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Abstract. We study a class of logarithmic fractional Schrédinger equations with possibly
vanishing potentials. By using the fibrering maps and the Nehari manifold we obtain the
existence of at least one nontrivial solution.
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1. INTRODUCTION

In this paper, we are concerned with the following Schrédinger equations involving
fractional p-Laplacian operators in the whole space:

(1.1) (—A)yu+ V(x)|u|p*2u = fa(z,u), =ze€ RY,

where s € (0,1), p> 1, N > sp and (—A); is the fractional p-Laplacian defined by

, Ju(@) — u(y)P~*(u(z) — u(y)) N
—A)u(x) :=2lim dy, =€ R"Y,
( )p ( ) c0 RN\ B. () |J) _ le—i—ps

which is a generalization of the linear fractional Laplacian (—A)® when p = 2, and
V: RY — R is a possibly vanishing potential in the sense that V (z) — 0 as || — oco.
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Some motivations that have led to the study of this kind of operators can be found
in Caffarelli (see [10]). The nonlinearity term in (1.1) fx(z,u) is of logarithmic
perturbation of p-linear growth

(1.2) Fa(a,u) = MK (@) ulP?u + pQ(z)|u|* *ulog |ul, X >0,
where A\, 1 > 0 and ¢ satisfies

Np
* o
p<q<ps.fN_pS as ps < N.

In the particular case of p = 2, equation (1.1) reduces to the so-called fractional
Schrédinger equation

(1.3) (=Au+V(z)u = fa(z,u), x€RY,

which arises in the study of the nonlinear fractional Schridinger equation

1‘?)_‘? — (CA)Y D+ V(@)D — fu(2,®),  (28) € R x R.

(1.4)
The applications of these equations can be found in [7] for the classical case s = 1
and in the papers of Laskin (see [26], [27]) for the general case.

Literature on logarithmic Schrodinger equations seems not to be very extensive,
we refer the interested readers to [12], [13], [18], [24], [32] and their applications can
be found in [8], [23], [36]. In [32], Squassina and Szulkin studied the logarithmic
Schrodinger equations with periodic potential

(1.5) —Au+V(z)u = Q(z)ulogu?®, xc RV,

where the potential Q@ € C*(RY) such that %RanQ(x) > 0 and iRan(V(x) +Q(z)) > 0.
The case of Q(z) = 1 was also studied by Ji and Szulkin (see [24]). In the two papers,
Szulkin et al. studied the multiplicity results for solutions to problem (1.5) through
the critical points of the functional J: H'(RY) — R given by

J(u) = 1/[RN(|VU|2 + (V(z) + Q(z))u?) dx — %~/[RN u?logu? dz.

2
This functional is not smooth in H*(R"), however, it can be decomposed into the
sum of a C! function and a convex lower semicontinuous functional. By using the
critical point theory developed by Szulkin (see [33]), they obtained the existence
of infinitely many solutions. In the case of constant potentials V' and @, in [18]
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the authors considered the functional J on radial spaces Hrlad([RN ) and applied the
nonsmooth critical point theory of [11], [17], [19] to obtain a similar result on the
existence of infinitely many weak solutions to problem (1.5). Another approach to
treat this kind of problems comes from the paper [12], in which Cazenave found a
suitable Banach space X endowed with a Luxemburg-type norm where the functional
J: X — R is well defined and smooth. Following the ideas of Cazenave, in [5]
the author studied the case of fractional Schrodinger equations with logarithmic
nonlinearity.

Motivated by these results, in this paper we study the logarithmic fractional
Schriodinger equation (1.1) which extends the logarithmic nonlinearities in [12], [18],
[24], [32]. By the standard variational method, we search for the critical points of
the functional

(1.6) //RN - |N+£Jp dudy + l/RN V(@) u(@)]P de

-2 E@u@r+ L [ Q@i@rds
a ?log |u(z)| dz.
-4 [ Q@) og u(a)]a

As many problems proposed in the whole space, due to the lack of compactness in
the embedding W?-*(R") into Lebesgue spaces or potential Lebesgue spaces, the
functional J is not smooth in W?*(R¥) neither it satisfies the Palais-Smale condi-
tions. Using similar ideas as in [12], we find a suitable Banach space in which we not
only have the compactness but also the C'' smoothness of the functional J, and it is
convenient to consider the potential spaces

(1.7) X =WyP(RY) = {u € WP(RN): /[RN V(z)|u(z)P dz < oo}.

There are various types of conditions on V' to gain compactness, for example, we refer
the interested readers to [1], [2], [4], [6], [7], [22] for classical Schrédinger equations,
[14], [16], [25], [29], [30], [31], [34] for fractional Schrodinger equations, and [28], [35]
for fractional p-Laplacian equations.

In our setting, we assume that the potentials V', K and @) are positive continuous
functions on R and satisfy the following assumptions:
(A1) K is bounded on RY and
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(A2) Q is bounded on RY and for ¢ € (p, p?), we assume that

. Q@)  _ : Q) _
A Vola) @ and - lim Velarh (z)

where 0 < 8 < min{%(q -p), %(P: —¢q)} and

Np —r(N — sp)
2

o(r) =L 1 =
bs —Pp sp

> 0.

In this paper, by a solution to (1.1), we mean a function v € X such that
Q(x)|u|?log|u| € LY(RY) and v, (2) = |2|" 2z,

(18) /gmwAw@—u@mmm—

|z — y[ NP

v(y)) dzdy + /RN V(z)yp(u)vde

[ K@uy(wede s [ Qv loglulvds
[RN RN

for all v € X.
We are now in the position to state our main result.

Theorem 1.1. Assume that (A1) and (As) hold. Then, for each p > 0, prob-
lem (1.1) has at least one nontrivial positive solution provided that A < Ap.

Here we denote by \; the first eigenvalue of the eigenvalue problem
(—A)ju+ V(@) |ulP~2u = AK (z)|u|P"%u, z€RY,

which, due to Proposition 2.2, is characterized by the variational formula (see [28]
for more details)
[e”

uex\{o} [Jull} x

Y

where ||-|| and ||-||p,x are defined as in (2.2) and (2.3).

It is worth noting that under the assumptions (A1) and (Ajz), the functional .J
is C! smooth but not coercive on X. Hence it is natural to search for its critical
points on the Nehari manifold where we apply the fibrering method due to Dréabek
and Pohozaev (see [21]). For this reason, the paper is organized as follows. In the
next section we give some preliminary results. In Section 3, we study the Nehari
manifold associated with (1.1) through its fibrering maps and in the last section we
give the proof of Theorem 1.1.
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2. PRELIMINARIES

Let us first recall that the so-called fractional Sobolev spaces W*?(R™), s € (0,1)
and p € (1,00) are Banach spaces with the usual norm

|u(@) = u(y)[?
s,p // |x_y|N+ps dz dy+/N lu(z)|? dz.

We also recall the fractional Sobolev theorem.

[[ll?

Theorem 2.1 ([20]). Let s € (0,1) and p € [1,00) be such that sp < N. Then
there exists a positive constant C' = C(N, p, s) such that

(2.1) ([, wr dx)p/pb <o [ = day,

where p% := Np/(N — sp) is the so-called “fractional critical exponent”. Conse-

quently, the space W*P(R™) is continuously embedded in L(RY) for any q € [p, p].
Moreover, the embedding W*?(RN) — L1

loc

(R™) is compact for q € [p, p¥).

We then consider the reflexive Banach space

X = {u € WP(RN): /RN V(z)|lu(z)|P dz < oo},

endowed with the norm

I e /Rwa)m(xﬂpdx)””.

On the other hand, for every r € [p, p¥), we denote by L% (RY) the weighted Lebesgue
spaces

LT (RY) = {u: RY — R such that /
RN

w(e)|u(@)]" do < oo},

normed by

23) = ([ e ar)

Then we have the following compactness result.

Proposition 2.2. Assume that (A;) and (Az) hold. Then we have:

(i) X is continuously embedded in LP:(R™) and compactly embedded into the
spaces LI (RYN) for any r € [p, p¥).
(ii) X is compactly embedded into the spaces L5 (RY) and LqQ([RN) for g € (p, p%).
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Proof. The conclusion of (i) follows from Theorem 2.1 and the fact that
WP (Br) = W*P(Bg) for all R > 0. By following the ideas in the proof of Propo-
sition 1.1 in [28], we merely need to verify that

lim Q)

A —)
|| —o00 Vola) (l‘)

Indeed, by assumption (Az), since o(q) = %U(q — B) + 30(q + B), we have

lim 7632(@ = lim Q)
le| =00 V(@) () |z|—oo VU(q—ﬁ)/Q(x)VU((Hﬁ)/? ()

~ im ( Q(x)(x))1/2< Q(x)(x))l/Q—O.

2| =00 \ Vo (a=5) Vola+8)

Thus, the proof is complete. ([

We next give a lemma that will be essential to pass the limit in the logarithmic
nonlinearity.

Lemma 2.3. Suppose that V and Q satisfy (Ag). Let {u,}>, be a sequence
such that u,, — u weakly in X. Then we have

(2.4) lim . Q(z)|un(x) |9 log |up (z)|dx = /RN Q(z)|u(z)|?log |u(x)| dz.

n— oo R

Proof. By direct calculation, we have
|[log t| = [log t|x[0.11(t) + [log t|x[1,00)(t) < C(t7 +17) Vit >0,

where § is a positive constant given by assumption (As) and we denote by C' a general
constant which can be varied from line to line. So we have

(2.5) Q(x)[t?logt| < CQ(2)t7P + CQ(x)t™™F vV e RN, t > 0.

For z € RY fixed and r € (p, p¥), consider the function ¢ — V (z)t?~" +tPs~" t > 0.
We have
C(r)V®e=n/i=p) (1) S V()P + 17" Vi >0,

where C(r) is a positive constant given by

r —p\@-1)/®;-p) r —p\®s—7)/(Ps—p)
ct) = (=) +(5r)

<r<pk.
pr—r pr—r , P Ds
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Assume further that
e
im

=<\ _
|| —o00 Voal(r) (l‘) ’

then, for given € > 0, there is R > 0 large enough such that
Q(z) < 5C(r)V(p:_”")/(p:_p)(x) <e(V()tP" + tpi—r) vVt >0, |z| > R,

which implies
Qx)t" < e(V(x)tP +P5) YVt >0, |z| > R.

By assumption (As), applying the estimate above for r = ¢ — 8 and r = ¢ + 3, we
derive from (2.5) that

Q(x)[t?logt| < eC(V (x)tP +1tP) YVt >0, |z| > R.

As a consequence, we have

Pa) d.

@26) [ QW@ osum@lds <<C [ (Vilu@P + unte)

On the other hand, since {u,}52 is bounded in X, by Proposition 2.2, there is
M > 0 such that

/ V(z)|un(x)P de < M, and / un (2)[P5 dz < M.
RN RN

Thus, from (2.6) we derive

(2.7) . Q(@)|un(2)|?|og(|un (2)])| dz < 2M Ce.

Using similar arguments, we see that the estimate (2.7) holds also for u. Hence, it
remains to show that

n—oo

(28)  lim - Q(@)|un (2)|*log(|un (2)]) dz = - Q(z)|u(x)|? log(Ju(z)|) d.
Indeed, since Q € L®(RY), we have
(2.9) /BR |Q(2) |un ()| 1og(|un (@)]) — Q(2)|u(@)|? log(|u(z)|)| dz
< ”Q”LOO([RN)/ [[un (2)|* log(Jun (2)]) — [u(x)|? log(|u()])| d.

Br
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On the other hand, since ¢ € (p, p%), we have

t71og(|t])

- —0 ast— oo.
tPs

By Proposition 2.2, we also know that

(2.10) rszleHN) /RN |t (2)|P5 dz < oo,
(2.11) [y (2)]9 1og(|tn (2)]) — |u(z)|? log(lu(z)]) a.e. in RY.

Applying the compactness lemma of Strauss (see [7], Theorem A.I, page 338) with
a bounded set Br(0) and Q(s) = sP= and P(s) = s?log(|s|), we obtain (2.8). O

The next lemma shows that the functional J is differentiable on the potential
space X.
Lemma 2.4. The functional J is smooth, that is, J € C'(X,R).

Proof. We first prove J(u) to be well-defined for © € X. By Proposition 2.2 it
suffices to prove that Q|u|?log|u| € L*(RY) for u € X. Using similar arguments as
in the proof of Lemma 2.3 we have that

(2.12) Q(x)[t?1ogt] < CQ(z)t1™ Y + CQ(x)t™ Yz e RN, t >0, v>0.
Since ¢ € (p, p%) we can choose v small enough so that p < g —~v < g¢+v < pi. By

virtue of Proposition 2.2 (i) we imply that Q|u|?log |u| € L*(RY).
It is not difficult to see that J is Gateaux differentiable and

|z — y[N e

A [ E@@ede = [ Q) oz fuloda

RN
= (Hi(u),v) — (Ha(u),v) VYu,v e X,

where

(2.14) (H(u),v) = / " Yolule) |_x“_(yy)|)]ﬁ(f)) —0W) 4 qy + /R V(@)y(wvdr,

(2.15)  (Ha(u),v) = A K(x)p(u)vde + u/ Q(z)hq(u) log |ulv dz.
RN RN
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So it remains to show that J': X — X’ is continuous. To this aim, it suffices to

prove that
J(uy) converges in X' to J(u)

for every sequence {u,}32; € X converging to u strongly in X.
In fact, by using Proposition 2.2 and Lemma 2.3 we can see easily that

(2.16) Hos(uy,) converges in X' to Ha(u),

and for any v € X \ {0}, we have

n—oo

(2.17) fim o [ V@ (@) = by (ua)ods =0

Next, for n € {1,2,...}, put

Up(un(z) — un(y)) Up(u(z) —u(y))

wn(2,y) = = — N7 and - w(z,y) =

|q; — y|N/I) +s(p—1)°

Since u,, — u in X, the sequence {w, }>> , is bounded in L (R*V) and moreover it

converges almost everywhere to the function w. This implies
wy, — w weakly in LP (R?N).

Therefore, if v € X \ {0}, then

J[ nte) - wte y»('x("f) T;jijjd dy| =0

thanks to the fact that the function

lim |[jv]|~ 1
n—o0

(v(z) —v(y))

(z,y) = o — [N/t
belongs to LP(R?Y). So we can conclude
Hi(up) — Hyi(u) in X'

The proof of Lemma 2.4 is completed.
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3. NEHARI MANIFOLD AND FIBRERING MAPS

The Euler-Lagrange functional J: X — R associated to problem (1.1) is defined
as follows:

J(u) = %(HUH” — Al

p ﬂ q _E 9] d
p,K)+q2|\UIq,Q q/RN Q(z)|u(z)[* log |u(z)| dz.

It is worth noting that since 11_1}(1) |s|?1log |s| = 0, the function f(s) = |s|?log|s| can
be extended continuously but Sstill denoted by the same notation such that its value
at 0 equals 0. Using this convention, we have J(0) = 0. Moreover, J € C'(X,R)
and its Gateaux derivative is

- A K(x)p(u)vde — u/ Q(z)pg(u)loglulvdr Vu,v e X.
RN RN

Notice that the weak solutions of problem (1.1) correspond to critical points of J. As
many other problems J is not bounded below on X. It is appropriate to consider J
on the Nehari manifold which is defined by

N ={ue X\ {0}: (J'(u),u) =0}.
Clearly, all critical points of J must lie on A and further u € N if and only if

I(w) = [lu]” = Allu|

K~ N/RN Q(z)|u(x)|? log |u(z)|dz = 0.

We analyse N in terms of the stationary points of fibrering maps ¢, : R* — R
defined by
ou(t) = J(tu), teRt.

Such maps were introduced by Drabek and Pohozaev in [21]. Then we have
u(t) = 7 ([ull” = Nlullp )
— et / Q@) ulw)]og [u()| dz — (e log t)ul o,
and
u(t) = (0 = D2 (full” = M} ) — p(g = Dt logt + t77%)|ul§ o
~ g =1 [ Q)luw) " ogu(w)] da.
Lemma 3.1. Let u € X \ {0} and t > 0. Then tu € N if and only if ¢/ (t) = 0.
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Proof. The conclusion of the lemma can be directly implied from the definition
of N and ¢,. O

From Lemma 3.1 it follows that u € A if and only if ¢!, (1) = 0. We shall split N
into three subsets N'*, N'~, and N° which correspond to local minima, local maxima
and points of inflection of fibrering maps, that is,

NT={ueN: ¢;(1) >0} = {tue X: ¢ (t) =0, g, (t) > 0},

NT={ueN: ¢i(1)<0}={tue X: ¢ (t) =0, ¢l(t) <0},

N ={ueN: ¢)(1)=0} = {tue X: ¢ (t) =0, ¢, (t) = 0}.
The existence of solutions to problem (1.1) can be studied by considering the exis-
tence of minimizers to the functional J on the manifold A/. As in Brown-Zhang [9],
Theorem 2.3 or Chen-Deng [15], Lemma 2.2 we see that such local minimizers are

usually critical points of J. More precisely, we have the following lemma whose proof
is classical and can be followed step by step as in [3], Proposition 6.7, so we omit it.

Lemma 3.2. J € C?(X,R) and if ug is a local minimizer of J on N and ug ¢ N,
then it is a critical point of J.

We now investigate the functional J on the Nehari manifold A. By the definition
of N, for each u € N, we have

1 1 o
(3.1) Ty = (= ) Ul = Ml ) + J5 ull o

Moreover, it is easy to show that
N* ={ueN: (¢—p)A(u) + pC(u) < 0},
N™ ={ueN: (g—p)A(u) + pC(u) > 0},
N ={ueN: (¢—p)A(u) + pC(u) = 0},

where
A(u) = [Jul” = Mull?
B(u) := Q(z)|u(x)|?log(Ju(x)])dz, and C(u) :z/ Q(z)|u(x)]9 da.
RN RN
The corresponding fibrering maps ¢, can be rewritten as
P 7 7
ou(t) = ;A(u) + q_th(l —qlogt)C(u) — thB(u),

and
@l (t) =tP1B,(t), where B,(t) := A(u) — pB(u)t?? — uC(u)t? P logt.
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In order to find critical points of ¢, (t), we need to search zero points of 3,(t). We

Bi(t) =0s tg :=to(u) = exp(—ﬁ) exp(— 223;)

It is easy to see that the behavior of ¢, (t) depends on the signs of A(u) because C(u)

have

is always positive. Setting
At ={ue X: A(u) >0},
we have the following remark which shows the properties of AT.

Remark 3.3. If u € AT, then ¢,(t) > 0 for small ¢ > 0 and ¢,(t) - —oo as
t — oco. Moreover, in this case 5, (t) attains its maximum at to(u), strictly increases
on (0,tg(u)) and strictly decreases on (to(u),c0), and

0< A(u) = t£%1+ Bu(t) = Bu(07) < Bu(to) and tlgrolo Bu(t) = —c0.

This implies (3, () has a unique zero point ¢1(u) > to(u) > 0 and therefore ¢, (t) has
a unique (maximum) stationary point at ¢1(u) > to(u) such that ¢1(u)u € N'~.

4. THE PROOF OF THE MAIN RESULT

Throughout this section we assume A < A; and (A;) and (Az) hold. By the
definition of A1 we have

A
(1) A@) =l = Ml > (1= £ ) lul? >0 Yue X\ {0},

This implies u € A for all w € X \ {0}. On the other hand, since ¢ > p and C(u) is
positive, by definition we have N* = N? = (). In addition, by Remark 3.3 there is
a unique t1(u) > 0 such that ¢; (u)u € N~ and therefore the Nehari manifold A can
be expressed as follows:

N =N~ ={ti(u)u: ue A"}

Using this fact, we merely need to investigate the behavior of J on N ™. It is easy
to see that J is coercive on N~ due to 0 < A < \; and

1 1 7
(4.2) T = (= )l = Ml ) + 55l o
> (- i)||u||p+ oty Vue N
P g A g2 e

The next lemma shows that its infimum is positive.

Proposition 4.1. We have ir/l\ﬁ J(u) > 0.
ueN~—
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Proof. Assume by contradiction that mf J(u) =0 and let {un,}5_, € N~
ueN
be a minimizing sequence, that is, we have

lim J(um) = 0.

m—r0o0

Since J is coercive on N7, it follows that {w,,}5°_; is bounded on X. By virtue
of Proposition 2.2, this sequence has a subsequence still denoted by {u,,}2°_; such
that

Uy, — Uso weakly in X and strongly in L% (RY) N LqQ([RN), and a.e. in RY.

As a consequence, we have

(4.3) K(2)|tum ()| de — / K(2)|tuoo(x)|P de,
RN RN

(4.4) Q@) |u ()| dw — / Q@) (w)|? da.

RN

We next show that u., must be zero. Indeed, if this is not the case, then it follows
from (4.2) and (4.4) that

0< 2||uoo||qQ— lim —2Hum|\qQ< lgn J(tm) =0,

m—r oo q

which is a contradiction. Moreover, u,, — 0 strongly in X. If not, then we have
0 = ||too|| < liminf ||uy,|| and therefore we get another contradiction
n— oo

0= J(u) < 1iminf((% - é)(”umﬂp -

m—o0

P K a \_ 1 _
)+ T lumll ) = lim J(um) =0.

Hence, we get u,, — 0 strongly in X. By setting vy, = um/||um|, we may assume
that

(4.5) Uy — Voo weakly in X and strongly in L2 (RY) N LqQ(RN), and a.e. in RY.
In other words, we have
(4.6) K(2)|vm ()| de — / K(2)|voo (2)|P de,
RN RN
(47) [ Q@lonta)tde > [ Q@) da,
RN RN

45



By virtue of Lemma 2.3, we get

(4.8)  lim Q(z)|vm ()] 10g |vm (x)| dz = /[RN Q(z)|voo (2)]9 10g |voo ()] da.

m—roo RN

On the other hand, since u,, € N, we get

[l = Alwm 5 = M/RN Q(@)|um (2)|*log |um (x)| dz = 0.

Dividing both sides by ||u,,||?, we obtain
[omll” = Momllp e = pllum||*7 /RN Q(@)|vm (x)|? log [vm (z)| dz
+ e[| log ([l um|]) /RN Q@) vm (2)|* da.

Let m — oo. Since q € (p, p%), it follows from (4.7), (4.8) and the fact that u,, — 0
strongly in X, that

(49) i (o [” = Ao ) = 0.

We next show that v, — v strongly in X. Otherwise, we have ||vs| < liminf ||vy,]|
m—o0

and by using (4.6), we get a contradiction
Voo ||P — )\||voo||5’K < l,ifl}?of(nvmup - /\”UMHZK) =0.

Hence, v,;, = v strongly in X which implies that

A .
(1= 5 ) losell? < lfose P = Alfoell ¢ = Jim ([P = Alfon]|

P K)=0.
Hence, v = 0 which contradicts ||vs|| = 1. The proof is complete. O

We are now in the position to give the proof of the main theorem.

Proof of Theorem 1.1. Let {u;}°_; be a minimizing sequence of J on N
such that

(4.10) J(tpm) = inf J(u) >0 asm — oo.
ueEN —

By coerciveness of J(u) on N~ and Proposition 2.2, we may assume that u,, — ug
weakly in X and strongly in LE (RY) N LqQ(RN), and a.e. in RY, which implies
(4.11) K(z)|um(z)P de — / K(z)|uo(x)|? dz,

RN RN

(112) [ Q@lun@dz > [ Q@@ da,

46



By virtue of Lemma 2.3, we have

(413)  lim [ Q@)[un(@)|10g uy(2)| dz = /  Q@)luola)|* 10g uo(x) .

m—r0o0 RN

We next show that u,, — ug strongly in X. Suppose otherwise, we have |ug| <
lim inf ||wy,||. Since u,, € N7 =N, we have
m—r oo

A(uo) — nB(uo) = luol[” — Alluolly x — M/RNQ(J?)IUO(J?)Iq log([uo(x)]) dz

< timf (unl” = Al = 1 || Qo)) ol ()]
that is, Sy, (1) = A(uo) — pB(up) < 0 which immediately implies that ug # 0, while

Buo (to) > 0. The analysis of the fibrering maps ¢, (t) shows that there exists a unique
t1(uo) € (to(ug), 1) such that ¢ (ug)ug € N ~. Hence we have

(4.14) ugjl\;* J(’U,) < J(tl (UO)U,Q).

On the other hand, since w,, — uy weakly in X, one has
t1(ug)tm — t1(ug)up weakly in X,
which leads to a contradiction to (4.14):

(4.15) J(tl(uo)uo) < lllri)lnf J(tl(uo)um) < lim inf J(um) = inf J(u)

m—00 ueEN —

Here we use the fact that u,, € N~ and therefore J(tu,,) attains its unique maximum
att = 1.

Hence u,, — ug strongly in X. Finally, we prove that ug € N ~. Indeed, notice
that ug # 0 and u,, € N~ = N, we have

ol = Mol =1 [ Qe @) og ()] d = 0.

Let m — oo, we get ug € N'=N~. The proof is complete. ([
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