 4 zD;, R (z,w) = (A+ml) RA7(z,w), (28)

D b

(A+mI) R2_(z,w) + (2D; + wDy) RA(z,w) = m RA™I(z,w), D, = —, Dy = e (29)

It can be easily verifying these relations from the Definition 1.

3.2. Summation Formulas and Operational Representation

We are now in a position to obtain some series expansion formulae involving partial derivatives
for the R (z, w), these series expansion formulae are given by the following theorem:
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Theorem 2. Suppose that A is a matrix in CN*N satisfying (8) and u € C. Then the Shively’s matrix
polynomials of two variables has the following summation formulas

m k

Z F Df RA(z,w) = RA(z +u,w), (30)
ok 4 A

Z Kl Dy Rm(zf w) = Rm(zrw + u)r (31)
k=0 ™

3+ Dt D Rz )
k=0 L (32)

_ 1R
_(1+u) [(A""I)"l] nz(1+u 1+u)
- F(m+ 1)) (=mD) k p Sk Ak
Z k! D D Rm+k (Z’w)
k=0 ’ (33)
. A, Z w
m! (1+u)" R’”(1+u’71+u)’
n
Yy ( > [(I+A—nl)]~" 2F DE RA(z,w)
k=0 (34)
=(A+ D [(I+A—=nl)y] ' RET(z,0); n<m.
Proof. Taking the left hand side of (30) and substituting the value of Rm (z,w) from (21), we get
k(A4 T o _ z" w"
y. A D ey N A i S
k=0 n=0 r=0
(A+I)m m m—n . o7t I (—V)k(;u)k
= [(A+ml)f] (_mI)n+r z (35)
m! = = ntrl = k!
A+T m  m—n _ z4+u T
A D O a7 e EE R ),
: n=0 r=0 e

This completes the proof of (30). Similarly, we can prove (31).
Taking the left hand side of (32), substituting the value of Shively’s matrix polynomials of two
variables from (21) and differentiating, we get

f{(AH)m_krl CO% bt R4z, )
k=0 36)

m—n 2= k

Putting r = p + k where y is new parameter of summation and changing the order of summation
so that the first summation becomes last,
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- -1 (*“)k k pA—kI
Z [(A + I)mfk] Kl Dy Riy (Z/ w)
k=0 :
m m-—n -~ ZV le
Z 3 [(I+ A=k (=mD)nsy )
o (37)

e (emt ) ()t
* ];O k!
zV w'"

1 m n
— 2 [+ A= KD (D) =5

which in view of (21), gives us the right hand-side of assertion (32)
Also, from the left hand side of (33) and substituting the value of Shively’s matrix polynomials of

(1 + u)(mfnfy)’

3
|

HM

two variables from (21), we obtain
—u)k(— _
(—u)*( mI)—kk(!I + A=Kk D! DY

(38)

z" w"

k m+k—n 1
Y, [+ A—KD (=ml —KDyr —o

3
I
o

Now, differentiating and substituting p = r — k, g = n — k, we have
m m—k mik=q (—)*(=mI) gk 2P wh
A+Inzzz Z A-i-]p]l o ptq+ -
(39)

mm—q — P wf
1( mI)P‘*"?Z w (14 u)"—P=1,

=(A+Dn Y, Y [(A+1),]” (ol
& = p'q!

Again, using the expression (21), we arrive at the right-hand side of (33)

Consider the series

kf <k> [(1+ A —nl)] ! 2% DX RA(z,w)
=0
_(A+Dn ¢ (:) [(1+ A —nl)] !

ZF wil

ng ; [(A+mI) Y (=mID)psr Y e
(A4 D i i (At mD)] ™t (el 22 2F1<—rl _n1~1+A—n1~1).
w55 nl ()2 b '

In light of the relationship (see, [25])

[(C)T(C— B+ n)I Y(C+nl)T (40)

F(—nl,B:C;1) = “1(C~-B),
where B, C € CN*N we obtain the required result in (34). [0

Remark 2. Setting n = 1 in (34) we have the recurrence relations for the R{\(z, w) in (28)
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Next, according to (13), we have the following operational representation for the R%} (z, w):

m
(DZ Dy + D, Dy + Dy Dv> {z“(z’““ w" e”}

e (—1)" ()

=0 k=0 n! k!

><Dm—k(zA+(2m—1)l) Dm—n(wm) Dn+k (e—v) (41)
z

_(m)? asmen A+m1 O (A KD (=m)y g 2wt

= e { Y E nlk! }

n=0 k=0

(M A m-1)1 —o A
o z +(m l)Ie va(Z,w),

thus, we get

m
(DZ Dy + Dy Dy + Dy DZ> {zf”(z'"l)f w" e”}

_(Tl’l!)z ZA+(m71)I e ? RA(Z,ZU)

ol

(42)

Summarizing, the following result has been obtained:

Theorem 3. Let R (z, w) be given in (21). The operational representation in (42) holds true.

4. Concluding Remarks

This paper is to define a new matrix polynomial, say, Shivley’s matrix polynomials of two complex
variables and to study their properties. Some formulas related to an explicit representation, generating
matrix functions, matrix recurrence relations, series expansion and operational representations are
deduced. Also, some interested particular cases and consequences of our results have been discussed.
Within such a context, new matrix polynomial structures emerge with wide possibilities of applications
in physics and engineering. Therefore, the results of this work are variant, significant and so it is
interesting and capable to develop its study in the future.
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1. Introduction

Many researchers have studied about the degenerate Bernoulli numbers and polynomials,
degenerate Euler numbers and polynomials, degenerate Genocchi numbers and polynomials,
degenerate tangent numbers and polynomials (see [1-7]). Recently, some generalizations of the
Bernoulli numbers and polynomials, Euler numbers and polynomials, Genocchi numbers and
polynomials, tangent numbers and polynomials are provided (see [6,8-13]). In this paper we define
the degenerate Carlitz-type (p, q)-Euler polynomials and numbers and study some theories of the
degenerate Carlitz-type (p, g)-Euler numbers and polynomials.

Throughout this paper, we use the notations below: N denotes the set of natural numbers, Z
denotes the set of integers, Zy = NU {0} denotes the set of nonnegative integers. We remind that
the classical degenerate Euler numbers &, (A) and Euler polynomials &£, (x, A), which are defined by
generating functions like (1), and (2) (see [1,2])

2 > "
- = En(N)—, 1
1+ A% +1 r;) ! @
and
2 armi=Y eyt @)
(1+)\t)% +l n=0 n n!’
respectively.

Carlitz [1] introduced some theories of the degenerate Euler numbers and polynomials. We recall
that well-known Stirling numbers of the first kind Sq (1, k) and the second kind S, (n, k) are defined by
this (see [2,7,14])

n

(2) = ¥ S1(n, k)2 and 5" = ¥ Sa(n, ) (x),
k=0 k=0

Symmetry 2019, 11, 830; doi:10.3390/sym11060830 11 www.mdpi.com/journal /symmetry
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respectively. Here (x), = x(x —1) - - (x — n+ 1). The numbers S, (1, m) is like this

[ n t_ m
Y. Sz(n,m)t—' = Q.
= n! m!
We also have
[} n m
)» Sy(n,m) " = (log(1 + )"
= n! m!

The generalized falling factorial (x|A), with increment A is defined by
n—1
(x|A)n =TT (x = Ak)
k=0
for positive integer n, with (x|A)g = 1; as we know,
n
(x[A)n = Y Si(n,k)A"Fxk,

k=0

(x|A)y = A"(A71x[1),, for A # 0. Clearly (x|0),, = x". The binomial theorem for a variable x is

00 t"
(1+Aa)r =Y (A
n=0 :
The (p, g)-number is defined as
P" _ qn
[”]p,q — g — pnfl + pnfzq + pn73q N p2q7173 + pqn72 + qnflh

We begin by reminding the Carlitz-type (p, q)-Euler numbers and polynomials (see [9-11]).

Definition 1. For 0 < q < p < land h € 7Z, the Carlitz-type (p,q)-Euler polynomials Ey,,q(x) and
(h, p, q)-Euler polynomials ED) (x) are defined like this

np.q
ad n o

5 Eupat0 = 2l 3 (-1t

oo m )
) Ef('ciz)w(x)ﬁ =2y Y (=1)"gmptmelm it

n=0 ’ m=0

respectively (see [9-11]).

Now we make the degenerate Carlitz-type (p,q)-Euler number &, ,4(A) and (p,q)-Euler
polynomials &, p,4(x,A). In the next section, we introduce the degenerate Carlitz-type (p, q)-Euler
numbers and polynomials. We will study some their properties after introduction.

2. Degenerate Carlitz-Type (p, q)-Euler Polynomials

In this section, we define the degenerate Carlitz-type (p, q)-Euler numbers and polynomials and
make some of their properties.

12
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Definition 2. For0 < q < p <1, the degenerate Carlitz-type (p, q)-Euler numbers £y, 4(A) and polynomials
Enpg(x, \) are related to the generating functions

oo 0o [m]p,q
Fpq(t,A) = Zgnm »120 gt (1 +AY) A, (4)
=0 e
and
- [m + x]
Fpq(t,x,A) Z Enpalx, A) =02, Y -1+ A, (5)
n=0 m=0
respectively.

Let p = 1in (4) and (5), we can get the degenerate Carlitz-type g-Euler number &, 4(x, A) and
g-Euler polynomials &£, 4(x, A) respectively. Obviously, if p = 1, then we have

Enpg(,A) = Eng(x,A),  Enpqg(A) = Eng(A).

When p =1, we have

i Enpg(,4) = Ex(x,A), - Tim Enpg(A) = E(A).

We see that [ ] [ ]
X+ x+
(1+A1) i e
_ i [x+ylpa\" (log(1 +At))" 6
= A n! (6)
[e2) n tn
= Z 2 S1(n,m)A""" [x + yli, pr
n=0 \m=0 :
By (5), it follows that
9] tl’l
yg)é'n,p,q(x,/\)a
- [m+x]pyq
=02 Y (-1)"g"A+A) A
m=0
=02, ¥ (-1)"g" (7)
m=0

© n Z ( )( ]_)/p(’H’m)(l*])q(fom)] i
x Si(n,HA"! —
n;n:o o (r—aq) n!

n LS (m DA (—1)igeprt=h )y«

21422

= (r—9q) 1+t 1pl= | nl’

o0
=)
n=0

//

By comparing the coefficients iT”' in the above equation, we have the following theorem.

13
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Theorem 1. For0 < g < p < landn € Z, we have

v LS DA ()it
Enpal:4) = qu;o]; (p—q) 1+ qittphi
2 io Iisl(n, (1) x4 i,
m=01=0
n LS DA
Enpq(A) [2]171;]; —q) 1+ gtiph
= [2]17 ioIioS](H,Z)A”*Z(il)mqm[m]lp'q

We make the degenerate Carlitz-type (p, q)-Euler number &, ;4(1). Some cases are

EopaM) =1,
2]4 2]
G = Gt - o)
£, (1) = [2],2 (2], [2]42
P (p=a)l+pg)  (p—a9)?1+p2)  (p—9)(1+4?)
oy, 1,
(p—@*A+pg*)  (p—q)*1+4%)
£0 () = P2 3[2],A 2],
e (r—a)(1+pp)  (p—920+p%)  (p—qP0+p%)
2[2],A2 6[2], 3[2],
(r—a)1+4*)  (p—0*A+ps?) (p—9)>(1+p*?)
3247 3[2] 2],

C(p—920+)  (p-aP+p)  (p—a)P(+eY

At

1
We use t instead of ¢ in (5), we have

A
& M—1\"1
ZEmM Zgnm x, A ( A > al
[} oo tm
- Z Enpg(x, AT Z Sz(m,n))x'”—' (8)
n=0 m=n m:
m tﬂ’l
— 2 Z Enpg(x, M)A So (m, m) ot

Thus we have the following theorem.

Theorem 2. For m € Z., we have

En,pq(x Z‘bé'n,,q X, M)A S, (m, n).
n

14
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Use ¢ instead of log(1 + At)'/* in (3), we have

(o) / n l
n;)fsn,,,,q(x) (tog(1+20"H)"

- [m +x]p,q
=2, ¥ (-)"g"(1+A) A ©)

i tm
= gm,p,q(x/)\)*/
m=0 m!

and
n

o0 1
1/A
,,2:0 Enpq(x) <log(l + At) ) "

0 m tnl
=Y | X Eupqg(x)A™ "1 (m,m) | —.

m=0 \n=0 m:
Thus we have the below theorem from (9) and (10).

Theorem 3. For m € Z., we have
m
Empaq(x,A) =Y Eppg(x)A" Sy (m, n).
n=0

We have the degenerate Carlitz-type (p, q)-Euler polynomials &;,4(x, A). some cases are

SO,p,q (.’X, /\) = 1,

_ [2]4p* [2]q9*
Epa® ) = T~ (TR
Erpal,A) = — [2]4Ap* [Z]qux 2]4Aq*
P (r—a)d+pq)  (p—92Q+p4) (p—a9)(1+4%)
2020 [2]q9*
(p—@)*A+pg*)  (p—q)*Q+4)
E3pg(,A) = 2[2]q)‘zl’x _ 3[2]q/\P2x [2}qP3x
” (p—a)X+pq) (p—9)2Q+p2q) (p—931+p3q)
L 2[20A%" 6[2pAp* " 3[2]gp™ "
(P—a)(1+q>)  (p—9)?Q+pg?) (p—9°1+p%?)
3[2gAg* 3[2]p g™ [2]44%

(P—92(1+4¢%) (p—920+pg®) (p—q°0+4q")"

We introduce a (p, g)-analogue of the generalized falling factorial (x|A), with increment A. The
generalized (p, q)-falling factorial ([x],4|A), with increment A is defined by
n—1
([x]p,qM)n = H([x]p,q — Ak)

k=0

for positive integer 1, where ([x],,4|A)0 = 1.
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By (4) and (5), we get
o [T+ 1nlpq
— 2 (-D)"g" Y (-1 (1 +At) A

(14 n]pq
+2 Y (-Dlg'a+A) A

n—1 Mﬂ
=2, C (-1l a+A) A
1

Hence we have

m=0
0 n—1 tﬂl (11)
= L (B S04 (gl )m!
m=l 1=0
By comparing the coefficients of & - on both sides of (11), we have the following theorem.
Theorem 4. For n € Z., we have
= (=1)"1q"Empq(n,A) + Empq(A)
SO (L A = m,pa 1 mpa\A)
Igo( )y ([ ]p,q| Jm 2],
We get that
[x + y]p,q
(1+At) A
PY[x]pq T Ylpag
=(1+At) A (1+At) A
- T [Ylpa
Z (py [x]Plll)L) 10g(1+/\t) A
m=0 l (12)
ad q [y]pq lOg(1 + )\t)l
(¥ lslpal gy 3
= 5Pl 3 (7 G
= £ Wlpa ' kt
=Y (P[xlpglAm Z by Zs (k,1))A
m=0 ! 1=0

HMS

-y (7 k1 xlp, 1 t"
(Z g (k> (P [*lpal An—iA"g" [y},,,qsl(k,z)> =

16
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By (5) and (12), we get

nzzogn/pqg(x,)\)%
- [m+x]p,q
=2 3 ()" 2
S S k1 ! £
=2 & (0" 5 (kzo 2 () (el e q"’[mlp,[,sak,z)) .
= = a n Mmoo m k—1 xI t
-5 (mq L 3 3 (1) 07 il sl<k,z>> .

By comparing the coefficients of ﬁTn, in the above equation, we have the theorem below.

Theorem 5. For0 < g < p < landn € Z, we have

o n k
Enpa(x,A Z Z Z < > )" g™ (P [x]p,q | A ) n kA9 Sy (K, 1).

3. Symmetric Properties about Degenerate Carlitz-Type (p, q)-Euler Numbers and Polynomials

In this section, we are going to get the main results of degenerate Carlitz-type (p, q)-Euler numbers
and polynomials. We also make some symmetric identities for degenerate Carlitz-type (p, q)-Euler
numbers and polynomials. Let w; and w; be odd positive integers. Remind that [xy]p,q = [x] v o [V]pg
forany x,y € C.

By using wyx + w” instead of x in Definition 2, use p by p“2, use g by 4“2 and use A by

’

[w2]pq
respectively, we can get

il w1 wyi A t"
Z <[2 Wy ZUZ pq 2 1 wl gn P2 472 <w1x+ 71, [ > —

wapg n!

wy—1 . i . A w Hn
_ [Z}qm Z (71)1’71011 Z gn,p“'Z,qu <W1X+ @ ) M
h =0

i=0 " [walpg n!
wy—1

[2 o Z ( 1)1 ZUll 2] W i(il)nqwzn

n=0

wyi B
[wyx + ot n]][,wz/qw2

(g mhe)

wy—1 )

[2 w; Z (- 1)1qw11 2] - Z(f )gan

n=0
[wwox + wyi + nwy)p 4
X (14 At) A

17
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Since for any non-negative integer 7 and odd positive integer wy, there is the unique non-negative
integer r such that n = wqr + j with 0 < j < w;y — 1. So this can be written as

wy—1 )
[Z]qwl [z]qwz Z (_1)1qw]z Z(_l)nqun
i=0 n=0
[wiwax + wyi + nws]p g
X (1+At) A
wy—1 S © ; i
=2l 2y ¥ (CD'g (S g
i=0 wyr+j=0
0<j<wi—1
[w1wox + w1i + (w17 4 f)wa]pq
X (14 At) A
wy—1 R )
= 22l Y (~Dig™ Y Y () (1)
i=0 j=0 r=
[w102x 4 wyi 4+ wywar + wajflpg
x (14 At) A
wy—1w;—1 oo . . .
=Rl Y Y Z (1) g g g
i=0 j=0 r=
[w1w2x 4 wyi 4 wywar + wajflpg
X (14 At) A

We have the below formula using the above formula

> wot wii A t
)y ([z]qwz[wz];lq Y (1)gNE, o gon (w1x+ ! ) o

n=0 i=0 wy [wZ]pq
wy—1w;—1 oo ) ) ) )
= [2] o1 [2] e Yo Y Y (D) (—1)(—1) gtrighar g (13)
i=0 j=0 r=0
[w1w2x + w1i + wiwar + Wojlp g
X (14 At) A

From a similar approach, we can have that

o @izl wyi A I
5, (mlonts T (s (e 2, 20 ) 8

n=0 i=0 [wl]pq
wi—1lwy—1 oo . ) . )
=2l 2 Y Y, Y (D)= (=) gt g (14)
i=0 j=0 r=0
[w1w2x + wai + witwar + W1jf]p g
X (14 At) A

Thus, we have the following theorem from (13) and (14).

18
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Theorem 6. Let wy and wy be odd positive integers. Then one has

Wl wii A
[z]qwl [wz]’;,q 2 (*l)lqwﬂgnlpwzrqwz (wlx + 71 )

i=0 [wZ]P q
wy—1 .
; A
= [2gua [wr]}q 2 THE, por g (wzx +— 2] >
, [wl]p q

Letting A — 0 in Theorem 6, we can immediately obtain the symmetric identities for Carlitz-type
(p,q)-Euler polynomials (see [10])

wy—1 wii
) n i wiyi B 1!
[Z]q“}l [ZUZ]p,q lgﬂ (—1) q 1 En,p“’Z,q“’Z <W1x + W, )

w;—1 . .
= [Z]qwz [wl]zrq Z (—1)]quEn/pwl’qwl (ZUZXJF ZU]>
j=0

It follows that we show some special cases of Theorem 6. Let w, = 1 in Theorem 6, we have the
multiplication theorem for the degenerate Carlitz-type (p, q)-Euler polynomials.

Corollary 1. Let wq be odd positive integer. Then

2]!] wl pq : x+] A
St = S R o () 1
, ,

Let p = 1in (15). This leads to the multiplication theorem about the degenerate Carlitz-type
g-Euler polynomials

[2]g[wn]] “ =t <x+j A )
Eng(x, A —, =] 16
nalnd) = o o Tl (16)
Giving g — 1in (16) induce to the multiplication theorem about the degenerate Euler polynomials
witl x+i A
EnlxA) =i 2 j€n<wl wﬁ) a7

If A approaches to 0 in (17), this leads to the multiplication theorem about the Euler

polynomials(see [15])
101 -1 x+i
o=t Eew ()

Let x = 0 in Theorem 6, then we have the following corollary.

Corollary 2. Let wy and w, be odd positive integers. Then it has

Wil o wi A
Rlge [w2lpg 3o (=147 Ep prea oo (4, )

i=0 wy " [wa]pg
w;—1 . ) Woi A
]
= Rlgafwlhy 3 (~1)g°2E, o go (i—)
q2 pA ];J n,p1,q°1 w, [wl}w

By Theorem 3 and Corollary 2, we have the below theorem.
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Theorem 7. Let wy and wy be odd positive integers. Then

M:

- i i w1 .
S (11 l)/\n l w2 pq[Z Wy Z 1)’qwllEllpr,qw2 <w711>
0 i=0

S DA I = ZUz]E ﬂ
(Tl ) w1 Z 1Lp™1 41 w1] .

M:

1

0

We get another result by applying the addition theorem about the Carlitz-type (p, q)-Euler
polynomials Ep 4 ().

Theorem 8. Let wy and wy be odd positive integers. Then we have
n l B - B ¥
Y <k> S1.(m, A" Pk (2] oy [wn ]} [Z"Z];ﬂ,quz(—)k,pwz,q”Z (@12)Sp g per o (w2)
n 1 1
— Z Z <k> Sl (1’[, l)/\nflpwlwzxk[z}quvz [wﬂl}(g q[ }Z kEl( )k 1 g1 ('{UZX)SZ k,p®2 42 (ZUl)

where Sy q(w1) = Zﬁggl(—l)’q<l’k+l)i[i]’;,,q is called as the (p, q)-sums of powers.

Proof. From (3), Theorems 3 and 6, we have

wsl o wi A
2zl 3 (<1)'g g (r+ S8, 2 )

i=0 wa [w2]l’q
wy—1 ) on wii A n—1
21w [w —1)'g™t? E; jw, o <'(,U X—‘—il) < ) S Tl,l
[ } 1[ Z}pq 1;0 ( )q 1;3 1,p"2,q"2 1 wy [wﬂp,ﬁ] 1( )
n wy—1 . 1 .
= 2y 32 S DA gl Y (1)t Y gl
1=0 i=0 k=0
k
(k) [W1]pq Tk
X EP, iy (w013) <[wsz i1 o

n B ! 1
=l L im0 & (k) Pt fonl ok p s B, ()
=0

w! (1-k ik
% Z z w1z )wlz[i]pm’qwl‘
Therefore, we induce that

n ! i wyi wyi A

sl 1 (1978 (s 20 )
1
_ 18

— ];)};)( >51 n, A"~ lpwlwzxk[z} o [wﬂpq[wz];wkpwlwle (18)

X El(f)k,pwz,qwz (W1x)slrk,pwl g1 (wz),
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and

wp—1 X X wsyj A
2] ey a0y Vgl E <w2x+—2],7>
(2] g2 [w01] 4 Jg( V™I &y g w1 [wilpg
. | 19
= 3 () Su0m DA 2 s "
1=0k=0

k
X El<—)k,p7“1 ,q“’l (wzx)sl,k,pWZ,q"’Z (wl)

By (18) and (19), we make the desired symmetric identity. [J
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1. Introduction

Many (p, q)-extensions of some special functions such as the hypergeometric functions, the gamma
and beta functions, special polynomials, the zeta and related functions, g-series, and series
representations have been studied (see [1-6]). In our paper, we always make use of the following
notations: Z4 = NU {0} is the set of nonnegative integers, and the notation

[e9) ) 0
Z is used instead of E e Z .
my, -, my=0 m;=0 my=0

The (p, g)-number is defined as

n__ n
[n]pq = Lp - Z =p" R R P g g

Much research has been conducted in the area of special functions by using (p, )-number (see [1-6]).
The classical Stirling numbers of the first kind S; (1, k) and the second kind S, (#, k) are related to each
other like this (see [7-10])

n n
(x)n = Z Sq(n,k)x* and x" = Z So(n, k) (x)k,
k=0 k=0

respectively, where (x), = x(x —1) - - - (x — n + 1). The generalized (p, q)-falling factorial ([x]p,4|A)n

with increment A is defined by
n—1

([x]p/qM)n = H(MM — Ak)

k=0

Symmetry 2019, 11, 1432; doi:10.3390/sym11121432 23 www.mdpi.com/journal /symmetry
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for positive integer 71, with the convention (([x]p,4/A)o = 1; we also write

([lpglA)n = kz 1 (n, AT H[x,
=0

Clearly, ([x]y4]0)n = []} ;. We also have the binomial theorem: for a variable x,

[xlpq
(14+At) A =

tn
na~

e

([x]p,q‘/\)

n=0

We introduced Carlitz-type degenerate Euler numbers &, (A) and Euler polynomials &, (x, A)
using (p, q)-number (see [4]). For 0 < g < p <1, &y 4(A) and polynomials &, 4(x, A) are defined by
the generating functions

[m]p,q
0 " )
) gmw(A); =R Y (-0 +An) A,
n=0 : m=0
and [ ]
m+x
3 ¢ - mm fp'q
Y ‘Sn,p,q(x//\)ﬁ =02 Y (-1)"g" (1 + At) ,
n=0 : m=0

respectively (see [4]).
Hwang and Ryoo [11] discussed some properties for Carlitz-type higher-order (p, q)-Euler
numbers and polynomials. For 7 € Nand 0 < g < p < 1, the Carlitz-type higher-order (p, q)-Euler
(r)

polynomials E;;  ;(x) are defined by the generating function:

) tn )
2 Er(lr,;,q(x)ﬁ _ [2]; 2 (_1)m1+~‘+mqul+~~~+m,€[m]+~~~+m,+x]prqt. (1)
n=0 ‘ oy, mp=0

When x =0, E,(:;,lq = E,(f,;,,q(o) are called the Carlitz-type higher-order (p, q)-Euler numbers E,(:;,lq

(see [11]). Furthermore, we obtain

Eipg(x) = 20y Y0 (1)me g ey oy (2)

my,- mp=0

For0 < g <p <1, he€Z andr € N, Carlitz-type higher-order (h, p, g)-Euler polynomials

E(r,h)

n,pq(x) are defined using generating function

) n )
Y Enr}Jh:)q(x)L -y (1Yot gyt ook gl 2]t

2=
—
(=]
=
o
=]
o
o
S}
=
®
Q.
=
=
[¢)
@
15}
=
=
=
N
A
~<
o
@
=3
g.
aQ
=
]
N
Q
=
Q.
o]
=
—
F‘
NS
-
e
sl
c
=N
]
=

When x = 0, EL’,?QI = Eg/;,h,
numbers Ef,r;l‘)i

The following diagram shows the variations of the different types of degenerate Euler polynomials
and Euler polynomials. Those polynomials in the first row and the third row of the diagram are
studied by Hwang and Ryoo [4,11], Carlitz [7], Cenkci and Howard [9], Wu and Pan [12], Luo [13],
and Srivastava [14], respectively. The study of these has produced beneficial results in combinatorics
and number theory (see [4,7,9,12-18]). The motivation of this paper is to investigate some explicit
identities and symmetric identities for Carlitz-type higher-order degenerate (p, g)-Euler polynomials
in the second row of the diagram.
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0 En(x, M) - . -
Z”;O n(x A . Lo Enpa(%A) o = 2y Toy—o(—1)"
() oot LTy

xqt(1+At) A
( Carlitz-type degenerate (p, q)-Euler polynomials)

i o t o
Zn—o g(y (x /\)t En:O gr(l,rr)?,q(xr /\)ﬁ = [2]2 Zm1,~-,nl,:0(_1)ml+ o
“\a ?»2)’ 1 A+ - el A)[mlJr“jmrJrX]M
FAL) A+ x g (] 4 AL
(higher-order degenerate Euler polynomials) ( Carlitz-type higher-order degenerate (p,q)-Euler polynomials)

(degenerate Euler polynomials)

(r)
" oE —
Ef,c,o n (in! Zn OEﬁlr;,q( )n [Zq ,myzo(_l)mﬁr iy
— < t2 > ot — qu|+ +my€[m1+ 4]t
er+1 . . .
(higher-order Euler polynomials) (Carlitz-type higher-order (p, q)-Euler polynomials)

The goal of this paper is that new generalizations of the Carlitz-type degenerate (p, q)-Euler
numbers and polynomials is introduced and studied. Each section has the following contents.
In Section 2, Carlitz-type higher-order degenerate (p, q)-Euler numbers and polynomials are defined.
We induce some of their properties involved distribution relation, explicit formula, and so on.
In Section 3, we make several symmetric identities about Carlitz-type higher-order degenerate
(p,q)-Euler numbers and polynomials.

2. Carlitz-Type Higher-Order Degenerate (p, q)-Euler Numbers and Polynomials

At first, the Carlitz-type higher-order degenerate (p,q)-Euler numbers and polynomials are
defined like this:

Definition 1. For positive integer n and r € N, the classical higher-order Euler numbers 8,@ (A) and Euler
polynomials S,@ (x, A) are defined by using generating functions

2 ri S a(r) 4y
(2 Y-t

(I+A)x +1
and
2 ! L e t”
— = ) a+ani =Y & (xA
(T+A)x +1 n=0
respectively (see [9,12]).

Now, new generalizations of the Carlitz-type degenerate (p, q)-Euler numbers and polynomials
are introduced. As we have done so far, the Carlitz-type higher-order (p, q)-Euler polynomials can be
defined as:

Definition 2. For r € N, the Carlitz-type higher-order degenerate (p,q)-Euler numbers E,Ef;,q()\) and

polynomials Sflf;,,q(x, A) are defined by using generating functions, where 0 < g < p < 1.
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[+ 4 mpg

00 tn oo
Z grs:l)f,q(/\)ﬁ — [2]; Z (_1);111+~~~+m,qm1+~-+my(1 +/\t) A ,
n=0 : My, =0
and
o p © [+ +mr 4 xpg
Z 552,.;(35,)\); — [2]; Z (_1)ml+‘~+m,qm1+m+m,(1 -‘r)\t) A ,
n=0 ' iy, =0
respectively.
Observe that, if p = 1,4 — 1, then S,Slrz,,q()\) — E,Sr)()\) and S,sz,,q(x,)\) — S,Y) (x,A). Note that,

if r = 1, then 5,(,,72,,,4(/\) = Enpq(A) and Sﬁf;lq(x) = Eupq(x). If A = 0, we have the Carlitz-type
higher-order (p, q)-Euler polynomials Es,?y,q(x).
By binomial theorem, we note that

[my+ -+ m+x]py

(14 At A
_ i [m1+~--+mr+x]p,q>)\ktk
k=0 k

tk
[+ +mr+x}p,q> Ak
Lk

o~
Il
o

I
gl

I
e
TN TN N —

1
[m1+“'+mr+x}p,q> (X[ml+"‘+mr+x]p,q_1)

o~
Il
o

1 tk
(/\[m1+-~~+mr+x]plq—(k—l))/\kﬁ

I
ngki

([mi+- +m+xlpq) (M4 +me+x]pg —A)

k=0
tk
o ([ A my A+ x]pg — (k—1)A) i
o0 tk
=Y ([m +~~~+my+x]p,q\/\)kﬁ,

o~
Il
o

where generalized (p,q)-falling factorial ([x]p4A), = [x]pe([x]pg = A) - ([x]pg — (k = DA).
By Definition 2, we have the theorem below.

Theorem 1. Ifr € N, we have

gy(l,r’)],q(x,/\) _ [2}; Z (71)m1+m+m7qml+-.-+mr ([m1+,..+mr+x}p’q‘/\)n,
=
Proof. By (3), we have

[my+ -+ m+x]py

) 1 0
Zgl(/;)/q(x,/\)% _ [2]; Z (_1)m1+---+mqu]+...+mr(1 +At) A
1 : my,--- ,mp=0
- t
-y ([2}; Y () (o, +x]p,,7/\),> I
1=0 my - =0 ’
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The first part of the theorem follows when we compare the coefficients of & 7 in the above equation.
We prove Theorem 1. [

Note that
([ml + . +mr+x}pq|)\ Z;‘)Sl n, l A l[ml + - +mr+x]é;,q/ (4)

where S;(,1) is the Stirling numbers of the first kind.
The relation between Carlitz-type high order degenerate (p, q)-Euler polynomials e,ﬂf;,q (x,A) and
Carlitz-type high order (p, g)-Euler polynomials Es,r,;,,,, (x) is given by the below theorem.

Theorem 2. Forr € Nand n € 7., we have

M:

£ a(x,A) = 51 (n, A" T (2), ENq(A ,;,51 n DAIED)

Proof. By Theorem 1, (2), and (4), we get

g’s;q(x /\) S (n,l)/\n—lp]; Z (_1)ml+~-+m,qm1+...+m, [ml +emy+ x];,q

1y, tity=0

m:

Il
o

S1(n, DA''E]) ().

Il
MI

Il
o

One can obtain the desired result immediately. [

The Carlitz-type higher-order degenerate (p,q)-Euler number &;,4(A) can be determined
explicitly. A few of them are

I I A Y - A S
81"”’(”_;7*!1 1+pq g\1+42) "’

Cp-

géj;,q(;\): = (Hpq) * 2][] <1+1p q>r+£}2}ﬁ; <1jq2>r
[2]’ +7 [Z]q ’

. (P2[21A2<1+pq2) 3[2m <1+q> - o

Eapa) = (r— (Hpq) q)? (1+p q) (r—9q)° <1+P3q>

N (r[fz[%);; <1J:q2)r+ (P[ziqq])z (1 +1Pq2>r_ (;’[[2?)3 (1 +1pzq2>r
3[2]" r 3[2]" r 21" r
- (P—qq)2 <1+1q3> - (p—;)3 <l+1p»73> - (p—qq)3 (qu“) '

By using computer, Carlitz-type higher-order degenerate (p, q)-Euler number 5,(,,',),/,1 (A) can be

determined explicitly. The first few E,Ef;,q (A) and E,(,r,;,lq are listed in Table 1.
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Table 1. The first few numbers 5,(,?,,7( )and E g

?l,p q
9 1 1
Degree n £ r(z,zl)/2,1/3 < 10 ) £ r(:,zl)/2,1/3 ( 10 ) 812,21)/2,1/3 ( 100 > E 531)/2,1/3
1 o o “om ot
1225 1225 1225 1225
’ B 6149664 B 283179072 B 1550969286 B 2505564
53382875 373680125 1868400625 2989441
43455323971646694 334418269722928746 11096966497657123158 152830161504
520267306514580625  520267306514580625  13006682662864515625 174034980625

Note that the limit of EV(I 1)/2 173 (A)is Evgl)/Z,l/S as A approaches 0 (see Table 1).

Again, we give a relation between Carlitz-type higher-order (p, q)-Euler polynomials E " (x)

np.q

and Carlitz-type higher-order degenerate (p, 7)-Euler polynomials S,E?,lq (x,A) in the theorem below.

Theorem 3. For m € Z., we have

Proof. We use t instead of ¢

and

m
,pq = Z ,5 (x, M)A Sy (m, m).

At

)

-1
in Definition 2, we have

& " am,
Z Eg,)p,q(x)ﬁ _ [2]; Z (71)n11+ +m,qm1+ ity o[yt timetx]p gt

m=0 my, ,my=0

= Z gigt;,q(x//\) (

n=0

m= n=0

Use t instead of log(1 + Af)'/* in (1), we have

o0 . . l
Z Eﬁ/;,q(x) <log(1 + /\t)l/)t> i

=0 n:
- [y + -+ my 4+ x]pyg
_ [2}:] (_1)m1+---+m,qm1+---+rnr(1 +/\t) A
my,-- =0
0 tm
= Y EpaxA)
m=0

o n 1
Y Ef)g(x) (IOg(1+At)1/A) ==

A

m=n

Thus, we have the theorem below from (5) and (6).

Theorem 4. For m € Z., we have
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EN) (2 A) = Y EV) f (A8, (m, ).

n=0
We note that
[m1+"'+mr+x]plq
(1+At) A
prlmg+ -+ mr]p,q gt [x]p,q
= (1+At) A (1+Af) 1
qm1+~“+m7 [x}p,q
= Z (p*lmy+---+ m,]pq\/\) lOg(1+/\t) A
m=0 | (7)
) pm o qm1+...+mr [X]p’q 10g(1 N )Lt)l
:mZ::o(pJ([ml+”'+mrlpfﬂ‘/\)mﬁl§)( A ) I
3 X, (qm ] £k
B Zo(px[ml+"'+mr]vq\/\) m! ,Z(;) <7M> ZS (kDA
m= -

00 n k n - "
- ¥ (Z (1) 7+ gt ) | £
0

[ml + - +mr+x]p,q
D M e RO R

iy, =0

A S

my,- ,mp=0

3 _ "
X Z (Z Z ( ) p*im +"'+mr]p,q‘/\)n—k)\k lq(’”” +"”)1[36]57,L751(7<,1)> i
n=0

01=0

When we compare the coefficients of 1 in the above equation, we have the theorem below.

Theorem 5. For0 < g<p<l,reNandn € Z,,

(=)

n k
gy(lf})”q(x’)\) — [Z]Z Z Z Z < > m1+ +tmqm1+ ~+my

iy, ity =0

X (pm - ] g A) AU R Sy (K ).
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From (4) and Theorem 2, we get this:

3 g "
Z gn,p,q(x/ )\)a
n=0 :
) [ml+"'+mr+x}p,q
— [2]; (71)ml+‘~+mqu1+~'+m, (1 +/\t) A
my,-- mp=0
T S
my,--- mp=0
0 1) px(I=1) gxj
% Z isl )Ln ZZ] ()( ) p q (l*j)(m1+**'+mr)qj(m1+“‘+mr)ﬂ
n=01=0 (r—19) n!
i o iZ S1(n, A () (= 1)ig¥ip=(=) ( 1 > t"
= qle]:O (r—a) 14 gitlpl=i nt’

When we compare the coefficients 57", in the above equation, we get the theorem.

Theorem 6. Forr € Nandn € Z,

n, LSy (n, DA () (~1)/g¥lp*=D) 1 '
p)

1=0j=0 (r—19) 14+g/t

n L Sy(n, A (=1) 1 r
N ) =21 J ( : ) .
wpa() Hﬂ;;} (p—aq) 1+ t1pt

The Carlitz-type high order degenerate (p, q)-Euler polynomials &, ,;(x,A) can be determined
explicitly. Here are a few of them:

£ () =1,

(") (x 1) = [2];p" ( 1 >'_ (259" < 1 >’
Gpa N =5 i5pg) =g v
. 21" Ap* 1 2r 2x 1 r 21" Ag* 1 r
gégq(x/)\)zf[]qp< >+H < 2)+H[’q< 2)
P p—q \1+pg (p—a)* \1+p% p—q \1+gq
22pp " 1\ [2gF 1\
ot () ot (o)
(p—q)* \1+pq (P—q9)* \1+gq
£ (x A)72[2]{;/\2P"< 1 )’_3[2}27\17“( 1 ) L 2l 3 ( 1 )’
At p—q \1+pg (p—9)? \1+p% (p—9)° \1+p%
2[2];)‘2‘1*{( 1 >r+6[2};/\pqu< 1 >r_3[2}r 2x x< 1 >r
p—q \1+4¢° (p—a9)? \1+pq? (p—q)2 \1+p2g?
3[2];)\(]2’(( 1 >r+ [Z]qpth( 1 >r [z]r 3x < 1 >r
(p—9?* \1+¢ (p—q)° \1+pg® (p—qP\1+4¢*/)

3. Some Symmetric Identities for Carlitz-Type Higher-Order Degenerate (p, q)-Euler Numbers
and Polynomials

Letw; =1 (mod 2), w, =1 (mod 2) for wy, wy € N. For r € Nand n € Z, we obtain certain
symmetry identities for Carlitz-type higher-order degenerate (p, g)-Euler numbers and polynomials.

Theorem 7. Let wq =1 (mod 2), wy =1 (mod 2) for wy, wp € N. Then, we obtain
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w1 —1 ) ) ) .
gl L (D)
=

") ( w A )
XE o w |Wax+—=(1+ - +jr), ——
n,p1q"1 2 wy (]1 ]V) [wl]p,q (8)

wy—1 ) ‘ . ‘
= [walp 2w Y (1)t irgealatti)
j/"',jyio

x &) wx+ﬂ(‘+.,.+-)i
1 w2 I I [w2]pq '

n sz qmz

Proof. Note that [xy]pq = [x],y u[y]pq for any x,y € C. In Definition 2, we induce the next

result by substituting wyx + %(]1 + -+ +jr) instead of x and replace g, p, and A by g2, p*2,
2

a A respectively:
[walp,” '

e i g “1iy gy, A "
1401 ] AN o
2 (—1)ki=lig I=1 5 11,902,702 w1x + — W (1:1]1), [wz]p’q Y

i <[w2]pq 2] w1

Ji ’jr:O

w,—1 r AN ([wo]pet)"
=[2] 1)Ei= it g (Sl 1) DLy L
mq Y (DR g E En P22 <w1x+ w, (Z;]l)z [wz]p,q>

]
i =0 = "
wy—1 ) ) 0o
2l Y (—1)Zi=igor (i ]z)[z];wz Y (1)t gl )
Jiresjr=0 1y, =0
w1 ,. .
[wlx—i-wlx—i-—(]l+...+],)+m1+..._Hnr]
wy pwz,q”’Z
A
A
(1 +— [w2lpn [ws] gt ) [w2]pq
wy—1 X X 0
= [2fw Y (—DEi=dge i) (2], Y (1)t gty
Jirejr=0 my, ,my=0
[wywax + wy (j1 + - -+ jr) + w2 (my + - 1)) p g
X (1+ At) A .
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Since there exists the unique non-negative integer n such that m = wn +iwith 0 <7 < w — 1 for
any non-negative integer m and odd positive integer w, this can be written

wy—1

(2701 2], Yy (=1)Zi= g (i i) i (—1)mthmr ga(mytetm)

i, ,jr=0 1y, ity =0

[wiwax +wy(jy + -+ jir) +wa(my + - 1p)|pg

X (14 At) A
wy—1 . .
_ [ r _ wi (L)
= Pl Y, (D)
]1/"',]r:O
~ Z (_1)wlnl+11+---+w1ny+1,qwz(w1n1+11+---+wln,+1,)
wyny iy, winp4-iy=0
0<ip<wy—1
1<k<r

[wywax +wy(j1 + - - -+ jr) +wrwy (g 4 - - 4 1p) Fwaiy + -+ )] pyg
x (1+At) A

wy—1

— R 2l Y (- )
1, jr=0

wy—1
» t Z (1) i 0 (1) St g2 (o ) e (5 )

iy, ip=0mny, - ,n,=0

[wywpx +wy (j1 + -+ - 4 Jr) Fwowy (n 4 - -+ 1) Fwa(iy + - +ir)]pg
X (14 At) A

We obtain the following formula using the formula above:

o wy—1 A o
2([“’2Jz,q[21;w], Y ()T e, ., (“’“*w (% [wﬂp))'«'
it y :

n=0 L jr=0

wy—1 wy;—1

Rl Y Y ¥ ()HinEan (S

ny, e =0y, jr=01iy,+,ir=0
X g Xz fl)qwz():?:1 iz)qwlwz(ﬂzl n)

[wywox + w1 (j1 + -+ + jr) +wowy (ng + -+ - +np) +wpip + - +i,)]p,q
x (14 At) A
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From a similar approach, we also have that

w;—1 r A t”
noo]r 1Dzt i g2 (T ) g(7) o2 _n -

([wl}p,q[z]quz } E ( ) 1=1/q 1=1 ‘5‘ n,pt1 g1 wox + g [wl]pq ]

1,0 ,jr=0 =

e

0

n

wy—1 , .
):1 1]1 1)21:1’11(_1)21:111

w;—1
VD s MK
(10)

= 2w, 20
1 1 - =0y, ,jr=01i,

% qwz():;:1 ]'t)qwl():l'zl iz)qwlwz():;:l )
[wiwax +wo(j1 + - - - + ) Fwpwy (g 4 - -+ 1) Fwi(iy + -+ )] pyg
A

x (14 At)
Therefore, by (9) and (10), we can obtain the desired result. [
Taking w, = 1 in Theorem 7, we obtain the following multiplication theorem for Carlitz-type

higher-order degenerate (p, q)-Euler polynomials
Theorem 8. Let wq =1 (mod 2) for wy € N. Forr € Nand n € Z., we obtain

2]} w1 T S
gr(l,r;)ﬂ,ﬂ (012 ) = [2]’q [wn]l, 2 O(—1)11+ i gt
. bkt A

X &y o g <x+ wy[wi]pg

Taking A = 0 in (11), we get the multiplication theorem for Carlitz-type high order (p, g)-Euler

polynomials (see [11]).
Corollary 1. Let wy =1 (mod 2) for wy € N. Forn € Z4 and r € N, we get

w;—1

2]; e et
Eﬁf;,q(wlx)zw noY (=1)ittight et
7 =0

") ot
X E, ot g <x + o .

For r = 1 in (10), we have the multiplication theorem for Carlitz-type degenerate (p, q)-Euler

polynomials (see [4]).
Corollary 2. Let wy =1 (mod 2) for wy € N. Forn € Z,

[Z]q ; w1—1 o ] A
Enpg(wix, A) = 7[2}‘7% [w1]},4 Z(;) (=D&, o1 g <x+ w71’7[un]pq) .
= ’

If p=1,9 — 1in Corollary 2, then we get the corollary.

Corollary 3. Let m =1 (mod 2) form € N. Forn € Z,
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5n(x,A):mﬂmf(— Yigi&, (”] )‘). (12)
i=0

m

If A approaches to 0 in (12), this leads to the distribution relation for Euler polynomials

By Theorem 2 and Theorem 7, it follows the theorem below.

Theorem 9. Let wy and wy be odd positive integers. Then, it has

n

L s10m D 2

wy—1 ) . ) . w
x Y (St gD, (wzx+—2(h+~~+jr)>
i i =0 T “
n

Z (n, HA"~ [[wz]’ q[Z}

wy—1

x Y (pptetignlcegn, <w1x+ %(jl+"'+jr)>~
jirsjr=0

We get another symmetry identity by using the addition theorem about the Carlitz-type
higher-order degenerate (p, q)-Euler polynomials E,(,,r%,q(x). Let

w—1 . ;oo
Agl)c,p,q(w) - ¥ (—1) D i gk D) +]‘k}};{w
i =0

for each integer n > 0. The A® (w) is called as the alternating (p, g)-sums of powers.

nk,p.q

Theorem 10. Let wy, wp € Nwithwy =1 (mod 2), w, =1 (mod 2). Forr € Nand n € Z.., we obtain

I
1= I~

l n—. Wy WX
(5 5100 DA 2 o ol g (1) AL g )

1
l ,
Z (k) S1(n, A" lpwlwzxk[z] w [wZ]pq[wl}l kEI( k>pw1 o (w2x)Al(,k),pw2,q"’2 (wy).

1=0k=0

I
o
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Proof. Now, we use the addition theorem about the Carlitz-type higher-order degenerate (p, q)-Euler
polynomials (see [10]). We derive

w1—1 ) " ws
Z ( ) i= 1]1qwz( i= 1]')E1,p“’1 1 (wzx + 7(]1 4. +]‘k)>
jlr"'er: ! wl
w1—1 ) )
— Z (_]_)):;:1 ]iqwz(Z;ﬂ ji)
i, jr=0
L (1=k)(Z_y f kg (rk) w2 f
X Z < ) =R lji)pwlex E” —kp®1,4%1 (wox) [wf(h +o +jr)}
k=0 1 p©1,q“1
w;—1 )
= Z (-1) ,11,qwz( i—1Ji)
e jr=0
wzl k) Ty ji) i wpxk (1K) [wﬂm ‘ : -1k
X Z i=1Ji)p E" Kopt g1 oy (W) 1l 14+l goa -
By Theorem 12, then we have
- 1 1
Z;)Sl (”/l))\n7 [wl]p,q [2];“’2
wy—1 . . . O () wy
x Y (-pithgmle g, (wzx+ i+t p))
e jr=0
L Ir 1k e (1K)
= Z Z <k> S](‘rl,l)/\n_ [wl}pq [wﬂ q[Z};w wlzuzx El kp®1,41 (wa) (13)
1=0k=0
wp—1 .
x Y (—1)ZimtJigreal=k+ D) (i o) [y 4 +j’]];’”2,q1”2
e jr=0

n
! —1 I—k k kp(rk
B z;mc;o <k> S1.(n, DA™ wn]y, g (w21 4 [2] g p™ E(:k)p"l 1 (war) A} oz qia (W2)-

Similarly, we have

M:

S1(n, DA [awy]! 215

P
1=0
wy—1 . . . () wy
T g g (e D))
jioe =0 2
YL I jlkp 1k e (1K)
= E)I;J <k> Si(n, A" [wz}p} [wﬂp’q[z};w plikE " 1k g2, g2 (w1x) (14)
wy—1 . )
x ¥ (—1)Emjigen =k +D () Ul+...+]‘r]’;wquwl
Jue jr=0

n 1
I _Ir l=kp 1k ke (rk) (k)
= Z;Ok;o <k> Sl (1’[, l)/\}’l [wz}p,q [wl]‘n,q [2];70 iz El k,p 2,42 (wlx)'Al,k/pwl,qwl (wz)

By (13) and (14), we make the desired symmetric identity. [J

By Theorem 10, we have the symmetric identity for the Carlitz-type high order (h, p, q)-Euler
(r/h)

numbers E;, ;7 in complex field.
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Corollary 4. Letw; =1 (mod 2), wp =1 (mod 2), where wq,wp € N. Forr € Nand n € Z., we obtain

I
1= I~

! -1 k 1=k 4(r) (k)
<k> S1.(n, DA™ 2] g [1n]p g [w2l Az,k,p'”l 41 (w2)Esz,p“’2ﬂ“’2

!

! _ _ Jk
Ok;) <k> S1(m, DA 2o [w]f  [1)F AT o (1) E

1

4. Conclusions

In our previous paper [4], we studied some identities of symmetry on the Carlitz-type degenerate
(p,q)-Euler polynomials. The motivation of this paper is to investigate some explicit identities for the
Carlitz-type higher-order degenerate (p, g)-Euler polynomials in the second row of the diagram at page
3. Thus, we defined the Carlitz-type higher-order degenerate (p, g)-Euler polynomials in Definition 2
and obtained the formulas (explicit formula (Theorem 6), multiplication theorem (Theorem 8), and
distribution relation (Corollary 2, Corollary 3)). In Theorem 7, we gave some symmetry identities for the
Carlitz-type higher-order degenerate (p, g)-Euler polynomials. We also obtained the explicit identities
related to the Carlitz-type higher-order (p, q)-Euler polynomials, the alternating (p, g)-sums of powers,
and Stirling numbers (see Theorem 10 and Corollary 4). In particular, these results generalized
some well-known properties relating degenerate Euler numbers and polynomials, degenerate Stirling
numbers, alternating sums of powers, multiplication theorem, distribution relation, falling factorial,
symmetry properties of the degenerate Euler numbers and polynomials (see [7-18]). In addition, in
this paper, if we take r = 1, then [4] is the special case of this paper.
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Abstract: In this paper, we present a Durrmeyer type generalization of parametric Bernstein operators.
Firstly, we study the approximation behaviour of these operators including a local and global
approximation results and the rate of approximation for the Lipschitz type space. The Voronovskaja
type asymptotic formula and the rate of convergence of functions with derivatives of bounded
variation are established. Finally, the theoretical results are demonstrated by using MAPLE software.

Keywords: Bernstein operators; rate of approximation; Voronovskaja type asymptotic formula

1. Introduction

A first fundamental result in approximation theory was Weierstrass approximation theorem [1]
which forms the solid foundation of Approximation Theory. The proof of the theorem was quite
long and difficult. So there were several proofs given by different famous mathematicians. One of
them was given by Bernstein [2] which was easy and elegant, which also motivated the researchers
to construct operators to deal with the approximation problems in different settings. Here, we give
a Durrmeyer type generalization of parametric Bernstein operators. Let C(}) be the space of all real
valued continuous functions S on the interval ; = [0,1]. For S € C(;), Chen et al. [3] introduced a new
family of generalized Bernstein operators depending upon a non-negative real parameter 0 < 6 <1,
which is given as follows:

Ty(,,e)(S;x) = Z p,,?,)s(x)S <i> , x€y, 1)

where

pina(x) = Km R 2) (1-0)x+ (":__22 ) (1-0)(1-x)+ <T>9x(1 - x)} 11— xynsL,

s
m>2, pglgo) (x)=1-x, pli (x) = x. For 6 = 1, it reduces to original Bernstein operators.

Several types of such operators have been studied so far, for example, Kajla and Acar [4] gave
the integral variant of the operators (1) and studied the approximation properties of these operators.
Genuine Bernstein-Durrmeyer type operators were defined and studied in [5]. Abel and Heilmann [6]
studied the complete asymptotic expansion of the Bernstein-Durrmeyer operators. Cardenas-Morales
and Gupta [7] considered a two-parameter family of summation-integral type operators involving
Pélya—Eggenberger distribution. In 2015, Abel et al. [8] presented the Durrmeyer type modification of

Symmetry 2020, 12, 1141; doi:10.3390/sym12071141 39 www.mdpi.com/journal /symmetry
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the Stancu operators and obtained some approximation theorems. Agrawal et al. [9] defined Stancu
type Kantorovich modification of g-Bernstein-Schurer operators and studied some approximation
theorems on uniform convergence as well as A-statistical convergence. Ansari et al. in [10] proposed
Jakimovski-Leviatan-Durrmeyer type operators based on Appell polynomials and obtained some
approximation results, e.g.,Voronovskaja type asymptotic formula, rate of convergence and weighted
approximation of these operators. Acar et al. [11] presented a general class of linear positive
operators and established Voronovskaya type theorems. In 2019, Mursaleen et al. [12] considered
Stancu-Jakimovski-Leviatan-Durrmeyer type operators and studied simultaneous approximation
and A-statistical approximation properties of these operators.

Acu and Kajla [13] established 6-Bernstein operators depend on parameters p1, 0, € NU {0}
as follows:

m—p1p2 02
6 U+ sp
Br(n)m pz(g X E pr(n)mpzy ZPPZG ( m l) . (2)

(6)

If p1 = p2 = 0, these operators reduces to the operators Ty, .
For § € C(j), we introduce a Durrmeyer type modification of the operators (2) as follows:

( ) m-—p102 ) 02 © 1
mPl 02 ('S x) (m + 1 2 Pm= 01021 ) Z ppz,S(x) /0 pmrIHrSPl (t)S(t)dt' (3)
s=0

The aim of this paper is to derive approximation properties for the operators (3) by working on
Korovkin's results [14]. We also compute the rate of convergence involving modulus of smoothness
and Lipschitz type function.

2. Auxiliary Results

In this section, we derive some auxiliary results which will be used in proving our main results of
subsequent sections. First, we determine moments and central moments for the operators (3).

Lemma 1. Let ¢;(t) = t,i=0,1,2---. For the operators U,(ng,zyl,pz, we have

(i) USh, o (e0ix) = 1;

iy mx+1
(i) Ultp g (o0%) = G5y
2 (12
L (0) ) x2 (m* —m — 2+ p1p2 — p3(p2 — 20 +2) +20)
(i) Unpupa (€23 %) = (m+3)(m+2)
x(2+4m*P1P2+p%(p2729+2)729)+ 2 .
(m+3)(m+23) (m+3)(m+2)
; (6) y) — x 3 _ 32 _ 3(0, —
() Unp, p,(e3;%) = MO mI3)mT2) {m 3m* — 4m + p12(3m — 2) + 207 (02 — 66 +6)
—3mp3(2+pp —20) —12(0 — 1) + 6m6’}
2
x

+

2 _ _ _ 3 _ _ 2 _
(m+4)(er3)(m+2){9m 9102 = 3m = 3mprpr = 3¢3(6 + p2 = 60) = 6p1(2+ p2 — 26)

+3mp3 (2 + p2 — 20) +30(0 — 1) — 6m9}

x (18m —7p1p2 + 0 (p2 — 60 +6) + 603 (2 + po —20) ~18(0 — 1)) 6 _
(m+44)(m+3)(m+2) (m—+4)(m+3)(m+2)
ol 54m — m? — 6m® + m* — 6p102 — 14mp105 + Sp%pz 6p1p2

(9) L) —
(©) Unpig @69 = Gos T O w2
3p103 — 6m?p1(—p2 + p1(2 + p2)) + 8mp3 (6 + p2 — 660) + 6ptpa (1 — 260) + 6mp3 (2 + pp — 260) + 72(—1 4 6) +
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720%(—1+0) — 120202 (=14 8) + 120302 (—1 + 0) + 24p2 (—1 + 0)% — 60m6 + 12m> (1 + p?) 0 + 12p1p20

X3

(m+5)(m+4)(m+3)(m+2)
60303 + 6m2p1 (=2 + p1(2 + p2)) — 12mp3 (6 + p2 — 660) — 12p}0x(1 — 20) — 42mp3 (2 + pp — 26) — 264(—1 +
0) — 12003 (—1 + 0) — 144pf(—1 + 0) + 24p2px(—1 + 0) — 12p3p2(—1 + 0) — 4802(—1 + 0)% + 156m0 —
2
X

(m+5)(m+4)(m+3)(m+2)
350302 — 420302 — phoa + 3303 — 60303 + 3p%03 + 4mp3 (6 + p2 — 60) + 6pFp2(1 — 20) + 36mp3 (2 + pr — 20) +
336(—1+ 0) + 70p3(—1 + 0) + 18003 (—1 + 8) + 8607 (—1 + 0) — 120205 (—1 + 0) + 24p3(—1 + 6)% — 9%6m0 +
1201026 + 12P?P29]

i (96m — 46p1p5 + 350202 + 100302 + pipo — 144(—1 + 0) — 7002 (—1 4 0) — 60p3 (—1 + 6) — 14p3(—1+0))
(m+5)(m+4)(m+3)(m+2)

+

[16m3 — 124m — 36m> — 8p1p> + 5dmpipx + 320302 — 6p303 + 120303 —

12m2 (1+p3) 6 — 2401020 — 12p%p29} + [24;11 + 72m?* + 60p1py — 40mp1p2 —

i 24
(2+m)(3+m)(4+m)(5+m)

Let @fﬁj,’ffpz = U,(,,Q,I)Jl,pz((t —x)™;x),m = 1,2,4 be the central moments of UV(,,G,Z,WZ.

Lemma 2. For the operators LI,(,?,,)JWZ, we get

. 1—2x
(i) O oy(x) = ( ) ;

24+ m
(i) @02 (%) 2 x(2m — p1(p2 — p1(2+ p2 — 20)) —2(2+6))
1,02 (2+m)(3+m) 2+m)(3+m)
n x(—2m+p1(p2 — p1(2+ p2 — 20)) +2(2+6))
(2+m)(3+m) ’

Lemma 3. For m € N, we have

(6)
Wyl x(1 — x)
U,S,G,)pl,pz((t —x)%x) < % = 55'19,271,02(x)fvx €7

where st?pz is a positive constant depending on pq, 02 and 6.
Proof. This lemma is established by direct computation and the details are missing. [

Remark 1. For the operators U,(,f Zjl,pz, we get

lim m @,(,?,>’1llpz(x) =(1-2x),

m—0o0
. 0),2
n%glgom @,Sl,;]hpz(x) =2x(1—x),
. 0)4
r}lg;o m? @fnlijl,pz(x) =12x%(1 - x)2.

Lemma 4. For S € C(j), we have
0
UL, ps (Si0] < 1151

Proof. From Lemma 1 and Equation (3), we obtain

(®) RS0 0 [
Hum,pl,sz S (m + 1) Z%) pm—plpz,y(x) Z%)ppz,s(x) /0 pm:l/“*'spl(t)‘s(t)‘dt
= 5=

0
< | SIIUSp, o (e0:%) = [IS]].
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O

Theorem 1. Suppose that S € C(;). Show that hm Ll,(,, 3]1 0:(S;x) = S(x), uniformly in ).

Proof. Since U,(,?,;]],pz(l;x) =1, ur('f,271,pz 2

By Korovkin’s results, it follows that U,(,i Lllpz(S ;x) converges to S(x) uniformly onj. O

(x) — x, Uﬁz)pl,pz(tz;x) — x> as m — oo, uniformly in ;.
3. Voronovskaja Type Theorems

Here, we establish the Voronovskaja, Griiss-Voronovskaja type theorems and related results.
Theorem 2. Suppose that S € C(7). If S',S" exists at a point x € | then

lim m( uf) o (S;x) — S(x)) = (1-20)8'(x) + x(1 - x)S" (x), )

m—o0

Further, if 8" € C(}) then (4) holds uniformly in j.

Proof. Applying the application of Taylor’s theorem, we have
1
S(t) =8(x)+ (t—x)S'(x) + St x)28"(x) + p1(t, x)(t — x)%, (5)

where p1(t,x) — 0 as t — x and is a continuous function on j. Applying U,ngjlypz to (5), we get

1
Ulthy 2 (S5%) = S(x) = ' (1)Ul (£ = x); ) + 58" (R)U D3 (£ = )% %) + Ul s (o1 (£, ) (1 = )% ),

Tim m (Ui, (85%) = S(x)) = (1 =208 (x) + x(1 = x)8" (x) + lim Uiy, o, (p1(£,%) (£ = %)% ).
Since p1(t,x) — O ast — x, for a given € > 0, there exists § > 0 such that |p;(t, x)| < € whenever

2
|t — x| < 4. For |t — x| > &, we have |py(t, x)| < M(tgzx) , for some M > 0. Let x4(t) denote the
characteristic function of the interval (x — 6, x + J). In view of Remark 1, we have

Uy (01 (6 ) (= 2% 20| < Uit (2 (8, 2) (£ = )6 (8)%) + Ui g (1 (4, 2)| (= ) (1 = x5(8)); )
< U (= 0%50) + S U (0= ) 50)
= o) o)
m m
which implies that n%l_l’)n muﬁf’)pm (o1(t,x)(t — x)%;x) = 0, due to the arbitrariness of ¢ > 0.

This complete the first half of the theorem.

To show the uniformity postulation, by the definition of uniformly continuity of S in j, the § must
be independent of x and all the other estimates hold uniformly in x € ;. [

In [15], Acar et al. obtained a Griiss type approximation result and a Griiss-Voronovskaja-type
result for linear and positive operators. Many authors have established in this direction so that we
refer the authors to [16-18] and references therein.

The next result is the Griiss—Voronovskaja type theorem for U,(,f, 4)01,Pz'

Theorem 3. Let S, 1 € C2(j) . Then, for each x € J,

Jim o (UL, ((S1);) = Ui, 05 (S350 Ubip,p(15:%) } = S/ ()1 (2)2x(1 = ).
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Proof. The following relation holds

Uy (ST5) = U g (SIS (152)= Uy g (S5 )~ S(o)RH) (S (10O () = 5 (S)" ()07 ()
05) {13 (573 = S(2) = S (MO (3) = 38" 0O <x>}

= Ul (552) { Uy (19) = 5) — W (IO, () = 31 (00U ()}

+ %@Efl;ipz () {SE" () + 28" () (x) = 1 (UL, (S3%) | + Oy (1) { S () = 1 () ULy (S50

Now, by using Theorem 1, Theorem 2 and Remark 1, we get

lin}om{ r(n)mpz(SH x) 7(”2'1P2($ x) S'lzlpz(h x)}

m—
= lim_ mS’(x)h/(x)@Sﬁ),ngz(x)Jr lim Emh”(x) {S) = Ul a(S:) } O (3)
+ lim il (x) {S(x) = Ufih, p, (S x)} O (%) = S’ (1) (x)2x(1 — x).

O

Lipschitz-type space with two parameters a; > 0, > 0 is defined in [19] as below:

Lz‘pﬁ?’”‘”w):{Sec<]>:|8(t>—s<x>|<M It = x” Ote],xe(oﬂ}

(t+ a1 x2 + apx)2
where 0 < o < 1.

Theorem 4. Suppose that S € Ll]o("‘l aZ)( o). Prove that

/2
) Otpapa (%)
‘Um,Pth(S;x) - S(x)‘ <M ﬁ ,Vx € (0,1].

Proof. Using the application of Holder’s inequality and Lemma 2, we may write

0 m—pip2 0 2 0 1
Upgo (83 =S| < 1) L, () L P00 [11S(0) = SOl P (1)
=

m-pip2 ® P2 ® 1 2 7
< 1) Y o ) 1) ([ 1500 = SWIIE prss (011
pu=0 s=0 :

m—pip> 2
< Jme) Y przs 9 [186) = S@IF s (01
#=0
e LA 1 5
x [ (m+1) Z Pm—plpz,y(x) prz,s(x>/0 P ptspy (£)dt
n=0 s=0
- 1) PO S(t) — S()|? nat)
= |(m+ Z P proan( Ppas(x \ ()T Pimpspy ()
P2 1 2 g
©) (t—x)
= (’”+1 2 P P12k )s);thPZ'S(x) /o ml’m,ﬁsm(f)lﬁ
M —P1P2 0 P2 0 1 %
< ——— (<m+1> Y A o) L P ) [ 6= 3P ()
(1% + apx) 2 =0 5=0 0
M ) 2. 0%
= Uiy 0, ((E—X)%x)2
(a1x2 4 apx) 2 i
M 0)2 ¢

= (O ()2,
(a1x2 4+ apx) 2 fpe
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O

Theorem 5. For S € C1(j) and x € j, we have

x)|+ 2\/®’<"901 Pz Jw <‘Sl' \/853)#12:/)2 (x)> . (6)

U870 ~800)] < | 2
Proof. Let S € C!(j). For any t, x € j, we have
S(t) = S(x) = 8'(x)(t —x) + /: (S'(u) — 8'(x)) du
Using LI,S1 >Pl 0, (+; x) on both sides of the above relation, we have
Ul o (S(8) = S35, ) = S GIUEy o1 = 3530 + U ([ (870 = 8703 v

Applying |S(t) — S(x)| < w(S,6) (‘t;—x‘ + 1) ,0 >0, we have
02
< w(8,5) <(t 5") +|t—x|),

urg%],pz(s?-") —S(x)) < |S’(x)| |Ump| pz( x|+ w( (s, (S){ Um(h pz( (t—x) x)+u;(122>1,pz(|t_x|?x)}~

/: (S'(u) — 8'(x)) du

it follows that

Applying Cauchy-Schwarz inequality, we get
|Uh (S0 =S| < IS' @) [Unpy et = x:5)]

+w(S',6) {ﬁ\/ufﬁflm((t —x)%x) + 1} VUl (= x)2),

Now, taking 6 = @E,f)pfpz( ), we get (6). O

4. Local Approximation

In this section, we study the local approximation property for our operators with the help of
K-functional.
The K-functional is given by:

Ko(S,0) = inf{||S — h|| + 8||1"|| : € W2} (6 > 0),
where W2 = {ii : #"" € C(j)} and uniform norm on C(;) is denoted by ||.||. By [20] there will be a
positive constant M > 0 such that
Ka(S,0) < Mws(S,V5), @)
where the second order modulus of continuity for S € C(y) is defined as

Wy(S,V8) = sup sup |S(x+2h) —28(x+h)+S(x)|.
0<h§\/3x,x+2h€]
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We define the usual modulus of continuity for S € C(j) as

w(S8,6) = sup sup |S(x+h)—S8(x)|
0<h<é x,x+hej

Theorem 6. For the operators U,(ﬁ ;)01,92' there exists a constant M > 0 such that

1—2x
m—+2

U, 0 (S50) — S(x) |< M (s, (m+2)71/? 5£,?,L1,pz(x>) tw (s,

).

where S € C(}),0 €, 5,127] 0o () = @*(x) + (m+2) and x € .

Proof. We define the auxiliary operators as follows:

—(0
U ) (S5x) = Uty 00 (Six) + 8(x) - S (

mx +1
m+2 )

Then, we can easily check that

U()

mpnp, (LX) =1 and llgn)plpz(t;x):x.

By the application of Taylor’s theorem and taking ¢ € j and 1 € W2, we get

I(t) = h(x) + (t — x)i’ +/ (t—u)h" (u

The operator ul?

m,oy0 1S applied in the above equation on both sides, we obtain

_ e t
U)o, (hx) = h(x) + U, o </ (t—u)h//(u)du>
t mx+1
=h(x)+ Ur(f,?]l,pz (/)r (t — u)h" (u)du, x> - ./X(m“) (mx 1 u) 7 (u)du.

m—+2
Hence
() 4 I T | mx + 1 I
| Ut 055) =100 | < Ul (| [ 1= "G ) | [ | BEE " )
(9 . mx +1
< {ulth o+ (LY T
1-2x)\?
=ttt =22+ (S22 Jw 6

From Lemma 3, we have

0 1-2x\?2 2 0 1-2x
ur<n,2)1rﬂz((t* X)Z;x) + <m+2) = (m+2)5£n,,2)1,p2(x) + <m+2)

2 () 1
= m%,pl,pz(x) + m
3
< Gy o) ©
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Thus, by (8) we have

. 3 (6) "
|ump1p2(hrx)_h(x) ‘S (m+2)5nzp1p2( )Hh H (10)

where x € j. Furthermore, by Lemma 4, we have

| Tt pn(S:%) | < 3]SI, 1)

" m 02

forall S € C(j) and x € ;.

Now, for S € C(j) and i € W?, using (10) and (11) we obtain that

0 . () . mx +1
U (S52) = S | < | ",plpz<s,x>—8(x)+s(m+2)—8(x>\

= |ump1p2(87h; )| + ‘umplpz(h;x) 7h(x)| + |h(x) 78(7‘)‘

+ ‘s (’Zf:;) ~8(x)
>.

3

1—-2x
g eI+ (s,

<4||S—n||+ i

Using the property of infimum on the right hand side over all i € W2, we have

(9) ) 1 (0) 1—-2x
Uy gn(853) = S3) 1< 48 (8, (b)) 0 (125 )
Now by examining the relation (7), we get
1—-2x

U, ) (S;x) = S(x) |< Meop (S,(m+2) V20680 (x )>+w<8,

).

m+2
|

5. Global Approximation

The following result provides the global approximation using the modulus of continuity of
Ditzian-Totik and the related K-functional.

Suppose that S € C(j) and ¢(x) is defined as 1/x(1 — x),x € ;. The second order modulus of
continuity which is given by Ditzian-Totik

Wl (S,V8)= sup  sup | S(x+he(x)) —28(x) +S(x — heo(x)) |,
0<h<\/5 x£he(x)€]

and related K-functional is defined as,
Ry p(x)(S,6) = inf{||S — h[| + 6[|¢°R"|| + &*||H"|| : h € W?(9)}, (6 > 0),

where W2(¢) = {h € C(j) : ' € ACjpe), 9?1 € C(j)} and ' € ACj,.j means that f is derivable and
7' is absolutely continuous on every closed interval [a,b] C (0,1). By ([21], Theorem 1.3.1) we can say
that 3 M > 0, such that

Kz,qv(x) (S, (5) < Mw;’(S, \/5) (12)
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The first order Ditzian-Totik modulus is defined as

s <x + ng(x)) _s <x _ g (x)>

where 1 : ] — R is an admissible step-weight function.

’

671;(3,(5) = sup  sup
0<h<d xj:’—z’tp(x)e;

Now we state our next main theorem.
Theorem 7. Let S € C(7) and 0 < 6 < 1. Then, for x € |,
U, xS = SI| < M@ (S, (m+2)72) +&) (8, (m+2) ) +w (83 (m+2)71),

1-2x x€[0,1/2]

where g (x) = x(1 — x) and P(x) = { 21 xe[1/21]

Proof. The auxiliary operators is considered as

—(6 mx +1
U ) (S:x) = Uy, 00 (Six) + S8(x) — S ( ) .

m—+2

Let i € W2(¢) then by expanding 7 using Taylor’s theorem and as given in the proof of Theorem 6, we get

mx+1

,x> + /(1n+2
X

Setting u = Bx + (1 — B)t, p € j, and also applying the concavity of 5,(3, 271432' we have

mx+l
m+2

t
| umpl pz(h;x) —nh(x) |< ur(ﬂn,pz (‘A ‘t_uHh”(u)‘du

‘|h” )|du. (13)

lt—ul _ Bli-x| Bli—x| _ =]

= < < . (14)
0 0 0 0 0
Sitproa() Oy (BX+ (L= B)) Sl py (X)B+ 000y a (N1 =)~ Ghtpy ()
Thus, using (14) in the inequality (13)
mx+1
mrl |Gy T W
‘ umpl pz(h X) X) ‘ < umm 02 (’/ ) H‘)mm pzh”H + /_(’HZ) (9)7’1“ H‘Smm 4)2;7//“'
mm pz * m,py PZ( )
" 1-2x\2
5(97)“51";71 Pl [ i ((E—%)%52) + <m +;> ] (15)
.12
Now, using the inequality (9), we get
| Wi (153) = 13) | < s 180t

(m
3

" l 1"
] (uqozh 1+ Gy 1)

Applying (11) and (15), we have for S € C(j),

U (8:%) = S(x) | < Tooh, o (S —yx) |+ | Ui,y (Bx) = B(x) | + | B(x) — S(x) |
+‘S<mx+l> —S(x)‘

m—+2
3 mx+1
24,11 " _
|+ 1+ | (L) - )|

<A4||S-n||+ ——

m+2
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For all 1 € W?(¢) using the property of infimum on the right hand side, we have

LU, 1 (S:x) — S(x) < 4Kay (s, ﬁ) N ’ s <n;x ++21> sl ”
Also,
‘s <’fn"++21> — S| = ‘s (x+ }n’fg) —S(x)‘
e Be) o ) o 32
<@y (S m+2)7) +w (Sim+2)7"). 17)

Hence, combining (12), (16) and (17), the desired relation is immediate. [

6. Rate of Approximation

In this section, we study the rate of convergence of functions with derivatives of bounded
variation.

The class of all absolutely continuous functions S is denoted by DBV|)), defined and having a
derivative 8’ on , analogous to a bounded variation function on .

The representation of functions S € DBV, is

S(x) = ./Oxh(t)dtJrS(O)

where 71 is a bounded variation function on ;.

The operators LI,(,?,,)JHD2 (S; x) also admit the integral representation
1
Uitpr2(S3%) = [ Mg e DS (B)at as)

where the kernel V, ;IQ f>)lrp2 (x,t) is given by

() TE2 () S0
Nm:ﬂl/ﬂz(x' t)=(m+1) Z Pm=pioan (x) Z sz,s(x)pmlﬂﬂm ().
u=0 5=0

Lemma 5. For a fixed x € (0,1) and sufficiently large m, we have

()
N A® _ Y n® Weup, x(1 =)
() Miprga(5,0) = [ Ny gu e )1 < A g OSY <

i 1A AV < Wi x(1-2x)
(i) 1 Am,Pth(x,Z) —/Z Nm,p],pz(x,t)dt S n+2) (Zix)z,x<z <1,

where st,)pz is given in Lemma 3.

Proof. (i) From Lemma 3, we get

y

2
YV (x—t
/\5271/#72(35/]/) = //\/;Szg,hzﬁ’z(x,t)dt S/O (ﬂ) Nygle’pz(x,t)dt
0
(6)
_ Wi, x(1—x
= u’gﬁzl/#’z((t*x)z)x)(xfy) 2 < P12 g

T (m+2) (x—y)*

The (ii) can be proved in the same way hence the details are skipped. [
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Theorem 8. Suppose that S € DBV (}). Then for every x € (0,1) and sufficiently large m, we have

WO, (s8] < Om2ISEDESE], (Wir(1=) 18 (4) = 8/ (x-)

(m+2) 2 (m+2) 2
0) (1 _y) lym  x x
Woipa (1 —x) , x ,
+—2 =YV S)+—= V (S
(m +2) s=1 x—(x/s) \/%x7(x/\/ﬁ)

(6) . [Vm] x+((1=x)/5) x+((1=x)//m)
Worp* , (1—x) ,
+— Sy) + S,
(m+2) 5:21 \x/ ( x) \/% \x/ ( x)

where \/?(S.) denotes the total variation of S, on [c,d] and S}, is defined by

S'(t) -8 (x—), 0<t<x
SiL(t) = 0, t=x (19)
S'(t) -8 (x+) x<t<l

Proof. This theorem can be proved in the same way as in ([4], Theorem 7). Hence, the proof of this
theorem is skipped. [

7. Numerical Examples

In the following examples, we demonstrate the theoretical results by graphs.

Example 1. Let m = 10,01 = pp = 1and 6 = 0.5,0.6,0.7,0.8,1.0. The convergence of the operators

3
L[](g;i)] (S;x), Ul(g;?/)l(&x)' U;g;?l (S;x), U{g?l (S;x) and ul((l)ﬁ’}l(s;x) to the function S(x) = x2e%¥5 is

illustrated in Figure 1.

0.37

\

0.2

0.1+

~0.1

~0.2

-0.3

0.4

-0.5

S —— 06— (o)

s 10, 1,1 10,1, 1
(R —{ R1)]
UlO,l,l UlO, 1,1

Figure 1. Approximation Process.

Example 2. Let m = 50,01 = pp = 1and 6 = 0.5,0.6,0.7,0.8,1.0. The convergence of the operators
U9 (5. 01 U9 (S: %), U (5:x). UOB) (S %) and ULY) (S I on S(x) — x3eT i

50.1.1 ;X), 50,1,1( ;X), 50/1/1( 3 x), Usgy 1 (S5 x) and Usy'y, (S; x) to the function (x) = x%ex+T0 is
illustrated in Figure 2.
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0.151

0.10

0.051

-0.054

— 705) __ 7/0.6) ____ 77(0.7) (0.8)
USO, 1,1 USO, 1,1 USO, 1,1 USO, 1,1

A T

Figure 2. Approximation Process.

8. Conclusions

We have introduced generalized Bernstein-Durrmeyer type operators depending on non-negative
integers. We developed many approximation properties such as local and global approximation,
the rate of approximation for the Lipschitz type space, Voronovskaja type asymptotic formula and the
rate of convergence of functions with derivatives of bounded variation. The constructed operators
have better flexibility and rate of convergence which are depending on the selection of the p1, p» and 6.
Graphical representations of our operators for different selections of py, o and 6 are also given.
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Abstract: In this article, a collocation method using radial polynomials (RPs) based on the multiquadric
(MQ) radial basis function (RBF) for solving partial differential equations (PDEs) is proposed. The new
global RPs include only even order radial terms formulated from the binomial series using the Taylor
series expansion of the MQ RBE. Similar to the MQ RBE, the RPs is infinitely smooth and differentiable.
The proposed RPs may be regarded as the equivalent expression of the MQ RBF in series form
in which no any extra shape parameter is required. Accordingly, the challenging task for finding
the optimal shape parameter in the Kansa method is avoided. Several numerical implementations,
including problems in two and three dimensions, are conducted to demonstrate the accuracy and
robustness of the proposed method. The results depict that the method may find solutions with high
accuracy, while the radial polynomial terms is greater than 6. Finally, our method may obtain more
accurate results than the Kansa method.

Keywords: multiquadric; radial basis function; radial polynomials; the shape parameter; meshless;
Kansa method

1. Introduction

Recently, the meshless approach has raised extensive attention due to its computational efficiency
as well as simple collocation scheme. Many varieties of the radial basis functions (RBFs) have been
developed for dealing with partial differential equations (PDEs) [1-3]. Most popular RBFs, such as
the Gaussian [4-6], multiquadric (MQ) [7,8], and inverse multiquadric (IMQ) [9-11], require the
shape parameter. Among them, the Kansa method [12] is recognized as one of the most popular
domain-type meshfree approaches for solving PDEs. The MQ RBF adopted by the Kansa method
becomes the well-known RBF, which has been successfully adopted for solving numerous engineering
problems [13,14]. Despite the success of the Kansa method, limitations regarding to the accuracy
affecting by the shape parameter still remain. The MQ RBF depends on the shape parameter that
plays an important role for remaining the RBF as a smooth and non-singular function for solving
PDEs. Attempts regarding for identifying proper value for the shape parameter of the MQ RBF have
been widely studied, such as the LOOCV optimization technique [15-17]. The question of finding the
optimal shape parameter in the MQ RBE, however, is still very challenging.

In this study, we propose radial polynomials (RPs) rooted in the MQ RBF for solving PDEs.
Formulated from the binomial series using the Taylor series expansion of the MQ RBE, the new global
RPs include only even order radial terms. The proposed RPs may be regarded as the equivalent
expression of the MQ RBF in series form. Not only are the RPs infinitely smooth and differentiable in
nature, but the proposed RPs do not require any extra shape parameters. Therefore, the challenging
task for finding the optimal shape parameter in the Kansa method is avoided. Several numerical
implementations, including two- and three-dimensional problems, are conducted to verify the accuracy
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and robustness of the proposed RPs. The structure of this article is organized as follows: In Section 2,
formulation of the radial polynomial basis function is presented. To verify the proposed RPs, we conduct
a convergence analysis in Section 3. Section 4 is devoted to present several numerical examples in
two and three dimensions. The discussion of this paper is addressed in Section 5. Conclusions are
given finally.

2. Formulation of the Radial Polynomials

Considering a region, (), with the boundary, dQ), the governing equation for the three-dimensional
PDE can be expressed as follows.

Au(x) + Da;(;(xx) + Eai;(;) + FaL;(ZX) +Gu(x) =HinQ, 1)
u(x) = g(x) on 9O, 2)
BL(;E/IX) = f(x) on 9O, 3)

in which A represents Laplace operator, x = (x, y,z), u(x) is the unknown, D, E, F, G and H are given
functions. Q) is a bounded domain with boundary dQP and dQN. 9OP denotes boundary subjected
to Dirichlet data, JQN denotes boundary subjected to Neumann data, g(x) and f(x) represent given
boundary data. The meshless method using the MQ RBF is often named the Kansa method, where the
RBFs are directly implemented for the approximation of the solution of partial differential equations.
We may express the unknown by the RBF as follows.

M,

u(x) =Y Ajp(r), @)
j=1

where 7, is the radial distance, r; = |x —sj|, @(rj) represents the RBF which is the distance of x and s;,
s;is the center, x denotes an arbitrary point inside the domain, A jis the coefficient to be solved and M,
is the number of the center points. The MQ RBF may be expressed as follows.

p(rj) = Jri* +c* (5)

With the introduction of the shape parameter, the MQ RBF becomes a smooth and non-singular
function. Because the Kansa method is a domain-type method, it has to discretize the governing
equation inside the domain using the MQ RBE. We may insert the above equation into Equation (1).
After obtaining the MQ RBF derivatives, we may obtain the following equation in two-dimensions.

M. 2 2 M. —xj -V &
N ri© +2c ¥V ‘D(x x!) + E(y y]) + GZ /\j(rjz 4 CZ)O‘S =Hin Q. (6)
=i

= ](rjz R 62)145 & J (rjz R CZ)O.S
The above equation demonstrates that the derivatives of the MQ basis function may become
singular at the center point (r; = 0) if the shape parameter is zero. It is obvious that the MQ RBF
is infinitely differentiable depending on the shape parameter. To avoid the singularity, the shape
parameter must not be equal to zero. In this study, we propose RPs based on the MQ RBF without
the shape parameter. For the mathematical formulation of the RPs, we may start from the MQ RBE.
Equation (5) can be rewritten as follows.

@(rj) = c/(rj/c)* + 1. @)
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Using the binomial series from the Taylor series of Equation (7), we have

e o k
cAJ(ri/c) +1 = CZ( B )((rj/c)z), ®)
k=0

where( . );: S (@ Drlakt) g o — 172,

Using the finite terms, M, to approximate the solution, we may express the MQ RBF in series
form as follows.
My 051y
N — : ) ok

B[N

where M, is the order of the radial polynomials. In this study, we propose a novel meshless method to
approximate the solution in terms of the RPs as follows.

M,

u(x) =Y ajp(ry), (10)

=1

where M, represents the center point number. The above equation proves that the MQ RBF can be
expressed as a radial polynomial with only even order terms. Equation (8) can be regarded as the
equivalent series form of the MQ RBE. Inserting Equation (8) into Equation (10), we have

M M, 2k
u(x) ~ ]Z{“J’Cl;)( 0].{5 )(%) r]2‘k. (11)

Combining the constants in the above equation, we obtain

M. M,

u(x) = Z Z bj,kr?k, (12)

j=1k=0

in which b are the coefficients to be solved. Using Equation (12) for the discretization of Equation (1),
we may obtain the following equation:

M, M, M. M, M. M,
Z Z bixLicr7% + Z Z bjx2kLocr 2 + GZ Z bir =HinQ, (13)
=1 k=0 =1 k=0 =1 k=0

where Ly = 4k2, Ly, = (D(x—xj) + E(y —y;)) and Ly = 4k + 2k, Lpc = (D(x—xj) + E(y - ;) + F(z -
zj)) are in two and three dimensions, respectively. To determine the unknown coefficients, we apply
the approximate solution with the boundary data at collocation points to satisfy the governing equation.
We may get the system of simultaneous equations.

Ab =R, (14)

where b is the unknown coefficient with the size of N X 1 to be evaluated, R is the known function with
the size of M x 1, A is an M X N matrix where M = M; + M}, and N = M. X M;,. The above equation

can be written as follows:
Aq | Ry
[t =] | (15)

In the preceding equations, A represents the M; X N submatrix from the inner collocation points,
Ag represents the M;, X N submatrix from the boundary collocation points, Ry is the vector of function
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values at the inner points which is a M; X 1 vector, Rp is the data at the boundary points which is an
M), x 1 vector, M, is the boundary point number, M; is the inner point number. The root mean square
error (RMSE) is adopted to evaluate the accuracy which is defined by

Mﬂl
Root mean square error = —Z (n(x;) —u(x))?, (16)
Mn 5

in which M,, represents the number of the measuring points with uniform distribution; u(x;) and 7 (x;)
are the exact and approximate solutions at the i collocation point, respectively.

3. Accuracy and Convergence Analysis

We first investigate a Laplacian problem in two dimensions enclosed by an irregular domain.
The governing equation is
Au(x) =0, (x) € Q. 17)

The star-like object boundary in two dimensions can be expressed in the following form:
20 = {(x, y)|x =p(0)cosB,y = p(6)sinb,p(6) = sec (SG)Sin(ée),O <6< 2n}. (18)
The exact solution of Equation (17) is designated as
u(x) = €* cos(y) + €Y sin(x). (19)

To verify the accuracy and convergence, we conduct a series of testing cases for the radial
polynomial terms in which all cases adopt the same configurations of the boundary, center and inner
points as shown in Figure 1. In the analysis, M}, M; and M, are 1208, 151, and 151, respectively.
The number of the RPs terms, M,;, needs to be given for the proposed method. As shown in Figure 2,
for the RPs, it is found that the RMSE decreases with the increase in the number of RPs terms in which
solutions with high accuracy may be found with the radial polynomial terms from 6 to 12.

QO : boundary point
QO : inner point
- : center point

Figure 1. Layout of the collocation points.
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Shape parameter

Root mean square error

L=/ The Kansa method
(G—©—© The RPBF

0 1 2 3 4 5 6 7 8 9 10 11 12
Terms of the RPBF

Figure 2. The convergence analysis for the Kansa method and the RPs.

On the other hand, other testing cases using the Kansa method for considering different shape
parameters are conducted. Figure 2 shows different shape parameters versus the RMSE. The optimal
shape parameter is found within a narrow range of 0.5 to 1. We may also observe that the shape
parameter is very sensitive to the accuracy in the Kansa method, such that attempts regarding for
identifying proper values for the shape parameter of the Kansa method may be important. It is
apparent that the minimums of the RMSE for the Kansa method and the RPs are in the order of 10~
and 1072, respectively.

In addition, to investigate the accuracy, another convergence analysis for investigating the
boundary and inner point number is carried out. Table 1 shows the comparison of this study with the
Kansa method. We find that very high accurate results may be obtained using the proposed RPs.

Table 1. Results comparison between this study and the Kansa method with the optimal shape parameter.

RMSE Condition Number
My, M; M. . The Kansa Method .
This Study (Optimal Shape Parameter) This Study = The Kansa Method

736 92 92 377x1071? 2.96 x 1077 (c = 0.70) 8.33 x 10?2 5.32 x 1020
1208 151 151  7.29x10712 244 %1077 (¢ = 0.95) 1.09 x 102 2.63x 1020
1792 224 224 7.06x10712 7.53x 1077 (c = 1.05) 4.52x10% 7.30 x 10?1
2480 310 310 5.90x10712 5.70x 1077 (¢ = 1.05) 3.86 x 107 4.21x10%
3240 405 405 5.31x10712 9.42x 1077 (¢ = 1.30) 1.81 x 102 1.52 x 102!
4115 514 514 477x10712 7.52x 1077 (c = 1.25) 1.18 x 10% 2.87 x 10?1

4. Numerical Examples

To investigate the applicability of the proposed RPs, four numerical examples are conducted,
in which Sections 4.1 and 4.2 are steady-state linear two-dimensional PDEs, Section 4.3 is
the three-dimensional modified Helmholtz equation, and Section 4.4 is the three-dimensional
Poisson equation.

4.1. A Two-Dimensional Ameoba-Shaped Problem

We first consider the following two-dimensional PDEs.

du(x) du(x) Ju(x)
Au(x) + D E +E Jy +F >

+Gu(x) =H, xeQ, (20)
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where D = ycos(x), E = —sinh(x), F = 0, G = x2 + y*. The function, H, can be directly derived from
the exact solution as follows:

H= (—n2 + 1)[sin(nx) cosh(y)] + (112 - 1)[cos(7'cx)sinh(y)]
+(mty cos(x) — sinh(x) ) [sin(7x)sinh(y)] 4+ (7y cos(x) + sinh(x))[cos(7x) cosh(y)] (21)
+(x2 + yz)[sin(nx) cosh(y) — cos(mx)sinh(y)]

The amoeba-like object boundary in two dimensions is defined as
o0 = {(x, Y| = p(0) cos0,y = p(6) sin 0, p(0) = elsMOsinOs)" 1 pleostcose)’ o < g < 2n}. 22)
Both Dirichlet and Neumann boundary conditions are considered as follows:

u(x) = sin(7x) cosh(y) — cos(mx)sinh(y), (x, y) € 9QP, (23)

du(x)
on
In this example, the Kansa method and the proposed RPs are examined. Figure 3 depicts the
configuration of the collocation points. The over-specified Dirichlet as well as Neumann boundary data
are imposed on the whole boundary. In the analysis, M, M; and M, are 1750, 500 and 500, respectively.
The analysis of convergence for the RPs terms is conducted, as shown in Figure 4. According to
Figure 4, it is found that highly accurate solutions may be solved with the radial polynomial terms
from 7 to 12. Consequently, the terms of the RPs are set to 9. The result comparison for the Kansa
method and the proposed RPs is shown in Table 2. Table 2 demonstrates that highly accurate results
are obtained in which the RMSE of the proposed method is within the order of 1078. On the other
hand, the minimum RMSE for the Kansa method with the optimal shape parameter can only reach to
the order of 107#. Figure 4 demonstrates results of the convergence analysis in which it is found that
solutions with high accuracy may be obtained with the radial polynomial terms from 6 to 11. Moreover,
it is clear that the number of terms is not very sensitive to the result. Figure 5 depicts the numerical
solution is identical to the exact solution.

= [V(sin(mx) cosh(y) — cos(nx)sinh(y))] - 71, (x, y) € 9QV. (24)

PEDOPDDDD

OOD
POOOODDDODDDOODD
DODDDDDODODDDDD

O: boundary point
O inner point
+ : center point

Figure 3. Layout of the collocation points.
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Figure 4. The terms of the RPs versus the RMSE.

Table 2. The RMSE of the RPs and the Kansa method.

RMSE
M, M, M, - -
18 Stu e Kansa etho 1ma ape I'arameter
This Study ~ The Kansa Method (Optimal Shape P. ter)
1050 300 300  7.65x1078 5.46 x 107 (c = 1.00)
1400 400 400 8.89x1078 4.72x107* (c = 0.95)
1750 500 500  6.77x1078 414 x107* (c = 1.05)
2100 600 600  6.26x1078 3.79% 107 (¢ = 1.05)
2450 700 700 5.80x1078 3.56 x 107 (c = 1.30)
2800 800 800  5.41x1078 3.45x 107 (¢ = 1.25)
analytical solution ——— this study =========-

-0.2+

Figure 5. Result comparison between numerical and the analytical solutions.

59



Symmetry 2020, 12, 1419

4.2. A Two-Dimensional Star-Shaped Problem

The second example is a problem enclosed by a star-shaped boundary in two dimensions.

du(x) Ez?u(x)

F(?u(x)
o + +

Au(x) +D 3y 3

+Gu(x) =H, xeQ, (25)

where D = y?sin(x), E = xe¥, F = 0, G = sin(x) + cos(y). The function, H, can be directly derived
from the exact solution as follows:

H= (—nzy sin(rx) — ?x cos(ny)) + (y2 sin(x)) [ty cos(mx) + cos(my)]

+(xe¥) [sin(mx) — mx sin(my)] + (sin(x) + cos(y)) [y sin(mx) + x cos(my)] (26)

The star-like object boundary in two dimensions is defined as
0 = {(x, y)|x =p(0)cosB,y =p(6)sinb,p(6) =1+ (cos46)%,0< 0 < 271}. (27)

The Dirichlet boundary conditions are considered as follows:
u(x) = ysin(rx) + x cos(my), (x,y) € IQP. (28)

In this example, the Dirichlet data are applied on the whole boundary using Equation (28). In the
analysis, M, M; and M, are 1800, 200 and 200, respectively. We conduct the convergence analysis
for the RPs terms. Figure 6 displays the configuration of the boundary, inner and center collocation
points. Figure 7 displays the terms of the RPs versus the RMSE in which we may find that solutions
with high accuracy in the order of 1078 may be found with the radial polynomial terms from 7 to 12.
Consequently, the terms of the RPs are set to 9.

®

EBEBEBEBEBEBEBEB@@EBEB@@%
POPODDDDODDDD @.
OXCICISICICICISISICISICN®)

POPPPDPDDDOPDDD

©D
DD
X

O: boundary point
O inner point
+ : center point

Figure 6. Layout of the collocation points.

60



Symmetry 2020, 12, 1419

102 O—0—C This study

Root mean square error
=

The terms of the RPBF
Figure 7. The terms of the RPs versus the RMSE.

Figures 8 and 9 demonstrate the RMSE versus the boundary and inner point numbers, respectively.
We may find that promising solutions may be found while the boundary and inner point numbers are
greater than 500 and 100, respectively. Figure 10 demonstrates the comparison of the analytical and the
numerical solutions. It can be found that the results agree with the analytical solutions.

10"
is study

5}

Root mean square error

500 1000 1500 2000 2500 3000 3500 4000 4500 5000 5500
The number of boundary points

Figure 8. The convergence analysis for the boundary point number.

. [E—E—F] This study
107 =

Root mean square error

50 100 150 200 250 300 350 400 450
The number of inner points

Figure 9. The convergence analysis for the inner point number.
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analytical solution ——— this study =========-

0.5

0.4+ -
0.3 ' : -
0.2 ~ : -
0.1 aE |

0 |

y (m)

-0.14 r
-0.2+ : r
-0.31 g =0: L

0.4 L

'0.5 T T T T T T T T
-05 -04 -03 -02 -0.1 0.1 02 03 04 05

0 .
x (m)
Figure 10. Result comparison between numerical and the analytical solutions.
4.3. A Three-Dimensional Modified Helmholtz Problem

Consider a three-dimensional modified Helmholtz equation. The equation is written as follows.
Au(x) + Gu(x) =H, x€ Q, (29)

where D = E=F =0,G = -A%, H = (1-A%)(¢" +¢¥ + ¢*) + xyz, A represents wave number and
A = 100. The domain in three dimensions can be expressed in the following form.

0 = {(x, y,z)|x = p(0)sinBcos @,y = p(6)sinOsing,z = p(6) cos (p}, (30)

where p(6,¢) =1+ 1/8sin(10 0) sin(9 ¢),0 < 0 <2, 0 < ¢ < n. The Dirichlet boundary data are
applied on Q) using the following exact solution.

u(x) = e 4 e¥ + ¢ —xyz/ A2, (x,y) € QL. (31)

In this example, the layout of the domain is depicted in Figure 11. The Dirichlet data are applied
on the whole boundary using Equation (31). In the analysis, M;, M; and M. are 7569, 800 and 800,
respectively. Figure 12 demonstrates solutions with high accuracy in the order of 10~% may be found
with the radial polynomial terms from 8 to 11. Consequently, the terms of the RPs are set to 9. The result
comparison for the Kansa method and the proposed RPs is shown in Table 3. Table 3 demonstrates
that highly accurate results are obtained in which the RMSE is within the order of 107!1. On the other
hand, the best RMSE for the Kansa method with the optimal shape parameter can only reach to the
order of 1077,
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0.5

nx ()

Figure 11. Layout of the three-dimensional modified Helmholtz equation.
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Terms of the RPBF
Figure 12. The terms of the RPs versus the RMSE.
Table 3. The RMSE of the RPs and the Kansa method.
RMSE
My M; M, - -
This Study  The Kansa Method (Optimal Shape Parameter)
6724 700 700 428 %1071 1.10x 107° (c = 1.30)
7569 800 800 2.32x 1071 8.48 x 1077 (¢ = 1.30)
8100 900 900 440x1071 1.01x107° (¢ = 1.90)
9025 1000 1000  5.99x 1071 1.08 x 107° (c = 1.10)
10,000 1100 1100 5.03x 10711 7.88x 1077 (c = 1.30)
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4.4. A Three-Dimensional Poisson Problem
The last example under consideration is a three-dimensional Poisson equation enclosed by an
irregular domain. The governing equation is expressed as follows.

Au(x) =H, xeQ, (32)

where D = E =F =G = 0and H = —sinx — cosy —sinz. The domain in three dimensions can be
expressed in the following parametric equation.

0 = {(x, y,z)lx =p(0)cosB,y = p(6)sinOsing,z = p(6)sin O cos cp}, (33)

1/3
where p(0) = [COS(39) + /8- sin2(39)] . The Dirichlet boundary data are assigned on QP using

the following exact solution.
u(x) = sin(x) 4 cos(y) + sin(z), (x, y) € IQP. (34)

The layout of the domain is depicted in Figure 13. The Dirichlet boundary conditions are given on
the irregular domain in three dimensions using Equation (34). In the analysis, M;, M; and M, are 7357,
756 and 756, respectively. Figure 14 shows the RMSE versus the terms of the RPs. It is apparent that
the promising numerical solution in the order of 1078 may be obtained while the M, is greater than 6.
Consequently, the terms of the RPs is set to 9. Additionally, several cases for evaluating the number of
the collocation points to the accuracy are conducted in Table 4. According to Table 4, it depicts that the
accuracy can reach up to the order of 10710,

Table 4. The RMSE of the RPs.

RMSE

M, M; M.
This Study
5706 630 630 1.75 x 10710
7357 756 756 1.82x 10710
9208 882 882 1.87 x 10710
11,259 1008 1008 1.92 x 10710
13,510 1134 1134 1.94x 10710

N
0.4 SR
- SRR

RN

BT
o ““\“‘\‘l‘\““\“\\\\\\\\
(i L
T

0.5

y(m) "

0
-0.5 x (m)

Figure 13. Layout of the three-dimensional Poisson equation.
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Figure 14. The terms of the RPs versus the RMSE.

5. Discussion

This study presents a collocation method using RPs which is regarded as the equivalent expression
of the MQ RBF in series form for PDEs. The conception of the new global RPs includes only even order
radial terms formulated from the binomial series using the Taylor series expansion of the MQ RBE.
The discussions for this study are as follows.

The MQ RBF adopted by the Kansa method becomes one of the most successful RBFs for solving
numerous problems. With the introduction of the shape parameter, the MQ RBF becomes a smooth and
non-singular function. Even though the MQ RBF and its derivatives are smooth and global infinitely
differentiable, the discretization of the governing equation may become singular while ¢ = 0 at r; = 0.
It is obvious the shape parameter plays a role for shifting from the singularity while the center point is
coincided with the inner point. However, the near singular effects still remain. This may explain that
the accuracy in the Kansa method is strongly affected by the shape parameter.

To deal with the issue, we adopt the RPs as the basis function in which the proposed RPs are the
equivalent expression of the MQ RBF in series form. It is advantageous that the proposed RPs and
their derivatives are infinitely smooth and differentiable in nature without using the shape parameter.
Because RPs are a non-singular series function, there are no near singular or singular effects at all.
Accordingly, the method may obtain more accurate solutions than the Kansa method in our numerical
implementations. In addition, accurate results can be directly obtained without using the tedious
procedure for finding the optimal shape parameter.

Even though the shape parameter is not required in the proposed method, the radial polynomial
terms have to be decided in advance. From the numerical implementations, solutions with high
accuracy in the order of 1078 may be found with radial polynomial terms from 6 to 12. The radial
polynomial terms are selected to be 9 in our numerical examples. It demonstrates that the radial
polynomial terms are considerably less significant to the accuracy than the shape parameter. In the
numerical examples, it is found that satisfactory solutions could be obtained while the terms of the RPs
are within the range of 6 to 12.

6. Conclusions

A mathematical formulation of the RPs from the binomial series using the Taylor series expansion
of the MQ RBF is presented. We prove that the proposed RPs are an equivalent expression of the
MQ RBF in series form. Highly accurate results can be directly obtained without using the tedious
procedure for finding the optimal shape parameter. Additionally, numerical comparisons reveal that
the presented RPs could obtain better accurate solutions than those of the MQ RBF, even with the
optimal shape parameter for solving multi-dimensional PDEs.

65



Symmetry 2020, 12, 1419

Author Contributions: Writing—review and editing, ].-E.X. and C.-Y.K; conceptualization, C.-Y.K.; methodology,
C.-Y.K. All authors have read and agreed to the published version of the manuscript.

Funding: This research was partially supported by the Ministry of Science and Technology of R.O.C.

Acknowledgments: The authors would like to thank the referees for invaluable comments.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Yao, G,; Tsai, C.H.; Chen, W. The comparison of three meshless methods using radial basis functions for
solving fourth-order partial differential equations. Eng. Anal. Bound. Elem. 2010, 34, 625-631. [CrossRef]

2. Uddin, M.; Haq, S. RBFs approximation method for time fractional partial differential equations.
Commun. Nonlinear Sci. 2011, 16, 4208-4214. [CrossRef]

3. Yao, G, Chen, CS.; Zheng, H. A modified method of approximate particular solutions for solving linear and
nonlinear PDEs. Numer. Meth. Part. Differ. Equ. 2017, 33, 1839-1858. [CrossRef]

4. Alipanah, A.; Esmaeili, S. Numerical solution of the two-dimensional Fredholm integral equations using
Gaussian radial basis function. J. Comput. Appl. Math. 2011, 235, 5342-5347. [CrossRef]

5. Lamichhane, A.R.; Chen, C.S. The closed-form particular solutions for Laplace and biharmonic operators
using a Gaussian function. Appl. Math. Lett. 2015, 46, 50-56. [CrossRef]

6. Karimi, N.; Kazem, S.; Ahmadian, D.; Adibi, H.; Ballestra, L.V. On a generalized Gaussian radial basis
function: Analysis and applications. Eng. Anal. Bound. Elem. 2020, 112, 46-57. [CrossRef]

7. Reutskiy, S.Y. Meshless radial basis function method for 2D steady-state heat conduction problems in
anisotropic and inhomogeneous media. Eng. Anal. Bound. Elem. 2016, 66, 1-11. [CrossRef]

8.  Sarra, S.A. Integrated multiquadric radial basis function approximation methods. Comput. Math. Appl. 2006,
51,1283-1296. [CrossRef]

9.  Soleymani, E; Barfeie, M.; Haghani, EK. Inverse multi-quadric RBF for computing the weights of FD method:
Application to American options. Commun. Nonlinear Sci. 2018, 64, 74-88. [CrossRef]

10. Sivaram, S.A.; Vinoy, K.J. Inverse multiquadric radial basis functions in eigenvalue analysis of a circular
waveguide using radial point interpolation method. IEEE Microw. Wirel. Co. 2020, 30, 537-540. [CrossRef]

11. Kamath, A.; Manzhos, S. Inverse Multiquadratic Functions as the Basis for the Rectangular Collocation
Method to Solve the Vibrational Schrodinger Equation. Mathematics 2018, 6, 253. [CrossRef]

12.  Kansa, EJ.; Hon, Y.C. Circumventing the ill-conditioning problem with multiquadric radial basis functions:
Applications to elliptic partial differential equations. Comput. Math. Appl. 2000, 39, 123-137. [CrossRef]

13. Hashemi, M.R.; Hatam, F. Unsteady seepage analysis using local radial basis function-based differential
quadrature method. Appl. Math. Model. 2011, 35, 4934-4950. [CrossRef]

14. Xie, H,; Li, D. A meshless method for Burgers’ equation using MQ-RBF and high-order temporal
approximation. Appl. Math. Model. 2013, 37, 9215-9222.

15.  Zheng, H.; Yao, G.; Kuo, L.H.; Li, X.X. On the Selection of a Good Shape Parameter of the Localized Method
of Approximated Particular Solutions. Adv. Appl. Math. Mech. 2018, 10, 896-911. [CrossRef]

16. Rippa, S. An algorithm for selecting a good value for the parameter ¢ in radial basis function interpolation.
Adv. Comput. Math. 1999, 11, 193-210. [CrossRef]

17. Cavoretto, R.; De Rossi, A.; Mukhametzhanov, M.S.; Sergeyev, Y.D. On the search of the shape parameter

in radial basis functions using univariate global optimization methods. |. Glob. Optim. 2019, 2019, 1-23.
[CrossRef]

@ © 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution
BY

(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

66



. symmetry MBPY

Article
On the Decomposability of the Linear Combinations of
Euler Polynomials with Odd Degrees

Akos Pintér * and Csaba Rakaczki 2

1 Institute of Mathematics, MTA-DE Research Group “Equations, Functions and Curves”, Hungarian Academy of

Sciences and University of Debrecen, P. O. Box 12, H-4010 Debrecen, Hungary
Institute of Mathematics, University of Miskolc, H-3515 Miskolc Campus, Hungary; matrcs@uni-miskolc.hu
*  Correspondence: apinter@science.unideb.hu

2

Received: 2 April 2019; Accepted: 18 May 2019; Published: 31 May 2019
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1. Introduction

Let K be a field. If f(x) € K[x] has degree at least 2, we say that f(x) is decomposable over the field K
if we can write f(x) = f1(f2(x)) for some nonlinear polynomial f1(x), f(x) € K[x]. Otherwise, we say
that f(x) is indecomposable over K. Two decompositions f(x) = f1(f2(x)) and f(x) = Fy(F2(x)) are said
to be equivalent over the field K, written f o fo ~g F; o F,, if there exists a linear polynomial /(x) € K[x]
such that

filx) = F(l(x)) and B (x) = I(f2(x)).

For a given f(x) € K[x] with degree at least 2, a complete decomposition of f(x) over K is a
decomposition f = fj o---o fi, where the polynomials f; € Klx| are indecomposable over K for
i=1,...,k. Apolynomial of degree greater than 1 always has a complete decomposition, but it does not
need to be unique even up to equivalence.

Euler polynomials are defined by the following generating function

) tk 2etx
E — = .
k;(] K = e

These polynomials play a central role in various branches of mathematics; for example, in various
approximation and expansion formulas in discrete mathematics and in number theory (see for
instance [1,2]), in p-adic analyis (see [3], Chapter 2), in statistical physics as well as in semi-classical
approximations to quantum probability distributions (see [4-7]).

There are several results connected to the decomposability of an infinite family of polynomials, see
for instance [8-12]. Bilu, Brindza, Kirschenhofer, Pintér and Tichy [13] gave all the decompositions of
Bernoulli polynomials. Kreso and Rakaczki [14] characterized the all possible decomposations of Euler
polynomials with degree even, moreover they showed that every Euler polynomial with odd degree is

Symmetry 2019, 11, 739; doi:10.3390/sym11060739 www.mdpi.com/journal /symmetry
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indecomposable. It is harder to obtain similar results for the sum of polynomials. Pintér and Rakaczki [15]
describe the complete decomposition of linear combinations of the form

Ry (x) = By(x) + ¢By_a(x)

of Bernoulli polynomials, where c is an arbitrary rational number. Later, Pintér and Rakaczki in [16]
proved that for all odd n > 1 integer and for all rational number c the polynomials E;(x) + cE,_2(x)
are indecomposable.

The main purpose of this paper is to prove that under certain conditions a linear combination with
rational coefficients of two Euler polynomials with odd degrees is always indecomposable. We have

Theorem 1. Let Py, (x) = E,(x) + cEy(x), where c = A/B is an arbitrary rational number, where B # 27,
a € NU{0}, n, m are odd integers with n > m > n/3. Then the polynomials Py, (x) are indecomposable over C.

2. Auxiliary Results

In the first lemma we collect some well known properties of the Euler polynomials which will be
used in the sequel, sometimes without particular reference.

Lemmal. (1) E,(x)=(—-1)"E,(1—x);

(b) Ep(x+1)+ Ey(x) =2x";

() E)(x) = nEy 1 (x);

(d) E2n,1(1/2) = Ezn(o) = Ezn(l) = OfUVVl eN;
(e) En(x) =Yg (DE(0)x"%;

Proof. See[2]. O

The following result is a general theorem from the theory of decomposability.

Lemma 2 (Kreso and Rakaczki [14]). Let F(x) € K[x] be a monic polynomial such that deg F is not divisible by
the characteristic of the field K. Then for every nontrivial decomposition F = F; o F, over any field extension IL of K,
there exists a decomposition F = Fy o F, such that the following conditions are satisfied

o FoFandF oF are equivalent over L,

e Fi(x)and Ey(x) are monic polynomials with coefficients in K,

o coeff (xd8F~1 F (x)) = 0.

Moreover, such decomposition Fy o F is unique.

Lemma 3. Let h(x) € Q[x] with degh(x) > 4. If h(x) is decomposable over Q then we can write the polynomial
h(x) in the form h(x) = Lf(g(x)), where u and v # 0 are relative prime integers, f(x) and g(x) € Z|x| are

v
primitive polynomials. Moreover, if h(x) is a monic polynomial, then u = 1.

Proof. Suppose that h(x) = F(G(x)), where F(x), G(x) € Q[x]. Let

F(x) = bk 4+ b x* 1 - 4 byx + by,
G(x) =cixt 4 et T4 ox F o
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Every polynomial with rational coefficients can be written uniquely as a product of a rational number and
a primitive polynomial. Hence, we can assume that

G(x) = gg(x), where g(x) is a primitive polynomial,c,d # 0 € Z

and so
c

FG()) = b (5) s + i (5) s 4 b () 1 b

The polynomial

c\k c\k=1 o c
Fl(x):hk (3) Xk+bk,] <E) x* 1+"'+blax+b0€@[x]

can be written in the from % f(x), where f(x) € Z[x] is a primitive polynomial, u > 0, v # 0 are relative
prime integers. However, then we have

h(x) = F(G(x)) = A(8(x)) = %f(g(X))- 1)

If the polynomial /(x) is monic, then comparing the leading coefficients in (1) one can deduce that
v = ufigk, where f; and g; denotes the leading coefficient of the polynomial f(x) and g(x), respectively.
This means that u divides v thatisu = 1. [

Let
ST ={f(x) eClx] | f(x)=f(1-x)}
and

ST={f() eClx]| fx)=-f1-x)}.

From these definitions it is easy to see that ST and S~ are subspaces in the vector space C|[x].

Lemma 4. Let P(x) € Q[x] be a monic polynomial. Assume that P(x) € S~ and P(x) = f(g(x)), where f(x),
g(x) € Q[x] and deg(f(x)),deg(g(x)) > 1. Then we can assume that f(x), g(x) are monic, g(x) € S~ and

fx) = —f(=x).
Proof. See[16]. [

The following Lemma is a simple combination of Lemmas 3 and 4.

Lemma 5. Let P(x) € Q[x] be a monic polynomial. Assume that P(x) € S~ and P(x) = F(G(x)), where F(x),
G(x) € Q[x] and deg(F(x)) > 1, deg(G(x)) > 1. Then we can assume that P(x) = 1 f(g(x)), where v # 0 is
an integer, f(x) and g(x) are primitive polynomials, g(x) € S~ and f(x) = —f(—x).

Proof. From Lemma 4 we can assume that G(x) € S~ and F(x) = —F(—x). Using the proof of Lemma 3
and the fact that S~ is a subspace of C[x] we get the assertion of our Lemma. [

Lemma 6. Let g(x) = cixt +¢;_1x* "1+ +c1x +cg € S™. Then

s+1 s+2 t—1 t
72(:5:( s >Cs+1+< s >Cs+2+“'+< s )Ct—l+<s>ct 2

for even index 0 <s <t—1.
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Proof. Since g(x) € S~ we have that —g(x) = g(1 — x). Computing the coefficient of x* on the both sides
we obtain that

s+1 s+2 t—1 t
e o (s (e (e ()

Lemma 7. Let

O

F(x) = bexk + b ox* 2+ b s P+ b+ by,
g(x) = cix! 4 x4 x4 oo € Q).
Ifk, t > 2 then the coefficient of the monomial x**~2 in the polynomial f(g(x)) is

by <kcf*lct,z + (;) cf’zcil) .

kt—2

Proof. It is easy to see that the monomial x occurs only in the term big(x)¥. Expanding g(x)* we

simply get the assertion. []

3. Proof of the Theorem

Let n, m be odd positive integers with n —2 > m > n/3, B is an arbitrary integer which is not a
power of two. The case of m = n — 2 was treated in [16]. Suppose that P, (x) is decomposable over
C. From Lemmas 2 and 5 we can assume that Py, (x) = %f(g(x)), where v # 0 is an integer, f(x),
g(x) € Z[x| are primitive polynomials and g(x) € S—, f(x) = —f(—x). Let

F(x) = bex® 4 bp_ox* 2 4 by bax® 4 by,

g(x) = cext + X+ ex +cp.

Using (b) of Lemma 1 one can deduce that
1 1 n m
Zf(g(x +1)) + Ef(g(x)) = P (x +1) + Py (x) = 22" +2cx™. 3)

Since Py m(x) € S~ thus Py pm(x +1) = —Pym(—x). From (3) we infer that the polynomial g(x) — g(—x)
divides the polynomial Py, (x) — Py (—x) = 2x™ + 2cx™, that is

8(x) —g(=x) = dx’h(x), )
where d € Q, 0 < s < m and the polynomial /(x) divides the polynomial x"~" 4 ¢ in Q[x]. We know that
g(x) — g(—x) = 2¢c;x" +2¢; px' 724 -+ 4 20387 + 201 x. 5)

If the polynomial (x) is a constant polynomial then we have t = s and so ¢;_, = 0. It follows from
Pum(x) = En(x) 4+ cEp(x) and (d), () of Lemma 1 that the coefficient of "2 in Py, (x) equals 0. Applying

now Lemma 7 we get that
K\ k-
be(5)el 21 =0

which is impossible since —2c¢;_1 = tc; by Lemma 6.
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In the case when fi(x) = x""™ + cwe gets+n —m = t,d = 2¢; and g(x) — g(—x) = 2cpx¥"" +
2ci0xS = 2cpxt + 2¢0xt=(1=m)  Since by assumption n —m > 2, we obtain again that c;_, = 0, which is
not possible.

Next suppose that 1 < degh(x) < n — m. In this case one can deduce that s is odd and h(x) = h(—x).

Consider first when 1 <s. Thenc; = ¢3 = -+ = ¢;_p = 0and ¢s # 0. Let G(x) = g(x) — g(0) and
F(x) = f(x +¢(0)). Then f(g(x)) = F(G(x)), G(0) = 0 and

G(x) — G(—x) = g(x) — g(—¥) = 261’ +2cp o3 2 -+ + 20,
Let

F(x) = ax® 4+ a1 - 4 a0x® + ayx + ap.
Sinces < t < n/3 < m we have that s +4 < m.
Investigate the coefficients of x* and x**2 in
0Py (x) = F(G(x) = G (x)* + a1 G(x) ! + - +a1G(x) + ao. ©)

Since s + 2 < m in the polynomials vP,; », (x) = E;(x) 4 cE;(x) these coefficients are 0. On the other hand,
one can observe that x* occurs only in the term a1 G(x) and so a1¢s = 0. This means that a; = 0 and so

0Py (x) = F(G(x)) = ;G(x)F + -+ +a3G(x)® + a2G(x)? + ap. @)

s+2 appears only in the term a,G (x)? thus 2a5c¢5 = 0.

Since x
If ay = 0 we obtain from (7) that the coefficients of x°, x*, x3, x? and x in F(G(x)) are zero. This yields

that P,%,(O) =0fori=1,...,5. Further, by Lemma 1
Pf,{y),,(()) = P,(,{,),l(l) =0, ifjisodd and j # m, n;
P,%, (%) =0, if jis even.
Applying the above, we can study the number of zeros of the polynomials PV(,{,),, (x) in the interval [0,1] for
j=1,2,...,m+ 1. In the following table we use only the Rolle’s theorem.

zeros of P}, ,,(x) ® i °
0 i 1

zeros of P}/, (x) o ° °
0 i 1

zeros of Py}, (x) ———— o ——+—eo——o
0 &y 3 &2 1

zeros of P,(frz, (x) *——o  — 0o —— 0 —9°
0 B 3 B2 1

zeros of Py(,,s,z, (x) 0—0—0—{—0—0—0
0 oo 3 T4 1

zeros of PO (x —e—eo—e&—0—0—
(%) 0 & & i 3 b 1
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zeros of P/ (x) oo o 9o o o
0 & & 3 € & 1
(m—1)

P (x) ——9— ¢ —o0o—0
" 0 o & 3 3 G
P,Sf'},f(x) ——e—e —+—0&—0 —
0 noomn 3 3 4 1
(m+1) f ® ® P )
P [ o o o i
n,m ( ) 0 91 % 92 1

But .

n:

P (x) = mEn—mfl(x)

whose the only zero in the interval [0, 1] is 1/2. This contradiction gives that a, # 0.
If ¢ = 0 then from G(x) = cix! + - - - + c3x% and (7) one can deduce that

PY).(0) for j =1,2,3,4,5.
The above argument that we used in the case a, = 0 shows that this impossible.
Finally, consider the case when s = 1. Let c = A/B, where A and B # 0 are relatively prime integers.
From (4) we know that
g(x) — g(—x) = 2¢px" +2¢; 24+ #2030 + 201 = dxh(x), ®)
where the polynomial /(x) is even and divides the polynomial Bx"~" + A in Q[x]. If we write /i(x) as a
product of a rational number a/b and a primitive polynomial H(x) = h,x" + h,_px" 2 + - - - + hox? + Iy

we have that
Bx""" 4+ A = H(x)u(x), ©)

where u(x) = ugx7 + uq,z;ch*2 + o+ uwx?tugisa primitive polynomial. We obtain from (8) and (9) that
Crx + 20t 0x T4+ 203x7 +201x)u(x) = -~ X' + Ax).
20xt +2 t—2 2 3 2 Zd Bx" m+1 A (10)

Let ¢y = wcy, ¢;_o = wey_,,...,c3 = wch and ¢; = wc], where w denotes the greatest common divisor of
the integers ¢y, ¢;—2, ..., c3,c1. Then

2w(cixt +cf_px! 2 b + x)u(x) = %d(Bx”*'"Jrl + Ax), (11)
which yields that 2w = (a/b)d and

(cix! + ¢} px' 2+ cfx) (ugxT + g oxT 2+ -+ +ug) = Bx" " 4 Ax. (12)
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It follows from Lemma 6 that if p is an odd prime which divides w then p divides ct, ¢;—1,...,¢2,¢1,¢0
which is not possible since g(x) is a primitive polynomial. Thus w = 27 for some non-negative integer a.
Now assume that p is a prime which divides c; and j > 1 is the greatest odd index for which

plct g, Cjyp and pici. (13)

On the right hand side of (12) the coefficient of x* equals 0 apart from whena = g+t =n—-m+1or
« = 1. Thus , , ,
Cilig +Cjyollg—2 + Cipqlig g+ = 0
which means that p|uy.
Similarly,
c]’-fzuq + c/’-uq,z + c/’-+2uq,4 +--=0

from which we get that p|u;_». Continuing the process one can deduce that

plug g2, ..., ua.

Further, if j > 1 then , ,
cilg +¢j otz +... =0
and so p|ug contradicting that the polynomial u(x) is a primitive polynomial. It follows from the above
that j must be 1 and so

plet,ct_o, .., Chtig, g2, ..., Uy and p 1 c, ug. (14)

If p is an odd prime then from the above and Lemma 6 we have that
plet,ci—1,¢t-2...,¢3,c2and p{cy, co. (15)

Now let U(x) = c;xf 4+ ¢;_qx' 71+ -+ + cox? and V(x) = c1x + ¢g. Then g(x) = U(x) + V(x) and for
j=01,...k

80 = 1 () U vy = vy mod (p) 16
i=0

We know that m > 1/3 > k and so the coefficients of x¥, x=2, ..., x3, x are zeros in P, m(x) and so in
£(8(x)) = big(x)F + br_ag(x)* 2 + - - + bag(x)® + big(x), too. 17)

Now one can infer from (16) and (17) that 0 = bkcll‘ mod (p) which yields p|by. Comparing coefficient of
x¥=2 we have that 0 = hk_gclf’z mod (p) from which we obtain p|by_,. Continuing the process it is easy to
see that p|by_4, ..., b3, by which contradicts the fact that f(x) is a primitive polynomial. This means that c;
and ¢; must be powers of two.

Now suppose that p is a prime with p|u, and p { ¢}. Using again that on the right hand side of (12)
the coefficient of x* equals 0 apart from when & = n — m + 1 or 1. From u,c;_, + t;_oc; = 0 we obtain
p divides u; . From u,c;_, +1q2¢;_5 + ig—4¢; = 0 we obtain p divides u,_4. It follows similarly that
p\uq,é, ..., up. Finally, from cjuo + c;72u2 + -+ = 0 we get that p divides ug which contradicts that the
polynomial u(x) is a primitive polynomial. This means that 1; must be a power of two. Since B = cjuy
this contradicts to our assumption that B is not a power of two.

4. Concluding Remarks

It is a very hard problem to characterize the general decomposition of an infinite sequence of
polynomials f,(x). The first theorem was proved for Bernoulli polynomials. For other results see our
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Introduction. A harder question is to describe the decomposition of the sum of two polynomials. There are
only a few results in this direction, mainly for the rational linear combination of two Bernoulli and Euler
polynomials in the form B, (x) + ¢B,,_» and E,(x) 4 cE,_2(x), respectively. This paper contains the first
theorem concerning the decomposition of the linear combination of two Euler polynomials E,,x + cE,(x)
with “almost” independent parameters m and n.

Author Contributions: All the authors contributed equally to the conception of the idea, implementing and analyzing
the experimental results, and writing the manuscript.

Funding: This research Supported in part by the Hungarian Academy of Siences, and NKFIH/OTKA grant K128088.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Abramowitz, M.; Stegun, I. Handbook of Mathematical Functions with Formulas, Graphs and Mathematical Tables;
Dover: New York, NY, USA, 1972.

2. Brillhart, J. On the Euler and Bernoulli polynomials. J. Reine Angew. Math. 1969, 234, 45-64.

3. Koblitz, N. p-adic Numbers, p-adic Analysis, and Zeta-Functions, 2nd ed.; Graduate Texts in Mathematics; Springer:
New York, NY, USA, 1984.

4. Bagarello, F.; Trapani, C.; Triolo, S. Representable states on quasilocal quasi*-algebras. J. Math. Phys. 2011, 52,
013510. [CrossRef]

5.  Ballentine, L.E.; McRae, S.M. Moment equations for probability distributions in classical and quantum mechanics.
Phys. Rev. A 1998, 58, 1799-1809. [CrossRef]

6.  Trapani, C.; Triolo, S. Representations of modules over a*-algebra and related seminorms. Stud. Math. 2008, 184,
133-148. [CrossRef]

7. Triolo, S. WQ* algebras of measurable operators. Indian . Pure Appl. Math. 2012, 43, 601-617. [CrossRef]

8. Dujella, A.; Gusic, I. Indecomposability of polynomials and related Diophantine equations. Q. J. Math. 2006, 57,
193-201. [CrossRef]

9. Dujella, A.; Gusic, I. Decomposition of a recursive family of polynomials. Monatshefte fiir Mathematik 2007, 152,
97-104. [CrossRef]

10. Dujella, A.; Gusic, L; Tichy, R.E. On the indecomposability of polynomials. Osterreich. Akad. Wiss. Math.-Natur. KI.
Sitzungsber. II 2005, 214, 81-88. [CrossRef]

11. Dujella, A; Tichy, R.F. Diophantine equations for second-order recursive sequences of polynomials. Quart. J.
Math. 2001, 52, 161-169. [CrossRef]

12.  Kreso, D.; Tichy, R.F. Functional composition of polynomials: Indecomposability, Diophantine equations and
lacunary polynomials. Graz. Math. Ber. 2015, 363, 143-170.

13. Bily, Y,; Brindza, B.; Kirschenhofer, P; Pintér, A.; Tichy, R. Diophantine Equations and Bernoulli Polynomials.
Compositio Math. 2002, 131, 173-188. [CrossRef]

14. Kreso, D.; Rakaczki, C. Diophantine equations with Euler polynomials. Acta Arith. 2013, 161, 267-281. [CrossRef]

15. Pintér, A Rakaczki, C. On the decomposability of linear combinations of Bernoulli. Monatshefte Math. 2016, 180,
631-648. [CrossRef]

16. Pintér, A.; Rakaczki, C. On the decomposability of the linear combinations of Euler polynomials. Miskolc Math.

Notes 2017, 18, 407—415. [CrossRef]

® © 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article
@ distributed under the terms and conditions of the Creative Commons Attribution (CC BY)
BY

license (http:/ /creativecommons.org/licenses/by/4.0/).

74



. symmetry MBPY

Article

Structure of Approximate Roots Based on Symmetric
Properties of (p,q)-Cosine and (p, q)-Sine

Bernoulli Polynomials

Cheon Seoung Ryoo ! and Jung Yoog Kang %*

1
2

Department of Mathematics, Hanman University, Daejeon 10216, Korea; ryoocs@hnu.kr
Department of Mathematics Education, Silla University, Busan 469470, Korea

*  Correspondence: jykang@silla.ac.kr

Received: 13 May 2020; Accepted: 27 May 2020; Published: 30 May 2020

Abstract: This paper constructs and introduces (p, 7)-cosine and (p, q)-sine Bernoulli polynomials
using (p, q)-analogues of (x + a)". Based on these polynomials, we discover basic properties and
identities. Moreover, we determine special properties using (p, q)-trigonometric functions and verify
various symmetric properties. Finally, we check the symmetric structure of the approximate roots
based on symmetric polynomials.

Keywords: (p, g)-cosine Bernoulli polynomials; (p, q)-sine Bernoulli polynomials; (p,q)-numbers;
(p, q)-trigonometric functions

MSC: 11B68; 11B75; 33A10

1. Introduction

In 1991, (p, q)-calculus including (p, q)-number with two independent variables p and g, was first
independently considered [1,2]. Throughout this paper, the sets of natural numbers, integers,
real numbers and complex numbers are denoted by N, Z, R and C, respectively.

For any n € N, the (p, g)-number is defined by the following:

n n
(nlpq = A" where |p/q| <1, 1)
p—a
which is a natural generalization of the ¢-number. From Equation (1), we note that [r], 4 = [1],p.

Many physical and mathematical problems have led to the necessity of studying (p, g)-calculus. Since
1991, many mathematicians and physicists have developed (p, q)-calculus in several different research
areas. For example, in 1994, [3] introduced (p, )-hypergeometric functions. Three years later, [3,4]
derived related preliminary results by considering a more general (p, )-hypergeometric series and
Burban’s (p, g)-hypergeometric series, respectively. In 2005, based on the (p, g)-numbers, [5] studied
about (p, q)-hypergeometric series and discovered results corresponding to the (p, q)-extensions of
known g-identities. Moreover, [6] established properties similar to the ordinary and g-binomial
coefficients after developing the (p, g)-hypergeometric series in 2008. About seven years later, [7]
introduced (p,q)-gamma and (p,q)-beta functions, which are generalizations of the gamma and
beta functions.

The different variations of Bernoulli polynomials, g-Bernoulli polynomials and (p, q)-Bernoulli
polynomials are illustrated in the diagram below. Kim, Ryoo and many mathematicians have studied
the first and second rows of the polynomials in the diagram(see [8-12]). These studies began producing
valuable results in areas related to number theory and combinatorics.

Symmetry 2020, 12, 885; doi:10.3390/sym12060885 75 www.mdpi.com/journal /symmetry
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The main idea is to use property of (p, q)-numbers and combine (p, 7)-trigonometric functions.
From this idea, we construct (p, g)-cosine and (p, q)-sine Bernoulli polynomials. Investigating the
various explicit identities for (p, q)-cosine and (p, q)-sine Bernoulli polynomials in the diagram’s third
row is the main goal of this paper.

t 00 n
t et — 1ef1’ cos(ty) = Yoo B*<1 (xy) tn‘

¢ = Lo Bulx x)f (cosine Bernoulli polynomials)

( Bernoulli polynomials) o i 1¢ Hsin(ty) = Lilo Bﬁts) (xy) fT”'

( sine Bernoulli polynomials)

t . f

-1 1eq(tx)COSq(ty) =YotocBug(xy)—

t g eq( ) n!
7917(&) =Yoo Bn,q(x) — (g-cosine Bernoulli polynomials)

eg(t) —1 n— ; i

(g-Bernoulli polynomials) meq(tx)SINq(ty) =Y SB,W(x,y)ﬁ

L] .

(g-sine Bernoulli polynomials)

n

co t
w e 1era(ERICOSka(t) = i cBupa (v y)
) oy gl (t) = EiloBupg(¥) o ((p, q)-cosine Bernoulli polynomials)

n

t . t
ﬁep,q(tx)SINp,q(ty) = Y=o SBn,p/q(x/y)m

epq(t
(
€pq

(p, ) -Bernoulli polynomials)

((p, q)-sine Bernoulli polynomials)

Due to their importance, the classical Bernoulli, Euler, and Genocchi polynomials have been
studied extensively and are well-known. Mathematicians have studied these polynomials through
various mathematical applications including finite difference calculus, p-adic analytic number theory,
combinatorial analysis and number theory. Many mathematicians are familiar with the theorems
and definitions of classical Bernoulli, Euler, and Genocchi polynomials. Based on the theorems
and definitions, it is significant to study these properties in various ways by the combining with
Bernoulli, Euler, and Genocchi polynomials. Mathematicians are studying the extended versions of
these polynomials and are researching new polynomials by combining mathematics with other fields,
such as physics or engineering (see [9-14]). The definition of Bernoulli polynomials combined with
(p, q)-numbers follows:

Definition 1. The (p, q)-Bernoulli numbers, B, p,q, and polynomials, By, p 4(z), can be expressed as follows
(see [8])

t
4! qu(t) 1’ ZB”pq

ZB”M h}

t" t
Wloat ~ epa =171 @

In [11], we confirmed the properties of g-cosine and g-sine Bernoulli polynomials. Their definitions
and representative properties are as follows.
Definition 2. The g-cosine Bernoulli polynomials By 4(x,y) and g-sine Bernoulli polynomials 5B, 4(x,y)
are defined by the following:

00 n 0 n

L cBuao) g = o7 PICOSy (1), L sBalx) g = eI 1) @

!
n=0 n:
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Theorem 1. For x,y € R, we have the following:

cBug((x D7), y) +sBug((xS71)g,)

n n n—k _ _
=Yio | g2 )k (CBk,q(xry) + (=" kSBk,q(xry)>
(i) 7
$Buqg((x ®7)q,y) + cBug((x ©7)q,y)

n n n—k _ e
= %o [ 0”2 (sBig (o y) + (<1 FeBig (1))
q

@ % CBug(x,y) = [ngcBu-14(x,y),  3cBug(x,y) = =[n)gsBu-14(x,qy)
%an,q(x,y) = [n]qun_Lq(x,y), %SBW/I(X/]/) = [n}qCBn—l,q(x' qy)

The main goal of this paper is to identify the properties of (p, q)-cosine and (p, q)-sine Bernoulli
polynomials. In Section 2, we review some definitions and theorem of (p, g)-calculus. In Section 3,
we introduce (p, q)-cosine and (p, g)-sine Bernoulli polynomials. Using the properties of exponential
functions and trigonometric functions associated with (p,q)-numbers, we determine the various
properties and identities of the polynomials. Section 4 presents the investigation of the symmetric
properties of (p, q)-cosine and (p, g)-sine Bernoulli polynomials in different forms and based on the
symmetric polynomials, we check the symmetric structure of the approximate roots.

2. Preliminaries

In this section, we introduce definitions and preliminary facts that are used throughout this paper
(see [6,12-20]).

Definition 3. For n > k, the Gaussian binomial coefficients are defined by the following:

m _ [n]p/q!
H R TR ®)

where m and r are non-negative integers.

We note that [n],4! = [n]pq[n —1]pq- - [2]pg[1]pg, where n € N. For r = 0, the value of
the equation is 1, because both the numerator and denominator are empty products. Moreover,
(p,q)-analogues of the binomial formula exist, and this definition has numerous properties.

Definition 4. The (p, q)-analogues of (x — a)" and (x + a)" are defined by the following:

) . 1, ifn=0
v ("e“)’”_{ (r—a)pr g (" x - g ha), ifn >

(ll) (X@u)n o 1, lfn = 0 6
P\ g (g ) (), gzt ©
k=0 k 4
Definition 5. We express the two forms of (p, q)-exponential functions as follows:
( ) i (n) x" E ( ) i (Vl) "
epq(x) = 2 , a(x) = 2 . 7
" n:Op (]! . n:Oq (]! @
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From Equation (7), we determine an important property, e, 4(x)E,4(—x) = 1. Moreover, Duran,
Acikgos, and Araci defined €, 4(x) in [17] as follows:

00 x?l
epq(x) = . 8
)= L i ®
From Equations (8) and (6), we remark e 5(x)Ep4(y) = €pq(x DY) pq-
Definition 6. For x # 0, the (p, q)-derivative of a function f with respect to x is defined by the following:
x) — f(gx
Dp/qf(x) — f(p ) f(q ), (9)

(p—q)x

where (D,4f)(0) = f'(0), which prove that f is differentiable at 0. Moreover, it is evident that
Dpgx" = [n]pqx" L.

Definition 7. Let i = \/—1 € C. Then the (p, q)-trigonometric functions are defined by the following:

- epq(ix) — fzp,q(—ix) _ Epq(ix) — Fp,q(—ix)

sitp,q(x % , SINp,4(x) % 10
ep,q(ix) + epq(—ix) Epq(ix) 4 Epq(—ix)
cospq(x) = s COSp4(x) = —

where, SINp 4(x) = sin (x) and COSp4(x) = €081 41 (x).

plg
In the same way as well-known Euler expressions using exponential functions, we define the
(p, q)-analogues of hyperbolic functions and find several formulae (see [3,5,17]).

Theorem 2. The following relationships hold:

(i) sin,,,q(x)COSp,q(x) = cosp,q(x)SINp,q(x)
(i) epq(x) = coshyq(x)sinhy5(x) (11)
(iii)  Epy(x) = COSH,,4(x)SINH,4(x).

From Definition 7 and Theorem 2, we note that coshy,q(x)COSH,, 4(x) — sinhy, 4(x)
SINH,;(x) = 1.

3. Several Basic Properties of (p, g4)-Cosine and (p, 4)-Sine Bernoulli Polynomials

We look for Lemma 1 and Theorem 3 in order to introduce (p, q)-cosine and (p, q)-sine Bernoulli
polynomials. From the definitions of the (p, g)-cosine and (p, q)-sine Bernoulli polynomials, we search
for a variety of properties. We also find relationships with other polynomials using properties of
(p, q)-trigonometric functions or other methods.

Lemma 1. Fory € Rand i = \/—1, we have the following:

(i) Epq(ity) = COS,4(ty) +iSINp4(ty),

y . ) (12)
(ii)  Epq(—ity) = COS,4(ty) — iSINp4(ty).
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Proof.

)

Ep4(ity) can be expressed using the (p, q)-cosine and (p, q)-sine functions as

. Epq(ity) + Epq(—ity)  E,q(ity) — Epq(—ity)
Epq(ity) = =21 Yy 2;%1 y) | ety zm y )
= COSpq(ty) +iSINy4(ty).

(ii) By substituting —ity instead of (i), we obtain the following:

. E, —it JrE, —it
Ep,q(—zty): Pq( ]/) PW( y)

_ Epg(—ity) — Epq(—ity)
2 2 (14)
= COSp,4(ty) —iSINy4(ty).
Therefore, we complete the proof of Lemma 1. O
We note the following relations between ¢ 4, Ep 4 and 'evp,q.
. e (xDY)pg
(i) epq(x)Epq(y) = Z;) Wq!pq =Cpg(xDY)pa,
n— ,
© (roy) 4
(i) ep,q(x)Ep,q(_y) = x Wq!’w = Ep,q(x © y)p,cr
n— .

Theorem 3. Let x,y € R, i =+/—1,and |q/p| < 1. Then, we have

) @iy, + (xeiy)k n
0BR[] (e,
pA

n=0k=0 2 nkpa [1]p,q!
t
(D) = 1e,[,,[,(tx)COSp,q(ty),
’ (16)
.. > & n (x D iy)};(i,q - (x © iy)lp(a,q t"
w L2 ( 7 Botr T
T pq
t
= Weprq(tx)SINp,q(ty).
Proof.
(i)  We note that
i B L (17)
iz P nlpgt T epg(h) =1

We find the following by multiplying ¢, (t(x ®)p,) in both sides of Equation (17).

> " t
Bupgr—=——€pg (H(XxBY)pg) = ———€pg (H(XxBY)py) - 18
V;} P pa (Hx D Y)pa) epg(D) — 1 pa (Hx ©Y)pa) (18)
The left-hand side of Equation (18) can be changed into
iB LE (tx®y) )—iB Li(x@y)” M
o P gt P T et 2 P [n]pg!
(19)
o0 n n P tYl
=L ||k OWpeBuipg Pk
n=0 \ k=0 4 pa-
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and by using Lemma 1 (i) on the right-hand side of Equation (18), we yield

t t
W‘””q (Hx @ y)pa) = WEP:Q(X)EPM@)
_ M(cos (ty) +iSIN, 4 (ty)) 0
epq(t) —1 palty pa\tyl) -

From Equations (19) and (20), we derive the following:

i Zn: " x@y)k By o e (COSypq(ty) +iSINpq(ty)) (21)
7! n— Uts - ’ r N
=0 \iso [k, PATEERA ) Tnlpgt epq(t) —1 - -
We obtain the equation below for (p, )-Bernoulli numbers using a similar method.
=0 (M]pq!  epq(t) —

00 n n t t
E(Z M (xez'wé,ank,p,q) Y= ) (oS, ay) - isINpa (). @2)
n=0 P4

By using Equations (21) and (22), we have

> & (x@iy)f, + (xSiy)}, " t
Yy m ) ( P 5 ] Bn—k,p,qm = Wep,q(tx)cosp,q(ty) (23)

and

I P (x@iy)’;,q—(xeiy)’;q> p ¢
) —r 2 By pam— = —— = Cpq(tX)SINy 4(ty). 24
n=0k=0 |:k:|pq < 2 pq[”]l’rll! ep,ll(t) -1 A P ( )

Therefore, we can conclude the required results. [

Thus, we are ready to introduce (p, 7)-cosine and (p, g)-sine Bernoulli polynomials using Lemma 1
and Theorem 3.

Definition 8. Let |p/q| < 1and x,y € R. Then (p,q)-cosine and (p, q)-sine Bernoulli polynomials are
respectively defined by the following:

ad " t
B X, = —————¢,4(tx)COS, 4(ty),
n;oc n,p,q( y) MM! ep,q(t) 1 P,ﬁ( ) pq( )
and
had " t
Bupg(X,y)7=— = —F~——=epq(tx)SIN, 4 (ty). 25
n;)S pa(%Y) gl epg(t) — 1 pg (£)SINy 4 (ty) (25)

From Definition 8, we determine g-cosine and g-sine Bernoulli polynomials when |g| < 1 and
p = 1. In addition, we observe cosine Bernoulli polynomials and sine Bernoulli polynomials for g — 1
and p = 1.
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Corollary 1. From Theorem 3 and Definition 8, the following holds

, n [y (x@iy)k, + (xeiy)k
(Z) CBn,p,q(x/y) = Z [k} ( P4 2 ! Bn—k,p,q/
rAa

k=0

L (x@iy)k, — (xoiy)k @)
(ii)SBn,p,q(xr y) = Z |:k:| ( P 2i pﬂ) Bn—k,p,q/
k=0 "] pq
where By, p,q denotes the (p, q)-Bernoulli numbers.
Example 1. From Definition 8, a few examples of cBp,p,q(x,y) and By, p,q(x,y) are the follows:
cBopq(x,y) =0
cB1,p,q(x,y) =px
cBapa(x,y) = pPx* —qp? @
cBapq(x,y) = P°x° = pa(p® + pa + 4*)xy®
CBapq(x,y) = p'a* = p(p® + %) (P + pa + )2°y% + %,
and
sBopg(x,y) =0
Y
B s
S 1,p,q( v) ptq
pxy
B X,
S 2p,q( y) P2+ pi+ P
2,2
v (s - ) @)
sBspgq (xy) =

2,2 3(p2 4 o212
px q@+qw>
B xX,y) = —q)x ( +
§Bapq(x,y) =p(p —q)xy s = e
Definition 9. Let |p/q| < 1. Then, we define

tn

[e+] o0 tn
Y Cw,p/q("/y)i[n]pq. = epq(tx)COSpq(ty), Y Snpa(x,y) Tl = epq(tx)SINp4(ty).  (29)
n=0 A n=0 A

Theorem 4. Let k be a nonnegative integer and |p/q| < 1. Then, we have

M:

. n
(l) CBn,p,q(xry) = |:k:| Bn—k,p,qck,p,q(x/y)/
1

k

Il
o

(30)
(if) sBnpq (x,y) =

™=

Il
o

n
k:l Bn—k,p,qsk,p,q(xr v),

k P

where By, q is the (p, q)-Bernoulli numbers.
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Proof.

)

(if)

|

Using the generating function of the (p,q)-cosine Bernoulli polynomials and Definition 9,
we find

i cBupa(x,y) i Bupq Z Copq(xy) : i
[”] =0 [”] [”]M

n=0
n n tn
=1 |X k BukpqCrpalxy) | 7o
n=0 \ k=0 v (lpq!

Through comparison of the coefficients of both sides for Equation (31), we obtain the desired
results immediately.

By applying a method similar to (i) in the generating function of the (p,g)-sine Bernoulli
polynomials, we complete the proof of Theorem 4 (if).

(3D

3

Theorem 5. For a nonnegative integer n, we derive

. n n—k
(i) ["]p,qcnfl,p,q(xly) = [k} P( 2 )ch,p,q(x/y) - CBn,p,q(x/y)/
Iz

(32)

M= D=

. n Nk
(if) [”]p,qsn—l,p,q(xr]/) = {k] P( 2 )SBk,p,q(xfy) - SBn,p,q(xry)~
I

e

0

Proof.

)

Suppose that e, 4(t) # 1 in the generating function of the (p, q)-cosine Bernoulli polynomials.
Then, we have

ZOCBn,p,q(xry) [n}tpq! (ep,q(t) -1) = tep,q(tx)COSplq(ty). (33)

We write the left-hand side of Equation (33) as follows:

[=5) tn

Z CBn,p,q(xry)
=0

o I 00 n I
=Y Bupgry) o | LpP o -1
r;] C n,p,q( y) [”}p,q! (]420 p [n]p,q! ) (34)

ad LN ) nk n
= r;) (Z |:k] P( 2 >CBk,p,q(xry) - CBn,p,q(xry)> ﬁ/
- Iz

!(ep,q(t) -1)

]p,q!

and we transform the right-hand side into the following:

tn+1
tep,;(tx)COSp4(ty) = Z Copg(x,y)— o

§ (35)

= 1)y aCh— X, Y) .

ng:o[ ]p,q n l,p,q( y) [”}p,q!

Therefore, we obtain the following:
e
kZ: k p2 ch,p,q(x,y) —Bupq(x,y) = [”]p,qcnfl,p,q(xry)- (36)
=0 L% py
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By calculating the left-hand side of Equation (36), we investigate the required result.

(ii)  We do not include the proof of Theorem 5 (ii) because the proving process is similar to that
of Theorem 5 (i).
|

Corollary 2. Setting p = 1in Theorem 5, the following equations hold

n

(1) [nlgCu1,4(x,y) Z { } Big(x,¥) — cBng(x,y)

(37)

(ii) [n]anfl,q(x,y) :ki: {Z} sBqu(x,y) - an,q(x,y),
-0 g

where By q(x,y) represents the g-cosine Bernoulli polynomials and sBy4(x,y) denotes the g-sine
Bernoulli polynomials.

Corollary 3. Assigning p = 1and q — 1 in Theorem 5, the following holds:
(i) nCy_1(x,y) = Z()Cany

(ii) nSp—1(x,y) %()anxy)

(38)

where By(x,y) represents the cosine Bernoulli polynomials and sB,(x,y) represents the sine
Bernoulli polynomials.

Theorem 6. Let |p/q| < 1. Then, we have

P
Il
o

<ocmwaw—ik}<n"w V(K5 (x,) + CBipg (1)) ¥,
pAa

(39)
[ﬂ (=1 5402) (Kl gSir (0 0) + 5Bepg(x) ) 2"
1]

1=

(i) $Bupq (Ly) =

-
Il

0

Proof.

(i)  If we put 1 instead of x in the generating function of the (p, q)-cosine Bernoulli polynomials,
we find the following:

> " t
EocBn,p,q(l,y)m = o1 (pq(t) —1+1) COSq(ty) o

t
=tCOSy4(ty) + ————=COS,4(ty).
pa(ty) epa(t) —1 pa(ty)
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Using a property of the (p,q)-exponential function, epq(x)Ep,4(—x) = 1, in Equation (40),
we obtain the following:

[ee] tn
cBupqg(Ly)
rg) npall:y) [1]p,q!
t
= (tep,q(tx)COSp,q(ty) + mep,q(tx)COSprq(tyO Epq(—tx)
A

i (41)
Z g

([n]paCn—1,p,4(x,y) + cBnpq(x,y))
[”]pq

I
agki

[”]pq

o

n=

tn

= io (i {Z} (-1)" kq ([k]quk Lpg(X,Y) + cBipq(x,y))x" k) P
" P

= }Pr‘i',

and we immediately derive the results.
(ii) By applying a similar process for proving (i) to the (p, q)-sine Bernoulli polynomials, we find

Theorem 6 (ii).
|

Corollary 4. Setting p = 1 in Theorem 6, the following holds:

() cBugLy) =Y. M (=1)" %92 ([KlqCi 1,4 y) + CBiglx,9) ) 5"
k=0 q @)

n

(i) sBnq(1,y) Z { } )y kq( ([k]qsk,l,q(x,y) +SBk,q(x,y)) X"k
q

where By q4(x,y) denotes the g-cosine Bernoulli polynomials and gByq(x,y) denotes the g-sine
Bernoulli polynomials.

Corollary 5. Setting p = 1and q — 1 in Theorem 6, the following holds:

(i) cBa(Ly) = Z() 1)"* (KCy1(x,y) + cBi(x,9)) 2"

(43)
. L (n .
(i) sBa(19) = 12 () (0" (811 (o) + 5Bl ) 2,
k=0
where ¢ By (x,y) is the cosine Bernoulli polynomials and ¢By,(x,y) is the sine Bernoulli polynomials.
Theorem 7. For a nonnegative integer k and |p/q| < 1, we investigate
& [n ke pp(2k=1)k, 2K
Bn,p,q(x) E ok (=1 P( ) Y k,p,q(x/y)
k=0
n—1 " (44)

(
+

n

vk, (2k+1)k, 2k+1
2%k +1 M( R

Y sBu k1), pq (0 Y),

Ny

k=0

where By, p,q(x) is the (p,q)-Bernoulli polynomials and [x] is the greatest integer not exceeding x.
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Proof. In [9], we observe the power series of (p, q)-cosine and (p, q)-sine functions as follows:

2n ) y2n+1

, sinpq(x) _ Z(_l)np(Zn-H)n

2], : L FRES TR

00
n (2n—1)n
cospa() = 1 (-

Let us consider (p,q)-cosine Bernoulli polynomials. If we multiply (p,q)-cosine Bernoulli
polynomials and the (p, g)-cosine function to determine the relationship between (p,q)-Bernoulli
polynomials and, combined (p, )-cosine Bernoulli polynomials, and (p, g)-sine Bernoulli polynomials,

we have
n

t
ZCB"PW x’y)[ }pq Coqu(ty)

t
=0 WE.W/](tx)COSp/q(ty)COSp,q(ty), (46)

€pg
The left-hand side of Equation (46) is transformed as
n

t
ZCB"M X, y)[ ]M 1c0sp,q(ty)

n=0

oo 0 2n
— ZCBYI;N] xy ' 2 2n 1ny211t7'
n=0 F’q n=0 [n]}?,ll‘
o [ v |ntk k. (2k=1)k, 2k gk “7)
= -1 B,_ X, —_—
r;) (kz() 2% p/q( ) p Y cbn k,p,q( y) [”"'Hp,ql
o (3T, i
=) Z {24 (—1)Fp3= l)kkaCBn—k,p,q(x/y) Tyl
n=0 \ k=0 pa pAa-:
From Equations (46) and (47), we derive the following:
= (Hn k, (2k-1)k, 2k ¢
Z Z 2%k (71) ( ) y Cank,p,q(x'y) |
n=0 \ k=0 P4 [1’1} pa- (48)
t
= W%q(fﬁf)cosplq(fy)wsp,q(f]/)r

where [x] is the greatest integer that does not exceed x.
From now on, let us consider the (p,q)-sine Bernoulli polynomials in a same manner of
(p, q)-cosine Bernoulli polynomials. If we multiply 5B, p,4(x,y) and sin, 4(ty), we obtain

ad " . t .
) an,p,[,(x,y)ﬁsmp,q(ty) = Weprq(tx)SINplq(ty)szn,,,q(ty). (49)

n=0 Mlpa
The left-hand side of Equation (49) can be changed as the following.

[} n

ZSBnpq(x V) Sl”pq(ty)

n=0 [ ]p,q

_ i B (x ) t i(_l)np(2n+l)ny2n+1 2t
o SPmpa\ T (]! (50)
N Lentl k. (2k+1)k, 2k+1 ¢

:nz:() k; 2k+1 pq(*l) p Yy SBn—(2k+1),p,q(xry) qu,
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From Equations (49) and (50), we have the following:

- (U] g

Y| - (=D p@HZLR ety Y) |

o\ (2 (@k+1)pa [1]p,q! 51)
t .

— Wepyq(tx)SINM(ty)smp,q(ty),

where [x] is the greatest integer that does not exceed x.
Here, we recall that

(COSp,q(x)cosp,q(x) + SINy g (x)sing q(x)) = 1. (52)

Using Equations (48) and (51) and applying the property of (p, q)-trigonometric functions, we find
(p,q)-Bernoulli polynomials as follows:

n
2

(e} n -
Z {24 (_1)kp(2k 1)ky2kCBn7k,p,q (x,y) '
n=0 \ k=0 4 (]p.q!

+§(j”

tﬂ

[
D
n=0

k=0

n k., (2k+1)k, 2k+1
21 (-1 P( ) y*r SBn—(2k+1),p,q(xry)) qu! 53)

pAa

t .
= Wew(tx) (COSpq(ty)cosp,q(ty) + SINp 4 (ty)singq(ty))
)" Bupg () -
=Y Bupa(x) o)
nZ:O M Tl g!

where By, 4(x) is the (p, q)-Bernoulli polynomials.
By comparing the coefficients of both sides of #", we produce the desired result. [

Corollary 6. Setting p = 1 in Theorem 7, the following holds:

BT,
B”/q(x) = |:2k:| (71)ky2kCBn7k,q(x’y)
k=0 q
1 (54)
[ET:] n k, 2k+1
+ (=D Y™ sBy_(2k11), (%, Y),
& (21, n=(2k+1)

where By 4(x) is the q-Bernoulli polynomials, cBy,q(x,y) denote the g-cosine Bernoulli polynomials, and
sBn,q(x) denote the q-sine Bernoulli polynomials.

Corollary 7. Setting y = 1 in Theorem 7, one holds:

BT,
Bn,p,q(x) = |:2k:| (7l)kp(2k71)kCank,p,q(x/ 1)
k=0 P
) R
n
+ k;) 2%k +1 (_1)kp(2k+1)kSan(2k+1),p,q(x/1)/

where By, p,q(x) is the (p,q)-Bernoulli polynomials and [x| is the greatest integers that does not exceed x.
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Theorem 8. For a nonnegative integer k and |p/q| < 1, we derive

g

B

k=0

5l

n

vk (kDK 2K+
k1| CUP

Y CBn7(2k+1),p,q(xry)

(_1)kp(2k 1)ky2k5Bn7k,p,q (x’y),
I

where [x] is the greatest integer not exceeding x.

Proof. If we multiply cBy,;4(x,y) and sin 4(ty), then we find

Yl

Z cBupa(x, y)[ ool rsing,(ty) = ﬁew(tx)COSp,q(ty)sinp,q(ty), (57)

epa

and the left-hand side of Equation (57) can be transformed as

[es} t?l

Y Bupq(x,y)—— rsitpq(ty)

n=0 [ ]P q-

i (71)np(2n+l)ny2n+l gt

pa! 2 [2n+1]p4! (58)

gk

Biipq(x,
OC pq( y)[n}

x| X
n=0 k=0

Similarly, we multiply the (p,q)-sine Bernoulli polynomials and (p,q)-cosine function as
the follows:

3

n

n k (2k+1)k, 2k+1
-1 B
2% 41 p/q( ) P Y C n(2k+1),p,q(xfy)> [”}p,q'

o) n

t
Z sBupq (x,y) "

n=0 [ ]p,q

ﬁe,,,q(tx)smp,q (ty)cosq(ty). (59)

!cosw(ty) = PR g

The left-hand side of Equation (59) can be changed as

Y. an,p,q(x,y)mcosp,q(ty)
n=0 .
= B Bl L
e R nl [nlpqt /2 (2] p,q! (60)
el k, (2k—1)k, 2k t"
- Z Z 2k (_1) P< ) Y SBn—k,p,q(xr]/) [11} N
n=0 \ k=0 P4 1N

In here, we recall that sin 4(x)COSp,4(x) = cosp,(x)SIN4(x). From Equations (58) and (60),
and the above property of (p, 7)-trigonometric functions, we investigate

w (2], o
ZO (kzo i (1)"p<2k+1>ky2k“c3n(2k+1),p,q(x'1/)) m
"= = A ’
= (& [n o 61
_ Z |:2k (_1)kp(2k 1>ky2kan—k,p,q(x/]/) W (61)
n=0 \ k=0 P4 pa-
t .
— WQM(M) (COSp4(ty)sing 4(ty) — SINy 4(ty)cosp 4 (ty))
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From Equation (61), we complete the proof of Theorem 8. [

Corollary 8. Putting y = 1 in Theorem 8, we have the following:

(2]
n
PRI (1) p VB, 1) g (2, 1)
- " (62)
_ v |n k. (2k=1)k
= ok (=D'p SBn—k,p,q(xrl)r
k=0 v
where [x] is the greatest integer not exceeding x.
Corollary 9. Setting p = 1 in Theorem 8, the following holds:
'z ky 2k+1 b
k;) k1 q(—l) Y By (2k41)9 ; 2% V¥ sBy_ig(x,y), (63)

where ¢ By q(x,y) is the q-cosine Bernoulli polynomials and sBy,q(x,y) is the g-sine Bernoulli polynomials.

Corollary 10. Let p = 1 and q — 1 in Theorem 8. Then one holds

[%] n 7
X <2k+1>(‘1)ky2k“63 ~en(EY) = ), (Zk) DAysB,i(x, ), (64)
k=0 k=0

where By (x,y) is the cosine Bernoulli polynomials and gBy,(x,y) is the sine Bernoulli polynomials.

4. Several Symmetric Properties of the (p, q)-Cosine and (p, 4)-Sine Bernoulli Polynomials

In this section, we point out several symmetric identities of the (p, g)-cosine and (p, 7)-Bernoulli
polynomials. Using various forms that are made by a and b, we obtain a few desired results regarding
the (p,q)-cosine and (p,q)-sine Bernoulli polynomials. Moreover, we discover other relations of
different Bernoulli polynomials by considering certain conditions in theorems. We also find the
symmetric structure of the approximate roots based on the symmetric polynomials.

Theorem 9. Let a and b be nonzero. Then, we obtain

; n —k—1pk—1 Xy Xy
O el Y Bk (E’ E) cBipyq (3/ 5)
Pa

_ [n —k—1_k—1 Y XYy
=L k} v B kpq(b b)CBkM<u a)
o (65)

.. n 1k X XY
(i) Z p a' Rk 15Bn7k,p,q (E'%) sBipq (?'E)
12z

_ n k-1 k-1 xy XY
¥ k} 58, (58 sbipa (X7,
- AP
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Proof.

(i)  We consider form A as follows:

A t2ep g (tx)ep,q(EX)COS,,q(ty)COSpq(tY) (66)
(epq(at) —1) (epq(bt) — 1)
From form A, we find
t t
A= Wep,q(tx)COSprq(ty)Weprq(tX)COSprq(tY)
o x yy " et XY I
J B ol IO
; c "”q(u JHM nzb ¢ "’”’(b’b [1]p,q! (67)
o [y~ |7 n—k—1k—1 Xy XY t"
= a BBy kpg (=% ) cBrpg | 7 7 ,
nZ%)<kZO |:kLMI " ’”’(ﬂ u) PAN\ b b (1] 4!
and form A of Equation (66) can be transformed into the following:
t t
A= Wep 4(tx)COS,, q(ty)weprq(tX)COSprq(tY)
0 (68)
2 Z pi—k-1gk-1 ( y) B X X t
=\ & |k CoOn=kpa \prp) kP g7 g (1] pq!
o - pAa
Using the comparison of coefficients in Equations (67) and (68), we find the desired result.
(ii)  If we assume form B as follows:
B t2ep,q(£x)epq(EX)SINp 4 (ty) SINp 4 (£Y) ©9)
(epq(at) —1) (epq(bt) —1)
then, we find Theorem 9 (ii) in the same manner.
O
Corollary 11. Setting a = 1 in Theorem 9, the following holds:
. n ] _ XY
(i) 2 |:k vk lCBn—k,p,q (x,y) CBk,p,q (?r E)
k=0 L™ P4
", —k—1 Xy
> k} V" F By g (5 7) cBrpa (X,Y),
) =0 L g 70)
. n _ XY
(if) E |:k bk lSBn—k,p,q (x,y) SBk,p,q (?r Z)
k=0 L™ ] P4
" [ k-1 ¥
= Z k:| b" Sank,p,q <b b) Skaq (X Y)
k=0 1" pa
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Corollary 12. If p = 1 in Theorem 9, then we have

-
n uok—1pk-1 x XY
(Z) kzo k a’ b Cank,q <Er *) CPkg <?r b)
n
_ k1 k1 Xy XY
= ]; k} VA By kg (5,5) cBiyg <;’E> ,
e . @)
nl ik—13k—1 Xy A
(ZZ) ];] qa b ank,q<ara)5 kq(br b)

RO L] P xy XY
71(;0 kLb 4 5By kg (E/b)SBk,q )

where cByq(x,y) denotes the g-cosine Bernoulli polynomials and sByq(x,y) denotes the g-sine
Bernoulli polynomials.

Corollary 13. Putting p = 1and q — 1, one holds:

(72)

where ¢ By (x,y) is the cosine Bernoulli polynomials and By, (x,y) is the sine Bernoulli polynomials.

Theorem 9 is a basic symmetric property of (p, q)-cosine and (p, q)-sine Bernoulli polynomials.
We aim to find several symmetric properties by mixing (p, q)-cosine and (p, q)-sine Bernoulli polynomials.

Theorem 10. For nonzero integers a and b, we have

n

k1 k1 xy XY
]E) |:k:| a b Cank,p,q (ur a) SBk,p,q ( b’ b)
- pAa

IR [ S Xy XY
_kgé) |:k:|qu a CBn—k,p,q <E’E> SBk,p,q 2l

Proof. We assume form C by mixing the (p, 7)-cosine function with the (p, ¢)-sine function, such as
the following:

ey o(tx)eyq(tX)COS, 4 (1y) SINy 4 (Y)
C:= (ep,q(at) — 1) (ep,q(bt) _ 1) . (74)
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Form C of the above equation can be changed into

t t
oty 1) COSpa ) s epa(X)STN (1)

- ep,q(at
3 "2 X v\ #
R xy b1 <717>
';0 ‘ nw(“ “) [”]m!n;) SN b ) [n]pg! (75)
- = n—k—1pk—1 Xy XY #n
= a b cB —kpg \ == SBk/ , =, = ,
Z(Z MM ot (ara) Bera (35) ) T
or, equivalently:
t t
= o (b —1 — X)SI Y
ep,q(bt) —7pa(tX)COSp,4(ty) epqlat) —70pa(EX)SINyq(Y)
(76)
00 n n
XL 11: S (%%) sBipg <§,X> 0 -
n=0 \ k=0 v a’a [n}m,

By comparing transformed Equations (75) and (76), we determine the result of Theorem 10. [

Corollary 14. If a = 1 in Theorem 10, then we find

n [y B XY
Z bk ICBn—k,p,q (x,y) SBk,p,q )
= k b’ b
- pAa

@7)
= | —k—1 Xy
= Z |:k:| b" Cank,p,q (E/ E) SBk,p,q (X/ Y) .
k=0 "1 p4
Corollary 15. Setting p = 1 in Theorem 10, one holds:

= | n n—k—1pk—1 Xy XY

L M By (50 B (T
! (78)

" n x XY
_ pi—k=1-1_p Xy B A ¥
k¥()|:k:|q a c ’H‘"’(b’b)s k.q ' al’

where ¢ By q(x,y) is the q-cosine Bernoulli polynomials and By q(x,y) is the g-sine Bernoulli polynomials.

Corollary 16. Assigning p = 1 and g — 1 in Theorem 10, the following holds:

(M ak1pket xy XY

§<k>ll b Cank(a/a>SBk X
LN k1 ke x XY
L () em (5) s (57 )

k=0
where ¢ By (x,y) is the cosine Bernoulli polynomials and ¢By,(x,y) is the sine Bernoulli polynomials.

=

(79)
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Theorem 11. Let a and b be nonzero integers. Then, we derive
n

n k1pk1 v Y
Z |:k] a VB kg (bx, E) sBipg (uX, E)
i

k=0

n
=Y
k=0

(80)

n k=1 k-1 Y Y
k:| b" a Cank,p,q (ax, E) SBk,p,q (bX, E) .
PAa

Proof. Let us consider form D containing 2 and b in the (p, 7)-exponential functions as

- t2ep q(abtx)ey 4 (abtX)COS,, 4 (ty) SIN 4(Y)
N (epq(at) —1) (ep,q(bt) — 1)

From the above form D , we can obtain

D: (81)

f epq (abtx)COSp,q (ty) . epq (uth)SINM (tY)

t
epglat) =1 pq(bt) —1
Y "

00 tn 00
= a" 1B bx,z 1B (aX,7> —
n;) ¢ W( a) [n],,,qzngo SEmpa b) [, (82)

o= [y |7 k11 y Y ¢
Z (Z |:k:| llVl b CBn—k,p,q (bx, E) SBk,p,q ﬂX, E [ﬂ]p,q!,
1]

n=0 \ k=0

and

t
D=—-——
epq(bt) —1

n=0

ep,q(abtx)COSy 4(ty) ep,q(abtX)SINy 4(tY)

t
epqlat) =1

il n—k—1_ k-1 y Y £
(2 |:k:| p,qb a CBn—k,p,q ((ZX,E) SBk,p,q bX,E m

(83)

k=0

By observing Equations (82) and (83) which are made by form D, we prove Theorem 11. [

Corollary 17. Setting a = 1 in Theorem 11, the following holds:

" n _ Y
2 |:k:| bk ]Cank,p,q (hx, ]/) SBk,p,q <X/ E)
pAa

k=0
(84)
L |n ke
-y M V"B, g (%,7) sBipa (BX,Y).
k=0 1" pg
Corollary 18. If p = 1 in Theorem 11, then we obtain
CoN 78 I Y
k_zo [k} kg 1CBn7k,q (bx,%) sBig <aX,?>
. (85)

9
ol LA y Y
= Z |:k:| b" a Cank,q (ax, E) SBk,q bX,E ’
q

where ¢ By q(x,y) is the g-cosine Bernoulli polynomials and 5B, 4(x,y) is the g-sine Bernoulli polynomials.
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Corollary 19. Let p = 1 and q — 1 in Theorem 11. Then one holds

N\ i k—1pk— Y
(k)a" k lbk 1CBn—k (bx, %) SBk (LZX, E)
s "> —k—1 k-1 y Y
= Z b" a CB —klax, - SBk bX,f ’
= <k " ( b) a

where ¢By(x,y) is the cosine Bernoulli polynomials and sBy(x,y) is the sine Bernoulli polynomials.

o~
HI‘ =
o

(86)

Next, we investigate the structure of approximate roots in (p, q)-cosine and (p, 4)-sine Bernoulli
polynomials. Based on the theorems above, (p, q)-cosine and (p, g)-sine Bernoulli polynomials have
symmetric properties. Thus, we assume that the approximate roots of (p, g)-cosine and (p, q)-sine
Bernoulli polynomials also have symmetric properties as well. We aim to identify the stacking structure
of the roots from the specific (p, q)-cosine and (p, q)-sine Bernoulli polynomials found in Section 3.

First, the structure of approximate roots in the (p, q)-cosine Bernoulli polynomials is illustrated in
Figure 1 when y = 5, ¢ = 0.9, and the value of p changes. Figure 1 reveals the pattern of the roots in
the (p, g)-cosine Bernoulli polynomials when p = 0.5. In addition, the approximate roots appear when
n changes from 1 to 30. The red points become closer together when 7 is 30 and 1 becomes smaller
as illustrated by the blue points. Based on the graphs with real and imaginary axes, the (p, 4)-cosine
Bernoulli polynomials are symmetric.

()
IR IR .HH!H %

201 201
LI R WS RN A
: ’:}s ol :‘“
10} . 10 { . . }
. . . ® M .
'y hd . H
-10 -5 0 5 10 -10 -5 0 5 10
Re Im

Figure 1. Stacking structure of approximate roots in the (p, q)-cosine Bernoulli polynomials when
p=054=09,andy =5.

Here, we aim to confirm that changes in the value of the (p, q)-cosine Bernoulli polynomials
changes the structure of the approximate roots as the value changes. The structure of the approximate
roots in polynomials when p = 1 and q changes, can be found in the g-cosine Bernoulli polynomials
(see [11]).

Figure 2 below illustrates the stacking structure of the approximate roots of the (p, g)-cosine
Bernoulli polynomials fixed at p = 0.1, = 0.5and y = 5 when 1 < n < 30. Compared with Figure 1,
Figure 2 displays a wider distribution of the approximate roots. The range of the left picture in Figure 1
is —15 < Re x < 15 and the range of the left picture in Figure 2 is —50 < Re x < 50. The structure of
the approximate roots of p = 0.1 when n = 30 is wider on the real axis compared to when p = 0.5.
The right-hand graphs in Figures 1 and 2 also reveal the same distribution. In addition, as 1 increases,
the structure of the approximate roots appears symmetric.

30F 30F Ao
ZEE R RN XA
- * 3 %o s . ' 2D ) () ]
DN, e, B T bt o,
X . . 4.
1ok : “ U, 10F > s b &
. LIS . H o'
.‘ .. .. '
-50 0 50 -50 0 50

bl
@
3

Figure 2. Stacking structure of approximate roots in the (p, q)-cosine Bernoulli polynomials when
p=01,9=09andy = 5.
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Next, we examine the stacking structure of the approximate roots in the (p, g)-sine Bernoulli
polynomials. The conditions are confirmed by equating them to the conditions of the (p, q)-cosine
Bernoulli polynomials. The stacking structure of the approximate roots of the (p, g)-sine Bernoulli
polynomials when p = 0.5, = 0.9, and y = 5 can be checked in Figure 3. At1 < n < 30,
the distribution range of the approximate roots appears wider in the values on the real axis than
in the imaginary axis, as shown in the left picture in Figure 3. Figure 3 reveals that, as the value of
becomes larger, the approximate roots become more symmetric, and the approximate form approaches
a circular shape, including the origin.

2 N
" S
o R
e/ A\ oot

Figure 3. Stacking structure of approximate roots in the (p,q)-sine Bernoulli polynomials when
p=054=09and y =5in 3D.

When we change the value of p, the structure of the approximate roots of the (p, q)-sine Bernoulli
polynomials when p = 0.1 under the same conditions as in Figure 3 is presented in Figure 4.
In comparison with Figure 3, the area of the real and the imaginary axes in Figure 4 is greater, and the
approximate roots have a wider distribution than observed in Figure 3. This property is common
in the approximate roots of the (p,q)-cosine and (p, 7)-sine Bernoulli polynomials. This indicates
that, as the value of p decreases, the approximate roots of the (p, q)-cosine and (p, q)-sine Bernoulli
polynomials spread wider. In addition, as displayed in Figure 4, the structure of the approximate roots
of the (p, q)-sine Bernoulli polynomials is symmetric as the value of 1 increases.

-50
50— P2

Im Ofes e

Figure 4. Stacking structure of approximate roots in the (p,q)-sine Bernoulli polynomials when
p=01,9=09andy = 5in 3D.

5. Conclusions and Future Directions

In this paper, we explained about the (p,q)-cosine and (p,q)-sine Bernoulli polynomials,
their basic properties, and various symmetric properties. Based on the above contents, we identified
the structures of the approximate roots of the (p,q)-cosine and (p, g)-sine Bernoulli polynomials.
As a result, we observed that the above polynomials obtain a structure of approximate roots, which has
certain patterns and has a symmetric property under the given circumstances.

Further study is needed regarding whether the structure of approximate roots for the (p, g)-cosine
and (p, q)-sine Bernoulli polynomials have symmetric properties under different circumstances.
Furthermore, we think researching theories related to this topic is important to mathematicians.
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for these polynomials. From these polynomials, we obtain some special properties using a power
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1. Introduction

In 1990, Jackson who published influential papers on the subject introduced the g-number and its
notation stems, see [1]. Floreanini and Vinet found that some properties of g-orthogonal polynomials
are connected to the g-oscillator algebra in [1-4]. We begin by introducing several definitions related to
g-numbers used in this paper, see [3,5-8].

Throughout this paper, the symbols, N, Z, R and C denotes the set of natural numbers, the set of
integers, the set of real numbers and the set of complex numbers, respectively.

Fora € C,n € Nand |q| < 1, the g-shifted factorial is defined by

n—1 X o .
@a)o=1 @qa=]]10~-7qa), (@q)0=]]1~-7qa). (1)
=0 =0
It is well known that
n n -~
(a;0)n = 2 {k} q(1/2)k(k 1)(_1)kak. 2)
k=0 7
Let x,q € R with g # 1. The number
_1-q
[x}q - 1— q (3)

is called g-number. We note that lim;_,;[x]; = x. In particular, for k € Z, [k], is a g-integer.

After the appearance of g-numbers, many mathematicians have studied topics such as
g-differential equations, g-series, and g-trigonometric functions. Of course, mathematicians also
constructed and researched g-Gaussian binomial coefficients, see [2-4,7-11].
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Definition 1. For r < mand m,r € N, the q-Gaussian binomial coefficients are defined by

For r = 0, we note that {'g] = 0with 0 <r < m, and also, we note that [n],! = [n]; - - - [2]4[1]4
q

and [0],!=1.
Definition 2. Let 0 < |q| < 1and |z| < ﬁ Then, the q-exponential function is defined by
2 " > 1
eq(z) = =l 5
@=Ly~ a9 ®
For0< g <1land|z| < ﬁ, the other form of g-exponential function can be defined as
o n Zn [ee]
Eyz) =epa(2) = ) g% o [T+ —g)4qt2). (6)
n=0 9" k=0

We note that lim,_,1 ¢;(z) = ¢*. Exponential function is expanded to the power series expressions
of the two g-exponential functions by combining with g-numbers. Also, g-derivatives and g-integrals
were extensively studied by many mathematicians, see [1,5,12]. Following the determination of the
limit formulas for g-exponential functions taken from Rawlings [10], several other interesting g-series
expansions were presented in the classical book by Andrews [5].

Theorem 1. From Definition 2, we note that

(D) eg(x)eg(y) =eg(x+y), if yx=qxy. -
(i) eq(x)Eq(—x) =1.

The proof of Theorem 1 and more properties of g-exponential functions can be found in [2,13].

Definition 3. For real variable function f where x # 0, the g-derivative operator is defined as

Dyf(x) = (8)

We note that D, f(0) = f/(0). It is possible to prove that f is differentiable at 0 and it is clear that
Dyx™ = [n]gx" L.

In 2002, Kac and Pokman published a book about quantum calculus including g-derivatives and
g-analogue of (x — a)" and g-trigonometric functions, see [14].
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Definition 4. Let n be a nonnegative integer. The q-analogues of subtraction and addition are defined by

1 ifn=0

(i) (x®11)3: (x_u)(x_qa).‘.(x_q”_la) ifn>1

Zn: n (_1;Q)k(_l;q)n—kxkan—k,
= k 2n
- g

1 ifn=20 )
x+a)(x+ga) - (x+q"ta) ifn>1

(ii) (x@a)! —{ (

n

N

(=1 q)k(_qu)nkak(ia)nfk,

=100 27

respectively.
Definition 5. Let x € R and i = \/—1. Then, the q-trigonometric functions are defined by

eq(ix) — eq(—ix) E;(ix) — Fq(—ix)

sing(x) = T T— SINg(x) = 5
)+ e (—i ol (10)
cosy(x) = M COS,(x) = w

where SIN (x) = sing1(x), COSy(x) = cos;1(x).

Theorem 2. Using Theorem 1 (ii) and applying the chain rule, we have

(i) COS4(x)cosy(x) + SINy(x)sing(x) = 1.

Dysing(x) = cosy(x), DySINg(x) = COS4(x), (11)
(it)
Dycosy(x) = —sing(x), DyCOS;(x) = —SINg(x).

Moreover, we note Theorem 2 (i) is the g-analogue of the identity sin®x + cos?x = 1, see [3,4,7].

In 2004, Gasper and Rahman introduced a comprehensive account of the basic g-hypergeometric
series, see [4]. During the last three decades, one of the bridges between science and applied
mathematics has been g-calculus, see [10]. Based on the above concepts, many mathematicians
explored various fields of mathematics including g-differential equations, g-series, g-hypergeometric
functions, and g-gamma and g-beta functions. Moreover, various discrete distributions combining
g-numbers can be found in [2]. Therefore, g-calculus plays an important role in many different areas of
mathematics.

Many researchers who studied the Bernoulli, Euler, and Genocchi polynomials in various fields
realized the important role of g-calculus in mathematics. For a long time, the topics of Bernoulli,
Euler, and Genocchi polynomials have been extensively researched in many mathematical applications
including analytical number theory, combinatorial analysis, p-adic analytic number theory, and other
fields. Therefore, many mathematicians have started researching Bernoulli, Euler, and Genocchi
polynomials combining g-numbers, see [9,13,15-21].

The following diagram briefly explains the relation between the various types of degenerate
Euler polynomials, Euler polynomials, and g-Euler polynomials. The polynomials in the first row are
researched by Calitz [21], Kim and Ryoo [16], respectively. The study of the second row of the diagram
has brought about beneficial results in combinatorics and number theory. In particular, the cosine
and sine Euler polynomials in the second row of the diagram contain a motive in this paper. This is
because we hold several questions regarding what is a definition form of g-cosine and g-sine Euler
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polynomials and what is different properties between the g-cosine, g-sine Euler polynomials and the
cosine, sine Euler polynomials.

The main subject of this paper is to construct g-cosine and g-sine Euler polynomials using
Definitions 4 and 5. Also, we derive identities and properties for these polynomials in the third row of
the diagram.

— 2 1+ A0 cos(ty) = Y20 EQ (x, ) 1t
I T
) ( degenerate cosine Euler polynomials)

m(l +At)R sin(ty) = Yoo Eff})‘(x,y)%.

( degenerate sine Euler polynomials)

(1+A1) T +1
( degenerate Euler polynomials)

00 C n
Fetcos(ty) = S BV (v
P ., el +1
E 1€Xt =Y o En(x)5 - (cosine Euler polynomials)
( Euler polynomials) o i 16“ sin(ty) = Lo E (x Ok

('sine Euler polynomlals)

n

2 . t
p Weq(xt)COSq(ty) =Yoo CEn,q(xry)ﬁ

2
Weq (xt) = Y50 Engq(x) o (g-cosine Euler polynomials)

n

2 . t
Weq(Xt)SINq(ty) =Yoo SEn,q(x/y)ﬁ

(g-sine Euler polynomials)

( g-Euler polynomials)

The definition of g-Euler polynomials of the third row are as follows.

Definition 6. The q-Euler numbers and polynomials are defined respectively as (see [19])

[ee] tn 2
Epg— =
ZO n’q n! ( )

n=

t?’l

> 2
O ES 12)

Recently, Kim and Ryoo introduced the basic concepts of cosine and sine Euler polynomials.
In[16], the definitions and representative properties of cosine and sine Euler polynomials are as follows.

Definition 7. The cosine Euler polynomials E,SQ (x,y) and the sine Euler polynomials E,SS) (x,y) are defined
by means of the generating functions

v~ £(©) t_ 2 °° t" 2 .
1;) En (x,y)a = T 1etxcos(ty), ; XY — " T 13tXSZn(ty). (13)

In this paper, we denote that E,(IC) (x,y) = c&n(x,y) and E,(Ts) (x,y) = s&n(x,y).
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Theorem 3. For n > 1, we have

(i) E,SC)(x +1y) — E,(f)(x,y) =2Cu(x,y),

(14)
i) EP (x+1,y) — ES (x,y) = 25u(x,y).

Based on [16], which contains Definition 7 and Theorem 3, many researchers found various
expanded numbers and polynomials and their identities, see [15,20].

The main goal of this paper is to find various properties of g-cosine and g-sine Euler polynomials
such as addition theorem, partial g-derivative, basic symmetric properties so on. In Section 2,
we construct g-cosine and g-sine Euler polynomials. Then, using g-calculus, we identify basic properties
of these polynomials. Section 3 presents an investigation of the special properties of g-cosine and g-sine
Euler polynomials such as the identity of g-sine Euler polynomials using g-analogues of subtraction
and addition. This is based on the properties of g-trigonometric and g-exponential functions. Moreover,
we derive relationships between g-cosine and g-sine Euler polynomials and g-cosine and g-sine
Bernoulli polynomials. In Section 4, we display the structure of approximate roots for g-cosine and
g-sine Euler polynomials and find properties of these polynomials. We present some figures of the
approximate roots of these polynomials in a complex plane using Newton’s method.

2. Some Basic Properties of g-cosine and g-sine Euler Polynomials

In this section, we construct the g-cosine and g-sine Euler polynomials by using Theorem 4.
From the generating functions of these polynomials, we obtain some basic properties and identities.
Moreover, we derive symmetric properties and partial g-derivatives for g-cosine and g-sine Euler
polynomials.

Definition 8. The generating functions of g-cosine Euler polynomials and q-sine Euler polynomials are
correspondingly defined by

3 ckugto ) i = 5y (008 ()
and (15)
¥ sEnai¥) s = e (SN 1),

n]y! - eg(t) +1

n=0

From Definition 8, g-sine Euler polynomials can be confirmed as the following:

s€o,q(x,y) =0,

-__¥
sfqu(x,y) = 1+q’
(1+q+4*-2x)y
& ) =~ AT =)
sE2aly) 2(1+4q+4q%)
Sg3q(x y) = 7y(1 +2x+2qx74x2+q2(1+2x) +‘15(*1 +4y2) +q3(71+2x+4y2))

4(1+q)(1+4%) ’

We will introduce the certain form of g-cosine Euler polynomials in Section 4. The motivation
to derive the definition of g-cosine Euler polynomials and g-sine Euler polynomials can be found in
Theorem 4.
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Theorem 4. For x,y € Rand i = +/—1, we have

0y <5n,q((x€9iy)q);5n,q((x@iy>q)> [ nt}:! = o (t§+1eq(tx)COSq(l‘y),

. , (16)
oy (Ena((xBiy)g) = Eng((xSiy)g) |t 2
(id) ;( ! o ! ) i = e 19 ()S N (1y):

Proof. (i) We defined the generating function of g-Euler polynomials in Definition 6. Let us substitute

(x @ iy), instead of z in the g-Euler polynomials. By using a property of g-analogues of the sine and
cosine functions and by using Definition 1, we can find

00 tTl o0 tYl
Eng((xDiy)g) = = x&
’E) n,q(( y)q) [n]q! +l r;) iy) q [ ] i
2 ad "oy n—k "
_ ("5 )xk i n—k | _*
eq(t)+1 n;o (kzo M qq (iy) ) (]! )
2 .
OE leq(t‘x)Eq(zi‘y)
2 .
By using a similar method as when finding Equation (17), we can also obtain
Y Enal(xSin)y) iy = o gea () Eg(—ity)
= [n}q! eq(t) +1 (18)
2 .
(ii) We can prove Theorem 4 (ii) through Equations (17) and (18). [
Remark 1. From the Theorem 4 and Definition 8, the following holds
, Eng(x@iy)g) + Eng(x O
(1) an,q(x/y) = nq(( y)q) 2 nq(( y)q) (19)
g Eng((x®iy)g) —Eng((x S
(it)  sEng(x,y) = g (( Y)g) - g (( y)q).
In [15], Cy4(x,y) and Sy 4(x,y) are defined as follows:
. > "
i Y cn,q(x,y)—[n] = €(tx)COS, (ty),
" (20)
(if) ,;)S”q X,y ? = eq(tx)SINg (ty).
Theorem 5. For any real numbers x,y, we have
) " n
(l) Cgﬂ,q(x/y) = Z k Ek,qcnfk,q(xfy)f

s (21)

(ii) Sgﬂ,q(xry) = i |:Z:| Ek,qsnfk,q(xry)f
q

102



Symmetry 2020, 12, 1247

where E;, q is the g-Euler numbers.

Proof. (i) From the generating function of g-cosine Euler polynomials, we can find a relation between
the g-Euler numbers and C;, 4(x,y) as follows.

=] n [ # [ h

2 an,q(xry)ﬁq! = Z cEng ], Z qu( V)

n=0 9° n=0 [I’I]q

(22)

= Z (2 Z:| qu,ank,q(xfy)) ﬁq!,

and we obtain the required result of Theorem 5 ().
(if) We also find a relation between the g-Euler numbers and S, 4(,y) in a similar way as in the
proof of (i) and we have the required result. [

Theorem 6. For a nonnegative integer k and |q| < 1, we derive

[%]
(i) anq X,y |: :| (Zkil)kkaEn—Zk,q(x)/
k=0
[n—1 (23)
y - n
(”) sEn,q(X,y) = Z 2k +1 (_1)kq(2k+1)ky2k+lEn7(2k+1),q(x)/
k=0 q

where [x] is the greatest integer not exceeding x and Eyq(x) is the g-Euler polynomials.

Proof. (i) From the generating function of g-Euler polynomials, we can change the g-cosine Euler
polynomials as follows

Y cEng(x,y) [l ] ' Z Enq(x [ ] 'COSq(ty) (24)

n=0 n=0

By using the power series of COS;(x), the right-hand side of Equation (24) is transformed as

o t2n
2n 1)n, 2n
Z Eng(x n] Py Yl
v (v | rtk ok k=1, 2k gk
- rg) (};} k q( 1) q Y Enfk,q(x) [Vl ¥ k}q! (25)

M

i(z { } _1)kq(2k—1)ky2k5nzk’q(x)> [;—L!,

and we complete the proof of Theorem 6 (i).
(if) By applying the power series of SIN; (x) in the generating function of g-sine Euler polynomials,
we have

t" o f2n+1
Eng(x,y)—— =) Eng(x _qyrg@ntn e ETT
L sl = 2y Fna O 2 " gy

w (2] po (20
k (2k+1)k, 2k
=L\ L | OV R0 | G
- - q
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and we finish the proof of Theorem 6 (ii). [

Corollary 1. Let y = 1 in Theorem 6. Then, the following holds

(i) an,q(xrl) = |:2k] (71)k‘7(2k71)kEn—2k,q(x)/
q

n

n—-1
2
(i) sEnge =% "

k=0

(—1)*qFFVRE, 1) (%),
q

where [x] is the greatest integer not exceeding x and Ey,q(x) is the g-Euler polynomials.

Theorem 7. Let x,y € R, |q| < 1, and e;(t) # —1. Then, we have

(i) Cn,q(x,y) = % (i‘, {Z] Cgk,q(xry) +C5n,q(xry)) ’
q

k=0

(i) Snq(x,y) :% (f m s€kq(x,Y) +sé’n,q(x,y)> :
q

k=0

Proof. (i) When e;(t) # —1, we can consider the generating function of the g-cosine Euler polynomials
to be

0

;chn,q(x,y)[;—];!(eq(t) 11) = 26,(tx)COS, (ty). (29)

The left-hand side of Equation (29) is changed as follows.

[ee) n n tn o0 tn
B H Eig(20) + cEaale) | oy = L cEalen) e+, (60
n=0 \ k=0 q q: n=0 q:
The right-hand side of (29) is transformed as
ot trl
2e4(tx)COS,(ty) =2 )" Cn,q(x,y)w. (31)
n=0 :

By using Equations (30) and (31), we find the required result.
(i) In a similar method as in the proof of (i), we have

i}sgn,q(x,y)[;—i!(eq(t) 1) = 26, (£x)SIN, (ty). (32)
Then, we obtain
» (): M ssk,q(x,y>+ssn,q<x,y)> o =2 L Smalx ) o (33)
n=0 \ k=0 q q- n=0 q-

Therefore, we finish the proof of Theorem 7 (ii). [
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Corollary 2. If g — 1 in Theorem 7, we have

(i) Culxy) = % (i ( )cfk X,y +C5n(xr}/)> ,

(34)
g 1 (& (n
(i) suey) =5 (3 () stuxy) +seutey) ),
k=0
where €y (x,y) is the cosine Euler polynomials and s&,(x,y) is the sine Euler polynomials.
Theorem 8. For any real number x,y and |q| < 1, we have
L 0
() cEng(oy) = InlycEn 1q(x ), " S gl y) = ~InlgsEa-ra(xa9).

(35)

.0
(if) asgn,q(xry) = [”]qsgn—l,q(xr]/)r y Sgnq x,Y) ["]chn 1q(x qy)-

Proof. (i) For any real number x, we can find the partial g-derivative for g-cosine Euler polynomials as

n

2 0 t 2 9 2t
; 55C cEng(x,y) ore WCOSq(ty)aeq(tx) = Weq(tx)COSq(t}/). (36)
Using the g-derivative of the g-cosine function, we find
D;COS,(ty) = —tSIN;(qty). (37)
From Equation (37), we get
o 0 t" 2 9 2t
—cEnag(x,y)—— = —————e,(tx)=—COS, (ty) = —————e¢,(tx)SIN, (gt 38
’;ayc n,q( y) [”}q! Eq(t)+l q( )ay l]( y) Eq(t)+] 4/]( ) q(q y) ( )

and we obtain the required results.
(i) We also consider the partial g-derivative of g-sine Euler polynomials as

iai Enqlx,y [n] ;= eq(gﬁeq(tx)SINq(ty), (39)

and note that DySINy(ty) = tCOS,(qty). Then, we obtain the results of Theorem 8. []

In [18], Liu and Wang studied some symmetric properties of the Bernoulli and Euler polynomials.
Based on the above paper, we observe some symmetric properties of the g-cosine and g-sine Euler
polynomials. Moreover, symmetric properties can be found in the cosine and sine Euler polynomials.
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Theorem 9. For any integers a, b, we have

. " \n _
(1) Z |:k:| a’ kbkCEnfk/q(bxr by)CEk,q(uxr u]/)
k=0 q

IngE

n _
|:k:| b" k”kanfk,q(”x/uy)Cgk,q(bx/by)/
k

q

Il
o

7

.. n _
(if) |:k:| a" kkagn—k,q(bxr b]/)sgk,q(axr ﬂy)
q

e
Il

0

IngE

k=0

n _
{k} b" kaksé',,,qu(ax,uy)sé'k,q(bx,by)‘
q

Proof. (i) To find a symmetric property, we assume form A such that

4 (eq(abtx)COSq(abty))2
~ (eqlat) +1)(eq(bt) +1)

(40)

(41)

By considering the generating function of g-cosine Euler polynomials in Equation (41), we can

find the following equation:

2

A = —————¢,(abtx)COS,(abty)

I
agki
S
M:

and

eq(abtx)COS,(abty)

2z
eq(bt) +1

} tl”kbkcgnk,q(bxrhy)Cgk’q(ax’uy)> [t
q

2
eg(at) +1

B t
{Z} b kukcgn_k,q(ux,ay)cgk,q(bxrby)) o
q "

eq(abtx)COS,(abty)

tn

eq(abtx)COS,(abty)

n

From Equations (42) and (43), we can find the required result.
(ii) In a similar way as with form A, we can make form A’ such that

, 4 (eq(abtx)SINq(abz‘y))2
~ (eq(at) +1)(eq(bt) + 1)’

and we can find Theorem 9 (ii) in a same manner as (i). [

Corollary 3. Assume a = 1 in Theorem 9. Then, the following holds

n

n
() 2 |:Z:| bkan—k,q(bxrby)CEk,q(xry) = Z |:Z:| bn_kct‘:n—k,q(X,y)cfk,q(bx, by),
q q

k=0 k=0

n

n
(ii) Z |:Z:| Sgn kq(bx by Sgkq X, y 2 |: :| bniksgn—k,q(xly)Sgk,q(bxlby)'

k=0 k=0

(42)

(43)

(44)
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Corollary 4. Assume q — 1 in Theorem 9. Then, the following holds

n n

. n _ n _
)% (3 )o Httceuslbx byrctutox,ay) = 1 ()b Hakceslox,ay)cei(br, b,
k=0

o - (46)
. n — n —
() Y- (1 )a4ots6-stom by)suton,ay) = 3 ()07 Hatseoman)séy(o,by),
k=0 k=0
where &y is the cosine Euler polynomials and &, is the sine Euler polynomials.
Theorem 10. For any integers a,b, and |q| < 1. Then, we obtain
sk kpk
Y. ' a" V€ g (bx, by) s o (ax, ay)
k=0
! (47)

n n B
-L M 0"k €y g (ax, ay)sEpg (b, by).
k=0 7

Proof. To derive a symmetric relation mixing the g-cosine Euler polynomials and the g-sine Euler
polynomials, we take form B as the following.

B 4COS,(abty) SIN, (abty) (eq(abtx))? 4

(eq(at) +1)(eq(bt) +1) (48)

From form B, we can find the following equations:

2
B= Weq(abtx)cosq(abty)

(

2
T gty +177

2
W@q (ﬂbtx)SINq (ﬂbty)

x
=

o (49)

[”]q!/

Il
e
M=

n 0

n|
[k] a kbkcgn,k,q(bx, by)s&xq(ax, ay))
q

and

2
(abtx)COS, (abty) Weq (abtx)SINg (abty)

00 n _ tn
( Z |:Z:| b" kﬂkcgnfk,q (ﬂx, ”y)Sgk/'i (bx, by)) [T’l] v
q:
q

(50)

n=0 \ k=0

From (49) and (50), we can immediately complete the proof of Theorem 10. [J

Corollary 5. Suppose q — 1 in Theorem 10. Then the following holds
- (n kpk - (1 k k
2 (k) a" b €, (bx, by)sE (ax, ay) = Z (k) b at €,y (ax, ay)s & (bx, by). (51)
k=0 k=0

3. Some Special Properties of g-cosine Euler Polynomials and g-sine Euler Polynomials

In this section, we obtain some special properties of g-cosine and g-sine Euler polynomials using
the properties of g-trigonometric functions, (x @ y),, and so on. Moreover, we find various types of
relationships between g-cosine, sine Euler polynomials and other polynomials.
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Theorem 11. For |q| < 1, we obtain

() c&nq(Ly) i { } (—1)"%q )<2qu(x,y)fc£k,q(x,y)) X"k,
(52)
(i) Sgn,q(lfy):kz {Z} (—1)"*q"2 )(ZSkq(x y) — sEkq(x,y))x" "
—0 0

Proof. (i) When x = 1 in the generating function of g-cosine Euler polynomials, c&;,4(x, y), we have

00 n

L céu(1y) [ntw — 2C0s,(ty) eq(t)%cosq(ty). (53)

Using e (x)E;(—x) = 1and [n]qq! =4q @ [n]4!, the left-hand side of Equation (53) can be written
as the following;:

;csn,q(l,y)[;—};! = <Zeq(tx)COSq(ty) ot )2+1 (tx)COSq(ty)) J(—tx)
00 s . -
= L ECunte) = cEugs0) g LD (54
= i (i {Z} (—1)"~ kq( )(Zqu(x,y)c£k,,4(x,y))x”k) [;; )
=0 \k=0 171y .

Comparing the both sides of Equation (54), we obtain the required result.
(ii) By using the same method as in the proof of (i), we have the proof of Theorem 11 (ii). [

Corollary 6. When q — 1 in Theorem 11, the following holds

() calty) = ¥ () -0 (@Cule) - ety 2t
=0 (55)
(i) sealty) = Y- () (10 @Siloy) - el )

k=0

where cE,(x,y) is the cosine Euler polynomials and &, (x,y) is the sine Euler polynomials.

Lemma 1. For |q| < 1and a real number r, we have

. 1 n—k _
(i) cng((xDdr)gy) = Z [Z] ‘1( 2 )Cé'qu(x,y)r” k,
q

k=0
(i) cEna((x0r0y) = ) M (=1 kg0 ey (v, ),

o e
(iii)  sEng((x© 1)) = m 72581y (x,y)

k=0 q
(iv) s&nq((xS7)qy) = i |:Z} (=" k ( )sgkq(x y)r'

k=0 q
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Proof. (i) By substituting (x @ r),; instead of x in the generating function of g-cosine Euler polynomials
and using g-exponential functions, we derive

no.gocgn,q((x D r)q/y)[%i]! = eq(t)%eq(tx)COSq(ty)Eq(tr)

i f{} chkq(xy) * L,
n=0 \ k=0 [”]q~

Thus, we find the required result immediately.
(ii) Putting (x © r), into x in the generating function of g-cosine Euler polynomials and using

(57)

g-exponential functions, we have

n

éc&l,q((x [S) 1’)'1/]/) [::}q! = eq(t)%eq(tx)COSq(ty)Eq(ftr)‘ (58)

We find the required result in a similar way as in the proof of (7).
(iii) We consider that

g‘b Sgn,q((XEBr)qry)[%];! = eq(ﬂ%eq(tx)SINq(ty)Eq(tr). (59)

Then, we have the following result.
(iv) If we set (x &) in x in the generating function of g-sine Euler polynomials, then we have

io sEng(xO1)g9) e (1) SIN (1Y) Ey(—tr). (60)

2
]! eg(t)+1
From Equation (60), we obtain the desired result. [

Theorem 12. Let |q| < 1andr,x,y € R. From the Lemma 1, we have

() cEngl(x 6_9 M y) +cEng(x©1)g,y)

n n- (21, )
2%%-0 |41 qq( 2 b (x,y)r=FFD,if n=odd
2y, 2nk q(”EZk)Cé’Zk,q(x,y)r”_Zk, if n=even
y ! (61)
(it) sEnq((x@1)g,y) +sEnq((xS7)q,y)
n - (2k+1) .
22;::0 2% +1 qq( 2 >5€2k+1q(x y)T 2k+1) lf n=odd
2500 || 47 sEanqx e, if n=coen
- q

Proof. (i) By using Lemma 1 (i) and (i), we obtain
cEng(x®71)g,y) + cEng((xS7)g,y)

E |: (C‘Skq(x y) ( )nikCgk,q(xry)> },n—k.

q
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If n is an odd or even number, then we derive the required result.
(ii) We omit the proof of Theorem 12 (ii) because we obtain the desired result in the
same manner. []

Corollary 7. Let r = 1 in Theorem 12. Then, we have

(i) an,q((x 6_9 1)q,y) + an,q((x © 1)q,y)

n
2k +1
- q

n—(2k+1) .
22]?:0 17( . )C‘€2k+1,q(xry)r lf n=odd

q<”722k)(;€2k,q(x, ), if n=even

! (63)
(if) Sgn,q((x_EB 1)q/y) + Sgn,q((x © l)q/y)

n—(2k+l))

n
X0 | o

n

2Li-0 |2 11
- q

q s€ki1q4(x,y), if n=odd

q<'152k)582k/q(x, y), if n=even
q

n
2¥io 2k

Corollary 8. Let g — 1 in Theorem 12. Then, we have

(i) cénlx+ry)+cEi(x—r1y)
257 o (1) €k (x, )= FHY,if n=odd

27 () cEar(x, y)r %, if n=even (64)
(ii) s&€n(x+1y)+sEn(x —1,Y)
221’3:0 (2k11)552k+1 (x,y)r"‘(”“), if n=odd
2y 7, (2'2)552k(x,y)r”*2k, if n=even
Corollary 9. From Lemma 1, one holds
(i) cEng((xD1)g,y) + 5Enq((x ©T)g,y)
Z |: :| <C£kq(x,y) + C&/,,(x,y)) 1’"71{,
(65)

(if) an,q((x © ”)qry) + Sgn,q((x © ”)qry)

L n—k ("7") n—k
=Y | F] (05 (gt y) + cEigly) )
k=0 q

Theorem 13. For |q| < 1, we have the following relation:

Z

=)
2 T
gﬂ/q(x Z |: :| ]/ an k.q x/ Z

(0 sy g (xy),  (66)

2k+1

where &, 4(x) is the g-Euler polynomials and [x] is the greatest integer not exceeding x.
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Proof. (i) We consider a multiplication between the generating function of g-cosine Euler polynomials
and the g-cosine function such as

71

Z cEng(x, y)[ ! rcosq(ty) = eq(ﬂ%eq(tx)COSq(ty)cosq(ty). (67)

By using the power series of a g-cosine function, the left-hand side of Equation (67) is written as

00 00 H o t2n
Eng(x,y cosq(ty) = Eng(X,y) = )"y
y;)c n,q( )[ ] i q( y) HEOC ,q( y) [n]q! n;()( ) Y [zn}q!
o n "+ k Lo tn+k
- 1 En_kqlx, —T
,;) (k_o ok q( ) C kq( y) [Tl+k]q! (68)

o (L[, "
= ngo (k_o [zk]q(l)kkaCE"k/q(x’y)) W

From Equations (67) and (68), we have

o (3] .
E (2 Lk} 1)ky2kc8n—k,q(x,]/)) [;—]q! = ol )2+1 4 (tx)COS, (ty)cosy (ty). (69)

In a similar way, we find the multiplication between the g-sin Euler polynomials and the g-sin
function as follows.

00 n

Esgw(x y)[ i wsing(ty) = eq(t)%eq(tx)SINq(ty)sinq(ty). (70)

Applying the power series of a g-sine function, the left-hand side of Equation (70) is obtained as
0 n 0 tTI

tf . _ v - _1\1,,2n+1
V;)SE"JI(xly) [n]q!smq(ty) = ’gsgn/fi(xry) [n]q! ng()( 1) Y [21’1 +l}q!

t2n+l

.o
( 1)ky2k+155 —(2k+1),q ( )) [;] i

E(EL

We can find (72) by using cos,(ty)COS,(ty) 4 sing(ty)SIN,(ty) = 1, which is a property of
g-trigonometric functions.

oo 7 22 n #n

X (Z { } M cEuralon) + Xy q(_l)ky%lsgn(2k+l),q(x,y)) ol

= eq(t)%eq(tx) (cosy(ty)COS,(ty) + sinq(ty)SINq(ty)) (72)
(o] tn

= r;)&,,q(x) -

From Equation (72), we can find the required result of Theorem 13. [
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Corollary 10. If g — 1 in Theorem 13, then we have

N

]

("3

n
(s 1) CVP s ) ()

%
= Z (2k> DRy € i (x,y) +

ig¥

Corollary 11. Setting y = 1 in Theorem 13, one holds

(5] " [251]
Eng(x) :k . [Zk] (—D)kcE, k(1) Z 2k+1 _1)k58n7(2k+1),q(x/1)- (74)
- ; =
Corollary 12. From the Theorem 13 and Corollary 11, we have
[5] .
= |:2k:| ( ) (y an—k,q(x ]/) cén kq(x l))
- q
(2] (75)
n
= kX) 2%+ 1 (-1) (55 (2k41),0(% 1) y*Hlge @k1)4( y))
=0

To find a relationship between the g-cosine Euler polynomials and the g-cosine Bernoulli
polynomials, we recall the definitions of g-cosine and g-sine Bernoulli polynomials, see [15].
The g-cosine Bernoulli polynomials B, (x,y) and g-cosine Bernoulli polynomials B (x,y) are defined
by means of the generating functions

> " t

;)cBn,q(X,y)m = Weq(tx)cosq(ty)/

. o (76)

Z:Oan,q(x/y)a = Weq(tx)SINq(ty).

P

Theorem 14. Let x,y € Rand |q| < 1. Then we derive
(i) [n]chn,l,q(x,y) + 2CBn,q(xry)
" n
= kZ%) [k] <2CBk,q(xry) - [k]chk—l,q(xr]/)> ,

L (77)

(ii) [n}qsgnfl q(x/y) + ZSBn,q(xly)

= Z [ } (Zsqu xy) — [k]qsgkfqu(x'y)»

where ¢ By q(x,y) is the q-cosine Bernoulli polynomials and By q(x,y) is the g-sine Bernoulli polynomials.

Proof. (i) We substitute the generating function of g-cosine Euler polynomials with an expression that
is related to the g-cosine Bernoulli polynomials as

S n(ey(H) = 1) & "
3 Bl ) oy = s 1) B Brale ) 78)

n=0
(i i ) 79)

From Equation (78), we have

00 n+1 00 n ©0
chnq(x y))[f ]+, <Z [1;'+1) ZZHZ:OCBn,q(xr

n=0 q:
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We replace the left-hand side of (79) with the following equation.

icgnq(x Y) e o i L+1
n=0 [71] ! n=0 [n}‘?!

[”]chnfl,q(x/y)[;i]:! (i i + l) (80)

n=0 [n]'i!

gk

Il
o

n

n

(i {ﬂ (klgc€i1,4(x,y) + ["]ch”l’q(x,y)) ['i] r
q q.

k=0

Il
=
L

Then, the right-hand side of (79) is transformed as

By comparing Equations (80) and (81), we investigate a relation between the g-cosine Euler
polynomials and g-cosine Bernoulli polynomials and complete the proof of Theorem 14.
(ii) By using a similar method as in (i), we derive the required result. [

Corollary 13. When q — 1 in Theorem 14, the following holds

() ncuoa(e9) + 2¢Bal) = 3 () @cBule) — ke (),
k=0

(i) 582 (x) + 2880 59) = 1 (1) 2sBulo) — kséica (1),
k=0

where ¢ By (x,y) is the cosine Bernoulli polynomials, and sBy (x,y) is the sine Bernoulli polynomials.

4. Symmetric Structures of Approximate Roots for g-cosine Euler Polynomials and Their
Application

In this section, we show the actual forms for g-cosine and g-sine Euler polynomials using the
theorems from Section 2 and the Mathematica program. We observe the structure of the approximate
roots of these polynomials and find some properties. We also show examples of g-cosine Euler
polynomials using Newton’s method.

First, we discuss g-cosine Euler polynomials. A few forms of g-cosine Euler polynomials are as
follows:
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coqlx,y) =1,

crq(xy) = —% +x,
cEry(x,y) = %(—1 +q — 2x — 2qx + 4x* — 4qy?),
cEaq(x,y) = %(71 +29+2¢% — g% — 2x + 2¢°x — 4x* — dgx® — 4g7x% + 8x°)
—%(4K1(1+q+q2)(—1 +2x)y?), (83)
cuy(x,y) = 11—6(—1 +3q +3¢% — 3q* — 3¢° + q° — 2x + 2x + 64%x + 4g°x + 64%x)
+ %6(21753( —2q%x — 4x? — 4q°x% + 49°x% 4 49°x% — 8x° — 8gx® — 84%x%)
- %6 8% —16x* +49(1+ *) (1 + g+ ¢*) (1 — g +2(1 + q)x — 4x?)y?)
+q%*,

Next, we show the approximate roots table of g-cosine Euler polynomials. Based on Equation (83),

we construct Table 1 for the approximate roots of g-cosine Euler polynomials. In Table 1, we vary the
values of p and n when y = 7. Then, we obtain only real roots with1 <n <7ing = 0.5and g = 0.9.

M

@

From Table 1, we can consider two previews:

When n increases, the absolute values of the real roots approach to approximately 2.345 and 1 for
g=0.1

When q approaches 1, the approximate root distribution of g-cosine Euler polynomials are spread
and most of them appear as real roots.

Figure 1 shows the structure of the approximate roots for g-cosine Euler polynomials. Let y = 7

and 1 < n < 30. The left graph in Figure 1 is g=0.99, the middle graph is 4 = 0.9, and the right graph
is g = 0.8. The blue color denotes that 7 is small, and the red color denotes that 7 is 30. In Figure 1,
we show that the approximate roots of g-cosine Euler polynomials include all real numbers in g = 0.99
when 1 = 30. In addition, we conject that the approximate roots of g-cosine Euler polynomials show a
circle structure near 0 when g approaches 0 and 7 continues to increase.

_4.__.-4(:.___>_..-... P A 4 -

10

Figure 1. Stacking structure of approximation roots in g-cosine Euler polynomials when g = 0.99,0.9,
and 0.8 andy =7.
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Table 1. Approximate zeros of £,4(x,7) .

n q=0.1 q=0.5 q=09
1 0.5 0.5 0.5
5 —2.00549, —4.60151, —6.18463,
2.55549 5.35151 7.13463
—2.3461, —6.3923, —10.5354,
3 0.457296, 0.496385, 0.499698,
2.44381 6.77091 11.3907
4 —2.33937, —0.271276, —7.20113, —0.610105, = —14.1519, —2.0322,
0.795233, 2.37091 1.36484, 7.3839 2.98714,14.9165
—2.34547, —7.58727, —1.07425,  —17.2997, —3.75091,
5 —0.185877 — 0.2593134, 0.403015, 0.497805,
—0.185877 + 0.2593131, 1.55082, 7.67644 4.617,17.9833
0.92226, 2.35051
—2.34484, —0.335526, —7.77643, —1.22901, = —20.0834, —5.08688,
6 —0.0397254 — 0.350112i,  —0.200224, 0.852848, —1.00794, 1.96854,
—0.0397254 + 0.350112i, 1.51678, 7.82041 5.85703, 20.6955
0.969307, 2.34607
—2.345, —7.87012, —1.28288, = —22.5628, —6.18568,
—0.293507 — 0.1960061, —0.40639, 0.14643, —2.10138,
—0.293507 + 0.1960061, 1.10906, 1.40412, 0.493322,
0.0774528 — 0.3667184, 7.89196 2.98756,
0.0774528 + 0.366718i, 6.86617,23.1113
0.98748, 2.34519

Figure 2 shows the 3D structure of Figure 1 under the same conditions. The left shape is the
approximate roots of g-cosine Euler polynomials when g = 0.99, y = 7, and 1 < n < 30. This shape
indicates that all the approximate roots are located on an imaginary axis. The middle shape in Figure 2
shows the approximate roots of g-cosine Euler polynomials when g = 0.9,y =7, and 1 < n < 30.
Here, we can observe the movement of the approximate roots. When g = 0.8 and y = 7, we can see the
right shape of Figure 2. The shape variation in Figure 2 implies that the approximate roots change to
imaginary numbers from real numbers and that the root structure for g-cosine Euler polynomials vary
according to g.

Figure 2. Stacking structure of the approximation roots in g-cosine Euler polynomials when g = 0.99,0.9,
and 0.8 and y = 7 in 3D.

Conjecture 1. If n increases and g — 0, then the approximate roots of g-cosine Euler polynomials display a
circle shape near the origin except for some zeros.
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In Figure 3, g = 0.99 and y = 7 when 1 < n < 30. Under these conditions, we observe that
the approximate roots of g-cosine Euler polynomials have a symmetric property and include all real
numbers. By observing the right graphs in Figures 1 and 3, we can consider Conjecture 2.

-10 -5 0 5 10
Im

Figure 3. Stacking structure of the approximate roots in g-cosine Euler polynomials when g = 0.99 and
y=7

Conjecture 2. Prove that c&nq(x,y) is reflection symmetry analytic complex functions which has
Re(x) = 1/2in addition to the usual Im(x) = 0, when y is a fixed point in real numbers.

By using the Newton’s method(see [22]), we see the following Example 1. The equation of
the left figure in Example 3 is 1.1965181875000004 + 2.912903125000001x — 5.745637500000002x2 —
0.5555x + x* that is § = 0.1. In Table 1, we note that the approximate roots are
—2.33937, —0.271276,0.795233, and 2.37091, where q = 0.1 and y = 7. When we choose —4 <
Re(x) <4 and —4 < Im(x) < 4, we obtain the left figure in a complex plane. The complex numbers
in the red, violet , yellow, and sky-blue ranges move to —2.3397, —0.271276, 0.795233, and 2.37091,
respectively. The right figure in Example 3 illustrates the 4-th g-cosine Euler polynomials when g = 0.5
and y = 7. Numbers of the red, violet, yellow, and sky-blue ranges in the complex plane become
—7.20113, —0.610105, 1.36484, and 7.3839, respectively (Figure 4).

Example 3. The 4-th q-cosine Euler polynomials display the following figures in a complex plane:

Figure 4. The 4-th g-cosine Euler polynomials forg =0.1andy =7.

5. Conclusions

In this paper, we have identified several properties of g-cosine Euler polynomials and g-sine
Euler polynomials. In addition, the relationship between polynomials was confirmed according to
the various conditions of the variables. We were able to assume the structure of the approximate
roots of the g-cosine Euler polynomials and the g-sine Euler polynomials and finally, produce some
speculations. The structure of the approximate roots will come out in various ways depending on the
condition of the variables, and new methods and theorems related to approaching this needs to be
created and proved.
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Abstract: In this paper, the class of the twice-iterated 2D g-Appell polynomials is introduced.
The generating function, series definition and some relations including the recurrence relations and
partial g-difference equations of this polynomial class are established. The determinant expression for the
twice-iterated 2D g-Appell polynomials is also derived. Further, certain twice-iterated 2D g-Appell and
mixed type special g-polynomials are considered as members of this polynomial class. The determinant
expressions and some other properties of these associated members are also obtained. The graphs and
surface plots of some twice-iterated 2D g-Appell and mixed type 2D g-Appell polynomials are presented
for different values of indices by using Matlab. Moreover, some areas of potential applications of the
subject matter of, and the results derived in, this paper are indicated.
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1. Introduction, Definitions and Preliminaries

The subject of g-calculus leads to a new method for computations and classifications of g-series
and g-polynomials. In fact, the subject of g-calculus was initiated in the 1920s. However, it has gained
considerable popularity and importance during the last three decades or so. In the past decade, g-calculus
was developed into an interdisciplinary subject and it served as a bridge between mathematics and physics.
The field has been expanded explosively due mainly to its applications in diverse areas of physics such as
cosmic strings and black holes [1], conformal quantum mechanics [2], nuclear and high energy physics [3],
fluid mechanics, combinatorics, having connection with commutativity relations, number theory, and Lie
algebra. The definitions and notations of the g-calculus reviewed here are taken from [4] (see also [5,6]).

The g-analogue of the Pochhammer symbol («),,, which is also called the g-shifted factorial, defined by

m—1
(;9)0=1 and (;9)m=[](1—aq") (meN; aeC). (1)
r=0
Symmetry 2019, 11, 1307; d0i:10.3390/sym11101307 www.mdpi.com/journal /symmetry
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The g-analogues of a complex number « and of the factorial function are defined as follows:

W= 75 eC\(1hae0)

and
m

m]q 2 7 [O]q =0, [m]q! = H[S}q = mq[z]q[?’]q s [m]q and [O]q! =1

s=1
(meN; geC\{0,1}),

where N is the set of positive integers.
The g-binomial coefficients [7] g are defined by

m| (q}q)m o [m]q! — eeom
LL @D @ D [slg! [m — s]q! (=022,

@

*)

The g-analogue of the classical derivative D f or % f of a function f ata point t € C\{0} is defined by

Dyf(t) = w (0< gl <1; t#0).
We also note that

(i) lim Dgf(t) =

q—1
(i)  Dy(arf(t) + a2 8(t)) = aDgf (t) +azDgg(t
D,

ar(t)
dt

d
,where I denotes the classical ordinary derivative,

’

)
(

(iii) Dy(fg)(t) = f(qt)Dag(t) + g(t)Daf (t) = f(t)Dyg(t) + Daf (t)g(qt),
(vi) D <@) 8(1)Dyf () = F(1)Dgg () _ g(qt)Dyf (1) — f(qt)Dyg(t)
\g(b) g(t)g(qt) g(t)g(qt) '

The two familiar g-analogues of the exponential function e’ are given by

o g 1 )
e;(t) := — = 0< <1, |x|<|1—
ﬂ( ) mzo [m]q' ((1_’?)3‘}!1)00 lq] x| < | q|
and
s 1 t"l
Eq(t) := Zoqf (m=1) flyl (—(1—9)9)e (0< gl <1; te).
e

The above-defined g-exponential functions e;(t) and E;(t) satisfy the following properties:

Dyeq(t) = eq(t), DgEq(t) = Eq(qt),
eq(H)Eq(—t) = Eq(t)eg(—t) = 1.

®)

(6)

@)

®)
©

The class of Appell polynomials was introduced and characterized completely by Appell [7] in 1880.
Further, Throne [8], Sheffer [9] and Varma [10] studied this class of polynomials from different points of
view. For some subsequent and recent developments associated with the Appell polynomials, one may

refer to the works [11-14].

In the year 1954, Sharma and Chak [15] introduced a g-analogue of the Appell polynomials and called
this sequence of polynomials as g-Harmonics. Later, in the year 1967, Al-Salam [16] introduced the class
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of the g-Appell polynomials {. Ay 4(x)}5_, and studied some of their properties. Some characterizations
of the g-Appell polynomials were presented by Srivastava [17] in the year 1982. These polynomials arise
in numerous problems of applied mathematics, theoretical physics, approximation theory and many
other branches of the mathematical sciences [7,18-20]. The polynomials Ay, 4(x) (of degree m) are called
g-Appell polynomials, provided that they satisfy the following g-differential equation:

Dgx{Amgq(x)} = [mlgAm-1,4(x)  (meNo=NU{0}; g€ C;0<[q <1). (10)

Recently, Keleshteri and Mahmudov [21] introduced the 2D g-Appell polynomials (2DqAP)
{Am,q(x1,%2)}_, which are defined by means of the following generating function:

m

Ay (1) eg(x1t)Eq(xat) = Y Aug(x1, x2) o, (0<g<1), (11)
m=0 :
where
00 tm
Ag(t) = ZOA"”’ 1 Ag(t) #0 and Agy =1 (12)
We write

Ag = Aug(0,0),

where A4 denotes the 2D g-Appell numbers.
For x = 0, the 2DGAP Ay 4(x1,x2) reduce to the g-Appell polynomials Ay4(x) (see,
for example, [16,17,22]), that is,

Am,q(xlz 0) = -Am,q(x] )/ (13)
where A, 4(x) are defined by
00 tnl
Ag(t) eq(xt) = Z Am,g(x) [m]! (0<g<1) (14)
m=0 q
and Ay, ; given by
Amg = Amg(0)

denotes the g-Appell numbers.
The explicit form of the 2DqAP A, 4(x1, x2) in terms AP Ay, 4(x) is given as follows (see [21]):

Apg(x1,%2) = Z {rﬂ q%(m—s)(m—s—l)AS’q(xl)x;z—s. 15)
s=0 q

The function A, (t) may be called the determining function for the set Ay, 4(x1, x2). Based on suitable
selections for the function Aq(t), the following different members belonging to the family of the 2D
g-Appell polynomials Ay, 4(x1, x2) can be obtained:

L If A (t) = Wﬁ, the 2DgAP A;4(x1, x2) reduce to the 2D g-Bernoulli polynomials (2DgBP)

B,q(x1, x2) (see [23,24]), that is,

Am/q (xlr xz) = %m,q(-x‘lz X2)r
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where B, ;(x1, x2) are defined by

tﬂl

eq(x1t)Eq(x2t) Z Bng(x1,X2)

16
m=0 [ }q' (6

eg(t) =171
and B, 4 given by
Big = Bug(0,0)
denotes the 2D g-Bernoulli numbers.
IL If Ay(t) = PROEST )+1 , the 2DAP Ay, 4(x1, x2) reduce to the 2D g-Euler polynomials (2DGEP) &y, 4(x1, x2)

(see [23,24]) that s,
Am,l] (xlz xZ) = gm,q(xl/ XZ),

where &y, 4(x1, x2) are defined by

m

(xlt)Eq xzf Z Sm,q x1,x2)

2 t
e +17 prt [m]y! 17

and &y, 4 given by
Emyg = Emy(0,0)

denotes the 2D g-Euler numbers.

L If Ay(t) = () +7, the 2DAP Ay 4(x1,x2) reduce to the 2D g-Genocchi polynomials (2DqGP)
g,,,,q(xl, x2) (see [23,24]; see also [25]), that is,

-Am/q (xlr x2) = gm,q(xlz XZ)r
where G, 4(x1, x2) are defined by

2t eq(x1t)Eq(x2t) Z Gm,g(x1,%2) "
T L1 1 2 ¥ 1,42
Eq(t) + 1 '7 m=0 " q [ }‘7

(18)

and Gy, := Gin,q(0,0) denotes the 2D g-Genocchi numbers.

We recall here that, in a recent paper, Khan and Riyasat [26] introduced the twice-iterated g-Appell
2]

polynomials AL,rq(x) which are defined by means of the following generating function:

00 m

Ag(£) Aq(t) eg(xt) E g (x ]|

(0<qg<1). (19)

In this paper, the class of the twice-iterated 2D g-Appell polynomials is introduced by means of
generating functions, recurrence relations, partial g-difference equations, and series and determinant
expressions. Further, several results are obtained for the members corresponding to this polynomial
family. In Section 2, the twice-iterated 2D g-Appell polynomials are introduced by means of the generating
functions and series definition. Also, the recurrence relation and g-difference equations involving the
twice-iterated 2D g-Appell polynomials are derived. In Section 3, a determinant expression for the
twice-iterated 2D g-Appell polynomials is established. In Section 4, the determinant expressions and some
other properties of the members belonging to the family of the twice-iterated 2D g-Appell polynomials
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are obtained. Section 5 provides several graphical representations and surface plots associated with
several members of families of g-polynomials which have investigated in this paper. Finally, in Section 6,
we present some concluding remarks and observations.

2. Twice-Iterated 2D g-Appell Polynomials

In order to introduce the twice-iterated 2D g-Appell polynomials (2I2DqAP), we consider two different
sets of the 2D g-Appell polynomials Ay, 4 (x1, x2) and Ay, 4(x1, x2) such that

m

Ag () eq(x1t)Eq(xat) = Z Apq(x1,%2) ot ) (0<g<1), (20)
m=0
where
Z A,,”, ] [l Ag(t) #0  and Ay =1; (21)
Ay (1) eg(x1t)Eq(x2t) = Y Aug(x1, x2) [rly! (0<qg<1), (22)
m=0
where
A1) = Y Jimg [;1] L A1) #£0 and gy =1; 23)
m=0 q
Ay egmat) = 3 Amg(x) o (0<g<1). (24)
m=0 [m]q!

The generating function for the 2I2DgAP is asserted by the following result.

Theorem 1. The generating function for the twice-iterated 2D q-Appell polynomials Al,z,}q(xl, xp) is given by

Ag (1) Ay (1) eq(x11)Eq(x2t) = Z Amq X1,X2) (0<g<1). (25)

t
[m]q!
Proof. By expanding the first g-exponential function e;(x1t) in the left-hand side of the Equation (20)
and then replacing the powers of x, that is, x(l),x1,x%, .-+, x" by the polynomials Aoq(xl) Ay q(x1)
f'(z,q(xl), -+, Apq(x1) in the left-hand side and x1 by /l'llq(xl) in the right-hand side of the resultant
equation, we have

Ay(t) <1+A'w(x1 i+ Aa(e0) g+ ot Ay ) >E,, xaf) = Y Aug(Ayg(ra) x2) (26)

(]! m=0 [mlqt
Moreover, by summing up the series in the left-hand side and then using the Equation (24) in the
resulting equation, we get

12
2],!

m

Aq(f) Aq( )eq(xlt)Eq JCQt Z Amq Alq(xl) Xz) (27)

- [m]q!.

Finally, denoting the resulting 2I2DqAP in the right-hand side of the above equation by Ai,z,]q(xl, X2),
that is,
Amg(Aig(x1),%2) = Ay (x1,%2), (28)

the assertion (25) of Theorem 1 is proved. [
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Remark 1. For xp = 0, the 2I2DgAP Ai,z,]q(xl, xp) reduce to the twice-iterated q-Appell polynomials (see [26])
such that

A2 — A 0 29

m,q(xl) : m,q (xlr ) (29)

It is also noted that
Amg = Amg(0) = Amg(0,0). (30)

We next give the series definition for the 2I2DqAP .ALZAq (x1,x2) by proving the following result.

Theorem 2. The twice-iterated 2D g-Appell polynomials .Am g (X1, x2) are given by the following series expression:

) K
.Am,q(xl,x2) = Z |:S:| -As,qufs,q(xler) (31)
s=0 q

Proof. In view of the Equations (21) and (22), the Equation (25) can be written as follows:

t"l
Z-Asq [S]q| Z -Amq X1, Z -Amq x1,X2) [ ]q!: (32)
which, on using the Cauchy product rule, gives
ZZH““A () ooy = Y AR ) (o (33)
= s,q YAm—s,q\ A1, A2 [m}q! = nm,g\A1s A2 [m]q!~

Equating the coefficients of like powers of t in both sides of the above equation, we arrive at the
assertion (31) of Theorem 2. [

Remark 2. For xp = 0, the series expression (31) becomes
2] A
-Am,q(xl) = Z |:S:| -As,qufs,q(xl)/ (34)
s=0 q

which is a known result [26] (p. 5, Equation (2.8)).

We now state and prove the following result.

Theorem 3. The following relation between the twice-iterated 2D q-Appell polynomials AL%],q(xl,xz) and the

twice-iterated g-Appell polynomials Ay, q(x1) holds true:
m

An) = 15 || s A ). )
q

s=0

Proof. Using the Equations (7) and (19) in the left-hand side of the generating function (25), we get

(Z AR (x1) T ) (i gdm(m=1) (E%[)]:”) (36)

m=0

o0
Z Amq X1,

m=
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which, on applying the Cauchy product rule in the left-hand side, yields

tnl

Y A = Y Z[ } g AR () Tnt (37)

m=0 ! m=0s=0

Finally, equating the coefficients of like powers of  on both sides of this last equation, we obtain the
assertion (35) of Theorem 3. [

Remark 3. By taking x, = 1 in the result (35), we get

AR, (a1, 1) = é mq gD A (). 38)
Remark 4. The following statements are equivalent:
(a)  Aflg(x1, —x2) = (~1)" A (0,x2) (39)
and
(b)  Ajg(x1) = (=1)" Az (0) (40)

In order to derive the g-recurrence relations and the g-difference equations for the twice-iterated
2D g-Appell polynomials by using the lowering operators that are, in fact, the g-derivative operator Dy,
we first prove the following lemma.

Lemma 1. The twice-iterated 2D q-Appell polynomials A%q(xl, x7) satisfy the following operational relations:

Dy, (Aimg(x1,%2)) = [l A, (31,%2), (a1)
Dy (Al (31, 32)) = g A 1,4(¥1,9%2), (42)
AP (x,2) = [ [m]q}q D5 A, (21, 3) 3)
and [ .1
s(s—1) . m —
Al () = o ," D3y Al (31, %2). (44)

Proof. In view of the Equation (25), the proof of the above lemma requires a direct use of the identity (5).
We, therefore, skip the details involved. [

We now derive the g-recurrence relations for the 2I2DqAP A%q(xl, x2).

Theorem 4. The twice-iterated 2D g-Appell polynomials AL,Z,lq(xl, xp) satisfy the following linear homogeneous
recurrence relation:

b
[m]q s

M=

A, 72) = (1] 0ot e+ a0 Ay ) £ g AL 0w, )
0 q
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where
Ay (£)Dy Ay ( o Ay (1) Ayt o g
q(t) Dy Aq(t) 2 y t'ﬂ().‘ﬂ()zzﬁm -,
Ag(gt) Agat) i m]a Ay (qt) Aq (qt) m=o ™! )
 DarAq(t)
A (qt mZ ,)/m m]‘i
Proof. Consider the following generating function:
M . ti"l
Gylgxr, xo,t) = Ag(£) Ay (t) eq(qx1t) Eq(xat) = Z Amq qx1,x2) ot (47)
q
By taking the g-derivative of the Equation (47) partially with respect to t, we get
Dq,r(Gq(quXz/f)) = szq(t)-Aq(t) eq(qxt) Eq(‘ixzt) + qxlAq(‘it) Aq(qt) eq(qxt) Eq(qXZt) (48)

+ (DgrAq(t)) Aq(t)eq(gxt) Eq(qxat) + Ag(qt) (Dgedq(t)) eq(qxt) Eq(qrat).

Thus, upon factorizing G,(qx1, x2,t) occurring in the left-hand side and multiplying both sides of the
identity (48) by ¢, we find that

th,[ (Gq(qxl,xz, t))

= Gy(qx1, x2,t) <t

Ag(#)Dq,tAq(t) Ag () A, (1) Dy i Ay (1) ) (49)
e At T Aanden T 4G )

In view of the assumption (46) and the Equation (47), the Equation (49) becomes

s t"‘l
; mq qxl/xz) [m}q!
] mo o (50)
:mggq Am,q(xlzxz m] T Z m + X2 Z ﬁm m]q +WZ Ym m] T +gx1
which, on using the Cauchy product rule, gives
Z m]q Amq qxlfxl) [ ] |
- o0 m [ ] m
2 Z |: :| m— lxb + xzﬁs + '}’:,).Am Sq(X‘l,Xz) [m}q! (51)
- - tnl
+x1 Z (m]gq™ AL 19(31,%2) AR
m=0 q°

Finally, upon equating the coefficients of like powers of t on both sides of the above equation and
dividing both sides of the resulting equation by [1n],;, we get the assertion (45) of Theorem 4. [

We now state and prove the following result.
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Theorem 5. The following recurrence relation for the twice-iterated 2D g-Appell polynomials A[mzlq(xl,xz)

holds true:

Ag(f)Dq/‘{Aq(t) + 1 ‘Aq(t)/?_q(t) +Dq‘,_tAq(t)
Aq(qt)Aq(qt) Aq(qt) Aq(qt) Aq(qt)

Al (gx1,x2) = g1 ( + qxl> AL (). (5Y)

Proof. We first use the Equation (47) in both sides of the Equation (49). Then, after some simplification,
by equating the coefficients of like powers of f on both sides of the resulting equation, we arrive at the
assertion (52) of Theorem 5. [

We next derive the g-difference equations which are satisfied by the twice-iterated 2D g-Appell
polynomials.

Theorem 6. The twice-iterated 2D g-Appell polynomials .AL,ZJq(xl,xz) are the solutions of the following
g-difference equations:

m m—s
(z‘?[S] (s + 26 + 75) Dy +xlquq,xl> Ay, 32) = [mlg Ay (g, x2) =0 (53)
s=0 q

or

m —
qm s X

(as +x %+7) D3, A2, (n%) + 110" Dy A2, (xl,;) — A (g, 1) =0, (54)

s=0 [S]q

Proof. The proof of the assertions (53) and (54) of Theorem 6 would follow directly upon using the
Equations (43) and (44), respectively, in the recurrence relation (45). O

In the next section (Section 3 below), the determinant forms for the 2I2DqAP are established.

3. The Twice-Iterated 2D g-Appell Polynomials from the Determinant Viewpoint

One of the important aspects of the study of any polynomial system is to find its potentially
useful determinant representation. Recently, Keleshteri and Mahmudov [21] introduced the determinant
definitions for the g-Appell polynomials and the 2D g-Appell polynomials. These polynomials are useful in
finding the solutions of some general linear interpolation problems and can also be used for computational
purposes. Khan and Riyasat [26], on the other hand, established the determinant expressions for the
twice-iterated g-Appell polynomials. This fact provides motivation for us to establish the determinant
definitions and the determinant expressions for the twice-iterated 2D g-Appell polynomials 2I2DgAP by
proving the following result.
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Theorem 7. The 212DgAP Al

AErzt],q (xlz XZ) =

where By, # 0, Bog = ﬁ and Ay,q(x1,x2) (m € Ny) are the g-Appell polynomials of degree m.
q

(Bog)m 1

A2 (x1,25) =

zl

1 Ayg(xr,x2)

Bog Big
0 Bqu
0 0
0 0
1
By =7~

17 (x1,x2) of degree m are defined by

1
Bog’
Az g (x1,x2) Ap—1,4(x1,%2)
Bayg T Byi-1,4
BBy o B
R N

(2

s=1

)»

0 By,

mq As,qu,s,q) (m eN),

(55)

(56)

Proof. Consider A%q (x1,x2) as a sequence of the 212DAP defined by the Equation (25). Also let A, 4 and
Bin,q be two numerical sequences (the coefficients of the g-Taylor series expansions of functions) such that

and

also satisfying the following condition:

On using the Cauchy product rule for the two-series product /lq(t)jtq (t), we get

Consequently, we have

that is,

Next, upon multiplying both sides of the Equation (25) by .[lq (t), we get

. . Lt R
.Aq(t) = AO,q + Al,,]m + Az,q Wq'

; t 12
A() Boq+31q[] Jrqu [2]q!+..

tm

+-Amt][ ] +
q:
pm

-+ Bm,t} [T]ll'

Ag()Ag(H) =1

Ag(H) Ag (1) Ag(t) eq(x18)Eq(xat) =

Ay(t) A ZAM [m] i zs,,,,q[%]’q!
L [1] Avatna = {31 A
BOFTM
Bug =2 (TI [8), Asg Busq) (€ No).
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(m € Np; AO,q #* 0)

+--- (m€Ny; Byg #0),

Z Amq X],Xz

(57)

(58)

(59

(60)

(61)

(62)
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Further, in view of the Equations (22), (58) and (59), the above Equation (62) becomes

00
tm

Z qu 2 A%q(xhxz)
m=0

n=0 (gt

(63)

ngkd

A (Xl,xz [ ]

m=0 q:

Now, on using the Cauchy product rule for the two series in the right-hand side of the Equation (63),

we obtain the following infinite system for the unknowns ALZ,L,(xl, X):

Bog Af) (x1,%) = 1;
By, A2 By, A2 |
1q Ap g (x1,%2) + Bog Aj; (x1,%2) = Ay (31, x2),

Baq AEZ,,],(XLXZ) + [%]qu,q AE | (x1,x2) + Bo, A2 L(xl,xz) A g (x1,x2),
. (64)
Bm—l/q A([)Z,,]i(xlr XZ) + [mfl]qufz,q A[f‘]i<x1' xZ) -+ BOL] AL,] 1 ,I(Xlr XZ) = Am—l/q(xlr x2)r

Bing Al[)z/,]i(xl,xZ) + [T]q Biy-14 A?,},(xl,xz) ++Bog A%q(xlfxz) = Amg(x1,x2),

Obviously, the first equation of the system (64) leads to our first assertion (55). The coefficient matrix

of the system (64) is lower triangular, so this helps us to obtain the unknowns AL,]q(xl, x7) by applying the

Cramer rule to the first m 4 1 equations of the system (64). Accordingly, we can obtain

BO,q 0 0 s 0 1
By Bog 0 . 0 A g(x1,%2)
BZ,q [%],]BLq BO,q ce 0 AZ,q (xl/ XZ)
Bm—l,q [nlfl]qsm—z,q [mgl]L]Bm73,q T BO,:] Am—l/q (1,x2)
2 Bmlq qum—Lq [g’]qu*Z,q T [mrﬁl]qu/‘i A"'fﬂ(xerZ)
Aig(31,7%2) = B 0 0 0 1 ' (5)
04 C.
By q BOJ] 0 0 0
By B Bog 0 0
Bm—l,q [ml—l]quizlq [1712—1]'18}”73# P BO,q 0
Bm,q [ql]qsm—l/q [’;]quflq o [m 1] Bl/q BO/‘I

129



Symmetry 2019, 11, 1307

where m € N. Thus, upon expanding the determinant in the denominator and taking the transpose of the

determinant in the numerator, we get

Bog By, Bag e Bu14 Bug
0 Boyg BB [,Buzg  [7],Bu-1g
) 0 0 Bog N Y 1]f,Bme,q (3], Bn—24
-ALZJq(x],Xz) = Bogy ™t
0 0 0 o Bog l"1],B1a
1 Ay x) Aog(a,x) - Awrg(rx2)  Aug(xr,x2)

(66)

Finally, after m circular row exchanges, that is, after moving the jth row to the (j + 1)st position for

j=1,23,---,m—1,wearrive at our assertion (56) of Theorem 7. []

Theorem 8. The following identity for the 2I2DqAP ALz,],q (x1, x2) holds true:

1 = m—1
A%q(xlr x2) = B <Am,q(xlr -x2) - Z |:m:| Bm—s/q Agt;(x]/ X2)> (m € N)
0,9 s=0 LS1g

Proof. Expanding the determinant in the Equation (56) with respect to the (1 + 1) row, we get

1 Ayglxrx) Aglxr,x) - o Apirg(x,x)

BO,q Bl,q BZ,q . - Bm—l,q
o By BB B

—1ym m
.A[,ﬁ] X1,X2) = (7[ ] B -
,q(l 2) (Bqu)erl m—1 . Ll 0 Boyg [mzl]qu—&q
0 0 0 o Bog o [hal B
1 Al,q(xlfxz) AZ,q(xerZ) s ce Am 2,,;(961,%2) Am,q(xhxz)
Bo,g Bi, Bayg R Bin-14 Bin—1,9
0 By BB o P Baay [, B
Ly
Bog)™ T | 0 0 Bug oo U Baag [, Baosa
0 0 0 By (73], B
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1

= % [mm_ 1]431,#‘%{14(’(1,%2) +
Al,q(xlr xz) AZ,q(xth)
Big Bag
Bog ﬁ]qglﬂ
0 Bo,g
0 0

,1)"’

(
(Bog)™

Am—2,q(x1,%2)
Bm—l,q
2], B

("5, B

Bqu

Am,q (x1,%2)
Bm—l,u]
"], Bi2g

[711271]{131"73'!7 :

—1
U;;—z],,Blwl

Next, by applying the same argument for the last determinant, we find that

-1[ m 2) (=)™ [m—1
ALZ,I X1, X :—{ }B Al X1,X2) + 75— B
q(x1,%2) Bog lm—1], 1q 11:4,,]( 1,%2) (Bog)" m—2 . 24q
1 Ay(x,x)  Ayg(x,x) Ainsq(x1,52)  Apaq(x1,%2)
BOM Bl,n BZ,q Bm—s,q Bm—Z/q
0 Bog [ﬂqu,ﬁ ["’fs]qu%q ["’fz]qufw
0 0 B(w ["'ES]HBm 54 [mgz]q8"174,ﬂ
o o 0 B, (23, By
1 Ayg(x,x)  Ayg(x,x) Ansg(x1,x%2)  Apg(x1,x2)
Bog Big Bag B34 Bu-14
0 Bog ({81 ["lyBusq  [11,Bu2q
(_ 1 )m+2 P
+ m 0' m m
(Bog)" 1o 0 Boq " 3],73",75,/7 [z]qu—Z,q
0 0 0 Bo,g [27;]452,41
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B ;1 m 2 B 1 m 1>m 2
= Bo, [m—lLBLqA’” ],q(xl’XZ) Boy) [n17 ] BZqu z{,(xLXZ) (Bog )m 1
1 Ayg(rx)  Agglxn,x) - oo Ausag(xn,xa)  Awg(x,x)
BOJ! Bl,q BZ,a e Bm—3,q B 1,q
0 Boyg {810 o T Bueag [ Buezg
0 0 Blm - L [WESJQBW?M [1;]!78"’72# .
0 0 0 e Bog [Z:;],,Bz,q

Again, we apply the same technique recursively until we arrive at the following consequence:

—1[ m 2} o1 2l

1 Apg(x,x)

-ALn]q (x1,x2) =

B, 2
( O,q) Bo,q Bm,q

_ 1 m 2 1 [m- 2]
B Bo,q [m - 1] qu'quil'q(XI,XZ) (BO q) { 2} qBZ qu Zq(xllxz)

L A1), (68)

1
— = B g Ay (X1, %2) +
m,q O,q( 1 2) BO,q

(BO,q)
Finally, upon summing up the series in the left-hand side of the Equation (68), we arrive at the
assertion (67) of Theorem 8. [

Corollary 1. The following identity for the 2DqAP A, 4(x1, x2) holds true:

m

A g(x1,%2) Z[ } Buoqg AD(11, %) (m €N). (69)

4. Several Members of the Twice-Iterated 2D g-Appell Polynomials

During the last two decades, much research work has been done for different members of the
family of the g-Appell polynomials and the 2D g-Appell polynomials. By making suitable selections for
the functions A, (t) and A, (t), the members belonging to the family of the twice-iterated 2D g-Appell
polynomials A,[f;(xp x2) can be obtained. The 2D g-Bernoulli polynomials B, 4(x1, x2), the 2D g-Euler
polynomials E,4(x1, x2) and the 2D g-Genocchi polynomials G, 4(x1, x2) are important members of the 2D
g-Appell family. Therefore, in this section, we first introduce the 2D g-Euler based Bernoulli polynomials
(2DQEBP) ¢B,;,4(x1, x2) and the 2D g-Genocchi based Bernoulli polynomials (2DqGBP) gB,4(x1, x2) by
means of their respective generating functions and series definitions. We then explore other properties of
these members.
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4.1. The 2D g-Euler—-Bernoulli Polynomials

Since, for
2 t
Ay(t) = Q) +1 and  Ay(t) = aO-T
the 2DqAP Ay q(x1,x2) reduce to the 2DGEP E4(x1,x2) and the 2DGBP By, 4(xq, x2), respectively.
Therefore, for the same choices of A, (t), that is,

A 2 "
t) = ——— )= ———
Ay(t) OES! and A,(t) PAOESK
the 22DqAP reduce to 2DqEBP ¢%B,, 4(x1, x2) and are defined by means of generating functions as follows:

T 1) 00 = L Bl p 0<g< @

The 2DQEBP ¢B,,4(x1, x2) of degree m are defined by the following series:

m

m
E‘Bm,q(xlr x2) = Z |:S:| %s,qgmfs,q(xl/ Xz)- (71)
s=0 q

The following relation between the 2DGEBP ¢%B,, 4(x1, x2) and the qEBP ¢B,,,4(x1) holds true:

o [m] 15521y s
eBmq(x1,x2) = Z [S} qZ‘(* 1)x2 eBm—sq(x1), (72)
s=0 q
which, for x, = 1, yields
Mom) 16—
eBmg(x1,1) = Z [J ‘125(5 b Bm—s,q(x1). (73)
s=0 q

The 2DqEBP ¢ m,,,(xl, x7) satisfy the following recurrence relation:

£Bunq(qx1,x2) = g2

. (t("q('m —1) (x2(eq(qt) :i;)(;)ia(lg)()e:(t()"ff?)* teq(t) —1) (eq(t) +1) 4 qle> By 14(x1,%2). (74)
Further, by taking
Bog =1,
B, = L (jeN)
SIS
and

Am,q(xlz Xz) = gm,q (xlz Xz)

in the Equation (56), we obtain the determinant definition of the 2DqEBP ¢8 m,,,(xl, x7) as given below.
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Definition 1. The 2D g-Euler-Bernoulli polynomials ¢ By,4(x1, x2) of degree m are defined by

eBog(x1,x2) =1, (75)
1 &Eig(xx)  Eqlxn,x) o Emorg(x,x2)  Eml(x1,x2)
1 1 1 1
1 o en e ion T,
2 1 m—1 1 m 1
0 1 [,y o My Wlpg
£Buq(x1,x2) = (=1)" 0 (76)
0 0 1 o My Bl
m 1
0 0 0 1 L, B
(m eN)

where En,q(x1,x2) (m € Ny) are the 2D g-Euler polynomials of degree m.

4.2. The 2D g-Genocchi—Bernoulli Polynomials

Since, for
A= —2 and A = —
T () +1 T () — 1
the 2DqAP A 4(x1,x2) reduce to the 2DqGP Gy q(x1,x2) and the 2DqBP By 4(x1, x2), respectively.
Therefore, for the same choices of A4(t), that is,

2t o t

Ag(t) = OS] and  A,(t) = ot =T

the 22DqAP reduce to 2DGGBP ¢%B ;4 (x1, x2) and are defined by means of generating functions as follows:

m

212 < t
eq(x1t)Eq(xat) = Z GBm,q(x1,X2) ot (0<g<1). (77)
m=0 q-

(e + 1) (eg0) —1)

The 2DqGBP ¢%B,4(x1, x2) of degree m are defined by the following series:

m

m
g%m,q(xlrxz) = Z |:s] sBs,q gm—s,q(xlr x2)~ (78)
s=0 q

The following relation between the 2DqGBP ¢B,4(x1, x2) and the qGBP B, 4(x1) holds true:

m
g%mq x11x2 Z |: :| S s=1) xz Q‘Bm—s,q(xl)r (79)
s=0
which, for x; = 1, gives
o m To(e
‘J%m,q(xl/l) = Z {S:| 'PS(S R g%mfs,q(xl) (80)
s=0 q
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The 2DqGBP ¢%B,,,4(x1, x2) satisfy the following recurrence relation:

(eq(qt) +1) (eq(t) — teg(t) + 1+ xat(eq(qt) +1))
teq(t) +1) (eg(t) = 1)

alea)  ty(t) 1) (1) +1)
Tty ) B

B (g1, x2) = q" 3 (

In the next section (Section 5 below), we give some graphical representations and the surface plots of
some of the members of the twice-iterated 2D g-Appell polynomials.

5. Graphical Representations and Surface Plots

Here, in this section, the graphs of the g-Euler-Bernoulli polynomials (qQEBP) ¢%B,4(x), g-Genocchi-
Bernoulli polynomials (QGBP) ¢ B4 (x) and the surface plots of the 2DqEBP ¢By,4(x1, X2) and the 2DqGBP
GBm,q(x1, x2) are presented.

To draw the plot of the qEBP ¢%,,,4(x) and the qGBP ¢®B,,4(x), we choose ¢ = ! and consider
the values of the first four g-Euler-Bernoulli polynomials and of the first four g-Genocchi-Bernoulli
polynomials, the expressions of these polynomials are given in Table 1.

Table 1. Expressions of the first four ¢, (x) and Q%m,% (x).

1
2

m 0 1 2 3 3

7 2 7 79 3_ 492,79, 379 4_ 35,3 145.2 . 379
g%m,%(?{) 1 x—§ X —3x+q{g X=X +gx+ g X —3gX° + 193X + jszex +.0213

g8, () 0 1

NIG

7 7,2 49 121 15.3 45 .2 815 379
Y1 IR TR Ty Y T 16Xt 256X T 1536

Further, by setting m = 4 and q = % in the series definitions (72) and (79) of ¢, 1 (x1,x2) and
GBm,q(x1,x2) and using the particular values of ¢%B,, 1 (x) and ¢%B,, 1 (x) from Table 1, we find that

35 145 379 15 245 395
_4 Y3 2 -~.3 2 o
5%4/%(x1,x2) =x7 16x1 + 192x1 +—1536x1 +0.0213 + 8 XX o X7Xx2 + 256x1x2 )
437 P M 0 e B Peily
153672 T 32 12 T g 2 T 7gg 2 T gt 12 T 10872 T a2
and
B, (x x)—Ex3f§x2+§x+—379 +@x2x f@xx f@x
G5, 12) = 7g 16 256 | 1536 | 32 127 1287172 25672 (83)
L 105 2 25, 154
64 127 12872 T pa

Next, by using the expression given in Table 1 and the Equations (82) and (83), with the help of Matlab,
we get the Figures 1—4 below.
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(x)
(x)
—s— By L0
(x)
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Figure 1. Shape of g‘Bm% (x).
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200 . . . . . .
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Figure 2. Shape of G‘Bm,% (x).
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Figure 3. Surface plot of g‘BAL% (x1,x2).
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1000

500

-500

-1000

-1500
5

Figure 4. Surface plot of g8, 1 (x1, x2).
72

Further, with the help of Matlab, we compute the real and complex zeros of ¢B, 1 (x)and B, 1 (x)
form =1,2,3,4 and x € C. These zeros are mentioned in Tables 2 and 3.

Table 2. Real zeros of g%mr% (x) and Q%m,% (x).

m £%B,,1(x) GB,,1(x)
1 1.1667 0

2 0.3315,1.4185 1.1667

3 —0.1213,0.7910,1.3719  0.6620,1.0880
4 0.7878,1.6239 —0.0726

Table 3. Complex zeros of g%m,% (x) and G%m,% (x).

m E%m,% (x) g%m,% (x)

1
2
3 — —
4 —0.1121 - 0.0639i, —0.1121 4-0.0639;  0.7863 — 1.0926,0.7863 +- 1.0926i

Also, with the help of Matlab, the zeros mentioned in Tables 2 and 3 are shown in the Figures 5 and 6.
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Figure 5. Zeros of ¢%B, 1(x).
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o
T
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-
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v
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15 . . . . . . )
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Figure 6. Zeros of ¢B,, %(x)

6. Concluding Remarks and Observations

As long ago as 1910, Jackson [27] studied the g-definite integral of an arbitrary function f(t), which is
defined as follows:

[ f0de =00 ¥ @) ©<q<tacw e
and . Y .
I o= [ porage — [0 dyt. (55)

We note also that

Dy [ F)dyx = £0). (80
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Applying the double g-integral to both sides of the Equation (42), that is,

A e 2] o 2]
/0 /O [m]q.Amfl/q(tl,qtz) dgty d”tzz/o /O Dy, Ay (t1, £2) dgty dgto, (87)

we have

(t1,qta qb1 dqt2 = 1 mg\F1,X2) — Am,q(t1, qt1-
b Al o (11,4t2) oty dgto = | (A2 (11, x5) — A (1,0)) d,t (88)

In view of the Equatlon (41), the above Equation (88) yields

[m]q/ 1/'2 A[j,]_lq(tl,qtz) dytidgty

X1
= / 11’1 + 1 ‘7t1 A£rl]+1q(t1’ xl) Dq | ALI]‘qu(tl’ )) d‘?tl (89)

1

_ [2] 2] 2] 2]
B [m + 1},] (Aerlr@(xl'xz) - Am+1,q(0’ x2) - Am+1,q(x1' ) + 'Am+1 q(0,0)) ’

which, on using the Equations (13) and (39), becomes

01 ALI]q(tqutZ) d tld t2 ( )
2 m 2 2 2 90
= ety (Aag (o 32) = (17T 1, =) = AT )+ AL )

Further, in view of the Equations (31) and (34), the Equations (90) yields

]
[xl Amq t1,qto) dgtrdgty = m

91
. ZZ";OZ [mjz}q-’ds,q (Am+27s,q(xl/ Xz) - (71)m~Am+2—s,q (xlr Xz) - Am+27s,q(xl) + Am+275,q> . ( )
In conclusion, we choose to reiterate the now well-understood fact that the results for the g-analogues,
which we have considered in this article for 0 < g < 1, can easily be translated into the corresponding
results for the so-called (p,q)-analogues (with 0 < g < p < 1) by applying some obviously trivial
parametric and argument variations, the additional parameter p being redundant. In fact, the so-called
(p,q)-number [n], , is given (for 0 < g < p < 1) by (see also [28])

n n

A (ne{1,23,--})
(1] = pP—q
e 92)
0 (n=0)
= p 1 s,
where, for the classical g-number [1];, we have
1-4"
[n]q == 1—g
_ i (P" - (Pq)”) (93)
p—(pa)
=p (1] ppg-

139



Symmetry 2019, 11, 1307

Consequently, any claimed extensions of most (including the present) investigations involving
the classical g-calculus to the corresponding obviously straightforward investigations involving the
(p, q)-calculus are truly inconsequential.

Further investigations along the lines presented in this paper, which are associated with the various
recent generalizations and extensions of the Apostol type Bernoulli, Euler and Genocchi polynomials
introduced by, for example, Srivastava et al. (see [29,30]) may be worthy of consideration by the
targeted readers.
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