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ABSTRACT

Gary Moon: Analysis of Water Waves in the Presence of Geometry and Damping
(Under the direction of Jeremy Marzuola)

The evolution of waves on the surface of a body of water (or another approximately inviscid liquid) is
governed by the free-surface Euler equations; that is, the incompressible Euler equations coupled with a
kinematic and a dynamic boundary condition on the free surface. We assume that the flow has zero vorticity
in the bulk of the fluid domain and so consider the irrotational free-surface Euler equations (the water waves
system). Two major themes are present in our study of the water waves system. The first is the consideration
of flows in the presence of substantial geometric features. The second theme is the consideration of the
effects of damping, which is an essential tool in the numerical study of water waves. In both contexts, our
objective is to consider the local-in-time well-posedness of the water waves system and to study the lifespan

of solutions (i.e., the timescales on which solutions to the water waves system persist).
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CHAPTER 1

Laying the Foundation

1.1 Introduction

The (irrotational) water waves problem concerns the evolution of the interface S; separating an inviscid,
incompressible, irrotational fluid from a vacuum region. One may consider the effects of gravity (gravity
water waves), surface tension (capillary water waves) or gravity and surface tension (gravity-capillary water
waves). The water waves problem can be considered in arbitrary d-dimensional spaces (e.g., R¢ or T¢) with
the physically relevant dimensions being d = 2 or d = 3. We shall restrict ourselves to consideration of the
2d problem.

We shall take the fluid domain €, to be a subset of T x R, where T := R/277Z. The dynamics of the flow
are governed by the incompressible, irrotational Euler equations, coupled with two boundary conditions

(BCs) on the interface (the so-called kinematic and dynamic boundary conditions):

Dyvi=0v+(v-V)v= vP_ g in Q,
Lo
divv=0 in £,
curlv =0 in Q) . (1.1.1)

D; is tangent to U(S, x {t}) © Ty x Ri,

t

(P = —THs, + Pext on S;

The system (1.1.1) is known as the free-surface Euler equations or the water waves system. The first
equation in (1.1.1) is the momentum equation; this is just F = ma. The second equation is the continuity
equation representing the conservation of mass. In the context of incompressible flows considered here, this
equation reduces to insisting that the velocity field be divergence-free. The third equation imposes the
assumption of irrotationality via requiring that the velocity field be curl-free. Moving on, the fourth line is
the kinematic BC, which requires that the free surface move with the fluid. The kinematic BC implies that

fluid particles may not cross the free boundary and that any fluid particle on the free surface at the initial time



will remain on the free surface for all time. Finally, the last equation is the dynamic BC. The dynamic BC is
a stress balance which governs the pressure jump across the interface. When surface tension is considered,
the dynamic BC insists that the pressure jump is proportional to the mean curvature of the free surface (we
will explain the additional “external pressure” term pex; momentarily). On the other hand, if surface tension
is neglected, we require that the pressure at the interface be equal to the atmospheric pressure p,u,, the
pressure in the region above the fluid. In either case, we assume that p,gy, is constant and, without loss of
generality, we assume that this constant is zero. As stated in (1.1.1), the dynamic BC accounts for surface
tension. However, by taking 7 = 0, we recover the dynamic BC for gravity waves.

In (1.1.1), v is the flow velocity, Dy is the hydrodynamic derivative, pg is the (constant) density, p
denotes the pressure, g := (0, g) with g being acceleration due to gravity, 7 is the coefficient of surface
tension and H, is the mean curvature of the free surface. The term pey; is an external pressure which serves
to effect the damping and, in the standard (undamped) free-surface Euler equations, we just have pex; = 0.
Given that we assume constant density pg, we may, without loss of generality, assume unit density pg = 1.
We shall hereafter make this assumption. We will impose free-slip boundary conditions on any remaining
portions of 0

v-fi = 0on oQ\S;, (1.1.2)

where i is the outward unit normal vector field on S;. The boundary condition (1.1.2) is also called a
no-penetration or solid-wall boundary condition.

It is often desirable to not work directly with equation (1.1.1), but instead to reformulate the problem
(e.g., by reducing it to a system on the interface). Beginning from (1.1.1), there are many ways to
reformulate the water waves problem. We have the vortex sheet formulation (e.g.,

[AmMal, BMO2, CCGl, Diill2, AmbEtAl]), the Zakharov-Craig-Sulem formulation (e.g.,

[Zak, CrSu, ABZ1, Lan1, GMS3]), holomorphic coordinates and the conformal method (e.g.,

[Nal, Wul, DKSZ, HIT, H-GIT]), other Lagrangian formulations (e.g., [ Yos2, Cra, ChLi, Lin, CoShl1]), a
coordinate-free geometric formulation (e.g., [Arn, EbMa, BeGu2, deP, ShZe1]), other variational
formulations (e.g., [Pet, Luke, Balk, C1Du, KBEW]), and more (e.g., [AFM, AbHa, FoNa, AsFo, VaDe]).
See Chapter 1 of [Lan2] for an overview of many of the aforementioned formulations of the water waves
problem. We are primarily concerned with vortex sheet formulations, however the Zakharov-Craig-Sulem

formulation will also make an appearance. Vortex sheet formulations are a popular choice for numerical



modeling of water waves [BMO2, HLS1, HLS2, BHL2, Bea3]. For example, the explicit representation of
the Dirichlet-Neumann map via layer potentials is well adapted to the needs of numerical computation
[WiVa].

Though we present analytical results here, this thesis is substantially motivated by numerical work. The
formulation which we utilize in Chapter 2 is a vortex sheet model for water waves in the presence of
geometry proposed by Ambrose, Camassa, Marzuola, McLaughlin, Robinson and Wilkening in [AmbEtAl].
The objective of the authors in [AmbEtAl] was to obtain accurate and efficient algorithms for numerically
solving the two-dimensional, free-surface Euler equations in a geometric setting. The model allows for
variable topography, smooth obstacles in the fluid flow and a (constant) background current.

Another important concept in the numerical simulation of water waves is that of damping. It is often of
interest to model water waves on an (effectively) unbounded domain, such as on the open ocean. However,
when carrying out numerical experiments one is forced to work on a bounded domain and, depending on the
boundary conditions imposed, this can create problems. In particular, waves can reflect off of the boundary
and propagate back into the domain, which creates interference. One way to counteract this problem is to add
a damping term to the equation. The damping term is designed to dissipate the energy causing outgoing
waves to decay.

The form of damping we shall consider, which we call Clamond damping, was first introduced in the
remarkable work of Clamond, et. al. in the setting of 3d water waves [CFGK2]. Clamond damping is a type
of modified sponge-layer, which is effected via the application of an external pressure at a portion of the
interface:

Pext = 05 ' (YwOx) (modulo a Bernoulli constant). (1.1.3)

In the above, w [0, 27r) is the connected interval on which we damp the fluid, y,, is a smooth, non-negative
cut-off function, which is positive on w, and ¢ is the velocity potential. Equation (1.1.3) is simply the 2d

analogue of the 3d damper given in [CFGK2]:

Pext3d = vl (x&Ve) (modulo a Bernoulli constant). (1.1.4)

We do not explicitly deal with the Bernoulli constant as it is a function of time alone and so will not have any

impact on the energy estimates with which we are concerned. On the other hand, the Bernoulli constant can



be quite important computationally. Though in some contexts it can be incorporated into the velocity
potential (particularly, when y,, is constant) and thus taken to vanish (in fact, this gives a sort of gauge
condition enforcing uniqueness of the velocity potential), it cannot generically be set to zero. Generally, the
treatment of the Bernoulli constant will depend upon the method one uses to resolve the equations. See
[CFGK2] for further details.

Numerical experiments have shown Clamond damping to be extraordinarily effective [CFGK2].
However, Clamond damping is a linear phenomenon and the question of why it performs so well for the full
(nonlinear) water waves system is still open. For example, there is no proof that Clamond damping dissipates
energy. Given that Clamond damping is so highly effective numerically, it is our belief that a more thorough
understanding of this damping mechanism is important and we hope to initiate this process of better
understanding Clamond damping from an analytical viewpoint.

Our objective is to study the local well-posedness of the water waves system. As we shall discuss
shortly, the water waves system is known to be well-posed in a variety of settings. What is new in this work
is that we study the water waves system in a more geometric setting and/or subject to Clamond damping. By
“geometric setting”, we mean variable topography, smooth obstacles in the flow and a (constant) background
current. In addition to well-posedness, we are concerned with determining the timescales on which solutions
persist.

1.2 A Brief History of the Water Waves Problem, Vortex Sheets and Damped Water Waves

This thesis sits at the intersection of a number of fascinating topics in fluid dynamics. First and foremost,
there is, of course, the study of the water waves system. Additionally, there is the theory of vortex sheets and
vortex methods for modeling fluids. Finally, we have the issue of damping water waves, which is closely
related to the control theory. Before proceeding further, we give an overview of these three areas of research.
Given the breadth and depth of the literature on these highly active research questions, any overview is bound
to contain but a proper subset of the existing results. This will certainly be true of ours.

1.2.1 A Brief History of the Water Waves Problem

The water waves problem belongs to the class of problems known as free boundary problems, which are
notoriously challenging to analyze. The earliest well-posedness results made strong assumptions on the data
and the geometry of the domain. Namely, they considered data/geometry that was either analytic or
perturbative. For example, Kano-Nishida proved well-posedness of the gravity water waves problem with

analytic Cauchy data and a flat bottom in [KanNis]. Shinbrot and Sinbrot-Reeder also studied gravity water



waves with analytic data and flat geometry [Shi, ReSh]. Another collection of early results studied the
well-posedness of the water waves system in Sobolev spaces under the assumption that the initial
configuration of the interface be a small perturbation of still water and the bottom, if present, be a small
perturbation of flat. Included in this group is the earliest local well-posedness result for the (full) water waves
system of which the author is aware due to Nalimov, who introduced the Lagrangian approach of
holomorphic coordinates [Nal]. Other works in this regime include those of Craig [Cra] and Yosihara
[Yosl1, Yos2]. One important motivation for the smallness assumption in the case of gravity waves is that it

has long been known that such an assumption implies that the Taylor sign condition holds:

—o0ap = c>0o0nS;. (1.2.1)

The condition (1.2.1) is critical for the well-posedness of the gravity water-waves problem. In fact, it is
known that the gravity water waves problem may be ill-posed if (1.2.1) fails [Ebin1].

The need for a smallness assumption was first overcome for 24 infinite-depth water waves. In her
seminal work, Wu utilized Lagrangian coordinates and the conformal method to show that the gravity water
waves problem is well-posed by proving that (1.2.1) always holds for gravity waves over infinite depth as
long as the free surface is non-self-intersecting [Wul] (see [Wu2] for a similar treatment of the
corresponding 3d problem using Clifford analysis in place of complex analysis). An alternative proof,
utilizing a vortex sheet framework, is given by Ambrose-Masmoudi in [AmMal, AmMa3]. On the other
hand, Beyer-Giinther showed well-posedness of the Cauchy problem for a capillary drop noting that their
methods extend to the well-posedness of capillary waves over an infinite-depth fluid [BeGul]. Iguchi and
Ambrose independently provided proofs, via distinct approaches, of the well-posedness of the
two-dimensional gravity-capillary water waves problem [Ambl1, Igu]. Ambrose-Masmoudi prove a similar
result in the case d = 3 [AmMaz2]. These results have been extended to allow for vorticity, rough Cauchy
data and to provide simpler proofs [Lin, CoSh1, CoSh2, HIT, AIT1, ZhZh, ShZel, ShZe2, ShZe3]. The
well-posedness of the free-surface Euler equations was considered via the inviscid limit of the free-surface
Navier-Stokes equations by Schweizer [Schw] and Masmoudi-Rousset [MaRo], who considered
gravity-capillary and gravity waves, respectively.

The aforementioned work of Iguchi actually proved that the two-dimensional gravity-capillary water

waves problem is well-posed in the presence of bathymetric variations [Igu]. Also, Ogawa-Tani prove the



local well-posedness of the 2d gravity-capillary water waves problem over variable topography and,
additionally, they show that, as surface tension tends to zero, solutions converge to solutions of the gravity
system [OgTa]. Well-posedness of the gravity water waves problem in the presence of topography was
shown by Lannes in [Lan1], utilizing Eulerian coordinates. The work of Lannes was extended by
Ming-Zhang to account for the effects of surface tension [MiZh]. The work of Alazard-Burg-Zuily extended
this work by allowing for rough initial data and virtually arbitrary topography (the only restriction on the
geometry is a non-cavitation assumption) [ABZ1, ABZ3]. For further extensions of the aforementioned
results on water waves in the finite-depth setting, including non-zero vorticity, emerging bottom, rougher
Cauchy Data, non-localized Cauchy data and Coriolis forcing, the interested reader can consult

[ABZ4, Cala, H-GIT, Mel, MiWal, MiWa2, MiWa3, Schw, WZZZ].

For roughly the past ten years, a particularly active area of research has been low regularity
well-posedness of the water waves problem. This work was initiated by Alazard-Burqg-Zuily in their beautiful
works [ABZ1, ABZ3], where they showed local well-posedness of the water waves system as soon as the
initial velocity field is Lipschitz regular. A key component of their study is detailed paradifferential analysis,
following earlier work of Alazard-Métivier [AlIMe]. The good unknown of Alinhac [Alil, Ali2] plays a
crucial role in the paradifferential analysis of the water waves system. The Lipschitz regularity of the initial
velocity field is a natural well-posedness threshold for differential equations and is the limit of the energy
methods employed by Alazard-Burg-Zuily. However, by exploiting certain features of the equation and
utilizing various analytical tools, one can prove well-posedness below this threshold for some quasilinear
equations.

One rather powerful approach to low-regularity well-posedness is the low-regularity Strichartz paradigm,
which originated in the work of Bahouri-Chemin and Tataru (e.g., see [BaChl, BaCh2, Tat]; also see
[SmTa]). For an expository presentation of this strategy applied to quasilinear wave equations, the interested
reader may consult Chapter 9 of [BCD]. Christianson-Hur-Staffilani were the first to prove Strichartz
estimates for the water waves system, however they were not working in the low regularity setting [CHS] and
so did not achieve a gain in the regularity threshold. They proved Strichartz estimates, in a semiclassical
regime, for the gravity-capillary (infinite depth) water wave system and were able to deduce a local
smoothing effect. The low regularity Strichartz paradigm was first successfully applied to the water waves
system by Alazard-Burq-Zuily [ABZ2, ABZ5], who coupled it with their paradifferential approach. Some

further example of low-regularity Strichartz estimates applied to the water waves system include



[Ail, Ai2, dePNg2, dePNgl, Ngul, Ngu2].

To our knowledge, the most substantial reduction of the well-posedness threshold comes from the work
of Ai-Ifrim-Tataru [AIT1], in the case of gravity waves, and Nguyen [Ngul], in the case of gravity-capillary
waves. Both of these results regard the two-dimensional system. The approach of Ai-Ifrim-Tataru in [AIT1]
is the application of “balanced cubic energy estimates” utilizing holomorphic coordinates and Nguyen
utilizes the low-regularity Strichartz paradigm [Ngul]. This comparison is, however, a bit biased as
Ai-Ifrim-Tataru essentially just utilize energy estimates and so Strichartz estimates can still be applied in their
framework to obtain further gains. Some other relavent work is that of Kinsey-Wu [KiWu] and Wu [Wu6] on
a priori estimates for and local well-posedness of the water waves system where the interface fails to be C'.

An important related question regards the lifespan of solutions to the water waves problem, usually in
the small-data setting. Here some interesting results are provided by Hunter-Ifrim-Tataru and their
collaborators, who have applied their “modified energy method” to the water waves system. The modified
energy method was introduced in [HITW] to study the lifespan of a Biirgers-Hilbert equation. The main idea
of the modified energy method, as applied to a quadratically nonlinear equation, is to use a normal form
transformation to construct a modified energy functional which satisfies cubically nonlinear estimates. As
such, when considering a quadratically nonlinear, quasilinear equation, the modified energy estimates can be
used to prove local well-posedness with a cubic lifespan. The modified energy method has been applied to
gravity waves over infinite depth [HIT, IfTa4], gravity waves over finite depth [H-GIT] and capillary waves
over infinite depth [IfTa3]. Of course, normal form methods can also be applied more directly to obtain
long-time existence of solutions to the water waves system. For example, in [BFF], Berti-Feola-Franzoi
consider periodic, two-dimensional gravity-capillary water waves over a flat bottom, reduce the system to
Birkhoff normal form up to degree three and thereby obtain a cubic lifespan. On the other hand,
Berti-Feola-Pusateri consider periodic, two-dimensional gravity water waves over infinite depth and prove a
quartic lifespan, again via Birkhoff normal form methods [BFP].

Alazard-Burg-Zuily studied the gravity water waves system in certain analytic function spaces in
[ABZ6]. There the authors showed that the system is locally-in-time well-posed in these analytic function
spaces and that, for Cauchy data of size &, solutions persist on a O(é) timescale. The primary tools used to
obtain this result were energy estimates and a careful study of the Dirichlet-Neumann map in the analytic
function spaces under consideration, which followed in the tradition of [Lanl, AlMe, ABZ1, ABZ3].

Ionescu-Pusateri proved a lifespan between quadratic and cubic (specifically, O(s*%ﬂ) for 3d



gravity-capillary water waves, which is valid for almost all values of the gravitation and surface tension
coefficients [IoPu4]. To prove this lifespan, Ionescu-Pusateri use, among other tools, a combination of
paradifferential analysis, partial normal form transformations and sharp estimates for small divisors.

While we are primarily concerned with lifespan as a function of the size of the initial data, in the small
data regime, there is another collection of interesting long-time existence results. These results measure the
lifespan in terms of various dimensionless parameters used to characterize the flow. Some commonly used

dimensionless constants include

i B= 2 Bo = '0—ng

, 1.2.2
H T ( )

€= —, Uu:

a —
H " 2

where a is the order of amplitude of the free surface waves, H is the characteristic water depth, L is the
characteristic wavelength in the longitudinal direction and b is the order of amplitude of the bathymetric
variations. It is common to call € the nonlinearity parameter, u the shallowness parameter and S the
topography parameter. Of course, Bo is the Bond number. The general objective of characterizing the
lifespan in terms of such dimensionless constants is to rigorously justify various simplified models (e.g.,
KdV, Green-Naghdi, NLS and so forth) in asymptotic regimes (e.g., the shallow water regime corresponds to
u < 1.

In [AlLa], it was shown that solutions to the water waves system persist on timescales of order O( ﬁ)
The main tools included a detailed study of the Dirichlet-Neumann map and a Nash-Moser iteration scheme.
Given that this lifespan is uniform in g, this large-time well-posedness result can be used to help justify
asymptotic models in the shallow water regime. This was improved by Mésognon-Gireau, who proved in
[M¢és] that solutions have a lifespan of order O(%) The analysis of [Més] is of particular interest to us due to
the use of commuting vector fields.

The next group of large-time well-posedness results concern the question of global or almost-global
existence of solutions, under the assumption of small, localized, smooth initial data. Additionally, to the best
of the author’s knowledge, all almost-global and global well-posedness results obtained so far require the
assumption of vanishing vorticity in the bulk of the fluid domain. Most of these results are in the setting of
infinite depth, however global regularity in the finite-depth setting has been considered very recently
(assuming flat geometry). Further, such results tend to be easier to obtain in 3d as opposed to 2d due to better

rates of decay in higher dimension. It also tends to be easier in this setting to work with gravity waves due to



differences in the dispersion relation and resonant interactions. Intimately related to the question of global
regularity, there is the question of whether solutions scatter to a linear solution as ¢t — +c0 and, more
generally, the long-time asymptotic behavior of solutions. For a good survey on the global regularity problem
for water waves, see [loPu2].

The earliest global well-posedness results were proved in dimension d = 3 in the infinite-depth setting.
In [GMS2], Germain-Masmouid-Shatah used their celebrated “method of space-time resonances”,
introduced in [GMS1] to study the quadratic NLS, to prove the existence of global solutions to the gravity
water waves system, also showing that these solutions scatter. Wu provided an alternative proof, but did not
consider scattering [Wu5]. The existence of global solutions to the three-dimensional capillary water waves
problem was proved via the method of space-time resonances by Germain-Masmoudi-Shatah in [GMS3],
where they again show that solutions scatter. The global regularity and scattering of solutions to the 3d
gravity-capillary water waves system was shown by Deng-lonescu-Pausader-Pusateri in [DIPP]. Global
existence and scattering results were extended to the finite-depth setting, in the case of a flat bottom, by
Wang for gravity waves [Wang2] and capillary waves [Wang3].

The first result of this sort for the 2d water waves system was obtained by Wu, who showed the
existence of almost-global solutions to the gravity water waves system [Wu4]. An alternative proof of Wu’s
almost-global existence result was obtained by Hunter-Ifrim-Tataru in [HIT]. Wu’s result was upgraded to
global well-posedness by Alazard-Delort in [AlDel, AlDe2] and Ionescu-Pusateri [IoPul] independently,
where a modified scattering is proved in both. Ifrim-Tataru simplified the proof of this result in [IfTa2] by
using their method of “testing by wave packets” which was introduced in [IfTal] for studying the cubic NLS.
The global regularity problem for the 2d capillary water waves system was independently solved by
Ionescu-Pusateri [IoPu3] and Ifrim-Tataru [IfTa3], where modified scattering is demonstrated in both cases.
The question of the existence of global solutions to the 2d gravity-capillary water waves system is still open.
The best result to date, to the author’s knowledge, is that of Berti-Delort, who proved that almost-global
periodic solutions exist for almost all choices of g and 7 [BeDe]. Finally, we note that Wang extended the
global existence and modified scattering results of Alazard-Delort and Ionescu-Pusateri to the case of a flat
bottom in [Wang4], where moreover solutions were allowed to have infinite energy.

We noted above that all global well-posedness results for the water waves system require a smallness
assumption on the Cauchy data. In fact, we know that this restriction on the size of the data is necessary. This

is because a solution to the water waves system with smooth, but large, data can form a singularity in finite



time. Two types of singularities which are known to form for solutions to the 2d or 3d water waves system
with or without surface tension are splash and splat singularities

[CasEtAl3, CasEtAl2, CasEtAll, CasEtAl4, CoSh3]. A splash singularity occurs when the free boundary
self-intersects at a point, while a splat singularity occurs when the free boundary self-intersects along an arc.
There are other possible singularities studied in the context of water waves (e.g., squirt singularities in which
a smaller volume of fluid is ejected from a larger volume [CFdIL]), however, to the author’s knowledge, these
are not definitively known to occur. An interesting notion related to singularity formation is that of
breakdown criteria. That is, to determine necessary and sufficient conditions for singularity formation. To the
author’s knowledge, the first breakdown criterion proved for equations in fluid dynamics is the celebrated
result of Beale-Kato-Majda [BKM], which says that a smooth solution u to the 3d Euler equations on [0, T

can be continued to some time 7% > T if and only if
Tx
/ Jeurl .. o) dt < +5. (123)
0

Beale-Kato-Majda-type breakdown criteria for the irrotational and rotational gravity water waves system
were obtained in [WaZh] and [WZZZ], respectively.

The water waves problem is a highly active area of research and the above outlined questions are far
from the only questions which one can ask about the problem. We will give just a small handful of examples
of other results obtained for the water waves system to try to demonstrate just how many fascinating
questions one can pose about this problem. In [Zhu2], Zhu proved a propagation of singularities result for the
gravity-capillary water waves system, which, to our knowledge, represented the first propagation result for a
quasilinear dispersive equation. To prove this result, the author had to define a new notion of wavefront set,
the quasi-homogeneous wavefront set, that is well-adapted to studying singularities of the gravity-capillary
water waves system. This built off of the earlier work of Nakamura [Nak], who defined the homogeneous
wavefront set to study propagation for the Schrodinger equation, and others. Alazard-Ifrim-Tataru initiated
the study of Morawetz estimates for water waves. The authors proved local energy decay (or a Morawetz
estimate) for gravity waves in [AlIT1] and for gravity-capillary waves for large Bond number in [AIIT2]
(note that their convention for defining the Bond number is the opposite of the one we use, so they refer to
low Bond number). Symmetries and conservation laws for gravity water waves are studied in [BeOl]. On the

other hand, in [Olv], Olver proved that the 2d gravity water waves problem has exactly eight nontrivial
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conservation laws.

As alluded to above, there is the question of providing rigorous mathematical justifications for the
various models used to describe the dynamics of water waves in different asymptotic regimes (e.g., see
Duchéne’s memoir [Duc] or the book of Lannes [Lan2]). There is also the question of special solutions of
the water waves system. For example, we have the issue of the existence of solitary waves [Beal, FrHy] and
the conjecture of Stokes regarding the angle formed by the crest of a steady wave of maximal amplitude
which was proved in [AFT]. An interesting result on the regularity, or lack thereof, of the flow map for the
gravity-capillary water waves system in 3d was obtained in [CMSW]. As just these few examples show,
there are seemingly countless questions one can ask about the water waves system.

1.2.2 Previous Results on Vortex Sheets and the Vortex Sheet Formulation of the Water Waves Prob-
lem

As discussed above, there are numerous ways to formulate the water waves problem (various coordinate
systems, parameterizations of the interface and so on). The model with which we are primarily concerned
utilizes the vortex sheet formulation. The classical vortex sheet problem (also called the Kelvin-Helmholtz
problem) considers the interface between two incompressible, inviscid, irrotational, density-matched fluids
moving past each other in two dimensions, neglecting the effects of surface tension. In such a scenario the
vorticity is concentrated entirely along the interface due to the jump in tangential velocity (while the normal
velocity is continuous).

It has long been known that the Kelvin-Helmholtz problem is ill-posed in the usual sense due to the
well-known Kelvin-Helmholtz instability (see, e.g., [CaOr2, Moo]). Recall that the Kelvin-Helmholtz
instability is a linear phenomenon: linearizing the vortex sheet equations about the equilibrium solution,
high-frequency Fourier modes become unbounded causing small disturbances to grow exponentially.
Nevertheless, the Kelvin-Helmholtz problem is well-posed in analytic function spaces [CaOr1, SSBF].
Importantly, these ill-posedness results neglect the effects of surface tension, which exhibits a
smoothing/restoring effect. When surface tension is incorporated, high-frequency Fourier modes remain
bounded in the linearization. This led Birkhoff to conjecture that the vortex sheet problem with surface
tension is well-posed [Bir]. Building off of this, Beale-Hou-Lowengrub showed that the linearized
two-dimensional vortex sheet problem with surface tension is well-posed, even far from equilibrium [BHL1]
(see [HTZ] for the corresponding result in three dimensions). It was proven by Iguchi-Tanaka-Tani in [ITT]

that the (nonlinear) vortex sheet problem with surface tension is well-posed when the initial configuration of
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the free surface is a small perturbation of a flat interface. This smallness assumption was removed by
Ambrose who showed that the vortex sheet problem with surface tension is well-posed, at least in the
infinite-depth setting [Amb1]. This local well-posedness result also holds in dimension d = 3 [AmMa2].

In spite of the classical vortex sheet problem assuming that the upper and lower fluids are
density-matched, this assumption is not necessary and vortex sheet formulations have been widely used to
study water waves and other phenomena in fluid dynamics. This approach (i.e., using the vortex sheet
formulation to model phenomena in fluid dynamics) belongs to the broader class of tools known as vortex
methods. The seminal work on vortex sheet formulations is that of Baker-Meiron-Orszag, which considered
two-dimensional water waves [BMO2]. Vortex sheet formulations have also been applied to study other
phenomena in fluid dynamics (e.g., gas bubbles in liquids [BaMo, Hua, Yang]).

A particularly useful framework for studying vortex sheets (and vortex sheet formulations more broadly),
particularly in the presence of surface tension, was developed by Hou-Lowengrub-Shelley (HLS) in their
beautiful paper [HLS1] (see also [HLS2]). This framework was developed from a numerical perspective to
create a non-stiff algorithm for modeling 24 interfacial flow under the influence of surface tension. The HLS
framework rests on three key ideas. The first, influenced by earlier work of Mullins on “curve shortening” in
the context of grain boundaries [Mul], is to select a special frame of reference by choosing particular
geometric coordinates (as opposed to Cartesian coordinates). The second is to pick a favorable, renormalized
arclength parameterization of the interface. The third, primarily relevant for numerical work, is the use of a
small-scale decomposition (SSD); that is, terms which are unstable at small spatial scales are identified so
that they can be computed implicitly, whereas the remaining terms are computed explicitly. It is worth noting
that the terms showing up in the SSD also tend to require care when studying the equations analytically,
however there are additional terms that require similar care that do not appear in the HLS SSD (see [Amb]1]
for further discussion). We shall discuss the HLS framework further in the sequel, but one particular benefit,
following from the first key idea, is that one obtains a highly simplified expression for the curvature of the
interface Hg,, which is relevant when considering surface tension due to the Laplace-Young condition at the
interface.

The HLS framework is powerful and, in addition to classical vortex sheets, has been used to study water
waves [AmMal, CHS, CCGl1, Diilll, Diill2], Darcy flows [Amb2, Amb4, CCG2], hydroelastic waves
[AmSi, LiAm] and flame fronts [AkAm]. Moreover, although the HLS framework is necessarily

two-dimensional, the main insights have been extended to study 3d flows. In the case of three-dimensional
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flows, isothermal coordinates take the place of the arclength parameterization. Examples of numerical and
analytical work using this framework can be found in [Amb3, AmMa2, AmMa3, CCG3, HouZh].

The well-posedness theory of the vortex sheet formulation of the water waves problem has been
developed by several authors. All of the results of which we are aware deal with the infinite-depth setting.
Ambrose proved in [Amb1] that the vortex sheet formulation of the two-dimensional gravity-capillary water
waves problem is well-posed and this model was shown to be well-posed in the zero surface tension limit by
Ambrose-Masmoudi in [AmMal]. Ambrose-Masmoudi prove analogous results in three dimensions in
[AmMa2, AmMa3]. Cheng-Coutand-Shkoller extended the work of Ambrose and Ambrose-Masmoudi to
allow for vorticity in the bulk of the fluid [CCS1] and then further considered the limit as the density ratio
goes to zero to obtain solutions to the water waves system with vorticity [CCS2]. Christianson-Hur-Staffilani
utilized a vortex sheet formulation to prove semiclassical Strichartz estimates and local smoothing for the
two-dimensional water waves system with surface tension over infinite depth [CHS].

There are many more important results on vortex sheets. We must mention the celebrated work of Delort
[Del] in which the global existence of a weak solution to the Euler equations with vortex sheet Cauchy data
is demonstrated, under the assumption that the vortex sheet strength is the sum of a Radon measure with
distinguished sign and an (arbitrary) L? function with p > 1. The work of DiPerna and Majda on the Euler
equations and “concentration-cancellation” provided critical tools for Delort’s result [DiMal, DiMa2]. The
proof of Delort was simplified by Majda in [Maj1] where it was also shown that solutions to the
Navier-Stokes equations with vortex sheet initial data with distinguished sign converge to weak solutions of
the 2d Euler equations in the high-Reynolds-number limit. Another simplified proof was given by Schochet
who also obtained Majda’s convergence result and extended to p = 1 [Sch]. Delort’s result was further
extended to remove the distinguished sign assumption in the presence of particular symmetries [LNX1] and
then further to exterior domains [LNX2]. The impossibility of splash singularities for vortex sheets was
shown in [CoSh4, FIL]. For some further interesting results on vortex sheets and vortex methods, see
[ADL, Cou, LNS, Wu3]. Good introductions to vortex sheets and vortex dynamics include [Saf, SaBa]. The
survey article [BalLa] by Bardos-Lannes is well worth reading and covers the Kelvin-Helmholtz problem, the
Rayleigh-Taylor problem and the vortex sheet formulation of the water waves problem. A good overview of

vortex methods can be found in [Set].
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1.2.3 Previous Results on Damped Water Waves

When we refer to damping water waves, we are referring to the application of a sponge layer or
numerical beach; that is, an artificial, dissipative term supported near the boundary that removes energy from
the system. However, in the literature, there are other systems which are known as damped water waves,
(free-surface) damped Euler equations and so on. For the sake of completeness, we will briefly discuss some
results obtained for these systems and ultimately explain how they differ from the damping which we
consider.

First, there are several interesting results on the so-called damped Euler equations, including the

free-surface damped Euler equations. In this context, the damped Euler equations are given by

1
ov+ (v-V)v+av=—-Vp+finQ
p , (1.2.4)

divv = 01in &,

where a > 0 is the damping coefficient and f represents any body forces to be considered. If one is
considering the free-surface equations, the dynamic and kinematic boundary conditions are the same. The
free boundary problem for (1.2.4) is globally-in-time well-posed for gravity waves (i.e., f = —g) [Lian2],
gravity-capillary waves [Lian3] and in the case of two fluids [Lian4]. Further, as the surface tension
coefficient tends to zero, solutions to the gravity-capillary system converge to solutions of the gravity system
[Lian1]. In the free boundary case, the damper av indeed dissipates energy and solutions converge to the
equilibrium almost exponentially (resp. exponentially) without (resp. with) surface tension [Lian2] (resp.
[Lian3]). In [ChSa], infinite-energy solutions to (1.2.4), with no free boundary and f = 0, are studied.
Finally, we note that Saut studies the Charney-Stommel model of the Gulf-Stream which reduces to a
damped version of the stationary Euler equations in 2d [Saut].

Comparing the Euler and Navier-Stokes equations, one sees that the presence of viscosity has a
dissipative effect which makes the analysis of these systems substantially different (e.g., the Navier-Stokes
equations have a parabolic character, whereas the Euler equations have a hyperbolic character). Thus, it is
reasonable to think that incorporating viscosity into the water waves system would yield a form of damping.
Of course, one could simply study the free-surface Navier-Stokes equations directly (e.g.,

[Bea2, CasEtAlS, GuoTil, GuoTi2, Tani]), however in doing so one loses some important benefits of

studying the water waves system: generally speaking, viscosity is not compatible with potential flow and the
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existence of a velocity potential is critical for many of the formulations of the water waves system (this is
also the reason why the study of water waves with vorticity has a rather different character). Nevertheless,
there has been a good deal of work considering various ways to add “artificial viscosity” to potential flows. A
particularly popular model of this form is the Dias-Dyachenko-Zakharov (DDZ) model, which, for

two-dimensional gravity water waves, is given by

-

Ap =0 in Q,

om = Oyp + 2V5)261,0 — 0oy  onS;
, (1.2.5)

1
Op = —5IVel" = 2viip —gn  on S,

oy — 0 asy — —

where 7 is a function describing the location of the free surface and v is the coefficient of viscosity. Surface
tension can be incorporated into the DDZ model in the usual way (i.e., by modifying the dynamic boundary
condition via the Laplace-Young jump condition). Dias-Dyachenko-Zakharov obtained (1.2.5) by adding
dissipative (viscous) terms to the dynamic and the kinematic boundary condition (causing the free surface to
experience dissipative effects) based upon an analysis of the linearized Navier-Stokes equations and further
showed that the NLS derived from this model is the classical damped NLS [DDZ]. This model was extended
to water waves over finite depth by Dutykh-Dias [DuDi]. Ambrose-Bona-Nicholls study a truncated-series
DDZ model, which they show to be well-posed locally in time [ABN]. Note that by truncated series, we
mean that they expanded the given operators (via the method of operator expansions) and then truncated the
resulting series at a given order (in this case second order). The full DDZ model is considered in [NgNi],
where Ngom-Nicholls show that the model is locally well-posed (with a substantially simplified
well-posedness theory) and gives a substantially more stable numerical scheme for studying water waves.
Asymptotic models for damped water waves were derived from the DDZ model in [GrSc]. Again, it makes
sense to refer to these as models for damped water waves as solutions persist globally in time and decay to
equilibrium exponentially in time [NgNi]. The DDZ model was investigated from a computational
perspective in [KaNi], where the exponential decay of solutions was observed numerically. As we noted
above, the DDZ model is not the only model incorporating “artificial viscosity” into the water waves system.
Many of the references discussed above contain references to other such models and the interested reader can

consult them for more information on this interesting perspective on damped water waves (e.g., [GrSc] has a
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good discussion of some other models as do [DuDi, DDZ]).

Though the above systems are indeed models for damped water waves, they are different from the
damping with which we are concerned in at least one critical way. Namely, in the above models, the damping
is effected on the entirety of the domain. As noted above, we are concerned with damping as it can be applied
to the numerical simulation of water waves. More particularly, we want the waves to propagate freely in the
majority of the domain and only be damped in a localized neighborhood of the boundary to avoid spurious
reflections. In that respect, above forms of damping are not appropriate. Now, that is not to say that these
models could not be adapted to that purpose (e.g., by localizing the effect of the viscosity to a small
neighborhood of the boundary), however investigating that possibility, while a fascinating question for future
research, is beyond the scope of this work.

Having briefly detoured to discuss some different perspectives on damped water waves, we return to
considering damping in the sense in which we wish to study it. That is in the form of an artificial dissipative
term localized near the boundary (e.g., a sponge layer). There is a vast literature regarding numerical aspects
of the damped water waves problem (e.g., numerically evaluating the performance of various dampers). For
further information on numerical aspects of damping water waves, the interested reader may consult
[BMO3, Bonn, CBS, CFGK2, Cleml1, Clem2, Ducr, GrHo, IsOr, JKR, JenEtAl, Rom, Wes] as well as the
references therein. Closely related to damping are tools such as absorbing boundary conditions, radiation
boundary conditions, artificial boundary conditions, perfectly matched layers and so on; just a few references
on these methods include [BaTu, Ber, Col, EnMa, Gill, Gil2, Givl, Giv2, Hu, Tsy, TuYe]. In spite of the
vast numerical literature on the subject, the analytical study of damped (in our sense of the word) nonlinear
water waves is rather more sparse.

An important exception would be Alazard’s wonderful papers on the stabilization of the water waves

system [Ala3, Ala4]. In [Ala3], utilizing the Zakharov-Craig-Sulem formulation, the popular damper

Dext,1 = )(IG(U)'ﬁ (1.2.6)

is considered, y is a non-negative cut-off function which serves to localize the damping, 7 is a function
giving the displacement of the free surface, G(n) is the normalized Dirichlet-Neumann map and ¢ is the trace
of the velocity potential along the free surface. Here, pexi,1 represents an external pressure applied at the free

surface via modifying the dynamic boundary condition. The damper (1.2.6) is a natural choice from the
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Hamiltonian perspective. If S; is the graph of a function 7, then the water waves system can be written as a

Hamiltonian system with Hamiltonian energy

g 2n 2n 1 2 pn(xt)
%:—/ nzdx+7/ «/l—i—ni—ldx—i——/ / IVol? dydx, (1.2.7)
2 Jo 0 2Jo Jon

where {y = —h} is the (flat) bottom of the fluid domain. Then, one has the Hamiltonian equations

o oA W eH
ot = S ' o1 = on Dext,1 (1.2.8)

and, using (1.2.8) and noticing that pex.; = x101, one can deduce that

it /2” oA oA o
0

2
o7 - _ - _ 2dx <0. 1.2.
5 o7 om + 50 O dx ; OMPext.1 dx /0 x1(0m)”dx <0 (1.2.9)

Thus, it is easily seen that pex1 induces dissipation of the energy. The real achievement of [Ala3] is to show
that pex(,1 stabilizes the water waves system with the rate of convergence being exponential in time.
An analogous result is obtained in [Ala4] for the 2d gravity water waves system. In the gravity case, the

pneumatic damper is taken to satisfy

n(x.t)
Dext2(X, 1) = a;l (XZ(X)/ ox(x, 3, 1) dy). (1.2.10)

—h

The reason that the Hamiltonian damper (1.2.6) is not considered is due to difficulties in showing that the
Cauchy problem is well-posed. A similar, though slightly more involved, argument shows that (1.2.10)
causes the Hamiltonian energy to decay. The main result of [Ala4] is that pex 2, which satisfies (1.2.10),
stabilizes the water waves system with the energy decaying to zero exponentially in time.

The question of stabilizability of the water waves system belongs to the broader field of control theory
for water waves. Within control theory, the problems of stabilizability, controllability and observability are
closely related. These questions are likewise important for the numerical simulation of water waves. For
example, the question of controllability relates to the generation of waves via a wave maker. As was the case
for the problem of stabilizability, the literature on the analytic study of control of the (full) water waves
system is rather sparse. The earliest results on the control of the water waves system applied to the linearized

system and were obtained by Reid-Russell [ReRu], as well as Reid [Reid1, Reid2]. Control theory for linear
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water waves is still an active area of research (e.g., see [Mot, CGS]).

The first results on the controllability of the full (nonlinear) water waves system were obtained in the
beautiful paper [ABH] by Alazard, Baldi and Han-Kwan, which considered control via an external pressure
(i.e., a pneumatic wave maker). In this paper, the authors prove that the 2d gravity-capillary water waves
system is locally exactly controllable in arbitrarily short time: given a control domain w and a control time
T* > 0, the water waves system is controllable in time 7* for sufficiently small initial data. There is also a
smallness assumption on the desired final configuration. In other words, one can, in arbitrarily small time,
generate arbitrary (sufficiently small amplitude) periodic (gravity-capillary) surface waves by applying an
external pressure to a localized portion of the free surface of a fluid. The smallness assumptions of [ABH]
are rather restrictive, but the stabilization result of [Ala3], which imposed a milder smallness assumption, can
be combined with the small-data control result of [ABH] to yield a larger-data control result via a strategy of
Dehman-Lebeau-Zuazua [DLZ] which exploits the time-reversibility of the water waves system. The
controllability result of [ABH] was extended to higher dimensions in [Zhul] subject to the requirement that
the control domain w (a subset of T%) satisfies a geometric control condition (GCC). Given a Riemannian
manifold (M, g), compact and without boundary for simplicity, and a damping region w < M, the GCC is as
follows:

Every geodesic of M must eventually enter the damping region w. (1.2.11)

In the case of control problems, the GCC is the same with control domain replacing damping region. We note
that our formulation of the GCC in (1.2.11) is not unique; namely, the proper way to formulate a GCC will
depend on the geometry of the problem (e.g., compact vs. non-compact or with boundary vs. without
boundary). For more on the GCC, see the seminal works [RaTa, BLR]. The GCC is a rather natural
requirement for control/stabilization/observation problems (at least when dealing with hyperbolic or other
non-dissipative equations) and appears frequently in the control theory literature (e.g.,
[BoRo, BuGe, DGL, JoLa, Leb, LLTT]). One might ask why the GCC was absent from the control result of
[ABH]. However, that would be a bit misleading as the GCC was not absent, but rather implicit: the GCC is
always satisfied on T'!

Thus far, we have discussed control and stabilization results for the water waves system. This leaves the
final piece of the control theory triad: observability. We know from the work of Lions that observability is

intimately connected to stabilizability and controllability (in fact, observability is dual to null controlability)
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[Lio]. So, given that we have control and stabilization results for the water waves system, we might expect to
have observation results. This is indeed the case as there are observability results in [ABH, Zhul]. Moreover,
Alazard proves boundary observability of the gravity water waves system in 2d and 3d, where the fluid
domain is taken to be a rectangular tank bounded by a flat bottom, vertical walls and a free surface [AlaS].
Boundary observability implies that one can control the energy of the system via measurements at the
boundary (i.e., where the free surface meets the vertical walls).

Finally, there are a number of results in the control theory literature regarding equations arising in fluid
dynamics, many of which are closely related to the water waves system. Namely, control theory results exist
for the Euler equations, various asymptotic models for water waves (e.g., KdV and Saint-Venant), the
Benjamin-Ono equation (used to model internal waves in deep water) and the Navier-Stokes equations.
Though related, these results are nevertheless substantially different and, generally, tend to be easier to obtain.
A crucial difference is that the water waves problem is a free boundary problem, often formulated nonlocally,
whereas the results on the aforementioned equations are generally posed on a fixed domain. The interested
reader may consult [Corl, Cor2, Gla] for some control theory results on the Euler equations and [LiRo] for a
controllability and stabilizability result for the Benjamin-Ono equation. For an expository presentation on
control of nonlinear equations, including the equations from fluid dynamics given above (i.e., Euler,
Navier-Stokes, KdV and Saint-Venant), one may consult [Cor3].

1.3 Preliminary Results

In this section, we will discuss some preliminary results which will be utilized frequently throughout
this thesis. Many of these results will be stated without proof, however, for the sake of completeness, we
provide references where proofs can be found.

1.3.1 Fourier and Microlocal Analysis on T

We begin by discussing some basic Fourier analysis, and a hint of microlocal analysis, on the circle T.
We will first define the Fourier transform and Fourier series on T. Then, we will state some of the most
important properties of the Fourier transform which will be important for our analysis. Next, we will discuss
the definition of pseudodifferential operators (YDO) on T. We end by investigating how differentiation
interacts with band-limited functions.

A good reference for Fourier analysis on T is Chapter 3 of [Tay1] and we will partly follow this

19



presentation of the material. If f € L' = L!(T), we define its Fourier transform by

F(u) (k) = (k) : 1/Te—"’%(x) dx. (1.3.1)

"o

Here we have introduced a notational convention we will use throughout this thesis to reduce notational
clutter. When the underlying domain of a function space is suppressed, it should be assumed to be T. Thus,

we denote H" = H"(T), L? = L”(T) and so on. We have the corresponding mapping property:
F : L' — ¢*(Z) is a continuous linear map. (1.3.2)
Let 5(Z) denote the space of rapidly decreasing functions on Z, where, by rapidly decreasing, we mean that

sup (kyN|u(k)| < +00 VN. (1.3.3)
keZ

In the above equation, we have introduced the Japanese bracket () which is defined by (¢) == /1 + €.

Letting D denote the space of test functions (i.e., D = C®), we then have the further mapping property

F D — s(Z). (1.3.4)
Moreover, for u € D and v € 5(Z), we have
(Fu,v)p = (u, F*v)2, (1.3.5)
where
F*(u)(x) = > u(k)e™. (1.3.6)
keZ

The following mapping properties for 7 holds:

F*:5(Z2) > D, (1.3.7)

F* . 04(Z) - L™. (1.3.8)
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We make note of the Fourier inversion formula on D:

We have

F*F =id on D,

FF* =id on 5(Z).
For u,v € D, we have the Parseval identity and the Plancherel identity:

(V)52 = (.9

Julz = 2]z
By continuity, ¥ extends from D to a unitary map

F L — (%
In addition, #* has a unique continuous extension to £>(Z) with

F*: £*(Z) — L? unitarily.

(1.3.9)

(1.3.10)

(1.3.11)

(1.3.12)

(1.3.13)

(1.3.14)

(1.3.15)

We can extend the definition of the Fourier transform to the class of Schwartz distributions by duality.

Given u € 9, we set

F u(k) — (k) = 21—”<u,e—”“>.

We then have

F:D - (2),

where s'(Z) denotes those functions a : Z — C with at-most-polynomial growth:

ae s (Z) < la(k)| < k)N for some N.
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(1.3.18)



It further holds that

F*:.5(2) > D, (1.3.19)
where
F*(a)(x) = ) a(k)e™. (1.3.20)
kezZ

The Fourier inversion formulae extend by duality:

F*F =id on D/, (1.3.21)

FF* =1id on 5'(Z). (1.3.22)

Remark 1.3.1. Here is a good place to introduce some notational conventions which we shall utilize.

1. We use A < Bto denote A < c¢B for some constant ¢ > Q.

2. Wetake A <q,.. a Btomean A < c(ay,...,a;)B.

.....

3. ByA~ Bwemean B <A <X B.

4. Finally, for r € R, r+ denotes r + h for an arbitrary small, positive parameter h. For example, Lemma
1.3.9 implies that

luvlz < lul 2 vl g

We can then use the Fourier transform to define Sobolev spaces. Namely, for r € R, we have
H ={ueD :(D)ue L*}, (1.3.23)
where D := %8. In addition, for r € R, we also have the homogeneous Sobolev space
= {ue D :\Dlue 12}, (1.3.24)

We have the following elementary Sobolev embedding result:

Lemma 1.3.2. Ifr > %, then H" — L*° with the estimate

I zee < IF 1l g (1.3.25)
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Further, if r > %, then H" — Lip with

1 lLip < 171 - (1.3.26)

Proof. See Proposition 3.3 in Chapter 4 of [Tay1]. The proof is based on the proof of the corresponding

embeddings for H"(R) which are the content of Proposition 1.3 and Corollary 1.4 (also in Chapter 4). O

We will need to be able to work with Fourier multipliers and ¥DO on T. For example, we just made use
of Fourier multipliers on T when we defined Sobolev spaces above. Thus, we will need to be able to define
such operators on the circle. It turns out that we have some choice in how to go about doing this. Suppose we
consider T as a locally compact abelian group (the circle group) with Pontryagin dual T = Z. From this
perspective, it would be natural to consider symbols a(x, £) which are functions on T x T =T x Z. On the
other hand, suppose we think T as a one-dimensional compact manifold (without boundary). In this case, it
would make the most sense to consider symbols a(x, &) which are functions on the cotangent bundle 7*T.
We know that the circle has trivial tangent bundle and therefore the cotangent bundle is trivial. That is to say
that 7*T is isomorphic (diffeomorphic) to T x R: T*T =~ T x R. We think of the former perspective as
giving rise to a global description and the latter to a local description. Fortunately, we know that these
perspectives are entirely equivalent (see [McL]). We shall choose to utilize the local perspective, thinking of
T as a manifold and working (implicitly) with local coordinates and partitions of unity.

So, when dealing with W¥DO, we will be working with symbols defined on X x R for an open set X,
where we think of X as being a component of an atlas of charts covering T. We will not fully explore the
details of defining DO on a manifold, ensuring that the operators are invariant under coordinate
transformations (i.e., difftomorphisms R — R) and so on. However, rest assured that everything indeed
works as it should. For all of the details, see [Hor] or [Tay2]. Given m € R and 0 < p,§ < 1, we further
define the Hérmander symbol class S7'5(X) for an open set X < R to consist of those p € C*(X x R) such

that, for any k, £ € Ny := N U {0} and every compact K < X, we have

Qokp(x. &) < (1 +1E)" " (xe K, £eR). (1.3.27)

The most important symbol class for us will be S, (X), however the more exotic symbol class S, (X) will
also make an appearance, at least implicitly.

We conclude this subsection with a Bernstein-type inequality regarding the effect of differentiating
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band-limited functions:

Lemma 1.3.3. Define A = {1 <|¢| <2} and B = {|¢| < 1}. Take k, p € Ny and u € L*. Then, it holds that

suppit = 2PB = | dku,» < 27(ul 2, (1.3.28)
suppit = 2PA = | dkul» ~ 27 ul 2. (1.3.29)
Proof. See Lemma 2.1 in [BCD]. Also, see Lemma 1.1.2 in [AlGe]. O

1.3.2 Multilinear and Nonlinear Estimates

Given that we are going to be dealing with nonlinear equations, we will frequently need to confront
multilinear and nonlinear estimates. More specifically, we will want to be able to estimate the product of
functions and the composition of functions. Bony’s paradifferential calculus provides an incredibly powerful
tool for achieving such estimates via the paraproduct and the paralinearization formula.

In order to construct the paraproduct, we will need to first build up frequency filtering operators of

Littlewood-Paley theory. To that end, let $ € C°(R), 0 < ¢ < 1, be a radial function such that
1
#(¢) = 1 for |¢] < 3 and ¢(&) = 0 for |£] > 1. (1.3.30)

Now, set ®(£) = ¢(271¢) — ¢(€) and observe that ® is supported in a dyadic shell:

supp® = {27' < |¢ < 2} (1.3.31)
It further holds that
L=+ >, 027 (V&) (13.32)
p=0

Notice that there are never more than two non-zero terms in the sum (1.3.32).

For p € Ny, we define the frequency filtering operator S, acting on O’ by

S pu = ¢,(D)u, where ¢,(£) = ¢p(277¢). (1.3.33)

24



For p € Z, we further define the dyadic blocks A, again acting on 9/, by
Apu =S8, qu—Spufor peNo, Ayu:=Sou, Apu:=0forp < 2. (1.3.34)
If p € Ny, the dyadic blocks satisfy
Apu = @, (D)u, where @, (&) = O(27F¢). (1.3.35)

In fact, equation (1.3.35) can be, and frequently is, used as the definition of the dyadic blocks. Observe that

the above definitions imply that

Spu= > Agu, (1.3.36)

q<p—1
which explains why the operators S, are also called partial sum operators.
We now state the important properties of the frequency filtering operators and the dyadic blocks. First,

the spectrum of the frequency filtering operators is contained in a dyadic ball:
supp 7 (S pu) < {I¢l < 2771}, (1.3.37)
Similarly, the spectrum of dyadic blocks is contained in a dyadic shell:
supp F (A,u) < {2771 < j¢g < 2P H 1 (1.3.38)

We additionally have the following dyadic partition of unity:

id=So+ Y A= D>, A (1.3.39)
p=0 p=—1
In particular, for u € D', we have
P
> Apu B> uas P— +oo. (1.3.40)
p=-—1

We are now prepared to define the paraproduct, at least formally. Given u,v € D', we define

Tvi= ) Sp ouhyv. (1.3.41)

p>2
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The regularity of the paraproduct 7),v is controlled by v and, in particular, 7,,v cannot be more regular than v.

We then have Bony’s paraproduct decomposition:

uv = Ty + Tyu + R(u,v), (1.3.42)
where the remainder R(-, ) is given by
R(u,v) = . Apubgy. (1.3.43)
IP—ql<2

The term remainder is justified as R(u, v) is smoother than both « and v as soon as it is defined.
We now want to make things a bit more precise and not just rely on formal computations. We begin with

the following result.

Lemma 1.3.4. Leta € L™ and u € H" for some r € R. Then, the paraproduct T u is well-defined and we
further have

| Taull pr < Nl o ] - (1.3.44)

Proof. This is a well-known result and can be found in many references. For example, see Proposition C.8 in

[B-GS]. Also, see [Mét] where this result is the content of Proposition 5.2.1. O

The above result is by no means sharp and we can define T,u for much less regular a. However, we will
not need to use any more specialized results and so do not bother stating them. Now, we need to deal with the
remainder. We want to determine a sufficient condition for the remainder to be well-defined, quantify in what
sense the remainder is smoother and estimate R(u, v) in terms of « and v. The following result will take care

of all of this:

Lemma 1.3.5. Let r,t € R be such that s +t > 0. Then, for u € H" and v € H', the remainder R(u,v) is

well-defined (by (1.3.43)) and satisfies

R s < [l V] (1.3.45)

Proof. See Theorem C.9 in [B-GS]. O

Finally, we want to record the paralinearization formula:
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Lemma 1.3.6. Ler r > % Then, for any u € H" and any function F € C*(R), we have
F(u) = Tpryu + R(u), (1.3.46)

where R(u) € HY 2,

Proof. This result goes back to Bony’s seminal work [Bony]. A good proof of this result can be found in
Theorem 2 of Section 16.3 in [CoMe]. A wonderful discussion of a variant formulation can be found in

Chapter 3 of [Tay4]. Some other good resources include [Mét, BCD, AlGe]. O

Littlewood-Paley theory and paraproducts (and paradifferential operators more broadly) have wide
applicability throughout analysis. Of course, the primary benefit of Littlewood-Paley analysis is that it allows
for a detailed study of frequency interactions. For some interesting examples applied to the quasilinear
Schrodinger and Camassa-Choi equations, respectively, see [MMT, HaMa]. The paradifferential calculus
was originally introduced to study the propagation of singularities for nonlinear equations [Bony]. Since its
introduction, paradifferential analysis has been fruitfully applied to many problems. For some examples of its
application to the system under study in this thesis, the water waves system, see
[AlMe, ABZ1, ABZ3, ABH]. Some other interesting applications include the Euler-Maxwell system of
plasma dynamics [GeMa], the MHD system [LXZ] and the hydrodynamic flow of liquid crystals [XuZh].
For further discussion of applications, see [Mét, Tay4, Tay5].

Now, we arrive at the main results of this subsection. First, we have a Moser-type estimate for the

composition F o u of a smooth function F' and a Sobolev function u:

Lemma 1.3.7. [f F: R > CisC® andu e H n L* withr > 0, then
IF@) g <1+ [ulgs (1.3.47)

the implied constant is of the form C|F'|| qx (1 + ||u]| 5 ) for 0 < r < K.

Proof. A particularly efficient approach to proving this result is via the paralinearization formula of Lemma

1.3.6. See Section 3.1 in [Tay4]. O

Remark 1.3.8. Lemma 1.3.2 implies that Lemma 1.3.7 shall apply to any u € H" whenever r > %
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With the Moser-type estimate in hand, we next want to obtain a good product estimate. There is, of
course, the well-known Sobolev algebra property, which says that, for r > %, H'" is a Banach algebra and
|uv| e < |lullyr|v] - However, we will need a more powerful result as we want to be able to deal with

multiplication by rougher functions (or even distributions). To that end, we have the following:

Lemma 1.3.9. Suppose thatu € H" and v € H with r + t > 0. Then, for all p satisfying p < min(r,t) and

p<r+t— %, we have uv € HP with the following estimate:
lwvllgo < lluel e V1] - (1.3.48)

Proof. As noted above, this is yet another result that follows readily from Bony’s paradifferential theory.

Namely, we can apply Bony’s paraproduct decomposition (1.3.42). See Theorem C.10 of [B-GS]. O

1.3.3 The Hilbert Transform
The Hilbert transform H will play a prominent role in our analysis, particularly in Chapter 2. As such, it

shall be helpful to establish some of its mapping properties. We begin by examining the action of  on L?:
Lemma 1.3.10. The Hilbert transform H is an L*-isometry.

Proof. This is a consequence of Plancherel’s theorem, combined with the fact that H := —isgn(D).

More specifically, we have the following. Begin with the Hilbert transform H : D — D, defined by
H u = —isgn(D)u. By Plancherel’s theorem, H : D — D is an isometry. Since D is dense in L, H has a
unique, densely-defined extension to L? and, abusing notation mildly, we also denote this extension by .

Using Plancherel to justify taking the necessary limits, 4 is then an isometry on L. O

Lemma 1.3.11. For r € R, the Hilbert transform H is a continuous (bounded) linear operator on H', in
fact, H is an isometry of H':

[H ull gy = lul -

Proof. Since Fourier multipliers commute, Lemma 1.3.10 implies

|H ulgr = KDY Hull 2 = [HDY ull 2 = KDY ul 2 = [ul -
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We have the following useful commutator estimates for commutators involving the Hilbert transform:

Lemma 1.3.12. Let f € H' for r € R. Then, the operator [H, f] is bounded L> — H ™' and H~' — H" 2,

Further, for j = —1,0, we have

IH, 1@ | =1+ < |F ] e ] - (1.3.49)
Proof. See Lemma 3.7 in [Ambl]. O

Lemma 1.3.13. [f f € H' for r > 3, then [H, f] is a bounded operator H'=> — H'. If f € H'='" for r = 4,
then [H, f] is a bounded operator mapping H ~> — H'"2. In addition, for je {0, —%} we have the

estimate

WEH, F1@) s < 1S s el 2
Proof. See Lemma 3.8 in [Ambl]. O

1.4 Overview of the Thesis

In Chapter 2, we consider a vortex sheet formulation for 2d gravity-capillary water waves in a geometric
setting proposed by Ambrose, et. al. in [AmbEtAl]. This model allows for bathymetric variations, (smooth)
obstacles in the flow and a background flow. We start by introducing the model and writing down the
evolution equations. Then, by proving energy estimates, we show that this model is locally well-posed. We
then turn to study the lifespan of solutions with the main result being that, for small Cauchy data of size

& « 1 and zero background current, the lifespan satisfies
1
T(g) 2 log —. (1.4.1)
&

We also obtain lifespans for large data and for non-zero background current. We next seek to incorporate
Clamond damping into this model. We begin by deriving new evolution equations for the damped system.
Then, again by proving energy estimates, we show that the model remains well-posed and that all of the
lifespan results, obtained for the undamped problem, apply to the damped problem.

The lifespan given in (1.4.1) is by no means optimal, rather this lifespan is what is attainable by using
basic energy estimates. In particular, given that the vortex sheet equations are quadratically nonlinear, the
classical local well-posedness theory for quasilinear hyperbolic equations suggests a quadratic (i.e., O(é))

lifespan [Kato2, Kato1, Maj2]. However, actually obtaining this lifespan will require some rather technical

29



analysis. Our next objective is then to begin working towards obtaining this quadratic lifespan. To this end,
in Chapter 3, we will introduce a toy model for water waves subject to Clamond damping. Our toy model has
a parameter and we primarily focus on two values of this parameter, which correspond to capillary waves and
gravity waves. For technical reasons, these two cases require quite distinct analysis, however, in both cases,
we are able to prove that solutions exhibit a quadratic lifespan. We include some discussion of how this toy
model relates to the vortex sheet equations and why we believe that the methods employed to study the toy
model will extend to the vortex sheet formulation of the gravity-capillary water waves system. As such, this

chapter is somewhere between a trial run and a proof of concept.
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CHAPTER 2

Local Well-Posedness of the Gravity-Capillary Water Waves System in the Presence of Geometry
and Damping

2.1 Plan of the Chapter

We consider a vortex sheet model for two-dimensional gravity-capillary water waves with a (constant)
background current over obstacles and topography proposed by Ambrose, et. al. in [AmbEtAl]. For
simplicity of presentation, we limit ourselves to the case of a single obstacle, however our techniques apply
to the case of any finite number of obstacles. The velocity is given by the gradient of a scalar potential ¢,
which is represented via layer potentials on the different components of the boundary. The variables which
we evolve are 0, the tangent angle formed by the interface with the horizontal; y, the vortex sheet strength; w,
the density of the layer potential on the bottom and £, the density of the layer potential on the obstacle. We
note that y := u,, where u is the density of the layer potential on the free surface.

The system of equations which we consider is nonlocal and, in particular, is of the form

(id+ #[0])46 = F(©)
) (2.1.1)

where © = (0,7, w,B)" and % [-] is a compact operator. We introduce the parameter B to denote the size of

the initial data:

B = ||y (2.1.2)

where X is the energy space. We will obtain our main lifespan results in the context of small data and, in this
setting, we take

B=¢e¢« 1. (2.1.3)

Our first main objective will be to show that the model proposed in [AmbEtAl] is well-posed and that

solutions persist on a timescale of order O(log é) (resp. O(1)) in the presence of zero (resp. non-zero)
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background current. Our approach will be to first consider the model problem

5t® = ?{(@) (2 1 4)

beginning by proving the desired results for this model problem via energy estimates. Then, we will deduce
mapping properties of (id +.#")~! that imply that the results proved for the model problem (2.1.4) are also
true of the water waves system (2.1.1).

Our next primary objective will be to modify the system (2.1.1) to incorporate the Clamond damper and
show that the same results hold for the damped system. We do so by following the same approach as for the
non-damped system (i.e., first consider the model problem for damped water waves and then use mapping
properties of (id +.#")~! to obtain the desired result). As noted above, we primarily utilize energy estimates
and, in particular, we largely follow the approach of [Ambl1].

The O(log é) existence time obtained here is certainly not sharp, particularly being less than the O(é)
existence time suggested by the nonlinearity (this follows from the classical local well-posedness theory for
quasilinear hyperbolic equations; e.g., see [Kato2, Katol, Maj2]). However, obtaining the sharper existence
time requires a more detailed study of the system and, as such, we have decided to leave this to future work
and here simply focus on results obtainable by energy methods.

The plan of this chapter is as follows. In Section 2, we give an overview of the main results. We then
proceed to give a brief overview of the model which we utilize in Section 3. Next, in Section 4, we begin the
process of proving our first main result and prove a bound on the growth of the energy of solutions to the
model problem (2.1.4), then, in Section 5, we prove the existence of solutions to the system (2.1.4). In
Sections 6 and 7, we complete the proof of the local-in-time well-posedness of the (undamped) model
system. Section 8 contains a study of the lifespan of solutions to the model system. Section 9 considers the
damped model system and here we show that the results of Sections 4-8 all extend to the damped model
problem. Section 10 is concerned with the needed mapping properties of (id +.%#")~! and extending the
results of Sections 4-9 to the full water waves system (2.1.1). In the final section, Section 11, we prove the
solvability of the integral equations arising in the system, which gives an alternative approach to the one
given in [AmbEtAl]. One of the reasons we include this proof is that it can be more readily extended to 3d

than the proof given in [AmbEtAl].
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2.2 Main Results

Here we will state the main results of this chapter. As outlined above, our first main result is to show that
that this system is well-posed locally in time and to obtain a lower bound on the lifespan of solutions. Next,
we consider a damped version of the system and show that all of the results obtained for the non-damped
system apply to the damped system.

Let V := (Vp,0) denote the background current and introduce the scale of spaces
X, =H xH ™" xH' xH'  (reR). (2.2.1)

Notice that we clearly have X; < X, for ¢ > r. Utilizing this notation, our first main result is then the

following:

Theorem 2.2.1. Let s be sufficiently large. The system (2.1.1) is locally well-posed (in the sense of
Hadamard). Namely, there exists a unique solution ® € C ([0, T (B, |Vol)]; X;) to the system (2.1.1) and the
flow map is Lipschitz continuous from X into C([0,T]; X,). In the case of small Cauchy data and zero

background current (i.e., Vo = 0), we have
1
T(e) 2 log —. (2.2.2)
£
On the other hand, for large Cauchy data, we have

B!=N Vo=0
T(B,|Vo|) = , (2.2.3)

min((1 + [Vol) "2, B"™") Vo #0
where N is a parameter given in equation (2.5.58).

Remark 2.2.2. We note that the solution is not guaranteed to remain of size O(€) on the given lifespans.
Rather, all that is assured is that the energy remains bounded, and thus the solutions persist, on the stated
timescales. The O(log é) lifespan when Vyy = 0 is certainly not sharp. In fact, as noted above, the quadratic
nonlinearity exhibited by the system (2.1.1) suggests an O(é) lifespan. However, actually proving that
solutions exist on an O(é) timescale is not a trivial matter and will require more delicate analysis

[AlLa, Més]. On the other hand, proving that solutions persist on an O(log é) timescale can be done using
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only energy estimates and a Gronwall argument. As such, in this paper, which is largely based on energy
methods, we simply prove the O(log é) lifespan. We are presently working on a follow-up result with Thomas

Alazard and Jeremy Marzuola in which we prove the O(é) lifespan.

Remark 2.2.3. The existence time of O((1 + |Vo|) =2 A B'=N) when Vi # 0 may not be sharp, however
substantial improvements are not possible. In fact, when Vy # 0, numerical simulations have shown splash

singularities to occur in O(1) time, even starting from a flat interface [AmbEtAl].

We next consider a damped version of the system. As noted above, we implement a modified sponge
layer damper, which we call Clamond damping, first introduced in [CFGK2]. Recall that Clamond damping
utilizes a pneumatic damper with the external pressure given by (1.1.3) (i.e., pext = 05 | (xwOx¢)). Though
we use the same notation w for the damping region and the density of the single layer potential on the bottom,
this will cause no confusion as context will always make clear what w represents.

We derive evolution equations which account for the Clamond damping and we denote the new

right-hand side by &p. We then arrive at the damped water waves system:

(id + 2[©])0,0 = Fp(0)
(2.2.4)

BOli—0 = O

Our second main result is as follows:

Theorem 2.2.4. All of the results of Theorem 2.2.1 apply to the damped system. In particular, take s to be
sufficiently large. Then, (2.2.4) is locally-in-time well-posed with the flow map being Lipschitz regular from
X\ into C([0,T]; X1) and the solution ® belonging to C([0, T (B, |Vol)]; Xs). For small Cauchy data and zero
background flow, the lifespan T (g) satisfies (2.2.2) and, in the case of large Cauchy data, we again have

(2.2.3).

Remark 2.2.5. In [AmbEtAl], Ambrose, et. al. actually present two formulations of the water waves
problem. Namely, in addition to the vortex sheet formulation we consider here, they propose a dual
formulation via Cauchy integrals. The energy methods employed here would yield results analogous to those
of Theorem 2.2.1 for the Cauchy integral formulation. Further, Clamond damping can be implemented in the
Cauchy integral formulation and the results of Theorem 2.2.4 can similarly be obtained for the Cauchy

integral formulation via the energy arguments utilized here.
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2.3 A Brief Overview of the Model

Our objective here is to give a brief overview of the model which we utilize. We will discuss the domain
as well the relevant variables and parameters with which we work. Finally, we will write down the evolution
equations which govern the system. For full details on the model, the reader should consult [AmbEtAl].
2.3.1 The Domain

At time ¢, the fluid is contained in a domain Q; — T x R of finite vertical extent. The fluid domain is
bounded above by a free surface S; and below by a fixed, solid boundary B. We assume €, is multiconnected
and 0Q\(S; u B) is composed of smooth Jordan curves. We describe the location of the free boundary via a
parameterized curve, S; : (&(a,t),n(a, t)), where ¢ denotes time and « is the parameter along S;. Here,
&(@) — @ and n are both periodic with period 2.

The bottom is fixed (i.e., time-independent) and also described by a parameterized curve
B: (¢1(@),n(a)) with the same periodicity. Additionally, the multiconnectedness of ; corresponds to one
or more obstacles in the flow. For simplicity of notation and presentation we utilize a single obstacle O (i.e.,
CQ; = O U U;, where U, is unbounded). However, we note that the extension to an arbitrary, finite number
of obstacles is immediate and all of our results apply to this case. Of course, due to periodicity this one
obstacle will recur periodically and so, in fact, corresponds to a periodic array of obstacles. We denote
C = 00 = 0Q,\(S; U B). We assume that the obstacle is fixed and that its boundary is given by a closed
parameterized curve C : (& (@), ma(a)) with & and n; being 27n-periodic.

It will frequently be beneficial to utilize a complexified description of the domain and to this end define
{=¢+inand {; =&+ in;. (2.3.1)

Regarding orientation, we parameterize the boundary of the fluid domain so that the normal on S, points into
the vacuum region, the normal on B points into the fluid region and the normal on C points into the fluid
region. We denote the length of one period of the free surface by L = L(¢), the length of one period of 8 by
L, and the length of C by L,.

For technical reasons, we shall want the interface to be free of self-intersections. In order to ensure that
this is so, we impose the chord-arc condition on {:

{(a) — (')

a—a

J¢>0: ‘ > ¢ (Va # o). (2.3.2)
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This condition will rule out self-intersections (e.g., splash and splat singularities) as well as cusps.
We shall also assume that the depth of the water is bounded away from zero, as is the distance from the

free surface to the boundary of the obstacle. Namely, there exist positive constants b and b so that

n—m =0, (2.3.3)

n—m>b (2.3.4)

These are non-cavitation assumptions and mean that neither the bottom nor the obstacle go dry. These
non-cavitation assumptions are critical for our analysis. The question of removing these assumptions is quite
fascinating and much work is yet to be done. Some progress has been made in considering the water waves
system in a simply connected domain in the absence of assumption (2.3.3). For more on this fascinating
problem, the interested reader can consult [deP, MiWal, MiWa2, MiWa3]. Asymptotic models for water
waves are studied in this context in, for example, [CamEtAl, LanMét].

Finally, we introduce the notation {y, which we define by

Cala, 1) = {(a,1) — £(0,1). (2.3.5)

The value of (0, ) is, in general, unimportant. It is worth noting that 0,¢; = 0,{.
2.3.2 The Dynamics of the Free Surface
We will now briefly discuss how the evolution of the free surface is described in this model. At each
point on S;, there is a unit tangent vector £ = |(§a, 17(x)|_1 (€45 Me) and a unit normal vector
= |(§a, 17(,)|71 (—na» &a), where the subscript @ denotes differentiation with respect to the parameter a. We

let U denote the normal velocity and V the tangential velocity:
0(é,m) = Uh + Vi (2.3.6)

A key observation underlying the HLS framework is that the shape of the free surface S; is solely determined
by the normal velocity U, while changes in the tangential velocity V serve only to reparameterize the
interface [HLS1]. The tangential velocity V will be chosen so as to enforce a renormalized arclength
parameterization of S;.

The HLS framework utilizes a geometric frame of reference to describe the location of the free surface,
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as opposed to the usual Cartesian coordinates (£,77) [HLS1]. The first of the geometric coordinates is

6 = 6(a, t), which denotes the tangent angle formed by S, with the horizontal:

0 := arctan g—“ (2.3.7)

a

Using this new variable, we can write t = (cos 6, sin#) and i = (— sin#, cos ). In addition, we have
éa) = a+ 0, (secosO(a) — 1), (2.3.8)

where, in this case, 0, ! denotes the mean-zero antiderivative (for more details, see section 2.2 of
[AmbEtAI]).

The other geometric coordinate is the arclength element s, = s,(a,t) given by s, = /€2 + n2. Itis
straightforward to see that

O1Sq = Vo — O, U. (2.3.9)

We further note that L is given by L(t) = f()z” sq(a, 1) da, where the integral is over one period. We may

again differentiate with respect to time and use equation (2.3.6) to infer the evolution equation for L:
2r
0L = —/ 0, U da. (2.3.10)
0

In fact, one can either take s, or L to be the other independent variable describing S;. Here, one sees one of
the major strengths of the HLS framework. Recall that the dynamic boundary condition in (1.1.1) requires
that the pressure jump across the free boundary be proportional to the curvature of the free boundary. In this
setting, where the free boundary is given by a parameterized curve, the curvature is given in terms of the

Cartesian coordinates (£,7) by
_ Eollaa — Nabaa

Hs, = «(¢ : (2.3.11)
(&3 +m)?
However, we can express the curvature in the geometric coordinates (6, s,) as
O
k() = —. (2.3.12)
Sa

The tangential velocity V is selected to enforce that s, be independent of the spatial variable, which
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yields a renormalized arclength parameterization of S,. Considering the equations for d;s, and ;L leads to

the choice

1 2
Vi=0," (0(,U - ﬂ/ 0, U da/>. (2.3.13)
0

Implicit in (2.3.13) is a constant of integration, which we are free to choose. Reasonable choices include
taking the constant of integration so as to force (i) V to have mean zero, (ii) V(0,¢) = 0 or (iii) £(0,7) = 0.
This constant of integration will not be terribly important for us, but we generally take V(0,7) = 0 as it will
simplify a later computation. It is straightforward to check that such a choice of V leads to L = 2, for all
time (also see [AmbEtAl]).

Our next objective is to give a definition of the normal velocity U along the free surface. We recall that
the fluid velocity satisfies the (irrotational) free-surface Euler equations (1.1.1). Notice that the assumptions
of irrotationality and incompressibility imply that the velocity field is given by the gradient of a harmonic
scalar potential ¢. With this in mind, we shall write v = Vo with ¢ = ¢o + @1 + @2 + x(aoVeey + Vo),
noting that each of the ¢;’s corresponds to a different part of the boundary of the fluid region — the interface
S;, the bottom B and the boundary of the obstacle C. The constant ay is a circulation parameter and ¢y is
given by

1 1
Peyi(z) = Re {EZ — ilogsin E(Z - Z) }, (2.3.14)

where z. € O. We note that it is only necessary to introduce ¢y in the case of a nonzero background flow,

which is why we have introduced the coefficient

1 Vog#0
X = . (2.3.15)
0 V=0
As previously noted, U must be determined by the physics and we have
U := . (2.3.16)

We take the ¢;’s to be given by layer potentials (a double layer potential on the free surface and single layer

potentials on the bottom as well as on the boundary of the obstacle).
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We utilize a double layer potential at the free boundary. At a point (x,y) in the fluid region, we have

-A(d) do ().

+00 x — &l —nld
1/ u(a’)( E(d),y —n(a))

(oy) =5
POl Y) = o8 — |(x_§(a//),y—fl(a//))’2

It is of benefit for us to rewrite the above integral as an integral over a single period as opposed to an integral
over the real line. We achieve this by summing over periodic images and applying a formula of Mittag-Lefler

[AbFo] to obtain a complex cotangent kernel:

2
so(x,y) = Re {i /O u(@)2a(a) cot %((x +iy) = 2() da’}, 2.3.17)

4ri

where (x, ) is in the fluid region. It is the gradient of (2.3.17) which interests us and so we apply (0 — idy),

integrate by parts to retain the cotangent kernel and set y := u,. We obtain

2
@ = i2)en(xy) = g [ v@)eon5 (G i) — (@) do'

Ay

Of course, this gradient will be singular on S;, however we can take the limit as we approach the free

boundary by using the Plemelj formulae. This process yields

_ , 1 2 1 Y(@)& (@)
lim Oy — i0 ,y) = — V/ ") cot = — () dd + —=22—~, (2.3.18
(x’y)_)(g(a),n(a))( i0y)¢o(x,y) = —p ; y(a)cot5(¢(a) — ¢(d)) da 22 ( )

where the pv denotes a principal value integral, y := y, is the (non-normalized) vortex sheet strength and (-)*
denotes complex conjugation. Note that the integral in (2.3.18) is the (complex conjugate of the)

complexified Birkhoff-Rott integral. We denote the real Birkhoff-Rott integral as BR = (BR;, BR;) and so

2n
C(BR)* () — 4%, pv /0 (@) cot%(g(oz) _ (@) dd, (2.3.19)

where € : (a,b) — a + ib. Following (2.3.18), we can write

lim  Veo(x,y) = BR+ 1. (2.3.20)

(xy)—(£m) 254

The quantity % is known as the true vortex sheet strength as it gives the jump in the tangential component of
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the velocity across the free boundary:

LY
i= 1 2321
[V]ls, - t T (2.3.21)

A key aspect of our methods that restricts us to considering the 2d case involves the simplification of the
Birkhoft-Rott integral in (2.3.19), namely summing over periodic images to obtain a complex cotangent
kernel. It is also worthwhile to reinforce that the integral defining BR is a singular integral as this fact shall
be important in the analysis to come.

We shall use a single layer potential on B, where we impose Neumann boundary conditions. That is, for

1, we have

o1(x.y) = % /_: w(@')s1.a(a’) log|(x — &1(/),y —m ()| de’,

where (x,y) is a point in the fluid region and s , is the arclength parameter on the bottom. Notice that in this
case the arclength parameter s, depends upon @. We again take the gradient and express it as a complex

quantity:

da'.

| L (=) — il — m(@))
@ — i)y = o= [ wl@)sia(@)
R 2”/—00 G a@) + i - me)f

As we did with the double layer potential, we can sum over periodic images and obtain a cotangent kernel.

This process results in

2
@ =i2)er(x) = 3 [ 0le)siale)eot 305+ 1) = () e

T

This integral is not singular on S; and so we can evaluate it along the free boundary in a straightforward way.

We define Y := Vi, (¢) and so have

1

" 4n

1

2r
C(Y)*() /0 w(a)s14(a) cot E({(a/) — () dd. (2.3.22)

We again use a single layer potential on the boundary of the obstacle O:

2
@2(x,y) = 21—” | B(@')s20() log|(x — &(a'),y — ma(d))| de’,

where, once more, (x,y) is a point in the fluid region and s, is the arclength parameter on C. Again, s34 is

40



dependent upon . We can write the gradient as an integral over a single period like in the previous cases.
Given that the computations are basically identical to the ones we just did for the bottom, we shall omit them.

Ultimately, we set Z := V() and have

l 2n

S@)* (@) = 3 [ B@)snale!) ot 5 (@) ~ 2(a)) da (23.23)

Once more, we notice that the integral defining Z is not singular.
It shall be convenient to introduce the notation W :=BR +Y + Z + /\((Vgocyl({ )+ Vo). With this

notation in place, utilizing (2.3.16), we can write U along the interface as
U(a) = W(a) - fi(a). (2.3.24)
We shall write U = Uy + Uy + U, + yUs, where
Up=BR -1, Uy =Y 1, Uy =71, Us = Vo ({) -2V - fi.

Given the singular nature of BR, it will be useful to decompose it, as well as BR,, into a singular term
and a smooth remainder. To this end, we shall utilize the following decompositions, proofs of which can be

found in [Ambl1]:

s _ Loy
C(BR)* = 21_71(4&) + K[y, (2.3.25)
1 L1 .
BR, = 5= H(ya)h = 5 = H(y0 )i + m. (2.3.26)

where K|[-] is a smoothing operator (see Lemma 3.5 in [Amb1] or Lemma 2.4.5 below) given by

1 b+n

KIAf@) = g [ @) cor 3 ate) — ) -

] / /
= —(a — 2.3.2
el cot = (a a)} da’, (2.3.27)

_1
Lo(a)) 2

where b can be any real number. On the other hand, m is given by

C(m)* = %[ﬂ, ol (ya - 72‘:“) + LK (% - 75;’“). (2.3.28)

So, the singular parts of BR and BR,, are given by Hilbert transforms, while the smooth part of €(BR)* is
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given by K[{]y and the smooth part of BR,, is given by m. We shall occasionally write m = B + R, where B
is the commutator term and R is the term involving the operator K[(].

The terms in m arise upon approximating ¢(a) — (') to first order via Taylor expansion and then
rewriting the remainder. The reader may turn to [Amb1] for all of the details. The singular nature of BR, as
opposed to the other terms in W, means that it will, at times, be useful to distinguish it from the remaining
terms. To do so, we write W = BR + W.

A quantity which shall appear frequently in the work to come is 0, (V — W - t), which results from the
choice of V # W - t. Using the geometric identity £, = 6,0, we can formulate a convenient expression for
Ou(V — W - 1):

Oa(V—W 1) = 0,U + 5or — W -t — W (6,0) = 54, — W, - L. (2.3.29)

We can obtain a useful representation of BR,, - t via equation (2.3.26). The remaining terms in W,, are
regular and so are quite a bit simpler to grasp. We can simply compute them as follows, integrating by parts

to retain the cotangent kernel:

2 w()s10(d) o (@ , ,
0.C(Y)*(a) = i /0 a(,,< ( )5;20/54 ( )>cot%(§(af)—§1(a/))da/, (2.3.30)

2n s N o (@ , ,
0uS(Z)* (@) = %T /0 O <ﬁ( )é’a((o/)f( ) )cot%({(a)—{g(af))da, 2.331)
a(Voen (¢ (@))) = Veeyi(£(@)) (@), (2.3.32)

where V2<pcy1 denotes the Hessian of ¢cy.
2.3.3 Evolution Equations

Recall that, following the approach in [AmbEtAl], the variables which we shall evolve are 6, v, w and .
Notice that we do not explicitly evolve s, or L. This will cause no trouble as after solving for the given
variables, we can obtain U and then easily solve for s, and/or L. Here we wish to write out the system of
evolution equations for 6, v, w and S. Derivations of the evolution equations can be found in [AmbEtAI].

Utilizing the definition of #, we can easily see that

Uy + 6,V

Sa

6 (2.3.33)
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Using (2.3.26), we can rewrite (2.3.33) as

>

| 0o o 1le . m-
O = —Hye) + 2(V-W-1) + —W, A+ =2 (2.3.34)

2S(21 Sa Sa Sa

Recall that y is the vortex sheet strength and related to the velocity potential at the free surface by
v = Uq, Where u, on the other hand, is the density of the double layer potential at the free surface. Hence, via
standard layer potential theory (e.g., see [Fol]), we know that u represents the jump in ¢g across the free
boundary. The derivation of the evolution equation for vy is substantially more involved than that for 6.
Roughly, one begins from (2.3.20) and rearranges to obtain an expression for vy, which is then differentiated
with respect to time. One rewrites the resulting expression using the Bernoulli equation and then uses the
Laplace-Young condition on the pressure at the interface. This is where we can exploit the highly simplified
expression for the curvature of the free surface in (2.3.12). This process yields the following evolution

equation for 7:

2 1 . 2 . . R
R (S—Te)a +—(V =Wy - Z—z - Zgn) C25aW B 2(V - W H(W, D). (23.35)
« (04 Sq

We can rewrite equation (2.3.35) by expanding the derivative and applying (2.3.29). We then have

2 , o,
Ve = e+ g Hya) + 22(V — W) +l<sa,—W0-t—m~t)

Sa 2Sa, Sa Sa

25, W, 1— zlz —2gne +2(V - W - D)W, - (2.3.36)

a

Observe that the vy, equation is nonlocal; in particular, it is an integro-differential equation due to the presence
of W, - f.

Finally, we turn our attention to the evolution equations for w and . Recall that w is the density of the
layer potential on the bottom and g is the density of the layer potential on the obstacle. In order to write the
evolution equations (and later equations) more compactly, we introduce some notation for the integral

kernels. These integral kernels, as well as the evolution equations for w and 3, arise from enforcing the
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homogeneous Neumann boundary conditions on the solid boundaries. On the free surface, we have

thten) = e {5 o @) - @)

kg(a,a) :me{2s2i( )gga( @) cot = (42( ) — {(a/))}. (2.3.37)

Notice that the integral kernels in (2.3.37) are time-dependent. The kernels on the bottom are

isq a(a’)
251 a(a)
is1q(a)
2s2,a(a)

k;gm,a'):me{ (@) cot (&1 () - mo/»},

kfg(a,a’)zine{ L) cot = (42( ) — §1(a/))}. (2.3.38)

Finally, the kernels on the boundary of the obstacle are given by

Ktana) = e { S0 o) con 3 (@) — Gl
ka(@,a') = Re { ;S;Z“a(gi Or.0(@) cot %(gz(a) — () )}. (2.3.39)

Notice that, at first appearance, it seems that the kernels ké; and k% are also singular. However, they are in fact
not singular (see [AmbEtAl] for details). We also note that the kernels in (2.3.38) and (2.3.39) are
independent of time.

Utilizing this notation, the evolution equations for w and S are given by

1 1 21 . 1 2r | 1 21 |
(E (@) + E/ wi(@ kg, @) da/) = ——/ y(a kg, (a,d') da’ — ﬁ/o yi()kg(a,a’) do’
1

“5 ), /3,( k(') do (2.3.40)
and
] | o 2 2
(Eﬁt(a) t22 ) Bi(a )k (a, a/)da/) = ——/ (a,a') do’ — —/ yila o) do
27r i wt(a/’)k%(a/, o) da. (2.3.41)

The equations for w; and B, are integral equations and so, like the evolution equation for vy, are nonlocal.
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Combining (2.3.34), (2.3.36), (2.3.40) and (2.3.41), we have the full water waves system which we shall

study:
( 1 Oy A 1 &~ m - i
O, = H +—(V-W-t)+ —W,-fi+
' 2S(2, (va) Sa( ) Sa ¢ Sa
2 . . ~ R
V= Sloa+ s H ) + (V= W) + L (5~ Wy E-m )
Sa 285 « Sa
—2s5,W, - f— % — 270 +2(V = W- D)W, -1
1 2r ¢ 1 2r
w; = _7_r/0 a),(a/)kf}g(-,a') da' — 7_r/0 7(&')k§,t(-,a’) da’
| s (2.3.42)
- /0 yt(a’)k§(~,a’) do — . A ﬁ,(a’)ké(-,a/) da’
1 2r 5 1 2r 5
/ / / ! / /
B = - ; Bi(a)ke (-, ') da’ — 7_T/0 y(a@ )kS’t(‘,a ) da

1 2 1 2r
—— / yt(a')k‘zs(‘,a/) do — - / w[(a/)k%(‘,a/) do’
0

T Jo T

6(t = 0) = 6o, y(t = 0) = y0, w(t =0) = wo, B(t =0) =Bo

Remark 2.3.1. 1. Compare the integral kernels given above in equations (2.3.37)-(2.3.39) with the Ky
and Gy in Table 1 in [AmbEtAl]. Note that there are superficial differences between the kernels we
use and the kernels in [AmbEtAl] due to a minor difference of how the arclength terms sy o are

handled, but they are otherwise the same.

2. The equations in (2.3.42) correspond to the the first equation in (2.10), equation (4.14) and the system
(4.17) with N = 2 in [AmbEtAl]. The equation we utilize for vy, in (2.3.42) more closely corresponds to

the evolution equation obtained in Appendix D of [AmbEtAl].

Remark 2.3.2. As noted above, the evolution equations for vy, w and 8 are nonlocal. In fact, we can now
clearly see that the system (2.3.42) is of the form (2.1.1). We shall refer to F(®) as the right-hand side of the

system and write § = (§1, F2, &3, §a)". Since (id + ') is invertible (see [AmbEtAl] or Section 10 below),

we have

0.0 = (id + .7 [0]) "' F(0).
This motivates the plan of attack outlined earlier:

1. Obtain energy estimates for the model problem (2.1.4).
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2. Use mapping properties of (id + #[-]) ! to conclude that the estimates still hold for the full system
(2.3.42).

2.4 The Right-Hand Side &

In order to carry out the strategy outlined in Remark 2.3.2, we will need to determine the correct model
problem, which necessitates determining which terms belong to the right-hand side &(®), and write down
the model problem (2.1.4) in a way that is amenable to carrying out the needed energy estimates. This will
involve exploiting some subtle cancellation. We begin by decomposing the system (2.3.42) into terms that
belong to % [®]0O; (i.e., those that involve a nonlocal operator acting on y;, w; or 3;; no equation involves
nonlocal operators acting on 6;) and those that belong in the right-hand side §(®) (all other terms). Noting

that the evolution equation for 6 contains no nonlocal terms, we write

')/[:Fy+N,
w; = F, + N,
,BZZFﬁ-FNﬁ,

where the F terms belong to the right-hand side and the N terms arise from . [@®] being applied to ®,. This

can be done immediately in the case of the w, equation and the 8, equation. In particular, we have

1 2

F,=—— / y(a kg (o, ') dd/, (2.4.1)
T Jo ’
1 2r

Fp=—~ / y( )k (@, @) da'. (2.4.2)
T Jo ’

Then, N, contains the remaining integrals in (2.3.40), multiplied by 2 to clear the factor of % in front of wy,
with Ng defined analogously from equation (2.3.41).

For the y; equation, we begin by noticing that the only terms in N,, will arise from W,; in particular, only
BR;, Y; and Z, will contribute terms to N,. As such, we will writ¢e BR; = Fgr + NpRr, Y; = Fy + Ny and

Z, = Fz + Nz. We now compute the relevant pieces of W,, integrating by parts to retain the cotangent
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kernel:

2
8/5(BR)* (a) = — pv /0 Yol ) cot 3 (¢(a) — (') do’

4ri

+ 4% pv /0 i (7(“/)(5’;:&5 4(‘”/))) cot %({(a) o)) ds  (243)
A0 @) = o [ el s1ale) ot 0(@) — ()

+ 41—ﬂ o (‘“(“/)éfll’j((j))é(a)> cot %({(a/) _ 4(e)) do, (2.4.4)
@) = e [ Al 520l et 0(@) — )

+ % - aa,< Bla 2:8:;4’( )> cotz(g“(a/) _ 5r(a")) da. (2.45)

Now, we can clearly see that €(Fggr)* is the second integral in equation (2.4.3) and €(Ngr)™ is the first
integral. It is the same for Fy, Fz, Ny and Nz.
2.4.1 Rewriting Fpr

Given that Fggr is given by a singular integral, it will be beneficial to decompose it into smaller pieces.
This decomposition will additionally give rise to the previously mentioned cancellation. We begin by using

the Leibniz rule to rewrite FgRr:

2r o
crm)” = g [ o (20 ) @) - (o) ot ela) — (e !

1 2 ,y(a,/> 1 , ,
_va L@ )gm( )coti({(a)—{(a/))daf.

We want to rewrite {y,. Utilizing the identity {, = sge’? gives
i ; L s, .
at(a = at(saele) = Satele + Sa(lgtelg) = sitga + 16,4,
a

We now substitute equation (2.3.34) for 6, to obtain

ea/ A 1 o A -1
Lo = &1 + l&r( H(ya) + 5 (V -W. t) + —W, -0+ o n). (2.4.6)
252

@ a Sa Sa

We can now decompose Fgr into a singular term involving the Hilbert transform and a remainder term

involving a smoothing operator K. To carry this out, we make use of a similar decomposition of the
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Birkhoft-Rott integral given above in (2.3.25). Decomposing Fpr similarly yields

1 4 Y
Q:F *: t’(]—{ —aa/ - t,K aa/ -
i) =16 ](fa (5)) tle w( <§>>
1 Sra [ Y Y
5(2(2))-male(z)) 24D
We will then substitute in equation (2.4.6). After substituting, we will factor some of the terms out of the

Hilbert transform, thus picking up some commutators, exploit the identity H 2 — —id and do a bit of

rearranging. The result of these operations is

crur (3 (1)) sia(s(2)) - 3572

ety e ! [w, l}m(m— LK H )

Sa 45%2{0 - E ga E
1 ym - fi i . V-W-t
—EW< Z > —EK[{](Vm'n)—mW(V%)
1 V-W-i i . 1 YW, - fi
A e CORE S C O Eﬂ< - )
— —K[Z)yW, - ). (2.4.8)

This is the decomposed version of Fgr which we shall use. We can now see the cancellation that will occur
between Fpg and (V — W - )W, - t.
2.4.2 Obtaining the Cancellation

To obtain the desired cancellation, we begin by considering

(V-W-DW, -t = (V-W-D)(BR, -t + W, 1)

" 1 A~ oA
= (V—W-t)(——?—((y@a) +m-t—|—Wa~t>.
254
‘We therefore have

s . V-W. W
2V = W DWq - = 25, Fpr - | = —————H(y,) + ———H(y8)
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where
V-W-t

0 * .= C(Fpr)*
(bro) (Fr)" + A

H(¥ba)-

Most of the terms in br shall be routine to estimate, however we do have one transport term which we wish

to isolate. As such, we write

YYa

2
Saba

(E(bl‘())* =

+ (E(bl‘l)*,

which implies that

2sabrg -t = ;i; + 2 Re {(‘:(bl‘l)*fa}'
s

a

This prepares us to write down the right-hand side of the y; equation (those terms belonging to §,):

2t R
82(®) = _Hafa + %7’((79(1) + &(V —W- t) — )/_);(Y
Sa 2Sa Sa S5

~

L (50 = WoE=m 1) = 20, +2(V = W) (m- T+ W, - D
Sa

— 2sq|bri + Fy + Fz + x0i(Voeu (£))] - T. (2.4.9)

2.4.3 Writing Down the System O, = ¥(0)
As previously noted, we will first consider the model problem (2.1.4). In (2.1.4), the right-hand side
&(0) is given by

1 O A I & m -
0)=-=H = (V-W-f) + —W, -
51(©) 252 (Va)—I-SQ( )+Sa A
27 R
52(0) = —baa + 72 H(y0a) + &(V - W. t) — ’y—’);a
o 285 S 2

+ L (500 = W E=m-T) = 2, +2(V = W- ) (m -1+ W, - D)
Sa

— 2sq[bry + Fy + Fz + x&i(Veen(£))] - 1

1 2n
52(0) = 1 [ W (o)

T

1

2n
F4(0) = - /O y(a)kg, (a.a/) do’. (2.4.10)

Remark 2.4.1. Though simpler than (2.3.42), the system (2.1.4) is still a rather complicated, quasilinear

system. In order to handle this, we will utilize an approach which is quite common in the study of quasilinear
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hyperbolic equations. Namely, we will first work with a regularized version of our system and then pass to
the limit as the regularization parameter 6 — 0T to solve the non-regularized system. The regularization
scheme that we shall use is much like the one used in [Ambl ] and the interested reader can consult this
paper for further details. Also, Section 16.1 of [Tay3] has a good presentation of this approach to
quasilinear hyperbolic equations, including a detailed example of its application to a quasilinear, symmetric

hyperbolic system. (see also [MaBe] for applications to equations arising in fluid dynamics).

2.4.4 The Regularized Evolution Equations for the System (2.1.4)
Now, we want to obtain an appropriately regularized version of the system (2.1.4). We begin by simply
writing down the regularized evolution equations, and then we will go back to briefly discuss how the

regularized terms are constructed. Beginning with 6, we have

5. ad

|
T/ @an)

2(s3)?

1 N 1 ~
o — H(Ts7) + = To((VO = W - B) T500) + =W - + =
Sa

a SCZ

Notice that there is no term corresponding to u¢ in the non-regularized equation. Its purpose is to enforce the

condition that °(@) — a be 27r-periodic and it is given by

2
| s+ i+ v, do
w1o(r) = =22 — . (2.4.12)
isd {g da
0

See [Amb1] for the derivation of u° and the proof that it enforces the aforementioned periodicity condition.
The same calculations and arguments work in the present setting with the only difference being the terms
contained in U.

We now turn to the y, equation:

TP’ Ts72)

6
G T 2413

2 1 1 N
V= 2 ot s HOPP T )+ To((VF = WO ¥) To30)

2(s5)

The term mg is primarily a remainder term, but it does contain one term not appearing in the non-regularized

system. Notice that in the regularized evolution equation for y we have pulled a factor of y° through the
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Hilbert transform. The cost of doing so is a (smooth) commutator which we also include in m¢,. We thus have

o
Y

0

m = :_5(6 —WoE —m® ) =2 + 275 ((V - W) Ta(m -+ W)
02
5
- Y’ 5 0,
— 282 Js([br) + FY + FY, + x0,(Veen ()] - ) — [H,¥°] (—2(S6)2“>. (2.4.14)
a
For w and B, we have
1 27
W = _;/0 y‘s(a/)k}s’i(a, o) dd (2.4.15)
and
5 L s 2,6
N 1.2, / /
B = _;/0 Y (@ )ks,t(a,a)da/. (2.4.16)
The regularized system we consider is then
& — 1 H 5 1 VO _ WO . & IW(S 5 me R
t_2(S5)2 (jé’ya)—i_s_(;jé(( - 't)jé oz)+s_5 o I+ 0 +u
a a a a
27 1 1 . Ts(° Ts75)
5 S 52 5 5 26 5 @ s
=—9560, + H &)+ — Ve —W°.t - +m
Vi sg NE aa 2(Sg)2 ((7) NE a) sg 55(( )jéya) (sg)z y
L ,0 L[ 5N\, 1.0 / /
W) = —— ; Y (@)kg\(a @) da

é 1 2 S(I\,2.0 / /
Bi=—= 0 Y (a )kS,,(a’a)da'

T

(6°(1=0) =60, (1 = 0) = y0, (1 = 0) = wy, Bt =0) = o
2.4.17)

We shall now succinctly describe the various terms appearing in the regularized equations, beginning
with the family of mollifiers Js. For each ¢ € (0, 1], we have a corresponding operator s, which is an
approximation of the identity. We conceptualize the operator Js as truncating the Fourier series via zeroing
out modes with wavenumber greater than 6 ~!. There are other ways to conceptualize these mollifiers, for
example one might also conceptualize Js as convolution with an approximation of the Dirac mass depending
on the parameter 6. Notice that, given our conceptualization of Js, each J5 will be a Fourier multiplier and
so will commute with other Fourier multipliers. In addition, J5 will be self-adjoint. We shall now state two

results regarding the action of 5 on Sobolev spaces H". The first is
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Lemma 2.4.2. Let § € (0,1] and u € H" for some r € R. Then, for any k € No, we have Jsu € H* with

|5 ull e < 67" ual
Proof. This is part of the content of Lemma 3.5 in [MaBe], which is proved in the appendix for Chapter 3 in
the same. O

Lemma 2.4.2 tells us a couple of interesting properties of the mollifiers . First, by taking k£ = 0, we
see that s is a bounded (and hence continuous) linear operator on H" for any r € R. The second property is
that we can exchange derivatives of s u for powers of §~!. This is, in fact, a Bernstein-type result in
disguise. Indeed, recall that we are conceptualizing the action of 7 as truncating the Fourier series by

zeroing out modes with frequencies greater than 6~!. Put another way, we have
supp ¥ (Jsu) < {lél < 67'}.
A Bernstein-type lemma (similar to Lemma 1.3.3, but not focused on dyadic frequencies) will then give
|08 Toul, < 6| Tsull 2 < 67 ull2,

where the last inequality follows from the first property we noted (specifically, Js is a bounded operator on
L? which we identify with H?).

The plan of attack outlined in Remark 2.4.1 necessitates taking the limit as 6 — 0" of the sequence of
regularized solutions. Thus, we will need to ensure that the sequence of solutions converges and proving this

will require estimating terms of the form J5 u — 5 u in norm. The next result allows us to do this:

Lemma 2.4.3. Forue H' and 6, 5 € (0,1],

1Tsu— Tsul; < max(6,6)|ul .

Proof. This is Lemma 2.2 of [Amb1]. See Lemma 3.5 (and its proof in the appendix) in [MaBe]. O

Consider a sequence §; — 0. Notice that Lemma 2.4.3 implies that {7, 5ku},:;°? is a Cauchy sequence

(in L?) as soon as u € H'.
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Most of the nuance in defining the regularized terms lies in constructing ¢® and BR?. We shall define %
and BR? exactly as in [Amb1] and the interested reader can find all of the details in that paper. The
remaining regularized terms are defined in the same way as the non-regularized ones with £, BR, v, etc.

replaced with {‘5, BR?, y‘s, etc. For example, (‘S(ﬁﬁ) = I%, where sg = |{g|, @9 solves (2.4.17) and

1

€(Y°)*(a) = o

2m
1
| S @sia@)eon5 (@) - o)) do
0
We now state some useful results regarding the term ¢, and the operator K used in the decomposition
(2.3.25).

Lemma 2.4.4. Letr > 0. If0 € H', then {; € H™+ with the estimate

[l g < 1+ (6] - (2.4.18)
Proof. We define { exactly the same as z in [Amb1]. Ergo, the desired estimate follows directly from
Lemma 3.2 in [Ambl] . O

We include the following two results regarding mapping properties of K which will be of use to us.

Lemma 2.4.5. If{; € H', re Zwithr = 3, then K[{] : H — H"7/=1, for j e {1,0,—1}, with the
estimate

IKIZ1f g < 1 F (1 18] 50)°. (2.4.19)

Proof. We shall show that K[/] : H~' — H'~2 with the corresponding estimate; the proofs of the other
claims are contained in Lemma 3.5 of [Amb1]. In proving this mapping property, we follow the proof given

in [Amb1]. We begin by writing K = K| + K, where

1, 1 1 ,
Ki[{]f(a) = 3 /0 f(a)[gd @ @) L@ a,)} do’, (2.4.20)

lélste) = g [ e e 3ate) ~a@)) - sl - ) [ @ @az2n

In the above definition, g is a function, holomorphic at the origin, such that

1
cotz = B + g(2).
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Notice that the choice of limits of integration in the definition of K allows us to integrate over one period
while avoiding the poles of g, which by definition must be the non-zero integer multiples of 2 — this choice
of limits of integration will force |a - a/’| <

First, consider

1 2r

r—2 _ (L’/ r—2 1 _ 1 a,/
R = o5 [ 1% g e g

We then apply one of the r — 2 derivatives to the quantity inside the brackets:

1 2r

K[ (@) = = f(a’)5£_3[—

_27Tl 0

ga(a) 1 ,
(@) — (@) " Zala)(a - a’)z} dar-

By rearranging the factors of £,, we can write the quantity in brackets as a derivative with respect to o'

o “Ki[Z]f(e) =

 2mi 0o lala) "

1 (7 f() s r fal@) o
‘ a“’[a—af éd(a)—{d(a’)]d '

Then, by integrating by parts and recognizing the quantity in brackets as a ratio of divided differences, we

can rewrite this expression to obtain

0 K[ f (@) = ﬁ /0 - o < 2; ((‘Z,))>a;3a§/ {%] da’.

We introduced above some notation used in [Ambl]:

La(@) — ()

N N
q(a,a') = P @(a,a) = @) (2.4.22)
From here, we deduce the immediate bound
ksl s | L |12
Lo H-191 | gr—1

In particular, notice that since Z—f is in H"~!, in both variables (see Lemma 3.4 in [Amb1]), we know that %

will be in W(;_3 “* and HZ,. Lemma 1.3.9 and the Sobolev algebra property then imply that

1

s K1 [ f(@)] < [ f ] -

o
{0/ Hl+ P2l Hr—1
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Finally, we can apply Lemma 1.3.7 in conjunction with Lemma 3.4 from [Amb1] (an estimate on the H"

norms of the divided differences ¢; and g;) to deduce that

|K ) f 2 S 1 (1 (6] ) (24.23)

A similar modification of the argument in [Amb1] implies that

| K[ f =2 < 1 f gy (1 + (6] )% (2.4.24)

Combining (2.4.23) and (2.4.24) gives the desired result. O

Lemma 2.4.6. If 0,0 € H', and the associated ¢, satisfy equations (2.3.2), (2.5.6) and (2.5.7), then we

have the following Lipschitz estimate for K :

|K1217 = K121 f | < 1161 |0 = 0] 1 (2.4.25)

Proof. See Lemma 3.6 in [Ambl1]. O

As noted earlier, the above regularization scheme is common in studying quasilinear PDE. The usual
plan of attack in using such a scheme is to prove that solutions to the regularized equations exist and that
those solutions satisfy an appropriate uniform (in §) energy estimate. The energy estimate allows one to
deduce a common existence time (independent of ¢) for the regularized solutions. Then, one can show that
the limit as § — 07 of the regularized solutions exists and satisfies the non-regularized system. Carrying out
the above plan will be the focus of the next two sections. We will begin by defining a suitable energy and
then establishing the uniform energy estimate.

2.5 The Energy Estimate

Now that we have the appropriate evolution equations, as well as the above preliminary remarks and
results under our belts, we shall begin the process of proving the first main result. The results in the next two
sections are, unless otherwise noted, all concerning the regularized equations. For the sake of the reader, we
shall, for the most part, drop the ¢ notation in the regularized equations. The reader should presume all
quantities are regularized in the manner discussed above unless and until otherwise stated.

A quantity which shall be of fundamental importance to the analysis in the sequel is the energy for a
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solution (6, y, w,B).

Definition 2.5.1. Inspired by [Ambl ], we define the energy of a solution to the regularized system as follows

s+1
&) = Y (), (2.5.1)
j=0
where
1
& = 2 (1613: + 712 + ll: + 1813 ). (252)
1
&' = 3 (1ol + s, 253)
N B 1 o2 2 y? 2
&= /O @0+ QNG ) + L@ e @St @54

We define A = H 0, and note that A is a Fourier multiplier: A = |D|. We will write & = 8{ + 8% + 85.

We note that in [Amb1], the coefficient of surface tension appeared in the energy implicitly via the

Weber number:

We — P1 +P2'
2T

In our case (i.e., the case of water waves where we have normalized to have unit density in the fluid), we have

Definition 2.5.2. For & as above, we have
2 2 2 2 2
&) ~ 00z + Iy - + @5 + 1BO g = 10 [ s prs—st 1 - (2.5.5)
We therefore define the energy space to be X := H® x H*~'2 x H' x H'. We shall let X denote the subset of

X where five conditions are satisfied:

e the chord-arc condition (2.3.2) holds:

{(e) — (')

—|>c¢ (Yo #a);
a—a

J¢>0: ‘
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e the non-cavitation assumptions (2.3.3) and (2.3.4) hold:

n—m =bandn—m =0;

e we have
Sq =1, (2.5.6)
with equality holding in the case 0 = 0O;
o and we have the following uniform-in-time bound on the energy:
0 <e<+0: E<e. (2.5.7)

Notice that X will depend upon the constants ¢, b, b and ¢ chosen.
Henceforth, we shall for the most part restrict our attention to X as this is where we shall seek solutions.

Remark 2.5.3. We shall assume throughout that s is sufficiently large for all computations to make sense;

we are not seeking sharp regularity results. Here we simply remark that we shall at least require that s > %
Notice then that, by Lemma 1.3.2, H™'* < [ and therefore © € (LOO)4. Lemma 2.4.4 implies that

Ly € HHY. We will further have = ¢|s, € H**'", therefore ¢ € H**' and v = Vo € H’. It follows, again
from Lemma 1.3.2, that {, v € Lip. This is in line with the standard regularity requirements for proving local
well-posedness by energy methods (see, e.g., [ABZ1]). Further, the definition of s,, the definition of the
energy and the bound on the energy in (2.5.7) imply that s, € L™. Of course, this implies that L € L™ as

well.

Definition 2.5.2 implies that, for ® € X, we have |®|y < 1. Further, by Remark 2.5.3, we also have
|Sa oo, | L] < 1. Before proceeding to the main energy estimate, we begin by obtaining some a priori
estimates for some important quantities appearing in our evolution equations. These estimates will be used

repeatedly in the sequel when proving the main energy estimate.
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Lemma 2.5.4. The following estimates hold for s sufficiently large:

IBR|,> < VE+ &, (2.5.8)

Y], < VE, (2.5.9)

1Z] 2 < VE, (2.5.10)

[Y] o1 € VE+E, 2.5.11)
|Z] 0 < VE+E, (2.5.12)
[Veen(O)]1yosr < 1+ VE. (2.5.13)

These estimates hold for both the regularized and non-regularized terms.

Proof. We use the representation (2.3.25) and Lemma 2.4.5 to estimate

+ v (1 + 6] )°
L®

IBRI|;> < vl

Ca

It then follows that

IBR 2 < ¥l grs—s (1 + 6]l 15)° (2.5.14)
To estimate the norm of Y, consider

1

s1.a(a’) cot 5(5(“) —&(d))

da’, § HCUHLZ

2r
0@ 5 [ ot
This implies the estimate (2.5.9). Next, we consider

6 () (@) < - oy cot 3 (¢(a) — &1()| dof

S

2n
/ |w(a/)s1,a(a’)|
0

S |l 2 lZall o

It then follows from Lemma 2.4.4 that

Yl g1 < @l 2 + ol 2 14al gser < ol g (1 + (6] )

The proofs of (2.5.10) and (2.5.12) are nearly identical to that of (2.5.9) and (2.5.11). Next, recalling
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the definition of ¢y in (2.3.14), it is easy to see that V.y is a smooth function and so we can apply Lemma

1.3.7 to obtain

[Veen ()] ot £ 1+ lall ot < 1+ 16] - (2.5.15)
O
Lemma 2.5.5. For s sufficiently large, we can control the H® norms of the unit vectors fi and t (both
regularized and non-regularized) in X where we have the following estimates:
18] <1+ VE. (2.5.16)
lE,,, <1+ Ve, (2.5.17)
Proof. We shall only prove the estimate for f as the argument for { is totally analogous. Upon writing
€(n) = is%, Lemma 2.4.4 gives
18] s < 1 Zallps < [Zallgsrr < 1+ 10 -
O
Lemma 2.5.6. Let s € R be sufficiently large. Then, on X, we can bound s, above and below by
1<sq S 1+ Ve (2.5.18)

This estimate holds for the non-regularized s, and the regularized s°.

Proof. The lower bound is simply equation (2.5.6) in the definition of X. To obtain the upper bound, we can

apply the definition of s,, Lemma 2.4.4 and Lemma 1.3.2. In particular, these results together imply that

Sa < ol < Wallpre < Il S 1+ 101 S 1+ VE< T+ Ve
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Lemma 2.5.7. For s sufficiently large and (0,7y, w,B) € X, the following estimates hold:

50l S &+ &+ x(1 + Vol)(VE + E2), (2.5.19)

jm 1], < v&+ &, (2.5.20)

IV <&+ +x(1+ Vo)) (VE + &), (2.5.21)
[0a(V =W D) $ VE+E: +x(1+ Vo)1 + E2), (2.5.22)
il < VE+E + x(1+ Vo) (1 + ). (2.5.23)

The estimate for |m - ||, i

s Finally, we remark that all

of these estimates hold for the regularized and non-regularized terms.

Proof. We have |L;| < |6 1||U||;2. An application of Lemma 2.5.4 yields the desired result.
We recall that m is composed of two types of terms, a commutator and an integral remainder (see

(2.3.28)). Beginning with the commutator, we use Lemma 1.3.13 to control the H*® norm:

Yoo
Lo

B

2 _
Hs S H{QHH5 gaz‘Hs 7(1/ -

Hs—2

Observing that, {oe = 04 (s54€") = 644s, We use the Sobolev algebra property and Lemma 1.3.7 to deduce
that

B -

s S Vs (1 + 6] 170)°. (2.5.24)

On the other hand, we can use Lemma 2.4.5 to estimate the H® norm of R - t:

< 1%l <

The Sobolev algebra property and the identity {,q = 64, imply that

H Yoo

) o0l

IR-&

g S 1Y (14 6] ) (2.5.25)
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Moving on, we immediately see that
IVl =05 (60U + sar)| 2 ~ 16U + sarllg-1 < 162U 12 + Isaul-
Recalling that |sqs < [6]| ;1 |U| 2, we deduce from Lemma 1.3.9 that
IVIiz < 16] g+ U -

From here, Lemma 2.5.4 gives the stated estimate for | V| ;.. Next, recalling equations (2.3.29) and (2.3.26),

we have

[u(V — W -1

g1 S [Sarl + Hq-{(f)’HOZ)”HS*l + Hm : E| -1 T HW(I : f’

Hs—1 '

Lemma 2.5.4 allows us to estimate the final term. We can dispose of the Hilbert transform term by applying

Lemma 1.3.11 and the Sobolev algebra property. Controlling |s,,| and Hm . 'f‘ -1 @s In equations (2.5.19)
and (2.5.20) then gives (2.5.22).
Now, all that is left is to control |u|. Just as in [Amb1], we can use the chord-arc condition (2.3.2) to

bound the denominator from below:

2
isa/ Lo da) = |sqlc = ¢ (2.5.26)
0
The estimate on the first term in the numerator is likewise straightforward:
2r
/ Satga da < 27T|S(,||Sm|. (2527)
0
The second term in the numerator will be a bit different. We have
2r
/ iUy, da| < 27T|Sa|HUaHLz- (2.5.28)
0
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We begin by computing U,,:

U,=BR, - i—69,BR-t+Y, 1—6,Y - t+Z, t—6,Z- 1

+ x(—02V0 - T+ 00 (Veey (£)) - i — 0, Ve () - ). (2.5.29)
Therefore, applying Lemma 1.3.9, we estimate

1Uql 2 < |BR - |2 + [0] s

Y10+ 120 2 + 6]

Z. E“L2

+ x(IVol 0] 775 EHLz + Haa(v%yl(f)) 'ﬁHLz + 1015 Ve (£) 'EHLZ)'

We can control the L? norm of t using Lemma 2.5.5. Then, we can apply 2.5.4 and equation (2.3.26) yielding

[Uall2 < 1H (va) 2 + - il o+ 607l gy (14 160 570)* + ol (1 + 6] 50)?
+ 6] g |l (14 100 gz0) + 1Bl (1 + 16550 + 16 s 18l g (1 + 161 )

+ X (Vo0 s (1 4+ [0 75) + (1 + 6] z7:) + 6]l 17+ (1 + 6] 1))
Using Lemma 1.3.10 as well as the bound on the H* norm of m - fi and rearranging a bit gives
1Ualie < (14 1852 [ ] g (1 4+ 10550 + Tl + Bl +x(1+ VoD)(1 + 6] )] (2.5.30)
At this point, we need only control the final part of the numerator. By writing
o = 5a€”, (2.5.31)
we can rewrite this term and proceed estimating:

2r
/ Vouts da| < Isal|V] 2 |6l 2. (2.5.32)
0

Noting our estimate for the L? norm of V above completes the proof. O
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Lemma 2.5.8. The H*~'” norm of br, is controlled by the energy. In particular, we have
Ibry | ey S E(1 + VE)B + x(1 + Vo)) VE( + VE)E. (2.5.33)
Proof. We begin by recalling that

e ten(2(2)) i1 (5(2)- (2

- 2RIy - | # L |0 - 55 K1 )

a {w 2.5%

1 ym - fi i . 1 V—_W-t
_25(17_{< o >_s_aK[§](ym'n)_2sa [W’ Lo ](y%)

LRI (0. (V — W - B) — —— 3 pALASE L K[A(YW, - i
o [](¥6a(V — W - ))—2Sa . s [Z](YW, - 1)

We will proceed term by term and as such write br; = Z;il br ;. We begin by using Lemma 1.3.13 to

vea(ge(Z)) 2(z)

Ouls = at(saem) = 56" + isa0,e" = M{a +10,4,. (2.5.34)

Sa

obtain

S 14l s

Hs—'/ Hs—2

We observe that

Hence, we estimate

16t s ~ 1l 22 + 1 aill e

S 4l 2 + Isarl [ all s + 160 prs—e 1| s

Then, it follows that

16l 5= S U2 + V]2 + Isarl [ ol g

(1 100 0) (I g+ I Bl s+ [l [V = W+ [ W] ).
We can now invoke Lemma 2.5.4 and Lemma 2.5.7 to conclude that
1] gsme S VE( + VE) + x(1 + Vol)(1 + VE)*. (2.5.35)
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Then for br; ;, we have

1 1
Ibri | e < Gl g - e AL g pA T e T 17/ Py ey P
ga Hs—2 ga Hs—1
which implies that
Ibry e S &1+ VE! + x(1 + Vo) VE(T + VE)S. (2.5.36)

For br 5, we begin by writing

rialy- < k1A (a0 (1)) a(e(Z))

We can then apply Lemmas 2.4.5 and 1.3.7 along with the Sobolev algebra property to obtain

+ 1l s

Hs—'/ Hs—'/

Iors 2l o < IVl ggsse (U4 100 ) 1 s+ 17 s (0 4 16 ) 100 e

It then follows that

Ibria] s S E(1+ VE)D + x(1 + Vo) VE(L + VE)E. (2.5.37)

The Sobolev algebra property in conjunction with Lemmas 2.5.4,2.5.7, 2.4.5, 1.3.7 imply that

Ibry 3]l ysmie < 1Satl H(%) o < E(1+ VE) + x(1 + Vo)E(L + VE)?, (2.5.38)
Ibrvale s < 1sad ¥l (14 161407 < 831+ VE) +x(1 + VoDE(L + VE), (25.39)
Ibr1 6l e S Iy Ha) g (1+ [6])° < 81+ VEY, (2.5.40)
Ibr 18 e S Jym Al (14 10007 S (713 (1+ 10]) < 81+ VE), (2541

~ 3
[be 110l 5= S W 18l [ (V= WD) (14 0] :)° < E2(1+ VE)' + x(1 + Vo) E(1 + VE)°,
(2.5.42)
(1+[6])° <1+ VE +xVE(l + VE). (2.5.43)

Hbrl,u”m—l/z < “7“H1 Wa -

H!
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On the other hand, we can use Lemma 1.3.13 with Lemmas 1.3.7, 2.5.4 and 2.5.7 to obtain

Ibris| g <

Y 2 3
ol IH (vl g2 < Y5 (1 + [6llgs) < &+ E2,
a||gs—1,

(2.5.44)
e o gys—ve < (14 16 ) 160 s 7] s e

V-W-i

e SE(1+ VE) + x(1+ VoE(L + VE).

(2.5.45)
The final two estimates are rather routine. By Lemmas 2.5.4 and 2.5.7, we have
br gl < s (1 4+ [0 Im - Bl < 81+ VE), (2.5.46)
ey s < Wl (14 6] 50:) [We - 8 e SO VE +x VE(1 + VE). (2.5.47)
Putting together the estimates (2.5.36)-(2.5.47), we deduce that (2.5.33) holds.
O
Lemma 2.5.9. We have the estimate
[y [ yse < VE(L+ VE)!'T + x(1 + Vo) (1 + VE)'. (2.5.48)
Proof. We begin by breaking m,, into smaller parts:
my = m), + m3 + my + mj, (2.5.49)
where
m) = Sl (sm W, -t-m- f), m = —2gne + 2 T5((V =W - ) To(m -1+ W, -1), (2550
3
3. N4 Y Jsba
my = —2Saj5<[bl‘1 + Fy + Fg +X(9,(V(pcy1(§))] . t), my = [7‘(, y] 252 . (2551)
a
(2.5.52)

Beginning with m;, we have, by Lemma 1.3.9,

HmHHs—l/z < |sat|H7HHf—'/2 + HWQ 1

Hs_./QHYHILh_./2 + Hm ) ’t\|

Hs—) H’YHH-V—'/Z-
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We can apply Lemma 2.5.4 and Lemma 2.5.7:

|my]

e SE1+ VER + x(1+ Vo) VE(L + VE) . (2.5.53)

Next, we consider

e S Dl + | T((V = W) To(m -1+ W, - D)

| o

Using the fact that 7, = s, sin 8 and the Sobolev algebra property, we obtain

m-

[ P T .

HS( HS—I/Q + HWQ N E‘

Hs— '/

It then follows from Lemma 2.5.4 and Lemma 2.5.7 that

[m2] e S VEQ+ VE)T + x(1 + Vo) (1 + VE)™. (2.5.54)

Moving on, we next consider m

3
Y

g T HFZ ﬂ

Hmi‘ Hs—'/ S HbrIHHS*‘/2 + HFY : ﬂ Hs—) +)(Hat(V90cyl(§)) ,t\‘ Hs—)+

Lemma 2.5.8 gives control of the first term on the right-hand side. We recall that

(Fy - D(a) = e {% / oy (“’“’/) ;{j(‘j)”’(”) cot 1 (¢(a) - &i(@) do/}.

We therefore have

|(Fy - ()] < |¢a(@)|(@)]|w]

cot 3 (¢(@) ~ ()

L2

Hence,

Iy -i

w5 ol 18t g ol g (1 + 1 gem) < Nl (14 100 57) 10 oo
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We can use (2.5.35) to obtain

|Fy -, 0n < 81+ VE!' + x(1 + Vol) VE(L + VE)S.

We can similarly estimate

|Fz -1, < &1+ VE'™ + x(1+ Vo) VE(L + VE)°.

Finally, we estimate

e S Gl (U + 180 o) < VE + VE)'® + x (1 + [Vol)(1 + VE)’.

Hat(VSocyl(f))’

‘We thus conclude that

3]s < VE(L + VE)™ + x(1 + Vo) (1 + VE)°. (2.5.55)

4

y» we use Lemma 1.3.13 and the Sobolev algebra property to estimate

For m

2 3
e S Vs ly Ts Ol s < 10 sl vl < E2. (2.5.56)

4
|y
Upon combining estimates (2.5.53)-(2.5.56), it follows that

< VE + VE + x(1 + Vol)(1 + VE)'2. (2.5.57)

Hsfl/z ~

||

We now arrive at the main energy estimate. Our objective shall be to show that the time derivative of & is
controlled by a suitable polynomial in +/&. What will be most important is the lowest order term as this term

will control the small-data lifespan. We define

P(E) =E+EV + x(1 + Vo) (VE + EM), (2.5.58)

where N, M € 27'Z, N > M, are taken to be sufficiently large (M, N > 11 will work).

67



Theorem 2.5.10. For s sufficiently large and for B (&) given as above, it holds that

— SB(E)

Proof. We begin with the &'’s. We first compute

48]

2r .
7—/0 (@57'0) (2076, da.

Substituting the RHS of equation (2.4.11) for 6, above, we write

dé L2 i A | R
dt = 2 2 / (aa 0)(00 ﬂ(j(f 7’0)) da + — (aa 9)(6[, (m . Il)) da
Sq JO Sa Jo
1 [ . . N | o
+— (2'0) (ag;l Js((V-W-1) Ts ea)) da + s—/ (2.7'0) (62 (W, - h)) da
a JO a JO

= Al + 1+ 11+ 111,

where we have used the fact that d,u = 0.
In 11, we want to separate out the term where all of the derivatives land on 6, as it will require more care

in analysis. To do this, we rewrite /] using the Leibniz rule as follows:

=L Zﬂ(a“@)ﬂ’a((V—W-f)Ja&jO) dat L [T Ji o Is(05(v =W 75050) | da
se Jo a a se Jo a = L a a
=7/ +RI.

We have singled out two terms, namely A{ and Z{ . Consideration of A{ will be temporarily deferred to
exploit some cancellation with terms arising in the sequel, while Z{ is a transport term which we will
consider in short order. Before examining the transport term, we will estimate terms /, /// and R{ .

We begin by considering an arbitrary individual summand from R’, which by Hélder’s inequality is

bounded above by

o0 | (o (v — W) 7500 0)

2

Clearly, 86];16HL2 is bounded by the H* norm of f as j < s + 1 and so we focus on bounding the other term.

We can use Lemma 2.4.2 to dispense with the outermost instance of 7, and then the Sobolev lemma in
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conjunction with the Sobolev algebra property imply that

¢ 2 j—t 2
LV —W-1) 50 HHLZ < (v —W-D)| 756,
as { < j— 1 < s. Then, another application of Lemmas 2.4.2 and 2.5.7 imply that
R < E(1+ V&) + x(1 + Vol) VE(L + VE)? < B(E). (2.5.59)

Moving on, we can utilize Holder’s inequality and Lemma 2.5.7 to estimate /, while /11 can be
controlled using Lemma 2.5.4:

I+ 111 < B(E). (2.5.60)

We now proceed to consider the transport term Z{ . If we rewrite Z{ exploiting the self-adjointness of 7,

we can recognize a perfect derivative in the factors of 8 and integrate by parts to obtain

. 2” .
—— (T505'6)204(V — W - 1) da.

1 2Sa 0
Then, application of Lemmas 1.3.9, 2.4.2 and 2.5.7 readily give us control of Z{ :

ZI <& (1+ VO + x(1+ VoE(1 + VE)® < B(E). (2.5.61)

As noted earlier, we delay estimating A{ and so now move on to 8%. We begin by computing

d8é 1 2n j—2 j—2 Sat o j—2 Jj—2
T e | @MY da = 5 | A Y) de
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j
As with the estimate for %, we substitute the regularized evolution equation (2.4.13) for y;, which yields

d&’ 1 [ . '7 1
= L / (T QUG y) dor + ——
0 8

2 . .
/ (HO T5 01 0)A 0 %y) da
0

TYS :
27{] 2 . ‘
S U7 rason g toney de
8Tsa
1 p j—1 j—-2
e

21 J—2 . ) .
<J ) Ts(04(v =W Ts2l "y )A@L ) da

4Tsa

i i—2 1 7 i 2
/ (@7 Ty Ton M@y da+ = [ @ m)A@E ) do
0 0

4tsd TSa

2
Sar i—2 i—2
- o /0 (@) A y) da

415,

= A+ ST+ 1+Z)+ 1+ 1T+ 1V +V.

First, we shall exploit the primary cancellation which we mentioned earlier. In particular, recalling that

A = Ho,, we consider

1 2r | 21

S - . 1 - .
A+ Ay = — | (@TOHITsohy) da+ — | (Ts040) H(0)y) da.
252 Jo 253 Jo

Noting that 75 is a self-adjoint operator which commutes with spatial differentiation and integrating by parts

in the second integral, we obtain

. . 2t . 2 )
Al + A = % / (2'6) H(Ts 0y) da — % / (017'0) H(Ts 0y) da = 0. (2.5.62)
a 0 (04 0

Much like the A’s, consideration of S { will be delayed to exploit some secondary cancellation. We will
first estimate / — V and then consider the second transport term Zé . In estimating these terms, we shall
repeatedly encounter terms of the form [ (oLf YA(0%g) da. As such, it will be of use to obtain a preliminary
estimate for such terms. By applying Plancherel’s theorem and recalling that A is a Fourier multiplier, we

can write

2
| @hrnete de = Y F@LONT @le) = SN L) it 7 (2Le).

keZ keZ
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This immediately implies the estimate

2r .
/ (@ f)A(@Lg) da < ol
0

| o105l < 1l e (25.63)
Utilizing the estimate (2.5.63), it is straightforward to estimate
I+11+1V+V<BE). (2.5.64)

For 111, we want to first use the Leibniz rule to isolate the term where all of the derivatives land on y,:

= —— [ T2 Tsva)) M@ 7y) da

4ts,, Jo

RS j-2 Zn 13 j—2—¢ j—2
o 3 Z( ¢ > 0 J(S((aa/)/)j(f(a(]y )/a))A(é’(]l ’)/) da

455 77

=Z,+ RS (2.5.65)

Zg is a transport term and we shall consider it alongside the other transport term Zé as we treat them in very
similar ways. For R., we begin by applying (2.5.63) and Lemma 2.4.2, to eliminate the outermost instance of

Js, to an arbitrary summand:

21 . . )
To((0n) Ts(@l " YIAEEy) da < |(06y) To(3l )|

55;_27H

HI/2 H!/z .

0

We want to apply Lemma 1.3.9, but we will need to be careful about which factor we place in the higher
regularity space. First,recallthat 1 < {< j—2<s—1.If{ = j—2,then j— 1 — ¢ = 1 and, upon

applying Lemma 2.4.2 again, we have the estimate

ji—1—¢ 3
@) Ts@™ )| [ PR o7 Py

j_2 <
Car YHH'/? ~

Gé_ZYH

Hl/z Hl/z

On the other hand, if £ < j — 3, we can put 8%y in the higher regularity space (again we apply Lemma 2.4.2
twice):

H(aﬁy) Ja(ai_l_fv)H

65;_27H

£ j—1-¢ 3
H H/ S ‘}aay‘}H‘/ﬁ+ aﬂ/ /yHH,/QH/yHH‘_'/Z < H/}/HHSH/Z’
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where we used the fact that j — 1 — € < j — 2 < s — 1. In either case, we have the estimate
RS < Iyl < B(E). (2.5.66)

We now arrive at the Z/ transport terms. We begin by considering a general integral of the form

02” gfeA(f) da. Recalling that A = H 0, and that the Hilbert transform is anti-self-adjoint, we can write

2n

2r
/O A da = — [ £ H(eh) de.

0

Now, we will pull g out of the Hilbert transform and pick up a commutator:

2r

2 2
/ ol (f) da = / chaH(f) da— | flH.g1(f).
0 0 0

Of course, H(f,) = A(f), so we can move the first integral over to the left-hand side and we are left with

2n

2
2 / efh(f)da=— [ fu[H.g)(fa) de.
0

0

Finally, upon integrating the right-hand side by parts and dividing through by the factor of 2, we obtain

1 2r

2
/0 ehh(f) da =5 [ a((H.g)(F) 1 do. (25.67)

Then, Holder’s inequality and Lemma 1.3.12 imply that

27
2
/O gfa(f) da < [[[H, &l (fo) | £ 2 = Wl =1 18l £ 2 = 1A U218 e (2.5.68)
After exploiting the symmetry of 7, Zé is of this form and so we have:

2r X . ,
/0 (V=W (T2 )aATs 0y dor < [0 V- W10

Then, Lemmas 2.5.4 and 2.5.7 give

ZL <& (1+ VO +x(1+ Voh&(1 + VE) < B(E). (2.5.69)
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Next, we consider Zg , after rewriting by again exploiting the symmetry of Js. We again apply the estimate of
equation (2.5.68) in conjunction with the fact that J5 commutes with J,, as well as H, and Lemma 2.4.2 to
obtain

. 2
-2
Oa 7| oMl = 175 < B(E). (2.5.70)

) 2 . .
2= [Tl sl ) do s
0

We continue and now compute

d&! 2 .
S oo /0 V(@ %y) da +

2
20 Aj—2 j—2
— 0 0 d
i 8T2s§; /0 Y ( « 7)( @ )’t) 4

2m .
/ vy (95 2y)? da +
0

167252 167252

=1+11+ 111

It is obvious that

I+11 <5 B(E). (2.5.71)

To estimate /11, we substitute in the RHS of the evolution equation for y:

1 2 . . 1 2r - .
11 = el A V(0L 2) (0572 Ts Oua) da + B /0 Y205 2) (01 (H (v T 0,)) da
2r . . .
bt [P TV - W T de
16745, Jo
1

2 . . 1 7 - -
/0 v (0, 27’)% 255(755%1) da + —/0 v (8! 27/)((9{, 2my) da

167254 167252

IR ST B S e
=S8)+C{+C)+C+C

We first examine the sum of S { and S é

1 21 - . 1 2 - -
3 H(y* Ts 0% IQ)A(%/ 27’) da + — /0 v (% 27)(% *Ts baa) da.

753 Jo 815y,

j j_
S1+8;=
We exploit the fact that A is self-adjoint and that A H = —3, to rewrite this as

1

8‘1's(3,

2n . . 27 . .
|t gsdd 0@y dor — [R5 al6) de
0 0

TSy
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When we expand the derivative in the first integral, we obtain the cancellation (when the derivative lands on

Js 0/~10) and are left with
. . 1 2m .- 5
S1+85 = ——3/ YYa(Ts 0% 6)(0) 7y) da. (2.5.72)
4ts, Jo
We can then use Holder’s inequality and Lemma 1.3.9 to obtain

' ' i—1 i—2
$1+5] < |yratel o) ok y

3
Lo <10 < & < 9. (25.73)

There are no surprises in the C/’s; we have
Cl+C)+C)+C) <B(©). (2.5.74)
Collecting these estimates, we now deduce that
— < PE). (2.5.75)
We now proceed to examine &' and begin by computing

dg' df1 [ L[
W—E{E/O (é’aw) da,+§/0 (50,8) da

o 2r
= / (Oqw)(Oqwy) da + / (CaB)(0afBr) dar
0 0

=1+ 11 (2.5.76)

Via Holder’s inequality, we have I < |w)| g1 | 0qwyl|;2. Given that

27
Oqwi(@) = —l/ y(a')ooks (@) dd/,
0 :

T
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we compute

Notice that s} 40 = (9a|§1,a| = ﬁ({lﬂaqa + {Wﬁ,aa) and so |s1,m’ < 1. Again applying Holder’s

inequality, we deduce that

|Gawr(@)] < 712

’

12

&,k}sJ(a/, )

so the only task at hand is to control the L norm of the derivative of k}s .- From the above computation, we
use Lemma 1.3.9 to estimate

(%k}” (a,-) +

H3/+

cot 3 (61(@) ~ £()

cot 3 (zi(a) ~ £()

H5/2+ > '

o < el
Lemma 1.3.7 and (2.5.35) then imply that
|dawi]l 2 < E(1 + VE)* + x(1 + [Vol) VE(L + VE).
This implies that we have the following estimate for /:
I<E(1+ VE)+ x(1+ Vo)E(L + VE) < B(&). (2.5.77)

For the second term, we may once more apply Holder’s inequality to obtain 17 < |B| ;1] 0af] 2. The
estimate for | 0,/3|;2 is very similar to the estimate for |0, ;>. We omit the calculations, but note that we

have

<& 1+ VE)2+ x(1+Vo)E(L+ VE) < B(E). (2.5.78)

Putting together equations (2.5.77) and (2.5.78), we have the following estimate in terms of the energy

for the time derivative of &

1
% S E 1+ VO +x(1 +IVoDE(L + VE) < B(&). 2:5.79)
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We can similarly estimate

— < B(E). (2.5.80)

© < p@). (2.5.81)

2.6 Existence of Solutions
We continue in this section to carry out the plan sketched earlier for obtaining solutions to the
non-regularized system. Having established the uniform energy estimate in the previous section, our next

goal will be to show that solutions to the regularized system exist, at least for a short time.

Theorem 2.6.1. Given initial data ® € X, there exists, for any 6 € (0, 1], a unique solution ®% € X which
solves the regularized system (2.4.17). Further, there exists a time T® > 0 such that ®° € C'([0,T°]; ¥). A
priori, T® may depend upon the regularization parameter 8. In addition, T° may depend on &, |Vy), s and X.
Notice that the solution belonging to X implies that the chord-arc condition (2.3.2), the non-cavitation
assumptions (2.3.3) and (2.3.4), the lower bound on the arclength metric (2.5.6) and the uniform energy

bound (2.5.7) are all satisfied on [0, T°].

Remark 2.6.2. Though the existence time T° obtained from Theorem 2.6.1 is allowed to depend upon 6, we
will prove a result in the sequel showing that there is a uniform (in &) time interval [0, T | on which solutions
to the regularized system exist for any 6 € (0, 1]. This existence time T will, of course, still depend on &, |Vy|,

sand X.

Proof of Theorem 2.6.1. We define §° : R* — R*, §° = (§°, 39, 33, ‘&i), by letting 8“1; denote the
right-hand side of (2.4.11), i‘yg the RHS of (2.4.13), 8‘35 the RHS of (2.4.15) and 32 the RHS of (2.4.16). We
shall use the Picard theorem to establish the existence of solutions to the regularized equations. As such, we

wish to show that & satisfies a particular Lipschitz bound on X. In particular, given ®, @’ € X, we claim that
|3°(0) — &°(6)| <5 |© — & ;. 2.6.1)

Notice that in (2.6.1) the implied constant can depend on the regularization parameter 6. This dependence
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will generally be in the form of negative powers of 6 (see Lemma 2.4.2). We use the triangle inequality to
break the left-hand side of (2.6.1) up into smaller, more manageable, pieces. We observe that many of the
terms will be the same as those in [Amb1] and so satisfy the desired estimate. In these cases, we will not
reprove the estimates, but refer the reader to that work for details.

We begin with 8‘15 = 8‘15 L+ %‘]5 , + %f 5+ %‘154 + 3‘;5. From Theorem 5.1 of [Amb1], we have

3,0 - ,(@)

(2.6.2)

B =% H® - ®/||X'

By applying Lemma 2.4.2, adding and subtracting, and utilizing the Sobolev algebra property, we can bound

the i”y‘ls , difference by

A

C(Jv-w-t)— (V' - W' -1)|

sl T Ol s + [V — W' (4

jé(ga - 9(/1)‘

-

HS

The second term is straightforward; in particular, we apply Lemma 2.4.2 and the uniform energy estimates:

VW

jrS(ea - 9:){){

6o e

s So @ — 0 (2.6.3)

s -

We can use the energy estimates to easily bound the first term by a constant multiple of

A

[(V=W-1) = (V=W -T)| s + [0a(V-W-1) = (V' = W -T)|

Hs—1+

For the first piece, we must estimate |V — V’||,» and [W - T — W’ - ¥'| ,. First, it is straightforward to see that

=

”V — V/HLz < HU”[}”ea - eék”H'/ZJr + HHZY{

HY+ |U o U/HU'

It is clear that the first term is controlled by C||60 — ¢'||; < |® — @’| 4. Hence, we need only control
|U — U'||;2 by a constant multiple of [® — O'.

By definition, we have

U U], < [BR -6 BR &, [V 8 YW+ 2082 W]

+X(|VO|H’11 - n/1HL2 + HV(Pcyl(g) “h— V‘,Dcyl(g/) : ﬁlHLz)'
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That [BR - fi — BR' - it/| ;> <5 ||®@ — @] follows from Theorem 5.1 of [Amb1]. Observe that, by adding

and subtracting, we have for the second term
HY A-Y ﬁl“LZ < H(Y -Y): ﬁHL2 + ”Y, - (A — ﬁ/)HLZ‘
The second term is easily bounded:

[Y"- @ =) < ¢ = &2 < o -0, < o -0

For the first term, we begin by considering

|(€(Y)* () — €(Y')* ()€ (i) ()|
’i{"(a” " /

2

drs,

This is bounded above by a constant multiple of

/02ﬂ|w(a/) - w’(a’)| da’ + /02”

By Holder’s inequality,

2 2

2m
/ |a)(a') - a)'(c/)| do < |lw—d|| .
0

On the other hand,

/2ﬂ
0

cot 3 (¢ @) — 61(") — oot 3 (/@) — (@) do’ < [e@) (@)

2 21
| ol@)siaa)eot; (€@) ~ G0 do’ ~ [ @)hsrala’) ot 3¢ @) - 61(a)) de’
0 0

cot 2 (£(@) — &1 (@) — cot = (¢'(a) — &i(a))| et

(2.6.4)

(2.6.5)

(2.6.6)

(2.6.7)

(2.6.8)

given that [ — ;] is bounded away from zero - in fact, recall that we require  — n7; = b > 0 - and thus the

map { — cot %({ — (1) is Lipschitz continuous with the Lipschitz constant depending upon the water depth b.

It then follows that

| =Y) -, < o -+ =& s ]o-6], + |-, <[0-@
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Therefore, from (2.6.4) and (2.6.9), we conclude that

Y- da-Y #|,<|0-@,. (2.6.10)
The estimate for the third terms is entirely analogous:
|Z-a-27' ¥, <|0—-0,. (2.6.11)
The remaining terms contain no surprises and upon carrying out these computations we obtain
\U-U||, <5 |©—6],. (2.6.12)
From here, we deduce that
[V =V, 5[0 = 0y and |ser = 53] <5 [© — €] -
Next, we have
W-t—W.¥|,<|BR-t—BR"-¥|, +|[Y-i-Y |, +|2-1-2 -],
+)((|V0|Htl - t/1 HLZ + Hvﬁocyl(g) ' f - V%yl({/) : ,t\/HLz)'
It is easily observable that this will satisfy the same estimate as |[U — U’|;» and thus
W-t-W.7|,<s|0-0,. (2.6.13)
It therefore follows that
|V =W = (V' = W"- 1), <5 [0 - €]
Continuing to estimate term-by-term as we have been leads us to conclude that
Hgiz(@) - 3(15,2@/) e 6 H® - ®/HX' (2.6.14)
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Proceeding in this fashion, we arrive at the estimate

|3(0) - §(@)],, < |o-e,. (2.6.15)
Moving on to %9, Theorem 5.1 of [Amb1] implies that
3,0 - 5,0, < lo-ol, (2.616)
3.0 - 5.0, <slo-0], 2:6.17)
Further, using the above estimates derived in estimating &, it is easy to obtain the bounds
[Ba@-3a@) |, <slo-0, (2.6.18)
340 - 34@)| , <sl0-0], 2.6.19)

For ?jg 5o We shall utilize the decomposition of m, = m,ly + m% + mi + mﬁj from Lemma 2.5.9. The

following estimates are rather simple:

Hm;’ - (m;’)/| Hs—') S(S HG) - ®/ X’ (2620)
[m2 = (2| <5 |© — O] 2.621)

For mi we have

[y = (my)

Hs—/ < Hja(bl’] . f — br’l f’)|

o+ W Ts(Fy - 8= Fy - V) s

+ Hjé(FZ - F/Z . ?)‘

Hsfl/z

+ ¥ Ts(0:(Veey (£)) A= 0(Veey (L)) - f’)|

Hs—'/"

For the first term, we add and subtract, and use Lemma 2.4.2, to obtain the bound

|Ts(bry - T —br] - )]

o So | (e =bry) - B o+ [bry - @ = T)] .

Given that br; is bounded in L?, the second term is easily bounded by C|® — @'|, as we have seen many
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times before. For the first term, we shall begin by writing br; = > br ;. Beginning with br; ;, we have

e =) -1, < .60 (z0 (2) ) - ) (z2(%) )|

We now add and subtract:

|(briy —br),)- }|L2~‘[(H 4](20 o })) [H. a]( @( ))
o|ea(za(z) -zo(Z)l.

We begin by considering the first term:

H[ﬂg’](@ (él» [7”’]<§a (%))
<prla-a(ga @), Pz ())e-a

$ Hgt - {IIHLZ

)2

Recalling that &; = Uny + Vi) + i(Uny + V1), it follows that

wagnlz))-ra(ge(2)),

slv-vlp+lv-v

oz

3 H® B ®/”X‘

We use Lemma 1.3.12, and the fact that ¢’ is bounded in H', for the second term:

iz (z) -z (@), <lea (@) -z (&)l

‘We next add and subtract to obtain

ez () - z(z)L.

()Y
ga {a gcll/ 12
1 Y 7’))
—(o, =) =0, &=
* {c/r< (&r) <{c,r 12
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We have the following bound for the first term:

(22
¢ ga ga (c/x LZN

On the other hand, for the second term, we add and subtract:
H((2)-2(%))
g(,y (01 ga a {(,l L ~

‘We have shown that
H(brhl —bry,) 'EHLz S H® .

H(a - g(,zHLZ S HH o Q/HLZ < H® o G)IHX'

/

Y v

{o Loy

N PR g PR CRc

|- (2.6.22)

We again add and subtract in brj :

Ixa.a(2(2)) - keral (e (%))
ool (2) e 1)
i 4K[§]< (g)) GK [4]( <Z_>>L

We begin by adding and subtracting in the first term:

e (7)) (e (),
<o (2)) - meee(2)),
e(en(2)) e (2)),

We use Lemma 2.4.6 to estimate the first term

‘ [ﬂ(g’ <§>> [g]@ <§>>

To estimate the second term, we apply Lemma 2.4.5:

H [§]<§f (5)) [“(g’ (4))
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By adding and subtracting, we obtain

e (2)) -ma(en(2), <z 2,
ker(ean(2)) -xer(aen(E))|, <la-alo [ Z],
The right-hand side is then easily bounded by C||® — @'| ;. We therefore have
e () s ()], <ol
a Lo 1?2
As usual, we can add and subtract to obtain the bound
wa((2)) -axier(a (%))
axia(a.(2)) - axer(a(2))]
<la-clp+ k(o (2)) - xier(a(2))]
lo Lo 2

We know that the first term is bounded by C|® — @'||,.. For the second term, we add and subtract again:

a(e(z) -xe(=(2)),
<a((2)) -ma((@))]. - e (z) -2 (Z))

Lemma 2.4.6 implies that the first term is bounded by C|® — @'||,.. On the other hand, we can control the

L2

second term via Lemma 2.4.5

ke((2) ()

By adding and subtracting again, we can control the right-hand side by C|® — @'| ;. We have now shown

/

Yy 7

lo Lo

<

L? H!

that

|(bri2 —br},) 1], < |0 -0, (2.6.23)

The estimates for the remaining br ; terms follow in a similar fashion. We have now shown that

|(br; —br}) -, <5 [© — €', (2.6.24)
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and therefore

[bry -t —br|-¥], <s |0 —@|,. (2.6.25)
The remaining terms are estimated much like those we have already seen. Ultimately, we obtain
|35(©) = F() | ;5o <5 |© — O] . (2.6.26)

We now consider %g:

’

2n 2n
00 - @) = 2| [y e o - [0 o)
0 0

where kjs is given in (2.3.37). It thus follows that

&(a)
2s10(@)

Ky fana) = = e {500, 0ot Lo - @}

Upon adding and subtracting, we have

|85(0(a)) — (0 (a))]
2n 2r
< /0 |kg’t(a, a')”y(a’) - y’(a/)| do’ + /0 |y’(a')||k}s’t(a/, a) — (k\]SJ)'(m 0/)’ do'.

Holder’s inequality then implies

[§3(0(@)) = F@ (@) < |y =¥/ + [k @) = (K5, (@)

2

We are thus left to estimate the second term and we begin by adding and subtracting:

) = a0, = Joncor o) = ) - conSate) -]+l -l

Via Lipschitz continuity, we can estimate

000t 36() — £0) - ot (6e) = ()| = e < 0~ O
12
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Further, as we have seen already,

6 =&l s U=+ V=V <5 |0 -],

We have thus shown that

35(0) = 53] » <5 [© - &

Similarly, we have

2
10.32(0(@)) — 232(0 (a))] < /O 0k (@ 0" (@) — ¥ ()] det

2r
+ / 'y'(a')”&ak}g’t(a,a') —aa(kl&,)'(a,a')|daﬁ
0

Recall that
&yk}SJ(a/, a) = Re {%&, cot%({l (@) — g’(a’))}
e {%aﬁ cot %(41 (a) - g@/))}.

Then, applying Holder’s inequality, we estimate

10235(0()) — 0350 (@) < |y =7 +

6Qk}9’t(a, ) - aa(kfg’t)’((x, )

By adding and subtracting, then using Lipschitz estimates, we obtain

Quks (@, ) — u(kl,) (@)

o S8 +la = dl
As we have seen, the right-hand side is controlled by C(6)|® — @’| . It then follows that
0a85(0) — 25() 2 <5 [© — €.

‘We therefore conclude that

35(0) = 85(0) 1 <5 |0 -] (2.6.27)
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Finally, we move on to &9, where we begin by recalling that
1 21 21
550) ~ (0] = 2 [y o) do — [ a8 o) ')
1o | 0 |

note that k?s is given in (2.3.37). Virtually the same arguments used to derive the Lipschitz estimate for ‘8‘35
then imply that

|&(0) — F3(0)|, <5 [© — O] (2.6.28)

Combining the estimates (2.6.15), (2.6.26), (2.6.27) and (2.6.28) leads us to deduce the Lipschitz
continuity of §:

|5°(0) = (@) <5 |0 - @]y (2.6:29)

Therefore, the Picard theorem for ODE on Banach spaces implies that solutions to the regularized system

exist, at least for a short time, and have the desired regularity. O

Now that we have proven the existence of solutions to the regularized system, we want to take a limit of

the solutions {@‘5} 5e(0,1] 3 6 — 0. In order to do that, we will, as previously mentioned, need to prove that
. . . . 6 . . .

the solutions exist on a common time interval and show that {G) } 5e(0,1] Converges. We begin by obtaining an

existence time independent of 6. To that end, we have the following corollary of the uniform energy estimate

Theorem 2.5.10 (and the existence result of Theorem 2.6.1):

Corollary 2.6.3. If the regularity index s of the energy space X is sufficiently large, then there exists a
positive T = T (&, |V, s, X) such that, for any 6 € (0, 1], the solution ®° of the regularized initial value

problem is in C'([0, T]; X). In particular; notice that T is independent of the regularization parameter §.

Proof. We will follow the proof in [Amb1]. The main difference between our proof and the proof of [Amb]1]
is that we have the non-cavitation assumptions in our definition of X given the added geometry in our setting.
We want to apply the continuation theorem for ODE on a Banach space. Given a solution @° to the

regularized system obtained from Theorem 2.6.1, we will be able to continue this solution so long as it

remains in X. Ergo, we want to show that ®° cannot leave X until some time which is independent of 6.
We will treat each of the five conditions defining X individually and begin with the uniform energy

bound & < e, which we have imposed on the initial data. Then, the uniform energy estimate of Theorem

2.5.10 gives a time T > 0, independent of ¢, such that we will have & < e for 0 < ¢ < T. The periodicity
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implies that the lower bound on the arclength element s, > 1 will automatically be verified.

We next want to consider our (regularized) non-cavitation assumptions:
o > d o > ~
7’ —n =bandn® —mp = .

These assumptions are imposed on our Cauchy data and we seek to prove that we can propagate them
forward in time, for at least some small time, independent of 6. Notice that, as our bottom and obstacle are

independent of time,

om’ = a(n° —m) = ai(n° —ma).

Then, if we can control H&,n(sH 1 independent of 6, we can then ensure that both non-cavitation conditions

will be satisfied on a uniform-in-¢ time interval. For this, we can use
a
(. 1) :=1°(0,1) + / sq () sin® (', 1) de’'.
0

So, propagating the non-cavitation conditions forward in time comes down to our ability to control | J;sq | ;o
and | 0,0) ;. < ||0:0|| -+ uniformly in 6. We can do this by Lemma 2.5.7 and Theorem 2.5.10. There is also
technically the issue of 6,7°(0,¢). By choosing the constant of integration implicit in the definition of V, we
can set V(0,7) = 0. We then have ¢,(£°,7°)(0,1) = (W? - 7%)(0, )’ (0, t). We can control this term in L%
via Lemmas 2.5.4 and 2.5.5, if we can control BR? - /¢ in, say, H "2+ We can do so by writing
C(BR%)* = 1 ‘H(Z—g) + K[£°]y° and applying Lemma 2.4.5. We thereby obtain times T3, T3 > 0, both
independent of &, such that the first non-cavitation assumption (2.3.3) holds on [0, 7> ] and the second
non-cavitation assumption (2.3.4) holds on [0, T3].

Finally, we need to consider the chord-arc condition. Recall the divided difference ¢, which we

introduced in (2.4.22). We can write the chord-arc condition in terms of g :
|g1 (e, @) > . (2.6.30)

We can handle the chord-arc condition much like we handled the uniform energy bound: since the chord-arc
condition is imposed on the Cauchy data, bounding |0;q;| uniformly in § will ensure the existence of some

(perhaps small, but independent of &) T4 > 0 such that the chord-arc condition is satisfied on [0, 74]. Recall
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from Lemma 3.4 in [Amb1] that the following estimate holds:

lgi ] gr—1 < I1all - (2.6.31)

If we first apply Sobolev embedding (Lemma 1.3.2) and then apply (2.6.31), we obtain

loaill e < 10qul e < (05 e (2.6.32)

From here, we can utilize the definition of Z( S(a, 1) fo Sa(t ’95 @) do/. Specifically, we use this
definition to compute the time derivative. We know from Lemma 2.5.7 and Theorem 2.5.10 that we can
control |0;s,| and | 0,6 ;- uniformly in 6, at least for small enough r (r = %—1— is certainly small enough to

make this work). Taking T = min{T, T», T3, T4} will give the desired uniform time. O

Having obtained a common time interval on which regularized solutions exist, we now move on to
establish that we can take a limit as 6 — 0. That is, we want to show that the sequence {@‘5} 5e(0.1]
converges. To achieve this, we will demonstrate that {®°} 5e(0.1] is a Cauchy sequence in C([0,T];Y), where
Y o X. Here it will be helpful to recall some notation we introduced earlier in equation (2.2.1):

X, =H" x H~'" x H' x H'. Our choice will thus be to take ¥ = X1. We have the following:

Theorem 2.6.4. If s is sufficiently large, then the sequence of solutions {@5} 5e(0,1] of the regularized IVP

(2.4.17), indexed by the regularization parameter 6, is a Cauchy sequence in C([0,T]; X1).
Proof. Here we will want to estimate the difference of regularized solutions with different regularization

parameters. In particular, what we would like to obtain is some estimate of the form

supHQ‘S Héy—yw—wﬁ .3)

€[0,T]

< £(5,3), (2.6.33)

where £(5,6) — 0as (6,6) — (0,0).

Following [Amb1], we introduce an energy for the difference of two regularized solutions with different
values of the regularization parameter, which will control H (6° — 0, o yS, W’ — o, B — /35) H; Define
&4 to be given by
(2.6.34)
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where

1 2r 5 1 5 5 (,)/6)2 N
31:_/ 00’ — 6°))* + YA — ) + —2——(y° —¥°)* da, 2.6.35
4= 7 ), (Oa( ) 4”3(7 YINY —=7°) 167%3)2(7 Y’)” da (2.6.35)
1 2r - - ~ ~
&)=< / (0 =)W — )+ — (" —¥°) + (0 — ) da. (2.6.36)
2 Jo 475y

Noting that the regularized solutions all satisfy the same initial condition, regardless of the value of the
regularization parameter 6, so we have E;(0) = 0. Our goal will then be to come up with a suitable bound on

the growth of &, over time. We begin by computing

da; 27 5 5 2
—:/ aa(ef—ot)aa(eé—e)dw/
dt 0 0

+ / T_r ¥ =) —) da
o 1672(s%)2 ! !

=d| +dr+d3 + dy.

We begin with d; and plug in for 0;5 and «9;5 from (2.4.11):

2n
1 5 1 5 .
- 202 3 5 - 2.6,
d /0 <2(sg)2 7-{<j6 7@@) 2(5“;)2 7-{(~7-6 7&&)) (00 92) da + ey, (2.6.37)

where ¢ is the remainder. We now examine ds, again plugging in for y° and yf from (2.4.13). These
substitutions yield
S N ) S 5 3
dr = 0 5 _555000_7559(610 A(y _’)/)da

0
475(1 @ Sg

2r . - ~
L[ (ﬁwuyé)%a@— . W(W%eﬁi))A(ﬁ—y6>da+ez, (2.6.38)

4ts8 59)?

with e, again being the remainder. By adding together d; and d5, we will obtain a cancellation.
Recall that s is bounded above and away from zero below, independent of 5, by Lemma 2.5.6. Let wy

denote the sum of the integral in (2.6.37) and the first integral in (2.6.38). Upon an integration by parts and

&9



0

noting the bounds on s¢,, we have

a)? 2(s3)?
2r 1 ~
" /o (2(53)2 Tsea = 2(Sa) 2w w) e

o ]
~ _/0 (A(J(sy‘s) —A(5376)>( o — O dar

2 _ -
w=-| (2(; ATsy) - %Amyé)) (6~ ) da

2 .
+A Qﬁ@a J;W)(W—y%mx (2.6.39)

Recall from Remark 1.3.1 that we use A ~ B to denote B < A < B. We now add and subtract in each of the

two integrals in (2.6.39) to obtain

2r
W1~—/ ANTs7Y — T37) @y — 68) dar

0

2m )
/0 A jd 7 -y ))(92(1 - 93,(1) da
21

+ [ (56 — T368,)A° —y°) da

0

+ /0 (T30 — 02 )AG" ) da.

The second and fourth integrals above will cancel. In order to obtain this cancellation, we will need to use the
fact that 7 is self-adjoint, and commutes with differentiation and the Hilbert transform. The commutation
properties follow from the fact that we are conceptualizing Js as a Fourier multiplier and so will commute
with other Fourier multipliers such as differentiation and the Hilbert transform (Lemma 3.5 in [MaBe] has an
alternative proof that Js commutes with J,). Turning now to the first integral, we integrate by parts and
apply Holder’s inequality:

©—0

a

2n -
_/O A(j5 76 - jS 75)(9201 - gfm) da < Hq-{(jtS ’yg(r - jg yga)HLz

2

Using Lemma 1.3.10 and Lemma 2.4.3 as well as the uniform energy estimate of Theorem 2.5.10, we can

control the first norm by

H?’((j5 yga/ - jS yga)‘|L2 = max 6 6 H’YO'UZHHI ~ max(é’ S)
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The second norm above is clearly controlled by 1/&,. Finally, turning to the third integral, we use the fact

that A is self-adjoint to rewrite it as

2r

7’((j5 waza - jS ggaa)(yé - ’)’S> da < H?’{(jg Hgaa - j& Hgaa)HLz

Y=y

0 2

The second norm is again easily controlled by /&, while for the first norm we apply Lemmas 1.3.10 and

2.4.3 as well as Theorem 2.5.10:
HW(st ggaa - jS 9?1(101) HLZ < max(é’ 5) HefuwzHHl S max(é, S)

We have now shown that

wi < max(6,0) \/Eq. (2.6.40)

The cancellation we saw in the sum of d| and d; corresponds to the primary cancellation from Theorem
2.5.10. So, we should expect some further cancellation which corresponds to the secondary cancellation of

Theorem 2.5.10. Consider d3 and plug in from (2.4.13):

1672(s9)2 0

2m 02 ~ <
ds —/0 L(%Ja@a— 2—~T559§a> (Y =) da + e3, (2.641)

where e3 once again denotes the remaining terms. To obtain the analogue of the secondary cancellation of
Theorem 2.5.10, we let w, denote the sum of the second integral in (2.6.38) and the integral in (2.6.41).

Utilizing the self-adjointness of A as well as the identity H* = — id, which implies that A H = —d,, we get

2n N - -
Wy = _/0 1 (2(;53&(()/5)2‘7592) B o) 1{5 260((76)2j56§)) (76 _76) da

47'5?1 Sa)2 (sa)
2r ( 0\2 ~ N
Y’) 27 5 27 5 5 5
+ — | =950 — — 9J:0 — da. 2.6.42
/0 16T2(Sg)2 (sg 6 Yaa sg 5 Yaa (7 Y ) ( )

We now use the Leibniz rule to expand the derivative in the first integral above then add and subtract in the
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appropriate integral. This process yields

2r 1 1
wz=/0 Y VYo Ts 6 — ( 77(“76 2 |07 =)

4rs5, \ (s9)2
o 87sd\ (59)2 “w o @ Si oo
S| 1 s s 1 s, ]
- R - 6, | ) d
/0 STSZ (sgsg (7 ) j& aa (Sg)z (7 ) j& aa (')/ Y ) a
2r 2 1 B
+A %(ggdgga_ 856921&)()/6—76)(1&.

Observe that the second and fourth integrals above cancel.

We turn now to controlling the remaining integrals which do not cancel. Let wy 1 and w3 denote the
first integral above and the third integral above, respectively; these are the remaining integrals which need to

be controlled. We will again make use of Lemma 2.5.6 to bound s’ below (away from zero) and above for
any ¢ € (0, 1]. We begin with w; ;, where, after adding and subtracting, we have
2r _ -
wa,i ~ —/O YvaTs0 =¥ vaTs05) (¥’ —°) da
2t . -
- /0 YraTs0 =¥ vaTs05) (¥’ —°) da
2 o 5
- /0 YvaTs 0 =¥ vaT505)(¥° —°) da
2 . N -
- /0 YYe T30 — ¥V Ye T50)( =) da.
Utilizing Holder’s inequality, Lemma 1.3.9 and the uniform energy estimate of Theorem 2.5.10, we estimate
the first integral in wo 1:

2
< &a.

2m ~
- [ ot -
We recognize a perfect derivative and integrate by parts to rewrite the second integral of wy ;:

2
—/ Y Ts% =) =) /0 (Y’ Ts05)(y° —¥°)? da.
0
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Then, Holder’s inequality, Lemma 1.3.9 and the uniform energy estimate imply that

1 2n ” - ~ ~ ~ ~112
S| (T ¥ da < |0’ Ts05) (¥ =) | =7, < Hy‘j —9°| . < é&a
2 Jo L2 L2 L2
For the third integral of w; 1, we use Holder’s inequality to obtain the bound:
2 o 5 o 5
—/0 (VY Ts 05 =YY T505)(Y° —7°) da < Hyéyi(% VLA H?’6 -7 .

Then, by Lemma 1.3.9, Lemma 2.4.3 and Theorem 2.5.10, we get

PRI 0~ T560)

o Y — y5HL2 < max (6, S)Hy‘s - 75HL2 < max(6,0) \/Eq.

Considering the final integral in w, |, Holder’s inequality, Lemma 1.3.9, the uniform energy estimate of

Theorem 2.5.10 and 2.4.2 yield

2t o N 5 N 5
—/0 Yo T50, — v va T505)° —7°) da < HH‘s—G‘S( Yo —9°

< &q.

H! 12

It then follows that

wo1 < &g + max(6,6) v/ Eq. (2.6.43)

We now proceed to examine w3, which we can rewrite as

2 5 - -
was~ = | T e (" +7°) (Y’ —9°)* da.

Then, by Holder’s inequality, we have

w3 S HJ’; Eu¥ +7)F =) Y —9°

2 2

We conclude by applying Lemma 1.3.9, Lemma 2.4.2 and Theorem 2.5.10 to control the right-hand side

above:

2
<&, (2.6.44)

j

w3 < HVS —9°
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Combining (2.6.43) with (2.6.44) and recalling the secondary cancellation, it therefore holds that

wy < Eg + max(6,0) v/ Eq. (2.6.45)

We are now left to estimate d4 as well as the remainder terms: e, ¢ and e3. These terms are all rather

straightforward. We have

dy < Eu, (2.6.46)
e1 < 8y + max(6,0) \/Eys (2.6.47)
er < &g + max(6,0) v/ Eq, (2.6.48)
e3 SEq+ max(é, 5) v/ Ey. (2.6.49)
We have found that
dg), -
— S8+t max(6,6) v/ Eq. (2.6.50)

We can estimate the remaining terms in a similar way. Doing so gives

d&, -
Tf < & + max(6,8) /&g, (2.6.51)
which we can rewrite as
d/ -
dtgd < /&y + max(s,?). (2.6.52)

Upon solving the differential inequality in (2.6.52), recalling that ;(0) = 0, we find that
Ea(t) < max(6,0)(e” — 1), (2.6.53)
where c is the implied constant in (2.6.52). Now, we recall that, by the definition of &;, we have

H @~y — . — B — )

X < V. (2.6.54)
1
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Finally, we take the supremum and utilize (2.6.53):

sup H(06 - 96’ 76 - ’y(s’wé - w67ﬁé 7ﬁ6)
€[0,T]

< sup 4/E4(r) < max(6,6)(eT —1). (2.6.55)

Xi 1€[0,T]

This is of the desired form (2.6.33) and so we see that {(6°,°,w°,8°) } ;_ (0.1] is indeed a Cauchy sequence in

C([O, T];Xl).

We are now able to take a limit of the regularized solutions as § — 0. The next step is, of course, to
show that this limit solves the non-regularized system. However, in order to do this we will need to ensure
that the limit has enough regularity to make sense of it as a solution. We will thus reserve this proof for the
next section, where we consider the regularity.

2.7 Regularity of Solutions

At this point we know that the sequence of solutions {@‘5} 5e(0,1] to the regularized system converges to a
limit as 6 — 0. In this section, we will show that this limit solves the non-regularized system ((2.1.4) with
right-hand side given by (2.4.10)), that this solution is unique and that it lies in C([0, T']; X). We shall begin
by first showing that the limit solves the non-regularized system and is continuous, with respect to time, in

the weak topology.

Theorem 2.7.1. Let (0,7, w,B) denote the limit as § — 07 of the sequence of solutions

{(0(5, Y0, W, ,8‘5)} se(0.1] 10 the regularized system (2.4.17). Then, (0,7y, w,B) solves the non-regularized
system (2.1.4) with right-hand side given by (2.4.10). Additionally, (0,y,w,B) € Cw([0,T]; X), where
Cw([0, T]; X) denotes the space of weakly continuous function from [0, T] into X. Finally, (0,y,w,p) is
additionally in C([0,T]; X,) for 1 < r < s, where X, is as defined in (2.2.1).

Proof. We follow the proof of Theorem 5.4 in [Ambl1] as it is nearly identical.

We have ® € C([0,T]; X;), which is the limit of the sequence of solutions of the regularized system,
{ e° } 5e(0,1]° We know from the uniform energy estimate of Theorem 2.5.10 that, for any 6 € (0, 1],
|®°], < 1 and, noting that the unit ball B; < X is compact in the weak topology (indeed, X is a Hilbert
space), it follows that ®° converges weakly in X. Given that X — X;, we must have ®° — @ with ©® € X.
Further, given that @ is defined as the limit of ®% as § — 01, where @° satisfies the chord-arc condition

(2.3.2), the non-cavitation assumptions (2.3.3) and (2.3.4), as well as the bounds (2.5.6) and (2.5.7) for each
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8 € (0, 1], it follows that @ also satisfies (2.3.2), (2.5.6) and (2.5.7). In other words, ® € X. Now, by

interpolating between Sobolev spaces, we get

lo -6, < lo—6l." 0 -y
by =7l < by =7z "1y = ¥l

where ¢, := ¢ and ¢, := é Observing that the quantities on the RHS all go to zero, as § — 0, uniformly
on [0, T] implies that (6,y) € C([0,T]; H" x H') forall 1 <r < s, 1 <t < s— 1. We did not address w or
B above as we have already obtained the top-level regularity result for these terms (i.e., w,8 € C([0,T]; H'))
and so these lesser regularity results follow trivially.

We now turn our attention to demonstrating that ® € Cw ([0, T]; X). Let & > 0 be given and take

u € H™ to be arbitrary. In addition, for arbitrary 1 < r < s, let ve H™" be such that

lu —v|g—s < 2.7.1)

w| >

Such a v exists by the density of H” in H' whenever r > t. We now want to show that the pairing (u,8 — 6°)

can be made arbitrarily small uniformly in time. Indeed,
u,0 — ) = (u, 0) — (u, > = u —v,0) + (v, 0 — ) + (v — u, ). (2.7.2)

Recall that the dual pairing is given by the L? inner product (-, -);2. The first and third terms can be bounded
above by % using (2.7.1) in addition to the uniform bounds on 6 and 6 in H*. For the second term, we

choose 6 € (0, 1] sufficiently small so that |6 — 6°|

g < % It follows that, for 6 € (0, 1] small enough,
|Cu, 0 — 6°)] < h. (2.7.3)

Given that & > 0 was arbitrary, the above bounds were uniform in time and that #° € C([0, T]; H*), we
necessarily have 6 € Cw ([0, T]; H*). A virtually identical argument gives y € Cw([0, T]; H*~"?). Regarding
w and B, the weaker regularity result, w, 8 € Cw/([0,T]; H'), again follows from the stronger regularity result
we have already obtained: w, € C([0,T]; H').

We are now at a point to show that (6, y, w, 8) solves the initial value problem for the non-regularized
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system. Notice that, as we take s to be large enough, the preliminary regularity ® € C([0, T]; X,) for any

r < s suffices for ® to be a solution to the system. To begin, observe that we have
t
@ (a,1) = Og(a) + / F(0(a, s)) ds.
0

We now pass to the limit in the above equation:

O(a,t) = Oy(a) + /0 F(0O(a, s)) ds,

where & is given by (2.4.10). We can differentiate with respect to time, which yields 6,0 = &(®), and so ®

indeed solves (2.1.4). O

Before proceeding to the top-level regularity result for solutions to the non-regularized system, we want
to prove that the initial value problem for the non-regularized system is stable under small perturbations of
the Cauchy data. This stability result will immediately imply the uniqueness of solutions to the
non-regularized initial value problem. We have the following theorem on the dependence of the solutions on

the initial data:

Theorem 2.7.2. If the regularity index s of X is sufficiently large and ®, @' € X are solutions of the initial
value problem for the non-regularized system (again, this is the system (2.1.4) with right-hand side given by

(2.4.10)) on the time interval [0, T|, with corresponding initial data ©, @6 € X, then it holds that

sup [©(1) — O'(r) |y, <1 [©0 — By, - (2.7.4)
€[0,T]

Proof. As in the proof of Theorem 2.6.4, we begin by defining an appropriate energy. In this case, it is the
energy Sqow Of the difference of two solutions with different Cauchy data:

Enow = Ejgy + &

1
fow + 5|0 — /7 + (275)
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where

1 2r 1 2
gloo=2 00— 6))? — YAy —v — ) da, 2.7.6
How 2/0 (Ca(0—0)) +4Tsa(7 YAy 7)+1672s%,(7 Y)" da (2.7.6)
1 [ 1
&= 3 / O—)AO—0) + 1 (y =)+ (0 —¢) da. (2.7.7)
0 Sa

We denote this energy Egow as it controls the continuity of the flow map. We note that, since ® and ®’ satisfy
different initial conditions, Egow (0) Will not vanish as was the case in Theorem 2.6.4, however

Enow(0) ~ €0 — O .

We want to estimate d‘z%. The calculations are very similar to those in the proofs of Theorem 2.6.4 and

Theorem 2.5.10, so we omit them. In summary, we obtain

dt < Sﬂow- (278)
We then have
8ﬂow(t) < Sﬂow(0)6a7 (2.7.9)

where c is the implied constant in (2.7.8). Therefore, it follows that

2 2
sup [©(1) —©'(1)[y, < sup Enow(r) < Enow(0)e” < e[| @9 — B - (2.7.10)
t€[0,T] €[0,T]
This is what we wanted to show.
O

Theorem 2.7.3. Solutions of the non-regularized initial value problem (2.1.4) (where the right-hand side is

given by (2.4.10)) are in C([0,T]; X).

Proof. Recall that we have already obtained this desired regularity result for w and 8. Indeed, we have
w,B € C([0,T]; H"). So, all that remains to do is show that (6,) € C([0, T]; H* x H*~'?). The proof of this
result is virtually the same as the proof of Theorem 5.6 in [Amb1]. For the sake of completeness, we shall

sketch the argument, which follows [Amb1] closely.
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Observe that Fatou’s lemma gives the following estimates:
2 .. 2 2 . 2
160l < timinf|6(1) 5 and [0l s < liminfly(0) .. @7.11)

Using (2.7.11) and properties of limits inferior, we are able to conclude that lim inf,_,o+ E(z) = &(0). On the
other hand, the uniform energy estimate of Theorem 2.5.10 can be used to obtain lim sup,_, o+ &(¢) < &(0)
(indeed, apply Gronwall as in Section 2.8). Ergo, the energy is right-continuous at ¢ = 0. Additionally, we
can determine that a number of components of the energy are continuous more or less by inspection. For
example, considering E°, we know that 8 € C([0, T]; L) by our preliminary regularity result. We can then
consider the difference of the energy and the parts we know to be continuous. This difference will then be
right-continuous at 7 = 0. Then, a bit of work will give us that ||6] ,, and ||y ;s—1» are right-continuous at
t=0.

Now, we want to consider an arbitrary time 7y € [0, 7]. The idea is that we can interpret r = f( as a new
initial time. We could then run the same existence argument as in Theorem 2.6.1 to obtain the existence of a
regularized solution on some time interval about #y. Then, upon invoking Theorem 2.7.2, we see that this
solution starting at time ¢ = ¢y must coincide with the solution we already found starting from time ¢t = 0. We
can then run the above argument which showed that solutions are right-continuous at ¢ = 0 to obtain the
right-continuity of solutions at ¢ = #y. We also want our solutions to be left-continuous at t = £y # 0.
However, this is actually simple now. In fact, all of the arguments given to obtain right-continuity work with
time reversed, so this immediately gives us the left-continuity of solutions at t = #,. Finally, as 7y € [0, T]

was an arbitrary time, we are able to conclude the desired regularity result: ® € C([0,T]; X). m|

2.8 Proof of Theorem 2.2.1

In this section, we will prove the first main theorem, Theorem 2.2.1. In the previous sections, we have
shown that the model problem (2.1.4) is well-posed locally in time and that solutions are continuous from
[0, 7] into X. What remains is to show that these results can be extended to the full water waves system
(2.3.42) and then to prove the lifespan results. We shall begin by discussing how to extend the previous local
well-posedness and regularity results on the model problem to the full water waves system. Then, we will

prove the desired lifespan results as a corollary of the main energy estimate Theorem 2.5.10.
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2.8.1 Extending the Results on the Model Problem to the Full Water Waves System

In order to extend the well-posedness and regularity results for the model problem to the full water
waves system (2.3.42), we will, following the plan outlined in Remark 2.3.2, utilize mapping properties of
the operator (id + .7 [@])~!. The operator id + .#'[@] is a Fredholm operator on X (indeed, it is a compact
perturbation of the identity). In Section 5 of [AmbEtAl], it is moreover shown that the operator id + %" is
invertible (see Section 2.10 below for an alternative presentation on the solvability of the integral equations).

We then have the following result:
Lemma 2.8.1. The inverse operator (id + % [®])~! : X — X is continuous.

Proof. Given what we already know about id + #'[®] (i.e., that it is an invertible Fredholm operator), the
desired result follows from standard Fredholm theory. In particular, Theorem 1.4.15 of [Mur] should suffice.
Alternatively, we can utilize the Fredholm alternative. More specifically, it is shown in [AmbEtAl] that

id + #'[@®] is a Fredholm operator with trivial kernel and so, by the Fredholm alternative, id + .7 [®] is also
a surjection. Hence, we know id + .#[®] to be a bounded (by virtue of being Fredholm), bijective linear

operator on a Hilbert space and so has a bounded inverse by the bounded inverse theorem. O

Lemma 2.8.1 is the desired mapping property and it gives us the following local-in-time well-posedness

theorem, recalling that B is defined in (2.1.2):

Theorem 2.8.2. Let s be sufficiently large. The system (2.1.1) is locally well-posed. Namely, there exists a
unique solution ® € C([0, T (B, |Vol)]; X) to the system (2.1.1) and the flow map @y — O is Lipschitz regular
X] i C([O, T];Xl).

Proof. The solvability result of [AmbEtAl] (or, alternatively, Section 2.10) and Lemma 2.8.1 imply that
Theorem 2.5.10, Theorem 2.6.1, Corollary 2.6.3, Theorem 2.6.4, Theorem 2.7.1, Theorem 2.7.2, Theorem

2.7.3 apply to the system (2.3.42). This then gives the desired result. O

2.8.2 Lifespan of Solutions

We have now established that the full water waves system (2.3.42) is locally well-posed. We now turn to
address the question of how long these solutions persist. The theory of quasilinear hyperbolic equations
suggests an O(é) lifespan in the small-data setting, given that our system is quadratically nonlinear
[Kato2, Katol, Maj2]. However, obtaining this existence time requires careful, delicate analysis. Our goal

here is to prove that when Vj = 0, we get an existence time of order O(log é) as this can be done using the
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energy estimates we have already obtained. On the other hand, when V # 0, we simply show that the

existence time is O( . In a forthcoming paper, we will prove the quadratic O(é) lifespan for

1
(1+|V0|)2)

small-data solutions when Vjy = 0. We first consider the case Vy = 0 and then proceed to consider V # 0.

Zero Background Current In considering the existence time of solutions, the background current Vj
plays a significant role. For example, even in the case of a flat initial free surface, the interaction of the
background current with the obstacle may lead to large deviations in the free surface and the formation of
splash singularities (see [AmbEtAl] for numerical simulations). Here we shall consider the lifespan of
solutions in the special case where Vy = 0. In that case, by Theorem 2.5.10, we have the following energy
estimate:

d&

ao _ N
- SB(E) =&+8", (2.8.1)

where N > 1; recall that y = 0 when Vj; = 0. Further, the energy estimate (2.8.1) applies to the full water
waves system as we discussed in the previous subsection.

As noted earlier, our goal here is to prove a “short” existence time using just the uniform energy estimate
of Theorem 2.5.10 and some basic analysis tools. Specifically, we have the following result on the lifespan of

solutions:

Lemma 2.8.3. For s sufficiently large, the energy & = &(t) of a solution to the full water waves system
(2.3.42) with Vo = 0 satisfies equation (2.8.1). Further assume that the Cauchy data augmenting the system

is small: B = & < 1. Then, & remains bounded on [0, T (¢)], where
1
T(e) 2 log o (2.8.2)

which implies that solutions to the water waves system (2.3.42) persist on a timescale of at least O(log é)

Proof. We begin by writing T'(&) = % loge~!, where C > 0 is such that & < C(& + &V). We shall proceed
by utilizing the bootstrapping principle. Namely, we assume that, for some 0 < r < 1, we have &(¢) € [0, r]
for all 0 < ¢ < T(e). We will then show that, for & sufficiently small, &(¢) is bounded above by 5 for all

0 <t < T(g). Via Gronwall’s inequality, coupled with the fact that € « 1 and r € (0, 1), one can obtain

&(r) < ke2 2" < ke Ve [0,T(e)], (2.8.3)
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where K > 0 is such that §(0) < K&?. Then, we can take ¢ sufficiently small so that
E(1) < Ke < g v e [0,T(e)]. (2.8.4)

The bootstrapping principle then gives the desired result. O

Remark 2.8.4. There is nothing special about % and 5 in the proof of Lemma 2.8.3. In fact, we can write

T(e) = % loge~! and, as long as h € (0, 1), we can take & sufficiently small so that
&) <Kes™h<po<r

However, given that the lifespan we obtain in Lemma 2.8.3 is already far from sharp, we are not overly

concerned with optimizing these constants.

Remark 2.8.5. The proof of Lemma 2.8.3 clarifies the obstruction to obtaining the sharper O(é) lifespan,
videlicet the linear term & on the right-hand side of the energy estimate. If we could prove a slightly sharper
energy estimate that eliminated this linear term, and so had an energy estimate of the form

E< &+ higher-order terms, then a couple simple modifications to the above Gronwall argument would

give us the desired quadratic lifespan.

In addition to the small-data result of Theorem 2.8.3, we also want to deduce a simple O(1) lifespan in

the case of large data when Vy = 0. We do so presently.

Lemma 2.8.6. Consider the energy of a solution to (2.3.42), where we still take Vo = 0. The energy of such
a solution satisfies (2.8.1) as we have noted several times already. Then, & remains bounded on [0, T (B)],

where
1

BN-1°

T(B) 2 (2.8.5)

In other words, solutions to (2.3.42) with large Cauchy data have at least an O(ﬁ) lifespan. Recall again

that B is defined in (2.1.2).

Proof. Observe that, if & ~ 1, we can rewrite (2.8.1) to obtain

— <&V, 2.8.6
dt ~ ( )
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Now, write T'(B) = %ﬁ, where C > 0 is such that & < C& and h > 0 shall be chosen shortly. Recall
that, for some K > 0, we have &(0) < KB?. Assume that we have &(¢) € [0,3KB?] forall 0 < ¢ < T. Using

Gronwall’s inequality, we are able to obtain

N71]1

&(t) < KB*eGK) (2.8.7)

Then, as it is straightforward to see, we can take /4 sufficiently small so that 0 < &(¢) < 2KB? for all

t€[0,7(B)]. i

Non-Zero Background Current Here we shall suppose that Vy # 0. In that case, our energy estimate is
of the form
d&é

— SPE) =8+ EV o+ (1+ Vo) (VE+EM) < (1 + Vo) VE + EN. (2.8.8)

Again, we know from numerical experiments (see [AmbEtAI]) that, in this setting, splash singularities can

occur in O(1) time and so an O(1) lifespan is the best we can hope to do. As such, we will just consider large

data.

Lemma 2.8.7. When Vy # 0, the energy & = &E(t) of a solution to (2.3.42) satisfies equation (2.8.8). Then,

& remains bounded on [0, T (B, |Vo|)] with

1 1
A .
(1+1Vol)> BV

T(B,[Vol) = (2.8.9)

So, solutions in this setting have at least an O(1) lifespan.

Proof. We begin by observing that we can use Young’s inequality to rewrite the energy estimate (2.8.8) as
follows:

d&
— s+ Vo) + & + &Y < (1 +|Vol)* + V.

We shall again proceed by utilizing the bootstrapping principle, supposing that () € [0, 4K B?] for all
t € [0, T(B,|Vo|)], where K > 0 is such that §(0) < KB?. Write

T h 1 1
= — A
C\(1+|Vo|)? BN-I

with C > 0 such that & < C((1 + [Vo|)? + &V) and h > 0 to be chosen soon. Then, Gronwall’s inequality
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gives

N=lp

&(1) < (KB? + hC™1)eB0) (2.8.10)

GrN

Upon taking 4 to be sufficiently small (i.e., such that ]El < KB?and e “h < %), we have

0 < &(t) < 3KB? for all 0 < ¢ < T(B, |Vo|). The bootstrapping principle then gives the desired result. O

2.9 The Damped System

2.9.1 Introduction

We have now proved all of the desired results for the undamped system and we are now ready to
introduce the damper. Recall that the damping shall be effected via the application of an external pressure to
a small portion of the free surface. We shall let w < [0, 27) be a connected interval on which we will damp
the fluid and let y, be a smooth, non-negative cut-off function, which is positive on w. Here, we consider a

single type of damping, where the external pressure is given by:

Pext = 05 ' (YwOxp), (2.9.1)

which we refer to as Clamond damping or linear H'” damping. Recall that ¢ is the velocity potential. We
also remind the reader that there is a Bernoulli constant b(z) in (2.9.1) which we have chosen to ignore. That
we have chosen to ignore it should not be taken to imply that it is unimportant in general, just that it is
unimportant for our analysis.

Clamond damping, a type of modified sponge layer, was introduced by Clamond, et. al. in [CFGK2] in

the context of 3d water waves, where the damping term was given by

Pextzd = V' (xoVo) — b(2). (2.9.2)

In this formulation, V is the horizontal gradient, y,, is essentially the same as above (a smooth function

which is non-zero in the damping region and zero in the wave propagation region), ¢ is the velocity potential

evaluated at the free surface, b is a Bernoulli constant and V—! := A~!V; in other words,
1 - iD ~
V7 (xwVe) = DR (xwVe). (2.9.3)

Note that D = (Dy, D;) in (2.9.3). Equation (2.9.1) is just the analogue of (2.9.3) in 1d.
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Recall that £(a) = a + d5 ' (54 cos 8(a) — 1). Given that x = & on S, it follows that we have the

following relation at the interface:

Oy = md,. (2.9.4)
We can then invert 0, as follows:
o u(e) = 0! [ 50 cos O(a)u(a)] (2.9.5)
This allows us to rewrite pext:
Pext = 0y | (S €08 0) (50 c0s 0) ' Oap] = 05! (Ywipa)- (2.9.6)

Note that the cut-off function y,, acts on &(a), not @, as we want to localize the effects of damping to a region
of space. Further, we define ¢(@) = ¢(&(a),n(a@)).
2.9.2 New Evolution Equations

Given that we will effect the damping via the application of an external pressure, the damping will enter
into the evolution equations via a modified pressure at the free boundary. Recall from the earlier discussion
of the derivation of the evolution equations that the pressure only entered into the vy, equation. We have, from

[AmbEtAl], that

O (V—W -1 . . .
= —2py + Call W) Wi e 2ema + 2V — W-B)(W, -1).
Sa 2SQ
The damped dynamic boundary condition is given by
T _
P|S = —TK({) + Pext = _s_ea + 0, (Yaa); (2.9.7)
a
from which it follows that the damped v, equation is
27 Ou(V—W -1 . . .
¥ = Zaa — ot + a(( - " oew,i- % — 20 +2(V = W-D(W, - D). (29.8)
@ a @

So, the only difference is that we have picked up a term proportional to y,¢q-
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The damped water waves system is then likewise of the form

(id + 7 [0])80 = Fp(O®)
s (2.9.9)

where §p denote the right-hand side & with the y, equation modified to effect Clamond damping; that is
Fp.1 =1, Fp2 = B2 — 2¥wPa> Ip3 = &3 and Fp4 = Fa. Notice that the compact operator .7 [O] is
exactly the same as in the undamped water waves system (2.1.1). As before, we will simply prove energy
estimates for a model problem and deduce the desired estimates for the full system from the mapping
properties of (id + .#[®])~! (i.e., Lemma 2.8.1). Specifically, we consider the following damped model
problem:

at® = 3D(®) (2 9 10)

2.9.3 Energy Estimates and Analysis

In this section, we will show that the results obtained for the undamped model problem (2.1.4) also hold
for the damped model problem (2.9.10). Given that, as noted above, the only difference in the evolution
equations is a term proportional to y, ¢, in the y; equation, we only need to ensure that this term does not
derail the estimates. We begin by showing that Theorem 2.5.10 still holds in the presence of Clamond

damping. Namely, we have the following theorem:

Theorem 2.9.1. We define the energy Egamped of a solution to (2.9.10) in the same way (i.e., via Definition

2.5.1). Then, for s sufficiently large, we claim that Egqamped Satisfies

dadamped

dt < gJ»W’((ci‘damped)- 2.9.11)
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Proof. Notice that Sdamped contains the following terms that were not present in the undamped system:

-2 /02”7%%) da, (2.9.12)
1 2 i s

" rsn /0 (Ca "Xopa)A(da ") da, (2.9.13)
1 2r i3 o

) /O YXota) (Ga 7y)” da, (2.9.14)
1 o 2/ Aj—2 j—2

s /0 7 (% )% Xopa) da, (2.9.15)

where 2 < j < s + 1. As we noted above, the only term contributed by the damper is proportional to ¢,. The

term ¢, may appear unfamiliar, but, in fact, it is a rather routine term. Indeed, we have

\<

Oo = SV -t = sqW- T+ % (2.9.16)

So, considering (2.9.12), we see that Lemma 2.5.4 in conjunction with the identity (2.9.16) immediately
gives

2m
-2 /0 Yiwga) da < [z l@aliz < 1712 [W B2 + 1717 < B(Edampea)- (2.9.17)
For (2.9.13), we can apply the estimate (2.5.63) and Lemma 1.3.9 to obtain

1
278y

2n
j—2 j—2
/0 (04 XoPa) A0 7y) da < Yool e[V = < €l promsie [V s

< Yl ([W- 1]

w1V s-e)

Notice that Lemma 2.5.4 allows us to control all of the terms in HW . f|

ys—1: €xcept for HBR . f| pe—ipe I
order to control this term, we represent the Birkhoff-Rott integral using (2.3.25) and then apply Lemmas

1.3.10, 1.3.7 and 2.4.5. Doing so gives
+ 14 KZ1Y s

o H 1)
Z; (5& Hs—2

S 1allgs—re [V e (U [all =) + [l e[ K T2 ] s

|BR - |

Hx—l/z S

S Yl (U4 105700 + [l (1 + (6 2)*. (2.9.18)
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We can then apply this estimate to finish estimating (2.9.13):

1
278y

Wi

2n . .
/0 (00 Xupa) A52y) da < 1] s wooe Y —e) < P (Edampea)- (2.9.19)

We now apply the estimate (2.9.18) to (2.9.14):

1
87252

j—2
On ¥

27 ) )
| ) @7 do < [rtvasn) @)

3
S HYHHSH/:H¢(IHHX—1/2

L? L2

< Il (W

e T 1V [as—e)
< EB (Sdamped)- (2.9.20)
Finally, we consider (2.9.15) and here we can just use (2.9.20). We have

1
87252

Y0 X

L? L2

2m
j—2 j—2 i
/0 P opa) der < 421 7)
3
s HYHHS—!/zH‘paHfol/z

< g13(8dampecl)- (2.9.21)

Remark 2.9.2. The proofs of Corollary 2.6.3, Theorem 2.7.1 and Theorem 2.7.3 will either go through in the
damped setting exactly as written or require at most minor modifications. Proving damped versions of
Theorem 2.6.1, Theorem 2.6.4 and Theorem 2.7.2 require considering energy estimates for the differences.
However, as in the above case, the added damping term will cause no problems in these estimates,
particularly given that the term contributed by the damper can be expressed in a way that only contains
terms we have already estimated. As such, we omit these calculations. Finally, given that Theorem 2.5.10
applies to the damped system, all of our results on the lifespan of solutions (Lemma 2.8.3, Lemma 2.8.6 and

Lemma 2.8.7) also apply to the damped system.
Following Remark 2.9.2, we have the following theorem:

Theorem 2.9.3. Let s be sufficiently large. The damped model problem (2.9.9) is locally-in-time well-posed
(in the sense of Hadamard) and the unique solution © is in C([0, T (B, |Vol)]; X), where B is defined in (2.1.2).
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The flow map is Lipschitz continuous from X, into C([0, T|; X;). In the context of small Cauchy data
B =g « 1, we have

1
T(g) 2 log — for Vo = 0. (2.9.22)
E

For large Cauchy data, we have

B!=N Vo=0
T(B,|Vo|) = , (2.9.23)

(1+ Vo) 2 A BN V5 #0

where N is a parameter given in equation (2.5.58).

Remark 2.9.4. From Theorem 2.9.3, we see that the stated claims hold for the damped model problem
(2.9.10). By the solvability result of [AmbDEtAl] (or of Section 2.10) and Lemma 2.8.1, we can, exactly as in
the undamped case, extend the desired results to the full damped water waves system (2.9.9). This proves

Theorem 2.2.4.

2.10 Invertibility of id + 7

Our objective in this section is to provide a proof of the solvability of the (y;, w;,3;) system of integral
equations in a multiconnected, horizontally-periodic domain with a bottom. Solvability was proved in
[AmbEtAl], but we include this result as it is achieved via alternative means and our approach can be more
readily extended to higher dimensions. In proving that this system is solvable, we follow the work of Schiffer
in [Sch]. However, in order to apply these results, we will need to ensure that the periodic Green function
defined via the cotangent kernel shares some basic properties with the non-periodic free space Green
function. We now turn our attention to this issue.
2.10.1 Properties of the Periodic Green Function

For x,y € R2, we denote by N = N(x,y) the fundamental solution to Laplace’s equation; that is,

N(x,y) = —zl—ﬂ log|x — y|. For z,w € C, we extend the definition of N in the natural way. Then, we have
1 (x=y)n
OnN(x,y) = —————— 2.10.1

and subsequently set
1 (z—w)*n§
k(x,y) == 0n,N(x,y), k(z,w) = —w, (2.10.2)
i 2 |z —w|
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where z = €(x), w = €(y) and n° satisfies
(a,b) - ny = Re{(a + ib)*ny;}.

In this case we have k(x,y) = Rek(z, w). Using an identity of Mittag-Leffler, we can transform the integral

kernel:

1 1
k(z + 2mi, w) = = —nScot=(z —w); 2.10.3
pVZj] (z+2mjow PVZzﬂH%_ J=7h cot 5 (2 = w) (2.10.3)

see [AbFo] or [AmbEtAl] for details.

For the sake of compactness, we introduce some new notation. Let ¥ denote the boundary of Q; that is,
¥ :=0Q =S U BuC. As before, Q denotes the fluid domain. Lastly, we make a note regarding the
convention we follow with regard to the unit normal since it differs slightly from the convention used until
now. In this section, we let np denote the inward-pointing normal at P € X. Hence, for P € S, we have

np = —i(&), where {(@) = P.

Lemma 2.10.1. It holds that

1 zeQ
/k(z, P)do(P) = < % ZEY (2.10.4)
by
0 zelQ

with o denoting surface measure on X.

Proof. We follow the proof in [Fol] for the non-periodic free space Green function, extending it to the
periodic case.
(z € CQ) Fix z € (Q and observe that the map P ~— N(z, P) is C* in Q, and harmonic on Q. We can

therefore apply Green’s formula to get

0= /ZanPN(Z’P) do(P) = /Zk(z,P) do(P),

as desired.
(z € Q) Fix z € Q, pick £ > 0 such that B, = By(z) € Q,5et Q° = Q — B.and S, = §,(z) = 0Bs(z).

Observe that the map P — N(z, P) satisfies the same conditions as above on Q° as opposed to Q. Therefore,
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following an application of Green’s formula, we have

0= /Zk(z, P) do(P) +/ k(z, P) doz(P),

&

with o, being the surface measure on S .. So, we will need to evaluate |, s, k(z,-) do. First, let us rewrite

k(z,-) on S . Notice that n5 = &~!(P — z). Write z — P = ge' for ¥ € [0, 2) and observe that

since cotz = % + O(|z]). It then follows that

0= /Zk(z,P) do(P) — o(Se) —|—O</Sgsda'> = /Zk(z,P) do(P) — 1+ 0(&%).

2ne

Sending £ — 0 yields the desired equality.
(z € X) Lastly, fix z € X and let € > 0. Set B, = B,(z) and, recalling that S, = 0B, denote
¥=X—(2nB:),S.=S:nQandS” = {ye S :n, -y <0}. Again, we observe that the mapping

P — N(z, P) is harmonic in Q — B, and C® up to the boundary ¢ U S”. So,

0— / k(z, P) dor(P) + / k(z, P) doro(P).
e s

I
&

We infer that

e—01 Jse e—0t Jg! e—0t

T _ : Y ()
/Ek(z, P)do(P) = lim [ k(z,P)do(P)=— lim [ k(z,P)do.(P)= lim { 5t O</g8dog>}

So, we need only compute o(S~). To this end, we observe that, due to the regularity of the boundary,
the symmetric difference of S’ and S” is contained in an “equatorial strip" with measure O(&?). Whence it
follows that o(S.) = 0=(S”) + O(&*) = ne + O(&?). Putting this all together, we get

{ﬂs +0(e2) } 1

2ne

/k(z, P) do(P) = lim

5 -0t
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This completes the proof.

For ¢ € C(X) we may define
u(x) = /zk(x, P)¢(P) do(P).

Then, for & € R small and nonzero, we define uj,(P) := u(P + hnp) for P € X and note that we have

P+ hnpeQforh > 0and P+ hnp € CQ for h < 0.

Lemma 2.10.2. For P € X, set

us(P) = hl_i)l‘(l)l+ up(P), u_(P) = hl_i)%lﬁ up(P).

Then, we claim that

0s(P) = =50(P) + [ KP.OIW(O) dor(@), u-(P) = 30(P) + [ K(P.0)0(Q) dr(Q)

Proof. We again follow the proof given in [Fol] to extend to the periodic case. Fix Pe Xand h > 0

sufficiently small. Then, as noted above, P + hnp € Q and thus

un(P) = 6(P) / k(P + hnp., Q) dor(Q) + / k(P + hnp, Q)(6(Q) — 9(P)) dor(Q)

= [ kP np, 0)(6(0) - 6(P) dr(0),

Continuity then implies that

iim w(P) = ~0(P) | K(P.Q)do(Q) + [ K(R0IW(Q) do(Q) = ~36(P) + [ KP.0(0) dor(0)

h—0+

On the other hand, for & < 0, we have

un(P) = 6(P) / k(P + hnp, Q) dor(Q) + / k(P + hnp, Q)(6(Q) — 9(P)) dor(Q)

— o(P) + / k(P + hnp, Q)(6(Q) — 9(P)) dor(0).
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It then follows, again from continuity, that

i u(P) = o(P) —0(P) [ K(2.Q)dor(Q) + [ K(P.0)0(Q) do(©) = 36(P)+ [ K(P.0)0(Q) do(Q).

h—0~

2.10.2 Solvability of the System

With this machinery in place, we now want to consider the Fredholm eigenvalues of the operator
specialized to the water waves problem. We begin by observing that Lemma 2.10.2 holds in the case of the
complexified kernel. That is, if we define u (p) and u_(p) for complex ¢ € X in the natural way, then the
same jump relations at the boundary given in Lemma 2.10.2 will hold. We now define the relevant operator
Ti[] by T[] - ¢ — 2 [ k(- 9)¢(p) do(p). We shall let ¢, denote the eigenfunctions of Ty[-] on S. In

other words, we take the ¢, to solve

() = 2/11,/21{(-, 9)dy(p) do(p) (onX). (2.10.5)

Observe that the 4,’s aren’t exactly the eigenvalues corresponding to the ¢,’s, rather the eigenvalues are of

the form u, = A, . Additionally, we define

hy(z) z€Q
20, [ kzw)oo) dolo) - . (2.106)
> h(z) zelQ

It shall also be worthwhile to consider the complex derivatives of 4, and ,, which give rise to the dual

formulation of the Fredholm eigenvalue problem. Thus, we introduce the holomorphic functions
v (2) = 0:h,(2), ¥,(2) = 0.h,(2). (2.10.7)

Then, we can apply Lemma 2.10.2 to evaluate the limit of the various /’s as z tends to the boundary. In
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particular,

lim_h,(z) = —A,¢,(%) + A, /2 k(%, 9)¢,(p) do(p)

7—HEL

= (1—24,)¢,(%).
lim £, (z) = A,¢,(%) + A, /)E k(%, )¢y (p) do(p)

7—XEL

= (1 + /lv)¢v(%) (2.10.8)

Further, it clearly holds that

Ouhils = Ol (2.10.9)

If we let z = z(s) parameterize X by arclength, then we can combine (2.10.8) and (2.10.9) into a single

equation relating v, and ¥,:

2o L @E
ds  1-4,""%Yas "1,

Wy (2)

(z = z()). (2.10.10)

Utilizing (2.10.10), we can formulate a set of integral equations solved by the v’s:

y eQ

_%/ (VVEW))z antwy = 1 T (2.10.11)
e = (1—=2,)0(z) zelQ
5 1+ 4,)v, e

uy/ vviw)zde(W) _ <( w(z) z 01012
ca (W —2) %,(2) ze0Q

where m? denotes two-dimensional Lebesgue measure. See [Sch] for further details.
We now see that the periodic & and v functions defined via the cotangent kernel satisfy the same
boundary jump relations as those defined via the non-periodic free space Green function. We can utilize the

boundary jump relations of (2.10.8) to prove that

A, +1
/ w2 dm? = 22 / 9,)* dm?; (2.10.13)
Q /11/ -1 cQ

see [Sch] for details. As in [Sch], we deduce from (2.10.13) that |1,| > 1. What remains then is to show that
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A, # 1. Following [Sch] or [Fol], we see that, in the non-simply-connected setting, there is a nontrivial
kernel corresponding to the integral equations for the /4 functions. In fact, the kernel is spanned by y¢, the
characteristic function of the boundary of the obstacle. However, a key point is that in the vortex sheet (or
layer potential) formulation of the water waves problem, we are generally more interested in the gradient of
the potentials as opposed to the potentials themselves. That is to say, the vortex sheet formulation of the
water waves problem is a “v-problem” — what we are really interested in is the kernel corresponding to the
v’s. Given that the kernel of the / functions is spanned by a constant function, it is clear that the
corresponding kernel for the v functions will be trivial. This is exactly as desired for we may now apply the
Fredholm alternative to deduce that the inhomogeneous system of integral equations under consideration is

solvable (via Neumann series). That is, we have now proved the following theorem.
Theorem 2.10.3. The system of Fredholm integral equations of the second kind for (y;, wy, B;) is solvable.

Remark 2.10.4. The above analysis also shows that the system arising from the Cauchy integral formulation
in [AmbEtAl] is solvable, subject to a minor modification. The Cauchy integral formulation is dual to the
vortex sheet formulation and corresponds to an “h-problem”, which is dual to the “v-problem”. This implies,
as noted above, that the integral equations have a non-trivial, but finite-dimensional, kernel, which is
spanned by yc. Thus, the system has a Fredholm pseudoinverse. In particular, the system is invertible upon
applying a rank-one correction, which projects away from the kernel. This is exactly the process used to

invert the system in [AmbEtAl].
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CHAPTER 3
A Toy Model for Damped Water Waves

3.1 An Introduction to the Toy Model

Up until now, we have been focused on the vortex sheet formulation of the water waves system. We are
going to switch gears a bit and consider the water waves problem from the point of view of the
Zakharov-Craig-Sulem formulation [Zak, CrSu], however, as we shall discuss shortly, the vortex sheet
formulation is still very much part of our considerations. We shall also change a few assumptions made in
Chapter 2, viz. assuming that we no longer have obstacles in the flow (i.e., the domain is simply connected),
that the domain is of infinite depth and that the location of the free boundary is given by the graph of a

function 7. To summarize these changes, we have

Q ={(x,y) eTxR: -0 <y<n(xt)}, (3.1.1)

S =00 ={(x,y) eTxR:y=n(xr1)} (3.1.2)

Of course, we shall still have a scalar potential ¢ such that v = Vg, where v is the fluid velocity field in

(1.1.1). Let ¢ denote the trace of the velocity potential ¢ along the free boundary S;. Then, (1, ) solves

om—Gmy =0

(G + Omo)? ; (3.1.3)

1
2 1+ @mz P

1
o + gn —tH(n) + 5(5xw)2 -

where pey; is the external pressure which effects the damping and is given by (1.1.3), G(n) is the

(normalized) Dirichlet-Neumann map given by

Gy (x.1) = A/ 1+ (@n(x.1))*Cag(x.n(x. 1), 1)

= y‘p(x’ TI(X, t)’ t) - axn(-x’ t)ax(p(x’ U(X, t)’ t) (314)
and we let fi denote the outward unit normal vector field on S,. We take H(n) to denote the mean curvature
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of the free surface:
Ox)

H(n) = 0, (W) (3.1.5)

The system (3.1.3) is known as the Zakharov-Craig-Sulem formulation of the water waves system.

Our toy model will be built from the paradifferential equation for the water waves system. This
paradifferential equation originates in the beautiful work of Alazard-Burq-Zuily [ABZ1], which considers
(3.1.3) with pexy = 0. The paradifferential approach to the study of water waves began with the work of
Alazard-Métivier on the regularity of three-dimensional diamond waves [AlMe]. We briefly recall that
construction in the context of the 2d gravity-capillary water waves system, referring to [ABZ1] for the

details. Let (V, B) be the trace of Vg along the free surface. The paralinearized system is

om~+Tyom — T = fi
(3.1.6)

o+ Tyou +Tyn = fo
In (3.1.6), u := ¢ — Tpn is the good unknown of Alinhac. For more on the good unknown, see [Alil, Ali2].
For an exposition of paracomposition, the setting in which the good unknown arises, see [Tay5]. For an
interesting application of the good unknown to the relativistic or nonrelativistic compressible Euler equations,

see [Tra]. Further, u = u(x, £) is a symbol of order 2 such that

H(n) = —Tun + fu. (3.1.7)

We use fy and f; to denote the smooth(er) remainder terms, which obey nice estimates. Finally, 4 = A(x, &)
is (related to) the symbol of the Dirichlet-Neumann map, which we discuss further presently.
It has been known since the work of Calderdn that, at least when n € C*°, G(n) is a classical, elliptic

¥DO of order one [Cal]. As such, its symbol admits an asymptotic expansion:

Ax,E) ~ > A j(x.8), (3.1.8)

>0

where A;_(x, &) is homogeneous of degree 1 — jin &. In d dimensions, the principal symbol is given by

A1(x.8) = /(1 + [V Ier — (vn(x) - €12 (3.1.9)
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The remaining symbols can be computed by induction and, as j increases, the symbols involve higher
derivatives of n with A, _; depending on derivatives of 1 up to order |1 — j| + 2 [ABB]. Direct computation
verifies that in dimension two we have A;(x,£&) = |£] and Ao(x, &) = 0, so that A(x, &) = || + remainder. So,
in dimensions three and higher, G(n) is a ¥DO, however, in 2d, G(n) is a Fourier multiplier which is
independent of the domain (at least at the principal level)! This dramatic simplification really points up the
phenomenological distinction between 2d and 3d water waves.

Given the above, we can see that the situation becomes quite a bit more complex when n ¢ C*. In
particular, G(n) is then a ¥DO with symbol of limited smoothness. To work with symbols of limited
regularity, one must use some form of symbol smoothing (e.g., paradifferential analysis). See [Tay4, Tay5]
for more on symbol smoothing. Further, the full asymptotic expansion in (3.1.8) fails to be meaningful when
n is not C*. Nevertheless, we can extend the definition of A to the case where 7 ¢ C® by truncating the
asymptotic expansion and only keeping the terms which are meaningful. For example, if 77 is C¥, but not
CH1 we could set A = Ay + ...+ A_t42. In the low-regularity setting of Alazard-Burg-Zuily,  was only at
least C? and this led to

A= A1 + Ay. (3.1.10)

Of course, in this setting, it is no longer the case that G() = Op(A). Indeed, for A as in (3.1.10), we have

Gy = Twu—Tyom + fo, (3.1.11)

where f, once again, contains much smoother remainder terms.

With (3.1.6) established, one can then find a symmetrizer of the form

S = , 3.1.12)

0 T, 0 -T,
S ~ S (3.1.13)
T, 0 T: 0
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up to acceptable remainder terms. One can then show that

n n T; 0 n
0,S + Tyo.S +J| 7 S =F, (3.1.14)
u u 0 Ty u
where
0 —1
J=
1 0

Identifying R? with C and J with i = /—1, we can restate (3.1.14) as a single equation for a
complex-valued unknown. Defining U := T,n + iT,u, we have the following paradifferential equation for the
water waves system:

oU + Tyd U + iT,U = f, (3.1.15)

where y = y(x, &, 1) is an elliptic symbol of order % Of course, the right-hand side f consists of smooth(er)
remainder terms. A similar result can be obtained for the gravity water waves system, however in that case y
is of order % [ABZ3].

We want to consider a damped form of (3.1.15). This leads us to consider the following toy model for

the (two-dimensional) water waves system subject to Clamond damping:

U+ W(U)oU + iLU + x,U =0

(3.1.16)
U(Z‘ZO) =Upe HY
In the above, the unknown U : T — C and L is defined by
L = |D|* for a € (0, 2], (3.1.17)

Notice that W(U) is the toy model counterpart to the paraproduct operator Ty in (3.1.15). For some integer

N » 0, W is continuous from H*~V — HS:

[W(U)| 4 < KDY U (3.1.18)

H

Further, W(-) is real-valued, satisfies W(U) = W(U*) and scales linearly in U (i.e., W(-) is homogeneous of
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degree one: W(AU) = AW(U) for A € R). Finally, x,, corresponds to the cut-off function in (1.1.3). Notice
that o = % in (3.1.17) corresponds to capillary waves and o = % corresponds to gravity waves. For
discussion of the Cauchy problem for a similar toy model see [Ala4].

We shall be working in the small-data setting and so assume that

1Uo|

g = &< 1. (3.1.19)

Our aim will be to show that solutions to (3.1.16) exist on timescale O(é) We will achieve this by rescaling
U: U(x,t) = ev(x, et). Then, our objective will be to simply obtain uniform in & estimates on the solution v
to the equation

OV + We(v)oyw + éLv + é)(wv =0

: (3.1.20)
V(tZO) =y € H”
where W, (v) == e~ 'W(ev).
Notice that, due to the scaling linearity and (3.1.18), W, (v) satisfies
|0sWs ()| o0 < Lfork =0,1, (3.1.21)

where the estimate is uniform in €. We shall further assume that W commutes with differentiation with
respect to time:

aW(U) = W(e,U). (3.1.22)

We justify this assumption by recourse to the properties of the paraproduct operator T'y. Observe that
0(TyU) = Tyo,U + Tp,yU, which can be seen by differentiating equation (1.3.41). Then, Lemma 1.3.4
gives the estimate

10Ty U)lgs < Ve [10:U | s + 10V oo [U ] 5

provided that V and 0,V are L*. Finally, since 0,U ~ |D|*U (at least when a > 1), we see that 75,y U can be
considered a lower-order remainder term. If @ < 1, we have 0,U ~ W(U)0d,U + i|D|*U and this will still
represent the highest-order term. This justifies our assumption (3.1.22) as long as we take V and ¢,V to be
L™,

Regarding whether V and 0,V are L®, we first note that we are not considering rough solutions/data and
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so we can simply assume that V has enough regularity that the desired inclusion holds via Sobolev
embedding. Nevertheless, in the low-regularity context of [ABZ1], this assumption is verified. In particular,

Vis H*! for s > 2 + 4. Additionally,
oV +(V-V)V+al =0,

where { = Vn and a is the Taylor coefficient (@ = —0y p|y=n with y being the vertical coordinate). We have
(V-V)V e H*2and ¢ € H*~'2. Finally, a is H*~"". Hence, 6,V is H*~2, which is just enough to have
0;V € L™. All of the above details and more can be found in [ABZ1, ABZ3].
3.1.1 Connections with the Vortex Sheet Formulation

Though our toy model (3.1.16) is most clearly related to the Zakharov-Craig-Sulem formulation, the toy
model, and indeed this entire chapter, still has the vortex sheet formulation in mind. Ultimately, the objective
is the O(é) lifespan for the vortex sheet water waves system which was the object of discussion in the
previous chapter. We would like to take a few moments to discuss how the contents of this chapter relate to
achieving that objective.

To do so in the simplest setting possible, we consider the infinite-depth vortex sheet equations (with no

obstacles):
1 1 A~ 1
0, = —H(ys) + —(V —BR-1)8, + —m - &
! 26%, (71) " sa( ) ot Sam n
2 ~ A
Ly = Lo+ L HO0) + L2(V—BR 1) + L(s0r —m-1). (3.1.23)
Sa 2 é Sa Sa
~ YYa 2 2
~25,BR, -~ 75 +2(V ~ BR-DBR, - - 2gn,
\ s(},’

If we similarly rescale the vortex sheet system by taking § = 6, y = £y and t = £ '7, and then immediately

dropping the “bars”, we obtain

( 1/ 1 1 1 \
0 =-(—H —m - ) +—(eV—BR-Dg
t 8<2s§ e) + 5,m n) TR )b
2 1 \ .
ly, =2 (lam - gna> + —(eV—BR )y, + L(ser —m-f) . (3.1.24)
e\ sy Sa So
A ’y’y(l ~ A~ ’y

~25,BR; -t~ 222 1 2(sV — BR-)BR, -1 + 6225 H(y6,)

L 285 285

Of course, the above systems do not include the effects of Clamond damping. Recall that the effect of adding
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the damper is to contribute the term —2y ¢, to the evolution equation for y and further that

Yo = sano"t\z soeBR -t + %/
Ergo, the rescaled damped vortex sheet equations are given by
(4 ! 174( )+1mﬁ+1(V BR - t)9
p— —_— —_ . —(& — .
' 2 233 Ya Sa Sa ¢
2(T A 1 A ,\
Jy, =< (-9(,(, — g — SaXoBR -1 —sz> + —(eV—BR Dy, + (s —m-1). (3.1.25)
e\ S, 2 So Sq
2 YYa 2 2 Y
—25,BR; -t — — + 2(eV—-—BR-t)BR, -t + £S5 H(y6y,)
2SQ 2Sa

The rescaled damped vortex sheet system (3.1.25) is undoubtedly more complicated than the rescaled

toy model (3.1.20). Nevertheless, there are some similarities. To clarify these similarities, we will rewrite the
system by taking u = (uy,uz)" = (6,y)"

1 1 1
da = N (u, ou) + ;L(u)u + ;qu + ng(u). (3.1.26)

In (3.1.26), L(u) is a linear operator with coefficients depending nonlinearly and nonlocally on u, N, and N,
are nonlinear, nonlocal operators and X, is a multiplication operator. We can, with varying degrees of effort,

write down all of the operators in (3.1.26) explicitly. For example, the linear operator £(u) is given by

0 LHo,
. (3.1.27)

Thus, it is seen that £(u) depends on u via the arclength parameter s,. On the other hand, the multiplication

operator X,,, which arises due to the damping, is given by

0 u
X, = (0,—xu); that is Xou = A = e (3.1.28)

—Xw uz

Writing down the nonlinearities is rather more involved and, given that we will not carry out any analysis of

this system, we omit this step.
The connection between the toy model and the vortex sheet system is hopefully becoming clearer.
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Indeed, equations (3.1.20) and (3.1.26) look a lot alike. Of course, there are differences (e.g., there is the
“pbad” nonlinearity N, (u) which has no counterpart in the toy model), but it is sensible to conjecture that tools
that can successfully be applied to (3.1.20) might also yield results for the vortex sheet formulation of the
water waves system. To preview a bit, we build an energy for solutions to (3.1.20) using the commuting
vector field 0, and prove the necessary energy estimate to obtain the desired O(1) lifespan for solutions to
(3.1.20) (and therefore the desired O(é) lifespan for solutions to (3.1.16)). We view this chapter as a sort of
proof of concept, showing that commuting vector fields can be used to obtain a quadratic lifespan for
solutions to a water-waves-like equation. In order to extend this approach to the gravity-capillary water
waves system, we will need to overcome some difficulties. For example, due to the structure of the toy model,
we clearly have £0; ~ |D|* when @ > 1. The structure of the vortex sheet equations are not so simple and
such arguments will be a bit more delicate. Nevertheless, we should still have £, ~ £L(u) and it is our hope
that this approach will extend to the vortex sheet formulation of the 2d gravity-capillary water waves
problem. As is the case for the toy model, the presence of surface tension is crucial for the applicability of
this vector field. For an example of the application of rescaling in conjunction with the commuting vector
field &0, to obtain a large-time existence result for the water waves system, see [Més]. This paper also has
some further discussion on the necessity of surface tension for the applicability of the £0; vector field in the
context of the Zakharov-Craig-Sulem formulation. This strategy, somewhat broadly speaking, has also been
applied to other problems in fluid dynamics, primarily those involving singular limits (e.g., anelastic limits
for Euler-type systems [BrMé], the incompressible limit of the Euler equations [MéSc, Alal] and the
low-mach-number limit of the full Navier-Stokes equations [Ala2]).

Before moving on to our analysis, we want to discuss one (potential) more connection between the toy
model and the vortex sheet formulation of the water waves problem. This connection arises via the
paralinearization of the water waves system. To be a bit more clear, we believe that the paralinearization of
the vortex sheet formulation of the 2d water waves system will be of the same form (3.1.15) as that of the
Zakharov-Craig-Sulem formulation. This connection is only a potential connection as, to our knowledge, the
vortex sheet system has never been paralinearized. In future work, we plan to perform this paralinearization
and hopefully confirm our belief that it is of the form (3.1.15). If this is indeed the case, it will provide
another, very clear, connection between the toy model and the vortex sheet system as, indeed, the toy model

was built from (3.1.15).
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3.2 Main Results and Plan of the Chapter

As noted in the introduction, our objective is to show that solutions to (3.1.16) have an O(%) lifespan.
Our approach will be to consider the rescaled equation (3.1.20) and to show that solutions have an O(1)
lifespan. Our first task will be to define an energy & for solutions of (3.1.20). This will be done using
carefully chosen vector fields. However, the value of @ in (3.1.17) plays a key role in defining a suitable
energy. In particular, the order of L, compared to the order 1 nonlinearity W.(v)d,v, will determine whether
L is principal or sub-principal, and this fact plays an important role in determining the analysis necessary to
attack the problem. So, the marked difference in analysis is between the cases @ > 1 and @ < 1. However,

1

rather than focusing on these more general cases, we will largely focus in on the cases a = % and@ = 7. In

either case, we have the following result:

Theorem 3.2.1. Let v be a solution of (3.1.20), where a = % ora = % and suppose that o is sufficiently

large. If & is the appropriate energy of a solution to (3.1.20), then we have

d&é
— <& 3.2.1
7 S (3.2.1)

Detailed statements of this result can be found in Theorem 3.4.5 for the case a = % and in Theorem

3.4.7 for the case @ = %

Remark 3.2.2. It is crucial that the energy estimate (3.2.1) is uniform in . With such an estimate in hand, a
routine Gronwall argument will yield the desired O(1) lifespan. Of course, we can then deduce that solutions

to (3.1.16) persist on an O(L) timescale.

Remark 3.2.3. Our definition of L clearly omits the gravity-capillary case, corresponding to
L= +/|D| + |D|3. Nevertheless, we are quite confident that the same results would obtain. The only place
where our arguments would not apply directly to the gravity-capillary case is in the proof of Lemma 3.3.4.

However, it should not be too difficult to extend Lemma 3.3.4 to handle L = ~/|D| + |D|3 or something more

general like L = +/|D|” + |DP.

In Section 3, we prove some preliminary commutator estimates which will be needed to prove the main
energy estimates. The main energy estimates are proved in Section 4. Finally, Section 5 contains an

alternative proof of one of the main results.
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3.3 ¥YDO Commutator Estimates
In proving the energy estimates which are the primary focus of this chapter, we shall encounter a number
of commutators involving WDO. Specifically, we will need to handle commutators involving positive integer

powers of P, = Op(p), which is given by
PL =il + yo. (3.3.1)

Recall that L is defined in (3.1.17). In the sequel, we will primarily be concerned with two types of
commutators involving P;. They will be of the form [P’i, f ] and [P’Ii, ﬁx] for k € N. Note that we lightly
abuse notation by not distinguishing the notation for a function f and the operator My : u — fu. To avoid
confusion, note that, when P is an operator and f a function, we define the commutator [P, f] = [P, M f];
that is,

[P, f1(u) = P(fu) — fPu.

The challenge posed by working with P, is that its symbol p;, is not smooth at £ = 0, otherwise we
could use standard WYDO commutator estimates. However, as a Fourier multiplier, iL commutes with ¢, and
so the commutators of the form [P’z, (9x] will be rather straightforward to understand. In this case, we have

the following result:

Lemma 3.3.1. Let k € N. Then, for all s = 0, we have

[[PL 0] (w)

RS 17] e (3.3.2)

Proof. We shall proceed by induction on k. For k = 1, it is straightforward to verify (3.3.2). Namely, by
Lemma 1.3.9, we have

1[PL, 01 s = [(Oux)utl s < Nutlpgs Vs = 0. (3.3.3)

Now, assume that, for some fixed k£ € N, we have

I[PL, 2:](w)

Hs S HuHHs+k(1—a VS 2 O (334)
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Observe that we can write

[P, Q) (u) = PL[PE, Q) (u) + [PL. Q(Phu), (33.5)

where Q is an arbitrary operator (e.g., we could have Q = 0, or Q = My). Fixing s > 0, we can now
estimate each term on the right-hand side of (3.3.5) in the H* norm. We apply the triangle inequality, Lemma

1.3.9 and the induction hypothesis (3.3.4) to the first term:

HPL [Pli’ ax] (u)|

e < [ELPL 2] )] s + o [P 0] ()
< 1PL O] @) e+ |[PL: 2] ()|

S Jloel] st (3.3.6)

H.)'

HS

The second term on the right-hand side of (3.3.5) is straightforward to estimate in H* via Lemma 1.3.9:

“ [PL, 0x] (P]EM)

we = [ (Ox) P o < | P

H* S ”uHH.v+krz- (337)

Using equation (3.3.5) and the triangle inequality, we can deduce from (3.3.6) and (3.3.7) that

I[P 0] (w)

e S ul s (3.3.8)

This completes the proof. O

The commutators of the form [P’i, f ] will require a bit more work. Our objective is to prove the

following:

Lemma 3.3.2. Let k € N. Then, we have

1P £y < 1Ll ggsrar, (3.3.9)

provided r > %, s=0and s+ ka <r.

Notice that if we could prove (3.3.9) for k = 1, then proceeding by induction on k and exploiting (3.3.5)

would give the result much like in the proof of Lemma 3.3.1. However, L will not commute with
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multiplication by a function as it did with differentiation. In fact, we have

[P, f1(u) = i[L, £1(w).

Therefore, in order to get such an argument off the ground, we will need to understand how to estimate such a
commutator.

As noted above, a key detail here is that £ (the symbol of L) is not smooth at &€ = 0 and so classical YDO
(or Fourier multiplier) commutator estimates will not apply directly. However, notice that if
¢ = ¢(&) € CL(T*T) with ¢ = 0 in some neighborhood of ¢ = 0, then ¢ € 81 (recall the symbol class
S Zf s 18 defined in (1.3.27)). Thus, classical ¥DO commutator estimates “almost” apply to L and in fact do
apply to L as long as we filter out the low frequencies. Given that we should be able to handle the low
frequencies with Bernstein-type inequalities for band-limited functions, this indicates that we should be able
to adapt classical YDO commutator estimates to handle L and this is, in fact, our next objective.

There are a great many results on estimating commutators of the form [Op(p), f](u) in Sobolev spaces,
where p € § ;’f s or some other appropriate symbol class. The book [Tay4] is an excellent resource for such
estimates. The result which we will use as a basis for building the needed commutator estimate is the

following:

Lemma 3.3.3. Let m > 0. Further, take r, s € R such that r > %, s = 0and s + m < r. Then, for
p = p(x,&) € BST |, we have

[[Op(p), F1@)l s < 1f a2t e (3.3.10)
In other words, [Op(p), f] is an operator of order m — 1.
Proof. See Proposition 4.2 in [Tay6]. O

The symbol class BSY'| contains those p(x,¢) € ST, such that

Iy € (0.1) : supp p(6.£) < {(6.£) : 18] < ylél}. (3.3.11)

This class is related to the symbol class B! introduced by Meyer in [Mey]. What is important for us about
this symbol class is that

STo = BST +5,0 (3.3.12)
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in fact, we have, for any 6 > 0, S ’1" s © 8BS T,l + S 1_80 . In addition, OpBS '1” , contains the paradifferential
operators of [Bony]. A similar estimate that would have suited our purposes is Lemma 3.4 in [Ala2]. We
could have also used the estimate (3.6.1) from [Tay4], which for p € S ’1”,0 would give the same estimate as
(3.3.10) after applying Sobolev embedding.

We are now going to use Lemma 3.3.3 to prove the needed estimate for commutators involving L.

Lemma 3.3.4. Let L be as in (3.1.17), r > %, s = 0and s + a < r. Then, the result of Lemma 3.3.3 holds

with p = €. Namely, it holds that

IL. A1) s = 15 e el st (3.3.13)

Proof. As we noted previously, the challenge we must overcome is that £ is not smooth at & = 0. To deal
with this fact, we decompose L into a component with smooth symbol and a low-frequency component. We
will be able to control the (non-smooth) low-frequency factor via Bernstein-type inequalities, while Lemma
3.3.3 will give us control of the high-frequency, but smooth, factor.

We begin by defining a low-frequency filtering operator S as in (1.3.33). The aforementioned
decomposition is then L = L; + L~, where L; := SoL and L~ := (id —S()L. Observe that in defining L,
we have filtered out the high frequencies, only retaining frequencies ¢ with || < 1. Likewise, for L~ |, we
have filtered out the low frequencies and only retain frequencies |£] > 1.

From here, simply applying the triangle inequality gives

IIL, A1) s < L1 £1@0) s+ [TLs 15 1) | - (3.3.14)

We now just have to estimate each term on the right-hand side of (3.3.14). We will begin with the
low-frequency component. As Fourier multipliers, S and L commute, so we can use Lemma 1.3.9 and a

Bernstein-type inequality (e.g., Lemma 1.3.3) to obtain

[La(fw)l s = LS o(fu) s = 2705 | e [t s (3.3.15)

IfLaulys < (1 pr ILS oull s < 2% e [l - (3.3.16)
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Of course, (3.3.15) and (3.3.16) imply that

11, 1) s Sor 17 e et - (3.3.17)

Now we proceed to the high-frequency component. We know from (3.3.12) that we can write

L~y =8BL-1 + R, where BL..| € Op 8§ ’1"1 andRe OpS 1_80 . We can apply Lemma 3.3.3 to deduce that

I[BL=1, 1) s < 1 e [l st (3.3.18)

On the other hand, since R is a smoothing operator, we have

IR, F1@)l s < IR(Fu) | gs + WS Rull s < [ full s + 1 e | Rl s S 1F 1 e e - (3.3.19)

Of course, we could, for any m € R, put |u ;s+» on the right-hand side of (3.3.18). However, doing so would
not gain us anything, so we do not bother. Combining the estimates (3.3.14), (3.3.17), (3.3.18) and (3.3.19)
yields (3.3.13).

m]
We now have all of the tools needed to prove the second main commutator estimate:
Proof of Lemma 3.3.2. To begin, observe that, by Lemma 3.3.4, we have
I[P f1) s = ML f 1@ s < 1 e[l oo Vs = 0. (3.3.20)
Now, assume that, for some fixed k € N, we have
I[Py £ e < 1l g llee] pgsias Vs = 0. (3.3.21)
Fixing s > 0, we can again make use of equation (3.3.5), which gives
I[P 1) e < [PLIPL 1) e + [P A1(PL) . (3.3.22)
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Then, Lemma 1.3.9, (3.3.20) and (3.3.21) yield

PP £1) e < [PE F100 e+ 1TPE £160 g 1 s (3.3.23)
[P, F1PL) | s < Wi [PL ) provas S U g ] g (3.3.24)
The desired claim then follows by induction. O

Having the above commutator estimates in hand, we are now prepared to prove the desired energy
estimates pursuant to the approach outlined in Section 2.
3.4 The Main Energy Estimates

Here our objective is to prove the energy estimates of Theorem 3.2.1. This will, of course, require first
defining an appropriate energy for solutions to (3.1.20). However, as we noted previously, the value of «
plays an important role in defining a suitable energy. Nevertheless, there are some relevant results which we
can prove for L with any value of @ € (0, 2]. In the linear case (W = 0), one can show that the solution v

actually decays (in norm). On the other hand, in the nonlinear case (W = 0), we show that v satisfies

d
d—tl\V(t)Hiz < Iv(0)]72-

After proving the above results, we break our analysis into two cases: @ = % and @ = % We first
consider @ = %, defining an appropriate energy Ec,p and then proving the desired estimate. Finally, we do the
same for @ = %

3.4.1 Linear Damping
Here we show that, when W = 0, the external pressure pex; damps the energy. In particular, we show

that, for any k € Ng and o > ka, the H* norm of v is decreasing in time and thus is bounded above by

[vo| e Recall that vo € H” by hypothesis. We begin with the following result:

Lemma 3.4.1. Ifv solves (3.1.20) with W = 0, then |v(t)|,. is decreasing in time and, in particular,
Myesz < ol G4l

This claim is valid for any « € (0, 2].
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Proof. Differentiating |v(z) Hiz with respect to ¢ and passing the derivative through the integral gives
d 2n
EHV(I)H%‘Z = / V*atv + Vatv* dx. (342)
0

Noting that v* also solves (3.1.20), substituting from (3.1.20) into (3.4.2) and doing some simple

computations yields

d, 2 S 1 S P U
EHv(t)HLzz— ; v ;Lv—k;)(wv dx — 5 v ;Lv + XoV dx

1 2r l 2r
—— / VXV + vxev® dx — — / v¥Lv + vLv* dx
0 0

& &

We can then slightly rewrite the second term on the right-hand side above to see that it is purely imaginary:

d ) 2</27r ) ./er
—|v(z = —= XolV|” dx +i
Gl =—=( | 0

But, the left-hand side of (3.4.3) is real-valued, so the imaginary part of the right-hand side must vanish. We

ﬁv‘z dx) . (3.4.3)

therefore have

d ) 2 2n
GO === [T ar <o, (344
Hence, |v(7)] ;2 is decreasing in ¢, from which (3.4.1) immediately follows. o

Lemma 3.4.2. Let k € Ny be arbitrary. If v solves (3.1.20), where W = 0 and o > ka, then |v|| i (1) is

decreasing and is thus controlled by |[vo| gra-
IVl gt < ([0l e (3.4.5)

Again, we note that this result holds for any a € (0, 2].

Proof. Let Z denote the vector field £0; and consider Zv. Observing that Zv = —iLv — y v, we will have
Zve L? as long as Lv € [?(G.e.,o>ain equation (3.1.20)). In addition, since Z commutes with J;, L and
Xw> We have

j 1
0iZv + LLZv + —xwZv = 0.
£ £
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Hence, by Proposition 3.4.1, |Zv(1)||,2 is decreasing; that is, | (iL + x,,)v(t)||;2 is decreasing and in particular

It then follows that v € HY with

”vHL?OH;Y < [voll o (3.4.7)

Consider now Z2v. We will have Z%v € L? whenever o > 2a. As before, Z2v solves (3.1.20) with

W = 0 and, again, ||Z?v(¢) HL2 is decreasing in ¢. But,

72y = (iL _|_Xw)2v = (—L2 +ilyy + ixol +X¢2u)v'

In other words,

(L* = i(Lxw + XoL) — x2)v(1)| 2 is decreasing and we thus have
[(£2 = i(Lxw + xoL) = xo)V] 2 S [vol - (34.8)
Therefore, we deduce from (3.4.8) that v € H>*® with the estimate

IVl o p2e < [voll e (3.4.9)

We continue to iterate this argument and see that, for any k € Ny, [Z*v(¢) H ;2 1s decreasing, which implies that
H (iL + xo) (1) || ;2 1s decreasing. We therefore conclude that, as long as the initial data is sufficiently regular
(o = ka), v e H* and

IVl e gyt < Vol e (3.4.10)

3.4.2 A Nonlinear L? Estimate
At this point, we are ready to turn on W and so we shall henceforth remove the assumption that W = 0.

We shall first obtain an a priori L? bound and then focus on the higher Sobolev estimates.

Lemma 3.4.3. If v is a solution of the Clamond toy model (3.1.20), then

d

d—tHV(t)Hiz < Iv(0)]72-
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Once more, the above is valid for any a € (0,2].

Proof. We begin by differentiating |v(7)||,», passing the derivative through the integral, substituting from

(3.1.20) and using the fact that W,(v) = W(v*) to obtain

d 2r 2i 21
S == | Wev)ahP dx— = /
0 € Jo

2 2 27T
va| dx—= / YolvP dx. (B.4.11)
0

Since the left-hand side of (3.4.11) is real-valued, the imaginary part of the right-hand side must vanish and

so we will have

d 2r 2 2n
d—tuv(t)y@ = —ERe{ i We(v) v dx} - /0 Xolvf* dx. (3.4.12)

We can then integrate by parts in the first term in (3.4.12) to obtain

2n

d 2 2 2r
—|v(z) ”iz = QW (V) dx — = / Yol dx < W (v)Iv? dx,
dt € Jo 0

where the final inequality follows from the fact that —% 02" Yolv* dx < 0. Via Sobolev embedding (Lemma

1.3.2), we know that 0, W,(v) € L* and, due to (3.1.21), we have a uniform-in-¢ estimate. It then follows that

d
VOl < IO (3.4.13)

O

Having obtained the needed L? estimate, we are now going to define an energy for solutions of (3.1.20)
in order to obtain the desired Sobolev estimates. At this point, the analysis becomes more sensitive to the
value of @, hence we shall stop considering general @ € (0, 2] and break our consideration up into two cases,
a > 1 and @ < 1. In particular, as previously noted, we will focus in on o = %, corresponding to capillary
waves, and @ = % corresponding to gravity waves.

3.4.3 The Energy Estimate for Capillary Waves (o = %)

Definition 3.4.4. Let a = % and define the energy for a solution of the Clamond toy model (3.1.20) by

2
2
Eeap(t) = |1 Z(1)| - (3.4.14)
k=0
where Z is a given vector field.
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The vector field we will primarily consider in Definition 3.4.4 will be Z = &0;. Since the simpler choice
of Z = &0, works in the capillary case, we present this argument first. However, this vector field will not
work in the gravity case and there we utilize Z = Py, where Py is defined in (3.3.1). In Section 4, we include
an argument showing that this choice of Z also works in the capillary case, which gives a unified approach to

both problems. Either choice of Z will yield
Ecap ~ [V]7- (3.4.15)

Now that we have a suitable energy in hand, we can proceed to prove the main energy estimate in the

=3
case @ = 3.

Theorem 3.4.5. If o = % v is a solution of (3.1.20) with o = 3 and Ecap = SCap(t) is given by (3.4.14) with

Z = &0,, then one has
dEcap
dt

< Ecap- (3.4.16)

Proof. Write Ecap(t) = Ecap,0(t) + Ecap,1(t) + Ecap2(f) and notice that, by Lemma 3.4.3, we have

< Ecap- (3.4.17)

Upon taking the derivative of Ec,p,1 and substituting from (3.1.20) for v; and v}, one sees that

d‘gcap,l

2i [
dt 0

2r
__ / Z(Wa(0)00)Zv* + ZvZ(Wa(v)Ov) dx — 2
0

2 2 271'
ﬁZv| dx — = / YolZvP dx.
E € Jo

(3.4.18)

Since the left-hand side of (3.4.18) is real-valued, the imaginary part will vanish and, after noting that the

third term in (3.4.18) has a good sign, we will have

dscap,l

2
o < —iRe{/ Z(We(v)0xv)Zv* + ZvZ(We(v¥)dv™) dx}.
0

Expanding in the remaining integral using the Leibniz rule, recalling that W.(v) = W.(v*) and integrating by

parts yields

dg’cap,l 2 2

< O We(v)|1Zv)* dx — ‘Re{

” We(Zv)Oyv - Zv* + We(Zv*) 0™ - Zv dx}. (3.4.19)
0

0
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The first integral in (3.4.19) is easily estimated:

2r

O We(W)IZvP dx < |0xWe(v)] 112032 < [ 2v]7. (3.4.20)
0

One can then bound the second integral in (3.4.19) as follows:
2r
—‘Re{ We(Zv)0oyv - Zv* + We(Zv*) o™ - Zv dx} < We(@v) | oo [V g1 12 2 (3.4.21)
0

It then follows from (3.4.20) and (3.4.21) that

dgcap,l

o S 2+ [ 1291 S Eeap (34.22)

Finally, consider the derivative of Ecap 2 With respect to £. We compute the derivative, substitute from
(3.1.20) and, much as before, we will obtain

dacap,2

21
S —‘Re{/ Z2(Wo(v)0v)Z2v* + Z2vZE(We(v¥)0,v*) dx}. (3.4.23)
0

Expanding via the Leibniz rule, one obtains

dEcap . 2 2 2 2
T’ < —‘Re{ We(Zv)0yv - ZV* + Wo(ZV¥) 0™ - Z vdx}
0
21
- 2‘)&{ We(Zv)0,Zv - Z2V* + We(Zv*) 0, Zv* - Z%v dx}
0
2r
- ‘J{e{ We(v)0,Z%v - Z2V* + W, (v¥)0,Zv* - Z2v dx}
0
=1+ 11+ 111 3.4.24)

We first consider /11 in (3.4.24) and observe that, since W,(v) = W.(v*), we may integrate by parts to see
that
2n 2 2
I = AW (V)|Z2[ dx < |0 Weo(v) ] 10| 2%V 2. (3.4.25)
0

On the other hand, an appropriate bound on / is immediate:

I < | We(Z)] 0] 2] 2% - (3.4.26)
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Finally, we have

11 < [We(Zv) | o | 0x20] 12| 22V - (3.4.27)

Recall that we can control the H” norm of v with Ecqp for r < 3. Then, since |Zv| ;1 < ||v| s, it follows

from (3.4.24), (3.4.25), (3.4.26) and (3.4.27) that

d&.,
%PJ < 225 + o [22V] 2 + 12V [ 22V] 2 S Ecap- (3.4.28)
Upon combining (3.4.17), (3.4.22) and (3.4.28), we conclude that

dEcap
dt

< Eeap- (3.4.29)

3.4.4 The Energy Estimate for Gravity Waves (o = %)

Here we seek to obtain a result analogous to Theorem 3.4.5 when o = % Again, we shall first need to
define a suitable energy, but the situation is complicated by the fact that L is now sub-principal. In particular,
the simpler vector field Z = €0, will no longer suffice and we will need a more carefully chosen Z.
Definition 3.4.6. Let a = % and define the energy for a solution v of the Clamond toy model (3.1.20) by

4
Earar (1) = . | 2501 (1), (3.4.30)
k=0

where Z = Py. Recall that Py is defined in (3.3.1).

Notice that the definition of the energy in this case requires more copies of the vector field Z. This arises
from the fact that L is now only of order %, instead of order % in the previous case and so we will need more

copies in order to close the estimates. Notice that
2
Egrav ~ V|72 (3.4.31)

The vector field £¢;, which we used to define Ec,p, had the benefit of commuting with J,, W, and
functions of x. However, the vector field Z = P, in Definition 3.4.6 does not have these nice commutation

properties and so obtaining the desired energy estimates will require understanding the effects of commuting
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powers of Z with 0y and functions of x (and 7), such as W.(v). This is precisely the motivation for the results
obtained earlier in Section 3.

Defining the energy as in Definition 3.4.6, we can prove the following energy estimate.

Theorem 3.4.7. If a = % v is a solution of (3.1.20) with o > 2 and Egray = Egrav(t) is given by (3.4.30),

then one has

Proof. Again, we begin by writing 8grav = 8grav,0 + Sgrav,l + 8graV,Z + 8grav,3 =+ 8grav,4 and noting that the

desired result for Egray,0 holds by Lemma 3.4.3:

dagrav,O
dt

< Egrav- (3.4.32)

Now, fix 1 < k < 4 and consider Egpay k. Upon differentiating with respect to ¢, substituting from

(3.1.20) and rewriting a bit, we obtain

dagrav,k

2r 2i 2r 2 2 2n 2
= _/ ZKWe(v)ow) ZvF + Z8vZK (W (vF) o,v*) dx——/ \/ZZkv’ dx——/ )(w|Zkv| dx.
0 € Jo € Jo

(3.4.33)

We know that the left-hand side of (3.4.33) is real-valued, so the second term, which is purely imaginary,

must vanish. Moreover, the third term has a good sign. We therefore deduce that

dg rav. 2n
—a * < —‘Re{ / ZH(Wo(v)0)Z5* + Z5vZH (W (vF) 0v) dx}. (3.4.34)
0

By adding and subtracting, we can rewrite (3.4.34) as

ngrav,k

2
—Re k V)Ow) — We(v)ZFo ]| ZFv* k V) o) — We(v¥)Zko w1 Z5y dx
et < —stef [T W 0)00) - WOIZ 0012 + 12 W07)00) — Wals") 2012 d}

2
- ‘.Re{ We(v)ZFowZEv + Wo(v¥)ZFko v+ Zhy dx}
0

= Cy + Dy. (3.4.35)
We see that Cy is a commutator term and applying the Cauchy-Schwartz inequality yields

Ci < [[Z5 We)](2e0)] |25 -
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We can now invoke Lemma 3.3.2 to finish off the estimate. We then get
Ci < W)l 109 s |Z9] 2 S 1000 s [ 249 2 (3.4.36)

where r > % and r > '5‘ More specifically, for 1 < k < 3, wecanuser = %4— and, for k = 4, we can use

r = 2. At worst, since k < 4, the right-hand side of (3.4.36) involves [[0v| 1 < ||V 2. We thus obtain
Cr < HaXVHHk/Z*IHZkVHLz < Egrav- (3.4.37)

We now move on to consider D;. Here, we make use of the fact that W,(v) = W,(v*) and commute Z*

with 0,, which will cause us to pick up a derivative commutator:
Dy = — 02” Wa(v) 5X’Zkv|2 _ gne{ /0 - Wo(v)[Z5, 0] (0 Z5* + Wa(v¥)[ZF, 0, (vF) Zhy dx}. (3.4.38)
We now integrate by parts in the first term and apply the Cauchy-Schwartz inequality to both terms:
Dy < |0:We() | |25 32 + IWe ) 12 | [25 2] )] 2|20 - (3.4.39)
We now see that we can apply Lemma 3.3.1, which gives us

Dy < |25 + IVl g |29 o (3.4.40)

Notice that the Sobolev norm is of order at most % since k < 4. As such, we do not have any trouble closing

the estimate:

2
Dy 5 HZkaL2 + HVHH‘/Z—'/2 ZkV”LZ < Sgrav- (3.4.41)
Upon combining (3.4.35), (3.4.37) and (3.4.41), we have
d&,r,
P S By (3.4.42)

Finally, the estimates (3.4.32) and (3.4.42) give us the desired control of the time derivative of the
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energy:
d Sgrav

dt

< 8grav- (3.4.43)

3.5 An Alternative Proof of Theorem 3.4.5

Theorem 3.4.5 is sufficient for the purpose of obtaining O(1) existence time for solutions of (3.1.20).
However, in the @ = % case, we were no longer able to use the vector field £0;, instead we utilized iL + y,.
Here, our goal is to show that one can obtain the result of Theorem 3.4.5 using the vector field iL + y,, and

so show that both results can be obtained using a unified approach.

Theorem 3.5.1. Ifa = %, v is a solution of (3.1.20) with o = 3 and Ecap = Ecap(t) is given by Definition

3.4.4 with Z = iL + x,, then one has

dacap
dt < 8cap‘

Proof. As in the proof of Theorem 3.4.5, write Ecap = Ecap,0 + Ecap,1 + Ecap,2 and notice that, by Lemma

3.4.3, we have

< Seap- (3.5.1)
We thus begin in earnest by considering the time derivative of Ecqp for k = 1, 2:

dacap,k .

21 2r
dt 0

21
- / ZK(We(v) o) ZMv* + ZMZF (W (vF) ov*) dx — =
0

LZ v‘ dx—— )(w|Z v| dx.
& € Jo

As we’ve seen many times already, we can reduce this to

dgcap,k

2r
S ERQ{/ ZEWo(v)ov)ZMvF + ZMZE (W (v¥) 0v®) dx}. (3.5.2)
0

We now rewrite the integral on the right-hand side of (3.5.2) by adding/subtracting and making note of
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the fact that W, (v) = W, (v*):

dacap,k

21
7 < ‘Re{/o [ZK(We(v)0,v) — We(V)ZFO ] Z5v* + [ZE (W (vF)ow™) — We(v¥)ZFow* ] Zhy dx}

2
— ine{ We(v)(ZFowZiv + ZFo v Zhy) dx}
0

= C; + Dy (3.5.3)
We begin by considering the commutator term Cy for which we plainly have

Cr < ||[Z5 We(0)](0)] 2] 2"V - (3.5.4)
We can apply Lemma 3.3.2 to estimate the right-hand side of (3.5.4):

Cic < W)l g l0xv] et [ Z5V] .- (3.5.5)

We will either take r = %—F for k = 1 or r = 3 for k = 2. In addition, %‘ — 1 < 2 and so the highest Sobolev

norm of v appearing is |0xv| 2 < |v||5s. Thus, the energy estimate closes and we have

Cr < |0

i | 2] 2 < Ecap (3.5.6)
We rewrite Dy by commuting Z with 0, and integrating by parts, which yields
Dy = OZH O We(v) - |z’<v|2 dx — ‘.Re{ /O - Wo(v)[Z5, 0:] (0 Z5* + We(v¥)[Z, 0, ] (v¥) Zhy dx}. (3.5.7)
Hence, we have the estimate
Dy < 0 We) | [ 2] + W)l o | [ 25 2 0] 2249 o (3.58)

We apply the derivative commutator estimate of Lemma 3.3.1 with & = % to bound the commutator term.

This gives control via the energy:

Dy < 242 + IVl o

Z| 5 < Ecap. (3.5.9)
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We are able to close the above estimate as % - % < % < 2 given that k = 2 is the worst-case scenario. Ergo,

upon combining (3.5.5) and (3.5.9), we obtain control of %:
dscap,k
7 < Ecap- (3.5.10)
This gives us the desired estimate:
dacap
r < Ecap- (3.5.11)
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