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Abstract. The paper focuses on the modified Kirchhoff equation

−
(

a + b
∫

RN
|∇u|2dx

)
∆u− u∆(u2) + V(x)u = λ f (u), x ∈ RN ,

where a, b > 0, V(x) ∈ C(RN , R) and λ < 1 is a positive parameter. We just assume
that the nonlinearity f (t) is continuous and superlinear in a neighborhood of t = 0
and at infinity. By applying the perturbation method and using the cutoff function, we
get existence and multiplicity of nontrivial solutions to the revised equation. Then we
use the Moser iteration to obtain existence and multiplicity of nontrivial solutions to the
above original Kirchhoff equation. Moreover, the nonlinearity f (t) may be supercritical.
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1 Introduction

In this paper, we are devoted to studying the following modified Kirchhoff equation:

−
(

a + b
∫

RN
|∇u|2dx

)
∆u− u∆(u2) + V(x)u = λ f (u), x ∈ RN , (1.1)

where a, b > 0, V(x) ∈ C(RN , R), λ < 1 is a positive parameter and f is continuous in R. The
equation (1.1) is the Euler–Lagrange equation of the energy functional

Iλ(u) =
a
2

∫
RN
|∇u|2dx +

b
4

(∫
RN
|∇u|2dx

)2

+
1
2

∫
RN

(
V(x)u2 + 2u2|∇u|2

)
dx− λ

∫
RN

F(u)dx,
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where F(t) =
∫ t

0 f (s)ds.
Kirchhoff’s model is a general version of the equation

ρ
∂2u
∂t2 −

(
P0

h
+

E
2L

∫ L

0

∣∣∣∣∂u
∂x

∣∣∣∣2 dx

)
∂2u
∂x2 = 0, (1.2)

which was first proposed by Kirchhoff in [6] for extending the classical D’Alembert’s wave
equations for free vibration of elastic strings. Kirchhoff’s model takes into account the changes
in string length produced by transverse vibration. In (1.2), L is the length of the string, h is
the area of cross section, E denotes the Young modulus of the material, ρ is the mass density
and P0 denotes the initial tension. In addition, we have to point out that nonlocal problems
also appear in other fields as biological systems, where u describes a process which depends
on the average of itself (for example, population density). Some early classical studies of
Kirchhoff equations can be found in Bernstein [1] and Pohožaev [14]. Much attention was
received after Lions [9] introducing an abstract functional framework to this problem. For
more relevant mathematical and physical background, we refer readers to papers [8, 13, 21],
and the references therein.

Especially, in recent paper [19], Wu studied the following problem:

−
(

a + b
∫

RN
|∇u|2dx

)
∆u + V(x)u = g(x, u), x ∈ RN (1.3)

and obtained four new existence results of nontrivial solutions and a sequence of high energy
solutions for equation (1.3).

When a = 1 and b = 0, (1.3) is reduced to the well known quasilinear Schrödinger equation

−∆u + V(x)u− ∆
(
u2) u = g(x, u), x ∈ RN . (1.4)

Several methods can be used to solve the equation (1.4), such as, the existence of a positive
ground state solution has been studied in [10, 15] by using a constrained minimization argu-
ment; the problem is transformed to a semilinear one in [2, 11] by a change of variables (dual
approach); Nehari method is used to get the existence results of ground state solutions in
[12, 17]. Especially, in [7], the existence of positive solutions, negative solutions and sequence
of high energy solutions for the following problem

−∆u + V(x)u− ∆
(
|u|2α

)
|u|2α−2u = g(x, ψ), x ∈ RN

was studied via a perturbation method, where α > 3
4 , V ∈ C

(
RN , R

)
and g ∈ C

(
RN × R, R

)
.

Recently, Feng et al. [3] studied the following modified Kirchhoff type equation

−
(

a + b
∫

RN
|∇u|2dx

)
∆u− u∆(u2) + V(x)u = h(x, u), x ∈ RN , (1.5)

where a > 0, b ≥ 0, h ∈ C
(
RN ×R, R

)
and V ∈ C

(
RN , R

)
. Under appropriate assumptions

on V(x) and h(x, u), some existence results for positive solutions, negative solutions and
sequence of high energy solutions were obtained via a perturbation method. Subsequently,
in 2015, Wu [20] studied the existence of infinitely many small energy solutions for equation
(1.5) by applying Clark’s Theorem to a perturbation functional. And in the same year, He [4]
proved the existence of infinitely many solutions for equation (1.5) by the dual method and
the non-smooth critical point theory. Last year, Huang and Jia [5] obtained the existence of
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infinitely many sign-changing solutions for equation (1.5) with a = 1 and h(x, u) = h(u) by
genus theory.

In the present paper, we assume that f ∈ C(R) and V ∈ C
(
RN) satisfy the following

conditions

( f1) limt→0
f (t)

t = 0;

( f2) limt→+∞
f (t)

t = +∞;

(V) V(x) satisfies infx∈RN V(x) ≥ V0 > 0, and lim|x|→∞ V(x) = +∞.

Moreover, f may be supercritical. But we do not assume the Ambrosetti–Rabinowitz condition
or increasing condition.

Next, we give our main results.

Theorem 1.1. Assume that (V), ( f1), ( f2) hold. Then equation (1.1) has a positive and a negative
weak solutions for all λ small enough.

Theorem 1.2. If (V), ( f1), ( f2) hold and f (t) is odd, then the equation (1.1) has a sequence {un} of
solutions such that Iλ(un)→ +∞ for all λ small enough.

This paper is organized as follows. In Section 2, we present the variational framework and
some lemmas, which are bases of Section 3. In Section 3, we give the proof of Theorems 1.1
and 1.2.

In what follows, C0, C, ci and Ci(i = 1, 2, . . . ) denote positive generic constants.

2 Preliminaries and revised functional

In this section, we give work space, the revised functional and some lemmas.
Let C∞

0
(
RN) be the collection of smooth functions with compact supports. Let

H1
(

RN
)

:=
{

u ∈ L2
(

RN
)

:
∫

RN
|∇u|2dx < +∞

}
with the inner product

〈u, v〉H1 =
∫

RN
(∇u · ∇v + uv) dx

and the norm
‖u‖H1 = 〈u, u〉1/2

H1 .

Set

H1
V

(
RN
)

:=
{

u ∈ H1
(

RN
)

:
∫

RN
V(x)u2dx < +∞

}
with the inner product

〈u, v〉H1
V
=
∫

RN
[∇u · ∇v + V(x)uv] dx

and the norm
‖u‖H1

V
= 〈u, u〉1/2

H1
V

.

Then both H1 (RN) and H1
V
(
RN) are Hilbert spaces. Set E = H1

V
(
RN) ∩W1,4 (RN) with the

norm ‖u‖E = ‖u‖H1
V
+ ‖u‖W1,4 . Then E is a reflexive Banach space.
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Notice that there is no growth condition | f (t)| 6 C|t| + C|t|q−1 and no Ambrosetti–
Rabinowitz condition t f (t)− 4F(t) > 0. So we need the cutoff function.

By ( f2) , there exists M > 0 large such that f (M) > 0. And then given M > 0, let

hM(t) =


f (t), 0 < t 6 M

CMtp−1, t > M

0, t 6 0,

where CM = f (M)/Mp−1 and 4 < p < 22∗. The continuity of f implies the continuity of hM.
Moreover, by ( f1) and ( f2) , hM satisfies that

(h1) There exists 4 < p < 22∗ if N ≥ 3 and 4 < p < ∞ if N = 1, 2 such that

|hM(t)| 6 C′M|t|+ CM|t|p−1 6 C(M)
(
|t|+ |t|p−1

)
, ∀t ∈ R,

where C′M = maxt∈[0,M] | f (t)|/t and C(M) = max {C′M, CM};

(h2) limt→0
hM(t)

t = 0;

(h3) There exists µ > 4 and r > M such that

inf
|t|=r

HM(t) > 0

and
µHM(t) ≤ hM(t)t

for |t| ≥ r, where HM(t) =
∫ t

0 hM(s)ds.

By [22, Lemma 3.4] and the condition (V), we get that the embedding H1
V(R

N) ↪→ Ls(RN)

is compact for each 2 ≤ s < 2∗.
In what follows, we consider the revised problem

−
(

a + b
∫

RN
|∇u|2dx

)
∆u− u∆(u2) + V(x)u = λhM(u), x ∈ RN . (2.1)

Equation (2.1) is the Euler–Lagrange equation associated of the natural energy functional
Jλ(u) : E→ R given by

Jλ(u) =
a
2

∫
RN
|∇u|2dx +

b
4

(∫
RN
|∇u|2dx

)2

+
1
2

∫
RN

(
V(x)u2 + 2u2|∇u|2

)
dx

− λ
∫

RN
HM(u)dx.

For θ ∈ (0, 1], let Jθ,λ(u) = 1
4 θ
∫

RN

(
|∇u|4 + u4) dx + Jλ(u). Let u+ = max{u, 0} and u− =

max{−u, 0}. Set

J±λ (u) =
a
2

∫
RN
|∇u|2dx +

b
4

(∫
RN
|∇u|2dx

)2

+
1
2

∫
RN

(
V(x)u2 + 2u2|∇u|2

)
dx

− λ
∫

RN
HM(u±)dx
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and J±θ,λ(u) =
1
4 θ
∫

RN

(
|∇u|4 + u4) dx + J±λ (u).

A sequence {un} ⊂ E is called a P. S. sequence of Jλ if {Jλ(un)} is bounded and J′λ(un)→ 0
in E∗. We say that Jλ satisfies the P. S. condition if every P. S. sequence possesses a convergent
subsequence.

Our goal is to first prove that the critical point of Jλ(u) can be obtained as limits of critical
points of Jθ,λ(u). And then we need to prove that the nontrivial critical point u of Jλ(u)
satisfying ‖u‖L∞ ≤ M is a nontrivial solution of (1.1).

Lemma 2.1. Assume that (V), (h1) and (h2) hold. Then the functionals Jλ and J±θ,λ are well defined
in E and Jλ, J±θ,λ ∈ C1(E, R).

Proof. The proof is similar to [3, Lemma 2.1], we omit it here.

Lemma 2.2. Assume that (V), (h1) and (h2) hold. Then every bounded P. S. sequence {un} ⊂ E of
Jθ,λ

(
respectively, J±θ,λ

)
possesses a convergent subsequence.

Proof. The proof is analogous to [3, Lemma 2.2], we omit it here.

Lemma 2.3. Assume that (V) and (h1)–(h3) hold. Let {θn} ⊂ (0, 1] be such that θn → 0. Let un ∈ E
be a critical point of Jθn,λ with Jθn,λ (un) ≤ c for some constant c independent of n. Then, passing
to a subsequence, we have un → u in H1

V
(
RN) , un∇un → u∇u in L2 (RN), θn

∫
RN

(
|∇un|4 +

u4
n
)
dx → 0, Jθn,λ (un)→ Jλ(u) and u is a critical point of Jλ.

Proof. Step 1: We need to prove that the sequences
{ ∫

RN u2
n |∇un|2 dx

}
,
{

θn ‖un‖4
W1,4

}
and{

‖un‖2
H1

V

}
are bounded.

By (h2), for 0 < ε0 < 1
4

( 1
2 −

1
µ

)
V0, there exists δ > 0 such that∣∣∣∣ 1µ thM(t)− HM(t)

∣∣∣∣ ≤ ε0t2

for all |t| ≤ δ. By (h1) , for δ ≤ |t| ≤ r (r is the constant appearing in the condition (h3)) , one
obtains ∣∣∣∣ 1µ thM(t)− HM(t)

∣∣∣∣ ≤ 2C(M)
(
1 + rp−2) t2,

where C(M) is the constant appearing in the condition (h1) . Thus, we get∣∣∣∣ 1µ thM(t)− HM(t)
∣∣∣∣ ≤ ε0t2 + 2C(M)

(
1 + rp−2) t2, ∀t ∈ [−r, r].

Since lim|x|→∞ V(x) = +∞, there exists ρ0 > 0 such that

1
4

(
1
2
− 1

µ

)
V(x) > 2λC(M)

(
1 + rp−2)

for all |x| ≥ ρ0. Thus,(
1
2
− 1

µ

) ∫
RN

V(x)u2
ndx + λ

∫
|un(x)|≤r

[
1
µ

unhM (un)− HM (un)

]
dx

≥
(

1
4
− 1

2µ

) ∫
RN

V(x)u2
ndx− 2λC(M)

(
1 + rp−2) r2 ∣∣Bρ0

∣∣ , (2.2)
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where Bρ0 :=
{

x ∈ RN : |x| < ρ0
}

,
∣∣Bρ0

∣∣ := meas
(

Bρ0

)
. Moreover, since un ∈ E is a critical

point of Jθn,λ, for each φ ∈ E, we have

0 =
〈

J′θn,λ (un) , φ
〉
= θn

∫
RN

[
|∇un|2∇un∇φ + |un|2 unφ

]
dx

+

(
a + b

∫
RN
|∇un|2 dx

) ∫
RN
∇un∇φdx + 2

∫
RN

(
u2

n∇un∇φ + |∇un|2 unφ
)

dx

+
∫

RN
V(x)unφdx− λ

∫
RN

hM (un) φdx.

(2.3)

Hence, it follows from (h3) and (2.2) that

c ≥ Jθn,λ (un)

= Jθn,λ (un)−
1
µ

〈
J′θn,λ (un) , un

〉
=

(
1
4
− 1

µ

)
θn ‖un‖4

W1,4 +

(
a
2
− a

µ

) ∫
RN
|∇un|2 dx +

(
b
4
− b

µ

)(∫
RN
|∇un|2 dx

)2

+

(
1− 4

µ

) ∫
RN
|∇un|2 u2

ndx +

(
1
2
− 1

µ

) ∫
RN

V(x)u2
ndx

+ λ
∫

RN

[
1
µ

unhM (un)− HM (un)

]
dx

≥
(

1
4
− 1

µ

)
θn ‖un‖4

W1,4 +

(
a
2
− a

µ

) ∫
RN
|∇un|2 dx +

(
b
4
− b

µ

)(∫
RN
|∇un|2 dx

)2

+

(
1− 4

µ

) ∫
RN
|∇un|2 u2

ndx +

(
1
4
− 1

2µ

) ∫
RN

V(x)u2
ndx− 2λC(M)

(
1 + rp−2) r2 ∣∣Bρ0

∣∣
≥
(

1
4
− 1

µ

)
θn ‖un‖4

W1,4 + c1 ‖un‖2
H1

V
+ c2

∫
RN

u2
n |∇un|2 dx− λC1(M),

where C1(M) = 2C(M)
(
1 + rp−2) r2

∣∣Bρ0

∣∣. Therefore, we get

(
1
4
− 1

µ

)
θn ‖un‖4

W1,4 + c1 ‖un‖2
H1

V
+ c2

∫
RN

u2
n |∇un|2 dx ≤ C0 + λC1(M). (2.4)

By (2.4), going if necessary to a subsequence, we get un ⇀ u in H1
V
(
RN) , un∇un ⇀ u∇u

in L2 (RN) , un → u in Ls (RN) for s ∈ [2, 22∗) and un(x) → u(x) a.e. x ∈ RN . This completes
the proof of Step 1.

Step 2: We claim that un ∈ L∞ (RN), ‖un‖L∞ ≤ M and ‖u‖L∞ ≤ M, where the positive
constant M is independent of n.

Depending on (2.4), we infer

‖un‖4
L22∗ =

∥∥u2
n
∥∥2

L2∗ ≤ C
∥∥∇u2

n
∥∥2

L2 ≤ C0 + λC1(M). (2.5)

Set T > 2, r > 0 and ũT
n = γ (un) , where γ : R→ R is a smooth function satisfying γ(t) = t for

|t| ≤ T− 1, γ(−t) = −γ(t); γ′(t) = 0 for t ≥ T and γ′(t) is decreasing in [T− 1, T]. This means
that ũT

n = un for |un| ≤ T − 1;
∣∣ũT

n
∣∣ = |γ (un)| ≤ |un| for T − 1 ≤ |un| ≤ T;

∣∣ũT
n
∣∣ = CT > 0 for

|un| ≥ T, where T − 1 ≤ CT ≤ T.
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Setting φ = un
∣∣ũT

n
∣∣2r, then we easily infer that φ ∈ E. Therefore, it follows from (2.3) that

λ
∫

RN
hM (un) φdx−

∫
RN

V(x)unφdx

= θn

∫
RN

[
|∇un|2∇un∇φ + |un|2 unφ

]
dx +

(
a + b

∫
RN
|∇un|2 dx

) ∫
RN
∇un∇φdx

+ 2
∫

RN

(
u2

n∇un∇φ + |∇un|2 unφ
)

dx

≥ 2
∫

RN
u2

n∇un∇φdx

= 2
∫
|un|≥T

|un|2 |∇un|2
∣∣∣ũT

n

∣∣∣2r
dx + 2

∫
|un|≤T−1

(1 + 2r) |un|2r+2 |∇un|2 dx

+ 2
∫

T−1<|un|<T

[
|γ (un)|2r + 2runγ (un) |γ (un)|2r−2 γ′ (un)

]
|un|2 |∇un|2 dx

≥ 1
2

∫
|un|≥T

∣∣∣∇ [|un|2
(

ũT
n

)r]∣∣∣2 dx +
∫
|un|≤T−1

|un|2r+2 |∇un|2 dx

+
1
2

∫
T−1≤|un|≤T

∣∣∣(ũT
n

)r
∇
(
|un|2

)∣∣∣2 dx

+ 2r
∫

T−1≤|un|≤T
|un|4

∣∣∣ũT
n

∣∣∣2r−2 (
γ′ (un)

)2 |∇un|2 dx

=
1
2

∫
|un|≥T

∣∣∣∇ [|un|2
(

ũT
n

)r]∣∣∣2 dx +
∫
|un|≤T−1

|un|2r+2 |∇un|2 dx

+
1
2

∫
T−1≤|un|≤T

∣∣∣(ũT
n

)r
∇
(
|un|2

)∣∣∣2 dx +
2
r

∫
T−1≤|un|≤T

∣∣∣|un|2∇
(

ũT
n

)r∣∣∣2 dx

≥ 2
(r + 2)2

∫
|un|≥T

∣∣∣∇ [|un|2
(

ũT
n

)r]∣∣∣2 dx +
1

(r + 2)2

∫
|un|≤T−1

∣∣∣∇ [|un|2
(

ũT
n

)r]∣∣∣2 dx

+
2

(r + 2)2

∫
T−1≤|un|≤T

[∣∣∣(ũT
n

)r
∇
(
|un|2

)∣∣∣2 + ∣∣∣|un|2∇
(

ũT
n

)r∣∣∣2] dx

≥ 1
(r + 2)2

∫
|un|≥T

∣∣∣∇ [|un|2
(

ũT
n

)r]∣∣∣2 dx +
1

(r + 2)2

∫
|un|≤T−1

∣∣∣∇ [|un|2
(

ũT
n

)r]∣∣∣2 dx

+
1

(r + 2)2

∫
T−1≤|un|≤T

∣∣∣∇ [|un|2
(

ũT
n

)r]∣∣∣2 dx

=
1

(r + 2)2

∫
RN

∣∣∣∇ [|un|2
(

ũT
n

)r]∣∣∣2 dx.

(2.6)

Choosing 0 < λ ≤ V0/C′M, then it follows from (h1) and (2.6) that

1
(r + 2)2

∫
RN

∣∣∣∇ [u2
n

(
ũT

n

)r]∣∣∣2 dx ≤ λCM

∫
RN
|un|p

∣∣∣ũT
n

∣∣∣2r
dx. (2.7)

By (2.5) and Hölder inequality, we obtain∫
RN
|un|p

∣∣∣ũT
n

∣∣∣2r
dx

=
∫

RN
|un|p−4

∣∣∣ũT
n

∣∣∣2r
|un|4 dx

≤
(∫

RN
|un|(p−4) 4N

(p−4)(N−2) dx
) (p−4)(N−2)

4N
(∫

RN

(∣∣∣ũT
n

∣∣∣2r
u4

n

) 4N
4N−(p−4)(N−2)

dx

) 4N−(p−4)(N−2)
4N
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=

(∫
RN
|un|22∗ dx

) (p−4)(N−2)
4N

(∫
RN

(∣∣∣ũT
n

∣∣∣r u2
n

) 4N
4N−(p−4)(N−2)

dx

) 4N−(p−4)(N−2)
4N

≤ (C0 + λC1 (M))
p−4

4

(∫
RN

(∣∣∣ũT
n

∣∣∣r u2
n

) 8N
4N−(p−4)(N−2)

dx

) 4N−(p−4)(N−2)
4N

. (2.8)

Since u2
n
∣∣ũT

n
∣∣r ∈ D1,2 (RN), by the Sobolev embedding theorem, we infer[∫

RN

(
u2

n

∣∣∣ũT
n

∣∣∣r)2∗

dx
] 2

2∗

≤ C
∫

RN

∣∣∣∇ [u2
n

(
ũT

n

)r]∣∣∣2 dx. (2.9)

Then by (2.7), (2.8) and (2.9), one has

[∫
RN

(
u2

n

∣∣∣ũT
n

∣∣∣r)2∗

dx
] 2

2∗

≤ λC2(M)(r + 2)2

[∫
RN

(∣∣∣ũT
n

∣∣∣r u2
n

) 8N
4N−(p−4)(N−2)

dx

] 4N−(p−4)(N−2)
4N

,

where the constant C2(M) > 0 is dependent on M. Since 4 < p < 22∗, d := 2∗/q = 2∗
2 −

p
4 +

1 > 1, where q = 8N
4N−(p−4)(N−2) . Then

(∫
RN

(
u2

n

∣∣∣ũT
n

∣∣∣r)qd
dx
) 1

qd(r+2)

≤
[
λC2(M)(r + 2)2] 1

2(r+2)

(∫
RN

[
u2

n

∣∣∣ũT
n

∣∣∣r]q
dx
) 1

q(r+2)

. (2.10)

Take r = r0 be such that (2 + r0) q = 22∗. From
∣∣ũT

n
∣∣ = |γ (un)| ≤ |un| and (2.5), one has∫

RN

[∣∣∣ũT
n

∣∣∣r0
u2

n

]q
dx ≤

∫
RN
|un|(2+r0)q dx < C0 + λC1(M).

Takeing the limit T → ∞ in (2.10) with r = r0, we obtain(∫
RN
|un|(2+r0)qd dx

) 1
qd(r0+2)

≤
[
λC2(M) (r0 + 2)2

] 1
2(r0+2)

(∫
RN
|un|(2+r0)q dx

) 1
q(r0+2)

.

Further, setting 2 + r1 = d (2 + r0), we get(∫
RN
|un|(2+r1)q dx

) 1
q(r1+2)

≤
[
λC2(M) (r0 + 2)2

] 1
2(r0+2)

(∫
RN
|un|(2+r0)q dx

) 1
q(r0+2)

.

Inductively, we have(∫
RN
|un|(2+rk+1)q dx

) 1
q(rk+1+2)

≤
[
λC2(M) (rk + 2)2

] 1
2(rk+2)

(∫
RN
|un|(2+rk)q dx

) 1
q(rk+2)

≤
k

∏
i=0

[
λC2(M) (ri + 2)2

] 1
2(ri+2)

(∫
RN
|un|(2+r0)q dx

) 1
q(r0+2)

,

where (2 + ri) = di (2 + r0) (i = 0, 1, . . . , k). Moreover,

k

∏
i=0

[
λC2(M) (ri + 2)2

] 1
2(ri+2) = exp

{
k

∑
i=0

ln
√

λC2(M)di (r0 + 2)
di (r0 + 2)

}

= exp

{
k

∑
i=0

[
ln
√

λC2(M) (r0 + 2)
di (r0 + 2)

+
i ln d

di (r0 + 2)

]}
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is convergent as k → ∞. Let Ck = ∏k
i=0

[
λC2(M) (ri + 2)2

] 1
2(ri+2) . For Ck, we can choose

0 < λ0 ≤ C0/C1(M) small enough and 1
2 λ0 < λ < λ0 such that Ck → C∞ > 0 as k → ∞ and

C∞ ≤ M/(2C
1
4
0 ). Then we get

‖un‖L(2+r0)qdk+1 ≤ Ck ‖un‖L22∗ .

Let k→ ∞, for fixed constant M and 1
2 λ0 < λ < λ0, by (2.5) we have

‖un‖L∞ ≤ C∞ ‖un‖L22∗ ≤ M, ‖u‖L∞ ≤ M. (2.11)

Step 3: We will show that u is a critical point of Jλ.
For any ψ ∈ C∞

0
(
RN), there exists a bounded domain Ω ⊂ RN such that supp(ψ) ⊂ Ω.

Thus, by (2.11), we know φ = ψ exp (−Kun) ∈ E for any ψ ≥ 0 and K > 0. Taking φ =

ψ exp (−Kun) as the test function in (2.3), we have

0 = θn

∫
RN

exp (−Kun)
[
|∇un|2∇un (∇ψ− Kψ∇un) + |un|2 unψ

]
dx

+

(
a + b

∫
RN
|∇un|2 dx

) ∫
RN

exp (−Kun)∇un (∇ψ− Kψ∇un) dx

+ 2
∫

RN

[
exp (−Kun) u2

n∇un (∇ψ− Kψ∇un) + exp (−Kun)ψ |∇un|2 un

]
dx

+
∫

RN
V(x)unψ exp (−Kun) dx− λ

∫
RN

hM (un)ψ exp (−Kun) dx

≤ θn

∫
RN

exp (−Kun)
[
|∇un|2∇un∇ψ + |un|2 unψ

]
dx

+

(
a + b

∫
RN
|∇un|2 dx

) ∫
RN

exp (−Kun)∇un∇ψdx

+ 2
∫

RN
exp (−Kun) u2

n∇un∇ψdx

−
∫

RN
exp (−Kun)ψ |∇un|2

[
K
(

a + b
∫

RN
|∇un|2 dx + 2u2

n

)
− 2un

]
dx

+
∫

RN
V(x)unψ exp (−Kun) dx− λ

∫
RN

hM (un)ψ exp (−Kun) dx.

(2.12)

Choose large K > 1 be such that Ka > 1. Then, by∫
RN

exp (−Kun)ψ |∇ (un − u)|2
[

K
(

a + b
∫

RN
|∇un|2 dx + 2u2

n

)
− 2un

]
dx ≥ 0,

one has∫
RN

exp (−Kun)ψ |∇un|2
[

K
(

a + b
∫

RN
|∇un|2 dx + 2u2

n

)
− 2un

]
dx

≥
∫

RN
exp (−Kun)ψ

(
2∇un∇u− |∇u|2

) [
K
(

a + b
∫

RN
|∇un|2 dx + 2u2

n

)
− 2un

]
dx

→
∫

RN
exp(−Ku)ψ|∇u|2

[
K
(

a + b
∫

RN
|∇u|2dx + 2u2

)
− 2u

]
dx.

Because θn → 0 and ‖un‖∞ ≤ M, (2.4) implies

θn

∫
RN

exp (−Kun)
[
|∇un|2∇un∇ψ + |un|2 unψ

]
dx → 0
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as n → ∞. By the weak convergence of un, the Hölder inequality and Lebesgue’s dominated
convergence theorem, we infer(

a + b
∫

RN
|∇un|2 dx

) ∫
RN

e(−Kun)∇un∇ψdx →
(

a + b
∫

RN
|∇u|2dx

) ∫
RN

e(−Ku)∇u∇ψdx,∫
RN

exp (−Kun) u2
n∇un∇ψdx →

∫
RN

exp(−Ku)u2∇u∇ψdx,∫
RN

V(x)unψ exp (−Kun) dx →
∫

RN
V(x)uψ exp(−Ku)dx

and
λ
∫

RN
hM (un)ψ exp (−Kun) dx → λ

∫
RN

hM(u)ψ exp(−Ku)dx.

Hence, these together with (2.12) can deduce that

0 ≤
(

a + b
∫

RN
|∇u|2dx

) ∫
RN

exp(−Ku)∇u∇ψdx + 2
∫

RN
exp(−Ku)u2∇u∇ψdx

−
∫

RN
exp(−Ku)ψ|∇u|2

[
K
(

a + b
∫

RN
|∇u|2dx + 2u2

)
− 2u

]
dx

+
∫

RN
V(x)uψ exp(−Ku)dx− λ

∫
RN

hM(u)ψ exp(−Ku)dx.

(2.13)

For any ϕ ∈ E with ϕ ≥ 0, by (2.11), we know υ := ϕ exp(Ku) ∈ E. By applying [18,
Theorem 2.8], there exists a sequence {ψn} ⊂ C∞

0
(
RN) of functions such that ψn ≥ 0, ψn → υ

in H1
V(R

N) and ψn(x)→ υ(x) for a.e. x ∈ RN . Taking ψ = ψn in (2.13) and letting n→ ∞, we
have

0 ≤
(

a + b
∫

RN
|∇u|2dx

) ∫
RN
∇u∇ϕdx + 2

∫
RN

u2∇u∇ϕdx

+ 2
∫

RN
|∇u|2uϕdx +

∫
RN

V(x)uϕdx− λ
∫

RN
hM(u)ϕdx.

The opposite inequality can be obtained in a similar way. Therefore,(
a + b

∫
RN
|∇u|2dx

) ∫
RN
∇u∇ϕdx + 2

∫
RN

(
u2∇u∇ϕ + |∇u|2uϕ

)
dx

+
∫

RN
V(x)uϕdx− λ

∫
RN

hM(u)ϕdx = 0

for all ϕ ∈ E. This shows that u ∈ E is a critical point of Jλ and(
a + b

∫
RN
|∇u|2dx

) ∫
RN
|∇u|2dx + 4

∫
RN

u2|∇u|2dx

+
∫

RN
V(x)u2dx− λ

∫
RN

hM(u)udx = 0. (2.14)

Finally, taking φ = un as the test function in (2.3), one has

0 = θn

∫
RN

[
|∇un|4 + |un|4

]
dx +

(
a + b

∫
RN
|∇un|2 dx

) ∫
RN
|∇un|2 dx

+ 4
∫

RN
u2

n |∇un|2 dx +
∫

RN
V(x)u2

ndx− λ
∫

RN
hM (un) undx.
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Notice that ∫
RN
|∇un|2 dx ≥ 2

∫
RN
∇un∇udx−

∫
RN
|∇u|2dx −→

∫
RN
|∇u|2dx,∫

RN
u2

n |∇un|2 dx ≥ 2
∫

RN
u2

n∇un∇udx−
∫

RN
u2

n|∇u|2dx −→
∫

RN
u2|∇u|2dx,

λ
∫

RN
hM (un) undx → λ

∫
RN

hM(u)udx

and
lim inf

n→∞

∫
RN

V(x)u2
ndx ≥

∫
RN

V(x)u2dx.

By (2.4) and (2.14), up to a subsequence, one has

θn ‖un‖4
W1,4 → 0, ‖un‖H1

V
→ ‖u‖H1

V
,
∫

RN
u2

n |∇un|2 dx →
∫

RN
u2|∇u|2dx.

Hence, Jθn,λ (un)→ Jλ(u) and un → u in H1
V
(
RN). This completes the proof.

3 Proof of Theorems 1.1 and 1.2

Proof of Theorem 1.1. First, we will show that for each θ ∈ (0, 1], Jθ,λ and J±θ,λ satisfy the P.
S. condition. Indeed, by Lemma 2.2, it is sufficient to prove that any P. S. sequence of Jθ,λ is
bounded.

Let {un} ⊂ E be an arbitrary P. S. sequence for Jθ,λ. If {un} is unbounded in E, we can
assume ‖un‖E → +∞. By (2.2) and (h3) , we get

Jθ,λ (un)−
1
µ

〈
J′θ,λ (un) , un

〉
=

(
1
4
− 1

µ

)
θ ‖un‖4

W1,4 +

(
a
2
− a

µ

) ∫
RN
|∇un|2 dx +

(
b
4
− b

µ

)(∫
RN
|∇un|2 dx

)2

+

(
1− 4

µ

) ∫
RN
|∇un|2 u2

ndx +

(
1
2
− 1

µ

) ∫
RN

V(x)u2
ndx

+ λ
∫

RN

[
1
µ

unhM (un)− HM (un)

]
dx

≥
(

a
2
− a

µ

) ∫
RN
|∇un|2 dx +

(
1
2
− 1

µ

) ∫
RN

V(x)u2
ndx

+ λ
∫

RN

[
1
µ

unhM (un)− HM (un)

]
dx

≥
(

a
2
− a

µ

) ∫
RN
|∇un|2 dx +

(
1
4
− 1

2µ

) ∫
RN

V(x)u2
ndx− λC1(M)

≥ min
{

a
2
− a

µ
,

1
4
− 1

2µ

}
‖un‖2

H1
V
− λC1(M).

(3.1)

If {‖un‖W1,4} is bounded, then
‖un‖H1

V
‖un‖E

→ 1. Therefore, by (3.1), we infer

Jθ,λ (un)− 1
µ

〈
J′θ,λ (un) , un

〉
‖un‖2

E

≥ min
{

a
2
− a

µ
,

1
4
− 1

2µ

} ‖un‖2
H1

V

‖un‖2
E

− λC1(M)

‖un‖2
E

,
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which implies 0 ≥ min
{ a

2 −
a
µ , 1

4 −
1

2µ

}
> 0. That is to say, it is a contradiction. Hence, we can

assume ‖un‖W1,4 → ∞. For large n, it follows from (3.1) that

Jθ,λ (un)−
1
µ

〈
J′θ,λ (un) , un

〉
≥
(

1
4
− 1

µ

)
θ ‖un‖4

W1,4 + min
{

a
2
− a

µ
,

1
4
− 1

2µ

}
‖un‖2

H1
V
− λC1(M)

≥
(

1
4
− 1

µ

)
θ ‖un‖2

W1,4 + min
{

a
2
− a

µ
,

1
4
− 1

2µ

}
‖un‖2

H1
V
− λC1(M)

≥ 1
2

min
{(

1
4
− 1

µ

)
θ,

a
2
− a

µ
,

1
4
− 1

2µ

}
‖un‖2

E − λC1(M).

This together with ‖un‖W1,4 → ∞ implies 0 ≥ 1
2 min

{( 1
4 −

1
µ

)
θ, a

2 −
a
µ , 1

4 −
1

2µ

}
> 0, a contra-

diction. This shows that {un} is bounded in E.
Next, by (h1) and (h2), we get

|HM(v)| ≤ C′M|v|2 + CM|v|22∗ (3.2)

for all v ∈ R. For small 0 < ρ� 1, set

Sρ = {v ∈ E : ‖v‖E = ρ} .

Then for v ∈ Sρ and 0 < λ ≤ V0/4C′M, by (3.2), we have

J+θ,λ(v) =
1
4

θ
∫

RN

(
|∇v|4 + v4

)
dx +

a
2

∫
RN
|∇v|2dx +

b
4

(∫
RN
|∇v|2dx

)2

+
1
2

∫
RN

(
V(x)v2 + 2v2|∇v|2

)
dx− λ

∫
RN

HM
(
v+
)

dx

≥ 1
4

θ‖v‖4
W1,4 +

1
4

min{2a, 1}‖v‖2
H1

V
+
∫

RN
v2|∇v|2dx− λCM

(∫
RN

v2|∇v|2dx
) 2∗

2

≥ 1
4

θ‖v‖4
W1,4 +

1
4

min{2a, 1}‖v‖2
H1

V

≥ 1
4

min{θ, 2a, 1}
[
‖v‖4

W1,4 + ‖v‖2
H1

V

]
≥ 1

64
min{θ, 2a, 1}ρ4 := δ > 0.

Moreover, for |t| ≥ r, by (h3), we can infer HM(v) ≥ C|v|µ. Thus, by (h1) and (h2), there is a
constant C3(M) > 0 that depends on M such that

HM(v) ≥ C|v|µ − C3(M)v2 (3.3)

for all v ∈ E. For any finite-dimensional subspace Ẽ ⊂ E, by the equivalency of all norms in
the finite-dimensional space, there is a constant β > 0 such that

‖v‖µ ≥ β‖v‖E (3.4)
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for all v ∈ Ẽ. Hence, by (3.3) and (3.4), one has

Jθ,λ(v) =
1
4

θ
∫

RN

(
|∇v|4 + v4

)
dx +

a
2

∫
RN
|∇v|2dx +

b
4

(∫
RN
|∇v|2dx

)2

+
1
2

∫
RN

(
V(x)v2 + 2v2|∇v|2

)
dx− λ

∫
RN

HM(v)dx

≤ 1
4

θ‖v‖4
W1,4 +

1
2

max{a, 1}‖v‖2
H1

V
+
∫

RN
v2|∇v|2dx

+
b
4

(∫
RN
|∇v|2dx

)2

− λ
∫

RN

[
C|v|µ − C3(M)v2] dx

≤ 3
4
‖v‖4

W1,4 +
b
4
‖v‖4

H1
V
+

1
2

max{a, 1}‖v‖2
H1

V
− λC‖v‖µ

µ + λC3(M)‖v‖2
2

≤ 1
4

max{3, b}‖v‖4
E +

(
λC3(M) +

1
2

max{a, 1}
)
‖v‖2

E − λCβµ‖v‖µ
E

(3.5)

for all v ∈ Ẽ and 0 < θ ≤ 1. Thus, there is a large R > 0 such that Jθ,λ < 0 on Ẽ \ BR, where
BR := {u ∈ E : ‖u‖E < R}. Set a fixed e ∈ Ẽ with e ≥ 0 and ‖e‖E = 1. For any fixed constant
T > 0, define the path hT : [0, 1] → Ẽ ⊂ E by hT(t) = tTe. Then for large T > 1 and µ > 4, by
(3.5), we get

J+θ,λ (hT(1)) ≤
1
4

max{3, b}T4 +

(
λC3(M) +

1
2

max{a, 1}
)

T2 − λCβµTµ < 0

with ‖hT(1)‖E > ρ, and
max
t∈[0,1]

J+θ,λ (hT(t)) ≤ C.

Hence, by [16, Theorem 2.2], J+θ,λ possesses a critical value

cθ := inf
η∈Γ

max
t∈[0,1]

J+θ,λ(η(t)) ≥ δ > 0

and
cθ ≤ max

t∈[0,1]
J+θ,λ (hT(t)) ≤ C,

where
Γ = {η ∈ C([0, 1], E) : η(0) = 0, η(1) = hT(1)} .

Therefore, J+θ,λ possesses the Mountain Pass geometry. Further, by Lemma 2.3 and Mountain
Pass Theorem, we know that the equation (2.1) has a positive weak solution. This together
with (2.11) implies that (1.1) has a positive weak solution. Moreover, by a similar argument,
we infer that the equation (1.1) has a negative weak solution. This completes the proof.

Next, in order to prove Theorem 1.2, we need to revise the cutoff function. Let

ĥM(t) =


f (t), 0 < t 6 M

CMtp−1, t > M

−ĥM(−t), t 6 0.

Then for the odd function f (t), it is easy to know that ĥM(t) satisfies (h1)–(h3) and the odd
function property.
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Hereinafter, we will concentrate on the following equation

−
(

a + b
∫

RN
|∇u|2dx

)
∆u− u∆(u2) + V(x)u = λĥM(u), x ∈ RN . (3.6)

Here Ĵλ(u) : E→ R is the natural energy functional corresponding to (3.6)

Ĵλ(u) =
a
2

∫
RN
|∇u|2dx +

b
4

(∫
RN
|∇u|2dx

)2

+
1
2

∫
RN

(
V(x)u2 + 2u2|∇u|2

)
dx

− λ
∫

RN
ĤM(u)dx,

where ĤM(t) =
∫ t

0 ĥM(s)ds. For θ ∈ (0, 1], let Ĵθ,λ(u) = 1
4 θ
∫

RN

(
|∇u|4 + u4) dx + Ĵλ(u).

Lemma 3.1. Assume that (V), ( f1), ( f2) hold. If f (t) is odd, then for all θ ∈ (0, 1] fixed, Ĵθ,λ has a
sequence of critical points uj such that there exist αj, β j both of which are independent of θ to satisfy
αj → ∞ as j→ ∞, αj < β j and cj(θ) ∈

[
αj, β j

]
for all θ > 0.

Proof. Consider the eigenvalue problem∫
RN

(∇u · ∇ϕ + V(x)uϕ)dx = ξ
∫

RN
uϕdx, ∀ϕ ∈ H1

V(R
N). (3.7)

For real number ξ, if there exists u ∈ H1
V
(
RN) (u 6= 0) to satisfy (3.7), then ξ is called a

eigenvalue of the operator L = −∆ +V. Further, by the condition (V) and the compactness of
the embedding H1

V
(
RN) ↪→ L2 (RN), we infer that the spectrum σ(L) = {ξ1, ξ2, . . . , ξn, . . . }

of L satisfies
0 < ξ1 < ξ2 < · · · < ξn < · · ·

and ξn → +∞ as n → ∞. Let φn be the eigenfunction corresponding to the eigenvalue ξn. By
regularity argument, we know φn ∈ E. Set En = span {φ1, φ2, . . . , φn}. Then we decompose
the space E as a direct sum E = En ⊕Wn for n = 1, 2, . . . , where Wn is orthogonal to En in
H1

V
(
RN). For ρ > 0, set

Zρ =

{
u ∈ E : ‖u‖2

H1
V
+
∫

RN
u2|∇u|2dx ≤ ρ2

}
.

By (3.5), there exists rn > 0 independent of θ such that

Ĵθ,λ(u) < 0, ∀u ∈ En\Zrn . (3.8)

Set
Dn = En ∩ Zrn , Gn =

{
ϕ ∈ C (Dn, E) : ϕ is odd and ϕ|∂Zrn∩En

= id
}

and

Γj =
{

ϕ
(

Dn\A
)

: ϕ ∈ Gn, n ≥ j, A = −A ⊂ En ∩ Zrn is closed and γ(A) ≤ n− j} ,

where γ(·) is the genus. Let

cj(θ) = inf
B∈Γj

sup
u∈B

Ĵθ,λ(u), j = 1, 2, . . .

We claim that cj(θ) (j = 1, 2, . . . ) are critical values of Ĵθ,λ and there exist β j > αj such that
cj(θ) ∈

[
αj, β j

]
and αj → ∞ as j→ ∞.
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Since Ĵθ,λ is increasing with respect to θ, we have cj(θ) ≤ cj(1) := β j (j = 1, 2, . . . ).
And then we will estimate the lower bound for cj(θ). Depending on the following Lemma
3.2, we have an intersection property: If ρ < rn for all n ≥ j, then for B ∈ Γj, we have
B ∩ ∂Zρ ∩Wj−1 6= ∅. Therefore,

cj(θ) ≥ inf
u∈∂Zρ∩Wj−1

Ĵθ,λ(u) ≥ inf
u∈∂Zρ∩Wj−1

Ĵλ(u).

For small ε > 0 and u ∈ ∂Zρ ∩Wj−1, by (h1), for 0 < λ ≤ V0/4C′M one has

Ĵθ,λ(u) ≥ Ĵλ(u)

≥ a
2

∫
RN
|∇u|2dx +

b
4

(∫
RN
|∇u|2dx

)2

+
1
2

∫
RN

(
V(x)u2 + 2u2|∇u|2

)
dx

− λ
∫

RN

(
C′Mu2 + CM|u|p

)
dx

≥ 1
4

min{a, 1}‖u‖2
H1

V
+
∫

RN
u2|∇u|2dx− λCM

∫
RN
|u|pdx

≥ 1
4

min{a, 1}ρ2 − λCM‖u‖(1−t)p
2 ‖u‖tp

22∗

≥ 1
4

min{a, 1}ρ2 − λCMξ
− (1−t)p

2
j ρ(1−t)p+ t

2

= ρ2
(

1
4

min{a, 1} − λCMξ
− (1−t)p

2
j ρ(1−t)p+ p

2−2
)

,

where t ∈ (0, 1) satisfies 1
p = t

22∗ +
1−t

2 . Take ρ = ρj be such that ρ
(1−t)p+ tp

2 −2
j = min{a,1}

8λCM
ξ

(1−t)p
2

j .

Then choosing rn > ρn, we infer Ĵθ,λ(u) ≥ min{a,1}
8 ρ2

j := αj → +∞. Thus, cj(θ) ∈
[
αj, β j

]
(αj → ∞ as j→ ∞).

Now we show that cj(θ) (j = 1, 2, . . . ) are critical values of Ĵθ,λ. Indeed, if cj(θ) is
not a critical value of Ĵθ,λ, then by [16, Theorem A.4], we know that for given 0 < ε̄ <

min
{

αj : j = 1, 2, . . .
}

, there exist ε ∈ (0, ε̄) and η ∈ C([0, 1]× E, E) such that

(a) η(t, u) = u for all t ∈ [0, 1] if Ĵθ,λ(u) /∈
[
cj(θ)− ε̄, cj(θ) + ε̄

]
.

(b) η(t, ·) : E→ E is a homeomorphism for each t ∈ [0, 1].

(c) η
(
1, Ĵ

cj(θ)+ε

θ,λ

)
⊂ Ĵ

cj(θ)−ε

θ,λ , where Ĵκ
θ,λ =

{
u ∈ E : Ĵθ,λ(u) ≤ κ

}
.

(d) η(t, u) is odd in u.

Set ψ = η(1, ·). Then, by (3.8), ψ = id on ∂Zrn ∩ En for all n. By the definition of cj(θ), there
exists B ∈ Γj such that

sup
u∈B

Ĵθ,λ(u) ≤ cj(θ) + ε.

Notice that A = ψ(B) ∈ Γj. By (c), we know

cj(θ) ≤ sup
u∈A

Ĵθ,λ(u) ≤ cj(θ)− ε,

which is a contradiction. Hence, cj(θ) (j = 1, 2, . . . ) are critical values of Ĵθ,λ. This completes
the proof of Lemma 3.1.
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Lemma 3.2. For B ∈ Γj, it follows that B ∩ ∂Zρ ∩Wj−1 6= ∅ provided ρ < rn for all n ≥ j.

Proof. Set B = ϕ
(

Dn\A
)

with n ≥ j and γ(A) ≤ n − j. Let X̃ =
{

u ∈ Dn : ϕ(u) ∈ Zρ

}
.

Then we can easily infer that 0 is an interior point of X̃ . Let X be the connected component
of X̃ containing 0 . Then X is a bounded symmetric neighborhood of 0 in En. Hence, by
[16, Proposition 7.7], γ(∂X ) = n. Since ϕ|∂Zrn∩En

= id, we obtain

‖ϕ(u)‖2
H1

V
+
∫

RN
ϕ2(u)|∇ϕ(u)|2dx = r2

n > ρ2, ∀u ∈ ∂Zrn ∩ En. (3.9)

Then we get ϕ(∂X ) ⊂ ∂Zρ. In fact, for each u ∈ ∂X , because ϕ(u) ∈ Zρ, (3.9) implies that
u ∈ int (Zrn) ∩ En. Hence, if ϕ(u) ∈ int

(
Zρ

)
, then the continuity of ϕ implies that there

exists an open ball B(u, r) ⊂ Dn centered at u with radius r such that ϕ(B(u, r)) ⊂ int
(
Zρ

)
.

Since B(u, r) is connected, u ∈ X and B(u, r) ⊂ X , we know that u is an interior point of
X . It contradicts that u ∈ ∂X . Hence, ϕ(u) ∈ ∂Zρ. Set W =

{
u ∈ Dn : ϕ(u) ∈ ∂Zρ

}
. Then

∂X ⊂W, γ(W) = n and γ(W\A) ≥ n− (n− j) > j− 1. Hence [16, Proposition 7.5–20] implies
γ(ϕ(W\A)) > j− 1. Notice that codim

(
Wj−1

)
= j− 1. Consequently, ϕ(W\A) ∩Wj−1 6= ∅,

that is to say, B ∩ ∂Zρ ∩Wj−1 ⊃ ϕ(W\A) ∩Wj−1 6= ∅. The proof is finished.

Proof of Theorem 1.2. Depending on Lemma 2.3, Lemma 3.1 and Lemma 3.2, we get that the
equation (2.1) has a sequence {un} of solutions such that Ĵλ(un) → +∞. Then for λ small
enough and fixed M, it follows from (2.11) that the equation (1.1) has a sequence {un} of
solutions such that Iλ(un)→ +∞.
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