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ABSTRACT
INVESTIGATING GLUONIC OPERATORS IN COORDINATE SPACE

Wayne Henry Morris 111
Old Dominion University, 2022
Director: Dr. Anatoly Radyushkin

In this dissertation, a method of extracting gluon momentum distributions inside hadrons,
and particularly nucleons, is developed. In general, the utility and application of performing
calculations in coordinate space at the operator level is discussed, and its application to
the method of pseudodistributions in the lattice extraction of parton distributions. An
introduction to the background field method and other techniques used in the calculation
of corrections to gluon operators are provided. Then, an outline of the calculation of the
uncontracted gluon bilocal operator at one-loop is given, and the result thereof. Using the
result for the gluon bilocal operator restricted to spacelike separations, z = (0,0,0, 23),
various projections and contractions are discussed for the spin averaged case, and for the
polarization dependent case in a forward nucleon matrix element. Finally, matching relations
between pseudodistributions and lightcone distributions are given for the unpolarized gluon
distribution and for the polarized gluon distribution. Application of the results in recent

actual lattice extractions of gluon PDF's is discussed, and future applications are outlined.
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CHAPTER 1
INTRODUCTION

Hadron structure and the dynamics of strong interactions are subjects of ongoing inves-
tigation in the field of nuclear physics, both experimentally and theoretically. While great
strides have been made by the collective efforts of physicists and engineers around the world,
there is still much to be understood and discovered. The central theoretical techniques
employed in modeling the behavior of hadron constituents, now known to be quarks and
gluons, evolved out of the constituent quark picture proposed independently by Gell-Mann
and Zweig in 1964 [1, 2], who predicted the existence of the up, down, and strange quarks.
The known mesons and baryons at the time could all be constructed from combinations of
these three quarks in a way that was consistent with their observed quantum numbers.

The parton model, whose name can be attributed to Feynman [3], was a key development
in the understanding of hadron structure, and the formulation of a theory of quarks and
gluons. A probabilistic picture, formulated by Bjorken and Paschos in 1969 [4, 5], predicted
the existence of point-like partons, composing hadrons, described by the now famous parton
distribution functions (PDFs). A PDF, in this framework, describes the probability of finding
a parton at some fraction of the longitudinal momentum of its parent hadron. Another
approach, developed by Bjorken, led to the prediction of Bjorken scaling. Its essence is that
at high energies the nucleon structure functions would be independent of energy for a wide
range of energies. The explanation behind this prediction was that the constituent partons
could be treated as approximately free at high energies, or correspondingly short distances.
Bjorken scaling was confirmed around the same time that it was predicted at the Stanford
Linear Accelerator Facility (SLAC) [6, 7].

Another crucial development in the theory of quarks and gluons was the formulation of
non-Abelian gauge theories by Yang and Mills in 1954 [8], which are generalizations of the
U(1) gauge theory that saw overwhelming success in describing the electromagnetic interac-

tion. Yang-Mills theories are built on the mathematical structure of Lie groups, specifically



the special unitary group SU(N), the set of N x N unitary matrices with determinant 1.
Yang-Mills theory became the best candidate for the theoretical description of partons after
it was shown by Gross, Wilczek, and Politzer to be asymptotically free [9]; a necessary fea-
ture of a theory describing the interactions of partons, given the earlier discovery of Bjorken
and the experiment at SLAC. Furthermore, Yang-Mills theory predicted the existence of
a vector boson, identified with the gluon, needed for a complete description of hadrons in
terms of partons. Finally, the SU(3) gauge specifically had the properties consistent with the
additional quantum number, called color, needed to describe certain hadronic states. SU(3)
gauge theory applied to the description of the quarks and gluons in the strong interaction
is called quantum chromodynamics (QCD). For an overview of QCD and the SU(3) gauge
group see Appendix B.

The complete theory of the strong interaction described by QCD contains six flavors of
quarks, their corresponding anti-quarks, and the gluons, which can be identified with the
partons in the parton model. The quarks are denoted: u, d, s, ¢, b, t for the up, down,
strange, charm, bottom, and top quarks, respectively, and in order of increasing mass; while
their corresponding anti-quarks are denoted by: 4, d, 5, ¢, b, t. Each (anti-)quark comes
with a color charge: (anti-)red, (anti-)green, or (anti-)blue, while a gluon comes with one of
eight combinations of color and anti-color, depending on the chosen SU(3) basis. Quarks also
interact via electromagnetism and carry fractional electric charge, +2/3 for the up, charm,
and top quark, and —1/3 for the down, strange, and bottom quark. The signs of these
charges are switched in the case of anti-quarks.

Quarks and gluons combine into composite particles in colorless combinations due to
the observed phenomenon of color confinement. A colorless combination can be formed by
taking three (anti-)quarks of each color, (anti-)red, (anti-)green, and (anti-)blue, or by a
quark anti-quark pair carrying some color and its corresponding anti-color. The simplest
baryons are formed in the first of these cases, while the simplest mesons are formed in the

second. Though no analytic proof of color confinement exists, it can be understood as a



result of the strength of the QCD interaction increasing at large distances, or low energy
scales.

The strength of the strong interaction, or the strength at which quarks couple to gluons,
is represented by the strong coupling constant, a (1), where p is the energy scale. It obeys

the differential equation:

dag/4m
d1In p?

= B (as/4m) (1)

where the function S can be calculated perturbatively, by expansion in «y, in the region
where the coupling is sufficiently weak, a, (1) < 1. At the lowest order in g, the beta

function is

o? 11 4
1672 +0O (042) ;o Bo= ECA 3 FNf (2)

B (as/4m) = =B

where ny is the number of quark flavors under consideration, C4 = 3 and Tp = 1/2 in
QCD. In this dissertation, ny is taken to equal 6, the total number of quark flavors in QCD;
however, there are other approaches to calculations in which heavy quarks are taken to
effectively decouple from the theory, leading to the consideration of a smaller number of
quark flavors. For example, if the top quark is decoupled, then n; = 5, which would be
useful at energy scales at which u < my, m; being the top quark mass. Using Eq. (2) to

solve Eq. (1), leads to

Qg 1

4r B BoIn <:U2/A%QCD>

o, (3)

where it can be seen that the coupling becomes vanishingly small as y — oo, which is exactly
the property of asymptotic freedom discovered by Gross, Wilczek, and Politzer. Aqcp is
defined to be the scale at which the coupling formally approaches infinity, and therefore

the perturbative calculation of oy, and perturbative QCD in general, is only valid at scales



p > Aqep.

Parton distributions carry information about the low energy behavior of partons and,
based on the strength of the coupling at low energy scales, are not calculable in perturbation
theory. However, the direct measurement of PDFs from experimental data is made possible
through factorization, where the short-distance behavior associated with high-energy scat-
tering can be systematically separated from the long-distance behavior of partons. Because
PDFs exhibit the property of universality, the PDF data associated with a hadron in one
experiment, can then be used in predicting the results of another experiment involving the
same kind of hadron. The universality of PDFs allow experimentalists to test for the validity
of PDF data, making them useful objects in the description of hadron structure.

In 1974, Wilson proposed a method of performing field theory calculations in a fundamen-
tally nonperturbative way called lattice gauge theory [10], and in the specific case of quantum
chromodynamics, lattice QCD (LQCD). In Wilson’s approach, calculations are performed
on a discretized, four dimensional, Euclidean spacetime; in contrast to the Minkowskian
spacetime on which QCD resides. The complexity of such calculations demands the use of
computational methods, and therefore the usefulness of the LQCD approach has increased
with that of computational power.

Because LQCD provides a method for the calculation of nonperturbative objects, the
extraction of PDFs from LQCD calculations has gained a considerable amount of atten-
tion and support within the last decade. In addition to the usual parton distributions that
are obtained from experiment, lattice methods also show promise for the extraction of dis-
tributions that cannot be obtained from experimental methods. In other words, lattice
calculations offer the opportunity for physicists to gain new insight into hadron structure
and the fundamental processes described by QCD. The process of relating lattice results to
“physical” PDFs, however, is a nontrivial process that has motivated the development of
new calculational techniques.

PDFs are defined on the lightcone in Minkowski space, and so the Euclidean nature of



lattice methods creates a barrier to the direct calculation of matrix elements with lightlike
separation; historically, this has lead to the indirect method of calculating the moments of
PDF's described by local operators. New methods, however, allow for the direct extraction
of distributions from lattice results. Namely, the method of quasidistributions developed by
Xiangdong Ji [11], and that of pseudodistributions developed by Anatoly Radyushkin [12].
Both of these methods are motivated by the groundbreaking proposal by Ji to calculate the
matrix elements of bilocal operators at spacelike separations. The quasidistribution method
involves a large momentum factorization, while that of pseudodistributions involves a short
distance factorization, which leads, in both cases, to a perturbatively calculable matching
relation, from which one can obtain the lightcone PDF.

The derivation of the matching relations for the pseudodistribution method applied to
the extraction of gluon PDFs is the motivation for the coordinate-space calculations out-
lined in this dissertation. Performing these calculations at the operator level provides a
general process independent result, allowing for the application of the resulting operator to
distributions other than the basic PDF's discussed in this text.

In Chapter 2, the parton model in introduced in the context of deeply inelastic scat-
tering (DIS), along with facorization theorems for extracting PDFs from the DIS structure
functions.

An overview of the twist-2 PDFs and their operator definition is given in Chapter 3.
Then, the pseudistribution method is detailed for the case of quark distributions.

Chapter 4 outlines the methods used in the calculation: the background field method
and the heat-kernel expansion [13, 14|, which allow for the direct calculation of the gluon
bilocal operator in an explicitly gauge invariant form.

The results for operators with open index are given in Chapter 5, along with a discussion
of the various multiplicatively renormalizable quantities at spacelike separations. Namely,
the somewhat nontrivial ultraviolet (UV) contributions of the vertex term are discussed.

The specific cases of the unpolarized and polarized forward matrix element are detailed



in Chapter 6, including an analysis of their Lorentz decompositions. This provides a natural
connection between the spacelike distribution, and the distribution constructed from the
twist-2 gluon operator at lightlike separation. Matching conditions connecting lattice data
to polarized and unpolarized gluon lightcone distributions are detailed and discussed. Finally,

we briefly describe the uses of our results in completed and ongoing lattice extractions of

gluon PDFs.



CHAPTER 2
THE PARTON MODEL

Parton distribution functions are the fundamental objects to be determined in the in-
vestigation of hadron structure, and the most basic of these, quark PDFs, come in three
different types: unpolarized, helicity, and transversity. Unpolarized PDF's carry information
about the longitudinal momentum fraction carried by a parton, while helicity PDFs carry
information about the momentum fraction of partons with polarization parallel or antipar-
allel to that of a longitudinally polarized hadron, and transversity PDFs carry information
about the momentum fraction of a parton with polarization parallel or antiparallel to that
of a transversely polarized hadron. Fig. 1 gives a schematic representation of each kind of
PDF.

In addition to the basic PDF, there are a number of generalized PDFs that contain
additional information about the behavior of matter inside hadrons. These generalized func-
tions include distribution amplitudes (DAs), generalized parton distributions (GPDs), and
transverse momentum dependent distributions (TMDs).

Of central importance to the extraction of PDFs is deeply inelastic scattering (DIS), a
high energy process in which a lepton (typically an electron) probes the internal structure of
some hadron. As a consequence, the hadron fragments into a number of outgoing composite
particles, and the fermion undergoes a change in energy and momentum. The simplest of
these processes, simply called DIS, is fully inclusive, meaning that the final state products of
the interaction are averaged over, and only the scattering angle #, and the lepton’s outgoing
energy F' are measured. More complicated inelastic processes exist, such as semi-inclusive
DIS (SIDIS), and deeply virtual Compton scattering (DVCS), which are primarily used in

the extracted of TMDs, and GPDs, respectively.
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(a) (b) (c)
FIG. 1: Schematic illustration of PDFs. Direction of motion is left to right in each diagram.
(a) The unpolarized PDF is the sum of partons with helicity parallel and antiparallel to
that of the hadron, (b) the helicity PDF is the difference between partons with parallel and
antiparallel helicity, and (c) the transversity PDF is the difference between partons with spin

parallel and antiparallel to a transversely polarized hadron.

2.1 Deeply inelastic scattering

In the case of electron-proton scattering, the DIS reaction is written: ep — eX, where
e is the probing electron, p is the proton, and X is the sum of all hadronic final states. At
leading order in quantum electrodynamics (QED), the incoming electron interacts with the
proton via the exchange of a virtual photon (assuming here that weak interactions can be
neglected). Diagrammatically, DIS can be represented by Fig. 2(a). The kinematic equation

for DIS is written:
(+p="14px, (4)

where ¢/¢' are the initial/final state electron momentum, p is the proton momentum, and
px is the total momentum of the final state remnants. The momentum transfer in the DIS

case can be written as: ¢ = ¢ — (', which at leading order is just the momentum of the



(a) (b)
FIG. 2: Diagrammatic representation of (a) DIS at leading order in QED, and (b) the

hadronic tensor.

exchanged virtual photon. Because ¢ is a spacelike four-vector ¢? < 0, it is useful to define
the positive-definite quantity QQ = /—¢?.
Rearranging Eq. (4) and then squaring leads to the following equation in terms of Lorentz

invariants:

my =m® +2(gp) — Q% , (5)

where m is the proton mass, and my is the mass of the final states. The notation (gp) denotes
the contraction of two four-vectors. In the kinematical region where Q% m% > m? ~ Aqcp,

lepton and quark masses can be neglected. It is convenient to define the Bjorken-z variable:

(6)

which takes physical values between 0 and 1.

Again, working at leading order in QED, the DIS scattering cross section can be written
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in the Lorentz invariant form:

do 8m3a’?
Pt 25 (px —p—q) W\ngﬁ L (X1 )
20 »
“yLWW’ (7)

where s = (¢ + p)2 is the squared center-of-mass energy.

The second line of Eq. (7) is written in terms of the leptonic L,,, and hadronic W

2

tensors. The leptonic tensor at leading order is simply the result for tree level Compton
scattering. Assuming an unpolarized electron, and that the electron mass can be neglected,

this is:
1 ! / / /
L 2 5 T [l 5 = 2 (eue,, + 0,0, — g (00 )) . (8)

Here, the ‘slashed’ notation is used to mean / = 70", and v, is a Dirac matrix. The hadronic

tensor is:
W (q,p) = 47° > 6@ (px —p — q) (p, s 3*(0) |X) (X]°(0) [p, s) - 9)

The hadron spin vector S is defined, as usual for a spin—% target, such that (sp) = 0, and
its normalization is taken to be s> = —M?2. Applying a spacetime translation, one of the

hadronic currents can be transformed to:

(p, 5] 7(0) |X) = (p, s| ™ ¥ (2)eP** | X) = e 0P (p, 5] j#(2) |X) . (10)

Then, using the Fourier representation of the delta function:

@m)'5 (e —p— ) = [ dze s (11)
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and a sum and integral over the complete set of hadronic final states:

Yo xI=1, (12)

Eq. (9) can be rewritten as:

Welg.p) = o [ @t sl G 0) ) (13)

Hence, the hadronic tensor is the Fourier transform of the coordinate-space hadronic current-
current correlator, where causality demands that z? > 0.

At large Q? the leading behavior of the hadronic tensor occurs near the lightcone. This
is best seen by working in a reference frame where the momentum of the virtual photon in

the DIS reaction points along the negative z-axis:

2mx 2max

q" = ( Q& ,0,0, — Q’ \/1+4m2x2/Q2> . (14)

At large Q?, the lightcone components (see Appendix A) of ¢ can be approximated as

@
q+ = —mr, q = % ) (15)
and the hadronic tensor then takes the form:
1 ) — _imxz~ . 3%
Wgp) = o [dste@ e [ eme [ sl @O . (0)

Because of the oscillatory behavior of the exponential in Eq. (16), the integral will vanish

unless the matrix element is dominated by the region in z where

2T~ — 27~ — . (17)
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Therefore, assuming that the matrix element is smooth on the scale of 1/@Q), the integral, and
subsequently the DIS process, is dominated by the region of z close to the lightcone, 2% ~ 0.

Electromagnetic current conservation g, W*” = 0, hermiticity (W*")* = W"#, linearity
in S, and the parity invariance of the strong interaction put constraints on the hadronic

tensor. Accounting for these properties, the Lorentz decomposition of W is:

WH = <_9W + qu”) F (z,Q°%) + (" = a"(ap)/ )" = qy(qp)/(f)@ (z, Q%)

(qp)
(gs)
o <5ﬁ — DPs )
N 1403 an . 1 76% (qp)
+ i€ 6(61—591 (ZU»Qz) + jerres (@) 92 ($>Q2) ) (18)
where the Levi-Civita tensor e#**? is defined such that €°'?®> = —1. The functions F}, F5, g1,

and g, called structure functions, are functions of the Lorentz invariant quantities, x and
Q.
In the case of an unpolarized hadron, the contributions from ¢; and g, are zero, and the

differential cross section can be written:

d?c 4 x2y? M?
~—— ||l—-y——— | F. 2 ¢ F 2 19
dedy  xyQ? ( Y Q2 ) z(x,Q)—l—yx 1(%,@) ; (19)
where y is defined as:
(qp)
(£p) 0

2.2 Parton model

Before discussing QCD, the DIS cross section can be related to the early parton model

of Feynman, Bjorken, and Paschos, namely that

do =3 / agdo? (¢ | (21)
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where the sum is over parton flavors. The RHS of Eq. (21) is a factorization that ignores
the contributions from strong interaction dynamics, where da? is the partonic level cross
section, i.e. the high energy or hard scattering of a lepton with quark j, and the function f;
is the PDF for that same quark. The variable £ is defined in terms of lightcone coordinates
as & = kT /p*, the fraction of the quark’s plus momentum to that of the hadron. A boost
invariant quantity, £ is a natural parameter to work with that can be defined in any reference
frame.

The limits on the momentum fraction x < £ < 1 are controlled by kinematical restrictions
on the DIS process: positivity of the final state energy, p™ — &p™ > 0, and positivity of the
energy in the hard scattering, gt +&p™ > 0. The second constraint can be rewritten in terms
of Bjorkan-x by multiplying through ¢~, leading to & > Q?/2(pq).

At the level of the hadronic tensor, the parton model gives:

-3 | Femne. (22)

where the 1/£ term comes from the fact that the center-of-mass energy at the parton level

(0 4 &p)? ~ 2¢(¢p) ~ &s. The partonic tensor, C%7

Y s 18 just Eq. (13), but with the hadron

states replaced with parton ones. In the case of a spin—% quark of type 7 and momentum

k* = (k*,0,0,0), it reads:

17 12 1% v v x
CY = €2 (2k"K" + ¢"k” + q"k" — g™ (kq)) =5

Q25(€ — ), (23)

e; being the fraction charge of the quark under consideration. The reason for the definition
of x is now clear, since the parton momentum fraction is exactly equal to = in the parton

model. Combining Eqgs. (18), (22), and (23), the structure functions can be written in terms



14

of the PDF's:

5 (x, QQ) = Ze?xfj(x) , (x Q ) Ze filz) = %FQ (x,QZ) ) (24)

J J

The RHS of F; and F}, are both independent of Q? at fixed z, which is exactly the prediction
of Bjorken scaling. Of course, everything done here neglects the contribution from QCD, and
formally only holds exactly in the limit Q* — co. Nevertheless, the approximate Bjorken-

scaling has been confirmed over a wide range of Q* and z (see Fig. 3).

2.3 QCD corrections

The F}, Fy, and g; structure functions can be generalized to include higher order correc-

tions in QCD (the g9 structure function is power suppressed in DIS by at least O(m/Q)):

dé ~y 2 A?

e, @) Z/ XF <—,Q—2M )f/h(fuf, )+0<%, SSD), (25)
2 A2

By (2, Q?) Z/ dfFQY(f,Q Zf )f@/h(fuf, )+0<%,%), (26)

m? A
Vh(z, Q%) Z/ déAv< Q2 ZJ; )Afz/h@ 115, >+O(Q2, 3§D>’ (27)

where ﬁl‘f , ]32‘2 , and gy; are coefficient functions that can be calculated perturbatively to

some order in ay, and the scale dependence of a,,(u?) has been suppressed. The index i runs
over all quarks, antiquarks, and gluons, while the electroweak boson being exchanged in the
DIS process is represented by V', and the hadron under investigation by h.

As mentioned earlier, one of the important properties of PDF's is universality, where the
PDF for some parton in a hadron is independent of the scattering process. This means, for
example, that a PDF extracted from a DIS experiment, could be used to make predictions
about a Drell-Yan interaction (hadron-hadron collision). Universality is what makes PDFs

a meaningful object in the description of hadron structure.
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In contrast to the PDF's, the coefficient functions are dependent on the specifics of the
scattering process under consideration, namely the vector boson, V', and the parton, i.
However, they are independent of the specific hadron, as they are completely independent
of long-distance effects. It is exactly these properties that allow the coefficient functions to
be calculated in perturbation theory.

There are two scales associated with the PDFs and coefficient functions: the usual renor-
malization scale, 1, necessary in any QCD calculation, and the factorization scale, ji, specific
to factorization, and associated with separating the long and short distance behavior. In
calculating the coefficient functions, the scale dependence appears in logarithms such as
In (Q2 / uz), whose size can be controlled by setting u = ). Oftentimes the factorization
scale will also be set equal to the renormalization scale ;1 = pg, but this isn’t always a con-
venient choice. Either way, the value of both scales can be chosen freely, since the physical
observable structure functions are independent of both.

As discussed before, at large Q2 and constant x the leading behavior in the hadronic
tensor, and therefore in the structure functions, is near the lightcone. Each structure function
then has power suppressed corrections of order m?/Q? and AéCD /Q?, a crucial feature of
QCD factorization. As will be shown, this leading behavior is associated with what are called
twist-2 operators, and for this reason the PDFs under investigation here are called twist-2
PDFs.

The scale dependence of the PDFs above hints at the fact that they have their own

renormalization group equations. The renormalized unpolarized PDF can be written:

e = 3 / X 2o (€ 0s®) from (€1€) (28)

where f(o)i/n is the bare, or unrenormalized, PDF, and Z;y is the renormalization kernal.
Taking the derivative of Eq. (28) with respect to In y?, and utilizing the scale independence
of the bare PDF leads to the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [16-18]
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evolution equation:

de’
dln,u fz/h g:U“ Z/ g zz’ § as( 2)) fi’/h (5,/§7M2) ) (29)

where the evolution kernel Py is perturbatively calculable, as it corresponds with the UV

behavior of the bare PDF. The evolution kernel is defined by:

/
T (€.l -3 [ e €tz gty . @
Similar equations can be written for the helicity PDF's.

Calculation of the coefficient functions is accomplished order by order in perturbation
theory. First, the parton level structure functions and PDFs are calculated. Then, the
coefficient functions can be extracted, since they are independent of long-distance physics
and so will be the same at the parton or hadron level. At leading order, the values of the
coefficient functions must reproduce the parton model results in Eq. (24). Calculating past

the leading order requires a definition of the PDF in QCD.
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FIG. 3: Unpolarized proton structure function F, data compiled by the Particle Data Group.

For the sake of comprehension, F, is multiplied by 2%, where i, is the number of the z bin,

ranging from i, = 1 (x = 0.85) to i, = 24 (x = 0.00005). [15]
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CHAPTER 3
PARTON DISTRIBUTION FUNCTIONS

By taking advantage of the properties of QCD interactions, Eq. (29) can be rewritten
in a simpler form. Because quark-gluon interactions are independent of quark flavor, the
evolution kernels for quarks can be rewritten as Fjij; = 0,4i¢s P, and furthermore in the case
where quark masses are neglected, the mixing kernels can be simplified to Py, = P4, and

P

wig = Pag, accounting for the fact that interaction with a specific flavor of quark happens

with equal probability for massless quarks. Additionally, the evolution equations can be

written in terms of the quark singlet distribution:

2ny

fs (&) = Zfi ©) , (31)

where ny is the number of quark flavors, and ¢ is a sum over quark and anti-quarks. The
subscript h is suppressed here, with the understanding that the PDF properties under in-

vestigation can be applied to a general hadronic state. The resulting evolution equations are

then:

dls als (607) = :dg—g,/:qu (€ as(u®)) f5 (€16 1%) + 21 Py (€, 05 (1)) fo (5’/5,%)} ,
(32)

ng (&n?) = ;dg—?:ng (& as(p®) £y (€76, 1%) + Py (€, a5(1?)) fs (f’/i,/f)l :
(33)

with analogous equations for the helicity distributions: A fs and Ag. In the case of transver-
sity distributions there are no mixing terms due to helicity conservation, and the evolution
equations are diagonal in the case of a quark or gluon.

Again, being related to the PDF renormalization constants, the AP kernels can be cal-

culated perturbatively, and at leading order in QCD they are:
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P

where the plus-prescription is defined as:

1+&2

%Cp{l_fk_u) , (34)

STR(§+ (1= )?) (35)

as ., 1+ (1-¢)?

%CF# , (36)

Qs S 1 Bo LTF

2o\ g 00 (49 (s 50 e}
(37)

Qg 1+ &2

2r F{1—§]+(1)7 (38)

STH(E - (1-9) (39)

Qs 1—(1- 6)2

%Cp ¢ , (40)

Qs S Bo 1TF

o 204 {(1 . +2(1—¢) + (E — §O_A) 5(&— 1)1 : (41)

o 1+ &2

—C —(1=8}, 42

2m {{1—51“1) ( )} 42)

a, ¢ B 1Tr

[ au L), st = [ aus) [oto) - g(@] - (44)
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3.1 Operator definitions

The dominant distributions that are extracted from hard scattering processes are those
given by the lowest twist operators, where “geometric” twist is a classification given to
local operators defined as 7 = d — s, the dimension of the operator minus its Lorentz spin.
Therefore, the leading twist operator will have minimal dimension and maximal spin, which
turns out to be the case where 7 = 2. The leading twist PDF's can then be defined on the

lightcone in terms of an expansion in local twist-2 operators.

3.1.1 Quark PDFs

In the quark case the relevant twist-2 operators can be defined for general dimension and

spin as:

B (0) = ()T D= DEy(0)| (45)

z=0

where (pg...p,) indicates symmetrization of the Lorentz indices, and I'* represents one
of three relevant Dirac structures: v, y*~s, and v"v57%, where i represents a transverse

component. The covariant derivative in this case is defined as:
S .
ﬁu = 0, —1igA, , (46)

where the arrows indicate the direction in which the derivative is applied.
Using Eq. (45), the lightcone bilocal twist-2 quark operator can be defined by the Taylor

series:
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where

[27,0]p = Pexp

ig /02_ dy t*AF (y_)] (48)

is the gauge link in the fundamental representation, with ¢* the generating matrices of the
SU(3) gauge group, normalized to Trtt" = 36
Placing Eq. (47) into a hadronic matrix element and taking the Fourier transform, the

quark PDFs can be defined as:

0 =5 [ e 1, 0l (0) ) (19)
A =5 [ G sl Bl sl 0 0) ) (50)
0w =5 [ e s B OO ) . 6D

where s is the hadron spin. In order of appearance these are the unpolarized, helicity,
and transversity PDFs. The antiquark PDFs can be defined from the quark PDFs by the

relations:

fo(w) = =fal=x) . Afy(x) = Afg(—x) , dfq(x) = =0f3(—2) . (52)

3.1.2 Gluon PDFs

For the case of gluons, the twist-2 operators are defined as:

s (0) = PUGMI(z)DUs . DEGRi(0) (53)

z=0
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with summation over transverse indices 7 and j. The operator P¥ represents one of three
projections on the field strength tensor indices corresponding to

Pl — 61']' , Pzel _ ZE €+7ij ’ Pkﬁ 1o %5ki5€j =+ %5kj(sfi . %5“(5’7 ’ (54)

lin

where k and /¢ represent transverse components: {k,¢} = {1,2}, or {2,1}. Using Eq. (53),

the ligthcone bilocal twist-2 gluon operator is defined by the Taylor series:

—n

G*Hi(z7) [z, 04 GH(0 Z

n=1

VG0 (55)

where

[27,0]4 = Pexp [Z’g /Oz dy T*AJ (y") (56)

is the gauge link in the adjoint representation, with Tr 7%7T° = C'46*° and C4 = 3 in QCD.

Similarly to the quark case, the gluon PDFs can be defined as:

L [de” e i =\[— i

fo(x) = o > € P (p| G2 7) [z, 004 G0) [p) (57)
1 o dzi —iwp"'z‘ 7{3 +l _ _ +,]

Ag(x)zxpﬁ > € Bl (p,s| G (27)[z7,0la GT(0) p, s) (58)
1 [ de” Y PN ,

dg(r) = — [ G TR s GO OGO ) (59

where again the three cases, in order of appearance, are unpolarized, helicity, and transvser-
sity PDF's. In the case of the helicity PDF, the operator can also be written in terms of the

dual gluon field:
PG (=)=, 004 G (0) = GH(=7)[=7, 014 GT(0) (60)

with G = %e‘“’g”ng being the dual gluon field strength tensor. Because the gluon is its
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own antiparticle, the gluon distributions have the properties:

fo(x) = =fo(=x) ,  Ag(x) = Ag(—x) , dg(x) = —dg(—x) . (61)

3.2 Pseudodistributions

While lattice QCD provides a nonperturbative approach to QCD calculations, the direct
extraction of PDFs is not possible since they are fundamentally defined at lightlike separa-
tions 22 = 0, which is not accessible in Euclidean spacetime. An effective route has been
to reconstruct the PDFs from the calculation of their moments in the Taylor expansions
given in Eqgs. (47) and (55). More recent approaches, however, involve the direct extrac-
tion of PDF's from the lattice, and involve the computation of matrix elements at spacelike
separations z = (0,0,0, z3) [11]. The method central to the content of this dissertation is
that of pseudodistributions [12], which is essentially a coordinate space based, short distance
factorization with power suppressed corrections of order O(z5m?, z5Agcp). In this section,
we describe the procedure by which pseudodistributions can be used to extract twist-2 PDFs
in the MS renormalization scheme from lattice calculations. Specifically, the pseudodistribu-
tion method will be outlined for the unpolarized singlet quark distribution, but the methods
are general and can also be applied to gluonic PDFs.

Within the pseudodistribution framework it is natural to work in terms of loffe-time
distributions (ITDs), Z(v) [19], which on the lightcone are directly related to matrix elements
of bilocal operators. Therefore, they are also directly related to the PDFs, f(x), and in the

case of unpolarized quarks the relation is:

! 4 11 _
T = [ e foa) = Sl w01 (62)
where the Toffe-time [20] is defined as v = —(pz), and in the lighcone case is v = —pt2z~.

The sum is over quark and antiquark flavors. A direct generalization of the ITD is used in
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the pseudodistribution method, called the Toffe-time pseudodistribution (pseudo-ITD). Get-
ting the pseudo-ITD requires the Lorentz decomposition of the matrix element at arbitrary

spacetime separation, defined for general Dirac matrix:

M* (z,p) = > (pl s (2)7" 4(0) |p) - (63)
!

The Lorentz decomposition is then:
M*" (z,p) = 2pH' M, (V, —z2) + 2F M, (u, —22) ) (64)

Taking the + component of Eq. (64) at lightlike separations, only M, survives, and can
therefore be identified with the lightcone ITD. This means that, at spacelike separations, M,
is the pseudo-ITD, where M, is associated with purely higher twist effects in the lightcone
limit. Taking the index ¢ = 0 will remove this contaminating term.

A property of pseudo-ITDs is the presence of additional UV divergences both linear and
logarithmic, they are associated with the gauge link along a spacelike direction, and do
not appear when taking matrix elements at lightlike separations. Taking advantage of the
multiplicative renormalizability of these divergences, they can be straightforwardly removed

through the ratio method [21, 22], where a reduced pseudo-ITD (pseudo-rITD) is defined as:

M, (V, zg)

M, (0’ Z?%) . (95)

m (V, 232,) =
Taking the ratio of the pseudo-ITD to its rest frame value will remove the linear UV diver-
gence, while leaving its leading twist, v dependent, structure intact. Furthermore, as long as
the pseudo-ITDs in the numerator and denominator have the same UV anomalous dimen-
sion, which may not always be the case, the logarithmic UV divergences are also completely
removed in the ratio method. This leaves a renormalization group invariant (RGI) object,

whose z3 dependence at leading order exists entirely in the evolution logarithms as In (,LLQZ:,Q,).
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Hence, the 22 behavior matches the behavior of x? in the MS scheme, and the pseudo-rITD
admits its own approximate evolution equation at short distances. At leading order in QCD
this is:

d

1
7
dIn z%m <V’ Zg) - _%CF/O dqu(g) (u)9m (uy, Z??) +0 <z§m2, ZgAécm) ; (66)

where P;g) is the quark-quark evolution kernel defined in Eq. (34), and the quark-gluon
mixing term has been neglected.

The pseudo-ITD at v = 0 will still have contributions from higher twist effects, and
in principle may serve to reduce the contribution from higher twist contaminations in the
pseudo-rITD.

In principle, taking the z3 — 0 limit of the pseudo-rITD while holding v fixed produces
the lightcone I'TD and subsequently the twist-2 PDF. However, this is not directly possible
due to the logarithmic singularities in 22 related to PDF evolution. Naturally, this leads to
the construction of a matching relation that connects the lattice calculable pseudo-rITD to

the lightcone ITD in the MS scheme.

1
M (v,23) = /_ duC (u, 23p*, o) T (uv, pi*) + O (z§m2, ngéCD> , (67)

1

where at short distances the pseudo-rITD factorizes into the convolution of the matching
kernel, C, and the lightcone I'TD. Again, the gluonic contribution has been neglected here,
but would appear as a mixing term with a similarly peturbatively calculable matching kernel.

The specific complications that arise in defining the pseudo-ITDs in the case of gluons
will be outlined in Chapter 6, along with the matching equations for the unpolarized and
helicity gluon PDFs. The gluon results can also be found in the recent papers [23-25]. The

quark pseudodistributions have been explored in [26-28].
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CHAPTER 4
METHODS OF CALCULATION

The gluon bilocal operator was calculated using the same methods employed by Ian Balit-
sky and Vladimir Braun in their 1989 paper [14]. The central idea here is a coordinate space
calculation using the background field method along with the Schwinger parametrization of
the propagator via the QCD heat kernel. The coordinate space based approach allows for
the calculation of corrections to gluon operators in an explicitly gauge invariant form, where
other methods typically make computations unnecessarily complicated.

The calculation also employs the MS renormalization scheme, and thus calculations were
performed in d spacetime dimensions. Furthermore, the convention in this text is d = 4—2¢yy
in the case of UV divergences, and d = 4+ 2¢/p in the case of infrared (IR) divergences, such
that in both cases the limit will be €;z/yy — 0%. Throughout the remainder of this paper
the IR scale pr should be understood to have the exact same meaning as the factorization

scale pr mentioned earlier.

4.1 Background field method

The idea behind the background, or external, field method is to divide the field un-
der consideration into a “classical” background field with virtualities below some point, u?
(1/_1, W, A), and a quantum field with virtualities above pu? (qg, 0, A), but below some higher
virtuality p2. Integrating over the quantum fields produces a result in terms of the external
(or background) fields at the lower renormalization point p?. Splitting the quark and gluon

fields in this way leads to a modified QCD Lagrangian:

L= (Gl DAl — DA+ FAA) — o (D)

g g
+ (¢ +v) (uﬁ + Agyﬂt“) (¢ +1) + Ly - (68)
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Here, the covariant derivative D, = 09, — iA,, and the field strength tensor G, = D,Aj —
D, Aj, are defined only in terms of the background field. The background field (BF) gauge,

given by:
1 2\ 2
,CGF - —2—92 (DMAIJ> ; (69)

is applied to the quantum fields, and is analogous to the Feynman-"t Hooft gauge at lowest
order in the external field expansion. In order to simplify the calculation the gluon fields
have been rescaled as gA — A.

An important point here is the different transformation properties of the quantum and
background gluon fields under local SU(3) symmetry. The quantum field, after applying
the BF gauge condition, transforms as A, — A, + f‘leAZozC. Under the same symmetry,
the background field transforms as you would expect an unrestricted gluon field: Aj —
Al + Dy, and therefore the background field maintains local gauge invariance.

The gluon propagator in the background field method will necessarily depend on the

external gluon fields. Taking the terms in the Lagrangian quadratic in Af,, the external field

propagator can be defined as the time-ordered product of quantum gluon fields:

(O T AL (2) AL(0) [0) = A3 () A%(0) = g (-] ( P@WQEG#ME) o 10

where the first equality is due to Wick’s theorem. The coordinate states in the term after

the second equal sign are defined for some operator B as:

d

It will also be important to see the effect of the background field method on the gauge
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link, which is the straight line gauge link in this calculation:

[z,y] = Pexp i/o du(z —y)PAp(ux + uy) | (72)

where @ = 1 — u. The gauge field A, without an explicit SU(3) index has the meaning of
a gauge field contracted with an adjoint matrix: A, = T*A7. Written in terms of external

and quantum fields, the gauge link takes the form:

1
[z, y] = [z,y]. + z/ du(z — y)’ |z, vz + uyl.A,(ux + ay)[ur + ay, y).
0
1 u
+ 42 / du/ dv(z — y)?(z — y)7 [z, ux + uy|.A,(ur + uy)[ux + wy, ve + vy,
0 0

x A, (vx + vy) vz + vy, yl. + O (¢°) |
(73)

where the subscript ¢ is used here to denote ‘classical’ to differentiate between the external
field gauge link, and the full gauge link. Terms of higher order than those listed in Eq. (73)

will not be necessary for the calculation discussed in this text.

4.2 Fock-Schwinger gauge and Schwinger parametrization

The propagator in the form of Eq. (70) is not immediately useful, and so the Schwinger

parametrization is applied:

) ab .
<zl< e ) o) = [ ds (el esPmrrtus ot (a)
0

P2g,, + 2iG, + i€

where the term under the s integral is called the heat kernel, and its expansion in the new

variable s is taken. After integrating back over s term by term, the resulting expansion is
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well-behaved for sufficiently small values of 22, since:

/000 dss™ (z| €7 |0) = (=T (d/2—n—1) . (75)

4n+1ﬂ'2 (_ZQ)d/2—TL—1

In other words, integrating over s and then p term by term in the expansion produces a
lightcone expansion in external gluon fields.
The last piece of calculational machinery needed in order to write the gluon propagator

in the desired form is the Fock-Schwinger (FS) gauge:
(2 = ) A,(2) = 0. (76)

where 2, is some constant reference point that is taken to equal zero here. The FS gauge,
applied to the background field, simplifies some aspects of the calculation and leads to the

important (and convenient) relation between the gluon field and field strength tensor:
1
A, (2) :/ dwwz'G,, (wz) . (77)
0

Finally, the gluon propagator in external gluon fields (with adjoint indices suppressed)

can be written:

(2| : 0)
: Pzgaﬂ + Q’iGaﬁ
= — ga54 (2 )d/2 -+ o2 (—2) 22 ), dus 2Gop(uz) — uuz” D*G . (uz) gas

—2z'ga/5/ dvﬂvz’\GAg(uz)sz,f(vz)}
0

il'(d/2 — 3)
o 167T2< d/2 3

/ du/ dv Gag(uz)G S(vz) — —ZUDQGag(UZ)] + O (“twist 37) .

(78)

It is important to note here that the above result is not a twist expansion, but that the
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operators on the RHS are all those that would contribute at twist-2 for light-like separations
and the appropriate choice of Lorentz indices. Furthermore, the LHS of Eq. (78) takes values
of z not on the lightcone, and therefore a notion of twist cannot be defined in general for

this object, and also for the gluon bilocal operator at general coordinate separation.
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CHAPTER 5
GLUON BILOCAL OPERATOR

5.1 Uncontracted calculation

The calculation of corrections to the uncontracted gluon bilocal operator at one loop

proceeds from the various contractions of the quantum gluon fields in:

Gra(2)Gs(0)
= G (2)G25(0) + (Dl = Dokl ) (2) (DAG — DAL (0)
G (2) (Dol = DpAZ) (0) + (DAl = DAL ) (2)G24(0)

+ Gla(2) [ AL(0)AG(0) + AL (2) AL ()G (0) (79)

where the operator on the LHS is at renormalization point u3, and the RHS is at p? after
integration over the quantum fields, and the presence of the gauge link is implied throughout.
The entirety of the RHS of Eq. (79) comes from the process of splitting the gluon field
into background and quantum fields outlined in the previous chapter, and omitting terms
that contribute only at higher loop level. The one contribution not entirely represented by
Eq. (79) is the gluon self energy, which requires the insertion of a next order vertex, and
consideration of contributions from ghost fields.

Using the methods listed in Chapter 2, the computation of the gluon bilocal operator does
not rely on, or at least is not simplified by, consideration of diagrammatic representations.
Nevertheless, it will be instructive to discuss the correspondence that each part of Eq. (79)
has with a subset of the one-loop Feynman diagrams one would usually consider. The first
term on the RHS represents the tree level contribution, in addition to the contribution from
the gauge link self energy. The second term is the handbag contribution, and the two terms
on the second line are the vertex contributions. The remaining two terms on the third line
are one part of the self-energy diagrams.

The result for inclusion of the dual field operator, CN;, is easily obtained by contraction
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(h)

FIG. 4: Handbag diagrams. The double line represents the straight-line gauge link, here and

throughout this text.

of the following results with the Levi-Civita tensor: %6’)0”6 . Since this is a straightforward

operation, the explicit results of this contraction will be omitted from this text.

A major strength of performing the computation at the operator level with general
Lorentz indices is its applicability to any possible matrix element. While this text will
only cover the forward case in Chapter 6, it is important to note that the results listed in
this chapter may be used in the consideration of nonforward objects such as generalized

parton distributions (GPDs) and distribution amplitudes (DAs).

5.1.1 Handbag term

The handbag part of the calculation is given by

972 (Duls = Dol ) (2) (DoAG = DAL (0)
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—1

= P! — P, ————
& ( oo ) P2g,e + 2iG ¢

(10— PaS ) [0 (30)
and involves external gluons generated by the propagator, the end points, and the gauge link.
The various terms that arise in the calculation of Eq. (80) and the source of external gluons
correspond to the ten diagrams listed in Fig. 4, which are characterized by the propagator
connecting the two endpoints.

The full result of the handbag calculation, written in compact notation, is:

O;Ij)\;l/n(z) - <guag>\agnﬁgup o gugguagnﬁg)\ g77 g/\ gy gM +g77 gN 9 g)\p>

2
X (M/ du/ dvgapzo2pT0G e (uz) G2 (v2)

27T2 ( d/2

g?CaT'(d/2 - 1) ) - )
i 47T2A /d/2 1 / du/ d“{gaﬁ UUG (W)Gzp(vz)+quZp(uz)GZU(vz)>

+ [ngGzﬁ(uz)Ggp(vz)  2guGE (1) G2 (v2) — 2,5G% 5 (u2) GO (v2)
- zpaGgU(uz)Ggﬂ(m)}
+ g [gnggg(uz)Ggf (v2)
+ 2, (Gzé(uz)G (02) + G2 (uz) G (v2)
+uD, G (u2) G (v2) + 06 (uz) D, G (vz))
+z, (Gag(uz)Gaf (02) + G (u2) G2 (vz)

—ﬂDgGgg(uz)Ggf(vz) - @Gﬁs(uz)DgGgg(sz ]

+ zgszgé(uz)Ggg(vz)}

2
PCAT(d)2 —2) . . )
T /d/2 - / du/ dv{ — 0Ghs(uz)Gh, (v2) — UG, (uz)Gag(v2)

— G s(uz)D,GY, (vz) — uuD,GY, (uz)Ghs(vz) — vuD,Gh s (uz)GY, (vz2)

— Gy, (uz)D,Gog(vz) — Do Gy s(uz)GY,(v2) — vuGy (uz) DG g(v2)

— Joptv [ — Ggg(uz)Ggg(vz) — ng(uz)G‘f(vz) — quGgg(uz)Ggg(vz)
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— vGﬁg(uz)DPGgg(vz) — uDPGgg(uz)Ggg(vz) - ngg(uz)DPGgg(vz)
+ UD, Gl (uz) G (v2) + UD, Gl (uz) G5 (v2) + DG (uz) Dy G2 (v2)
+ 0G2 (uz) Dy G54 (v2) + witD Dy G (uz) G4 (v2)
+ 01D, Gl (uz) D,GE (v2) + ub DGl (uz) Dy G2 (v2)
—%UEGfguz)DpDaG€QUzﬂ

+ gnggg(uz)Ggg(vz) + ungszg(uz)Ggg(vz) + Ungig(uz)DpGgg(vz)

— azpDUGZE(uZ)G?f(vz) — EZPGZE(uz)DUGgg(vz) }) : (81)

The handbag term has only a logarithmic IR divergence with a straightforward expansion.

Including the IR scale and MS related factors, this leads to:

2040(d/2 — 2 °Cy (1
g°Cal'(d/ )d/2_2 N 2A (_ —1n (_ZQMQGQWE/LL)) ) (82)
72 (—etufyern am) 78T e

Also, Eq. (81) has a fairly complicated operator structure, but it simplifies considerably,

at least, when considering forward matrix elements.

5.1.2 Vertex term

The vertex diagrams are split into two parts corresponding to the first and second rows

in Fig. 5. The first row of diagrams, or the “left leg” diagrams, are represented by:

972G5a(2) [2, 0" (DAl = DAL ) (0)
—i

£ 3 be

1
_ /va - rabe
= G#a(z)(—@f )/0 duz" (uz|
and the second row, or “right leg” diagrams are similarly represented by:

97 (DAl = Do) (2) 2,0 Gy 0)
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FIG. 5: Vertex diagrams.

—1
P2977§ + QZGWE

— (i f) /0 ' duzt (2] (Pﬂan P(S”) uz) GS 4(0) . (84)

The propagator in Egs. (83) and (84) is constructed from a quantum field at the end
point, and a quantum field coming from the gauge link, which characterizes the diagrams in
Fig. 5. Both diagrams 5(a) and 5(e) involve external fields generated by the propagator. Of
the remaining “left leg” diagrams, only 5(c) survives, which has an external field coming from
the derivative of the gauge link. Of the remaining “right leg” diagrams, only 5(f) survives,
which has an external field coming from the gluon field term of the covariant derivative.
Diagrams 5(b), 5(d), and 5(h) are all zero by the FS gauge, and diagram 5(g) is zero since
the derivative of the gauge link gives zero in this case.

The combined result of the left and right leg calculation is:
g*CuT(d)2 — 1)
AV A
Oua;VB(Z) - 47?2 22 d/2—1 / / dv
(v
x {5@) (W) G (uz) (262, (v2) = 2,G2(v2) )

+ 6(v) (%) (zanﬂ(u ) — 2,GS (uz)) Gl‘fﬁ(vz)}
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PCAT(d)2 — 2) 1 @1
+ Sr2(= )i / du/ dv{ [ T3 + 0(v) [—d—3
+(0) +(1)

X Gza(uz)Gl‘fﬂ(vz) , (85)

The vertex operator has both an UV and IR logarithmic divergence. The IR divergent

part is on the last two lines of Eq. (85), and has the expansion:

e [ [l |5 o [
x G o (uz)Gy(v2)
;}{/ Q/dv&;—m(z%@WWQ)QWUBLwﬁW@ﬂ%Lm>

+ (6(@)M + 5@)%) }Gza(uz)Gﬁﬁ(vz) . (86)

(% u

The UV divergence comes from the local limit of the I'(d/2 — 1) term, and can be seen

directly from taking the integral:

Logyd—d_y 1 1
d - - 87
/0 Td—2 T 24—d) ey (87)

where the same can be done for the u-dependent term. The UV divergence can be isolated
from the constant part, writing the constant part in terms of the plus-prescription. The UV

divergent term then becomes:

2C r'd/2-1) 1 u " .
947r;1(_22)d/2_1 2(4 — d) {Gua(z) (ZBGZV(O) — 2y zﬁ(0)>

+ (2a62,(2) = 262 (2)) ‘;g<0>} o (89)
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(a) (b)

FIG. 6: Self energy type diagrams.

and has the expansion:

g°Ca ( 1

1671'2(—22) Euv

In (= /4)) {Gza(z) (2662, (0) = 2,G24(0))
+ (2aG8() = 2,G(2)) zﬁ<o>} (89

The remainig UV constant term is:

i [ [wfpo (1), -

+6(v) (i — ﬁ) " (zaG’Zu(uz) - zuGga(uz)> 35(112)} . (90)

u

Comparing the vertex calculation here to the ‘usual way,” one might wonder about the
linear divergences that would cancel after the addition of two diagrams. In the background
field approach these linear divergences cancel implicitly, since the entire vertex term is treated
as a single calculation. We also note here that the linear divergence in the IR part of Eq.
(85), indicated by the presence of a 1/(d — 3) term, is cancelled by the organization of the IR
term into the plus-prescription, and is not the “between diagram” cancellation as suggested

in [23, 24].
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5.1.3 Self energy

While figs. 6(b) and 6(c) contain the actual gluon self-energy contributions, 6(a) is
included due to the similarities in the calculation. The self energy type diagrams require

special treatment, since they will involve terms of the form:

—1 dp 1
-9 _
<Z‘ Pzguu + QiGuu |Z> ” / (27)4P4GW<2)
—€ —2e

_ i 2Py
=53 F(l—e)GW(Z)/dpL el (91)

This result is formally equal to zero in dimensional regularization and looks like the usual
results one would get in the calculation of corrections to lightcone PDFs. The usual pro-
cedure here is to separate the UV part into the renormalization factor, while keeping the
IR part, associated with the long distance effects, for the evolution. What remains after
this procedure is a scale dependent logarithm of the form In (4 /pfz). In order for this
result to be applicable in the pseudodistribution method the logarithm can be rewritten as:
In (—22udye?® /4) —In (—22pfre®® /4), which amounts to a multiplication of the argument
of In (pfry/pir) by 1.

Consideration of both diagrams in Fig. 6, and their right leg counterparts, leads to the

following result:

2Ch (1 1
08 () = =22 (== = n (=223 /4) + —— + In (=233 e /4)

X [2 — ZBTOA} Gua(2)GLp(0) ,  (92)

where Sy = 11C4/3 in gluodynamics, and substituting this value produces a factor of 1/6 in

the square brackets.
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FIG. 7: Link self energy diagram.

5.1.4 Link self energy

The link self energy term is calculated from the contraction of the two quantum gluon

fields in the order ¢g? term of the gauge link.

1 u ab
g_QG’Za(z) (zz/ du/ dvz"z"Ap(uz)Aa(vz)> G%(O)
0 0

1 u :
a o pabd rbce —? de ~c
=G, (2) /0 du/0 dvzPz7 f2° f7¢ (uz| Plgy + 20,0 [v2)™ G 5(0)

1 u —Z "
— —22CA/0 du/o do (uz| 7 lvz) G} (2)Ghs(0) (93)

where on the last line only the leading order, and in this case relevant at twist-2, term in
the propagator is kept.
It is then straightforward to obtain the result:

. 20,0(d/2 — 1 -1 o
Okusl®) = e i =gy G (IGE0) (o4)

pocyf

In addition to the logarithmic UV divergence, the link self energy contribution also contains
a linear UV divergence indicated by the d — 3 in the denominator. While the presence of
this linear divergence may not be relevant in dimensional regularization, it requires careful
consideration in other renormalization schemes such as lattice regularization, and will come

up again when discussing lattice applications in Chapter 6.
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FIG. 8: Gluon quark mixing diagram.

Expansion of Eq. (94) leads to:

871'2 cuv

PO (L (1) +2) Gualo)u0) (9

5.1.5 Gluon-quark mixing

The bilocal gluon operator also mixes with quark fields as one would expect. The co-
ordinate space calculation of the gluon quark mixing requires the expansion of the gluon
propagator in external quark fields, and involves the introduction of two quark gluon inter-

action vertices:

| | —
A () AS(y) — A2 (2) i / A2y D (20 )y AL (1)1 (1) i / A2y (20" AL (22) 0 () A3 () |

(96)

Eq. (96) can then be operated on in a similar fashion to the handbag term in Eq. (80)
to produce the gauge invariant result:
G o, « o, o, « o,
Ou}?yn( ) — (gy 9x gnﬁg,u,p — 9 g# gnﬂg)\p - gqy 9x gyﬂg#p +gn gu gyﬂg)\p>
(2920FF d/2)

[ au [ vz = Bt asrstton) + B2 st

ig*?Cpl(d/2 — 1)
].67'('2( d/2 1 / dU,/ dU{ng wc(uz)’)/a%’yﬁd]c(vz)

+ @C(U'Z)’YB?é’ycﬂ/Jc(uz)
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+ 2, [ —e(u2) (69, + 07 ) varate(v2)
#0u(02) (V9 + 0 ) Yo rate(uz)

— Ye(uz)7apY5te(v2) + @Mvz)wpwc(uz)}
2, [ — o(uz) (a%a + @3(,) e V5We(07)

+ 1he(v2) (17(50 + ﬂ30> V8 Vatbe(uz)

O 10 0(02) — T3 09
22z, {wc(uz) (—a%m + m?ﬁ) olv2)

+ &C(UZ) <_U<567a + ’Yﬁaga) wc(uz)] }

2
—ig*Crl'(d/2 — 2) .
- 16%2? /d/2 2 / du/ d“{ﬂpa{%(U@( uaa’m—l-’ya J 3

N———

e(vz)

—

+ e(v2) < v 8 8Ya + fygug) > wc(uz)}
+vvd 05)P> ’Vcwé’}/ﬁwcwz)

+ ¢C(UZ) VU 0 o p +uvd, p +oud, p + aU303p> ’Y,Bééf}/awc(uz)
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where 7 = 2", and the derivatives act only on the fields.

The IR divergence in Eq. (97) has the same straightforward expansion seen in the case
of the handbag contribution, Eq. (82).

The complicated operator structure in Eq. (97) is considerably simplified with appropri-
ate projection on spacetime indices, and the Dirac structure may also be simplified through

the use of the identity:

Ya Yo V8 = (gozcrgﬁn + 9opYGan — gaﬂgan) '777 - ieaaﬁn’yn’75 s (98)
which separates out the helicity related part of the mixing term.

5.2 Multiplicative renormalizability

At spacelike separations, there are a number of multiplicatively renormalizable bilocal
gluon operators in the case of two gluon field strength tensors, and in the case where one of

the two is a dual tensor [29]. For G,,(2)[z,0]G,3(0) they are:

Oftoi(2) = 23" ™1Gloi(2)[2, 0]Goi(0) (99)
Off 5(2) = Z2e™™A1Gy5(2) [, 01Gi5(0) (100)
Off5:(2) = Z3¢"1Gyi(2)[2, 01Gi(0) (101)
OR 50(2) = Z3™ 1 Gy (2)[2, 0] Gao 0) (102)
Of0i(2) = Z1 22" (Giyi(2) [, 0]Gos(0) + Goa(2)[2, 0]G(0)) (103)

Similarly, the operators that include the dual tensor, é;w = %GWPUG’”, are:

ON(I)E';Oi(Z) = ZlZQem|Z‘GOi(z)[Z7 0]@01»(0) ) (104)
O?{%i;?»i(z) = 2122€W|Z‘G3z(2)[27 0]Gi(0) | (105)
Offi(2) = Z12:¢""71Gy(2)[2,01Giy (0) (106)
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Otbyao(2) = Z1 256" Glgo(2) 2, 0] Glao 0) (107)
05;31‘(2) = Z3" 1 Gyi(2)[2,0]G3:(0) (108)
O:ﬁ';oz(z) = Z3e"Gyi(2)[2, 0/Goi (0) - (109)

Z1 and Z, are renormalization constants, and eml2l is a factor related to the linear divergence
in the gauge link renormalization, which can be interpreted as a mass renormalization [30].
Again, while this factor does not explicitly arise in dimensional regularization, it will come

into relevance when discussing lattice applications.

5.2.1 UV vertex contribution

While the multiplicative renormalizability of the link and self energy graphs is explicit,
the vertex graph is not so obvious and thus it will be useful to examine the UV part of the

vertex contribution for specific cases. The general UV vertex contribution is:

2
0V (2) - 9°Ca (L +1In (z%u%ve“@/él))

posv 1672 \ eyy

x {Gza@) (2662,(0) = 2G25(0)) + (2aG2,(2) = 2,62 (2)) zg<o>}. (110)

R
ij5ij

The simplest cases are for Off.o; and Of,;:(z), since the ‘0’ and transverse components of z
are zero, and there will always be a z carrying one of these indices in both cases. Therefore,
the UV vertex contribution to both of these operators is zero, and, of course, they have
the same UV anomalous dimension. Next, Off.4; and Of 4, each contribute either a ‘0" or
transverse component, but contribute a ‘3’ component as well. Looking at Eq. (110), z3 and
2o Will be zero, while z, and z, will remain. Furthermore, the terms that have zg and z,

will also end up with G33, which is also zero. Letting ¢ = 0, ¢, this leads to:

2
, g C’A 1 a a
Ozt (2) = " <—€Uv+m (zgu%V627E/4)) 5:(2)G5,(0) . (111)
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For O:ﬁ.;m? only one of z,, z,, 2, or zz will survive for each operator. This leads to the

desired result for each of the gluon operators that define Off;:

oYY () 4Ca (—3—-+1n(z§u%ve?m/4)) (G8,(:)G8(0) + Ca(2)C5(0) . (112)

€uv
Next, looking at the cases with a dual tensor, the general UV contribution is:

920,4

~ 1
Opaspn(2) = 1672(232) (EUV o (Z?Q’M%VeQWE/ZL))

e on

x {Gza(z)%epnl’ﬁ (2662, (0) = 2,G25(0)) + (2aG2,(2) = 2,62 (2)) égn(O)} .

(113)

The simplest case here is 563;31-, whose UV part is zero by the same arguments as O(I;;;OZ-

R

and Of . .(z2), after accounting for the presence of the Levi-Civita tensor. 532’;01’ then follows

j;tj

similarly to Eq. (111):

~ 20 1 ~
O3 (2) — g A (— +In (Z§M%VG2VE/4)) Gi3i(2)Goi(0) (114)

8’/T2 cuv

and the remaining operators proceed similarly to Eq. (113):

@%@%f@(%+M@%W%0wm@m, (115)
where (k, £) = (0,4), (3,1), (i, ), (3,0).

5.2.2 Anomalous dimensions

Combining the UV contributions from the link and self-energy type contributions to the
vertex contributions outlined above, the total UV contribution can be calculated for each

type of operator. The anomalous dimensions of the various operators can then be written



to order o, = ¢g2/4m in the compact form:

OzSCA 5!
v (o, W) = — e (%f + g) )

where 7y is the vertex contribution and can be read off from:

. ARUV ARUV ~RUV
0 : Opioi +Oiji; »Ooiiai
_ . ARUV SRUV ~RUV SRUV SRUV
W= 1 O3i;0i 7OOi;Oz’ 703i;3i 7Oz’j;ij 7030;30

. RUV ~RUV ~RUV
2 O3i;3i 7030;30’031‘;01
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(116)

(117)
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CHAPTER 6
FORWARD MATRIX ELEMENT

Under consideration here are the unpolarized and polarized forward matrix elements:

Mas(2,p) = (p| Gia(2)G15(0) [p) (118)

Mpuaws(2,0) = (0, 5| Go(2)Gas(0) [p, 5) (119)

where the external states represent some nucleon. They each admit a decomposition in terms
of Lorentz invariant amplitudes that may be analyzed at arbitrary spacetime separations.
By comparing the results for the spacelike case, z = (0,0, 0, 23), to the lightlike case, 2% = 0,
a connection may be drawn between the matrix element at spacelike separations and the
leading twist amplitude in the lightcone matrix element. Furthermore, the contaminating
terms associated with purely higher twist effects in the lightcone limit of the spacelike matrix
element are made explicit in the decomposition.

Of course, the primary motivation for calculating these matrix elements at spacelike
separations is their use in the extraction of lightcone distributions from lattice calculations,
i.e. the pseudodistribution method. Specifically, the results of the perturbative calculations
of unpolarized and polarized gluonic matrix elements are used in the construction of the
matching relations that connect the spacelike gluon correlators calculated on the lattice to

lightcone gluon PDF's.

6.1 Lorentz decomposition

6.1.1 Unpolarized case

The unpolarized gluon matrix element has a decomposition in terms of six amplitudes

depending on Lorentz invariants, v and 2

Mua;uﬂ(zap> = (guypozpﬁ — GuBPaPv — JGowPuPp + gaﬁpupy) Mpp(V7 22)
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GuvGap — g#ﬁgall) MQQ(VJ Z2>
Juviazp — Gupraiv — JavZuip + gaﬁz,uzz/) Mzz

+(
+(
+ (9uv2aP8 = GupZalv — GovZ2uls + JasZuly
+(
+(

) Mep(v
GuwPa?8 — JupPa?v — JawPu?8 + GapDlu? u) Mpz
Puca — pazu> (puzﬁ - pBZV) PPZZ(V7 22) (120)
This result is symmetric under exchange of fields:
(Pl G (2)Gs(0) [p) = (| Grp(—2)GLa(0) [p) (121)

and therefore the functions M,,, My, M.., M,,.., and M., — M, are even functions of
v, while M,,, + M., is an odd function of v.
It will also be useful to define the unpolarized matrix element of the singlet quark bilocal

operator as:

Misp(2.p) = (ol £ 3 (=)t (0) — B5(0)pis (2)) )
!
= 2p, M, (v, 2%) + 2,M. (v, 2%) , (122)

where the sum is over quark flavors, f.
The quark singlet forward matrix element is odd in z, so M, is an odd function of v,

and M, is an even function of v.

6.1.2 Polarized case

In the polarized case one needs to also consider the spin dependence of the nucleon matrix

element. The relevant object to consider is then the z-odd combination:

Mo (2, 9) = My (2,P) = My (=2, p) (123)
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which vanishes for the unpolarized case and is linear in the spin-pseudovector s. The spin-
vector is normalized as s> = —m? for simplicity, where m is the mass of the nucleon under
consideration. Additionally, since (ps) = 0, the Oth and 3rd components of s are sy = ps,
and s3 = pp.

It is useful to split the Lorentz decomposition into two parts, M, wawp(2,p) =M ;(ta) Uﬁ(z, D)+

Vi

W.Vﬂ(z, p): the first where the spin-vector takes an explicit Lorentz index:

1 —
M,Ea),,g(z p) (guusapﬁ — 9upSaPv — GavSuPs + gaﬂsupu) Msp(ya Z2)
+ (guupocsﬁ — 9uBPaSv — GovPuSp + 9apPus V) Mps

GuvSazs — GupSaiv — JawSuzs + JapSuiy sz

+ 2) M
(gu,,za% 9uB%aSy — GawZuSs + gaﬁzusy) /\/lzS
+ (Pu

- pasu)(puzﬁ - pﬁZV)MpSPZ(V> 22)
+ (p,uzoz - pazu)(pus,é’ - pﬁsu)Mpzps(Va ZQ)
+ (Suza = 5a2u) (P25 — Do) Miszp= (v, 2°)

—~

+ (PuZa = Pazu) (sv28 = 857) Mpzs: (v, 2°) (124)

and the second where it appears in the scalar product (sz):

—~

) N
M2, (2,p) = (52) (GuPabs — GusPabv — Jaububs + Jasbuby) Mop(v, 2)

+ (SZ) (guuzazﬁ — GusRaiv — JawZuZzg + Gapsiuz ) Mzz

$2) (Guw2als — GupZaPv — JawZubp + JapZulv) M., (v

52) (GuvPas — GupPas — JovDu2s + JapPuzv) Mps(v

52) (Puza — Do) (Po28 — Do) Mppes (v, 2%)

sz) (gw,gag — gugga,,) Mgg(u, 2?) . (125)

M,0:25(2,p) is odd in z by definition, so the invariant amplitudes Mvsp, Mg, Mpsz, Mp:,
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M., M,,. are odd functions of v, while the remaining ones are even functions of v.

The Lorentz decomposition for the polarized quark singlet matrix element is:

Msu(z,) = (.51 5 3 (552 m505(0) + B5(0)33505(2)) I, o
f

= 2(52)p M, (v, 22) + 25, M,(v, 2%) + (52) 2, M. (v, 2°) . (126)
The matrix element here is even in z, so Mvp is odd in v, while MVS, and MVZ are even in v.

6.2 Lightlike separations

At lightlike seperations the matrix element is constructed from the twist-2 gluon opera-
tors: G,(2)G%,;(0) and G°,(2)G%,;(0). In this case z = (0, z_,0,0), such that 2% = 2, z_ = 0.
Taking the lightcone projection on the nucleon matrix elements, the invariant amplitudes

associated with the leading twist behavior can be identified:
Myiti(z,p) = _QPiMpp@» 0) (127)
for the unpolarized case, and

]\7+i;+i(2—,p) = —2pysy [M/L?(Vﬁ 0) +117+Z—/(/lvpp(Va 0)}

= —2p% [MVI()—;)(V, 0) — Vﬂpp(y, 0)] (128)

for the polarized. Here, /’\/Tg) = MVPS+MVSP. From this result one can infer that the functions
M,,, and //\/lv,(;sr) — 1/./\71,,, contain all information about twist-2 parton distributions. Fur-

thermore, these functions are closely related to their corresponding Ioffe-time distributions

(ITDs) [19], Z, and AZ,, and also determine the twist-2 gluon PDFs:

e :
— M, (1,0) =Z,(v) = 5/_ dee ™™z fy(2)

1
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dz cos(zv)x f,(z) , (129)

I
S~

—_— —_— 1 .
i [V 00) = oMy, 0)] = AZ,0) = 5 [ doenig(a)

1

N | .

1

dzsin(zv)zAg(z) , (130)

I
S—

where the fact that = f,(z) is even in x, and 2Ag(x) is odd in = was used in the last line of
each equation.
The twist-2 quark singlet operators are %Zf (V5 (2)y+04(0) — (0)7190¢(2)), and

%Zf (@f(z)’ﬁ%wf(o) + 2/_)f<0>’}/+’}/5wf(2)) for the unpolarized and polarized cases, respec-

tively. The forward matrix elements are then:
Mg (z,p) = 2p M, (v, 0) (131)

for the unpolarized case, and

—~

MS,Jr(z,p) =2p, <./\/ls(1/, 0) — VMVP(V, 0)> (132)

for the polarized.
It is actually the derivatives of these matrix elements with respect to v that are used to
define the singlet I'TDs for gluon-quark mixing:
d
EMPO/? 0) == IS(I/)

= /01 cos(zv)z fs(z) , (133)
L () 4,00) =250

= —/0 dzsin(zv)zAfs(z) (134)

where the singlet quark distributions in each case are fs(z) = > ,[gs(z) + @r(v)] and
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Afs(x) = > ;[Aqp(z) + Ags(w)]. Here, the fact that zfs(z) is even in z and zAfs(z)

is odd in x was used.

6.3 Spacelike separations

At spacelike separations the relevant projections are those discussed in Section 5.2. Be-
cause these objects are not built from operators for which twist can be defined, it is necessary
to isolate the part of the Lorentz decomposition that will produce the leading twist distri-

butions in the limit z3 — 0, and control for the contaminating terms.

6.3.1 Unpolarized case

The relevant matrix elements for the spin-averaged case are:

Moio(2,p) = 205 Mpp(v, 23) + 2M (v, 23) (135)
Mjiij(z,p) = —2Mgq(v, 23) | (136)
Msi.i3(2,p) = 205 M (v, 23) + 223 M. (v, 23) | (137)

+ 2z3p3./\/lz(,i)(1/, 23) — 2My, (v, 23) | (138)

M30;03(z,p) = mQMpp(Vv z:’%) - ZgMZZ(Vv Z?%) - pgngppzz(V7 Zg)

- z;;pg./\/lz()j)(y, 23) + Myy(v,23) (139)
Msii0(2,p) + Moiis(z,p) = 4pops M (v, 23) + 22?023/\/{;(;?)(7/, 23 (140)

where Méj) =M,. +M,,.
In Section 5.2 it was noted that My,.;o and M;;.,;; have the same anomalous dimension, as

do Ms;.i3 and Msg,03; therefore, their sums must also be multiplicatively renormalizable:

Moiio(2,p) + Mjiij(2,p) = 20 Mpp(v, 23) (141)

Msii3(2,p) + 2Ms0,03(2,p) = 205 Mpp (v, 23) — 20525 My (v, 23) (142)
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Taking these combinations leads to a reduction in the number of amplitudes that contain
contributions from purely higher twist effects. In the case of My,.;0 + Mj;.;; especially, the
RHS contains only the relevant twist-2 amplitude identified in Section 6.2. Additionally, the
size of the remaining contaminating term in Ms;.;3 +2Ms0.03 may be estimated by comparing
it to Moi.io + Mji.ijs-

There are two possible projections for the quark singlet matrix element. They are:

MS,O(Zup> = QPOMp(Va Z?%) ) (143)

Ms3(2,p) = 2ps M, (v, 23) + 23 M (v, 23) . (144)

Both of these projections will appear in the mixing term for a given projection on the gluon
matrix element. The contaminating term in Eq. (144) comes with a factor of z3, and will

ideally be minimized at short distances.
6.3.2 Polarized case

The matrix elements in the polarized case are:

2,2

Z o~
3Mpp(”7 222,)

~ —~ —~ m
Moi0i(p, 2) = —2pops (Mﬁ;f)(v, Zg) - VMpp(Va Zg,)) + 2pops
+ 2p0z3//\/tvgg(l/, 23, (145)

Mji;ji<pa Z) = _2p023M99(V7 Z?%) ) (146)

Msizi(p, 2) = —2pops (Mg;)(u, 23) — vM, (v, 232,))
— 2po23 (Mgg(y 22) + M(+ (v, 23) — ZgMZZ(V 22) — l/J\/l (1/ z3)> ., (147)
]\%0;30(19, z) = poz3 (mQMvpp(Va 23) + Mvgg(’% ) + M(+)<V %) — Z:?Mvzz(% %)
— uﬂgp (v,23) + mQMpspz(V 23) + pop:szg-/\/lggz(”a 23)
P M (v, ) (148)

Mosi(p, 2) = =208 (M (v, 23) = v Mo (v, 23))
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+2mP M, (v, 23) — 20 M. (v, 22) + 2pR 22 M. (v, 22) (149)
Msz’;m(p, 2) = —2p; (M(+)(V %) = VMpp(V 232,)>

+ 2m2//\/lvp5(1/, 22) — 2V/\A/l/zs(u, 22) + ngzgj\A/l/zp(l/, 2, (150)

where //\/l\/;();rzzz = //\/lvpspz + Mpzpsa //\/lvg;rzzz = //\/lvszpz + Mpzsza and //\/lvz(;zr) = -//\/lvpz + sz-
Taking advantage of symmetry under the exchange of fields, it is straightforward to show

that:

Moi:(p, 2) = €ois (pl Goi(2) G (0) — Goi(—2)Gi;(0) [p)
—€ois; (Pl G'3j(2)Goi(0) — G3;(—=2)Goi(0) |p)
= Mas:(p, 2) | (151)
Mji5i(p, 2) = €jis0 (Pl Gi(2)Gso(0) = Gs(—2)Giso 0) |p)
= —¢€jiz0 (P Gs0(2)G;i(0) — Gao(—2)G5:(0) [p)

= 2M30;30(p7 Z) ) (152)

which leads to the following ‘sum rules’ between the invariant amplitudes:

2M (v, 22) = =MD (0, 22) — M2 M, (v, 23) + 22M .. (v, 22) + v MU (v, 23) | (153)

pgngppzzO/ 23) 2Mpspz(y ZS) + VMszpz(V7 Z?Q’) . (154)

—~

In addition to the relations shown in Eqs. (151) and (152), ]\701';01, M. ji Mgi;gi, and
Mgo;go all share the same anomalous dimension. For this reason, the following combination

is also multiplicatively renormalizable:

222

3Mvpp(y7 222,)

~ —~ —~ m
Moi0i(p, 2) + Mjiji(p, 2) = —2pops3 (Mg,f)(v, Zg) — v M, (v, Z§)> + 2pops

(155)
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While this result has only the the amplitudes associated with the twist-2 distribution,
they are not in the desired form and so it is necessary to account for the contaminating term
in some way. Because it is proportional to 23, one might expect it to become negligible at
small distances.

Again, there are two possible projections in the quark singlet case, and both will appear

in the mixing term for some projection of the gluon matrix element. In this case, they are:

F vl 2 v} 2 mQZ:% vl 2
Mso(z,p) = 2ps (Mo, ) = vM, (v, 23) ) = 205" My (v, 23) | (156)
]/\\4/573(2,]7) = 2p0 <-//\/lv5(y7 Zg) - VMP(”? Z?2,)> - pOZf?A/;l/Z(V? Z?Q,) . (157)

Both projections result in a contaminating term that will hopefully be minimized by a strong

dependence on z3.

6.3.3 Gluon pseudo-ITD

Analogously to the lightcone case, a pseudo-ITD can be defined in terms of the invariant

amplitudes at spacelike separations:

_MPP(V’ Z;) = M(”? Z?Q,) ) (158)

U '//\ZZ(;_)(V’ ) - VMPP(”? Zg)] = MV(’% N (159)

One may also define pseudo-ITDs and relate them to the quark singlet amplitudes:

d

3, M 7)) = Ms(v, 23) (160)
d /— _ _
e (./\/ls(y, 22) — v M, (v, zg)) = —Ms(v,23) . (161)
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6.4 One-loop results

Having all the necessary machinery, it is now possible to write down the one-loop results
for the gluon, including gluon-quark mixing, in terms of the invariant amplitudes defined in

the previous section. The unpolarized results are:

Moisi(2,p) + Msi0i(2,p) 22
= —My, (v,23) — 2 M (v, 23)
4pops3 2

2 1 _
g-Cy 4 2 9 9vp B U In(u)
— 871—2 A dU{ (g IH(Z?)MUVB g /4) —+ 2 5(7,1,) + |u — 35 — 47 +(1)

+ 2 (uu + §u3)
2a(1 4 u®) + 2 [%2} " + % (g—i - 6) 5(%)] }

(e 1)
X ( M, (uu z3) ZSM (uu,zg))

82

49 CF/O du{ —2u —In (zgu%ReQVE/ZL)@u+(5(u))}/\/lp(u1/, 22) /v

82

2 2
g CF z
/0 du{2 [2au — uzh — In(23pipe®™” /4) [15u° — 4u — 2]+ }y—i/\/lz(uy, 2,

(162)

Moioi(2,p) + Mjisji(2, p) _
2}

2% [ { (3 (Gt +2) 610
_ (%5 (u) + E (1—u®)+ %_ln(u_)] +(1)>
2a(1 + u?) + 2 {”ﬂ " + % (g—i — 6) 5('&)]

X (—/\/lpp (uz/, z§)>

—M,, (1/7 zg)

~n (<2 /4)
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2 1
+ 98724 / du {—§ (1 — u3) —1In (zg,u%Re%/él) u (u2 + 1) } u2z§/\/lppzz (uu, zg)
0

g2CF 1
+ S / dug — In(23pire®” /4) (2u + 6(u (uv, 23)/
™ Jo

QCF
+ 52 / du

Ms;.3:(2, p) + Mso,30(2, p) _

52
In (z%u?Re%E/él) u —uu —2 (uv, 23) | (163)

My (V> Z??) + 2pgz§Mppzz (Vv Z?%)

20}
2 1
g°C 11 _
— 87r2A / du { (E In (25pgyve /4) + 2> J(a)
0
1 2 2u® + 41n(a)
— | =0 (a)+ —(1—u3)++
2 3 U 0
? 1 ( Bo
—In (23 ufre™ /4 2@(1+u2)+2{u71 + - (——6) d(u)
TRl
X (—M (uz/ z3) +u z?%/\/lppzz (uu z§)>
g*C

_|_

1
52 /0 du {2@ + In(25pfpe” /4)u (v + 1) } U 23 Mppz.. (uv, 23)

20 1
+ g87r2F /0 du{ — 4 — In(23pire®” /4) (2u+ 6(a)) }Mp(uy, 23) /v
9*Cp (! 2.2 2vp 2 2 2
+ s |, dug In(z3pipe”™” /4) (9u® — 12u + 2) ﬁ./\/lz(uy, 23) . (164)

All three combinations carry the expected coordinate space DGLAP evolution kernels

for gluon-gluon and gluon-quark:

2
Byg(u) = 2a(1 4 u?) + 2 [“ﬂ " +5 (5—1 - 6) . By =6(u)+2u  (165)

Setting 5y = 11C4 /3, the gluon-gluon kernel takes the plus prescription form:

U

Byg(u) = [2(1_—UU)2] ) (166)
(1)
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necessary for momentum conservation of the gluon.

Of the three combination Eq. (163) is the only one with the desired amplitude isolated
on the LHS. Furthermore, there are minimal contaminating terms on the RHS, and both
come with a 22 factor and should be minimized at short distances.

The one-loop contributions in the polarized case are:

]/\\4—/1" i\D, 2 A A
Muslp.2) __(J40)(0,28) = v M0 2) + Mgl 2

2p5
2 ! In(1 —
N CA/ du §1n (Z3ptve™ /4) +2) 6(a) + 2uu — 4 w
87T2 0 6 U +(1)

—In (25uipe /4) {4% +2 {“ﬂ " += (g—i - 6) o(u )1 }

(= (B 0 2) = s 2)) + gl )

872

g2CA 1
+ / dug 2uti + In (25 pipe™ /4) @ ./\/l/(zps (uv, 23)
0

92CF

ey du{ ~ 20— n (e /1) (20— 0(w) }

X (M (uv, 23) — wM p(uv, 23)) Jv

—~

2 2
+ 7 CF/ du QUT; M (uv, 23) /v
0

8?2 2
*Cr 1 2.2

’ 8’ . (23 IReQﬁYE/ZL)/o dU6(u2 o ﬂu)erVzZ?’ My(uv, 23)

g20 1 2 2 2vg 4 ld 237 2 .3 Z_gﬂ 2 167
T (25 me”" /4) u2(3uu” —u’)y » (uv, z3) (167)

0
% =— (Mg)(u, 23) — v M, (v, z§)> + M.(v, 22)
0

2 1
S 90 ] (B (2206 /4) + 2 6(a) + 2
87T2 0 6 31UV

In(1 — 1
e R
u +(1) u +(1)



e fineaf2] 23 (2 o))

1
2
X (— (ﬂ(+)(uy 22) — uu/\/lpp uv, za > Mps(u

QC 1 N
+ g8 2A / du{ — 20 — In (25 pfpe™ /4) u}MgpS) (uv, 23)
™ Jo

920F

2

—

X ((Mvs(u, 23) — v M M, (v, 23)) /V— e M, (v, 23

0

Moi0i(z,p) + Mijiii(2, p) _ 223

2pops

2 1
9°Ca 4 o _
g /0 du{ (gln (23 pgve™™ /4) + 2) d(u)

In(1 — 1
_m_4{M} +(__a)
u +(1) u +(1)

2
—In (Z?Q’M%ReME/él) [4ﬂu +2 {%} + = (5—2 -6
+(1)

2,2

vt — m-z
- (MO ) My (D)) + =2

nih)

)/V) :

Mpp(’/a Zg

) dta >”

)

x (— (M (. 28) = ur My (v, 23) ) + u™ = My (v, z3>)

920F

+ 52 /0 du{ —2(1—-2u)—1In (zg,u%Re%E/él) (211 — 5(12)) }

X <Ms(uy, 23) — uyﬂp(uy, zg)) /v

2 1
9°Cr _ _
+ = /0 du{Q [2au — L(l + In (25 pfpe®® /4) [(duu + u2ﬂ+(1) }
m2z2 ~
X 1/23M (uv, 23) |

where the following simplifications were made in Eqgs. (167) and (168):

—~

2p8.//\/lvspz(l/, 22) = 2m2/\/lsp(u, 23) — ZVMSZ(V z2) + 2p023/\/lpz(u 22)

o8

(168)

(169)
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URM (1, 22) = 2m> My (v, 22) — 20 My (v, 22) + 2p223 My (v, 23) |
M) (v, 22) = QmQMVI();)(V, 2)—2wM (v, 22) + ngzg./f\;l/g;)(l/, z) . (170)

zZps zs

Again, the expected AP kernels appear for gluon-gluon and gluon-quark:

2

Byy(u) = 4iiu + 2 {“—] 41 (@ - 6) 5(i),  Byy=0(i) — 2u (171)
u +(1) 2 CA

The most promising combination is Eq. (169), where all the contaminating terms come
with a factor of z2. In principle, by measuring this matrix element at constant v for small
values of 22, the behavior of the “twist-2” part may be isolated. The presence of a momentum
factor multiplying the amplitude, however, will lead to complications when constructing the
matching conditions in Section 6.5.2. The other two combinations, Eqs. (167) and (168) are
attractive then, because they come with a factor of p2. However, the contaminating terms
in both cases don’t all carry an explicit factor of 22, and it remains to be seen if ./Wspz and

M.,s are minimized at small distances.

6.5 Evolution and matching

6.5.1 Gluon PDF

For the case of the gluon PDF, Eq. (163) is used to construct the matching relation. The
construction of the pseudo-rI'TD is straightforward in this case since it comes with a factor

of p2, and is therefore finite in the rest frame. The ratio is:

M(v, 22) = Moi0i(2,p) + Mjisji(2,p) _ Moy (1/, Zg) . (172)
Moi0i(2,p3 = 0) + Myiji(2,p3 = 0) My, (O, zg)

From here, it is straightforward to perform an expansion around «y in order to obtain the
ratio at leading order.

As discussed, the UV associated terms cancel entirely in the ratio method, and conse-
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quently all dependence on 23 is in the evolution logarithm, leading to an evolution equation

at short distances:

dM(v,23)  a,Cy
dnz2 2«
a,Cp
Cor

1
/ duBgg(u)9M (uv, 23)
0

/01 duBg,(u) (E)ﬁs(ul/, z) — M (1/, zg) M (0, z§)>

+ O (z§m2, ZgAQCD) s (173)

where the kernel B, (u) results from transforming the gluon-quark mixing amplitude to its

rITD counterpart and is obtained directly from:

Byy(u) = /1 dvBy,(v) = 1+ u° (174)

Also, the contaminating terms on the RHS of Eq. (163) have been absorbed into the
O (23m?, z3Aqep) term.

A peculiar aspect of the pseudo-rITD evolution equation is the presence of the product
m (y, zg) Ms(0,22) in the mixing term, which is purely a result of the ratio method. Here,

the singlet pseudo-rITD is defined as:

M3<I/, Z%)

T N0

(175)

The matching relation for the gluon PDF can be written in terms of I'TDs as:

T,(v,1*)  asCa /1 2 4y +41n(a)
m 2 _ 9\ - Z(1 - 3 s\
(V’ 23) Ig(oy,UQ) 21 0 du 3 ( u ) + m )

Ig<uya /1’2)
Ig(oa ILLQ)

1 T 2 T 2T 2
— a;iF 1n(z§u262’yE/4)/ dUng(u) ( S(UV’M ) a g(y“u ) S(O7N )>
0

+ In (25 p°€*7 /4) ng(u)}

Zy(0,12)  Zy(0, u2) Zy (0, p?)

+ @ (z§m2, ZgAQCD) . (176)
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However, it is straightforward to rewrite the RHS of Eq. (176) in terms of the gluon PDF
and quark singlet PDF, since the lightcone I'TDs are directly related to the lightcone PDFs

(Egs. (129) and (133)). Making these substitutions, the matching relation becomes:

1 2 ,
M (v, 23) :/ dxM (Rgg(xl/, z2u?) + Ry (av, 2217 \s), >
0

<x>,“42 <x>p,2
1 2
+/ dx%@c’u)qu(:py, Z50°) + O (z3m?, z5Aqen) (177)
0 2

where it was used that Z,(0, u?) = (). and Zs(0, 4*) = (s),., the hadron momentum
fractions carried by the gluons and quarks, respectively. The three functions, R, R4, and

R, can be directly calculated from the cosine transformation of the u dependent parts of Eq.

(176). They are:

Ryy (v, 221%) = /0 " duscos(uz) | 5(a) — O‘sCA{ (F (1—v’)+ ML(D)

2m 3 u
+1n (251 /4) ng(u)} : (178)
2 2 ! asC 222
Ry, (zv, z5p7) = | ducos(uzv) | — o In(z5p%e®7? /4) Byg(u) | (179)
0
5 oy 4 a;Cp 2 2 9y
R, (zv, z5u°) = gcos(xl/) o In(z5p%e*" /4) . (180)

The last of these, R, comes from the extra ratio related factor in the mixing term, hence the
4/3 factor that comes from the integral of the mixing kernel. Since they are calculated from
the cosine transformation of perturbatively calculated matching coefficients, the R kernels
themselves are explicitly perturbatively calculable expressions.

The gluonic part of the unpolarized matching relation has already been used in the lattice
extraction of the gluon PDF by the HadStruc collaboration at Jefferson Lab, Fig. 9 [35].
The data given in Fig. 9 is limited by the range in v for which the pseudo-rITD has been

calculated on the lattice, v € [0,7.07]. This especially leads to uncertainty in the small-x
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region. Lattice calculations at greater values of v are necessary to improve the gluon PDF
extraction [36]. The lattice group at Michigan State University has also performed a lattice
extraction of the gluon PDF using the matching relations given in this text, [37, 38]. It should
be stressed that the results of both groups are obtained from first principles calculations in

QCD.

6.5.2 Polarized gluon PDF

The pseudo-rI'TD is not so easily constructed in the polarized case because of the factor
of p3 that multiplies the amplitude, leading to a division by zero. One way to approach this
is to use a different matrix element in the denominator, and this is chosen to be the spin
average combination My;.;(2,ps = 0) + M;;.j:(2, ps = 0), giving the ratio:

]%i;Oi(z7p) + Mji (2, p)
Moi0i(2,p3 = 0) + Mjiji(2,p3 = 0)

(181)

While this ratio has the desired effect of canceling the linear divergence, in addition to the
UV logarithms coming from the self energy and gauge link, there is a mismatch between
UV factors associated with the vertex diagrams. Using the terminology from Section 5.2.2:
the numerator has vy = 1, while the denominator has vy = 0. In order to compensate for
this mismatch, a multiplicative factor associated with all orders exponentiation of the UV

logarithms in the vertex diagram is introduced. On the lattice, this factor is:

asCa/dm

Zi(z3/ar) = (1 +7°23/a]) : (182)

Accounting for this factor leads to the modified ratio:

—_—

_ (MOi;Oi(Zap> + Mji;ji(zap)> /(pops)
M(v, zg) = - ,
iZ1(z3/ar) (Moioi (2, ps = 0) + Mjiji(z,p3 = 0)) /m?

(183)
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which gives the necessary properties for the evolution equation:

dﬁ(y,zg) a0y
dnz2 2«
CESCA
2m

+ O (z3m?, z5Aqep) - (184)

1 —
/ duBBy, (w)9M(uv, 23)
0

/01 duggq(u) <ﬁ5(uy, Zg) — 29M(0, zg)ﬁ(y, z§)>

The kernel, ggg, technically has the same value as the AP kernel, but here the dependence
on [y has explicitly canceled in the ratio. Also, the gluon-quark kernel is, again, the result

of transforming the gluon-quark mixing amplitude to its associated rITD.

2 ~

B,y (u) = 2 {%u + ”ﬂ e %5(71), B,q(u) = / 1 dvB,,(v) =1 — @ . (185)

My is defined by Eq. (175), and the singlet quark polarized pseudo-rITD is:

Ms(v, 23)

PO = T8

(186)

The matching relation for the polarized gluon PDF is:

—~ 2 1 .
M(v,23) = AL ) _ asCa / dus 2uu — 15(@) +4 {—u *Inl u)} — F — ﬁ}
0 2 +a) LU +(1)

Ig(()?l’LQ) 2m u

~ AT, (uv, u?)
+1n (222,25 /4) B, (u) $ —L——L 2
( 3HMIR / ) gg( )} Ig(O,MZ)

AT

O./SCA ! _ B e S(Vv :u2)
— o /O dU{2UU + In (ZgM%RQZY /4) ng (U) } W

IS(0> ﬂ’2) AIQ(V7 :U“2)

Z,0.42) Z,(0.42)

sC 4
A (B tnee [4) 5 + 0 (2m? 22hqep) - (187)

In a similar fashion to the unpolarized case, it is straightforward to rewrite Eq. (187) in

terms of the lightcone polarized gluon PDF and polarized singlet quark PDF. Doing so leads
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to the result:

— 1 2 - - To) o
M (v, 23) :/ dxM (Rgg(xl/, Zp?) + R (av, z§u2)< ) )
0

()2 (1),
1 A 2\ _
+/ dx%fi%(wu,z&ﬂ)+O(z§m2,z§AQCD) , (188)

where the R kernels in this case are given by the sine transform of the u dependent parts of

Eq. (187). They are:

1 _
Ry, (wv, 23p%) = / dusin(uzv) | §(u) — @0 2uu — 15(12) +4 {wl
0 2 u +(1)

2w
1 ~
- |:? - ﬂ} +In (Z:'%M%RehE/‘l) ng(u)} ., (189)
v A
B 2 9 ! . asCa | _ 2 2 2yp 21
Ryg(xv, z5p%) = [ dusin(uzv) | — o 2au + In (25 i e /4) Byq(u) ) (190)
0
~ 4
R, (zv, z3p?) = 3 sin(my)a;ﬂ In(25pipe® /4) (191)
7r

Because the ratio in this case was constructed with the unpolarized result, (zg) L2 and

(x) .2 appear again in the polarized matching relation.
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FIG. 9: Unpolarized gluon PDF (cyan band) extracted from HadStruc lattice data using
the 2-param (Q) model. Results are compared to gluon PDFs extracted from global fits
to experimental data, CT18 [31], NNPDF3.1 [32], and JAM20 [33]. The gluon momentum
fraction used in the calculation was () 2y gey2 = 0.427(92) from [34]. The bottom figure

uses a logarithmic scale in order to enhance the view of the large-x region. [35]
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CHAPTER 7
CONCLUSIONS

In this dissertation the methods of computation of one-loop corrections to the gluon
bilocal operator were outlined. Specifically, the external field method, and the heat-kernel
expansion. The results of the calculation were discussed, along with some of the features
of the calculation that are unique to the methods applied. Additionally, the one-loop cal-
culation of the gluon-quark operator mixing contribution was given. A discussion of the
logarithmic UV and IR behavior of the various contributions was given, and the UV anoma-
lous dimensions associated with the various multiplicatively renormalizable projections of
the gluon operator were calculated.

The application of the gluon bilocal operator to forward matrix elements was discussed,
along with the key differences between the result at spacelike and lightlike seperations.

Finally, the application of the unpolarized and polarized forward matrix elements to the
method of pseudodistributions was discussed. Specifically, the matching relation between
pseudo-ITDs and lightcone PDF's was given in for unpolarized and polarized cases. These
matching relations have already been used in the lattice extraction of light cone PDFs by
the HadStruc collaboration at Jefferson Lab [35], and the lattice group at Michigan State
University [37, 38]. Again, these are the results of the calculation of the gluon PDF from
first principles in QCD. Future improvements to the lattice extraction of the gluon PDF
should incorporate the gluon-quark mixing, and should ideally include greater values of the
loffe-time, v.

Once again, a key feature of the general result for the gluon bilocal operator is its process
independence, and therefore its applicability to nonforward matrix elements. With that
in mind, this result can be used in the future calculation of matching conditions for the
extraction of gluon GPDs and DAs from lattice calculations, in addition to other distributions

that may not be experimentally accessible.
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APPENDIX A
LIGHTCONE VARIABLES

Lightcone variables are incredibly convenient to work with in high energy processes, where
the object under consideration is typically boosted in a specific direction. A vector, A, in
lightcone variables is given by:

A+ A8

A* :
V2

A= (A"4% . (192)

The presence of the v/2 in the definition of A* leads to a definition of the metric tensor

where:

01 0 O

» 10 0 O
G = gl = ) (193)

00 -1 0

00 0 -1

then the scalar product has the form:

(AB)=A"B~+ A BT —(A,B)) (194)
A? =2ATA" — A2 (195)

Lorentz boosts along the 3 direction take on a simple form in lightcone variables:

AT = AteS A~ =A"e", A=A, (196)

where ( is a hyperbolic angle defined in terms of the frame velocity:

1. 1+vw

(==In

. 1
2 1—w (97)
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APPENDIX B
OVERVIEW OF QCD

Quantum chromodynamics is based on SU(3), non-Abelian gauge theory and describes
the interaction between massive spin—% fermions called quarks and massless vector gauge

bosons called gluons. The full QCD Lagrangian is:
Lqcp = Lar + Lar + Lghost » (198)

where the first term on the RHS is the SU(3) gauge invariant part describing the quark and

gluon fields. The second and third terms are the gauge fixing and ghost terms, respectively.

B.1 Gauge invariant term

The gauge invariant term is, with all indices made explicit:

nyg
T i g 1 a a, v
Lor =Y 4 (iy"Dy —my)” ¢ — LG G (199)
f=1

The quark fields, @Z)}, exist in the fundamental representation of SU(3), while their adjoint
counterparts, 2/_1} are dual vectors, with elements denoted by the indices i, j € {1,2,3}. The
index, f, denotes a sum over the number of quark flavors, ny, with the flavor specific quark

masses my. The covariant derivative in the quark term is defined as:
D, =0, —gl"Aj, , (200)

where Aj are the gluon gauge fields, and ¢* are the eight SU(3) group generators in the

fundamental representation. They have the algebra:

[t“, tb} = ifobete (201)

Trt® = Tpé™ | (202)
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N? -1
2N

" = Cplays = I3x3 . (203)

Where Cp is the Casimir operator, and N = 3 in an SU(3) theory, while Tp = 1.

The gluon field strength tensor, Gf,,, is a vector in the adjoint representation of SU(3)

with elements indicated by index a € {1,2,3,4,5,6,7,8}, and is defined by:

G =T°GS, =i[Dy,D,] | (204)

D, =8, —igT" A% | (205)

where D, is the covariant derivative in the adjoint representation, A, is the gluon gauge

field, and T* are the gauge group generators in the adjoint representation with algebra:

[Ta,Tb} — j fabere (206)
T°T" = Cylsys (207)
Tr 7T = Th0® = C 16 | (208)

where in the usual QCD the adjoint Casimir operator, C'y is equal to 3, the number of colors
charges in the theory.

The gluon and quark fields undergo infinitesimal transformations in the local SU(3) gauge

group:

v — (1 +1a%t) ), (209)

A, — A+ ; (D, aT?] . (210)

Applying Egs. (209) and (210) to Lgr leaves it invariant, as the name suggests.
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B.2 Gauge fixing term

In QCD it is necessary to introduce a gauge fixing term in order to account for the

unphysical degrees of freedom in the theory. A common choice are the R, gauges, given by:

Lop = —% (o). (211)

where £ is an arbitrary parameter. The case where £ = 1 is called the Feynman 't Hooft

gauge. Another common gauge choice is the axial gauge:
Lgrp =nlA5 (212)

where n# is some vector. A common choice in this case is the lightcone gauge where n* =
(n™,0,0,) in the lightcone coordinates. The lightcone gauge greatly simplifies the calculation

of the parton level lightcone PDFs.

B.3 Ghost term

The ghost term, given by:
Lghost = a#ﬁaDZb ’ ) (213)

describes the Faddeev-Popov ghost fields [39], n®, that are associated with the gluon. The
covariant derivative in this case is in the adjoint representation with the matrix indices made
explicit. The ghost term is necessary to compensate the gauge fixing term in the Feynman-'t
Hooft gauge, and in the background field gauge. However, in the case of the axial gauges

the ghost fields uncouple from the theory.
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