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Abstract

We construct graphs (trees of bounded degree) on which the contact process has
critical rate (which will be the same for both global and local survival) equal to any
prescribed value between zero and A.(Z), the critical rate of the one-dimensional
contact process. We exhibit both graphs in which the process at this target critical
value survives (locally) and graphs where it dies out (globally).

Keywords Contact process - Phase transition - Interacting particle systems - Critical
value

Mathematics Subject Classification 82C22 - 60K35

1 Introduction

This paper exhibits a range of examples concerning phase transitions of the contact
process. Our work can be seen as a complement to the previous works by Madras et
al. [15], and by Salzano and Schonmann [18,19], where the same line of inquiry was
pursued.

The contact process describes a class of interacting particle systems which serve
as a model for the spread of epidemics on a graph. It was introduced by Harris [6].
It is defined on a graph G with uniformly bounded degrees by the following rules
for a continuous-time Markov dynamics: vertices can be healthy (state 0) or infected
(state 1); infected vertices recover with rate one and transmit the infection to each
healthy neighbor with rate A > 0. The above description of the dynamics expresses
(on graphs of uniformly bounded degree) a Markov pre-generator on a dense subspace
of the space of real-valued functions on the space of configurations, endowed with the
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topology of the supremum norm. The closure of this pre-generator is a Feller generator,
making the contact process a Feller process. See Chapter 1 of [12] for more details.

We denote by (Sé. POPRE s 0) the contact process on G = (V, E) with infection
rate A and initially infected set A C V (as explained in Sect. 1.3, we will occasionally
omit or change aspects of this notation). With a conventional abuse of notation, we
treat fé, sor @S either an element of {0, 1}V or as a subset of V (the set of infected
vertices). We refer the reader to [12,13] for an introduction to this process, including
all the statements made without further explicit reference in this introduction.

The contact process has as absorbing state the configuration in which all individuals
are healthy; we denote this state by &. We define the probability of survival (of the
infection)

(G (A) =P (gém £ & forall t) . ACV.

Due to an elementary monotonicity property of the process, this quantity is non-
decreasing in A, G and A (for the latter two, take the partial order given by graph and
set inclusion, respectively). Moreover, if G is connected, then for any A, {g . (A) is
either equal to zero for all finite A (in which case the process with parameter A on
G is said to die out) or nonzero for any finite and non-empty A (the process is then
said to survive or to survive globally). We then define the critical threshold for global
survival as

AflOb(G) = inf {A : £G.2(A) > 0 for all (any) finite and non-empty A} .

Next, define the probability of local survival

Bea(A,v) = IP’(lim sup£8 ., (v) = 1), ACV,veV.

t—00

It is readily seen that B 1 (A, v) < {g..(A). Moreover, Bg.1(A, v) is non-decreasing
in A, G, A, and if G is connected, then for fixed A we either have S5 (A, v) = 0 for
all choices of (finite, non-empty) A and v, or B¢ (A, v) > 0 for all such choices.
In the latter case, we say that the process survives locally (in other sources, it is said
in this case that the process survives strongly, or is recurrent). We define the critical
threshold for local survival as

AICOC(G) = inf {A : BG.a (A, v) > 0 for all(any) v and finite A # @} .

The contact process has been initially studied on Z?; there it holds that the two
critical values coincide; we will denote their common value by .(Z4). It was proved
in [3] that the process on Z¢ at the critical rate dies out. Results for the contact process
on the infinite regular tree with offspring number d > 2 (denoted T¢) were obtained in
the 1990s, notably in [10,11,17]. There it holds that 0 < A2°°(T9) < Al¢(T9) < oo,
and moreover, the process at the lower critical value dies out, and the process at the
upper critical value survives globally but not locally. More recently, results for the
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contact process on random trees have gained interest. In particular, [2,7] completely
characterize the existence of a subcritical regime for the process on Galton—Watson
trees (see also [16]).

The main result of this paper concerns the set of values that the critical rates
A%lOb(G), AICOC(G) can attain, as G ranges over any locally finite graph, and also
whether the critical contact process can survive for these possible values of the critical
rate. Let us make some preliminary comments in this direction:

1. On a finite graph G, the contact process dies out regardless of A, that is, we have
2E(G) = Ao¢(G) = oo

2. On an infinite graph G, we necessarily have AflOb(G) < AICOC(G) < Ac(Z). This
follows from monotonicity: G contains a copy of N inside it (since G is locally
finite), and it is known that A.(N) = A.(Z); see, for instance, Corollary 2.5 in [1].

3. There are infinite graphs for which the critical rate for local (hence also global)
survival is arbitrarily small, such as high-dimensional lattices and high-degree
regular trees, see [5, equation (1.14)] and [17, Theorem 2.2]

4. There are also infinite graphs for which the critical rate for local (hence also global)
survival is equal to zero, such as Galton—Watson trees with sufficiently heavy-tailed
offspring distributions, see [17, page 2112].

5. Anexample was given in [19] of a graph G with klcOC(G) = AflOb(G) = Ac(Z) and
so that the contact process with this critical rate survives locally. This is the “desert-
and-oasis” example in page 863 of that paper, which is based on a construction of
[15] pertaining to a contact process with inhomogeneous rates.

6. In pages 859-862 of [19], the authors fix d > 2, then fix an arbitrary A
with )\fl()b (T%) < A < )Lif’c (T?), and construct a graph G for which A = A%lOb(G) <
)LLOC(G). The class of examples obtained in this way therefore shows that

o0
Vi e [ JGEP @D, o)) 3G 10 = 2E(6) < A*(6). (1
d=2

We now state our main result:

Theorem 1 (a) For any A € (0, A.(Z)) there exists a tree G of bounded degree for
which XEIOb(G) = klcoc (G) = X and the contact process on G with rate ) survives
locally.

(b) Foranyi € (0, A.(Z)) there exists atree G of bounded degree such that A%lOb(G) =
AICOC(G) = )\ and the contact process on G with rate A dies out.

Together with [19], the above theorem provides a full answer to the question of
which values A > 0 can occur simultaneously as )LIfC(G) and A%lOb(G) for some
locally finite connected graph G. Indeed, the case A = A.(Z) was covered in [19] and,
as noted in Comment 2., for every infinite graph G one has 1.(G) < A.(N) = 1.(Z).

Although the construction we give here is very similar to the one in [19] (and [15])
mentioned above, it has novel aspects that free us from being restricted to having 1. (Z)
as the critical rate. In essence, the graph we construct consists of an infinite half-line to
which we append, in very sparse locations (say, a] <K - K @; < - - ), regular trees
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with large (but fixed) degree, truncated at height #;. In terms of the aforementioned
examples of [15,19], the half-line is the “desert” and the trees are the “oases.” This
means that, for A within a certain controlled range [inside the interval (0, A.(Z))],
the contact process stays active for a very long time in the trees, but is very unlikely
to cross the line segments in between them in any single attempt. The locations and
heights are chosen in a way that is increasingly sensitive to the value of A, so that a
certain target value can be guaranteed to be critical for global and local survival.

We should mention that in case one does not insist in obtaining graphs of bounded
degree in the statement of Theorem 1, then the oasis structures could be taken as stars
of increasing degree instead of trees of increasing height.! Taking stars rather than trees
would indeed simplify some of our proofs somewhat. Moreover, even keeping degrees
bounded, other structures would also work instead of trees, such as high-dimensional
hypercubes. We have chosen to use trees because some estimates and coupling results
were readily available for the contact process on trees in Ref. [4].

1.1 Open Questions

Let us first mention that we believe the ideas we develop in this paper allow for graph
constructions that lead to replacing the union in (1) by the full interval (0, A.(Z)), but
we do not work out the details here.

We will now briefly discuss questions that we consider interesting and that would
be further developments to our result.

Question 1 Can one construct a locally finite connected graph G for which AflOb (G) =
AiOC(G) and the contact process on G dies out locally but survives globally?

Question 2 What is the set of pairs (A1,A2) € [0, )»C(Z)]2 that can occur as
(AE°(G), M1o¢(G)) for some graph G?

Question 3 Fix any (finite or infinite) sequence of values0 < A1 < Ay < - -+ < A.(2).
Is there a graph G for which the function A = ¢g 1 (A) (for any A) is discontinuous
at A; for each i? It is conceivable that, by glueing together graphs obtained from
Theorem 1, each with a different critical value, one would find and affirmative answer
to this question. See the proof of Theorem 3.2.1 in [19] for an instance where glueing
graphs can produce this kind of discontinuity.

1 Some care must be taken before one considers the contact process on graphs with unbounded degrees.
The standard construction, as described in [12,13], is valid on graphs with bounded degree; in the absence of
this condition, the assumptions required to define a Feller semigroup from a pre-generator may fail to hold.
However, for the alternate graph outlined here (which alternates line segments of increasing length with
stars of increasing degree), and the contact process started from configurations with finitely many infected
vertices, there are no problems with constructing the process. Indeed, in that case it can be constructed more
simply as a continuous-time Markov chain on a countable state space (namely the collection of finite sets of
vertices), and the structure of the graph makes it easy to see that explosion does not occur (by considering
the time it takes for the infection to cross each line segment). Since the alternate graph is not the focus of
this work, we omit further details.
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1.2 Organization of the Paper

In the rest of this introduction, we explain the notation we use and the graphical con-
struction of the contact process. In Sect. 2, we state Theorem 2, which allows us to
augment graphs in a way that is favorable for the contact process with rate A and unfa-
vorable for the process with rate A’ < A, where A is some prescribed infection rate.
Using this theorem, we give in that section the proof of Theorem 1; the remainder of
the paper is dedicated to the proof of Theorem 2. Section 3 gathers some preliminary
results about the contact process on line segments and trees. Section 4 contains the
key definitions of our graph augmentation construction, and states key results (Propo-
sitions 2, 3 and 4), which together readily give the proof of Theorem 4. Section 5 and
Appendix are more technical and contain the proofs of the three key propositions (as
well as several auxiliary results).

1.3 Notation and Graphical Construction

Let us first detail the notation we use for graphs. Let G = (V, E) be an unoriented
graph with set of vertices V and set of edges E. We say two vertices are neighbors
if there is an edge containing both. The degree of a vertex v, denotes deg; (v), is the
number of neighbors of v. All graphs we consider are locally finite, meaning that all
their vertices have finite degree. Finally, graph distance in G between vertices u and v
is denoted distg (u, v).

Next, we recall the graphical construction of the contact process. Here we consider
a standard monotone coupling of contact processes on the same graph with different
infection rates. This is implemented by endowing transmission arrows with numerical
labels, as we now explain. Fix a graph G and also A > 0. We take a family of
independent Poisson point processes:

e for each v € V, a Poisson point process DV on [0, co) with intensity equal to
Lebesgue measure; if € D", we say there is a recovery mark at « at time #;

e for each ordered pair (u, v) € V2 such that {u, v} € E, a Poisson process D®V)
on [0, oo)2 with intensity equal to Lebesgue measure; if (¢, £) € DY) we say
there is a transmission arrow with label £ at time ¢ from u to v.

Given A > Oand u, v € V and 0 < s < ¢, a A-infection path from (u, s) to (v, t) isa
right-continuous function y : [s, t] — V satisfying y(s) = u, y(t) = v,

r ¢ DY forall r, and
whenever y (r—) # y (r) there is £ < A such that (r, £) € DY)

That is, a A-infection path cannot touch recovery marks and can traverse transmission
arrows with label smaller than or equal to A.
In most places, the value of A will be clear from the context, so we simply speak

of infection paths rather than A-infection paths. We write (u, s) 2 (v, t) (sometimes
omitting A) either if (u, s) = (v, t) or if there is a A-infection path from (u, s) to (v, 7).
More generally, for S1, S C V x [0, 00), we write S; ~~ $> if there is an infection
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path from (u, s) to (v, t), for some (u,s) € S1, (v,1) € S (we write S ~» (v, 1)
instead of § ~» {(v, t)}, and similarly for (u, s) ~~ §). Given A C V, setting

E4 L) =LA X {0} 5 (), 120, veV,

where 1 denotes the indicator function; we obtain that £4 Gt is a contact process with
parameter A, started with vertices in A infected and vertices in V'\ A healthy. Note that
this construction readily gives the monotone relation

AC A, Gsubgraphof G/, A <\ = Eé,,\;, < Eéf‘k,;t, t>0.

In case we are considering the contact process (ég ;.. 1t =0)onagraph G and G’ is

a subgraph of G, we sometimes refer to (§ 3, ;. it = 0) as the process confined to G'.
Finally, we write

o0
Q) 32/0 8, (ndt, veV,

that is, 55‘ 5 (v) is the total amount of time that v is infected in (E‘G“ PYPRE s O).

2 Proof of Main Result

Our graph construction will be given by recursively applying a graph augmentation
procedure, with each step taking as input a rooted graph (a tree with bounded degree)
and a prescribed value of the infection rate. The result that allows us to take each step
is the following.

Theorem 2 For any 1 € (0, A.(Z)) there exist ¢;, > 0 and d = d,, € N satisfying the
following. Let (G, 0) = ((V, E), 0) be a rooted tree with degrees bounded by d + 1,
and degg;(0) = 1. Then, there exists # = #H ((G, 0), A) € Nsuch that forany h > #,
there exists a rooted tree ((~?, 0) = (éh, oy) with vertices V and edges E having G as
a subgraph, with degrees satisfying

degs (v) = degg(v) forall v e V\{o},
degiz(0) =2, degz(0) =1,
degz(v) <d +1 forall ve V\V,

and such that the contact process on G satisfies the following properties. For all ' >
MACVandt > 0,

1
]P’(SG A,(O) > h| EG ,(0) > t) > 1 —exp{—c; -t} — 0 )
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and, forallv € V,

1
(SG )J(U) > h | 5(; w(0) > t) > 1 —exp{—cy -t} — i 3)

Moreover, for all \' < A there exists #' = #'((G, 0), A, ) such that

(gé‘ @) > 0) < exp {—dﬁ} forany A C V and h > 3. 4)
Proof of Theorem 1(a) Given a rooted tree (G,o0) and A > 0, for each h >
#H((G, 0), A), we denote by G, ((G, 0), 1) the rooted graph (G, ) corresponding
to (G, 0), A, h as in Theorem 2.

Fix A € (0, A.(Z)). Also fix an increasing sequence (A,) with A, 7 A. We will
define an increasing sequence of graphs (G,) by applying Theorem 2 repeatedly. We
let G be a graph consisting of a single vertex (its root), og. Once (G, 0,) is defined,
fix

hp+1 > max (%((Gn,on) A, ¢ Yn+3) log 2, 2n+3> )

and let (Gy41, 0nt1) := Gh,,, (G, 0n), A). Increasing h, 4 if necessary, by (4) we
can also assume that

i 1
P (ggnHMI(OHI) = 0) >1— = forany AC Gy 6)

Note that (G,),eN = (Vi, En)nen is an increasing sequence of graphs in the sense
that both (V},),en and (Ej),en are increasing sequences of sets. Therefore, we can
define Goo = (Vio, Eco) Where Voo = UV, and Eoo = UE,,.

We will now show that G, has the desired properties. Since each G, is a tree, G
is also a tree. The fact that G, has bounded degree is an immediate consequence of
the degree conditions given in the end of the statement of Theorem 2.

Let us verify that the contact process with parameter A on G survives locally. Start
noting that

P (&) 00) > ¢; 'log4) =47,

Next, using (3) and (5),

111
(5{00} (1) > h1 | E£ (00) > cxllog4> I-1- 25
and, forn > 1,
(g{"o} (Ons1) > h |§{"°}(0)>h> 1—ex{ch}—L>1—L
G120 (Ont1 n+1 n n pi=a Tt on+l
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and similarly,

_ _ 1
P(ES), (00 = hust 185" 00) = ) = 1= 5.

From this, it follows that
P (8% (00) = 00) > 0,

so we have local survival at A.

Now, fix A" < A; let us prove that the contact process on G with parameter A" dies
out globally. By our construction of the graph G, survival of the infection implies in
eventually infecting every o,. However, by (6), we have for any n such that A], > A/,

P (8 00 =0) = P (8, (00) =0) = 1 —n".

It follows that o, is never infected with high probability and that the process hence

dies out globally. Since this holds for every A’ < A we conclude that AflOb(G) =
AC(G) = a. O
Proof of Theorem 1(b) We fix A € (0, A.(Z)) and again we will define an increasing
sequence of graphs (G,) by applying Theorem 2 repeatedly. Only now we take a

decreasing sequence (A},) with A/, \( A. Like before we let G be a graph consisting
of a single vertex (its root), og and, once (G, 0,,) is defined, fix

et = max (F((Grs 0n)s Kg)s a1+ 3) log2, 27) )

and let (Gyy1,0n11) = Gn,yy ((Gy, 0p), )‘;z+1)' Since A < A, 41, increasing h,, 1 if
necessary, by (4) we can assume that

i 1
P(ggmk(onﬁ) = o) >1— = forany AC Gy 8)

We then let G be the limiting graph of the sequence (G, ),eN, as in (a). From this it
follows that G« is a bounded degree tree.

The fact that the contact process with parameter A on G, dies out globally follows
similarly to the last argument in the previous proof. Using (8) gives

P8 0 #0) =P (8" (0n) #0) <0 v

The conclusion follows as in 1(a).
Now, fix " > A, and take n such that A, < A’. We then note that the event

{égj’?}k;’ (on) > hn}
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has positive probability and that, for each N > n, by (3) and (7),

BELY, on) >y 1B (oxe) > ) > 1 = ZLN
and
P(é({;ﬁm(oo) > hy | é{G”NO}il% (oN—1) > hN,1> >1— ZLN
From this, local survival at parameter A’ follows as in part (a). O

3 Estimates for Line Segments and Trees

This section is devoted to listing bounds for the behavior of the contact process on
finite trees and line segments which will be useful for our graph construction.

Let us first mention two results that hold on general graphs. First, if G = (V, E)
is a connected graph and x, y € V and we let distg (x, y) denote the graph distance
between x and y in G, we have

{x} . 2 o\ diste ()
P (EG,/\;z(y) = 1 for some ¢ < distg (x, y)) > (e 1—e )) ()
This is obtained by fixing a geodesic vo = x, vy, ..., v, =y (withn = distg(x, y¥))

and prescribing that, in each time interval [i,7 + 1] with 0 < i < n — 1, there is no
recovery mark at v; or v;41, and there is a transmission arrow from v; to v 1.

Second, we have the following inequality for the extinction time of the contact
process on G started from full occupancy.

Lemma 1 Foreverys > 0, we have

S
E[inf {r:£5,, =2}]

This follows from noting that for any s, the extinction of the process started from
full occupancy is stochastically dominated by the random variable s X, where X has
geometric distribution with parameter P(ég’ ot = @). See Lemma 4.5 in [14] for a
full proof.

P(G,, =2) = (10)

3.1 Contact Process on Line Segments
We will need some estimates involving the contact process on half-lines and line

segments. From now on, we fix A < A.(Z). The results below are essentially all
consequences of the exponential bound

P (%?i;t # @) <exp{—c.-t}, 120 (11)
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for some c;, > 0; see Theorem 2.48 in Part I of [13]. By simple stochastic comparison
considerations and large deviation estimates for Poisson random variables, this also
implies that

0 0
P (%,i;: =, | J&W, cl-1, z]) >1—exp{—c,-1}, 1=0  (12)
§<t

for some ¢} > 0.
Foreach ¢ € N, let Ly denote the subgraph of Z induced by the vertex set {0, ..., £}.
The following result is an immediate consequence of (11), so we omit its proof.

Lemma2 We have
: L _
Jim P (ELz,A;(log(m)? 7 @) =0. (13)

Next, we bound the probability of existence of an infection path starting from a
space-time point in the segment {0} x [0, #] and crossing L.

Lemma3 Forany £ € N the contact process with parameter ) on L, satisfies
P({0}x[0, 1] ~ {€}x [0, 00)) < e-(t+1)-P ((0,0) ~ {€} x [0,00)), > 0. (14)
Proof Define the event
A:={{0} x [1,7 + 1] ~ {£} x [0, 00)},

so that the probability in the left-hand side in (14) is equal to P(A). Let X denote the
Lebesgue measure of the random set of times

{s €l0,r+1]: (0,5) ~ {€} x [0, 00)}.
Denote by F the o-algebra generated by all the Poisson processes in the graphical
construction of the contact process on LLg, and let &' be similarly defined, except that
it disregards all the recoveries marks at O that occur before time 7 + 1. Note that X is
measurable with respect to F and A € F'. Moreover, we have

E[X | F1>e¢"'onA,

since if A occurs and s € [1,t + 1] is such that (0, s) ~ {£} x [0, o0), then with
probability e~ ! there is no recovery mark on [s — 1, s], so that X > 1. We thus obtain

t+1
P(A) <E[e-E[X | F']] = e-E[X] :e/ P ((0, s) ~ {€} x [0, 00)) ds
0

=e-(t+1)-P0,0) ~ {£} x [0,00)).
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The following corollary is a straightforward consequence of Lemma 3 and (12).

Corollary 1 There exists ¢y, > O such that, for £ € N large enough, the contact process
with parameter A on 1Ly satisfies

P({0} x [0, 1] ~ {€} x [0, 00)) < (¢ + 1) exp{—cLL}. (15)

We now show that the subcritical contact process on Z started from occupation in
a half-line {1, 2, ...} has positive probability of never infecting the origin.

Lemma4 There exists ¢y, > 0 such that

P (&)%) =0 forall 1) > cr. (16)
Proof Forn € N, let A(n) denote the event that vertices 1, ..., n — 1 have a recovery

mark and generate no transmission arrow in the time interval [0, 1]. We have
P (%) = 0forall 1) = P(Am) - P (&1 ©) = 0 forall 1)

For any n € N, we have P(A(n)) > 0 and

]

P (6711 (0) = 0 for al r) >P (ﬂ { 0 cli/2,3i/2] forall t})

i=n

(12)

o
> 11— Zexp{—c; -1},
i=n

which can be made positive by taking n large enough. O

Finally, we compare the contact process on the same graph for two different values
of the infection parameter.

Lemma5 Forall X', > Owith}X' < X < Ac(Z) there exists n = ny; > 1 such that,
for € large enough,

P(&Gh 40 >0) =n P (&S, .0 >0) (17)
Proof Using monotonicity and the Markov property it can be proved that the limit
- 1/¢
B(h) = limP (sg’; ) > o)

exists (see discussion preceding Proposition 4.50 in [13] for a full proof of this fact).
Furthermore, it was shown in [9] that, for the contact process on a regular tree, if

A <Aiand B(A) < 1//d
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then B(1") < B(1). Noting that the exponential bound (11) implies that 8(A.(Z)) < 1,
we have the result for the contact process on Z. Finally, [8] proves that

1im1p(g{°} ) > o) " hmP(g G 0)

3.2 Contact Process on Finite Trees

To conclude this section, we gather a few estimates from [4] concerning the contact
process on finite trees. We continue with fixed A < A.(Z), and assume d is large
enough that 1 > A]COC (T?). For each h € N, we let ']I‘Z be a rooted tree with branching
number d, truncated at height 4. This means that TZ is a tree with a root vertex p
with degree d, and so that vertices at graph distance between one and 7 — 1 from p
have degree d + 1, and vertices at graph distance 4 from p have degree one. The next
result contains two statements concerning the contact process on ’]I‘Z. First, the process
started from full occupancy survives for a time at least as large as exponential in d”,
with probability tending to one exponentially in ¢”. Second, with probability bounded
away from zero, the process started from any non-empty configuration couples with the
process started from full occupancy within time exp{dhl/s} (and both process remain
alive at a time that is exponential in d").

Proposition 1 There exists ct = ct(A, d) > O such that, for h large enough,
p (e A p .
ETZ,A;CXP{CT.dh} ;é > — exp{_CT . } ( )
and, letting t(h) = exp{d"""’},

_ A
Alcnr]lt:d I[D (%‘ )» t(h) ETd A l(h) ETZs)‘;eXP{CT'dh} # @) > CT. (19)

A;t@
Proof Theorem 1.5 in [4] states that the limit

logE [mf {t ETd et = @H
lim " (20)

h—00 T

exists and is positive; denote it by c;. Taking cT < c1/4, the inequality (18) follows
from this combined with (10). Next, Corollary 4.10 in [4] implies that there exists a
constant ¢; > 0 such that

Alcn']gd P(Sjrd A [(h) ;é Q) > C2,
ALD

@ Springer



Journal of Theoretical Probability

and Proposition 4.15 in [4] gives

T h— 00
sup P (&7 o, 4 ! )—>0.
Ac?ll‘);f, (STZWt(’l) 7 g11‘Z,)»;l(h)7é§11‘§,)»;t(h)

A#D

Using these two facts and also (18), we obtain that, if cr < min(c; /4, c2/2), then for
any A C T¢, A #+ @,

d d
A A T, T,
> =
P (ET‘;{,A;exp{cT-d"}) > P (@ £ STZJ»;!(h) RYIR gT;{,k;exp{cT-d”} £ @) > cT.

O

4 Proof of Theorem 2

In this section, we will give some key definitions and state three results (Proposi-
tions 2, 3 and 4) that will immediately imply Theorem 2. The idea of our graph
augmentation (G, &) of a given rooted graph (G, 0) is summarized in Fig. 1: next to
the root o of G, we append a copy of ']I‘Z (with & large), followed by a line segment
whose length is a function of %, denoted L (k). The endpoint of this line segment that
is away from the tree is the root 0 of G. We will be free to take h large (adjusting the
length L (k) accordingly) so as to guarantee several desirable properties for G.

Now, let us briefly discuss the differences between the construction carried out in
this work and the desert—oasis construction in [19]. First note that in [19] the goal is to
show that the process survives at A.(Z) and dies out at any A < A.(Z). At each step of
their construction, they take the oasis—desert pair satisfying two things. First, the oasis
is a structure that sustains for a long time the process with rate 1.(Z) (and possibly
also with slightly smaller rates). Second, the volume of the oasis is small compared
to the length of the desert: in the nth augmentation of their graph construction, the
oasis has volume n? and the desert has length n3. This way, if A < A.(Z), even if
the process survives for time exp{c(k)nz} in the oasis, this is not enough to overcome
the probability of crossing the oasis, which is around exp{—c’(1)n>}. However, in our
case, we want to have as target rate a value X that is already subcritical, so it is not
so clear which sizes to put in place of n> and 3, or how a given choice of sizes can
be favorable for the target A but not for smaller values. Our solution involves defining
the length of the desert implicitly (depending on A and on a fixed oasis size), in a way
that the probability of crossing the desert starting from the oasis at rate A is around a
prescribed value.

Fix A € (0, A-(Z)). The value d = d,, that appears in the statement of Theorem 2
will now be chosen: d should be large enough that 1 > )JL.OC(']I‘d ), and also

m=my:=d-(1—e*)-e?>1. (21)
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From now on, we fix (G, 0) = ((V, E), o) arooted tree with degrees bounded by d + 1
and with degs; (0) = 1, as in the statement of Theorem 2.
Throughout this section, it will be useful to abbreviate

s(h) = exp [dﬁ} . heNl. 22)

We first define an auxiliary graph G, depending on (G, 0) and on a positive integer &
(which we often omit from the notation), as follows. We let 7, be a copy of T¢, with
root p, and let L, be a half-line with extremity denoted v_. We then let G denote the
graph obtained by putting the three graphs G, 7, Lo together, and connecting them
by including an edge between o (the root of G) and p (the root of 7;), and an edge
between p and v_ (the extremity of -Ls).

For each £ € Ny, let vy denote the vertex of L, at distance £ from v_ (in particu-
lar, vg = v_), and define

PO = PG00 =P (7 ve) > 0), 23)
that is, (¢) is the probability that vy becomes infected in the contact process on G
with parameter A and initial configuration V U J},. Note that / is non-increasing.

Lemma 6 (Properties of ) We have
lim ) =0
{— 00
and, if h is large enough,
2(0), P(1) = 1= s(h)~", (24)
Proof The first statement follows from the fact that the contact process with parame-
ter A on G dies out (which is in turn an easy consequence of the facts that G, J;, are
finite graphs and A < A.(Z)).
For the second statement, we will only treat $(0), since the proof for (1) is the

same. Assume £ is larger than the graph diameter of G. Then, for any non-empty A C
V U J;, we have

IP’(S;‘A (vo) = 1 for some 7 < h) > (e_l (1= e_}‘))h.

G,A;t

Iterating this, we obtain
. . 1 L\ e/h]
P (EG,A;A(h) 79, EG,A;t(UO) =0vi= d(h)) = <1 - (e (—e )) > ’
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o}

p

0 vy = V_

Fig.1 The graph G

The result now follows from noting that the right-hand side above is much smaller
than 4(h)~!, and moreover,

vug, ) T _ s(h) —1
F (Eé,x;o(m =9)=F (%g,x;dm) N ®> = exp{er - d"} <o
if h is large, where in the second inequality we have used Lemma 1 and Proposition 1.
O
With the above result at hand, for & large enough we can define
L(h) := inf {e eNp: P) < 1— a(h)’l} (25)

and have L(h) > 1. We now define the graph G in the same way as G, with the sole
exception that, instead of the half-line <L, it includes a line segment £, with vertex
set

Vo = VU—, Vl,...,VL(h)

(as before, we link .}, to 7, with an edge between p and v_). We denote by V and E the
vertex and edges sets of G, respectively. The vertex vy () is the root of G, denoted 6.
The definition of (G, &) depends on (G, o) and 4, but this dependence will be omitted
from the notation. We will several times assume that £ is large (possibly depending
on G).

We will now state several results about (G, 0), culminating in the proof of Theo-
rem 2. Define the set of configurations

To= A CV 4 € AT, 1 distg(p, v) = 1h/21) = (n/2) "2

that is, A € A, if A has at least m /2 vertices at height [4/2] in J},. The following
result is the main reason for the introduction of A4,.
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Lemma 7 (Persistence starting from Ay) If A € Ay, then
A -2
P (gém(h) £ @) > 1= s(h)2.

Proof Fix A € Ap andletTy,..., Tin /2)lh/2] be disjoint copies of ']I‘”Lih 2] that appear
as subtrees of 7}, rooted at a vertices vy, ..., Vim/2)lh/2) € A N Jy, at distance |[h/2]
from p. We have

(m/z) Lh/2]

A {vi}
P (é(},)»;o(h) #* @> >P U {EE,A;exp{cT'dLh/zJ} 7= @}

i=1
(19) )
> 1= (1 =)™ 51 syt
O

Proposition 2 (Ignition) There exists ¢; > 0 such that for h large enough, any ) > A
and any A C V we have

P (ég’x/;s e Aj forsome s > 0 | é(‘;“’w(O) > t) > 1 —exp{—c; - t},

that is, given that the contact process with rate ', started from A and confined to G
spends more than t time units with o occupied, the probability that the same process
on the full graph G reaches Ay, is higher than 1 — exp{—c;,, - t}.

We interpret the conditioning in the above statement as saying that the confined
process has time 7 to attempt to “ignite” the infection on the tree J;, (meaning fill it up
sufficiently to enter the set A},). We postpone the proof of this proposition to Sect. 5.1.

Proposition 3 (From A} to 0) If h is large enough, then for any A € Ay we have
P(EA 5)>h)>1—~ and P(EA B) > 1 -2 forall 1%
(gé,x(0)> ) > % an <§G’A(U)> ) > % orall veV.

The proof of this proposition will be carried out in Sect. 5.3.

Proposition 4 For any A" < A, if h is large enough depending on )/, then

P(ég L6 > o) <s(h)~" forany A C VUGT. (26)

The proof of this proposition will be done in Sect. 5.4.

Proof of Theorem 2 Tt follows from the construction that G satisfies the stated degree
properties. The inequality (3) follows from Propositions 2 and 3, and (4) follows from
Proposition 4. O
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5 Proofs of Results in Section 4

We now turn to the proofs of the three propositions of the previous section. In Sect. 5.1,
we will prove Proposition 2. In Sect. 5.2, we will give some bounds involving the
function L(h), as well as a key proposition involving coupling of the contact process
on G, Proposition 5. Next, Sect. 5.3 contains the proof of Proposition 3, and Sect. 5.4
contains the proof of Proposition 4.

5.1 Proof of Proposition 2

Proof of Proposition 2 We begin with some definitions. For 0 < i < h, let T(i)
denote the set of vertices of 7, at distance i from the root p. Using the graphical
construction of the contact process with parameter A’ > A, we will now define random
sets Z/(0), ..., Z/(Lh/2]) with Z,/(i) C T (i) for each i. We set Z;/(0) := {p}.
Assume that Z,/(i) has been defined, let z be a vertex of T(i + 1) and let 7’ be
the neighbor of z in T'(i). We include z in Zy/(i + 1) if 7/ € Z;/(i) and, in the
time interval [, i + 1], there are no recovery marks on z’ or z, and there is a trans-
mission arrow from z’ to z. Letting Zy/ (i) := |Z(i)| for each i, it is readily seen
that (Z,/(i) : 0 <i < |h/2]) is abranching process. Its offspring distribution is equal
to the law of U - W, where U ~ Bernoulli(e~!') and W ~ Binomial(d, e~ - (1—e~*"))
are independent. The expectation of this distribution is larger than m; > 1. For this
reason, there exists o; > 0 such that the event

By = {2 (h/2D) > 2|
has
P(By) > o, forall A’>XA and heN.
Finally, note that
{r}
By {Effh,k’;Lh/ZJ € ﬂh}'

Now, define By/(0) := By and, for ¢ € [0, 00), define By(t) as the time translation
of B,/ so that time ¢ becomes the time origin (that is, B,/ (¢) is defined by using the
graphical construction of the contact process on the time intervals [#, t+ 1], [t + 1, +
2], ..., [t + Lh/2] — 1,t + |h/2]]). We evidently have

P(By/(t)) = P(By/) > o0, forany ¢, 27
and moreover,
A A
{pesd, Jnmwcled, e 28)

@ Springer



Journal of Theoretical Probability

for any A. It will be useful to note that, if 71, > 0 with #, > #; + 2, then B,/ (t)
and By (t,) are independent.

Now, fix > 0 and condition on the event léé v (0) > t} occurs. Note that this
event only involves the graphical construction of the contact process on G; in particular,
the Poisson processes involving vertices and edges of Jj, or the edge {0, p}, are still
unrevealed. Then, by elementary properties of Poisson processes, there exists ¢; > 0
(depending only on A) such that (uniformly on A > 1) outside probability exp{—c; -},
we can find random times s; < - -+ < S|¢,;] separated from each other by more than
two units, and such that for each i, 0 € éé Vs and there is a transmission arrow
from (o, s;) to (p, s;). If this is the case, and if By (s;) also occurs for some i, we then

get & g Mot /2] € Ap, by (28). The desired result now follows from independence
between the events B/ (si), together with (27) and a Chernoff bound. O

5.2 Preliminary Bounds

In this section we will prove that
4T <Lh) <d®

for large enough /. These bounds will be instrumental for proving Propositions 3 and
4. We first give an upper bound involving the extinction time of the contact process
on G, in terms of the length L (k).

Lemma 8 We have

lim P(g‘f \ ;é@) -0,
h—00 G, aexp{d2™}-(log L(h))2

that is, the extinction time of the contact process on G started from full occupancy is
smaller than exp{d%h} - (log L(h))? with high probability as h — 0.

Proof Let E, be the event that each vertex in V U 7}, has a recovery mark before it
sends out any transmission arrow, and before time 1. Since all vertices of V U Jj, have
degree at most d + 1, we have

14857 an+?
P(Ep) = ((1 —e Y. ef(d+l)k)| " ((1 — el ,ef<d+m) ,

if & is large enough (since |7j| < d"t1 and |V| is fixed as h — 00). Next, let E{
denote the event that the contact process on G started from .y, infected dies out before
time (log L(h))2, and never infects the root p of 7. That is,

"o Ly _ Ly
El = HgGMOgL(h))Z =2, pg &l forall z} .
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The probability of Ejj is the same as the probability that a contact process on the line
segment {—1,0, ..., Lg(h)}, withrate A and initial configuration {0, ..., L(h)}, dies
out before time (log L(h))? and never infects vertex — 1. Therefore, by Lemmas 2 and
4, we have

P(E)) >8>0

forall h. Let Eg := E{N E; since Ej and E( have different supports in the graphical
representation, they are independent and hence

dh+2
PQ%)>5(U——(4ye7wH“)

3 . .
Fori € {1,..., Lexp{dih}J}, let E; be the time translation of event Eq to the
graphical construction on the time interval

[i (log L(h))?, (i + 1)(log L(h))*].

Finally, noting that Eg, E, ... are independent and

Ec|s

GG+ (log L(h)? @} ’

we have

P <§V 3, # @>
G, aexp{d2")-(log L(h))2

< P((Ep)© )Lexp{d2 1

h— 00

h+2
< exp {—Lexp{dgh}J -8 ((1 —e . e_(d“)*)d } —_=0.

O
We now proceed to an upper bound on L (k).
Lemma9 Ifh is large enough, we have
L(h) < a* (29)

Proof Define

VU3,
F = {S L 3, = @} .
G.aexp{d2™)-(log L(h))2

Recall that vy (;)—1 denotes the neighbor of 0 in -}, and let F> be the event that there
is no infection path starting from (p, s) for some s < exp{d%h} - (log L(h))?, ending
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at (vp(n)—1, t) for some ¢ > s, and entirely contained in £}, U {p}. It is easy to see that
FiNF C{f h(vL(h) 1)—Of0rallt>0}

By Lemma 8 we have hlim P(F1) = 1, and by Corollary 1 we have
—00

P(F2) = 1~ (expld3"} - (log L(n)? + 1) - exp{—cr, - L(A)}.

This shows that, if we had L(h) > d*", we would get

h— 00

]P’<§G“(UL(;,) ) =0foralls > o) > P(F) N Fy) 225 1,

On the other hand, the definition of L (k) implies that

1 h—oo
— 1,

Gt "(vLny—1) > O for some ¢t > 0) >1—9ah)”

P (g
a contradiction. O

The following guarantees that if the contact process with some initial condition
remains active for s(h) time in G, then it is highly likely to coincide with the process
started from full occupancy. This, in turn, will be applied in the proof of Lemma 10
which is an important step toward obtaining lower bounds on L(h).

Proposition 5 If h is large enough, for any A C V we have

A )
P (éé,x;o(m # 9, gc W ka gG A o(h)) < o(h)

The proof of this proposition is lengthy and technical, so we postpone it to Appendix.

We are now interested in giving an upper bound for the probability that the infection
crosses L}, in a single attempt. For the proof of Proposition 4, it will be important that
this bound is given in terms of the extinction time of the infection on G, starting from
full occupancy.

Define

S(h) —E[lnf{ sGM —@”

that is, S(h) is the expected amount of time it takes for the contact process on G with
parameter A started from full occupancy to die out. Also let

0
PO = p(0) =P (&Y, 0 > 0), (30)
or equivalently, p(£) is the probability that, for the contact process with parameter A
on a line segment of length £ + 1, an infection starting at one extremity ever reaches

the other extremity.
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Lemma 10 If h is large enough,

3
p(L(h)) = S((h)) . 3D

Proof Recall that vy is the vertex of £} neighboring p, the root of 7. Let g () denote
the probability that there is an infection path starting from (vg, 0), ending at (o, t) for
some ¢ < 4(h), and entirely contained in .[},. Note that g(h) < p(L(h)) and, by a
union bound,

(11)
P(L(h)) = q(h) +P (Eclh A;a(h) 7& ®> =< ‘I(h) + 6_62'0(}').

Next, assume that /1 is large enough that any vertex in V' is at distance smaller than i
from p, the root of ;. With this choice, we claim that forany A C V, A # O we
have

P (gG 32,(0) = 1 for some 7 < h —i—a(h)) > 1 —e) gy, (32)
Indeed, if A N L} # O, then the left-hand side is larger than g (k) by the definition
of g(h) and simple monotonicity considerations. If A N L;, = &, then by (9), with
probability larger than §(h) := (e 11 = e ), p gets infected within time /4, and

conditioned on this, with probability g (%), 0 gets infected after at most additional 4(/)
units of time. Applying (32) and the strong Markov property repeatedly, we have

Eéxz # 2 | =]
P EA (0):0Vr<t < =38Ch) -gh))LM*®Wl > h+ash). (33)
G,\r -

Now, letting S’ (h) := %, we have

)~ <P (sVUfTh @) = 0)

P (SYU‘?" = @) (1= 5k - gy L7555 ]

<
- G,x; 8 (h)
S'(h
<P(525%,, = 9) +exp {—a(m “q(h)- L#ﬂgh)” SNED)

where the first inequality follows from the definition of L (%), see (23) and (25). We
now claim that

P (gYUffh - @) < (26(h))~! (35)

G, 18 (h)

if & is large enough. Plugging this into (34), we obtain

log(28(h)) - (h +a(h)) _ 4log(2s(h)) - (h +a(h)) - s(h) _ s(h)?

1W< =50 sm = @ —e-Sh) St
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for large enough &, completing the proof.
It remains to prove (35). Noting that S’ (k) >> 4(h) if h is large, we have

1485 1% _ Vug;, 1%
P (sé,x;swm - @) =P (56,A;S’<h> - ®> +P (‘EG,A:o(h) 7 gé,x;a(m) ’
By Lemma 1, we have

14 _ S'(h) 4
P(gé,k;s’(h) - @) = Sh) (4a(h))~".

Next,

VUT, Vv
P <€G,x;o(h> . EG,A;A(h))
<P(elh =) +P(elS Ao gl kel Y.

G, 2;0(h) G.xa(h) G.ha(h)

Now, the first term on the right-hand side is smaller than 4 (/) -2 by Lemma 7 (since VU
I € Ap), and the second term on the right-hand side is also smaller than s(h)~2 by
Proposition 5. Putting things together gives (35) for large enough 4. O

We end this section with a lower bound on L (%), which again will be important for
the proof of Proposition 4.

Lemma 11 If h is large enough,
3h
Lthy>d~+. (36)
Proof By the simple estimate (9) and Lemma 10, we have

s(h)3
Sh)”

(' —e™NEM < by (L(h)) <

This gives

1 S(h)
L) = e — ey o8 <o<h>3) ‘

Recalling that s(h) = exp{dﬁ } and noting that

Sy = E [infls : &7, , = 2] = expler - ",
we obtain

Ly = €T dh —3qvh e
~ log(e(1 —e™*)~1)

if h is large enough. O
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5.3 Proof of Proposition 3

We begin with a simple consequence of Proposition 5.

Lemma 12 If h is large enough, for any A € Ay we have

A _ L VU, _ 2
P(Eé,x;am) = Ec':,x;o(h)> i O

Proof Since both A and V U J, belong to Aj, Lemma 7 gives

1 1
A _ \4ON/3 —
F (sé,wh) B ®> = a2 F (EG,A;A(h) @) A
and Proposition 5 gives
A A 14 -2
P (EG,A;o(h) # 9, SG,;\;a(h) # gG,x;a(h)) <o),
VUT, VUT, 14 -2
P (EG,A;a(h) =2, g(”;,;\;o(h) 7 gG,A;a(h)) <o)
The desired statement follows from these four inequalities. O

Lemma 13 If h is large enough, we have, for any v € V,

IP( - V9 y dr > h) N
s(h) G, At 2h

Proof Assume # is larger than the graph diameter of G, and fix v € V. We have, for
any AC VwithANT, #a,

4h
P( \ sg,xgt(u) dr > h) >e (e (1= M)

Indeed, by the estimate (9) we have that, with probability at least (e~ - (1 — e Ny
becomes infected before time 2/, and then, it remains infected for time 24 (by having
no recovery marks) with probability e~%". By iterating this, we obtain

24(h)

P (g.%,)»ﬂa(h) # O, /A 52;/%7: (v)dr < h)

(h)

Lo(h)/(4h)] 1
L— o2 (o=l . (] — e—2))2h .
<(1—e@ta—ey™) <4

@ Springer



Journal of Theoretical Probability

We therefore have

20 yug,
P / M)y dt <h
o(h) G, At
24(h)

N/ Th VU3,
<P (s%jvm(,(h) - @) +P (gmfhk;m) £ 2, /m s0 M wydr = h)

if & is large, which implies the statement of the lemma. O
Lemma 14 If h is large enough, we have
]P’( ngU%(a)dt>h>>1—i. (37)
a(hy G 2h
Proof We will separately prove that
P(/wgyw”(a)dt>h)>l—i (38)
o Gt 4h
and
P(/d(h)gYU%(a)dzzo) >1—i; (39)
0 G\t 4h

the desired result will then follow.

For (38), let uy := vr)—2, 42 = vr)—1 be such that uy, us, o (in this order) are
the three last vertices in .}, as we move away from 7. By Lemma 6 and the definition
of L(h) we have

P (gg‘f’ ;) = o) <s)7', i=1,2. (40)

Let G’ denote G after removing u» and o. Define the random set of times

I := {tzO:ul GEC‘;/,U;”I}.

We have
P (g(‘;“;"h (uy) = 0) —E[1 — 1], (41)

where |/| denotes the Lebesgue measure of /. To justify this, note that the first time
that up becomes infected in (f;‘gtff )s>0 is necessarily through a transmission from u.
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Hence, one can decide if u» is ever infected in this process by inspecting whether there
is a point in time at which (1) u; is infected in process confined to G’, and (2) there
is a transmission arrow from u to uy. The number of such time instants is a Poisson
random variable with parameter A|7|, justifying (41).

We bound

_1 40) = 41 _ a2
sy~ 2 P(égi‘%’(uz)=0> D gl > e . P(11] < h?),
SO

1
P(I| < h?) <™ s(h) ! < o (42)

for h large enough.
We next claim that

P (ég"iﬁ(a) < h‘ 1| > hz) <e . 43)

To prove this, we observe that on the event {|/| > h?}, we can find an increasing
sequence of times So, .. ., SLhZ/ZJ e [ with

[IN[S;+1,5;41]| =2 foreach j.

Next, note that for each interval [S;, S; 1], with a probability that is positive and
depends only on A, the infection is sent to 0 and remains there for one unit of time.
This occurring independently in different time intervals, (43) follows from a simple
Chernoff bound. Now, (38) follows from (42) and (43).

We now turn to (39). Note that the event inside the probability there is contained
in the event that there is an infection path starting at some time s and ending at some
time t with s < ¢t < 4(h), connecting the two endpoints of L. By Corollary 1, the
probability that such a path exists is smaller than

1
(@(h) + 1) - exp{—cL - L)} <

if & is large enough. O

Proof of Proposition 3 The statements follow readily from Lemmas 12, 13 and 14. O

5.4 Proof of Proposition 4

Proving Proposition 4 is now just a matter of putting together bounds that were obtained
earlier.

Proof of Proposition 4 Fix A’ < A.Let B be the event that, in the graphical construction
with parameter )/, there is an infection path starting from (vg, s) for some s < 24(h) -
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S(h) (where vy is the vertex of L}, neighboring the root p of 7}), ending at (o, t) for
some ¢ > s, and entirely contained in -£},. Then, by a union bound,

P (éA G) > o) <P (gY ” @) + Py(B). (44)

G\ G.\;26(h)-S(h)

The first term is bounded using Markov’s inequality and monotonicity:

P82 s @) = Qo)™

Next, note that the occurrence of B depends only on the graphical construction of the
contact process with parameter A’ on the line segment connecting vp and 6 = v ().
Therefore, using Lemma 3 [and also recalling the definition of p from (30)], we have

P, (B) < (28(h) - S(h) + 1) - e - pyr (L(h)) < 78(h) - S(h) - pyr (L(h)).  (45)
Bounding the right-hand side using Lemma 5, we obtain
Py (B) < 7a(h) - S(h) - pa(L(R)) - (. 5) ™.

By using p(L(h)) < 8(h)3/S(h) as in (31) and L(h) > d% as in (36), the right-hand
side above is smaller than

3h
To(W)* - (a7,

which is much smaller than (24(h)) ™! if h is large enough (depending on A and A'). O
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copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix: Proof of Proposition 5

We will first state and prove some auxiliary claims.

Claim 1 For any A C V\J), we have

1
P(either Sg’k;m =g or (“;g’)\;t N T, # & forsome t < a(h)) > 3
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Proof Let G’ be the graph obtained by removing Jj, from G (so that G’ is the dis-
connected union of G and -L},). The complement of the event in the probability above
is

{68 1 vam # @) < {60 # 2} € 71 > Vo) Utz > Vo)),

where
rlzinf{tlfc‘;/)t.,Zg}, "52—1nf{t EB[/,)L[ @}

Since G is fixed while & can be taken arbitrarily large, we can assume

]P(l'l >\/M) <1.

4

Next, noting that, by Lemma 9,

o) = exp a7 ] > (10g (¢¥))" 2 Gog L)

we have, by Lemma 2,

g (z2 > \/M) <P (zz > (log L(h))z) & %

if h is large enough. O

For the next two claims we let cT be as in Proposition 1.

Claim2 For any A C V we have

CT

P (elther g4 =@ or &l

G, 124/ a(h) G,\;24/a(h) > %-fTh A;24/a(h) )

Proof Define
A _ " A
T/ 1nf{ SG“_Q}, T 1nf{ éG“ﬂf’Th;ﬁQ}

and let T = min(z’, t”). By the first claim we have

l
Next, note that
P (Eg,x;zm =g|lt=1=< \/M) =1 47)
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We will prove that

P<52A2WD'§ A2W|T_r <\/6(7>>qu (48)

Taken together, (46), (47) and (48) give the statement of the claim.
To prove (48), we first introduce some notation. Given A" C Jj,, we write

) =1{A x {11}~ (x.0)}, 11 <h, x €T,

A/
Note that (§7h it
event {t” < oo} let A’ := Sé ;.72 N Ty Define the event

: s > 0) has same distribution as (55‘74;, g 18 = 0). Next, on the

B ::{ < Oo}m {SET at T+ /d(h D) %‘7]1 ! T+ /d(h ]

By Proposition 1 and the strong Markov property we have P(B | t”/ < /s(h)) > cr.
Moreover, on B we have

éG 23230 = EzTh Kot 23l = éjh AT, 24/a(h) 557;, A24/8(h)
This completes the proof. O

Claim 3 Forany A C V and h large enough we have

either4 =g or Sy /4
( Gro®2 ) =1 (1- —)L e (49)

A h
EG ra(h)/2 g711,A;o(h)/2 2

In words, the event in the probability in the left-hand side can be described by saying
that one of two alternatives has to hold true for the contact process on G started from A.
The first alternative is that by time 4(&)/2, this process dies. The second alternative
is that at time 4(h)/2, the occupation of this process inside 7, is large enough that it
contains the set S;Z” 2es(h))2" This set is obtained by running the contact process only
inside J,, from time O to time 4(h) /2, starting from full occupancy at time 0.

Proof For1 <i < L“/"(h)/4J’ define the event

. |sA A
Fi = {SG,A;LZ«/A(h) } {EG A -2/a(h) B gffh Aii-24/8(h) }

We then note that the event in the probability in (49) is contained in UF;, and by
Claim 2,

P(nFy) = (1- 7)L‘/WMJ
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We now introduce notation for the time dual of the contact process: if G’ = (V', E’)
is a graph, we write

L () = 1{(x,5) > Ax (1)}, xeV, ACV, s<t

(as usually, we abuse notation and sometimes treat éé‘, 5.5 as asubset of V' rather
than a configuration of Os and 1s). Note that for any s, > Oand x, y € V we have

{SG/ s NEGS s # Q} C {y € Egih;t}, s<t. (50)
Proof of Proposition 5 Fix x € V and define

{x} . {x} T
E| = {for all x € V, either EG Xia(h)/2 =@ or EG,A;o(h)/2 D gff;i,k;o(h)/Z}

Note that E; is the joint occurrence of the event of Claim 3 [that is, the event
inside the probability in the left-hand side of (49)], with A ranging over all sets of the
form {x}, withx € V.

By Claim 3, E; has probability larger than 1 — V|- (1 - %T) Lvatny4] . Note also
that for any A C V we have

A Tn
EiN ["EG Ai0(h)/2 7 Q] C {EG,A;a(h)/Z 2 é711,/\;o(h)/2] : G
Define the event

gix}
. forall x € V, either EG ho(h)/2.0(h)
=7,

= zix}
or EG ria(h)/2,8(h) giTh, A38(h)/2,8(h)

This event can be interpreted in the same way as Ej, except that it pertains to the

dual process. By invariance of Poisson processes under time reversal, E> has the same
probability as E. It is also the case that, forany A C V,

FA P
Ex2N {gc A:8(h)/2,8(h) G g} {gé,)»;a(h)/la(h) 2 g5711,/\:f>(11)/2¢1<h)} ) (52)
Finally, Proposition 1 implies that if / is large enough, the event
(£ _ e £
Es = {85, 10 # 2} = {Efﬁ,,x;o(hvz N &g, hsat 2,00 7 @}

has probability larger than 1 — exp{—ctd”"}. Putting our bounds together, we have

) (Vo) /4]

P(ES U ES U ES) < 2|V| - (1 - %T +expl—crd") < a(h) 2
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if & is large enough. ~
We now claim that for any A C V we have

. A _ A _ eV
EiNE,NE3 C {elther SG,A;a(h) =g or EG,A;a(h) = EG,A;a(h)} .

To prove this, it suffices to prove

A A _ &V 7
ExnExNE;N {SG,A;A(M 7 Q} < {Sé,mm = Eé,wm} vaAcv,

which in turn is implied by proving:

A A _ £V >
ExnNExNEsN [Sé,x;om)/z 7= Q} < {EG,A;M) = gé,x;o(m] vAcv. (53

So for the rest of this proof, we assume that the event in the}eft-hand side of (53) occurs.

. ind . . A _ V . . . .
Fix x € V; we would like to prove that ééy/\;d(h)(x) = Eé,x;o(h)gx)' This is immediate

incase €Y (x) = 0, so from now on we also assume that ‘;‘g A_a(h)(x) = 1, which

"7 2Gase(h)
also implies that

£
G,1;0(h)/2,0(h)

£ 2. (54)

Now, since E; N [éf‘

G ho(h))2 i ®} occurs, by (51) we have that

A 7
E a2 2 Eirioun 2

Moreover, since E» N {é{f‘}

G o)/ 2.001) #* @} occurs, by (52) we have that

z{x} £
Ec';,x;a(h)/z,o(h) - Eth,k;o(h)/lo(h)'

Finally, since E3 occurs, there exists some z € E}T: 2is(h))2 ﬂég: 2io(h)/2,0(h)> SO the two

set inclusions we just obtained imply that z is both in &4 and in §{~X}

G, ;8(h)/2 G, \;0(h)/2,0(h)"
We thus have
A x {0} ~ (z,4(h)/2) ~ (x, 8(h)),
A _ .
SO s@,k;a(h) (x) = 1 follows as desired. O
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