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The negative-differential-resistance (NDR) response of Nb/NbOx/Pt cross-point devices is shown to
have a polarity dependence due to the effect of the metal-oxide Schottky barriers on the contact resistance.
Three distinct responses are observed under opposite polarity testing: bipolar S-type NDR, bipolar snap-
back NDR, and combined S-type and snapback NDR, depending on the stoichiometry of the oxide film
and device area. In situ thermoreflectance imaging is used to show that these NDR responses are associated
with strong current localization, thereby justifying the use of a previously developed two-zone, core-shell
thermal model of the device. The observed polarity-dependent NDR responses, and their dependence on
stoichiometry and area, are then explained by extending this model to include the effect of the polarity-
dependent contact resistance. This study provides an improved understanding of the NDR response of
metal-oxide-metal structures and informs the engineering of devices for neuromorphic computing and
nonvolatile memory applications.
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I. INTRODUCTION

Two terminal metal-oxide-metal (MOM) devices using
transition metal oxides (TMOs) are of increasing inter-
est for next-generation nonvolatile memory technol-
ogy and brain-inspired computing [1–3]. Many TMOs
exhibit threshold switching or current-controlled negative-
differential-resistance (NDR) responses including NbOx
[1,3–6], TaOx [7–9], VOx [10,11], TiOx [12], and NiOx
[13], and MOM devices exploiting these characteristics are
of great interest for applications such as self-sustained and
chaotic oscillators [2,14], threshold logic devices [15,16],
trigger comparators [17], small-signal amplifiers [18,19],
and emulators of biological neuronal functionalities [20,
21]. Recently, much attention has been given to devices
based on NbOx and VOx due to their ability to show
reliable threshold switching [22] and current-controlled
negative differential resistance [1,2,4,23]. Importantly, the
functionality of devices is controlled by their specific
current-voltage characteristics (e.g., specific NDR mode)
[3,14,24], and therefore it is essential to understand the
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physical origin of the NDR response and its dependence
on material and device parameters.

A reliable NDR response is often observed after an
initial electroforming step that creates a filamentary con-
duction path through the film. This can cause a significant
increase in temperature due to local Joule heating [25]
and thereby modify the oxide stoichiometry and interfa-
cial Schottky barriers. Changes in the filament due to the
generation, drift, and diffusion of oxygen vacancies can
also result in competition between resistive and threshold
switching, in which case it is necessary to limit the oper-
ating current [26] or bias polarity in order to achieve pure
threshold switching [27]. Threshold switching then occurs
in a small volume between the residual filament and elec-
trode due to the localized current flow in this region [26].
Further details of the electroforming process in NbOx and
its dependence on oxide stoichiometry can be found in our
recent study [28].

Studies have shown that NbOx-based devices can
exhibit a range of characteristic NDR modes, including
continuous S-type and discontinuous snapback character-
istics as well as more complex combinations of these
modes [5,24]. The physical origin of S-type NDR is
well explained by thermally induced conductivity changes
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induced by local Joule heating [6,29] and can, in princi-
ple, arise from any electrical conduction mechanism that
has a superlinear temperature dependence [30]. In con-
trast, the origin of snapback NDR was initially attributed
to the insulator-metal transition (IMT) associated with a
Mott-Peierls transition observed in NbO2 [5]. However,
a subsequent study based on finite-element modeling of
TaOx and VOx devices showed that a similar response
could be induced by current localization without recourse
to a material-specific phase transition [7]. In an attempt to
resolve this issue and explain the diverse range of NDR
modes observed in metal-oxide-metal (MOM) devices, we
recently developed a core-shell model of NDR [24]. This
model is based on the fact that the current distribution in
MOM structure is highly localized after electroforming,
with the NDR response dominated by the region of high-
est current density (core) and the surrounding film (shell)
acting as a parallel resistance. The threshold-switching
response then depends on the relative magnitudes of the
maximum negative differential resistance (RNDR) of the
core and the shell resistance (RS). Specifically, S-type NDR
is observed for RS > RNDR and snapback characteristic is
observed for RS < RNDR, notably, without considering any
phase transition.

The parallel resistance (RS) is determined by the area,
thickness and resistivity of the oxide film and the con-
tact resistance created by the metal-oxide interfaces. For
devices fabricated with near-stoichiometric oxide films the
parallel resistance (RS) is typically dominated by the film
resistivity such that RS > RNDR and they exhibit S-type
NDR [26,27]. However, for more conductive substoichio-
metric films the contact resistance is expected to make
a significant contribution to the parallel resistance and
thereby influence the threshold-switching mode as well as
the device stability and reproducibility [24,31,32].

In the present work, we demonstrate that the interface
resistance originating from the Schottky barriers at the
metal-oxide interfaces can indeed result in distinct NDR
modes depending on the operating bias polarity, device
area, and oxide conductivity. This is achieved by com-
bining in situ thermoreflectance imaging and temperature-
dependent electrical testing of NbOx cross-point devices,
and interpreting the results with reference to the above-
mentioned core-shell model of NDR.

FIG. 1. Three-dimensional schematic of the cross-point device
with corresponding material layers.

II. EXPERIMENTAL DETAILS

Cross-point devices with a metal-oxide-metal structure
as shown in Fig. 1(a) are fabricated on a thermally oxidized
Si (100) wafer with a 300-nm-thick oxide layer using
a three-mask photolithography process [25]. The bottom
electrodes are defined by a lift-off process and consist of
a 5-nm-Ti adhesion layer and a 25-nm Pt electrode layer
deposited by e-beam evaporation. These are coated with
substoichiometric NbOx layers by reactive sputter deposi-
tion of an Nb target using an Ar-O ambient. For compari-
son, a near-stoichiometric Nb2O5 film is also deposited by
rf sputtering of an Nb2O5 target (Ar ambient). Top elec-
trodes are subsequently defined by a second lift-off process
and comprised of 5-nm Nb and 25-nm Pt (or 75 nm Au for
the thermoreflectance measurements). A final lithography
step is then used to remove the NbOx film from the contact
pads of the bottom electrodes. Details of the deposition
conditions and film thicknesses are given in Table I. The
resulting cross-point structures have dimensions ranging
from 2 × 2 µm2 to 20 × 20 µm2.

The NbOx stoichiometry is determined by Rutherford
backscattering spectrometry (RBS) of films deposited onto
vitreous carbon and Si substrates and is found to be
in the range from x = 1.92 (±0.03) to x = 2.6 (±0.05).
(The relationship between stoichiometry and film resis-
tivity is included in Table I.) Further analysis by grazing
incident-angle x-ray diffraction (GIAXRD) shows that the
as-deposited films are amorphous. Ex situ electrical mea-
surements are performed in air using an Agilent B1500A
semiconductor parameter analyzer attached to a Signatone

TABLE I. Film deposition details including the stoichiometry and thickness of each layer.

Sputter target Power (W) Pressure (mTorr)
Gas flow (Ar/O2)

sccm/sccm Thickness (nm) x in NbOx Resistivity (� m)

Nb2O5 180 (rf) 4 20/0 45 2.6 ± 0.05 3.5 × 104 ± 1.5 × 103

Nb 100 (dc) 1.5 19/1 44.3 1.92 ± 0.04 8 ± 1.5
Nb 100 (dc) 2 19/1 55 1.99 ± 0.03 15 ± 1
Nb 100 (dc) 1.5 18.5/1.5 57.3 2.22 ± 0.04 120 ± 7
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probe station (S-1160) and generally consist of bidirec-
tional quasistatic current sweeps. In situ measurements
during thermoreflectance imaging are performed with a
Keithley 2410 parameter analyzer and include both dc and
pulsed testing. In all cases the bias is applied through the
top electrode while the bottom electrode is grounded. Ther-
mal imaging of the devices is performed using the TMX
T°Imager® system. The imaging setup uses a camera-
based thermoreflectance method [33] to infer the tem-
perature rise from the change in surface reflection. The
measured map of the temperature rise �T is determined by
the use of the relation, �T = (1/CTR)(�R/R) , where �R
is the change in reflectance of the activated device surface.
CTR is the thermoreflectance coefficient of the top electrode
material (Au in the present case) obtained from calibra-
tion according to CTR = (1/�T)(�R/R), where �R is the
change in reflectivity of the device surface when subjected
to a known temperature rise �T.

III. EXPERIMENTAL RESULTS

A. Electroforming and NDR characteristics

All devices with substoichiometric NbOx films exhib-
ited NDR following a one-off electroforming step but the
forming and NDR characteristics are found to depend
on the measurement polarity, as illustrated in Fig. 2 for
5-µm NbO1.92 devices. During an initial positive bias
sweep from 0 → 8 mA [Fig. 2(a)] the device undergoes
an electroforming step characterized by a sudden voltage
drop at a current around 6 mA and a permanent change
in the low-field device resistance from 5 k� to 4.5 k�

(measured at 0.25 V). The impact of electroforming is
then clearly evident during the reverse current sweep (from
8 → 0 mA), which shows S-type NDR. Subsequent current
sweeps under positive bias continued to show S-type char-
acteristics under both forward and reverse sweeps [similar
to that shown by the red line in Fig. 2(c)].

Similar electroforming characteristics are observed
under negative bias during the forward sweep from
0 → 10 mA [Fig. 2(b)], with a sudden voltage drop
observed at a current of around 7 mA. However, in this
case, the reverse current sweep produced a snapback char-
acteristic, with an abrupt voltage increase as the current is
reduced to 2.2 mA. Subsequent current sweeps under neg-
ative bias show similar snapback characteristics for both
forward and reverse sweeps, but at a lower threshold cur-
rent and voltage [similar to that shown by the black line
in Fig. 2(c)]. Once electroformed, devices exhibited char-
acteristics similar to those depicted in Fig. 2(c), regardless
of the initial electroforming polarity, i.e., under positive
bias they exhibit S-type NDR during forward and reverse
current sweeps and under negative bias they exhibited a
snapback response.

The permanent changes produced by electroforming are
typically attributed to the creation of a filamentary con-
duction path in the oxide film and/or local breakdown of
the Schottky barriers at the metal-oxide interfaces [28].
From a circuit perspective this represents a parallel con-
duction path within the device and the total device current
is divided between the filamentary conduction path and the
surrounding device area based on their relative resistances
[24]. Indeed, even though the filamentary region may have
a higher conductivity, its resistance can exceed that of the
surrounding device due to its smaller effective area.

B. In situ temperature mapping

In situ thermoreflectance imaging is performed on
10-µm NbO1.99 devices to better understand the cur-
rent distribution during postforming current sweeps. The
results are summarized in Fig. 3 and include in situ I -V
characteristics and the measured temperature distributions
for devices subjected to positive and negative bias. Under
positive bias the temperature distribution is highly local-
ized in the filamentary region over the entire range of

(a) (c)

(b)

FIG. 2. Polarity-dependent elect-
roforming and current-controlled
NDR characteristics of Pt/Nb/
NbO1.92/Pt devices: (a) electro-
forming of a 5 × 5 µm2 cross-point
device under positive bias, (b) elec-
troforming of a different 5 × 5 µm2

cross-point device under negative
bias; and (c) typical polarity-
dependent switching characteristics
of electroformed devices showing a
transition from S-type to snapback
NDR irrespective of electroforming
polarity.
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operating currents and the temperature in this region and
that of the surrounding film increase monotonically with
increasing current. This clearly demonstrates that the resis-
tance of the filamentary path is lower than that of the
surrounding device and that the S-type NDR characteristic
is dominated by the temperature-dependent conductivity of
the filamentary region.

In contrast, under negative bias, the temperature distri-
bution is near uniform at currents below the threshold for
snapback and only becomes localized for currents near the
threshold value [indicated by the point “F” in Fig. 3(b)].
At this point the temperature increases abruptly while that
of the surrounding area decreases, consistent with current
redistribution and localization due to the positive feedback
created by local Joule heating, as previously reported [28].
This demonstrates that the resistance of the filamentary
region is initially comparable to, or greater than that of
the surrounding device, but becomes relatively less resis-
tive as the current increases to the threshold value. Such
a change implies that the conductivity of the filamentary
region increases more rapidly with temperature than that
of the surrounding device. For filaments near the center of

the device this may also be facilitated by the nonuniform
temperature distribution created by the device geometry
[see Fig. 3(c)]. It is important to note that the extent of the
filamentary region is smaller than that of the temperature
distribution observed at the top electrode surface due to the
high thermal conductivity of the metal electrode [25,28].

C. Schottky barriers and polarity-dependent
conduction

The temperature-dependent I -V characteristics of an as-
fabricated Nb/NbO2.22/Pt device are shown in Fig. 4(a) for
both positive and negative bias. Comparison of the device
current at equivalent positive and negative voltages clearly
highlights the asymmetry in contact resistance created by
the Schottky barriers at the metal-oxide interfaces. Simi-
lar asymmetry is observed for all NbOx films used in this
study, and is found to increase with increasing device area.
From the electron affinity of Nb2O5 (3.9 eV) and the work
functions of Nb (4.3 eV) and Pt (5.65 eV) the theoreti-
cal barrier heights at the Nb-oxide and Pt-oxide interfaces
are calculated to be 0.4 and 1.75 eV, respectively [34].

(a)

(c) (d)

(b)

FIG. 3. (a),(b) In situ I -V characteristics of a 10 × 10 µm2Au (75 nm)/Nb(5 nm)/NbO1.99(45 nm)/Pt (25 nm) device showing S-type
NDR under positive bias and snapback under negative bias, respectively. Insets show the in situ thermoreflectance (�R/R) maps of
the device for the corresponding bias polarity. (c) Temperature profile through the filamentary region for different current-voltage
values during positive bias. (d) Temperature profile of the same device for different current-voltage values during negative bias. The
dashed curves in (c) and (d) represent the experimental data and the smooth lines show Gaussian fits of the data. A, B, and C denote
subthreshold, threshold, and postthreshold points respectively in the I -V characteristic obtained under positive bias, while D, E, and F
denote the same for negative bias polarity.
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As a consequence, the contact resistance is expected to
be dominated by the Pt-oxide interface, which is under
forward bias when negative voltage is applied to the top
electrode.

Experimentally, the current-voltage characteristics are
analyzed in terms of field-enhanced thermionic emission
over a Schottky barrier, as described by [35]

I = AA∗T2e
−

⎛
⎝�B0 − α

√
V

kBT

⎞
⎠

, (1)

where kB is the Boltzmann constant, T is the absolute tem-
perature, �B0 is the zero bias potential barrier height at
the metal-oxide interface, α is the barrier lowering factor,
A* is the Richardson constant, and A is the device area.
For both bias polarities the experimental data for a given
electric field (V) exhibits a linear trend on a ln(I /T2) vs
1000/T plot as shown in Figs. 4(b) and 4(c). The slope
of these lines yields an activation energy corresponding to
the apparent potential barrier at the particular applied field

(corresponding to V),

E = �app = �B0 − α
√

V. (2)

The obtained values are found to decrease with increasing
applied bias, as expected from Eq. (2) and the zero-bias
barrier heights are determined to be 0.19 and 0.24 eV
for negative and positive bias, respectively [Fig. 4(d)].
These include contributions from the electrodes and the
oxide film and are much lower than the theoretical values.
Consequently, they serve as a measure of the resistance
asymmetry, rather than actual metal-oxide barrier heights.

The resistance asymmetry is represented more clearly
by plotting the ratio of currents measured under nega-
tive and positive bias as a function of absolute voltage,
as shown for the Nb/NbO2.22/Pt device in Fig. 4(e). This
shows that the current ratio (asymmetry) initially increases
with increasing voltage before reaching a maximum at
0.75 V and then decreases at higher voltages before saturat-
ing at a value between 1 and 2. This behavior is attributed
to the dominance of Schottky emission at low fields and
an increasing contribution from Poole-Frenkel conduction

(a) (c)

(d) (e) (f)

(b)

FIG. 4. (a) Temperature-dependent current-voltage characteristics of a typical substoichiometric NbOx device (x = 2.22), with equiv-
alent circuit shown inset, (b),(c) characteristic plots confirming thermionic emission as the major mechanism for Nb top and Pt bottom
electrodes (x = 2.22), (d) extraction of zero bias potential barrier at the top and bottom interfaces for a typical substoichiometric NbOx
(x = 2.22) device, (e) current asymmetry for the data in (a), where ηasym is defined as the ratio of device current under negative bias
to that under positive bias (I negative/I positive), and (f) current asymmetry before and after electroforming for devices with different oxide
stoichiometry. Dashed lines in (f) represent the experimental data after electroforming and the smooth lines are the experimental data
of the corresponding devices before electroforming.
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at higher fields as previously reported for Nb2O5-based
Schottky diodes [36]. Significantly, the high-field asym-
metry is maintained for all substoichiometric NbOx films
even after electroforming [Fig. 4(f)]. This reflects the fact
that the Schottky barriers in the device area surrounding
the filamentary region remain unaffected and continue to
influence the current distribution in the devices.

D. Effect of oxide stoichiometry and device scaling

The film stoichiometry and device area also have a direct
impact on the resistance of the region surrounding the
electroformed filament and therefore affect the device char-
acteristics. As a consequence, the behavior reported in Fig.
2 is not universal but is specific to devices with particular
combinations of device area and film stoichiometry. A sys-
tematic study of these dependencies showed that the small-
est area devices (2 × 2 µm2) displayed smooth S-type NDR
under both positive and negative biasing regardless of film
stoichiometry. In contrast, larger area devices exhibited
one of three behaviors depending on the stoichiometry of
the oxide film: dual S-type characteristics [Fig. 5(a)], com-
bined S-type and snapback characteristics [Fig. 5(b)], or
dual snapback characteristics [Fig. 5(c)]. These dependen-
cies are summarized in Fig. 5(d), which clearly highlights
the three distinct regimes. Note that higher subthreshold
and threshold currents are always observed for negative
bias polarity, consistent with higher contact resistance
from the reverse biased Pt/NbOx interface.

IV. DISCUSSION

The above data clearly show that the NDR character-
istics of simple two-terminal metal-oxide-metal devices
are sensitive to the relative resistances of the filamentary
conduction path and the surrounding device area, includ-
ing effects due to polarity-dependent contact resistance
that arise from the metal-oxide contacts. While the depen-
dencies appear complex, they can be understood with
reference to a recently developed parallel-memristor or
core-shell model of NDR [24].

In its simplest form the core-shell model assumes that
the current distribution in postformed MOM structures is
localized, with the NDR response dominated by the high
current-density filament (core) while the surrounding film
(shell) acts as a parallel resistance, as shown schemati-
cally in Fig. 6. Analysis then shows that the threshold-
switching response depends on the relative magnitudes of
the maximum negative differential resistance |RNDR| of the
core and the shell resistances (RS). Specifically, S-type
NDR characteristics are observed when RS > |RNDR| and
snapback characteristics are observed when RS < |RNDR|.
Since the magnitude of RS depends on the conductivity
(stoichiometry), area (A), and thickness (t) of the oxide
film the model predicts a transition from S-type to snap-
back characteristics for critical values of these parameters,
as previously demonstrated [37].

For the case where RS is independent of bias polar-
ity, the above model predicts either smooth S-type or
abrupt snapback characteristics under both positive and

(a) (b)

(c) (d)

FIG. 5. (a)−(c), Polarity depen-
dent NDRs observed in Nb
/NbOx∼1.99/Pt MOM cross-point
devices with 5 × 5 µm2, 10 × 10
µm2, and 20 × 20 µm2 active area,
and (d) matrix representation of
dependency of S-type and snapback
NDR as a function film stoichiom-
etry, device area, and bias polarity.
The notations S/S and SB/SB are
used for S-type NDR and snapback
NDR, respectively, under subsequent
opposite polarity biasing conditions,
while S/S-B is used to indicate
S-type NDR under positive bias and
snapback NDR under negative bias.
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(a) (b)

(c) (d)

FIG. 6. (a) Schematic of the core-shell model of memristor, (b) circuit model showing a threshold switch (TS) as the core element,
a variable resistor indicating the interface resistances at the metal-oxide interfaces and Rfilm represents the oxide resistance in the
shell area, which is modeled by the Poole-Frenkel equation, (c) effect of shell resistance on the NDR response, (d) effect of interface
resistance (as a function of increasing barrier heights) on the NDR response when the shell resistance (Rfilm) is fixed for a given
device area, thickness and oxide stoichiometry. Note that for opposite polarity biasing one interface becomes forward-biased and the
other becomes reverse-biased and vice versa, as a result the interface resistance experiences significant change under polarity reversal.
Details of the model and the corresponding parameters are given in the Appendix.

negative bias, depending on whether RS > |RNDR| or RS <

|RNDR|. However, when RS is polarity dependent it is nec-
essary to consider three distinct scenarios. Assuming that
RS = Rp under positive bias and RS = Rn under negative
bias and that Rp > Rn we need to specifically consider
the three following cases: (i) for Rp > Rn > RNDR, S-type
characteristics are expected under both positive and neg-
ative bias, as shown in Fig. 5(a); (ii) for RNDR > Rp > Rn,
snapback characteristics are expected under both positive
and negative bias, as shown in Fig. 5(c); and (iii) for
Rp > RNDR > Rn, we expect snapback NDR under nega-
tive bias and a smooth S-type NDR under positive bias,
as observed in Fig. 5(b). The simple criterion defined by
the core-shell model therefore provides the basis for under-
standing the polarity-dependent switching characteristics
and its dependence on film stoichiometry and device area.
In this context it is interesting to note that the current asym-
metry is almost negligible in stoichiometric Nb2O5 as the
film resistance in the shell region is much higher than the
interface resistance (Rfilm > Rint). As a consequence these
devices show symmetric S-type NDR as well as symmet-
ric subthreshold and threshold-switching parameters under

positive and negative bias. This is also evident in the
voltage-controlled threshold switching as shown in Fig. 7.

The effect of film stoichiometry and Schottky-barrier
heights on NDR characteristics can be illustrated using a
lumped-element circuit model implemented in LT-SPICE.
In this case, the conductivity of the core and surrounding
film are assumed to be governed by Poole-Frenkel con-
duction with the core temperature determined by Joule
heating, and that of the surrounding film assumed to remain
at ambient temperature. The shell resistance is addition-
ally assumed to include a contribution from the Schottky
barrier created by the metal-oxide interfaces, as governed
by the Schottky diode equation [Eq. (1)]. The shell resis-
tance is therefore given by RS = Rfilm+ Rint, as illustrated
schematically in Figs. 6(a) and 6(b). Using this model, the
I -V characteristics of devices are calculated as a function
of film and interface resistance, as shown in Figs. 6(c)
and 6(d), respectively. The data clearly demonstrate the
transition from smooth S-type to abrupt snapback NDR
characteristics as the shell resistance is reduced, and more
detailed analysis confirms that this occurs at RNDR. Signifi-
cantly, a difference in Schottky barrier height of as little as
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(a)

(b)

FIG. 7. (a),(b) Asymmetric and symmetric threshold switch-
ing in two identical 20 × 20 µm2 devices with substoichomet-
ric NbOx (x = 1.92) and nearly stoichiometric Nb2O5 (x = 2.6),
respectively, under voltage-controlled operation.

0.03 eV is shown to be sufficient to cause such a transition
[Fig. 6(d)].

V. CONCLUSION

In summary, we demonstrate polarity-dependent nega-
tive differential resistance characteristics in Nb/NbOx/Pt
cross-point devices and show that the observed asym-
metry is a direct consequence of the Schottky barriers

created by the metal-oxide contacts. Three distinct behav-
iors are observed under opposite polarity testing: bipo-
lar S-type NDR, bipolar snap-back NDR, and combined
S-type and snapback NDR, depending on the stoichiom-
etry of the oxide film and device area. By combining
ex situ current-controlled electrical measurements and
in situ thermoreflectance imaging we show that these
NDR responses are associated with strong current local-
ization within the device. This is used to justify the use
of a previously developed two-zone, core-shell thermal
model of the device. The observed polarity-dependent
NDR responses, and their dependence on stoichiometry
and area are then explained by extending this model to
include the effect of the polarity-dependent contact resis-
tance. Our extended model provides improved understand-
ing of the NDR response of metal-oxide-metal structures
and informs the engineering of devices for neuromorphic
computing and nonvolatile memory applications.
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APPENDIX: SPICE MODELS

Device characteristics are simulated using an LT-SPICE
model of the circuit shown in Fig. 6(b), where the interface
resistance is represented by a Schottky contact [Eq. (1)],
and the core and shell resistances are attributed to Poole-
Frenkel conduction, and represented by equations of the

TABLE II. Memristor parameters used in simulation for core memristor and shell resistance in the Poole-Frenkel model.

Model parameters (unit) Symbol
Threshold

switch (core) Shell resistance, Rfilm

Schottky
parameters

Thermal capacitance (J K−1) Cth 1 × 10−15

Resistance prefactor (�) R0 80 0.01 to 1
Thermal resistance (K W−1) Rth 2 × 105 2 × 105

Ambient temperature (K) Tamb 298 298
Activation energy (eV) Ea 0.23 0.23
Relative permittivity of the threshold-switching
volume and surrounding NbOx film

εr 45 45

Richardson’s constant (A K−2 m−2) A* 480
Barrier lowering factor eV1/2 α 0.24
Zero bias barrier height (eV) �B0 0.3 to 1
Schottky diode area (m2) A 2.48 × 10−11

Film thickness (nm) 45
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form [6]

Rm = R0e
1

kBT

(
Ea−q

√
qE

πε0εr

)

, (A1)

where kB is the Boltzmann constant, Ea is the activation
energy, ε0 is the vacuum permittivity, and εr is the rel-
ative permittivity of the threshold-switching volume and
surrounding NbOx film. R0 is resistance prefactor.

The dynamic behavior of the memristor is then defined
by Newton’s law of cooling:

dTm

dt
= Im

2Rm

Cth
− �T

RthCth
, (A2)

where Rthand Cth are the thermal resistance and the thermal
capacitance of the device, and �T is change in temperature
due to Joule heating.

Details of the model parameters are given in Table II.
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