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FUNCTIONAL GAUSSIAN APPROXIMATIONS IN HILBERT SPACES:
THE NON-DIFFUSIVE CASE

SOLESNE BOURGUIN!, SIMON CAMPESE?, AND THANH DANG!

ABSTRACT. We develop a functional Stein-Malliavin method in a non-diffusive Poissonian set-
ting, thus obtaining a) quantitative central limit theorems for approximation of arbitrary non-
degenerate Gaussian random elements taking values in a separable Hilbert space and b) fourth
moment bounds for approximating sequences with finite chaos expansion. Our results rely
on an infinite-dimensional version of Stein’s method of exchangeable pairs combined with the
so-called Gamma calculus. Two applications are included: Brownian approximation of Poisson
processes in Besov-Liouville spaces and a functional limit theorem for an edge-counting statistic
of a random geometric graph.

1. INTRODUCTION

The now classical Stein-Malliavin method, a combination of Stein’s method with Malliavin
calculus, has been very sucessful in deriving quantitative central limit theorems for non-linear
approximation. Since its inception by Nourdin and Peccati in 2013 (see [NP09]), it has formed
a vivid community which developed the theory further and applied it to numerous situations.
An excellent exposition of the basic method is available in the monograph [NP12] , while I.
Nourdin keeps a rather exhaustive and continuously updated list of references on the webpage
https://sites.google.com/site/malliavinstein. From a theoretical point of view, one
of the main remaining challenges is an adaptation of the method to the infinite-dimensional
setting, with quantitative approximation of Gaussian processes as main application. For random
elements taking values in a Hilbert space, and in a diffusive context, this has recently been
achieved by [BC20]. In this work, we provide the natural analogue in the non-diffusive context
of Poisson spaces. More specifically, let X be a square-integrable measurable transformation of
a Poisson process and Z be a Gaussian process, both taking values in some separable Hilbert
space K. Informally, our main results (Theorems 3 and 4 on page 9) provide bounds on a
probabilistic distance between X and Z (metrizing convergence in law) in terms of the first four
strong moments of X or alternatively in terms of so called contractions. From these bounds, one
can directly deduce quantitative and functional central limit theorems for convergence towards
a Gaussian process, as well as an infinite-dimensional version of the Fourth Moment Theorem,
which says that for a sequence of K-valued multiple Poisson-integrals, convergence of the second
and fourth moments implies convergence towards a Gaussian process.
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It is noteworthy to observe that while the analogous diffusive statements in [BC20] look sim-
ilar to our non-diffusive ones, their proofs are rather different, for the same reason as in the
finite-dimensional case: No chain rule is available in the non-diffusive case, which renders the
usual integration by parts argument unfeasible. Instead, one can construct an appropriate ex-
changeable pair and then apply a Taylor argument in order to control the term resulting from
an application of Stein’s method. Compared to the finite-dimensional setting, several techni-
cal issues arise which require the use of Hilbert-space techniques. A commonality with the
diffusive statements is, however, that our main results subsume all known finite-dimensional
Malliavin-Stein bounds in a Poissonian context as special cases (see Remark 2 on page 9 for
details).

In order to illustrate our results, we provide two applications: The first one concerns the classical
approximation of a Brownian motion by a normalized Poisson process with growing intensity
A. A natural class of Hilbert spaces accommodating the sample paths of both processes are the
so-called Besov-Liouville spaces. In [CD13], the authors showed that convergence takes place
at rate A\1/2 (as in the classical one-dimensional case). To prove this, they first transferred
both processes isometrically ¢2(N) and then had to go through rather tedious calculations.
In contrast to this, our bounds yield the same result in just a few lines, and no isometry is
necessary. As a second application we illustrate, using an edge counting statistic of a random
graph, how known one-dimensional central limit theorem can be made functional with very
little additional effort.

Besides the already mentioned reference [BC20], the work [CD13] is concerned with quantitative
functional approximation in a Malliavin-Stein context as well. As already mentioned, the
authors use a different approach which crucially depends on isometrically mapping all random
elements to ¢?(N). In applications, the need to explicitly evaluate such an isometry can be seen
as a drawback. Also, our setting seems to be more general and does not rely on ad-hoc arguments
depending on the Gaussian process at hand. Other related references proving functional central
limit theorems using Malliavin-Stein techniques are [Kas17, Kas20, DK21, DKP19].

The rest of this paper is organized as follows. In Section 2 we introduce the necessary prelim-
inaries, followed by the main results in Section 3. The proofs are given in Section 4 which is
followed by the two aforementioned applications in Section 5. An appendix contains several
technical lemmas required for the proofs.

2. PRELIMINARIES

2.1. Probability on Hilbert spaces.

Let K be a real separable Hilbert space, B(K) the Borel o-algebra of K and (Q,F,P) a
complete probability space. A K-valued random variable X is a measurable map from (€2, F)
to (K, B(K)). Such random variables are characterized by the property that for any continuous
linear functional ¢ € K*, the function ¢(X) : 2 — R is a real-valued random variable. As usual,
the distribution or law of X is the push-forward probability measure P o X! on (K, B(K)).
The set of all K-valued random variables is a a vector space over the field of real numbers. If
the Lebesgue integral E[|| X|| ] = [q | X|| x dP exists and is finite, then the Bochner integral
fQ XdP exists in K and is called the expectation of X. Slightly abusing notation, we denote
this integral by E[X] as well, and it can always inferred from the context whether E[-] refers to
Lebesgue or Bochner integration with respect to P. For p > 1, LP(£2, P) denotes the Banach
space of all equivalence classes (under almost sure equality) of K-valued random variables X
with finite p-th moment, i.e., such that

1
1X 1 o 0,py = E[IXIE] 7 < c0.



FUNCTIONAL GAUSSIAN APPROXIMATIONS IN HILBERT SPACES: THE NON-DIFFUSIVE CASE 3

Note that for all X € LP(Q, P), the Bochner integral E[X] exists. In the case X € L?(Q, P),
the covariance operator S : K — K of X is defined by

Su=E[(X,u), X].
S is a positive, self-adjoint trace-class operator that verifies the identity
TS = E[\|X||§<].

We denote by Si(K) the Banach space of all trace-class operators on K, equipped with
norm |[|T'||s, k) = Tr|T|, where |T| = vTT* and T* denotes the adjoint of 7. The sub-
space of Hilbert-Schmidt operators on K is denoted by HS(K), its inner product and norm by
(s dusery » I las (i) respectively. Recall that

I llop = -lms ey < llsy (¢ -

where ||-||,, denotes the operator norm.

2.2. Gaussian measures and Stein’s method.

In this section, we introduce Gaussian measures, the associated abstract Wiener spaces and
Stein characterization of Gaussian measures. The theory will be presented within a general
Banach space setting. Standard references for Gaussian measures and abstract Wiener spaces
are the monographs [Bog98, Kuo75], while Stein’s method for Gaussian measures has been
developed by Shih in [Shill] (see also Barbour’s earlier work [Bar90] for the special case of
Brownian motion).

2.2.1. Abstract Wiener spaces. Let H be a real separable Hilbert space equipped with inner
product (-, -) ;; and ||-|| be a norm on H weaker than |[-|| ;. Denote B the Banach space obtained
via completion of H with respect to ||-|| and ¢ the canonical embedding of H into B. The triple
(i, H, B) defines an abstract Wiener space and has first been introduced by Gross in [Gro67a].
We identify B* as a dense subspace of H* under the adjoint i* of 7, so that we have the
continuous embeddings B* C H C B, where, as usual, H is identified with its dual H*. All of
this can be summarized via the diagram

B* S H*=H 4 B.

The abstract Wiener measure p on B is characterized as the Borel measure on B satisfying

[ exo(i @ Jotdn) = exp (—%)

for any n € B*.

2.2.2. Gaussian measures. Let B be a separable Banach space, with 5(B) its Borel o-algebra. A
Gaussian measure y is a probability measure on (B, B(B)) such that every linear functional x €
B*, considered as a (real-valued) random variable on (B, B(B), 1), has a Gaussian distribution
on (R,B(R)). Such a Gaussian measure is called centered and/or non-degenerate, if these
properties hold for the distributions of every z € B*.

We can see that every abstract Wiener measure is a Gaussian measure, and conversely, for
every Gaussian measure p on B, there exists a Hilbert space H such that (i, H, B) forms an
abstract Wiener space. The space H is known as the Cameron Martin space.
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2.2.3. Stein characterization of Gaussian measures. Let B be a real separable Banach space
with norm |[|-||. Let Z be a B-valued random variable which induces a centered Gaussian
measure pz on B and let (i, H, B) be the associated abstract Wiener space. By {P; : t > 0} we
denote the Ornstein-Uhlenbeck semi-group of Z. It has the Mehler representation

Puf(@) = [ 1t V=) (),
B
provided such an integral exists. In [Shill, Theorem 3.1], Shih proved the following Stein lemma
for abstract Wiener measures.
Theorem 1. Let X be a B-valued random variable with distribution px .
i) If B is finite-dimensional, then ux = pyz if and only if
E[(X,V/(X))gp — Aaf(X)] =0 (1)

for any twice-differentiable function f on B such that IE{HVQf(Z)HSI(HJ

it) If B is infinite-dimensional, then px = pyz if and only if (1) holds for every twice
H-differentiable function f on B such that V f(x) € B* for every x € B,

E[[V2£(2)]| 5, | < o0 and E[IIV£(2)]3.] < .

< 00.

The notion of H-derivative which is also known as Fréchet derivative along H and appears in
Theorem 1 was introduced by Gross in [Gro67b], and we briefly recall it here for the sake of
self-containedness. A function f : U — W from an open set U of B into a Banach space W is
said to be H-differentiable at = € U if the map ¢(h) = f(x + h),h € H, regarded as a function
defined in a neighborhood of the origin of H is Fréchet-differentiable at 0. The H-derivative of
f at x in the direction h € H is denoted by (Vf(x),h). The k-th order H-derivatives of f
at 2 can then be constructed inductively and are denoted by V¥ f(z), provided they exist. If
f is scalar-valued, Vf(z) € H* ~ H and V?f(z) is a bounded linear operator from H to H*
for every z € U. The notation (V2 f(z)h, k), or V2f(z)(h, k) will stand for the action of the
linear form V2f(z)(h,-) on k.

If V2f(x) is a trace-class operator on H, the Gross Laplacian Agf(z) of f at x is defined as

Agf(x) = Trg(V?f(x)).
2.2.4. Stein’s equation. In view of Theorem 1, the associated Stein equation is given by

(z,Vg(2)) g g — Acy(x) = h(z) — E[h(Z)]
for x € B, where h belongs to a suitable class of test functions. In this paper, we will assume
our test functions belong to C3(K), the class of real-valued functions on K that have bounded
Fréchet derivatives up to order three. This space is equipped with the norm
Hthg(K) SUP Sup HD]h
=1,2

771'

M e -

Using standard semigroup techniques, the first two authors of this work showed in [BC20] that
there is a solution gp(z) for every test function h(z) and that g, € C(K) when h € C3(K).
Specifically, [BC20, Lemma 2.4] provides the estimates

1
SUP Hngh HK®J = 5 HhHC;’(K)

and

lgnlles ) < Whlles k) -
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Thus, using the probability distance
d3(X1,X2) = sup  [E[p(X1) — h(X2)][,
heC3(K)
”h”Cg(K)Sl

Stein’s equation implies that
d3(X,Z)=sup [E[Aggn(X) — (X, Dgn(X)) ]| -

heC3(K)
”h”Cg(K)Sl

2.3. Dirichlet structure.
This section contains an overview of Dirichlet structures, which is the framework we will be
working within alongside Stein’s method. We start by recalling the definition and properties
of a Dirichlet structure on L?(€;R) (full details can be found in the monographs [BGL14,
BH91]) before focusing on an extension to L?(Q; K). Given a probability space (Q,F, P), a
Dirichlet structure (D, €) on L?(;R) with the associated carré du champ operator I' consists
of a Dirichlet domain I, which is a dense subset of L?(Q2;R) and a carré du champ operator
I':Dx D — LYQ,R) characterized by the following properties.

- I' is bilinear, symmetric (I'(F,G) = I'(G, F')) and positive (I'(F, F') > 0).

- the induced positive linear form F — E(F, F), where £(F,G) = iE[['(F,G)], is closed

in L2(;R), i.e., D is complete when equipped with the norm

115 = 11122 @) + €C)-

Remark 1. We do not assume that I" satisfies the so-called diffusion property — see [BGL14,
Definition 3.1.3] — as opposed to what is being done in [BC20].

Here and in the following, E[-] denotes the expectation on (€2, ) with respect to P. The linear
form £ is known as a Dirichlet form and for brevity we write £(F') for £(F, F). Every Dirichlet
form gives rise to a strongly continuous semigroup {P;},~, on L?(Q;R) and an associated
symmetric Markov generator —L, defined on a dense subset dom(—L) C D. There are two
important relations between I' and L, the first being the integration by part formula

E[I'(F,G)] = —=E[FLG] = —E|[GLF],
which is valid for F,G € D. The second relation is

I'F,G) = %(L(FG) — GLF - FLG),
which holds for all F,G € dom(L) such that FFG € dom(L). If —L is diagonalizable with
spectrum Ny (the set of natural numbers plus 0) and Fj is an eigenfunction corresponding to
the eigenvalue ¢, then —LF, = qFj,. We can define a pseudo-inverse —L7 ! by —L_qu = %Fq
when ¢ # 0 and 0 otherwise. The definition of —L and —L~! for a general F' = > qen Fa
follows naturally via linearity. Alternatively, L can be defined as the generator of the heat
semigroup {F;},~, (on dom(L)) which satisfies

O P, = LP, = P,L.

Next we present what is meant by a Dirichlet structure on L?(€2; K). Let us adopt the notations
D,I', L, P; for the Dirichlet domain, Dirichlet form, carré du champ operator, generator and
semigroup associated with elements in L?(€2;R). Meanwhile, D, T, L, P; are reserved for the

counterpart objects associated with elements in L?(Q; K). Given a separable Hilbert space K,
one has that L?(2; K) is isomorphic to L?(€;R) ® K. The Dirichlet structure on L?(Q;R) can
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therefore be extended to L?(£2; K) via a tensorization procedure. Let Ny be the spectrum of
—L and {k; };en an orthonormal basis of K. A will be the set of all functions X taking the form

X = zg: fbﬂ ® k;
g€l

such that I C N? is a finite set and F,; € ker(—z +ql ) Assuming another element Y =
Zp jes Gpj @ kj in A, we can define L, T", P;, £ for t > 0 via

LX:LZ Fpi® ki = Z(qu,i) ® k;
q i€l qi€l
PX =Py Faok=> (BF.) ok
quI qi€l
Z Z (Fgir Fpj) ® (ki @ kj + k; © k)
(IﬂGIp,]GJ

and
£(X,Y) = E[Tr (X, Y)].
In the last line, we identify I'(X,Y) as an element of L?(:;R) ® K ® K ~ L?(Q, L(K, K)) via
the action
Z Z Fyis Fpj) @ ((kiyu) e @ kj + (kjyu) g @ ki)
quIpJGJ

Since A is clearly dense in L?(£); K), these operators can be extended to appropriate domains
in L2(; K). This has been verified in [BC20, Proposition 2.5 and Theorem 2.6] (excluding the
diffusion identity), which we restate below for the reader’s convenience.

Proposition 1 (Proposition 2.5 in [BC20]). The operators L L=, & and T' can be extended to
dom(L), dom(L~') and dom(T") = dom(€) = D x D, respectively, given by

dom(L) = {X € L2 K) : > * Ty (I1X1I%,) < oo},
q€No
dom(L™1) = L*(Q; K) and
D= {X e LK) Y aly(IX) < ocf.

q€No

where jq() denotes the projection onto ker (E + qI> C L2(Q;R). In particular, one has

ACdom(L) CD C dom(L™ 1Y) = L*(Q; K),
and all inclusions are dense.
Theorem 2 (Theorem 2.6 in [BC20]). For a Dirichlet structure (D,T') on L?(Q; K), the fol-
lowing s true.
(1) T' is bilinear, almost surely positive, symmetric and self-adjoint with respect to (-,-) .
(ii) The Dirichlet domain D equipped with the norm
2
Xl = 1X1 L2(:x) + IT(X, Xl 21 us1)
18 complete, so that ' is closed.
(iii) The generator —L acting on L?(Q2; K) is positive, symmetric, densely defined and has
the same spectrum as —L.
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(iv) There is a compact pseudo-inverse L=t of L such that
LL 'X = X — E[X]

for all X € L?(2; K), where the expression on the right is a Bochner integral.
(v) The integration by parts formula

ETrI'(X,Y)] = —E[(LX,Y) ] = —E[(X, LY ) ;]

is satisfied for all X,Y € dom(—L).
(vi) The generators I, L, L are related via

TT(X,Y) = %(Z (X,Y) o — (LX,Y) e — (X, LY>K> 2)

for all X,Y € dom(—L).
(vii) The identity

1/~ ~
(DX, Y u,v) i = 5 (TUX ude s (Y500 0) + (Y w0 e (X)) )
is valid for all XY € D and u,v € K.

2.4. Analysis on Poisson space.

So far we have been working with a general probability space. In this section we will get more
specific and describe the Poisson space on which most of our objects of interest are defined. We
direct the reader to the references [LP18, NN18| for an extensive treatment of this topic. Let
(2,2, 1) be a measure space such that p is o-finite. A Poisson random measure n on (Z,.%)
with control measure p is a family of distributions defined on some probability space (€2, F, P)
that satisfies

- n(B) is a Poisson distribution on Q with mean u(B),
- n(B1),n(Bz) are independent when By N By = ().

If such a Poisson random measure exists, the associated probability space (2, F, P) is called
a Poisson space. Next, let 77 be the compensated Poisson random measure, that is 7(B) =
n(B) — p(B), whenever pu(B) is finite. Denote L2(ud) the set of all symmetric functions in
L?(u%). For f € L2(u9), Ij(f) denotes a multiple (Wiener-Itd) integral of order g. Unless we
are simultaneously dealing with two different Poisson random measures, I,(-) will be understood
as an integral with respect to 7. Multiple integrals have the following isometry property: for
any integers q,p > 1,

ElI(f)Ip(9)] = ]1{q=p}q!<.f7 §>L2(Mq)’

where f denotes the symmetrization of f, and we recall that I,(f) = I,(f). The contraction of
two kernels f € L2(u?) and g € L2(uP), denoted by f . g for 0 <1 <r < g Ap, is obtained by
identifying r variables and then integrating [ of those:

l
f*r g(yla s Yr—Yr—1415 - - - ?yq—lazl7' .- ,prr)
= lf(xla s YLy Yr—1 Yr—1415 - - - ?yq—l)g(xla ey YLy ey Yr—5 21 - ',prr)
zZ

du(ar, .., m)

provided the integral exists in L?(u97P~"~!). Contractions are central objects for analysis on
Poisson space as they appear in the product formula for multiple integrals. There are two ways
of stating this product formula on Poisson space: [Lasl6, Proposition 6.1] and [DP18, Lemma
2.4], each having different assumptions. We will state both below.
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Lemma 1 (Proposition 6.1 in [Las16]). Let f € L%(u9),g € L2(uP) and assume that f %L g €
L2(uatP="=1). Then,

Lo =3 n(%) (%) ; () twsaemits ) @

r=0

Lemma 2 (Lemma 2.4 in [DP18)). Let f € L%(u9),g € L2(4P) and assume that F = I,(f),G =
I,(g) € L*(P). Then

gAp—1

PG = Z jk(FG) + Iq+p(f®g)-
k=1

The collection of all multiple integrals of order ¢ form the so-called Poisson chaos of order ¢ in
L%*(Q;R), which is denoted by H,. Since E[I,(f)I,(g)] = 0 for ¢ # p, we have the orthogonal
decomposition

o
L*(Q,F,P) = P H,
q=1
Similarly as what we did for Dirichlet structures, we define H4(K) (K-valued Poisson chaos of
order ¢) as the closure of H, ® K in L*(Q, K). Then,

LK) = é?—lq(K).
q=1

Consequently, every X € L%(€, K) can be decomposed as

X=N F=3 (Fpkdpki=Y Fyik,

q€Np €N, €N,
q€Np q€Np

where F, € H,(K), F,; € H, with F,; = I,(f,.) for some f,; € L2(u?).

2.5. An exchangeable pair on Poisson space. Another tool that we will make use of
alongside Stein’s method is the method of exchangeable pairs, which we will describe here. Per
[LP18, Corollary 3.7], since 7 is a Poisson random measure on (Z,.%, 1), we can consider 7 as
a proper Poisson point process written as

K
n= Z 6Xn?
n=1

such that X,,, k are random elements in Z,N U {0, 00}, respectively. It is well known that any
F € L?(;R) has the representation F' = f(n) for some measurable function f : N — R, which is
uniquely defined up to null sets (see [LPS16]). In [DVZ18, Section 3.1], via continuous thinning
of 1, the authors are able to construct a family of new Poisson point processes (n');>o and from
there derive a path-wise representation for the semigroup ﬁt associated with 7. Specifically, the
action of ﬁt can be described via the Mehler formula

Bif(n) =E[f(n")n].

Following up on this result, they made the important observation that for every t > 0, (n,n') is
an exchangeable pair (i.e., (n,1') and (n',7n) have the same distribution) and that as a result,

for any kernel g € L2(uP), the pair <I;,7(g), Igt (g)> is also exchangeable.
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3. STATEMENT OF MAIN RESULTS

In what follows, let K be a separable Hilbert space with orthonormal basis {k; }ien, and let X
denote a K-valued centered random variable in L? (2; K) with finite chaos decomposition

N
X = Z;Fm (4)

where each Fj belongs to the ¢g-th K-valued Poisson chaos. Furthermore, assume that X has
covariance operator S, which in turn decomposes as

N
S=>"5,
q=1

where, for each 1 < g < N, §, is the covariance operator of Fj. Finally, we will denote by
fa,i € 9% the kernel of Fy; = (Fy, ki) o = Ig (fq.0)-

Our first main result provides a quantitative bound on the distance between the law of X and
a centered K-valued Gaussian random variable Z in terms of the first four moments of X.
Theorem 3. Assume X is a K-valued random variable as described above with finite fourth
moment, i.e., E[HXHL;(] < 00. Then, letting Z be a centered Gaussian random variable on K

with covariance operator S’, the following estimate holds

1
$(X.2) < L5 = 5

2¢—1 4 2
+ > \/E[nFqu}—E[nFqui] ~ 2018yl
12N
pra= b Jelim 2 1EI2] =152 EE )2
+ > BRI R(IRINF] - B[RRI
1<prg<N P
2
_ 4
+NE[IXI%], | 3 2 1<4q—3><||Fq||K—E[quu%{] —2||Sq||%s>
1<g¢<N
1
< 9 HS_ SIHHS

_l’_

(% + \/23N—1N(4N - 3)E[HXH§<]>

VE[1] ~ B[] - 2181

Remark 2. Note that Theorem 3 is an infinite-dimensional version of the fourth moment
theorems on the Poisson space obtained in [DVZ18, Theorem 1.2, Theorem 1.7] and [DP18,
Theorem 1.3]. In particular, the aforementioned results are special cases of Theorem 3 obtained
by setting K = R? for a positive integer d.

Remark 3. Observe that Theorem 3 can be viewed as a Poissonian counterpart of [BC20, The-
orem 3.10] in the context of a non-diffusive chaos structure. The fact that we are working with
a non-diffusive structure (where no chain rule is available for the Gamma calculus introduced in
Section 2) forces us to use different techniques in order to obtain the above quantitative bounds
than the ones used in [BC20], making these results comparable in nature, but very different in
their methodologies of proof.
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Whenever X belongs to a single chaos, we can reformulate Theorem 3 in a more compact form:
Corollary 1 (Quantitative Fourth Moment Theorem). Let the notation of Theorem 3 prevail.
When X belongs to a single chaos, i.e., X € Hq,(K) for some ¢ > 1, one has

15X, 2) <5 5 = 5 s

+ (2%1; L2t - 3)qE[HXH?<D VE[IXIE] ~ B[] - 2181

As d3 metrizes convergence in law, the above corollary in particular shows that within a single
non-diffusive chaos, convergence of the second and fourth strong moments implies convergence
towards a (Hilbert-valued) Gaussian.

A particularly useful formulation of the above moment bounds for applications uses contraction
operators acting on the kernels of the multiple integrals appearing in the chaos decomposition
representation of X given in (4). Contractions, which are the analytic quantities defined in
Section 2, allow for much simpler computation compared to dealing directly with the first four
moments. Some examples of previous works that use contraction norms to obtain quantitative
limit theorem for Poisson random variables include [LRP13a, LRP13b, RS13].

Our second main result is the following contraction bound.

Theorem 4. Let the notation and setup of Theorem 8 prevail. Moreover, let $ = L*(Z, i)
where Z is the o-fnite measure space described in Subsection 2.4. Then it holds that

N(2N —1
dy(X, 7) < (%) + \/23N2N(4N [HXHK]) VB 5 119 =5 s-
where the quantity 5 is given (in terms of contraction norms) by

B = Z apvq(p/\q)qu*gﬁgfp“;@q—p\@[(m

1<p,q<N
q#p

gAp—1

+ Z Z bp,g(7) || fg *r fp”ﬁ@(qﬂ) 2r) @ K ©2

1<p,g<N r=1

+ Z Z Cpq,l,m r,s qu rfp“ﬁ®(q+p r—D) QK ®2 qu s fp||55®(q+p r-DK®2 "
1<p,q<N (r,s,l,m)el

Here, the combinatorial coefficients are given by

r apq(r) = plg! (i) <];> +rl? (3)2 <];>2 p— ql!

q\ (P
b = plg!
p,q(r) pq A

e~ ()Y Yo

and the index set I is defined by
I={(r,s,l,m) eN*:0<rs<gAp, 0<I<r, 0<m<s,
r+l=s+m, (r,s,l,m) ¢{(0,0,0,0),(¢ Ap,g Ap,g Ap,qg A p)}}.

Example 1. If X is a sum of elements of the first two chaoses, i.e., X = I1(f1) + I2(f2), Theo-
rem 4 requires the contraction norms Hfl *1 f2H.6®K®2’ Hfg *1 f2H5®2®K®2’ Hf1 *J f2Hﬁ®2®K®2,
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Hfl *(1) f2H5§®2®K®2’ P *(2] f2”53®2®[(®27 P *5 f2H5§®K®2 and Hfl *(1) leﬁ@)Km to converge to 0
to get convergence towards a Gaussian law.

Example 2. Let i be a o-finite measure on some measure space. By setting K = R, $ = L?(u)
and X = I,(f) for some p > 2 in Theorem 4, we get a result comparable to [PSTU10, Theorem
5.1] and [PT08, Theorem 2|. For instance, whenever X = I5(f), Theorem 4 and [PSTUIO0,
Example 5.2] both state that normal convergence happens if Hf *1 fHLQ(ﬂQ), ||fHL4(M2) and

Hf *5 fHLQ(M) converge to 0, keeping in mind that HfH%“(MQ) = Hf *9 fHLQ(MQ), and Hf *J fHL2(M3) =
[/ %3 fHLQ(M)'

Another example is [PSTU10, Example 5.3], which states that X = I3(g) converges to a Gauss-
ian distribution if ||g||%4(u3)a Hg *% gHLQ(ﬂ4)a g*% gHLQ(HS)? Hg *%, gHLQ(“Q) and Hg *% gHLQ(“) all
converge to 0, which is the same condition suggested in Theorem 4.

Further, we would like to mention [ET14, LRP13a, LRP13b] which also offer contraction bounds
for normal approximation on the Poisson space.

4. PROOF OF MAIN RESULTS

We begin with the proof of Theorem 3 which uses the method of exchangeable pairs developed
in Section 2.

4.1. Proof of Theorem 3. Let G be a Gaussian random variable on K with the same covari-
ance operator as X, i.e., G has covariance operator S. Similarly to [BC20, Corrolary 3.3], it
holds that

1
050 2) < 18 = 8|

Therefore, it suffices to derive the desired moment bound for d3(X,G) which yields the first
item in Theorem 3 as

dg(X, 7Z) < ds(X, G) + d3(G, Z).

In Subsection 2.5, we constructed an exchangeable pair of the form (F7, F, ;) based on an element
of a fixed K-valued chaos Fj, where ¢ denotes the order of the Poisson chaos. Recall that X
has the chaos decomposition (4). It follows that, for any ¢ > 0, if we define X* as

N
t_ t
X' = Z F q’
q=1
then the pair (X, X!) is also exchangeable, and we can apply Taylor’s theorem to get

0 = lim %E[(—L‘l(Xt — X),Dg(X") + Dg(X)) ]

= I [ (~L7 0 20, Dy(X") ~ Dy + 7

| (1700 =30, Dg(0),

= %E[% (—L7HX" = X),D*g(X) (X' = X) +7), + % (-L7HX" = X), Dg(X)>K] :

where 7 denotes the remainder term. Let R(t) = E[4 (—L (X" —X),r),]. Note that
E[Acg(X)] = Y 1<gen E[Tri (D?*g(X)S,)]. Combined with part (a) and (b) of Lemma 6
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and keeping in mind Fy = ), Fy.iki, this leads to

0= Y E[Trg(D*g(X)T(F,,—L 'F,))]

1<q<N
+ Y > E[(k DAOOT (<L By Fyg ) k) | — EI(X, Dg(X)) ] + lim R(t)
1<p#q<N i,jEN
= E[Acg(X)] - E[(X, Dg(X)g] + ) E[Trx(D*g(X)(D(Fy, —L7'Fy) = S,))]

1<g<N

XS Rk s (k) g

1<p#q<N i,jEN

The above equation and the Stein equation introduced in Section 2 imply

d3(X,G) = sup [Agg(X) — (X, Dg(X)) |
heC3(K)

< sup Z ‘E[TTK(DQQ(X)(F(FW_L_lFQ) _SQ))”
heCy(K) | 1<q<N

+ 3y E[<ki,D2g(X)F( L7'F,;, F, )k >K] + }i_r)réR(t)‘ (5)
1<p#q<N |i,jeN
For the first term on the right side of (5), it holds that
Z |E[TrK (DQQ(X)(F(qu _Liqu) ~54))] |
1<¢<N
1

< 1D*9(X)]| 26, H—P(F JF) — S
1<§<:N LA(QHS(K)) || ot q o

< Z Z Var qu ))
1<q<N i,jEN

Z S E [1«1]211«112 ]} —E{F;i}E[F; ].] — 9E[F,;F, )
1<g<N 4,j€EN
2q — 1

S q4q VE[IEI] - EIRI]? - 21,1

1<q<N

In particular, we have used the fact that Hng(ﬂv)HK®2 = HDQg(x)HHS(K) and [BC20, Lemma
2.4] to get the third line above. The fourth line is a consequence of [DVZ18, Lemma 2.2].
Finally, the identity (Sf, g); = E[(X, f) x (X, g) k| allows us to get the term [[Sy||;;q in the last

line.
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Now we study the second term on the right side of (5). Application of [BC20, Lemma 2.4] and
[DVZ18, Lemma 2.2] gives

S 1> B[k D2 (OT (L7 By Fq,j)kj>K]

1<p#q<N |i,jeN

2
< X E| D ke D) | D0 T (L R By
1<p#q<N i,jEN i,jEN
~ ~ 2
< Y [S el n0omi] | ¥ EF(-TR R
1<p#q<N |\ 1,jeN 1,7EN
P+q 2 2 12 2 2
< ¥ 10200 | sy || 2 B[F2i02] ~ E[12 ][ 2
1<p#q<N 1,jEN
P+q
< Y \/E[\|Fpu§<||Fq||§<]—E[\|Fp||§(}E[quu§<]-
1<p#q<N

As the last step, we evaluate the remainder term in (5).

lig R(1) < [ D], i 71X - X[

t—0 X t—0

S(\/%%E[%”Xt XHK}\/hm SE[|Ixt - XH%])

2
2NE[IXIE] | 3 22 -3 (10~ 1A - 2050l

1<q<N

The second line is a consequence of Holder’s inequality and [BC20, Lemma 2.4]. The third line
uses Lemma 7 (which is stated in the appendix). We can hence deduce from (5) that

d5(X,G) < Y 2q4; 1\/E[HFqH;§] — E[IFI%])2 - 2115l

1<q<N
pra=l elim 2 1512 ] =152 B E)2
+ X BRI R - E[I5 R IR
1<p#q<N
2
_ 4
+/NE[IXI% ], | 3 2 1<4q—3>(||Fq||K—E[quu%{} —2||sq||%s)- (6)

1<q<N

In order to obtain the second estimate in Theorem 3, observe that

E|IXI%| - E[IXI%)? - 2181k = Y. E[IFlL] - @|IF)5%])? - 211l

1<q<N

+ X E[IBIGIEN] -EIEIG]E[IF].

1<p#q<N
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This combined with Lemma 5, the bound at (6) and the fact that

Z VYap < | N? Z Ya.p for yg.p = 0,
1<¢,p<N 1<p,g<N

2%071g(4q — 3) < 22N TIN(UN —3) for 1 <p<N,
2g —1 -1 N@2N-1
i_l,pra-l NGN-D for 1 <p,q <N,
4q 4p 4
, yields
N(2N —-1) 2
d5(X,G) < (T - ¢23N1N<4N - 3)E[HXII§<D \/E[IIXH}?] ~E[IXI%] - 2183

O

We now turn to the proof of Theorem 4, which makes use of the second estimate in Theorem 3.

4.2. Proof of Theorem 4. The strategy here consists of making use of the product formula (3)
2
for Poisson multiple integrals in order to represent the quantity E [HX H}l(] -E [HX H%(} —21S H%IS

which appears in the second estimate of Theorem 3 in term of contraction norms. We begin by
noting that this quantity can be written as

2
4 2 2 2
E(IXI%] - E[IX0] - 2181ks = > (E[F2EL,) - E[FLIE[FE] - 2E[F,iF,,1°)
i,jEN
1<p,q<N

= > (E[FiF;;] —E[F]E[F,])
i,jEN
1<p,q<N

2

-2 Z E[quinvj]-
i,jEN
1<g<N

An application of the product formula (3) for Poisson multiple integrals yields

qA\p r
At =S5 (0) 5 (oot
=0

r=0
Now by the orthogonality of Poisson chaos of different orders, one has

qAp

2 72 ~ ~
EIFLES] =Y Do coatm(r) (Faelpss FaiFi) ey (7)

r,s=0 0<I<r
0<m<s
r+l=s+m

where the coefficient ¢, 4., (7, s) is given by

wter =12 )C)C)C) oo

Let us define the index set I as
I:{(r,s,l,m)€N4:0§T,5§q/\p, 0<I<r,0<m<s,
r+l=s+m, (r,s,l,m)¢{(0,0,0,0),(¢g Ap,g Ap,g Ap,qgAp)}}.
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Then, using Lemma 8, Equation (7) can be rewritten as

2 2 2
]E[FQQZFPQJ] =q'p! ||fq,i||y3®q pr,ijjc@q + 2q1? (fa.i> fq,j>yg®q

gAp—1
N
+ apq(p A q) qu,i *anp prHﬁ@\q ol Lgzpy + Z bp.a(7) | fq.i % prHﬁ@(‘”p 2r)
r=1
~1
+ Z Cp7q,l,m(7“, 8) <fq,i*rfp,j7 ¢,i%s fp,]>ﬁ®(q+p_T_l) )

(r,s,l,m)el

where the combinatorial coefficients ay, 4(7) and b, 4(r) are given by

ap,q(r) = plg! (3) <2;> +rl? (;1)2 (1;)2 p— gl

q\ (P
b = plg!
p,q(r) pq )\

Consequently, we hence obtain

E[IXIL] -E[IXIE] - 208 s = S (E[FLEL) - BIFZIE[F] - 2B(F, 5, 1%)

i,7EN
1<p,g<N
_ A n2
= Z ap,q(p/\Q)qun *qnp fm”g@\w\
i,jEN
1<p#q<N
q/\p—1
+ Y Y bpa) i % FoillRecars-an
i,JeEN  r=1
1<p,g<N
~ ~m
+ Z Cp.qom(T, ) <fq,i*rfp,jqu,i*s fp7j>ﬁ®(q+p_T_l)'
i,jEN
1<p,g<N
(r787l7m)e‘[

Since we have

A

l
HR(a+p—r=) @ K®2 - Z H<f‘1’ki>K*r <fpvkj>K‘
i,jEN

)

H®(g+p—r=1)

2 2
_ E L )
H®(g+p—r=1) - qu,z*rfp,]‘
1,jEN
we can sum over ¢, € N and apply Holder’s inequality to get

2
4 2
E(IXI%] —E[IXI%] 21815 < Y. apa® A @) || fai 400 Foslliennms

ghp—1
+ Y D bpa) Mg xr foglFews2n
i,JeEN  r=1
1<p,g<N
l
+ Z Cp.qlm(T, ) qu *r fp‘ #@(atp—r1) 1fa*s" follgearo—r-n »
i,jEN

1<p,g<N
(r,s,l,m)el

which concludes the proof. O
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5. APPLICATIONS
5.1. Brownian approximation of a Poisson process in Besov-Liouville spaces.

5.1.1. A brief overview of Besov-Liouville spaces. For an extensive account on the current topic,
we invite readers to view [SKM93]. For f € LP([0,1],ds) and 8 > 0, we define the left and right
fractional integrals respectively as
1 S
Jid f) s :—/ s—rﬁ_lfrdr
(15:5) ) =57 || (=00
and
B 1 ! -1
17 f)(s) = —/ (r— )% f(r)dr.
(1) =15,

This allows us to define the Besov-Liouville spaces

i, = {1, 7. Te (0,1},

which are Banach spaces when equipped with the norm || f HI; = HJ?' Le(o.1]) The Besov-
P P (10,

Liouville spaces IB_ , are defined accordingly with the right fractional integrals. When gBp < 1,
the spaces Igp and Zg , are canonically isomorphic and therefore will both be denoted by Zg .

Remark 4. As pointed out in [CD13], Zg 5 for 5 < 1/2 is an appropriate class of Besov-Liouville
spaces for the functional approximation of a Poisson process by a Brownian motion since they
are Hilbert spaces containing both the sample paths of the Poisson process and the Brownian
motion.

Similarly to the left and right fractional integrals, one can define left and right fractional
derivatives as

(00:1) ) = Fr=g s [ (=00

(1)) =t [ = s

As the name suggests, D€+ is the inverse of I(?Jr (see [SKM93, Theorem 2.4]). Two examples
for the action of this operator that will be useful later are

rB+1 r—a) P
(Dg+ Id) (7”) = (_5 + 1)]:\(_5 + 1) and <Dg+1[a,oo)>(7n) = %7 (8)
where Id denotes the identity function. Let us also mention a few important facts about
fractional integrals and derivatives. Given 0 < f < 1 and 1 < p < 1/p, Ig '+ is a bounded
operator from LP([0,1]) to L4([0,1]) with ¢ = p(1 — Bp)~!. Moreover, for 8 > 0 and p > 1,

I(?Jr is bounded from LP([0,1]) into itself (see for instance [SKM93, Equation (2.72)]). Next,
fractional derivatives are the inverses of fractional integrals, in the sense that

(D515 5) () = £(s)

for f € L'([0,1]). Furthermore, fractional integrals enjoy the semigroup property (see [SKM93,
Theorem 2.5]), that is

(161 1) () = (1657 1) (9)
as long as 8 >0, a+ 3 >0 and f € L'([0,1]).



FUNCTIONAL GAUSSIAN APPROXIMATIONS IN HILBERT SPACES: THE NON-DIFFUSIVE CASE 17

5.1.2. A functional central limit theorem. We consider a Poisson process N)(¢) with intensity
A. It is well known (see for instance [NN18, Example 9.1.3]) that it can be represented as

Ny(t) = Z 17,000 (1), 9)

neN

where T,, = > | a; and {«;: i € N} are independent exponentially distributed random vari-
ables with parameter A, ie., o; ~ Exp(A) for all ¢ € N. This implies that 7;, is Gamma
distributed with shape n and rate A, i.e., T,, ~ Gamma(n, A). As pointed out in [CD13], N)(t)
maps into Zg o for f < 1/2.

For any t € [0,1], define

Ny(t) — Mt
VA

and let Z be a Brownian motion on Zg o, that is a Zg o-valued Gaussian random variable with
covariance operator

X\(t) =

S =10, 1°1."Dp, | (10)

where the expression of the covariance operator was derived in [CD13]. We are now ready
to state the main result of this application, namely the Brownian approximation of a Poisson
process in Zg 5.

Theorem 5. On a Besov-Liouville space Zg o with B < 1/2, the distributions of X and Z are
asymptotically close as X — co. Their closeness can be quantified by

1
dg(X)\, Z) S \/—X
Proof. X(t) can be represented as a Poisson multiple integral of order one. Let $ = L?(R*, Adx)

be the underlying Hilbert space to the compensated Poisson process Ny (t) — At. Furthermore,
let f(t) = %1[0715} € $. We can hence write

Xa(t) = Li(f(1))-
Theorem 4 then provides us with the estimate
2
d3(Xx, Z) S Hf*? f”.?j®K®2 + HSA - S/HHS(K) ) (11)

where S denotes the covariance operator of X and where K = Z35. We begin by computing
the contraction norm appearing above. We have

(F %0 D)) = 31100 0.0 (®) = o) ()] 5),

so that

where the last inequality simply comes from the fact that fol fol(t - :U)I_% (s — x);% dsdt is
finite.
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In order to estimate the remaining term, namely [|Sy — (|35 (j), we apply Lemma 9 and Lemma
10. This yields

195~ S,HIQ{S(K) - HE[(D(@XA) (r) (D(?*XA)(S)] B E[(D@Z) (T‘)<D€+ Z) (S)} ‘ ;([0,1@2)
= H_F(—ﬁ n 1))2\(—ﬂ P (r—rAs) P (s—rns) P! ;([0,1@2) =0,
which concludes the proof. O

5.2. Edge counting in random graphs. In [LRP13a], the authors studied Gaussian fluctua-
tions of real-valued U-statistics related to graphs generated by Poisson point processes. We will
apply Theorem 4 to obtain a functional version of their results in all three regimes mentioned
in [LRP13a, Example 4.13]. Recall from Subsection 2.5 the definition of a proper Poisson point
process

Po(X)

= 253/7

where Po()\) is a Poisson distribution on R, while {V;};en is an i.i.d. sequence of R%-valued
random variables distributed as ¢ and independent from Po()\). For simplicity and illustration
purposes, let us assume / is the Lebesgue measure on R?. The control measure of 7, is therefore

pa(s) = AL().

Let G be a graph generated by 7)), so that G has the vertex set {Y7,... ,Ypo()\)}. In addition,

let W C R? be a symmetric set which will serve as our original window in which we monitor
the edges of G, and let Hy C R?? be a symmetric set which will serve as our original edge set.
For 0 <t <1, define

W, = t2a W

H)\,t:tiH)\
We={z—y:z,ye W)
Hy;={zx—y:z,y€ Hy,}

We will assume that any edge, written in pairs (z,y), belongs to H ; if and only if x —y € ﬁ)\,t.
For example, this property holds for a disk graph with base edge set Hy = B(0,r)), an open
ball of radius r) at the origin. We note that compared to the setup in [LRP13a], our window
and edge set are not static but evolve with time.

We are interested in a Poissonized U-statistics of the form

Po(A)
F)‘ Z 1H/\ thV2 z y Z 1HA (W2 Y“’Y )
(z.y)€n3 1=i1<iz

TFY

which counts edges of G that belong to the set F&t and lie inside the window W; at time t.
It is clear from the hypothesis that {F)(f)};c(0,1) as a process belongs to K = L2([0,1]). As
proved in [RS13], our U-statistic has a finite chaos expansion given by

Ex(t) = E[FA(D)] + Li(f1(1) + 12(f2(1)),
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where the (functional) kernels fi(t) and fo(t) are given by

fi(t) = 2/Rd Ly, awz(@,y)Ady

fat) =1y, ,qwz(z,y)
Let F)\(t) denote the centered and normalized version of F(t) given by

5o ) —E[FA®)] L (1 (D) + I (92(1))

ING
where o2 = Var(F\(1)), g1(t) = flT(t) and go(t) = 221 For convenience, we will also write £,

(e

2

for £(W;) and 1)y ; for f(ﬁu N Wt) Using the scaling properties of the Lebesgue measure, we
can write

by = \/%61 and Py = \/ZT/JAJ-

We can actually compute o2 explicitly, using the orthogonality of Wiener chaos of different
orders and the isometry property of Poisson multiple integrals. This yields

0 =IOy + 12012229

2
=4\3 /]Rd (/]Rd 1w, (x)lﬁmmwl (y —z)d(y — x)) dx + /de Lo, w2 (2, y)N2dady
=40 N%Y3 | + X Pag.

Based on the above expression for o2, we can consider three different regimes (similarly to what
was done in [LRP13a]), namely

- Regime 1: Ay 1 — 00 as A — oo;
- Regime 2: Ay 1 — 1 for ¢ > 0 as A — o0;
- Regime 3: Ay 1 — 0 and \\/?y1 — 00 as A — oo.

Within Regime 1, o is dominated by || f1(1)]|72 (uy) for large values of A, which implies
o? =< AL NS |,
whereas in Regime 2, we get
o =< AN3PT | < 0Ny,
and finally in Regime 3, it holds that
o? < 0107y 1.
We are now ready to present the application of our results to edge counting in random graphs.

Theorem 6. As A — oo, F\(t) converges in K = L*([0,1]) to a K-valued Gaussian random
variable Z with covariance function ¢(s,t) =E[Z(s)Z(t)]. More specifically,

- In Regime 1, ¢(t,s) = \/ts(t \ s) and

ds(F\, Z <Az ;
s(F2) 5072 4+

44/ts(tAs)+tAs
5

d3(Fy,Z) S A3 4+ A1 —1];
- In Regime 3, ¢(t,s) =t A s which implies that Z is a Brownian motion, and

d3(Fy, Z) S X5y + Mar.

- In Regime 2, ¢(t,s) = and
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Proof. In order to make use of Theorem 4, we will need to evaluate contraction norms, but also
the Hilbert-Schmidt norm of the difference between the covariance operators, i.e., ||S — 5’ |ys-
Let us start with this term before we turn to the contraction norms themselves. As before, Sy
and S’ denotes the covariance operator of F) and Z respectively. Based on [HE15, Theorem
7.4.3] and how Hilbert-Schmidt norms are defined for integral operators, we can use

153 = S llusxe) = [ELENOFA($)] = EIZ@BZ($)]]| 20,110
<|[E[Ex(t)Er(s)] —E[Z()Z(s)]]]
Our task is hence to compute IE[F)\( Y\ (s )] We have

(1), F105)) 12y = AN 00 slins = V/Es(EA )AL NP3 |

and
<f2(75), f2(5)>L2(M§) = )‘2¢A,t/\s€t/\s = (t A 8)51)\27/&,1,
so that
t 5 2 2(,,2
(] I 20 2<f2() Fa(8)) e
Vst Ns) AN F LA s
B A py1 +1 '

At this step, we need to differentiate our analysis depending on what regime we are in.

Regime 1: We assume here that A¢y1 — oo. The limiting covariance operator S’ then
has covariance function ¢(t,s) = y/ts(t A s). We can use the fact that for a < A,b < B,
A+a
-4 <l3h+ 3
B+b B B B

in order to deduce that

o 1
s E[F\(t)F\(s)] —
193 = S'llsqy < | sup | [BIRAORE)] = 0l 9)] S 57—

(12)

Regime 2: Here, A\y)y; — 1, so that the limiting covariance function is given by ¢(t,s) =
44 /ts(tAs)+tAs

z . Moreover,
Sy — 9 < su E[F\(t)Fx(s)] — o(t,s
1S HHS(K) _lgs,tEM‘ [FA(t)Fx(s)] = ¢(t,5)|
A/ts(tAs)Mpag +EAs  A/ts(EAs) +EAs| " 1
1<s,t<M 4)\’[/})\71 +1 5 ~ Al .
(13)

Regime 3: The fact that Ay ; — 0 implies in this case that the limiting covariance function
is given by ¢(t,s) =t A s, and we hence have
A3

193 = 5 sy iy A1 (14)

We now turn to the second part of the bound appearing in Theorem 4, namely the contraction
norms. We need to evaluate the norms of gy (t) %9 g1(t), g1(t) %} g2(t), g1(#) %1 g2(t), g2(t) %" g2 (t),
g2(t) %9 g2(t) and go(t) x} go(t). The calculations we need to perform are very similar to the
ones appearing in the proof of [LRP13a, Theorem 4.7], hence we will not provide full details
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and proceed straight to the result. Let us still include two examples of these calculations (the
cases of the contractions g1 (t)x) g1 (t) and go(t) x} g2(t)) for the reader’s convenience and for the
sake of staying self-contained. Recall that W;, H,, are symmetric sets, W; (respectively H) ;)
is contained in Wy (respectively Hy ) for t < ¢/, and that 1 ; = \/ﬁ/)A,l, while £, = Vtl; < .
We can then write

1718 %9 19|32 0 02

< 16\°

2
/Rd (4 /Z2 1Hk’tht2(a:,y)lHA’SmWSQ(x,u))\dy)\du> Adx

K®2

2
/ </ 1H>\,s\/th52\/t(x’ y)lHA,svtﬂVvat(x’ u)dydu> dx
Rd R2d o2

2
L v, o 0= Ot = 2 = )it =) ) e

=N H&WbistK@ = A5¢§71

v)\5

K®2

and

| f2() %1 f2(5)Hi2(u§)®K®2

2
2
< /R2d (/]Rd 1H)\,s\/th52\/t(x’y)lH)\,s\/thf\/t(x’u))\dx> Ndydu

K®2

=\

/R“d 1H>\,s\/tﬁWs2\/t (z, y)lH/\,svthEvt (.%', u)lHA,svthE\/t (v, y)lHA,svtﬁWSQVt (v, u)dxdydUdv F®2

<\

/]RM 1WSVt(m)1ﬁ>\,s\/ths\/t(y o x)lﬁ)\,svtﬂ/wsvt (u o x)lws\,t (x)lﬁ)\,svtﬂ/wsvt (y o U)

Mﬂy—@ﬂu—wﬂv—ww@Q

= >\4 HES\/tqbi,s\/tHK@2 = )‘4¢§\7l-

For the remaining contractions, performing similar calculations yields H f1(t) %Y fo(t) Hig (20K
A
2 2
S >‘4¢§71, Hf2(t) *(1) f2(t)HL2(ﬂ§\)®K®2 S )‘31#3\71’ Hf2(t) *g f2(t)HL2(ﬂ§\)®K®2 N )‘Zwk,la and finally

Hfl (t) %1 f2(t)HiQ(M)®K®2 < A} . We split the remainder of the proof into three cases cor-
responding to the three possible regimes.

Regime 1: Here, Athy ; — 00 as A — 00, and since 02 < )\31/@\’1, we have Hgl (t) %) g1 (t)HiQ(M)
_ 2 o 2 3
SATL o) 92(75)HL2(;L§)®K®2 SA z%j’ [lg2(t) +? gQ(t)HLQ(pi)c@KW SA 3%3’

H92 (t) *8 g2 (t)Hiz(“ )RK®2 S )‘_41#);?, Hg2(t) *% 92(t)HiQ(ﬂ§\)®K®2 S A_ZZZ))T& and lastly

2
A

RK®2

H91 (t) %1 g2(t) Hi?(m)®K®2 < A7L. Note that all the above estimates are asymptotically bounded
from above by A~!, and using (12), the estimate in Theorem 4 yields

1
Ahy1

d3(Fx, Z) < ATE

Regime 2: As in this case, we have Ay — 1 as A — oo, we get o? = >‘3¢§1 = )\21/»\,1.



22 FUNCTIONAL GAUSSIAN APPROXIMATIONS IN HILBERT SPACES: THE NON-DIFFUSIVE CASE
Therefore, we can reuse the computations from Regime 1 combined with (13) to get

d3(F\,2) S A2+ [Apx1 —1].

Regime 3: In this regime, Ay 1 — 0 and A/ 1 — 00 as A — oo, so that 0% = )\2¢A,1. This

allows us to deduce that H91 (t *? g1(t) H;(M)(@K@Q < )\Q,Z)A 1 H91 *q gg(t)HiQ(ﬂi)(@K@Q S Uats

2 2
HQQ(t) *(1] 92(t)HL2 3)RK®2 N g2(t )*8 ga(t “LQ(Mi)@)K@Q SA 2¢>\&7 | 92(t) *% gQ(t)HB(ui)@K@’?
< a1 and H91 ) %1 gol(t HLQ(M)@)K@Q < )ﬂ/}il. Since A\ 72 « Py K A~1, all terms listed are

asymptotically bounded by )\*21/1;%. Combining this fact with (14) yields

d3(Fx, Z) < )\_11/1;71/2 + A1,

which concludes the proof. O

APPENDIX

This section gathers ancillary lemmas used in the proofs of our main results as well as in the
different applications presented in this paper.

5.3. Lemmas related to the proofs of Theorems 3 and 4. Our first lemma is a crucial
result from [DVZ18] which we restate here for convenience.

Lemma 3. Let p,q > 1 be integers, and let Fy = I](f,), Gy = I)(g,) and F} = Igt(fq),Gf, =

I;]t (gp) be real-valued Poisson multiple integrals as constructed in Section 2. Then, the following
limits hold almost surely.

(a) hmt_mt [Fq F] ] —qF N

(b) hmt—>0 i [(F(f Fy (G - Gp)m] = QP(FWGP)

(¢) limy_ 1E[FL(G! — Gp)ln] = 2T(Fy, Gy) — pF,G,y

() limy_o LE[(F! — F,)}] = —4qE[F4] + 12E [FQF(FQ,Fq)]

Proof. The proof of part (a), (b) and (d) are in [DVZ18, Proposition 3.2]. Part (c) is a conse-
quence of (a) and (b). O

Our next lemma states a more general version of Lemma 3, part (d).

Lemma 4. Let (X, X") be an exchangeable pair such that X = > gen I (xq) and Xt =

D ogeN Igt (zq). Let the pairs (Y,Y"),(U,U") and (V,V*') be defined in the same way. Then,
one has

Jlim %E[(Xt - X))V, =Y)(U'=U)(V! = V)] =4E [f(X, YUV +T(X,V)YU
+I(X,U)YV + LXYUV|.

Proof. This limit is a consequence of exchangeability and Lemma 3. Indeed, denoting

M, = E[(X' ~ X)(¥ - V(U ~0)(V' ~ V),
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we can write

1
lim M, :2tlim zI[«:[XYUV — X'YUV = XY'UV - XYU'V — XYUV']
—00

t—o00

1
+2 lim ~E[X'Y'UV + X'YU'V + X'YUV']
t—oo T

=2 lim EIE[—(Xt ~X)YUV - X(Y'-Y)UV - XY (U'-U)V - XYU (V' - V)]

t—oo t
+2 lim %E[(Xth - XY)UV + (X'U' = XU)YV + (X'V' - XV)YU|
—=2E[ — LXYUV — XLYUV — XYLUV — XYULV + L(XY)UV + L(XU)YV
+ L(XV)YU]
—4E [f(X, YUV +T(X,V)YU + D(X,U)YV + EXYUV} .
O

Lemma 5. Let X = YN F , where F, € HI(K) with covariance operator S,. Furthermore,
q=1"49 q q

letting {k;};cy be an orthonormal basis of K, Fy can be written as Y ;. Fyiki, where Fy; =
(Fg, ki) - Then, it holds that

E[FgiF,] = E[FLIE[F] = 2B[Fyi )" > 0,
which leads to
4 212 2
E[IF,N5] - B[R] - 211S,lifs = 0
and
2 2 2 2
E[I1F 5 15l | — E |1l [E |15 ] = 0 when  # p.
Proof. By [DVZ18, Section 5|, we have that
2
£ [Jp+q(Fq,in,j)2] > E[FyiFp, )" + E[FQQZ]E[FI?J] ’

which implies that

E[FZ‘FZ ] - E[ng]E[Fz?j] - 2E[Fq7in7j]2 ZE[FZ‘FZ ] - E[Fq,in,J‘]Q - E[Jp+q(Fq,in7j)2]

q,i" p,J q,i" p,J
p+q—1
2
>E Z Jm(quin,j)
m=1
>0.

The second and third inequalities in the statement of our lemma immediately follow, since
2
E[IF ] — B[IFI5])2 = 20Selfs = > E[F2FZ,] — E[FZIE[FZ] - 2E[FyiFy]
i,JEN
>0

and when ¢ # p,
2 2 2 2
B\ 1Bl —E|IEI%E[IBI] = Y E[FFL] - B[FAE[FL] 2 0.
i,jEN
]

The upcoming lemma is a version of Lemma 3 in the setting of Hilbert-valued random variables.

Lemma 6. Let X = Z(];V:1 F,, where Fy € HY(K) with covariance operator Sq. It holds that
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(a) Timy o B[ (F{ — Fy, Dg(X)) .| = ~qB[(Fy, Dg(X)) 1]
(b) limy_, 1 [HF; - Fqui} - 2qE[\|Fq\|§<].
(¢) lim o LE [(-L—l(F; — F,),D*g(X)(F. — F)),.
= Z',jeNE[f(Fqi,Fp,j) <ki’ng(X)kj>K]'
(4) Timy o 3E[||FE = B3| = 45, jen B|F2, (r(FqJ,F )~ gEIF,,))]
+38 Zi,jeNE[Fq iFg,;j (F(Fq,ia Fyj) — qE[Fq,z‘Fq,j])]
— 405, jen (B[ F2,F2,| — B[ F2.|B[F2,] - 2B(Fy iy ).

In particular, when q = p then part (c) becomes

lim tE[( L7 (F} = Fy), D*(X)(Fy = F))) | = Tex (D2g(X)T(Fy, ~L7'Fy)).

Proof. Part (a) follows from

g 7B [(F = P Do(0) ] =i SUE[((Ff = Fus)i Dat0)

:ZE[hm ~E[F}; Fq,i|77]<ki,Dg(X)>K:|

€N

— —qZE[Fq,i<ki7 Dg(X)) k]
ieN
= —qE[(F;, Dg(X)) ]

Part (b) is a result of

1 , 2
E[%%?MUFJ—EHKMH ZE[ %1_13% E[(th,i—FqJ) ’77}]

€N
—QZE[ qu q,t ]
ieN
2
2RI, 1% ]

For part (¢), we can write

lim E[(~L7N (]~ ). D*0(X)(F} — Fy) |

t—0 2t q P
1 1
€N jeN K
1 .1
= 3 Bl gl - R~ Bl ke D008,
= o 3 B[F(Fuis F) (b5, D290k )
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Using the above expression in the case ¢ = p, along with the fact that

[(F,, F,)k; =T <Z Fyikis Y Fq,mkm> kj= > T(Fyiki, Fymkm)k;
1€N meN i,meN
= > 2F(Fq i» Fan) (ki @ ki + kn ® Ki)k
i,meN
= T(Fyi F,
1€N
yields
1 _ _
lim ~E[(~L7!(Ff = F,), D*g(X)(F} — Fy)) | = e (D*g(0)T (B, ~L7'F)).
For part (d), the exchangeability of (Fq, F;) and Lemma 4 imply
4

4 1
i 7 E{HFt FqHK]:}E%;E %N:(Fii—Fq,i)kz‘
1

=lim E Z(th,i—Fq,i)2(th,j_FQJ)2

K

t—0 t
1,JEN
_42 [ < (Fa.js Fa3) — qE[FqQ,j]H
1,JEN

+38 Z [ < (Fq27F ) qE[Fq,in,j])}
1,jEN

—dg ) ( [FoiFy;] —E[FLIE[E] — QIE[Fq,in,jP).
1,J€N

O
The next result provides upper bounds on the limits appearing in Lemma 6, part (b) and (d).

Lemma 7. Let X = Z(];V: F,, where Fy € HY(K) with covariance operator Sq. It holds that
1% - x| < 2VE[ X

%g%E[ | x* - XHK} <2NE|||X|%

and
4 - 1 2]? 2
tim SB[ X - X[} ] < 30 2% 2<4q—3>(||Fq||K—E[qunK} —2||sq||Hs)-
1<q<N

Proof. The first bound follows from

B lim B[ = X[ ]| =2 3 B £0]

€N
P,q<N

=D WE[F]

ieN
p<N

<2NE[||X|5%].



26 FUNCTIONAL GAUSSIAN APPROXIMATIONS IN HILBERT SPACES: THE NON-DIFFUSIVE CASE

For the second estimate, we start by using the triangle inequality and the c¢,-inequality (see for
example [Gut13, Thm. 2.2, p.127]) to write

4
4 .1
tim V[ x[] <pm TE| (30 (15 R,
1<q<N
1. L 4
< Y s imE||1Ff - F ). (15)
1<q<N
Regarding the previous expression, Lemma 6 says
4
%E)% E[HFt F‘]HK} Ze { < (Foj» Fo.5) = qE[Fcij])]
0.
+38 Z [ ( (Fg,is Foj) — qE[Fq,in,J‘])]
,JEN
—dg ) < [FoiFy;] —E[F]E[F;] — QE[Fq,in,j]z)- (16)
,JEN

We will treat each term of (16) separately. For the first term of (16), our proof will use an
argument similar to the proof of [DVZ18, Lemma 2.2] or [DP18, Lemma 3.1]. First, observe
that if k£ is a fixed positive integer and Ji denotes the projection into the k-th Poisson chaos,
then

2
E[Jk<||Fp||§<) } = Z B[k (Fy) i (Fyj)]-
1,JEN
In particular, the expansion in [DVZ18, Lemma 5.1] yields
2
9 - -
|2 (17052)°| = X Cotfaitui i) g

1,7EN

= Z <2E [FyiFy ) 24+ ZQ'2< > fq,i*:fqd’vfq,j*;fq,i>ﬁ2q—2r>'
1,7EN

Thus, the first term of (16) can be bounded via

2q—1

> B[F2 (R Fup) — B [F))| <5 30 3 (o= B[ (FE) (7))

ivjEN 2,] jeEN k=1

Sen- vE[ 4 (151 ) ]

2q—1

<Y E[Jk(HFquﬂ

k=1

2q -1 4 212 2
2 (HFqHK—E[HFqHK] ~ 2,3

—1
= qu.2<> (Saitt fass Jas*ifai)son-

i,jeENr=1
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The second term of (16) will receive a similar treatment. Based on [DVZ18, Lemma 5.1], we
have

Elag(FgiFy )l = > 2)! | f0i8 foil| 20

i,jEN
= Z (E[Fq,in]] +E[F; +ZQ'2< > ||fqz*rquHy32q 2r>-
i,jEN
Hence,
2q—1
S B[Fyi oy (F(Eyis Fag) — aBlEiFyal) | =5 30 D (20— E[Ju(FyiFyg )]
i,jEN ,jGN’k 1
2q—1
2 —1
q ZZ [JkFCLFQJ)}
i,jeEN k=1
—2q_‘1<E[F2fﬂ.]-E{F2}E[F2}-—2Eu?<F’}2>
- 2 q,t™ q,) q,t q,) q,v = 4,7
2 q ? 2
S S () Ml
i,jeENr=1

2 —1 2
== (quui—E[nFqni} - 211515

2 — 1 q—1 q 2
- 2
SHE S Y (1) Warthas B

i,jeENr=1

In addition, based on that fact that

> (20 fasllderse +2 ot Fags Fa s fai) s )

1,5€EN

2 2
Z <”fq7i*77:fq7j”52qf2r + 2(fgixr S5, fq,j*:fq,i>yg2qf2r + qu,j*:fq,i”ﬁqﬂr)

1,5€N

2
= 3 (Mo fai + Faitifaillyono )
1,jEN
>0,

we get from (16) that

lim — E{HFt F, HK] < (8¢ )(HF HK [\\Fqu]Q—?HSqu{s>

t—0 ¢

and from (15) that

lim E[HXt XHA;(} 223(1 2 <HF HK “|Fq‘|§(]2_2||sq||1218>'

t—0 ¢t
]

The result below is an adaptation to our setting of a classical combinatorial identity appearing
in [PT11, Proof of Proposition 11.2.2].
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appearing in Equation (7) can be written in terms of

2
- ~0
Lemma 8. The quantity qu,i*ofp,j‘ o

norms of non-symmetrized contractions as

2
@+ 0 [t [, = (a0 U B 11 + 02 G Fae Lt
q N
Ip! LINP 1
e <q/\P> <q/\p> qul anp fpﬂ”sﬁ@q »l H{a#p}

qAp—1 Q\ (p
2
+ E q'p! <’I“> (’I“) qu,i *: fp,jHﬁqup*% ) :
r=1

Proof. The procedure in [PT11, Proof of Proposition 11.2.2] will be slightly modified to fit our
situation. Let &4, be the sets of all permutations of (¢ + p) elements and assume 7, p € Sy
When the intersection set {m(1),...,7(¢)} N{p(¢+1),...,p(q¢ + p)} contains r element, this
will be denoted by 7 ~ p. Since $§ = L*(Z, 1), we have that

qu i(éfp,juzqﬂw

Z /ZH fq’ “r(1) )fm( (q+1)> 7r(q+p))

7p€6q

fq, ( 1), ey p(q))fpj( q+1) .. 7Zp(q+p))u(dz1 Ce d2q+p)

[0

$Hatp

Q+p

qgAp—1

o | X ZAM+ZA2+ZA3 . a7

T€Sq1p r=1 Zp - Np

For the second sum in (17), 7 R p is equivalent to

{{W(l),---aW(Q)}ﬂ{ﬂ(l),---,p(Q)}={7T( )i-s (@)}

{r(qg+1),...;7m(g+p)} N {plg+1),...,p(q +p)} {r(g+1),...,7(qg+p)}

which implies that

Ay = / </ fqz( Zr(1) (q))fq,i(ZW(l)“"’Z”(Q))>
ZaAp Zanp

2 2
(fp,J( (q+1)» 7r(q+p))fp,j (ZW(qH)’ s ’ZW(qup)))/‘(le cdzgyp) = ||fq,i||5§q pr,ngp :
Furthermore, observe that for a fixed element m € &4, there are ¢! ways to permute {1, ...,q}
and p! ways to permute {¢+1,...,q+p}. Since f,; and f, ; are symmetric functions, we have
2 2
Z Az = q'p! qu,injq prd”ﬁp .
ﬂ’gp

For the third sum in (17), there are two cases to consider. If ¢ = p then 7 N p means

{{W(l),---,W(Q)}ﬂ{ﬂ(q+1)a---,p(26ﬂ} {mr(1),...,7(q)}
{r(qg+1),....72q)} n{p(1),...,p(q)} {(Q+1) Lm(2q)}
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which implies that

As :/zq< Joi (2 1)7---7Z7r(q>)fqu‘(zﬂ<1>"“’Z“("))>

fai(Za(gr1)s -+ 2n20)) ai (Brian)s -+ s Zn(2g) ) (21 - dzag)
= (fq,i, fq,j>52§q ]l{q:p}a

and there are ¢! copies like the one above. On the other hand for g # p,

/ (/ f,( ( )"” ﬂ(q))fihj( ( 1) Tt P(Q+p))>
Z‘q p| ZqNp P\q )
</ an fq,i (zp( ), ce ey ZP(Q))pr (ZT('((]J,» )7 o 7z7r(q+p))>/,[/(d2'] - dz )

A 2
= [ it o) ey )
A
- qu,i *ZAZ fp,ng@\q—p\ :
Given a fixed 7 such that 7 % p and q # p, there is a total of (q Ap) (qip
g A p elements in {w(1),...,7(¢)} N {p(g +1),...,p(¢ + p)} and g A p elements in {m(q +

1),....,7(g+p)}n{p(1),...,p(q)}. In addition, there are ¢!p! ways to organize {p(1),...,p(q)}
and {p(¢+1),...,p(¢+p)}. Therefore, combining the case ¢ = p and ¢ # p gives us

) ways of choosing

2 2 q
; Az = ¢! <fquq,]>5§q L p— + ¢'p! <q /\p) <q /\p) qul qAp fPJH,@@@\q ol Lgzpy-

T~ p

We now turn to the first sum on the right side of (17), that is when 7 ~pforl<r<qgAp-—1.
We can write

Al,r = / - </ fq,i (Z7r(1)’ s ’Zw(q))fpyj (ZP(Q-H)’ s ’ZP(Q-H?)))
Zq+p—2r zr
(/Zr Fai(Zp(1)s -+ 2p(0)) Fpg (Zr(gn)s - - ’Zw(q+p))>r“(dzl - dzqyp)

[ Ui ezl i)
Za+p—2r
= qu,i *: fp,j”%qﬂ?—% :
There are (9)(P) ways to choose 7 elements in {r(1),...,7(¢q)} N {p(¢+1),...,p(¢ +p)} and

r elements in {w(qg+1),...,7(¢+p)} N{p(1),...,p(q)}. Furthermore, there are ¢!p! ways to
organize {p(1),...,p(q)} and {p(q¢+1),...,p(q+ p)}. This yields

r=1

qgAp—1 qAp—1

2
Z ZAI,T = Z q'p‘( )( ) quz fp,j||5§q+pf2r'
r=1 ﬂLp
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Thus, we can expand (17) as

(g +p)! 2
[ubnall,., =0t o2 PP Maall5a sl + 08 s Foi) g0 Mampy
q A

Ip! N 1

+a'p <q/\p> <q/\p> quz aAp fdeg@\q »l *{a#p}
gAp—1 0\ (p

2 (1) (7) Ui il ).

r=1

which is the desired statement. O

5.4. Lemmas related to the proof of Theorem 5. Our first lemma expresses the Hilbert-
Schmidt norm in a Besov-Liouville space as an norm in L? ([0, 1]%?).

Lemma 9. Let K = T4 and S be the covariance operator of a random variable X € L*(Q)® K.
Let f € K, then

(D5-S7)(s) = /0 E (D5 X) () (D X) ()] (D 1) (r)r (18)
is in L?([0,1]). This leads to
1S luse) = [E[ (D) ) (05 %) (5)]

Proof. Let f,g € K. Applying Fubini’s theorem to (Sf, ), = E[(f, X) (9, X) ] and rear-
ranging terms yields

[ (03:57) ) (Djg) (10
’ 1 1
= [ () Bl(5x) o (05.x) 0] (0. 5) ) (05 0) 1

which is equivalent to

/0 1 ((D@ S)(s) - /O B[ (D4 %) (1)(D2 %) (9)] (D8, £) (1) ) (D59)(s)ds = 0. (20)

Let {gn},en be an orthonormal basis of Zg». Due to the isometry between Zg o and L%([0, 1]),
the set {Dnggn}neN is an orthonormal basis of L2([0,1]). Then, Equation (20) implies (18).

To prove (19), let {e,}nen be an orthonormal basis of L?([0,1]). Then, {€; ® e, }mnen is an
orthonormal basis of L?([0,1]%2). Also, { ng en}neN is a basis of K. Now observe that, using

. 19
L2([0,1]?) (19)

(18), we can write

1
<Ig+em,SIg+€n / em (s D§+SI +en>( )ds
0

/’" (/ [(D@X)<7“>(D§+X)<s>}en<r>dr>ds

- /1 /1 E DOB+ >(7°) (DOB+X) (s)] em(s)en(r)drds,

0 JO
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which leads to

1812500 = > <I§+em,SI§+en>j{:HE[<D§+X)(T)<D€+X>(S)”2

m,neN L2([o,1#2) ’
where the first equality comes from the identity HTH?{S( K) = 2mmen (Fm, Tky,)3 for an operator
T € HS(K) and an orthonormal basis {k, }nen of K. O

Remark 5. Let ¢ be a L?([0,1])-valued random variable with covariance operator T. Note
that the second statement in Lemma 9 is comparable to the identity

1T s 20,11y = NEC(MC 20,1702y
whenever T € HS (L? ([0, 1])).

The following lemma is helpful to compute the Hilbert-Schmidt norms of the Poisson process
and Brownian motion appearing in Subsection 5.1.

Lemma 10. Let the setting of Subsection 5.1 prevail, where Xy and Z denoting a Poisson
process and a Brownian motion in Ig s, respectively. Then, one has

E[<D5+Z) (r) (D§+Z>(S)] = m/oms(r—x)_ﬁ(s—x)—ﬁdx
and
E| (DS, X\ )(r)(Dg, Xx) (s :; Msr—xfﬁs—xfﬁdx
(08.2) (28 50) )] =5 | -0
A

R eyl e

Proof. According to [CD13, Section 3.1], the covariance operator of our Brownian motion is
S = Iéi[éjﬁlllfﬁDéi. Substituting this into Equation (18), we get

<D§+IOB+ 1P ps, )(s): /0 1E[<DOB+Z) (r) (Dg+Z>(s)] <D§+ f)(r)dr. (21)

For the left-hand side, note that f € Zg o implies that Dngf € L? C L', so that Ié:ﬁfllfﬁDf;f €
L'. Thus, Dg 4 IOB . = I by [SKM93, Theorem 2.4]. Continuing with the left-hand side, we first

write out 101:6 using its definition and then perform an integration by part, which yields

(1o-"1=" D 1) (5) :ﬁ /0 11[075}(70)(5—7«)*%3 (1="Dg. £ ) (r)ar

—ir [ (104006 = 7)) (051

In particular, the integration by part is valid since [SKM93, Equation (2.20)] is satisfied for
p=q=2and 0 < 8 < 1/2. Equation (21) then becomes

/01 (ﬁ@*— *(1090)s =0 77) ) — B[ (D5 2) () (5 2) <s>]) (Dg. £)(r)ar = 0.
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Now, using a basis argument like the one in the proof of Lemma 9 yields

E[<D§+Z) (r) (Dg+Z>(s)] = ﬁ[&;ﬁ <1[078}(.)(3 _ .)—ﬁ)m
= ﬁ /OT(T —2) P (s — 1) Pl g (2)de

- Msr—x_ﬁs—x_ﬁ T

which is the first statement of our lemma.
We now turn to the second statement. Recall the representation of X given at (9). In order to

use this representation in computing E [(Dng X)\) (r) (DgJr XA) (s)] , we need the joint density of

(T, T,,). By definition, Ty,an and Thyn — Tran are independent and distributed as I'(m A n, A)
and I'(|m — n|, A), respectively. Their joint density is hence given by

)\m\/n
L'(nVm)I'(jm —nl)

xn/\m—ly|m—n|—1e—)\(x+y) ]

me/\nmi\/n*Tm/\n ('1"’ y) =

Since Trvn = Toan + (Tvn — Tian), We can write, using a simple change of variable,

)\m\/n

nAm—1
n Am)[(|m — nl) (

me/\nmi\/n (1’, y) - F( T Yy — x)‘m_n‘_le_Ay]l{$<y}' (22)

We are now ready to compute E[(DOB+XA) (r) <D§+X)\> (s)} We have

E[(D5. X)) () (D5 X2) (5)]

1 — _ )\8764’1 B
i ( X Bl -mre-m] - 255 el n]
pVaans _5 A2 s s

__ﬁ+1%E[(s—Tm)+ ]+m5 +1,. +1>

N m <Z E|0r =T - T3 + 3 Y B0 = T3 (s - 1)y
neN neNm#n
A ) \ )
- B+ 1375+1 %E[(r B T")Jrﬁ} B+ 17475+1 %E[(s - Tm)+6]

A2 —B4+1,.—6+1
+ m S T . (23)
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The first sum on the right side (consisting of all diagonal terms when m = n) simplifies as

m ZE[(t — 1) (s - Tn)ﬂ
neN
1 oo - et .
AR, e e

= 71 " r—a) Ps—a) Pe Lx)nil x
_P(—/3+1)2/o (r=z) s ) %(n—l)! d
1

== Msr—x_ﬁs—x_ﬁx
“roE ) 06—

Next, we consider the second sum on the right side of (23). The joint density of (7},,T},) given
in (22) enables us to write

_ - )\2 rAs - -
%%E[(T—Tn)Jrﬁ(S—Tm)Jrﬁ] — m/o (7“—1') ﬁ(s—x) B(S+t—21‘)d1‘
—-___éi___(s__x)—5+10n__x)—6+1TAS

(=B +1)? o

)\2
= 7(_5 e (S_B—H’I“_B—H —(s—rAs) P r—rA S)_ﬁ+1).
For the remaining sums in (23), observe that
_ A
E|(s = Tn)7"| = =77
(S m)+ —B T 18

and substitute the last three calculations into (23) to obtain the second statement in Lemma
10.
O
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