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THE RIBES-ZALESSKII PROPERTY
OF SOME ONE RELATOR GROUPS

GILBERT MANTIKA, NARCISSE TEMATE-TANGANG, AND DANIEL TIEUDJO

ABSTRACT. The profinite topology on any abstract group G, is one such that
the fundamental system of neighborhoods of the identity is given by all its
subgroups of finite index. We say that a group G has the Ribes-Zalesskii
property of rank k, or is RZ; with k£ a natural number, if any product
HiHs - -- Hy, of finitely generated subgroups Hi, Ha,--- , Hy, is closed in the
profinite topology on G. And a group is said to have the Ribes-Zalesskii
property or is RZ if it is RZj for any natural number k. In this paper we
characterize groups which are RZs. Consequently, we obtain condition under
which a free product with amalgamation of two RZ2 groups is RZ2. After
observing that the Baumslag-Solitar groups BS(m,n) are RZ2 and clearly
RZ if m = n, we establish some suitable properties on the RZs property for
the case when m = —n. Finally, since any group BS(m,n) can be viewed as
a HNN-extension, then we point out the Ribes-Zalesskii property of rank two
on some HNN-extensions.

1. INTRODUCTION AND RESULTS

Properties of the profinite topology were studied by M. Hall in [I0]. A finitely
generated subgroup H of a free group F is closed in the profinite topology of
F if H is the intersection of subgroups of finite index that contain H. This is
equivalent to the statement that for any finitely generated subgroup H of a free
group F'; and any element g € F'\ H, there exist a normal subgroup N of finite
index in F such that g ¢ HN. In connection with the result of Hall, some authors
introduced the Ribes-Zalesskii property of rank k£ on an abstract group. An abstract
group G satisfies the Ribes-Zalesskii property of rank k, or is RZy, with k a natural
number, if for any finitely generated subgroups Hi, Hs, - -+ , H; and any element
g € G\ H1Hy--- Hy, there exist a normal subgroup N of finite index in G such
that g ¢ HiHy--- HN. A group is said to have the Ribes-Zalesskii property or is
RZ if it is RZj for any natural number k. It is clear that finite groups and finitely
generated abelian groups are RZ. See [6]. Also, a direct product of groups which
are RZ is RZ. See [7]. Using the link between the profinite topology and finitely

2020 Mathematics Subject Classification: primary 20E06; secondary 20E26, 20F05, 22A05.

Key words and phrases: profinite topology, HNN-extension, Ribes-Zalesskii property of rank k,
Baumslag-Solitar groups.

Received June 4, 2021, revised November 2021. Editor J. Rosicky.

DOI: 10.5817/AM2022-1-35


http://www.emis.de/journals/AM/
http://dx.doi.org/10.5817/AM2022-1-35

36 G. MANTIKA, N. TEMATE-TANGANG AND D. TIEUDJO

approximable groups, C. Rosendal characterized countable discrete groups which
are RZ. See [25].

RZy means residually finite. Conditions under which a group G is RZg or RZ; were
established and some examples of groups RZy and RZ; were given. See [9] 12}, 13}, [15].
It is easy to see that for any natural number k, RZy1 implies RZ. But the inverse
is not true. For example Fy x Fy cited by C. Rosendal in [26] is RZg but not RZ;,
where F3 is the free group of rank 2.

The original motivation for the study of the property RZ goes back to a problem
posed by J. Rhodes on the existence of an algorithm to compute the closure of
subset of finite semigroup. See [20]. Recently, M. Doucha and M. Malicki in [§]
showed that the RZ5 and RZ3 properties form the lower and upper group theoretic
bounds for finite appoximability of actions on triangle-free graphs and K,-free
graphs, n > 3.

Other authors have investigated on finding conditions under which the free construc-
tions of groups inherit the RZj property of all the group factors. N.S. Romanovskii
[24] has proved that the free product of groups which are RZ; is also RZ;. Further,
T. Coulbois [7] has proved that the free product of RZ groups is also RZ. Also,
Ribes and Zalesskii have proved that, when C is a variety of finite groups closed
under extensions, the free product of groups which are RZ5 is also RZs relatively
to C. See [22].

But for a free product with amalgamation G = (G * Go; A = B, ¢) (denoted also
G=G *B G2) of groups G and G5 with amalgamated isomorphic subgroups

A < G7 and B < G4, a similar statement is not always true. Examples of free
product with amalgamation of two RZ; groups which is not RZ; were given in the
works of E. Rips [23] and R. Allenby and D. Doniz [I].

Moldavanskii and Uskova [18] proved that under some conditions, free products
with amalgamation of two RZ; groups is RZ;. Specifically, they proved

Proposition 1.1 ([I8, Theorem 3]). The group G = (G1 * G2; A = B, ) where A
is a normal subgroup of G1, B is a normal subgroup of G2 and groups A and B
satisfy the maximum conditions for subgroups, is RZy if the groups Gy and G4 are
RZ;.

In this paper we characterize groups which are RZs. We prove

Theorem 1.1. Let G be a group and let U be a finitely generated subgroup contained
in the center Z(G) of G. G is RZy if and only if the factor group G/U™ is RZ
for any nonzero natural number n.

From this result, we obtain a result similar to that of Moldavanskii and Uskova for
the property RZs of groups with amalgamation. The case where the free factors in a
free product amalgamated by a finite subgroup are RZ was studied by T. Coulbois
in his thesis. See [6]. In this paper, we investigate the case where the amalgamated
subgroup can be infinite. That is

Corollary 1.1. Let G = G1 * GQ be a free product of groups G1 and Ga with
amalgamated subgroups A < Gl and B < Go. If A and B are finitely generated
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subgroups contained in the centers Z(G1) and Z(G2) of G1 and Go respectively,
and groups G, and Go are RZ,, then G is RZ,.

It is then easy to see that if G; and G5 are two RZs groups, and a and b are

elements in G and G respectively with a € Z(A) and b € Z(B), then the group
G=G *bGQ is also RZs.
Also, we 6irecaull the class of two-generator one-relator groups, called the Baumslag-So-
litar groups, given by the presentation BS(m,n) = <a, blatb™ma = b”> where m
and n are nonzero integers. This class of groups deeply studied by G. Baumslag and
Solitar [4], were introduced to point out a class of finitely generated non-hopfian
groups. Some residual properties of BS(m,n) were studied [2] [3].

It is easily seen using the results of [21] 27]

Proposition 1.2. For any nonzero integer n, group BS(n,n) is RZ.

Since for |m| = n the group BS(m,n) is RZ¢ and RZ; (see [16]), then the case
where m = —n is also for interest. Thus we investigate this case. We obtain

Theorem 1.2. Let n be a nonzero natural number. If Hy and Hy are two finitely
generated subgroups of BS(n,—n) contained in the free factors of BS(n,—n), then
the product Hy Hs is closed in the profinite topology on BS(n,—n).

Also, any Baumslag-Solitar group BS(m,n) = <a7 bla tbma = b"> can be seen
as an HNN-extension with associated subgroups (b™) and (b™). So, we also focus on
Ribes-Zalesskii’s property of rank k of some HNN-extensions. Let K be a finitely
generated abelian group and let A, B be finitely generated isomorphic subgroups
of K. Since finitely generated abelian groups are RZ, it follows immediately that if
A = B = K, then the HNN-extension G = <K,t | t=1At = B> is RZ as a finitely
generated abelian group.

But if A # B in the HNN-extension G = (K, t | t7'At = B), then G is not RZ;.
See [I7, Lemma 1]. Thus, G is not RZj, for any natural number k > 1.
Using the result of G. Baumslag and M. Tretkoff that can be reformulated as

Proposition 1.3 ([2, Theorem 3.1]). Let A be RZy and let H, K be isomorphic
finite subgroups of A. Then the HNN-extension G = <A,t |t~ Ht = K> is RZy.

It comes that if a group K is RZ and particularly RZgy, A and B isomorphic
finite normal subgroups of K, then the HNN-extension G = <K7t | t~tAt = B> is
RZg. As in the proof of ([I7, Lemma 2]), it can be pointed out a free product of
RZ groups as a finite subgroup of finite index of G. Now, since any virtually RZ
group is also RZ (see [1]), we obtain easily

Proposition 1.4. Let K be RZ, and let A and B be isomorphic finite normal
subgroups of K. Then, the HNN-extension G = <K,t | t~1At = B> is RZ.

From which we get by adding Theorem [I.]

Corollary 1.2. Let K be a group and let A and B be isomorphic finitely gene-
rated subgroups of Z(K), the center of K. Let G = <K,t |t~1At = B,<p> be an
HNN-extension with ¢(a) = t~tat for any a € A. If K is RZy and contains a
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finitely generated subgroup of finite index U in both A and B such that p(u) = u
for any uw € U, then G is RZ5.

2. PRELIMINARIES

In this section we collect some notions, basic properties and facts about free
products of groups with amalgamation, HNN-extensions and finitely generated
groups. For more details see [14].

Let us recall some notions concerned with the construction of a free product G =
(G1xGa, A = B, p) of groups G1 and G5 with amalgamated subgroups A < G and
B < G2 where p: A — B is an isomorphism. The group G = (G1 * G3, A = B, p)
can also be written as G = (G4 :Z G5 or simply as G = G4 AfB Go when there is
A=B
no confusion. An element g in G can be written in a form g = g192---g, (r = 1)
where for any ¢ = 1,2,...,r element g; belongs to one of the free factor G; or Ga,
and if r > 1 any successive g; and g¢;+1 do not belong to the same factor G; or
G2 (nor to the amalgamated subgroups A and B). We say that ¢ is written in a
reduced form. In general, an element of the group G = G1 * Gg can have more

than one reduced form. But any two reduced forms of an element g have the same
number of components, which we will call the length of the element g and denote
by I(g).

About HNN-extensions, let G be a group and let A and B be its subgroups with
¢ : A — B an isomorphism. Let (¢) be the infinite cyclic group generated by a
new element ¢t. The HNN-extension G* of G relative to A, B and ¢ is the factor
group G * (t) /N, where N is the normal closure of the set {t"1at(p(a))™t, a € A}.
The group G is called the basis of G*, t is its stable letter, and A and B are the
associated subgroups. The notation G* = <G, titlat = ¢(a),a € A> is used.
Concerning finitely generated groups, it is not hard to obtain the following results.

Proposition 2.1. Let G be a group and let N be a normal subgroup of G.

(1) If H is a finitely generated subgroup, then the subgroup H = HN/N of G/N
is. Particularly, if G is a finitely generated, then G/N is.

(2) If N and G/N are finitely generated, then the group G is.

Proof. Consider the canonical epimorphism 7: G — G/N.

(1) Let H be subgroup and let X be its finitely generated subset. Then
H = HN/N = n(H) = 7({X)) = (n(X)). Thus the subgroup HN/N is fini-
tely generated.

(2) Since G/N is finitely generated, there exist elements g1, g2, ..., g, in G such
that G/N = (41,93, ..., gr), where each g; (1 < i < r) represents the image by 7 of
element g; in G/N. Consider g € G such that § = g1°'g2°? - - - ,.°~ where the s, are
integers. Then g = ¢7'g5> -+ - gr", and there exists n € N with g = ¢7'¢5> - - - g5 n;
that is g € {(¢1,92,--,9-) N. Finally G = (g1, g2, ..., gr) N is finitely generated
since N is. O

Proposition 2.2. Any quotient of a RZy group by a finitely generated normal
subgroup is also RZ.
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Proof. Let G be a RZs group and let N be a finitely generated normal subgroup
of the group G. We shall prove that the factor group G/N is RZs.

Consider two finitely generated subgroups H; = H;/N and Hy = Hy/N of G/N,
where H; and Hs are subgroups containing N. Let g be an element of G such that
g€ G/N and g ¢ Hy Hy. It is clear that g ¢ H; H,. Using Proposition it is
also clear that subgroups H; and Hj are finitely generated. Therefore, since G is
RZs, there exists a normal subgroup M of finite index in G such that g ¢ HyHoM.
Consequently we have g ¢ H; Hy M where M = MN/N. If, on contrary g € H;
Hy M, then § = hy ho t with hy € Hy, ho € Hy and t € MN. And then there
exist m € M and n € N such that g = hyhamn = hiha(mnm=1)m. Now, since
N <G and N < H,, it is obvious that h = ho(mnm™!) € H,. But this implies
that g = hyhm € Hy; HoM which contradicts the fact that g ¢ HyHoM. So g ¢ Hy
Hy M, with M a normal subgroup of finite index in G/N. Thus, the factor group
G/N is RZy as required. O

Proposition 2.3. Let G be a group and let A be a finitely generated subgroup in
G. If A is contained in Z(QG) the center of G, then for any nonzero natural number
t, the subset At = {a',a € A} of G is a normal subgroup of finite index in A.

Proof. Assume that the subgroup A is contained in Z(G). Then A is a finitely
generated abelian group. Therefore A is equal to a direct sum €, <1 Ai, where each
A; is cyclic. For ¢ <1, let a; be a generator of A;. So,

A= <a’17a27"'7al>

is generated by the elements a1, as,...,a;. Let t be a nonzero natural number.
On one hand, since Z(G) is commutative, it is obvious that A* = {a’,a € A} is a
normal subgroup of A.

On the other hand the factor group

AJA' = (ar,az,.... @ |a' = l,@2' =1,...,@' = 1)

is finitely generated where a; = a;A* for any i € {1,2,---,1}. Also, the group A/A?
is commutative, so it can be written as A, = (a7 | a1’ = 1) x (az | @' =1) x -+ x
(@ | @' = 1). Finally, since the order of each group (a; | a;' =1), i € {1,2,---,1}
is at most ¢, it follows that the order of A/A? is finite. O

3. PROOF OF THEOREM [I.1] AND COROLLARY [L.1]

Proof of Theorem [L.1l Since the subgroup U < Z(G) is finitely generated, it
comes that for any nonzero natural number ¢, the subgroup U? < G is normal and
finitely generated. Thus, if G is RZs, then using Proposition the factor group
G/U (t > 1) is.

Conversely, suppose that any factor group G/Ut(t > 1) is RZsy. Let prove that
G is RZs. To do it, let H; and Hs be two finitely generated subgroups of GG, and
let g be an element in G such that g ¢ Hq H».
We need to determine a normal subgroup N of finite index in G (N <y G) such
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that g ¢ HyHsN. Consider for any nonzero natural number ¢, the factor group
G/U*? and the canonical epimorphism

¥ G— GJU'.

Case 1. Assume that there exist a nonzero natural number ¢y such that ¥;,(g) ¢
Y4, (H1) 94, (Hz) in G/U™. Since Hy and Hy are finitely generated, it follows using
Proposition that 9, (H1) and 9, (Hz) are finitely generated. Now the group
G/U' is RZy. Therefore there exists N <1y G/U" such that ¥y, (g) ¢ 04, (H)
¥4,(Hz) N. Let N be the preimage of N by ;. Clearly, g ¢ HyHaN. Thus G is
RZs.

Case 2. Assume now that for any nonzero natural number ¢ we have ¥,(g) € 9;(Hi)
94 (Hz) in G/U*. We need to prove that this case is not possible.

For t = 1, ¥1(g) = ¥1(a)¥1(b) with a € Hy and b € Hs. That is gU = abU and
then g = abu with u € U. Let y = ab. Then, we have g = yu.

For any t > 2, ¥;(g) = ¥:(a)V¢(b;), where a; € Hy and by € Ho; that is g = asbyuy
with the elements a;, b, and wu; fixed respectively in H;, Hy and U?. Therefore for
any t > 2 we have ¢ = a;a”tabb~'bu; = hyykyus, where by = a,a™' € H; and
ky = b_lbt € Hs. Thus,

(3.1) w=1y " hykau, .

Set § = <{y’1htykt | he € Hy,ky € Ha t > 2}> be the subgroup generated by
the elements of the form y~'h,yk,, with hy € Hy and k; € Ha, (t > 2). Since
y~'hyyks = uu; b € U, then S is a subgroup of U. Also, for s =y~ hyyk:(t > 2),
we have s~ = k;'y~'h;'y € S; and it follows that k;s—!' = y~'h;'y. From
U < Z(G) and s~ € U, we obtain kis™' = s~ 'k, = y~'h;'y. The equality
571 =y 'h;yk; ! then arises. Finally, y~'hS'yk* € S with €, = +1. Thus:

(v~ they gk )y~ heyke?) = (v hey ) (ke Xy~ et yke?)
= (y 'hity)(y thiyk,® x k), since
v hityke? € Z(G) =y hyy yy T he 2y Ry
— y‘lht“ h€t2 kerrz kZl’ €, = +1.

1

It comes then that the elements of S have the form:
(3.2) y71h21 .. .h;:Lyk;" . k;:l , €, =x1,i=1,...,n

Subcase (a) Suppose that u belongs to subgroup S. So, from , we have
w =y thyt - hy'myky't . kgt that s yu = hy't L byt yky't ktp hyit ...
hz" abkffj ktefl

Then, since hy'* ...hy'""a € Hy and bk;'" ...k, € Ha, it follows that g = yu €
H, Hs, and this result contradicts the assertion g ¢ Hy Hs.

Subcase (b)) Now u ¢ S. On one hand, since the group U is commutative and
finitely generated, it possesses the maximal property for groups, that is, each of its
subgroups is finitely generated. Thus, S is finitely generated. On the other hand,
U as a commutative and finitely generated group is RZ;. Therefore, U possesses a
normal subgroup M of finite index such that u ¢ SM.
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Also, since M <1y U, all the elements of the factor group U/M have finite order.
Let Uy be the finite set of representative classes modulo M in U. For any g € Uy,
there exists a natural number r, such that ¢"s € M. Also, for any g € U, there
exist go € Up such that ggg* € M. Thus, (ggy ') % = g™ (gy?)~! belongs to M,
and it follows that g"s also belongs to M. Let ¢’ be the least common multiple of
the 74, with g € Up. We have g € M for any g € U, and then U C M. If ' =1,
then any g € U belongs to M. Particularly, v € M, and it contradicts the fact that
u ¢ M since u ¢ SM. Sot' > 2, and u = y~Lhyykyuy. Now, y~thyyky € S and
uy € UY C M, thus u € SM, which is again not possible.

Finally, Case 2 is not possible as required, and we get only Case 1. Thus, the
group G is RZs, and the theorem is completely demonstrated. ([l

We are now ready to prove Corollary

Proof of Corollary Suppose that all the assumptions of the corollary are
satisfied. Since A = B coincides with the center of the amalgamated group G (see
[14, Corollary 4.5]), to prove that G is RZ2, we prove that G/A* is RZy for any
nonzero natural number ¢ and conclude using Theorem To do it, let ¢ be a
nonzero natural number and let H; and Hy be two finitely generated subgroups of
G/At. Let g be an element of G/A! such that g ¢ H; Ho.

We need to determine N <1y G/A® such that g ¢ H; Hy N. We recall by Proposi-
tion that the subgroups A* and B! are normal with finite index in A and B in
respectively. Since A/A? and B/B? are finite and isomorphic, the canonical homo-
morphisms G; — G1/A? and Go — G2/B* can be extented to the epimorphism

G — G /A * G5/ B! with kernel A* = B*. See (|19, Theorem 1.1]). This
AJA'=B/B!

situation can be illustrated by the following diagram

G G AiB Gz Ga
v
t
Gy /At ——=G1/4A AjAtSR B Ga/ G2/B"

— t
Let G(t) = Gl/A A/At*

- G2/B". Tt is clear that the groups G/A" and G(t)

are isomorphic.

Now, using the fact that the subgroups A* and B! have finite index respectively
in A and B which are finitely generated, it follows by (6, Proposition 1.1]) that
A! and B! are finitely generated. Thus, by Proposition [2.2| the groups G1/A! and
G2/ B" are RZs. Also, the groups A/A" and B/B" are finite; thus, the group G(t)
is RZ2 (see [6], Theorem 5.2]), and G/A" is. Since G/A! is RZs for any arbitrary
nonzero natural number ¢, we conclude by Theorem that G is RZs. Hence
Corollary is demonstrated. (I
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4. PROOF OF THEOREM

We recall a result of P. Stebe which will be used in some statement of the proof
of the Theorem It states that for any element h of a free group F' and for any
nonzero integer n, there exists a normal subgroup N of finite index in F' such that
NN (h) = (h™) (see [28]). We establish

Lemma 4.1. Let n be a nonzero natural number. For any finitely generated
subgroups Hy and Hs of BS(n,—n) = <a,b |a=tb"a = b‘”>, and any normal
subgroup U of finite index in (b™) such that ((b"YNH1)U # (b™) and ((0™)YNH2)U #
(b™), there exists a normal subgroup N of finite index in BS(n,—n) satisfying
NN@™y =U, (N (®)NNH; = N((b")NHy) and (N (b™))NNHs = N({(b")NHs).

Proof. Let H; and Hj be two finitely generated subgroups of BS(n,—n), and let
U be a normal subgroup of finite index ¢ in (b") satisfying all the assumptions in
the lemma. Consider ¢y, -, ¢; a system of left cosets representatives of U in (b™)
where ¢ = 1.

Since BS(n, —n) is RZ; and U is finitely generated as a finite index subgroup of the
finitely generated group (b"), there exists Ny <ty BS(n,—n) such that ¢; ¢ N1 U
for any i = 2,...,t. Also, there exists i € {2,3,...,t} such that ¢; ¢ H1U. Indeed:
assume in contrary that for any i € {2,3,...,t} ¢; € H U; that is ¢; = h;u; with
h; € Hy and u; € U. Therefore h; = ciu;1 € Hy N {d") for any i € {2,3,...,t}.
Thus, ¢; belongs to the subgroup (Hy N (b™))U of (b™) for any i € {1,2,...,t}.
Consequently, it follows that (H;N(b"™))U = (b™) and this contradicts the hypothesis
(™) # (H1N(b™))U. So, there exists i € {2,3,...,t} such that ¢; ¢ H,U. Similarly,
there exists j € {2, 3, dots, t} such that ¢; ¢ HyU.

It is easy to see that the groups H1U and H»U are finitely generated in BS(n, —n)
and so, again using the fact that BS(n,—n) is RZj, there exist normal subgroups
Ny; and N3, of finite index in BS(n, —n) such that ¢; ¢ No; H1U and ¢; ¢ N3, HaU.
Set [ = {Z S {2,...,t},ci ¢ HlU} and J = {’L S {2,...,t},ci ¢ HQU} Thus,
Ny = () Ng; and N3 = [ N3; are normal subgroups of finite index in BS(n, —n)

iel 1=
as finite intersections of normal subgroups of finite index in BS(n, —n). Therefore,
¢; ¢ NoH, U for any i € I and ¢; ¢ N3H,U for any j € J. Let:

N = N,UNNUNN3U.

For any I € {1,2,3}, N; is a normal subgroup of finite index in BS(n, —n), and
N,U is. Consequently, N is also a normal subgroup of finite index in BS(n, —n).

It is obvious that U C NN (b™). Conversely, let g € NN (b™). There exist ny € Ny
and u € U such that g = nju. If g ¢ U, then there exist i € {2,3,...,t} and ¢;
in (b™) such that gU = ¢;U. Thus ¢; € gU = nyulU = n U, and this implies that
¢; € N1U, but it contradicts the assumption that ¢; ¢ N1U for any i € {2,3,...,t}.
SogeUand U= Nn({").

Let us now prove that (N (b™))NNH; = N({(b")NH;). On one hand, it is easy to
see that (N (b"))NNH; 2 N({(b™)NH;). On the other hand, let g € (N (b™))NNHj.

t

Then g = kby = k'hq, where k, k' € N, by € (b™) and hy € H;. Since (b") = U U

=1
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(ci € (b™)), there exist j € {1,2,...,t} and u € U such that by = cju. Thus
cj = E~'k'hiuw~t € NH U. Since U C H U implies UH,U = H U, we have
NHU C NoUH U C NoH U. Recalling that ¢; ¢ NoH U for any ¢; ¢ H1U, we
obtain ¢; € H1U since ¢; € NoH U. Therefore, there exist b} € Hy and v/ € U
satisfying ¢; = hju/. From U < (b™), we have h} = c;u/~! € (b"). Consequently,
hi € (b™) N Hy and then

g = kby = keju = khiu'v = k(hju/ub"1)h].

Furthermore U < N and N < BS(n,—n), so that hju/uh}™' € N. Therefore
kRju'uh"' € N and then g € N((b") N Hy). Thus, (N (0™))NNH; C N((b™) N H))
and we get the equality (N (b")) N NH; = N((b") N Hy).

We prove similarly that (N (")) N NHy = N((b") N Hz). Hence, the lemma is
proven. (I

Proof of Theorem [I.2l Let us recall that in the group BS(n,—n) = (b) =x

bn=c

BS(1,—1), the subgroups (b) and BS(1,-1) = {(a,c|a"tca=c™!) are the free
factors. Let H; and Hs be two finitely generated subgroups of BS(n, —n) contained
in the free factors, and let g € BS(n, —n)\ H1 Hs. In order to prove that the product
HyH, is closed in the profinite topology of BS(n,—n), we need to determine a
normal subgroup N of finite index in BS(n, —n) such that g ¢ H1 HaN.
Case 1. Assume that H; and Hy are subgroups of (b).
Since the group (b) is commutative, it comes that H;H> is an infinite cyclic
group. Also, BS(n,—n) is RZ; and g € BS(n,—n) \ H1H. Thus, there exists
M <y BS(n,—n) such that g ¢ HiHoM. That is, the set HyHs is closed in the
profinite topology of BS(n, —n).
Case 2. Next, consider that H; and Hy are subgroups of BS(1,—1).
Subcase (a) Suppose that g € BS(1,—1). Since the group BS(1, —1) is polycyclic,
it is RZy. Thus, there exists a subgroup M <1y BS(1, —1) such that g ¢ H1HoM.
Let the factor groups Hy = Hy/H; N M, Hy = Hy/Hs N M and BS(1,—1) =
BS(1,—1)/M be considered modulo M. By Proposition (1), Hy and Hy are
finitely generated subgroups of BS(1,—1). Let g be the class of g modulo M in
BS(1,—-1); then g ¢ Hy; H in BS(1,—1). Also, since M N {c) is generated by one
element as a subgroup of a one generated group, there exists a natural number
t such that M N (c) = {(c') = (b™). Therefore, by the result of P. Stebe cited
previously, there exists L <1y (b) satisfying L N (b™) = (b™*) = M N {c).
Set (b) = (b™) /(L N (b")) and (c) = (¢) /(M N {(c)) respectively subgroups of

= (b) /L and BS(1,—1). Clearly, the canonical epimorphisms (b) — (b) and
BS(1,—-1) — BS(1,—1) induce an epimorphism 7 : BS(n,—n) — BS(n,—n) =

(b) _* BS(1,-1). Since the groups (b) and BS(1,—1) are finite, it comes that
b=t

the group BS(n,—n) is a free product of finite groups amalgamated by finite

subgroups. Now, using the fact that Since (b) and BS(1,—1) are finite, they are

RZs. Thus BS(n,—n) is RZs as a free product of RZs groups amalgamated by

finite subgroups. See [6, Theorem 5.3]. Also in BS(n,—n), we have g ¢ H; H,.

Consequently, there exists a normal subgroup N of finite index in BS(n, —n) such
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that g ¢ H; Hy N. Taking N to be the preimage of N via m, we have g ¢ HyHoN
as desired. Again the set HyHj is closed in the profinite topology of BS(n,—n).
Subcase (b) Suppose that g ¢ BS(1,—1). Let g = g192---gr (r = 1) be a reduced
form of ¢ in the amalgamated free product of groups BS(n, —n) = (b)bn* CBS(l, -1).
Suppose that r = 1. That is g € (b) \ (b™), since g ¢ BS(1, —1). Recall once again
that BS(n, —n) is RZ;. Then there exists M <y BS(n, —n) such that g ¢ (b") M,
and the factor group BS(n,—n)/M is finite. Set BS(n,—n) = BS(n,—n)/M,
{b) = (b) /((b) N M), BS(1,-1)/(BS(1,—1) N M), (b") = (b") /((b") N M) and
(¢) = () /({c)NM). Let g be the class of g modulo M. It is clear that in BS(n, —n)
we have g ¢ H, Ho, where Hy = H,/H, N\ M, Hy = Hy/H, N M. Since BS(n,—n)
is finite, it is trivially RZs. Thus, there exists a normal subgroup N which is also
trivial of finite index in BS(n, —n) and such that g ¢ H; Hy N. Taking N = M
to be the preimage of N via 7, we have g ¢ HyHoN as desired. Therefore, H; H»
is closed in the profinite topology of BS(n,—n).

Suppose that 7 > 1. Let I and J be the subsets of {1,2,---r} consisting of in-
dices of components of g which belong to (b) \ (b™) and BS(1,—1) \ (c) respec-
tively. Since BS(n,—n) is RZ;, there exists a subgroup M <1y BS(n,—n) such
that g; ¢ (") M and g; ¢ (c) M for any ¢ € I and any j € J. Considering

BS(n,—n) = BS(n,—n)/M, (b) = (b) /({(b) " M), BS(1,-1)/(BS(1,—1) N M),
bn)y = (™) /(") N M) and (¢) = (c) /({c) N M), we have § ¢ BS(1,—1) and
g ¢ Hy Hs.

Using again the fact that BS(n, —n) is finite, and then trivially RZy, we obtain that
there exists a normal subgroup N the trivial subgroup of finite index in BS(n, —n)
such that g ¢ H; Hy N. Thus, as in the previous case the desired result is obtained.
Case 3. Finally, suppose that Hy < (b) and Hy < BS(1,—1). Let us recall that

g=g1g2---gr (r = 1) is a reduced form of g in BS(n, —n) = (b) o BS(1,-1).

Subcase (a) Suppose that I(g) = 0. That is g € (b") = (¢). It is obvious that
g ¢ ((b™yNH;)({c)NHz) since g ¢ Hy Hy. Also, ((v")NH1)({c)NH>) can be viewed as
a finitely generated subgroup of (c), and (c) is RZ;. Therefore, there exists U <1 (c)
such that g ¢ ((b™) N Hy)({c) N H2)U; and it comes that ((0") N Hy)U # (b™) and
((b™)NH2)U # (b™). Thus, by Lemma there exists a subgroup M <1y BS(n, —n)
verifying M N {c) =U, (M (b™))N(MH;) = M((b")N Hy) and (M {(c)) N (MH3) =
M ({c) N Hy). Define the factor group BS(n, —n) == BS(n, —n)/M, where (b) =
(0) /(M N (b)), BS(1,—1) = BS(1, -1)/(M N BS5(1,-1)), (") = (b") /(M N (b"))

and (¢) = () /(M 1 ().

Since,

(MHy /M) (M (5") /M) = {gM | g € MH; and g € M (")}
={gM |ge MH, N M (b")}
— (MH, 0 M (b)) /M
— M(Hy N (")/M,
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we have Hy N (b"> Hin (b"> with Hy = Hy /(M N H; = M H; /M. Similarly, we
obtain also Hy N (¢) = Hy N (c), with Hy = Hy/(M N Hy = MHy/M.

We claim that § ¢ H, H,. Indeed: if g € H, Hy, then g = hq ho with hy € H1
and hy € Hy. Since g € (¢), H; < (b) and Hy < BS(1,—1), then hy = ghy'
BS(1,—1). Consequently, hy € H; N BS(1,—1) C (b) N BS(1,—1) = (b"). Thub
hy € Hy N {bn). Similarly, ho € Hy N {c), so that g € (H, N (b)) (Ha N {c)) =
(Hy N (™)) (HaN{c)). Thus g = hihem € (Hy N (b™))(Ha N {c)) M, where m € M,
and it follows that m = hy 'hi'g € (¢). Therefore, m € M N {c) = U so that
g€ (Hin(d™))(H2N{c))U. But this contradicts the assumption that g ¢ ((b™) N
Hy)({c)NH3)U. Thus g ¢ Hy Hy in BS(n,—n). Since BS(n, —n) is RZz as a finite
group, there exists a subgroup N <1y BS(n,—n) such that g ¢ H; Hs N. And
like in the previous cases, it comes that there exists a subgroup N <1y BS(n,—n)
satisfying g ¢ HyHsN. And the set Hy Hs is closed in the profinite topology of
BS(n,—n) as desired.

Subcase (b) Suppose that [(g) = 1. That is g € BS(1,—1)\ {¢) (or g € (b)\ (™) ).
» Suppose in addition that g ¢ (¢) Hy. Since (c¢) H is a finitely generated subgroup
of BS(1,—1) which is RZ, as a polycylic group, there exists a subgroup M <
BS(1,—1) such that g ¢ (¢) HyM. Thus g ¢ (¢)H, in BS(1,—1) = BS(1,-1)/M,
where (¢) = (c) /({¢) N M) and Hy = Hy/H, N M. Since M N (¢) can be viewed
as a subgroup of (b), then using the P. Stebe’s result cited previously, there
exists L <Iy (b) satisfying L N (") = M N (c). Now, consider (b) = (b) /L, (b ) =

(™) JLO (™) = (¢) /M N {c) = (c), and then BS(n,—n) = (b) x* ] BS(1,-1). 1

BS(n,—n), we have Hy = H\/L N Hy, Hy = Hy/M N Hy and g = gM ¢ (c)Ha.
Also, g ¢ Hy Hg Indeed: if g € H, Ho, then § = hy hy with hy € H; and hy € H,.
Thus h; = ghy' € BS(1,—1), and then h; € H; N BS(1,—1) C {c). It comes
that g = h1hy € @E, which contradicts the assumption that g ¢ @E Then
g ¢ H, Hy in BS(n, —n). Using the fact that groups (b) and BS(1, —1) are RZs
as finite groups, we obtain that BS(n, —n) is RZs as a free product of RZs groups
amalgamated by finite subgroups. And the desired result is obtained like in Case
2 (b).

» Suppose now that g € (¢} Hs. Hence g = cthy, with t € Z and hs € Hs. From
g ¢ Hi1H> we have ¢! ¢ Hy Hs. Since I(c') = 0, so using Case 3 Subcase (a) there
exists N <ty BS(n,—n) such that ¢! ¢ HiHaN. Thus g ¢ HiH,N and the set
HyH, is closed in the profinite topology of BS(n, —n).

The subcase g € (b) \ (b") is treated similarly, since (b) as a finitely generated
abelian group is RZ and particularly RZs.

Subcase (¢) Let finally examine the case [(g) > 2, with ¢ = ¢1g2...9, (r = 2).
Denote again by I and J the set of indices in {1,2,---,r} of components of g
belonging in (b) \ (b™) and BS(1, —1)\ (c) respectively. Since BS(n, —n) is RZ;, the
desired result is obtained like in Case 2 (b) r > 1. That is, the set HyHs is closed
in the profinite topology of BS(n,—n). And the theorem is demonstrated. O
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5. PROOF OoF COROLLARY

Assume that K is RZs and contains a finitely generated subgroup U of finite
index in both A and B such that ¢(u) = u for any u € U. Since U < Z(K)
and t~tut = wu for any u € U, it comes that U < Z(G). By Proposition
we have U™ <; U and consequently U" <; A and U™ <y B, for any nonzero
natural number n. It is then obvious that U", for any nonzero natural number
n, is finitely generated. Thus, K/U" is RZs, by Proposition Also, since A
and B are isomorphic, so are the finite groups A/U" and B/U™ for any nonzero
natural number n. Thus, for any nonzero natural number n the HNN-extension
Gn = G/U" = (K/U",7 | 77YA/U"r = B/U"™) is RZ by Proposition and
particularly RZ,. Consequently G is RZy by Theorem [I.1] So, the corollary is
demonstrated.
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