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Abstract

Network synthesis theory originally deals with the problem of realising optimal electrical
networks based on the desired system performance. The introduction of a novel mechanical
element, the inerter, has completed the electrical-mechanical analogy, allowing network
synthesis to be directly applicable to mechanical systems. This method, however, can
lead to complex realisations requiring many elements. Compared to electrical systems,
the minimal realisation of mechanical networks is much more critical due to practical
considerations around alignment, linkages and size. This has motivated our research
on developing a network-synthesis-based approach to identify beneficial networks with
pre-constrained network complexity. It leads to the design of compact and cost-effective
multi-domain vibration suppression systems for a broad range of applications.

First, a series of generic networks, which contain the complete topological information
of Immittance-Function-Blocks (IF-Blocks), are proposed to characterise connection
possibilities of different types of networks. Desired networks will then be systematically
enumerated by assigning a certain number of elements into these IF-Blocks. Since
IF-Blocks are two-terminal sub-networks, their immittance functions can be represented
as the structural immittances. Thus, combined with their mathematical expressions, the
obtained networks can be used to identify optimal vibration suppression systems.

The proposed generic networks are termed as 1PT1NG, IFL, 2PT1NG, GIFN networks.
Three of them include one reaction mass, which can be represented through the use
of a notional ground as the mass element does not have a direct electrical equivalent.
The 1PT1NG network has one physical terminal (PT) and one notional ground (NG)
where the reaction mass is connected to; the Immittance-Function Layout (IFL) network
represents networks with 2 IF-Blocks and one reaction mass in between; the 2PT1NG
network has two PTs and one NG; the Generic-Immittance-Function-Network (GIFN) is
the generic network of all possible three-terminal networks. All these networks contain
an arbitrary number of transformerless elements connected in series and parallel.

This systematic approach, with its inherent advantages, can be directly used to identify
optimal vibration absorbers for various engineering systems. The 1PT1NG network is
subjected to offshore wind turbines to suppress their structural vibrations. The IFL and
2PT1NG networks are applied to a three-storey building to reduce its inter-storey drift.
The GIFN network is used to design hydraulically interlinked suspensions for vehicles.
Simulation results show that the proposed approach is effective in identifying beneficial
vibration suppression systems with constrained network complexity compared to the
conventional network synthesis methods.
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Chapter 1

Introduction

1.1 Research objectives

It has become more and more critical to suppress undesirable vibrations due to the
increasing desire for sophisticated, high-performance dynamic systems. This has led to
the demand for developing advanced vibration suppression techniques to satisfy various
practical requirements.

The current vibration suppression techniques can be broadly divided into three categories:
passive, active and semi-active. Although compared to the active and semi-active
techniques, the passive one has its own limits such as depending on the precise tuning to
the target frequency, it is still widely used for various engineering applications since it
doesn’t need any external energy input. This means the whole system is unconditionally
stable, low-cost and highly durable. One of the simplest and most effective passive
devices is the tuned mass damper (TMD) [9], which is to attach an additional reaction
mass to the primary structure through a paralleled spring and damper, as shown in
Fig. 1.1(a). The TMD is often tuned so that it oscillates at nearly the same frequency as
the primary system. With the merits of simplicity, effectiveness and zero-energy input, the
TMD has been widely used to suppress excessive vibrations of various dynamic systems.
However, the TMD is sensitive to changes in the underlying structural frequencies [10].
Its performance improvement is also decided by the additional device mass, resulting in
a compromise between the performance and the mass value, as too heavy an additional
mass is undesirable for most engineering systems. Therefore, advanced passive vibration
suppression techniques are still needed.
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In 2002, Smith [11] introduced a novel passive mechanical element, the inerter, which
has been proved to be effective in reducing vibrations of various engineering systems,
such as the automotive [12–16], railway vehicles [17–20], building structures [21–24] and
wind turbines [25–27]. The introduction of the inerter has revolutionised the discipline
of vibration suppression by largely expanding the range of the realisable absorber
configurations. Various types of inerter-integrated vibration absorbers, such as the tuned
inerter damper (TID) [21] (Fig. 1.1(b)), the tuned viscous mass damper (TVMD) [22]
(Fig. 1.1(c)), and the tuned mass damper inerter (TMDI) [23] (Fig. 1.1(d)), etc., are
proposed. However, typically these was only one layout proposed and analysed each
time in the previous studies, despite the fact that there are many other absorbers which
haven’t been investigated yet, and they could potentially provide better performance.

Fig. 1.1 Example vibration absorber layouts: (a) the TMD; (b) the TID; (c) the TVMD;
(d) the TMDI.

One possible way to systematically analyses a full set of inerter-integrated vibration
absorbers is to employ the network synthesis theory. This is because the inerter possesses
the property that the force it generates is proportional to the relative acceleration across
its two terminals. With such property, the mechanical elements - springs, dampers and
inerters (instead of mass which always has one terminal notionally connected to the
ground) are completely analogous to the electrical elements - inductors, resistors and
capacitors. Thus, network synthesis theory originally developed in the electrical domain
can be directly applied to realising passive mechanical networks that satisfy prescribed
characteristics. Moreover, with the expanded analogy amongst electrical-mechanical-
hydraulic-acoustic domains [28], network synthesis theory can be also extended to
hydraulic and acoustic (pneumatic) domains.

A general electrical network realisability procedure established by Bott and Duffin [29]
states that any positive-real function can be realised as the impedance of a one-port
network consisting of inductors, capacitors and resistors. Through the Bott-Duffin
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theory, mechanical networks with any positive-real functions can also be realised using
springs, inerters and dampers. However, the most noticeable drawback of the Bott-
Duffin theory is that the network complexity and topology cannot be pre-constrained,
which could potentially generate complex networks that require many elements while
provide only modest improvements over simpler arrangements. As mentioned in [30], a
positive-real biquadratic immittance realised using the Bott–Duffin synthesis requires 9
elements connected in series-parallel in the network. Thus, the realised network might
be undesirable with excessive numbers of components. Unlike the electrical network,
minimal realisations of networks in the mechanical domain is much more critical due
to practical considerations around alignment, linkages and size. Although there are
studies on the minimal realisation of networks, most of them focus on the restriction
of immittance functions. For example, normally only biquadratic or bicubic functions
are considered to realise the one-port networks, and it is still an open question in terms
of the minimal realisation of immittance functions with higher order or of multi-port
networks.

To address the aforementioned problems, a novel network-synthesis-based methodology
is proposed in this study to identify beneficial vibration suppression systems with a
specific focus on the network topology and complexity. This research focuses on the
two- and three-terminal networks1 – this is due to the fact that most independent- and
interlinked-vibration suppression systems can be represented as two- or three-terminal
networks. For example, the TMD (shown in Fig. 1.1(a)) is an auxiliary mass attached to
the primary system through a paralleled spring and damper. This device is essentially
a two-terminal network with one terminal notionally connected to the ground (details
can be found in Fig. 3.1 of Chapter 3). And the aforementioned TMDI (shown in
Fig. 1.1(d)) is equivalent to a three-terminal network with two physical terminals and one
notional-ground terminal that the reaction mass is connected to (details can be found
in Fig. 5.2 of Chapter 5). Another example is a hydraulically interlinked suspension
applied to a vehicle system. Its network representation also has three terminals (details
can be found in Fig. 6.3 of Chapter 6). Therefore, the primary motivation of this thesis
is to develop a systematic identification methodology, which could cover a full set of
specific two- and three-terminal network layouts with a predetermined number of passive
elements and the explicit topological information.

Motivated by this, three objectives are proposed in this thesis:
1In the electrical domain, two-terminal network is termed as one-port network, and three-terminal

network is a special case of the two-port network.

3



Introduction

1. To derive generic networks with their corresponding mathematical expressions,
which will contain the complete topology of the desired two- and three-terminal
network types (i.e., to determine network topology).

2. To propose a systematic procedure to cover a full set of desired networks which
contain a predetermined element numbers and types (i.e., to restrict network
complexity). The obtained generic network will be used to facilitate the procedure.

3. To identify optimal vibration absorbers from the obtained full set of networks
subjected to different engineering applications, e.g. for the structural control of
offshore wind turbines and civil buildings, and for vehicle suspension design, etc.

1.2 Thesis outline

The remainder of this thesis is organised as six chapters with its structure and contents
summarised below. The contribution of this thesis has been divided into four parts,
demonstrated in Chapter 3, 4, 5 and 6, respectively. In each part a generic network will
be derived with a corresponding identification procedure, and it will be subjected to a
specific engineering application. These parts do not need to be read in order, although
some conclusions in subsequent parts are obtained from the preceding ones:

Chapter 2 - Literature review

An extensive literature review is conducted in this chapter. It starts with the introduction
of different types of vibration suppression techniques, including the passive, active and
semi-active strategies. Emphasis will be on the advantages of the passive one and its
applications to various systems. The inerter, as a novel passive two-terminal mechanical
element, will be introduced in the following part. Physical realisations of the inerter
and its applications to suppress vibrations of various engineering systems are introduced
accordingly to demonstrate its performance advantages. Since the inerter is the mechanical
coupling of the electrical capacitor, mechanical networks consisting of springs, dampers
and inerters can be realised through the network synthesis approach which is originally
developed in the electrical domain. Therefore, in Section 2.3, the classical network
synthesis theory is reviewed, and its potential drawback of introducing redundancy is
pointed out, followed by the review of those more recent approaches considering minimal
elements realisations. Finally, the structure-immittance approach [30] is briefly introduced
which integrates the pre-constrained network topology and complexity to the network
synthesis approach.
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Chapter 3 - Generic 1PT1NG network with application to offshore wind
turbines

In Chapter 3, a systematic approach is proposed to characterise a full set of passive
vibration absorbers which consist of one reaction mass and a pre-determined number
of springs, dampers, inerters, and connect to the primary system with one attachment
point. The mass element is treated as a special two-terminal element, with one terminal
notionally connected to the ground, denoted as a notional-ground (NG). The attachment
point is treated as a physical terminal (PT) in the corresponding network representation.
The generic 1PT1NG network is derived by employing the graph theory. As an application
example, the derived generic 1PT1NG network is used to identify beneficial inerter-based
absorbers to reduce the structural vibrations of a fix-bottom monopile type and a
floating spar-buoy type offshore wind turbine. Simplified linear wind turbine models
are first established to identify the beneficial absorbers. To assess their performance
under realistic load conditions, an offshore wind turbine simulation tool, the OpenFAST,
is modified to include the transfer functions of all possible 1PT1NG networks. By
employing the identified optimal absorbers, monopile and spar-buoy turbines are simulated
under different wind and wave conditions, and the results are compared with the best
performance that a conventional vibration absorber, the TMD, can be obtained.

Chapter 4 - Immittance-Function-Layouts with application to building struc-
tures

Although optimum 1PT1NG networks can be obtained through the approach provided
in Chapter 3, there are still plenty of mass-included devices which have two physical
terminals (2PTs) yet cannot be covered by the generic 1PT1NG network. One example
is the tuned-mass-damper-inerter (TMDI). It has shown significant performance benefits
of mitigating unwanted vibrations. To further investigate networks with two physical
terminals and one notional-ground terminal (termed 2PT1NG network), inspired by the
layout of the TMDI, an Immittance-Function-Layout (IFL) is introduced in Chapter 4.
The IFL, as a subset of all 2PT1NT networks, is the generic layout of a reaction mass in
between of two Immittance-Function-Blocks (IF-Blocks). To investigate the performance
advantages of the IFL networks, single IFL-type and dual-IFL type devices are applied to
an example 3-storey building system to reduce the maximum inter-storey drift subjected
to base excitations. To further verify the results, real-life earthquake inputs are used
on the 3-storey building model. Results show advantages of the identified absorbers on
mitigating seismic vibrations compared to the optimum TMDI. A 10-storey building
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model subjected to the base excitation is also adopted to further verify the effectiveness
of the identified absorbers.

Chapter 5 - Generic 2PT1NG networks with application to the building
structure

In Chapter 5, generic 2PT1NG networks are derived where the graph theory is again
employed to facilitate their topological connections. The series and parallel connections
between a 2PT and a 2PT1NG network are firstly defined, after which a systematic
procedure to formulate generic 2PT1NG networks is introduced. Based on the obtained
generic 2PT1NG networks, the enumeration of all possible 2PT1NG network layouts
is discussed, together with the Immittance-Function-Matrix (IF-Matrix) derived for
systematic optimisation. Combining with the generic 1PT1NG network derived in
Chapter 3, all possible networks with series–parallel connections of one reaction mass
and a pre-determined number of springs, dampers and inerters can be covered. The
derived generic 2PT1NG network is again applied to the three-storey building model to
reduce its maximum inter-storey drift, where the number of inerters, dampers and springs
included in the vibration suppression device is restricted to be one for each. Significant
performance improvements are obtained with identified beneficial vibration absorbers.

Chapter 6 - Three-terminal networks with application to vehicle interlinked
suspension design

For independent vibration absorbers which are normally used for uni-dimensional vibration
suppression problems with no more than two attachment-points to the primary system,
it is sufficient to use the generic networks developed in Chapters 3-5 to identify the
optimum absorbers. However, for interlinked vibration suppression systems which
are used for the multi-dimensional control of the primary system, a general network
identification approach with constrained network complexity is needed. It is shown in
Chapter 6 that, with a proper design, such interlinked absorbers can be represented
as three-terminal networks. Therefore, an approach is proposed to realise a full set of
series-parallel three-terminal networks with pre-determined number of transformerless
elements. This is achieved by constructing the Generic-Impedance-Function-Network
(GIFN) to represent all topological possibilities of three-terminal networks. A 4-DOF
half-car model integrating a hydraulically-interlinked suspension (HIS) is adopted in
Chapter 6 as an example to demonstrate the proposed approach. Signifiant vehicle ride
comfort improvements are obtained with no compromise for the vehicle roll performance.
Moreover, more than one network configurations with the same performance improvements
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are obtained, this could potentially provide more design possibilities for the next-step
physical realisation of such HIS system to fit into specific manufacturing requirements.

Chapter 7 - Conclusions and outlook

Conclusions are given in Chapter 7, where the network-synthesis-based identification
methodology introduced in this study is summarised, together with the results obtained
from various vibration suppression case studies. Advantages of this methodology is also
summarised based on these results. Discussion is then extended to the potential avenues
of the future work.
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Chapter 2

Literature review

A detailed literature review is undertaken in this chapter to provide a broader context for
the subsequent analysis, where the vibration suppression techniques, the inerter concept,
and the network synthesis theory with applications to the inerter-integrated network
realisation are introduced.

2.1 Vibration suppression systems

It has become more and more critical to suppress undesirable vibrations due to the
increasing desire for sophisticated, high-performance dynamic systems. Hence, a sub-
stantial amount of vibration suppression techniques are developed to satisfy various
engineering requirements. Noted that the literature on these techniques is vast so this
review should not be taken as an exhaustive discussion on all the references. Rather,
different vibration suppression strategies are introduced, together with an emphasis
on some notable applications of passive vibration suppressions due to their merits of
simplicity, effectiveness and reliability.

2.1.1 Different vibration suppression techniques

Vibration suppression techniques can be broadly divided into three categories: passive,
active and semi-active. Each technique has their merits and limits with a certain range
of applications.
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Passive vibration suppression

Passive vibration suppression is to reduce vibrations of different systems without any
external energy input, thus the system stability [31] (i.e., the system tends towards a
point of equilibrium on its own accord) is always satisfied as it does not increase the
output beyond the input. Passive vibration systems are normally achieved through two
mechanisms: vibration damping and vibration isolation. Vibration damping is the process
of dissipating kinetic energy induced by movements to reduce the amount of energy in
the primary system. This is normally achieved by a damping system, such as a viscous
damper. While vibration isolation prevents energy from entering the primary system. One
example is the tuned vibration absorber (TVA) proposed by Frahm [32]. It consists of an
additional mass-spring device attached to the primary system. If the absorber’s natural
frequency is tuned to be the same as the frequency of the external force, the amplitude
of the primary system’s steady state response will become zero. In fact, the TVA is
always tuned to the natural frequency of the primary system where resonance occurs to
prevent vibrations of the primary system. Normally, vibration damping and isolation
mechanisms are combined together to maximise the dissipated energy by adjusting the
relative motion and phase shift between the primary and vibration absorbing systems.

Active vibration suppression

Unlike the passive vibration suppression technique, external energy is required in the
active ones to control or modify the motion of a primary system. The control forces
generated by active control devices are typically based on the feedback information from
the measured response of the primary system and/or feedforward information from the
external excitation [33], which are normally measured by sensors. The generated control
forces will vary depending on the primary system’s instant responses, therefore, they
can be used for a wide range of excitation and operation conditions. Compared to the
passive suppression strategies, the active one has the following advantages: (a) enhanced
performance improvements of the primary system; (b) less sensitivity to site conditions
and the model accuracy of primary systems; (c) applicability to multi-hazard mitigation
situations [10]. However, to provide accurate actuator forces, sufficient signals measured
by sensors must be provided, along with an appropriate control law and ideal hardware,
which inevitably increase the costs, complexity and energy consumption. In addition,
with insufficient signal dataset or inadequate control law, deleterious actuator forces
could be applied, causing system instability and even worse vibration problems.
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Semi-active vibration suppression

Compared to passive and active vibration suppression techniques, the semi-active is an
attractive alternative, as it takes advantages of the adjustable parameter characteristics
of an active device while maintain the stability of the passive device [34]. Similar to
the active control technique, a pre-determined control algorithm is also required for the
semi-active device to monitor the feedback measurements and to generate appropriate
command signal to adjust mass, stiffness and/or damping properties of the semi-active
device. But it will not inject external energy into the primary system. Therefore, the
semi-active control devices will not destabilize (in the bounded input/bounded output
sense) primary systems [35]. Semi-active devices can be achieved in various ways, such
as controllable friction devices [36], variable-orifice fluid dampers [37], variable-stiffness
devices [38], and controllable fluid dampers (such as the electrorheological (ER) fluid
damper [39] and the magnetorheological (MR) fluid damper [40]). There are quite
a lot researches have been done to employ the semi-active vibration suppression for
various engineering applications, such as the civil structures [41], railway vehicles [42]
and automotive systems [43]. Whereas, similar to the active one, semi-active could also
lead to expensive and complex systems due to the requirement of a large amount of
measurements and an accurate control algorithm.

Although compared to the active and semi-active vibration suppression, the passive one
has its own limits, it is still widely used for various engineering applications since it
doesn’t need any external energy input. This means the whole system is unconditionally
stable, low-cost and highly durable. With these merits, passive vibration suppression
techniques have been widely used to reduce excessive vibrations of various dynamic
systems. In this thesis, our focus will be on the development of novel and effective passive
suppression systems.

2.1.2 Traditional passive vibration suppression applications

Design of passive vibration suppression systems has a long history. One of the most
effective passive devices is the tuned mass damper (TMD), which attaches an additional
mass to the primary system through a paralleled spring and damper [44, 45]. To maximize
energy dissipation, Den Hartog [9] proposed the tuning method of choosing appropriate
stiffness and damping ratio of the TMD. He assumed no damping presented in the primary
system to facilitate the derivations. While only viscous damping is considered by Den
Hartog in [9], Snowdown [46] extended it to different types of absorber dampings. Falcon
et al. [47] derived a procedure to optimise an absorber incorporating a restricted amount
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of damping for a damped primary system. Ioi and Ikeda [48] used correction factors to
represent the absorbers’ parameters as a function of the primary system’s damping ratio.
Warburton [49, 50] derived the closed form expressions for optimum absorber parameters
subjected to various exciation combinations, and he extended the method to multi degree-
of-freedom (DOF) systems. In terms of the practical application of the TMD, although
its performance will be improved as the mass of the TMD increasing, the amount of mass
that is acceptable to be added to the original system in most applications is no more than
10% of the targeted vibration mode [21] due to space and weight limitations. Moreover,
the TMD will provide best performance if positioned at locations where the target mode
has the largest movements [21]. This results in, for example, the need to place the
mass at the top of a building to suppress its fundamental mode, see example analysis
in [51, 52]. In additional to the single TMD, vibration suppression effectiveness using
multiple TMDs was also investigated by many researchers. In 1984, Iwanami and Seto
[53] proposed dual tuned mass dampers (2TMDs) to suppress the vibration of a single
DOF structure with harmonically forced oscillation. It was shown that 2TMDs with
the same total mass value are more effective than a single TMD. Later, an alternative
connection arrangement was proposed by Ren [54], termed the non-traditional TMD.
Unlike the traditional TMD which has one point attached to the primary structure, this
device has two attachment points, which holds the layout of having one reaction mass in
between of a spring and a damper. Effective seismic-vibration mitigation performance
was also demonstrated by Xiang, et al., using this type of device [55].

Generally speaking, conventional passive device types are limited. Its performance will
degrade with the reduction of the reaction mass value, while too heavy of a reaction mass
is undesirable for most engineering systems. Therefore, there is still a demand to develop
advanced passive vibration suppression techniques. Recently, with the introduction of
a novel passive mechanical element, the inerter, together with the network-synthesis
approach, this problem can potentially be addressed, as discussed in the following sections.

2.2 Inerter-based vibration suppression

2.2.1 Multi-physical domain analogy and inerter concept

The first analogy used between the electrical and mechanical systems was the force–voltage
analogy [11], which is introduced by Maxwell in the 19th century [56]. Later, Firestone
proposed an alternative, the force-current analogy [57], which possesses the topological
connections (i.e. parallel, series, etc.) of the mechanical and electrical networks. In his
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work, the idea of through and across variables was introduced. As described in [11], a
through variable (such as force and current) involves a single measurement point, which
requires the system to be severed at that point to actually make the measurement. An
across variable (such as velocity and voltage) can be measured without breaking into
the system, where the relevant quantity for network analysis is the difference of that
variable between two points. With this analogy, the traditional mechanical elements –
the spring, damper and mass, can partially be mapped to the electrical elements – the
inductor, resistor and capacitor, respectively. While the resistor and inductor can be fully
analogous to the damper and spring, a capacitor is not completely equivalent to a mass.
This is because, following Newton’s Second Law, one terminal of the mass is its centre
and the other terminal is always considered as nominally grounded, while a capacitor can
be connected across two physical terminals and not necessarily have a grounded terminal.

In 2002, Smith [11] introduced a novel two-terminal passive mechanical element, the
inerter, which completed the force-current analogy with the inerter fully analogous to the
capacitor. The ideal inerter has the property that the equal and opposite force applied
to its two terminals is proportional to the relative acceleration between them [11]. This
can be represented mathematically as:

F = b(v̇1 − v̇2) (2.1)

v1 and v2 denote velocities of the inerter’s two terminals; b is termed inertance and has
the unit of kilograms. In this sense, the ideal inerter is the true mechanical dual of the
ideal spring regardless of any analogy principles employed [11]. Similar to the spring
and damper elements, There are four conditions proposed by Smith [11] for an inerter
device to be practically useful: (1) it should have a small mass value compared to the
required inertance; (2) there is no need to have a grounded terminal; (3) it should have a
designable but limited size; (4) the device is able to work in any spatial orientation and
motion.

The across and through concepts introduced by Firestone provide a unifying framework
to extend these analogies to other physical domains, such as the pneumatic, hydraulic
and thermal systems. Thus, in addition to mechanical, electrical or combined devices,
hydraulic and/or pneumatic devices like the hydraulic/pneumatic vehicle suspensions
[58, 6, 59] can also be explored in a similar way. Table 2.1 summarises the mechanical-
electrical-hydraulic-pneumatic analogy together with the mathematical expressions of
their respective elements. With this analogy, a linear vibration suppression system can be
represented as a corresponding network where the network analysis and synthesis theory
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originally developed in the electrical domain can be directly applied to these systems to
investigate their dynamics. Furthermore, it provides a solution to model and analyse
multi-physical domain systems, such as a mechatronic device [15] (combining mechanical
and electrical domains) or a hydro-pneumatic device [60] (combining hydraulic and
pneumatic domains).

Table 2.1 Multi-physical domain analogy [8]

2.2.2 Physical realisations

There are different types of physical realisation of the inerter. These realisations can
all be viewed as an approximation of its mathematical ideal in the same way that real
springs, dampers, etc., approximate their mathematical ideals [1]. Two typical realisation
approaches are widely investigated, i.e., the flywheel-based mechanical one and the
fluid-based hydraulic one.

Flywheel-based inerter

Flywheel-based inerter takes the advantage of inherently significant inertia of a rotating
flywheel to provide acceleration resistance effects. In Smith’s paper [11], he proposed
a simple approach to realise the inerter by driving a flywheel through a rack, pinion,
and gears, termed as rack-and-pinion inerter – schematic plot is shown in Fig. 2.1(a).
One terminal of the device is the piston rod and the other one is the cylinder, none
of which is needed to be fixed to the ground and the mass of the device is very small
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2.2 Inerter-based vibration suppression

compared to the inertance of the device. With such mechanism, by assuming the mass
of all other components as negligible except for the flywheel, the induced inertance b can
be expressed as:

b = mα2
1α

2
2 (2.2)

where m is the mass of the flywheel, α1 = γ/r3 is the ratio of the flywheel radius to
the flywheel pinion radius, and α2 = r2/r1 is the ratio of the gearwheel radius to the
rack pinion radius. Later, a ball-screw inerter was proposed in [13]. The inertance of
such device is determined by the pitch of the screw thread and the moment of inertia
of the flywheel. A schematic plot of this ball-screw inerter can be found in Fig. 2.1(b).
Again, assuming the mass of all other components is negligible except for the flywheel,
the induced inertance b can be derived as [61]:

b = I(2π
p

)2 (2.3)

where I is the the mass moment of inertia of the flywheel, and p is the pitch of the
ball-screw. Certainly the direct inertial effect of the flywheel mass comes into play, but
this will only slightly affect the induced force providing α2

1α
2
2 and (2π

p
)2 are large enough.

For example, it is shown in [12] that a rack-and-pinion inerter device with 0.225 kg
flywheel mass can provide an inertance of 726 kg. Generally the effect of the device mass
can be neglected, as is commonly done for springs and dampers.

However, rack-and-pinion inerters and ball-screw inerters are more easily suffering from
detrimental breaks due to friction, backlash and elastic effects, producing potentially
unquantifiable system nonlinearities [62, 1]. The performance benefits of the inerter
are degraded due to the existence of nonlinearities. Papageorgiou, et al. [1] showed
that both the rack-and-pinion and ball-screw inerters can cause instability problems
using a hydraulic damper test rig in displacement control model, which will induce
a nonlinear spiking characteristic. This is due to the backlash in these devices and
its interaction with a closed-loop system instability in the presence of inertial loads.
Although it has been shown that the backlash of a ball-screw inerter can be eliminated
through different preloading methods in the manufacturing process [62], these inerters
still possess nonlinearity due to the friction and elastic effects. Therefore, there is limited
usage of the flywheel-based inerter on the industrial application.
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(a)

(b)

Fig. 2.1 Two flywheel-based inerter realisations (a) rack-and-pinion inerter; (b) ball-screw
inerter, reproduced from [1]

Fluid-based inerter

With above mentioned drawbacks of the flywheel-based inerter, the fluid-based inerter
becomes an attractive alternative with the advantages of durability and simplicity.
Moreover, series or parallel damping effects can be directly integrated to the device to
simplify the system design. The idea of a hydraulic inerter was first proposed in [63],
which suggested the use of a gear pump to convert linear motions into rotational motions.
Wang, et al., [2] used a gear motor to realize this hydraulic inerter, as shown in Fig. 2.2.
There is a hydraulic cylinder, a gear motor and a piston in the schematic plot with
a shaft moving in the cylinder. It can be seen that the piston separates the cylinder
into two parts, with each connected to the inlet or outlet of the hydraulic motor. Two
terminals of the hydraulic inerter are the hydraulic cylinder (terminal 1) and the piston
(terminal 2). When the shaft is moving through the cylinder, the fluid inside the cylinder
and the pipeline will be pushed through the hydraulic motor where the inertance will be
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generated. The derived ideal inertance of this device can be represented as:

b = I(A
D

)2 (2.4)

I is the moment of inertia of the hydraulic motor; A is the area of the piston; D represents
the volume of fluid required to turn the motor output shaft through one revolution [2].

Fig. 2.2 Hydraulic inerter realisation using hydraulic motor, reproduced from [2]

In addition to this hydraulic inerter device making use of the motor inertia, an alternative
is the helical-tube inerter introduced in [3, 64]. A schematic plot is shown in Fig. 2.3.
Again, two terminals of the inerter are the hydraulic cylinder and the piston, respectively.
The inertance of this device is mainly from the moving of the piston rod to push the
fluid flowing through the channel which generates an inertia force. It can be derived as:

b = ρl
A2

1
A2

(2.5)

where l is the channel length, ρ is the fluid density, A1 and A2 are the piston area and

Fig. 2.3 Helical-tube hydraulic inerter realisation, reproduced from [3]

the channel cross-section area, respectively. In particular, a lumped parameter hydraulic
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model with its equivalent mechanical model are proposed in [64], by considering the
resistance (resp. damping), inertance (resp. inertance) and compliance (resp. stiffness)
effects. The inherent nonlinear properties in the device is also investigated in [64].

2.2.3 Applications to engineering systems

Several inerter application possibilities have been proposed in Smith’s ground-breaking pa-
per [11], such as for vibration absorber design to replace the traditional tuned spring–mass
system, or integrating the inerter with the traditional vehicle suspension strut, etc. Since
then, the inerter has been employed in a wide range of engineering applications, with
significant performance improvements obtained.

Vehicle suspension

The first physical application of the inerter was as a ‘J-damper’ on Formula One racing
cars suspension design for McLaren in 2005, where a paralleled spring-damper-inerter
layout is used. The term ‘J-Damper’ itself was merely a codename to keep the technology
secret from potential competitors [65]. Although advantages of the ‘J-damper’ were
kept secret for Formula One racing cars, there were still plenty of open-source academic
studies on the inertance-integrated suspension for other road vehicles.

In [12], vehicle performances, including the ride comfort, dynamic load carrying and tyre
grip, were investigated and optimised incorporating eight candidate inerter-integrated
suspension layouts with no more than one inerter and one damper in each layout.
Compared to the conventional suspension strut, considerable improvements were obtained
for both quarter- and full-car models. Moreover, the phase-advance that an inerter induces
was demonstrated experimentally using a rack-and-pinion inerter prototype. Contrary
to proposing fixed-layout candidate suspensions as in [12], Papageorgiou and Smith [13]
made the first attempt to identify beneficial mechanical networks by considering positive-
real admittances with a predetermined order in the optimisation procedure, which was to
employ the matrix inequalities. This enabled a more systematic way to identify beneficial
inerter-integrated suspension layouts using the network synthesis approach. Later, in
[14], analytical solutions of ride comfort and tyre grip were derived for a quarter-car
model incorporating six suspension layouts, with global optima obtained. In 2011, Wang
and Chan [15] proposed a mechatronic strut and demonstrated its performance benefits
for vehicle suspension control both theoretically and experimentally. Shen et al. [16]
investigated a hydraulic-electric inerter to achieve its optimal performance for vehicle
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suspension design. In additional to passive inerter-integrated suspensions, semi-active
studies were also carried out in [66, 67].

With substantial performance benefits obtained for automotive suspension design, the
inerter-integrated suspension is also investigated for railway vehicle systems. Significant
contributions towards this topic was made by Wang et al. [17, 18, 68]. In [17], two fixed-
layout candidate suspensions were investigated, and a linear matrix inequality approach
was also used to further improve the passenger comfort and system damping ratio.
The nonlinear properties of inerters were also investigated and experimentally verified.
It showed an improved overall system performance by using the inerter, even though
its nonlinearity slightly degraded the performance benefits. In [18], three candidate
suspension layouts were employed to improve the railway lateral stability where a 16
degrees-of-freedom (DOF) train model was used. Later, a 28-DOF full train model
was established in [68]. It was incorporated firstly with a parallel inerter layout, and
then followed by an inertance-integrated mechatronic network, to verify the performance
advantages in terms of the critical speed, settling time, and passenger comfort of the
trains. A detailed investigation on the secondary lateral and vertical suspension systems
was first made by Jiang et al. [19]. It was demonstrated in this study that, the inerter-
integrated suspension system can improve the lateral and vertical ride comfort, as well as
lateral body movement when curving, compared with the conventional suspension layout.
Track irregularities were further investigated in [20]. Moreover, inerter-based mechatronic
solutions for the vertical secondary suspension of the railway vehicle were proposed in
[69] incorporating an active strategy. Results showed substantial improvements of the
inerter-based mechatronic technology in railway vehicle vertical ride quality with the
reduced actuator force.

Infrastructure vibration absorber

Another possible application of the inerter is to design suitable vibration absorbers,
which can be used in various infrastructure systems, such as buildings, bridges, wind
turbines, etc. The first inerter-based vibration absorption was proposed by Wang et
al., [70] where three fixed-layout candidate absorbers were introduced for numerical
optimisations of the building structure. Results showed that inerter-based absorbers are
effective in reducing vibrations from earthquakes and traffic. Built on this, a higher-order
transfer function with more complicated network layouts was employed to seek further
performance improvements in [71]. In Japan, studies on the inertance-property-included
elements named ‘inertial dampers’ and ‘dynamic masses’ were conducted, as stated in
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[72] and [73] respectively, to improve the building vibration performance. Moreover,
Ikago [22] proposed a tuned viscous mass damper (TVMD), which also provides mass
amplification through the ball-screw mechanism, to reduce the seismic excitation of a
single-DOF system. The TVMD concept was later extended to multi-degree-of-freedom
system through modal analysis in order to better capture the building responses [74].
Lazar et al. [21] proposed a tuned-inerter-damper (TID) as an attractive alternative to
the conventional TMD. Numerical results showed two significant benefits of the TID
compared to the TMD: (1) the most desirable location for the TID is between the first
and ground floors, which provides potential installation benefits as part of the device can
be held by the ground; (2) the seismic response is improved with an increased inertance vs
storey mass ratio. This can be achieved easily by the TID through gearing the inertance,
while the increase of the TMD mass value could be problematic for practical application.
Another notable inerter-based absorber is the tuned mass-damper-inerter (TMDI) [23].
A series studies [23, 75, 76, 24] were conducted on the vibration suppression performance
of the TMDI under various inputs, such as the seismic or wind-induced excitations.
It was concluded in [23] that, the incorporation of the inerter in the proposed TMDI
configuration can either replace part of the TMD vibrating mass to achieve lightweight
passive vibration control solutions, or improve the performance of the building structure
with a given mass value compared to the TMD. Yamamoto and Smith [77] also studied the
passive control of a chain system of interconnected masses with a single point subjected
to an external disturbance. A graphical method for selecting impedance functions of the
interconnected parts was developed, where the inerter was also included. This approach
can be directly applied to the multi-storey building vibration attenuation subjected to
earthquake inputs.

In additional to applications on building structures, there are several investigations of
the inerter-integrated vibration absorbers on wind turbines. The first study was made
by Hu and Chen [78]. Beneficial absorbers, within the range of first- and second-order
admittances, were identified to reduce wind-included structural loads. This work was
extended to a barge-type floating wind turbine [25, 79]. Performance improvements were
verified in a wind turbine simulation tool, FAST, under combined wind and wave loads.
Later, Zhang et al. [26] investigated the seismic load mitigation of the wind turbine
tower by employing the Tuned Parallel Inerter Mass System (TPIMS). Optimal TPIMS
parameters were obtained in this study and robustness for tower seismic vibration control
was also investigated. The above introduced studies on wind turbine vibration suppression
only included absorbers with one terminal attached to the wind turbine nacelle. In [27],
Sarkar and Fitzgerald proposed to use the TMDI for spar-type floating wind turbine
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tower vibration control where one terminal of the TMDI is attached to the nacelle, and
the other terminal is to the tower. Remarkable performance improvements were obtained
in this study under normal operational and extreme wind-wave interacted load conditions.
In addition to wind turbine tower vibration suppression, the inerter was also used to
suppress platform vibrations. Ma et al. [80] proposed a tuned heave plate inerter (THPI)
to control the heave vibration of a semi-submersible platform (SSP). The THPI replaced
one damper of the traditional tuned heave plate (THP) by a predetermined inerter-based
layout. Simulation results showed that the THPI system can reduce the heave motion of
the platform by 19% compared to the traditional THP system. Then, a novel hydraulic
Rotational Inertia Damper (RID) was proposed in [81] to reduce the heave motion of the
semi-submersible platform. By replacing the entire THP system, the physical mass of
the absorbing device can be significantly reduced (less than 0.8% of the physical mass of
the traditional heave plate). This provides an attractive alternative to effectively and
economically suppress the heave motions of SSP in the shallow sea.

Other infrastructural vibration control applications, such as for cables [82–84] and bridges
[85, 86], adopting the inerter are also developed.

2.3 Synthesis of a network

The introduction of the inerter element has fundamentally enlarged the vibration suppres-
sion ability which can be realised passively. Even though plenty of candidate layouts, such
as the TID, TVMD, and TMDI as mentioned in Section 2.2, are simple and relatively
easy to manufacture, considering the fact that there are countless possible network
layouts, this inevitably limits the achievable performance of mechanical systems. There-
fore, it is desirable to have a systematic approach which can be used to identify the
optimum configuration subjected to various engineering applications. This is where the
network-synthesis approach comes into play.

2.3.1 Classical network-synthesis theory

Preliminaries

Network synthesis originally deals with the problem of realising electrical systems or “black
boxes” that provide desired excitation response characteristics. In general, electrical
systems that the network synthesis theory focuses on are assumed to be passive, linear,
time-invariant, and include ideal lumped elements [87]. Networks that comprise finite
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interconnections of resistors, inductors and capacitors satisfying Kirchoff’s laws can be
referred to as RLC networks. Standard symbols of these electrical elements with their
corresponding mathematical expressions can be found in Table 2.1. The inductor and
capacitor having impedance sL and 1/(Cs) represent the inductance and capacitance,
respectively, with L > 0 and C > 0. They are termed reactive elements. The resistor has
impedance R, which represents the resistance with R > 0.

For any network, there must be at least two terminals. The current entering the network
through one terminal will leave it through the other terminal. A two-terminal network
can be described with a current going through the network, and a voltage measured
between its two terminals, as shown in Fig. 2.4(a). These two terminals can be paired
to form a port whenever it is characterised by one current and one voltage. Similarly,
an n-port network is the one with n pairs of terminals that connect to external circuits,
where a voltage is across each terminal pair, and a current leaving one terminal of a port
equals the current entering the other terminal of that port [87, 88]. Alternatively, given
a network with a list of terminals rather than ports, if one properly constructs ports by
selecting terminal pairs and appropriately constraining the excitations, it is permissible
to have a common-terminal in several port pairs [87, 89]. An example can be seen in

Fig. 2.4 Electrical networks: (a) One-port network with two external terminals 1 and 1’;
(b) Two-port network with four external terminals 2 and 2’, 3 and 3’; (c) Three-terminal
network with external terminals 2, 3, and 4.
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Fig. 2.4(b) for a two-port network Z2(s) with terminals 2, 2’, 3, 3’. Current i2 flows
between terminal pair 2 and 2’, and current i3 flows between terminal pair 3 and 3’. It is
equivalent to a three-terminal network as in Fig. 2.4(c) with lower terminals 2’ and 3’ of
each port are joined together to form terminal 4. Fig. 2.4 shows the general representation
of one-port, two-port, and three-terminal networks, where Z1(s), Z2(s) and Z3(s) are
their impedance functions. Y1(s) = 1/Z1(s), Y2(s) = Z−1

2 (s) and Y3(s) = Z−1
3 (s) are the

corresponding admittance functions.

Significant contributions in network synthesis

Foster’s Reactance Theorem[90] is often regarded as the first contribution to passive
network synthesis in its modern sense. The following fifty years was the ’golden era’ for
passive network synthesis developments where plenty of significant contributions were
made. In Foster’s theorem, it provided the necessary and sufficient conditions for a
real-rational function to be realisable as the driving point impedance of a series-parallel
LC one-port network by a partial fraction expansion. Shortly after that, Cauer [91]
extended Foster’s work to RC and RL networks. With Cauer’s and Foster’s theorems,
the synthesis problem for a certain type of one-port network containing only two types
of elements in series-parallel can be realised.

A significant further step was made by Brune in his PhD thesis [92] where the positive-real
function was first defined. Positive-real function is a rational function Z(s) satisfying
the condition that its real part is positive when the real part of s is positive, and Z(s) is
real when s is real. With this definition, Brune showed that the impedance (and also
the admittance) of a network which contains only resistors, inductors, capacitors and
transformers is necessarily positive-real. Conversely, a procedure is always available to
realise a network which contains these passive elements given any positive-real function.
However, the requirement of realising a network with transformers introduces practical
issues as the properties of physical transformers differ considerably from their ideal ones.
Hence, there is a real need for network realisations which avoid the use of transformers
[93].

In 1949, Bott and Duffin [29] provides an alternative procedure to replace the stage
where transformers were used in Brune’s approach. Thus, the transformer is not needed
any more to realise such networks, which means any positive-real function can be
realised as the driving-point impedance (resp. admittance) of a one-port series-parallel
passive network consisting of only resistors, inductors, and capacitors. However, the most
noticeable drawback of the Bott-Duffin theory is that the network complexity and topology

23



Literature review

cannot be pre-restricted. This could potentially generate complex networks that require
many elements while provide only modest improvements over simpler arrangements.
As mentioned in [30], a positive-real biquadratic impedance realised using Bott–Duffin
synthesis requires nine elements connected in series-parallel in the network. Although a
slight improvement on the Bott-Duffin procedure was provided by several researchers
[94, 95] to reduce six elements to five through bridged networks, the minimal realisation
is far from solved.

Another significant contribution was made by Darlington [96] who provided a completely
different procedure to synthesis driving-point impedances. It was shown that any positive-
real function is realizable as the input impedance to a lossless two-port network containing
inductors, capacitors and transformers only, and terminated in a pure resistance at one
port, at shown in Fig. 2.5 (a). This method was also called ‘resistance extraction’. Later,
another approach, known as the ‘reactance extraction’, was proposed by Youla and Tissi
[97], which can be considered as complementary to Darlington’s method. Using this
approach, any positive-real function can always be realised as the driving-point impedance
(admittance) of an n-port network comprising only resistors and ideal transformers with
n−1 of the ports terminated by reactive elements, as shown in Fig. 2.5 (b). This approach
is based on a state space formulation where the impedances is given as a symmetric
bounded-real scattering matrix.

Fig. 2.5 (a) Resistance extraction; (b) Reactance extraction, reproduced from [4].

During this period, many contributions were also made on multi-port network realisations.
In [98], Gewertz defined the positive-real matrix by adopting Brune’s definition on positive-
real function, and proposed a general method to realise four-terminal network which
contains resistors, inductors, capacitors and transformers given the prescribed driving-
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point and transfer functions. The zero-shifting technique was applied by Guillemin [99]
to realise passive RC networks as a group of paralleled ladders. Fialkow and Gerst [100]
derived the necessary and sufficient conditions for transfer functions to be realisable as
two-port RC networks. Furthermore, Fialkow [95] proposed a realisability condition for
RC series-parallel grounded two-port networks. By means of simple transformations, the
results in the RC-case can be made applicable to networks containing any two kinds of
elements only. Building on this, more works were done to realise the RC ladder two-
port networks [101–105]. However, a systematic procedure which considers all possible
realisations within a certain space is less well developed for the multi-port network,
although many studies have used ideas from the classical network synthesis theory.

2.3.2 Passive network synthesis involving minimal realisation

More recently, with the completion of the force-current analogy, all passive network
synthesis theory derived for the electrical system can be directly applied to the mechanical
system. The field of passive network synthesis has had a resurgence. Kalman made
an independent call for a renewed attempt in this field [106], with an emphasis on
Ladenheim’s minimal enumeration approach [107] (this approach will be introduced later
in this section). This is because the minimal realisation of networks in the mechanical
domain is much more critical than in the electrical domain due to practical considerations
around alignment, linkages and size. Researches to realise passive networks with a focus
on the minimal realisation problem will be reviewed in the following part.

Auth [108, 109] provided conditions to realise a biquadratic impedance function as a
three-port resistive network terminated by one inductor and one capacitor (minimum
reactive elements). Unlike the reaction extraction approach proposed by Youla and
Tissi [97], no transformer is needed to synthesis three-port resistive network in Auth’s
work. Moreover, built on the work done by Tellegen [110], Auth stated that at most
six resistors are needed to realise the three-ports containing only resistors. Later, in
[111], Chen and Smith reduced the maximum resistor number to be four with necessary
and sufficient conditions provided. The authors also extended this work to mechanical
one-port networks with at most one damper, one inerter and an arbitrary number of
springs [112]. This work uses element extraction of the damper and inerter, followed by
the derivation of a necessary and sufficient condition to realise the spring-only three-port
network, similar to realising the resistive three-port network. In [113], Chen et al. further
constrained the number of springs to be no more than three. The minimal realisation
of a three-port four-terminal resistive network is also studied by Wang and Chen [114].
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However, all these works involve deriving the necessary and sufficient condition of a
third-order non-negative definite matrix to be reducible to a paramount matrix. The
definition of paramountcy [115, 116] is a necessary condition to realise an n-port resistive
network without ideal transformer, which means only one element type can be included
in the three-port networks.

An alternative strategy to solve a network realisation problem in terms of minimal
realisation is to enumerate and analyse all RLC networks within a given class. In
Ladenheim’s Master’s thesis [107], 108 transformerless networks in total (referred to as
the Ladenheim catalogue) are listed, representing the whole possible one-port network
layouts with at most two reactive elements and no more than five elements in total.
This appears to be the first exhaustive enumeration approach when considering network
realisations. In 1969, Reichert [117] proved in German that any biquadratic function
which can be realised using two reactive elements and an arbitrary number of resistors
can be realised with two reactive elements and three resistors. With Reichert’s theorem,
it is concluded that any positive real function that can be realised with two reactive
elements and an arbitrary number of resistors can also be realised by a network in the
Ladenheim catalogue. This result was later reworked by Jiang and Smith [118] with some
expanded new lemmas on the main topological argument. More recently, an alternative
proof of Reichert theorem was provided by Zhang et al. [119].

Later, the regular positive function was proposed by Jiang and Smith [120] to investigate
a complete class of biquadratic functions containing five elements. The concept of
regularity has greatly facilitated the classification of impedances. It was shown that a
biquadratic can be realised by a series-parallel network with two reactive elements if
and only if it is regular. It also showed that 106 out of 108 Ladenheim catalogue are
regular, where two network quartets are introduced to realise these regular biquadratics.
Moreover, the nonregular biquadratics can be arranged into three network quadratics.
Necessary and sufficient realisability conditions are derived for each of these networks.
The regularity is also employed in [121] to investigate the nonregular biquadratics that
can be realised by series-parallel six-element networks, which are those with three or four
reactive elements. Realisability conditions for the networks are also given in terms of
a canonical form for biquadratics. Later on, in Morelli’s PhD thesis [4], he introduced
a formal classification tool with a focus on the Ladenheim catalogue, which can be
partitioned into 24 subfamilies, each comprising a certain number of equivalence classes
and orbits [4]. This enables the simplification of analysing networks in different catalogue
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and helps make the procedure as systematic as possible. This work is also formulated in
a book by Morelli and Smith [122].

The aforementioned realisation approaches focus on the biquadratic functions. For
a positive-real function with higher McMillan degree, e.g. a bicubic function, studies
involving minimal realisation are limited. In the 1920s, Tirtoprodjo [123, 124] investigated
the general bicubic impedances by starting from the bicubic functions with multiple real
poles and zeros. However, the realisation procedure is highly redundant considering the
number of reactive elements it used. Not much further progress has been made until
very recently. Hughes [125] proposed a continuity-based approach to solve the minimal
network realisation problem using at most three reactive elements for impedances realised
by series-parallel bicubic networks. Wang and Chen [126] also made an investigation on
realisations of bicubic impedances with no more than five elements, where 22 series-parallel
and 11 non-series-parallel configurations are presented to cover the conditions.

2.3.3 The structure-immittance approach

Although many approaches have been proposed, it is still an open question in the
synthesis of passive networks that contains the least possible number of elements to
realise an arbitrary given impedance function. Recently, an attractive alternative, the
structure-immittance approach, was proposed by Zhang et al. [30]. It tackles the
minimal realisation problem in a different way where generic networks, together with
their structural-immittance functions, are obtained to cover a full set of one-port network
layouts with explicit information of the network topology and complexity. This approach
has greatly facilitated the systemic identification of beneficial mechanical networks. In
this part, two mechanical network examples will be given to demonstrate the main steps
of the structure-immittance approach. These two examples are denoted as 1k1c1b case
(including one spring, one damper and one inerter) and 2k1c1b case (including two
springs, one damper and one inerter).

Networks of the one spring, one damper and one inerter case

The admittance of a one-port electrical network is expressed as:

Ye(s) = I(s)
U(s) (2.6)

where s is the complex frequency parameter of the Laplace transform, I(s) and U(s) are
the current and voltage across the two terminals of the network in the Laplace Domain.
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By employing the force-current analogy [57], the admittance of the mechanical network
is defined as:

Ym(s) = F (s)
V (s) (2.7)

F (s) and V (s) are the force and relative velocity across the mechanical network’s two
terminals in the Laplace domain.

For networks with one spring, one damper and one inerter (i.e. 1k1c1b case), there are
totally 8 absorber layouts. By using the structure-immittance method, two networks
termed as Q11 and Q12, which contain the possibilities of all the 8 layouts arrangements,
can be obtained, where 4 steps are needed [30] to find Q11 and Q12. It should be noticed
that the networks obtained in each step must satisfy the condition that at most one
spring is present.

- Step 1: Two generic sub-networks M11 and M12 are constructed as shown in Step 1
of Fig. 2.6. Here we assume the inerter and damper are taken as the base elements
and spring is the added element (total added element number will be r + 1 if there
are r added elements). Sub-network is constructed by adding a spring element
to the base element in parallel, then adding a second spring element in series to
the resulting network, and then a third one in parallel and so on until all spring
elements are added (in this case the total number of the added spring elements
is 2). Note that using the adding sequence of series, parallel and then series will
generate different generic sub-networks, but the resultant networks will still be the
same.

- Step 2: Two sub-networks M11 and M12 are connected to each other in parallel
and in series to form two new networks N11 and N12, as shown in Step 2 of Fig. 2.6.

- Step 3: Since in networks N11 and N12, some of the springs are redundant and can
produce the same effect on the network, redundancy of the springs in networks N11

and N12 need to be checked and removed. For example, in network N11, considering
0 < 1/k1 < ∞, k2 = 0, 1/k3 = 0 and k4 = 0, one layout with inerter, damper and
spring in series connection can be obtained; considering 0 < 1/k3 < ∞, k2 = 0,
1/k1 = 0 and k4 = 0, same layout can be obtained. Hence, k1 is redundant and
can be removed. All of the springs in N11 and N12 should be checked one by one
to guarantee that there is no redundancy left in the networks. As a result, two
simplified networks P11 and P12 can be obtained, as shown in Step 3 of Fig. 2.6.
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- Step 4: Springs will be added to the network in parallel and in series again to
form the final networks. The adding rule is: a spring will be first added in series
and the redundancy will be checked for this added spring. Then, another spring
will be added in parallel and the redundancy will also be checked. Repeat the same
procedure until no new spring is needed (Note: it is the same when a spring is
added in parallel first). Thus, the final networks can be constructed. Following
this, the final generic networks for the 1k1c1b case can be obtained as Q11 and Q12

as shown in Step 4 of Fig. 2.6.

Fig. 2.6 Construction of the two-terminal generic networks for the 1k1c1b case

The structural admittances of the networks Q11 and Q12 are:

Y11(s) =
bcs2 + b(k4 + k6)s+ c(k2 + k6)
bc(1/k3)s3 + bs2 + cs+ k2 + k4

Y12(s) =
bc(1/k1 + 1/k2)s3 + bs2 + cs+ k3

b(1/k1 + 1/k5)s3 + c(1/k2 + 1/k5)s2 + s

(2.8)
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For Y11(s), only one of k2, 1/k3, k4 and k6 is positive and all the others should be equal
to zero. Similarly, for Y12(s), only one of 1/k1, 1/k2, k3 and 1/k5 is positive and all the
others are equal to zero. In this way, Y11(s) and Y12(s) include the complete transfer
function expressions of the one inerter, one damper and one spring combinations. These
transfer functions can be used, along with the constraints listed here to find the optimal
one spring, one inerter, one damper configuration subjected to a given application and
objective function.

Networks of the two springs, one damper and one inerter case

For networks with two springs, one damper and one inerter (i.e. 2k1c1b case), there are,
in total, 18 absorber layouts. By using the structure-immittance method, two networks
termed as Q21 and Q22, which contain the complete topological information of all 18
layouts, can be obtained. Similarly, 4 steps are needed to obtain the final networks Q21

and Q22, as shown in Fig. 2.7. It should also be noted that at most two springs are
present for the networks obtained in each step. Steps used to obtain Q21 and Q22 are
similar to those used to obtain Q11 and Q12, so they are not listed here.

Fig. 2.7 Generic networks Q21 and Q22 for the 2k1c1b case

The structural admittances of networks Q21 and Q22 are:

Y2i(s) = ni(s)
mi(s)

(i = 1, 2), (2.9)

where
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n1(s) =bc(k3/k2 + k8/k2 + k6/k4 + k8/k4 + 1)s3 + b(k6 + k8)s2+
c(k3 + k8)s+ k3k6 + k3k8 + k6k8,

m1(s) =s
[
bc(1/k2 + 1/k4 + 1/k9)s3 + b(k3/k2 + k6/k2 + k6/k9 + k8/k9 + 1)s2+

c(k3/k4 + k3/k9 + k6/k4 + k8/k9 + 1)s+ k3 + k6
]
,

n2(s) =bc(1/k2 + 1/k4)s3 + b(k3/k2 + k3/k4 + k8/k2 + k8/k7 + 1)s2+
c(k1/k2 + k8/k4 + k1/k4 + k8/k7 + 1)s+ k1 + k3 + k8,

m2(s) =s
[
bc(1/(k2k4) + 1/(k2k7) + 1/(k4k7))s3 + b(1/k2 + 1/k7)s2+

c(1/k4 + 1/k7)s+ k1/k2 + k1/k7 + k3/k4 + k3/k7 + 1
]
.

Y21(s) and Y22(s) include the complete transfer functions of two springs, one damper and
one inerter networks. For Y21(s), only two of 1/k2, k3, 1/k4, k6, k8 and 1/k9 are positive
and all the others are equal to zero. For Y22(s), only two of k1, 1/k2, k3, 1/k4, 1/k7 and
k8 are positive and all the others are equal to zero. These transfer functions can be used,
along with the constraints listed here to find the optimal two springs, one damper and
one inerter configuration subjected to a given application and objective function.

2.4 Summary of the chapter

A survey on conventional vibration suppression, inerter-based vibration suppression and
network syntheis theory is presented in this chapter. Different vibration suppression
techniques are reviewed and compared in Section 2.1, with an emphasis on the passive
strategy due to its unique merits of simplicity, reliability and low costs. The newly
introduced passive mechanical element, the inerter, has revolutionised the discipline of
vibration suppression by vastly expanding the range of realisable absorber’s layouts. A
detailed review is provided in Section 2.2 on the origin of the inerter and its applications to
various dynamic systems, including the automotive and railway vehicle suspension design,
and the vibration mitigation of infrastructures such as buildings and wind turbines. With
the completion of the electrical-mechanical analogy, network synthesis theory originally
developed to realise electrical circuits can be directly applicable to mechanical systems
to facilitate obtaining beneficial networks. A survey on the classical network synthesis,
which was developed for electrical systems between twenties and seventies of last century,
is given in Section 2.3.1. Studies during this period mainly focus on how to realise desired
electrical networks with prescribed immittance function characteristics, where plenty
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of impressive theories were developed such as the Foster and Cauer canonical forms,
Brune cycle, Bott-Duffin theorem, etc. However, since element number for mechanical
networks is more critical than electrical ones, and none of the above theories addresses
this problem, a more specific review on the network synthesis with the focus on minimal
realisation is provided in Section 2.3.2, most of which was developed more recently
with the consideration of inerter-based networks. Finally, a novel network realisation
approach, named the structure-immittance approach, was introduce. This approach
tackles the problem of how to realise a network using the least number of elements. This
is achieved by proposing a generic network to cover a full set of one-port networks with a
pre-determined element number. This approach significantly expanded the applicability
of the inerter-based absorbers to practical engineering problems. A brief review of this
approach is given in Section 2.3.3. All works reviewed in this chapter has facilitated
our study on developing a systemic methodology to identify beneficial inerter-integrated
vibration suppression systems with explicit network topology and complexity information.
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Chapter 3

Generic 1PT1NG network with the applica-
tion to offshore wind turbines

The concept of attaching an additional reaction mass to a dynamically excited system
for the suppression of its oscillatory motion was amongst the first suggested passive
vibration control strategies in the area of structural dynamics, and it remains popular
today. In this context, the tuned mass damper (TMD) was introduced, which is a linear
spring-mass-damper device to suppress excessive vibrations of a variety of engineering
systems [9, 44, 10, 45]. Den-Hartog proposed an effective tuning approach [9] to determine
the parameter values of the TMD to maximise its vibration suppression effects. Generally
speaking, performance of the TMD will be improved as the mass of the TMD increasing.
However, in most applications, the amount of mass that is acceptable to add to the
original system is no more than 10% mass of the targeted vibration mode [21].

With the introduction of a novel passive mechanical element – the inerter [11], it is used
to replace the mass element to fully achieve the force-current analogy [57]. Thus, for any
two-terminal mechanical networks consisting of passive non-mass elements, the network
synthesis theory (e.g. the Bott-Duffin theory [29]), developed in the electrical domain,
can be used to facilitate a systematic mechanical network synthesis. However, compared
to the electrical realisations, minimal realisation of a mechanical network is critical due
to practical considerations around alignment, linkages and size. This has led to the
structure-immittance approach [30] being proposed for devices consisting of the least
possible number of non-mass elements (i.e., springs, dampers and inerters).

While the mass element still has its unique merit in terms of the vibration absorber
design even with the presence of the inerter, as attaching absorbers’ terminals physically
to the ground might be unrealistic for many applications. When a reaction mass is
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included into the networks, a systematic approach becomes challenging, as the ideal
lumped reaction mass has only one physical terminal (which is the centre of the mass,
as shown in Fig. 3.1(a1)). Although many mass-included-inerter-based absorbers have
been proposed, such as the viscous mass damper (VMD), the tuned viscous mass damper
(TVMD) [22], and the tuned mass damper inerter (TMDI), they are all proposed in an ad
hoc manner, which is termed the structure-based approach. There are still countless other
connection possibilities, some of which might potentially provide much more advantageous
performance.

In this study, a systematic approach is first proposed to characterise a full set of
independent passive vibration absorbers. Such devices consist of one reaction mass and
a pre-determined number of non-mass elements, and connect to the primary system
with one attachment point. The mass element in the device can be treated as a special
two-terminal element, with one terminal notionally connected to the ground, denoted
as a notional-ground (NG), as shown in Fig. 3.1(a2). Mathematically, it is equivalent
to an inerter with one of the two terminals physically connected to ground, as shown
in Fig. 3.1(a3). The attachment point is treated as a physical terminal (PT) in the
corresponding network representation.

In this chapter, we start with networks containing one PT and one NG (1PT1NG). Con-
sidering the fact that most independent vibration absorbers are used for uni-dimensional
vibration suppression of the primary system, they normally have no more than two at-
tachment points to the primary system. Therefore, in Chapter 4, we extend this approach
to a certain type of 2PT1NG networks which possess a similar layout as the widely used
TMDI. Later, based on the work developed in Chapter 4, a full set of 2PT1NG network
representations will be introduced in Chapter 5. Thus, grouping Chapters 3, 4 and 5,
a complete set of passive mechanical networks consisting of one reaction mass and a
pre-determined number of springs, dampers and inerters connected in series-parallel with
at most two PTs will be able to be systematically investigated.

Graph theory [127, 128] is employed here to facilitate the enumeration of topological
connection possibilities. Using the proposed approach, optimum inerter-based absorbers
can be obtained for given vibration suppression problems. Two 5MW offshore wind
turbines are used to demonstrate the effectiveness of the proposed approach. The
1PT1NG network is implemented in an offshore wind turbine simulation tool, OpenFAST
[129], to assess the performance of the identified beneficial inerter-based absorbers. A
fixed-bottom monopile turbine and a floating spar-buoy turbine are investigated to show
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the performance improvements of the optimum IBAs under both normal operation and
extreme loading conditions.

This chapter begins with the network representation of the reaction mass and the mass-
included networks. Then the problem of identifying optimum mass-included vibration
absorbers with one physical terminal is formulated. In Section 3.2, a generic 1PT1NG
network is constructed, with all possible series-parallel 1PT1NG networks enumerated.
Optimal absorber configurations are identified in Section 3.3 by using simplified linear
monopile and spar-buoy models. In Section 3.4, the identified absorbers are assessed in
OpenFAST under both normal operational and extreme loading conditions. In order
to achieve such simulations, the implementation of the IBAs’ transfer functions to
OpenFAST is also introduced in Section 3.4. Finally, conclusions are drawn in Section
3.5.

The models and methods introduced in this chapter formed the basis for the
following publications:

- Y.-Y. Li, S. Park, J. Z. Jiang, M. Lackner, S. Neild, I. Ward (2020). Vibration
suppression for monopile and spar-buoy offshore wind turbines using the structure-
immittance approach. Wind Energy, 23(10), 1966-1985.

- S.Y. Zhang, Y.-Y. Li, J. Z. Jiang, S. Neild, J. H. MacDonald (2019). A methodology
for identifying optimum vibration absorbers with a reaction mass. Proceedings of
the Royal Society A, 475(2228), 20190232.

- Y.-Y. Li, S.Y. Zhang, J. Z. Jiang, S. Neild, I. Ward (2018 September). Passive
vibration control of offshore wind turbines using structure-immittance approach. In
Proceedings of the International Conference on Noise and Vibration Engineering.

- Y.-Y. Li, S.Y. Zhang, J. Z. Jiang, S. Neild (2018 June). Vibration Suppression
Using a Passive Reaction Mass Incorporating Inerters in a Multi-storey Building.
In 16th European Conference on Earthquake Engineering.

The systematic approach is developed together by Yi-Yuan Li and Dr. Sara Ying Zhang.
The implementation of the 1PT1NG network to OpenFAST is finished by Yi-Yuan Li
with supports from Dr. Semyung Park and Dr. Matthew Lackner. Dr Jason Zheng
Jiang, Prof. Simon Neild, Prof. John MacDonald and Ian Ward have provided valuable
suggestions on this research.
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3.1 Problem formulation

Following Newton’s Second Law, an ideal lumped reaction mass has only one physical
terminal (which is the centre of the mass, as shown in Fig. 3.1(a1)). In order for network
synthesis to be directly applicable to the systematic enumeration of vibration absorbers
with a reaction mass, it is necessary to treat the mass as a special two-terminal element,
with one terminal notionally connected to the ground, denoted as a notional-ground
(NG). Note it is not actually connected to ground, in contrast to an electrically grounded
capacitor which is equivalent in the force-current analogy [11]. The network representation
of the mass is shown in Fig. 3.1(a2), with the property that F (s) = m(sVm −0), where Vm

is the velocity of the mass with its value defined as positive to the right. Accordingly, in
this work, terminals connected to physical attachments are denoted as physical-terminals
(PTs) when considering their network representations. Mathematically a mass element is
equivalent to an inerter with one of the two terminals physically connected to ground, see
Fig. 3.1(a3). However, the mass element has its unique merit since attaching absorbers’
terminals physically to the ground is unrealistic for a lot of applications.

m

mPT1 NG

vm

b

PT1 G

1

c

k

m

PT1 NG

c

k

m

(a1) (a2) (a3)

(b1) (b2)

Fig. 3.1 Absorber schematic plots and their network representations: (a1) a reaction mass
with (a2) its network representation, and (a3) an inerter with one terminal connected to
ground (G); (b1) The TMD with its network representation (b2).

With the proposed network representation of a mass element (Fig. 3.1(a2)), the vibration
absorber TMD (Fig. 3.1(b1)) can be depicted as a network, as shown in Fig. 3.1(b2).
By denoting the absorber attachment point 1 as PT1 in the network representation, the
TMD with one attachment point becomes a two-terminal network with one PT and one
NG, termed a ‘1PT1NG network’. Similarly, the non-mass absorbers with two attachment
points are termed ‘2PT networks’. Note that the spring, damper and inerter elements
can be regarded as special cases of 2PT networks, and are termed ‘2PT elements’. The
1PT1NG network, represented by its force-velocity transfer function H(s) = F1(s)/V1(s)
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is shown in Fig. 3.2(a), where at the PT1, the force f1 (F1(s) in the Laplace domain) is
applied and results in a velocity v1 (V1(s)).

H(s)

v1

PT1
f1

NG PT1
f −f

Y (s)

v1 v2

PT2

(a) (b)

Fig. 3.2 (a) 1PT1NG network; (b) 2PT network.

In order to enumerate all possible series-parallel 1PT1NG network layouts given one
reation mass and an arbitrary number of inerters, dampers and springs, procedures to
construct 1PT1NG Immittance-Function-Networks (IF-Networks) need to be introduced.
Here, an IF-Network refers to a network layout with its 2PT sub-networks represented
by Immittance-Function-Blocks (IF-Block, e.g. Fig. 3.2(b)). Generic IF-Networks which
capture all IF-Network possibilities for given conditions will be identified. Different
distribution cases of the pre-determined numbers of inerters, dampers and springs in
the IF-Blocks of the generic IF-Network will then be discussed, to obtain all possible
series-parallel 1PT1NG network layouts.

3.2 1PT1NG network layout enumeration

This section considers the 1PT1NG network layouts with a reaction mass. The series
and parallel connections between a 2PT network (represented by an IF-Block) and a
1PT1NG network are first described using concepts defined in graph theory [128]. A
generic IF-network is then formulated, from which all possible 1PT1NG networks with a
pre-determined number of 2PT elements can be enumerated.

3.2.1 Connection between 2PT and 1PT1NG networks

In the electrical domain [130], a graph is used as a general representation of topo-
logical connections, consisting of a finite number of vertices and branches. Here the
correspondence between graphs and mechanical networks are introduced.

A graph G = (V,E) is a pair consisting of a finite set V whose elements are vertices,
and a finite set E, which are paired vertices with elements called branches (or edges)
[127]. For a two-terminal mechanical network with specific connection topology, it can be
represented as a graph, by depicting each element of the network as a branch, and the two
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terminals and internal connection points as vertices, with a set of branches interconnected
at their vertices. For example, consider a network with only one mechanical element,
such as the spring shown in Fig. 3.3(a1), this can be represented as a graph with one
branch - Fig. 3.3(b1), where two vertices shown as solid circles correspond to the two
PTs, termed the terminal-vertices. The graph representation of an example 2PT network,
the TID in Fig. 3.3(a2), is provided in Fig. 3.3(b2). In this example, an intersection
vertex exists, shown as a hollow circle, representing the inter-connected node of the TID.
Considering the TMD (Fig. 3.3(a3)) as a 1PT1NG network example, its graph is shown
in Fig. 3.3(b3) with one terminal-vertex corresponding to a NG in the mechanical domain.
In this way, all 2PT and 1PT1NG networks can be represented as a graph with two
terminal-vertices.

(a1) (a2) (a3)

PT1 PT2
k

PT1 PT2

k

c

b
PT1 NG

k

c m

(b1) (b2) (b3)

Fig. 3.3 Example two-terminal mechanical networks and their corresponding graphs: (a1)
a spring, (a2) the TID, (a3) the TMD, and (b1), (b2), (b3) the corresponding graphs.

In [128], the series and parallel connections between graphs with two terminal-vertices
are defined. It states that the series connection is to coalesce one terminal-vertex of
each graph into an intersection-vertex of the resulting two-terminal graph, of which the
two terminal-vertices are the remaining ones of the two connected graphs. On the other
hand, a parallel connection is where two terminal-vertices of each graph are connected
together to formulate the two terminal-vertices of the resulting two-terminal graph. Note
that both these connection types can only be applied to terminal-vertices. Based on
this definition, we consider joining a 2PT network with a 1PT1NG network. Taking the
graphs of Fig. 3.4(a1) and (a2) as an example, we can note that only the series-connection
is possible, as a parallel connection would necessitate a NG being connected with a
PT. The series connection between these two graphs results in the graph shown in
Fig. 3.4(a3). The three graphs, Fig. 3.4(a1-a3), can correspond to the three general
network representations shown in Fig. 3.4(b1-b3), where Y (s) is an IF-Block representing
any possible series-parallel 2PT network and H(s) is a 1PT1NG network. As an example,
by depicting the IF-Block Y (s) as a spring (Fig. 3.4(c1)) and the 1PT1NG network H(s)
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as a TMD of Fig. 3.4(c2), the series connection between them formulates the network
shown in Fig. 3.4(c3).

+

(a1) (b1) (c1)

(a2) (b2) (c2)

(a3) (b3) (c3)

PT1 PT2Y (s)

PT1 NGH(s)

PT1 NGY (s) H(s)

m

m

Series

Fig. 3.4 Example series connection between a 2PT network and a 1PT1NG network,
represented as connections between (a) graphs, (b) IF-Networks, (c) example network
layouts.

3.2.2 Network layout enumeration using the generic 1PT1NG
IF-Network

In order to formulate series-parallel 1PT1NG IF-Networks, a collection of one reaction
mass and a finite number of IF-Blocks is now considered. A non-unique connection
sequence is proposed, with which all possible 1PT1NG IF-Networks can be obtained. In
the procedure, after each step, any obvious network simplification will be carried out. For
example, if two IF-Blocks are connected in series or in parallel, they will be reduced to a
single IF-Block. The terminology reduced is used here to indicate that the IF-Network
can be simplified by combining adjacent IF-Blocks as a single IF-Block based on the
series-parallel connection principle. Start with a single IF-Block, it can be connected
in series or in parallel with other IF-Blocks, however, these always reduce to a single
IF-Block. At a certain step, the resulting IF-Block is connected to the mass, based on
Fig. 3.4, where only a series connection is possible, resulting in a new 1PT1NG network.
Further addition of IF-Blocks can only be connected in series with this 1PT1NG network,
which can be reduced to a single IF-Block. Hence, all IF-Networks can be represented by
the generic IF-Network shown in Fig. 3.5 with a single IF-Block Y (s).

Consider the 1PT1NG network layouts with one reaction mass and a pre-determined
number, N , of 2PT elements. All network possibilities can be obtained using the
generic IF-Network in Fig. 3.5, by enumerating the full class of 2PT network possibilities

39



Generic 1PT1NG network with the application to offshore wind turbines

mY (s)PT1 NG

Fig. 3.5 The generic 1PT1NG IF-Network.

consisting of N elements in the IF-Block Y (s). To this end, the structure-immittance
approach [30], developed to systematically express all possible series-parallel networks
with pre-determined number of 2PT elements, can be directly applied. The obtained
structural admittance Y (s) is then used to express the transfer function of the generic
IF-Network (see Fig. 3.5) as:

H(s) = Y (s)ms
ms+ Y (s) (3.1)

With this transfer function, the optimum 1PT1NG inerter-based absorber (IBA) with one
reaction mass can be identified for a given vibration suppression problem. In this chapter,
offshore wind turbine (OWT) systems are employed to demonstrate the advantages of the
proposed generic 1PT1NG network. First, simplified linear OWT models are established
to identify beneficial 1PT1NG absorber configurations. The performance advantages
will then be verified by using OpenFAST – a nonlinear aero-hydro-servo-elastic coupled
simulation tool developed by the National Renewable Energy Laboratory (NREL) [129].

3.3 Identification of beneficial 1PT1NG absorbers
for offshore wind turbines

In OpenFAST, the NREL 5-MW wind turbine [131] is adopted as the default turbine
model, which is a conventional three-bladed, upwind, variable-speed, blade-pitch-to-
feather-controlled turbine. This 5-MW turbine model is a representative utility-scale multi-
megawatt turbine and has been used as the reference model in a variety of wind turbine
studies [5, 132–134, 25]. It can be modelled with different support structures, including
the monopile, jacket, tripod, barge, spar-buoy, or tension-leg-platform. Throughout this
study, the dynamics of a monopile and a spar-buoy turbine are investigated and the
performance of the IBAs are assessed. This assessment will be across a family of 1PT1NG
network layouts given certain network complexity in terms of component numbers and
types. It should be noted that the optimum network configurations can also be identified
by carrying out the optimisation within OpenFAST, but this is not computationally
feasible. For example, a simulation with 10 minutes time length requires around 5 minutes
of the calculation time using a desktop computer with processor of 3.40 GHz and 16.0 GB
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RAM was used to conduct the computational procedure. Moreover, to find the optimum
values, thousands of function calls might be needed, with numerous candidate absorber
layouts considered as well. Therefore, simplified linear models are needed in order to
identify the optimum 1PT1NG networks.

3.3.1 Linear offshore wind turbine models

Fig. 3.6(a) and (b), respectively, show linear monopile and spar-buoy wind turbine model,
where the absorbers are represented by the 1PT1NG networks with a connection point
to the nacelle of the turbines.

(a) (b)

Fig. 3.6 Simplified linear offshore wind turbine models following [5]: (a) the monopile
turbine; (b) the spar-buoy turbine.

Monopile Wind Turbine Model

The 5-MW wind turbine is first connected to a monopile platform which has a constant
diameter of 6 m and a constant thickness of 0.060 m. The tower base begins at an
elevation of 10 m above the still-water level (SWL) and the monopile extends from the
tower base down to the mudline, which is 20 m below the SWL [135].

Following the previous work [5], a simplified linear monopile turbine model is established
based on the above stated OpenFAST monopile turbine model. The tower fore-aft bending
mode is responsible for the most of the fatigue loads, hence two degrees-of-freedom (DOFs)
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are considered here: the tower fore-aft bending DOF and the absorber’s reaction mass
DOF. Due to the gravity effects of the reaction mass under rotational movements, instead
of using a single equation to represent the monopile system by employing H(s) as an
expression shown in Eq. 3.1, it is more straightforward to represent the system with
two equations of motion by considering the reaction mass as an additional DOF and
including Y (s) in the equations of motion. Section 3.2 serves the purpose to prove that
the absorber layouts shown in Fig. 3.6 cover all possible 1PT1NG networks. Applying
the small angle approximation and considering the absorber in the non-inertial reference
frame, equations of motion of the monopile turbine system are given in the Laplace
domain: mx̃r(s)s2 = mgθ̃t(s) − Y (s)x̃r(s)s−mRθ̃t(s)s2

Itθ̃t(s)s2 = mtgRtθ̃t(s) +RY (s)x̃r(s)s− (kt + cts)θ̃t(s) +mgx̃r(s) +Mwind/wave

(3.2)
where mt is the turbine’s total mass and m is the absorber’s mass. Mwind/wave is the input
wind/wave moment to the monopile turbine. The angle that the tower has deflected from
vertical is denoted by θt. The nacelle of the OWT is considered as a reference frame and
the displacement of the absorber xr is relative to the nacelle. So the term mRθ̃t(s)s2

exists due to the non-inertial reference frame. Note that θ̃t(s) and x̃r(s) are the Laplace
domain expression of θt(t) and xr(t). R and Rt are the distances from the tower hinge
to the absorber’s mass and the centre of the turbine total mass, respectively. kt and ct

are the rotary stiffness and rotary damping constants at the tower base. Y (s) is the
representation of the transfer function of an absorber consisting of inerters, dampers and
springs. The absorber’s mass m is taken to be equal to 10000 kg, which is approximately
1% of the turbine’s total mass mt.

First, model parameters must be determined. It, mt, Rt and R can be obtained from
[135, 136] and the OpenFAST input files, which are summarised in Table 3.1. The rotary
stiffness kt and the rotary damping ct need to be determined by matching the linear
model response to the OpenFAST output under the same input conditions. Here an
initial condition of the tower top displacement (TTD) equal to 1 m is used in OpenFAST,
which is the amount of tower bending in meters measured at the top of tower. The
response of the linear model is fit to the OpenFAST output in MATLAB® by minimising
the root-mean-square of the discrepancy between the OpenFAST output and the linear
model response. patternsearch and fminsearch command in MATLAB® are used to
identify the optimum parameter values with fminsearch refining the results obtained
via patternsearch. Results of the TTD for the monopile turbine model in the time
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and frequency domains are shown in Fig. 3.7(a) and (b), respectively. The frequency
domain response is obtained by applying the Fast Fourier Transform (FFT) to the time
domain response. The resulting rotary stiffness and damping values are identified as
kt = 1.32 × 1010 N·m/rad and ct = 2.65 × 107 N·m·s/rad, respectively. It should be noted
that all the DOFs are activated in OpenFAST to make sure the modal frequencies of
the OWT system are captured accurately. It can be seen from Fig. 3.7(a) that there are
certain discrepancies in the first 30 s. This is mainly caused by the presence of a flexible
foundation in the full model (i.e. use CompSub in OpenFAST). In this case, the first 30 s
response is omitted when fitting the simplified linear model with the OpenFAST response
in order to neglect the foundation dynamics. Moreover, non-zero mean responses causes
the non-zero value at 0 Hz of the frequency domain response as shown in Fig. 3.7(b). This
is mainly because the nacelle mass centre is not aligned with the tower mass centreline in
OpenFAST, which results in a constant moment applied to the tower base. Furthermore,
it can be noted from Fig. 3.7(b) that the monopile turbine oscillates at a frequency of
approximately 0.28 Hz.
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Fig. 3.7 Comparison of the tower top displacement (TTD) responses of the monopile
turbine by employing the linear model and OpenFAST in (a) the time domain; (b) the
frequency domain.

Spar-buoy Wind Turbine Model

In OpenFAST, the NREL 5-MW turbine can be coupled with a spar-buoy floating
platform called ‘Hywind’. This platform was originally developed by the company –
Statoil. The turbine tower is cantilevered at an elevation of 10 m above the still-water
level to the top of the floating platform. The length of the platform is 120 m and its
mass is centred at 89.92 m along the platform centreline below the still-water level [137].
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Table 3.1 Parameter values of the linear monopile and spar-buoy turbine models

Properties monopile turbine spar-buoy turbine

Total turbine mass mt 929,397 kg 656,498 kg
Absorber’s mass m 10,000 kg 10,000 kg

Tower inertia It 4.30 × 109 kg·m2 2.73 × 109 kg·m2

Platform mass mp / 7,466,330 kg
platform inertia Ip / 1.54 × 1011 kg·m2

Turbine’s height to tower hinge R 107.6 m 77.6 m
Turbine mass centre to tower hinge Rt 67.997 m 64.5 m
Platform mass centre to tower hinge Rp / -99.9155 m

Rotary stiffness of the tower kt 1.32 × 1010 N·m/rad 2.43 × 1010 N·m/rad
Rotary damping of the tower ct 2.65 × 107 N·m·s/rad 1.02 × 108 N·m·s/rad

Rotary stiffness of the platform kp / 0 N·m/rad
Rotary damping of the platform cp / 3.55 × 109 N·m·s/rad

Dominant mode frequencies 0.28 Hz 0.035 Hz, 0.48 Hz

The simplified linear spar-buoy turbine model is established accordingly. Here the tower
fore-aft bending and platform pitch modes are responsible for the most of the fatigue
loading. Therefore, three DOFs are of concern: the tower fore-aft bending DOF, the
platform pitch DOF and the absorber’s mass DOF. Similarly, after applying the small
angle approximation and considering the absorber in the non-inertial reference frame,
equations of motion of the spar-buoy system in the Laplace domain are:

mx̃r(s)s2 = mgθ̃t(s) − Y (s)x̃r(s)s−mRθ̃t(s)s2

Itθ̃t(s)s2 = mtgRtθ̃t(s) +RY (s)x̃r(s)s− (kt + cts)(θ̃t(s) − θ̃p(s)) +mgx̃r(s) +Mwind

Ipθ̃p(s)s2 = −mpgRpθ̃p(s) + (kt + cts)(θ̃t(s) − θ̃p(s)) − (kp + cps)θ̃p(s) +Mwave

(3.3)
where mp is the mass of the platform and Ip is the inertia of the platform; θp(t) is the
angle that the platform has rotated from vertical and θ̃p(s) is the corresponding Laplace
expression; Rp is the distance from the tower hinge to the centre of the platform mass; kp

and cp are the rotary stiffness and damping constants of the spar-buoy platform, which
are the summation of hydrostatic and mooring line effects. All the other parameters
have the same definitions as those used for the linear monopile turbine model. Note
that according to the definition in OpenFAST, tower top displacement is relative to the
platform coordinate system. This means that if the platform is pitched while there is no
bending of the tower, then the tower top displacement is zero.
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Again, the model parameters must be determined first. mt, It, mp, R, Rt and Rp

can be obtained from the definition of 5-MW spar-buoy wind turbine [137] and the
OpenFAST input files. Detailed information is also summarised in Table 3.1. The tower
and platform rotary stiffness and damping constants, kt, ct, kp and cp, are identified
by fitting the response from the linear model to that from OpenFAST. In addition,
the platform inertia Ip needs to be identified. This is because the inertial effect of the
water must be included in Ip. The platform inertia shown in the OpenFAST input file
is the true platform inertia, whereas movement of the platform through the water will
cause substantial added inertial effect, which should be considered in the simplified
model. Since the added inertial effect varies little across oscillation frequency [137], it is
regarded as constant here. For the spar-buoy turbine, an initial condition of the platform
pitch angle (PPA) equal to 5◦ is used to obtain the FAST output. Fig. 3.8(a) and (c)
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Fig. 3.8 Comparison of the spar-buoy turbine responses employing the linear model and
OpenFAST with tower top displacement (TTD) in (a) the time domain; (b) the frequency
domain; and with platform pitch angle (PPA) in (c) the time domain; (d) the frequency
domain.
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show the fitted plot for the tower top displacement and the platform pitch angle of the
spar-buoy turbine. The same identification approach as the one used in the monopile
turbine linear model is employed here to obtain the spar-buoy turbine parameters. Their
corresponding frequency responses are shown in panels (b) and (d). Again, since the
nacelle mass centre is not along the tower and platform mass centreline in OpenFAST,
non-zero mean responses are obtained, which cause the non-zero value at 0 Hz of the
frequency domain responses as shown in Fig. 3.8(b) and (d). Note that the fit between
the simplified model and OpenFAST is not perfect. This is mainly caused by: (1) the
surge and heave DOFs are important for the dynamics of the spar-buoy turbine [132].
Frequency of the heave mode is around 0.035 Hz, which is close to the platform pitch
mode frequency, and hence will affect the responses; (2) the platform rotary damping
constant cp includes hydrodynamic damping, wave radiation and viscous damping. These
terms are nonlinear, so the approximated linear damping constants used in the linear
model leads to discrepancies. A more accurate 5-DOF model has been developed by Si
et al. [132]. However, this model is not adopted here. As the passive absorbers used
in this study are tuned to the system natural frequencies, optimisation results will be
representative as long as the frequency of each mode of the main system is accurate. It
can be seen from Fig. 3.8(b) and (d) that the frequencies for both the platform pitch
(0.035 Hz) and the tower fore-aft bending (0.48 Hz) modes are accurately captured, hence
the linear spar-buoy turbine model is maintained as 2 DOFs for simplicity. The resulting
rotary stiffness and damping constants of the tower and platform are kt = 2.43 × 1010

N·m/rad, ct = 1.02 × 108 N·m·s/rad, kp ≈ 0 N·m/rad and cp = 3.55 × 109 N·m·s/rad,
respectively. Identification results indicate that the platform pitch stiffness is not provided
by the external rotary stiffness kp. Instead, it is mainly provided by the gravity of the
platform.

3.3.2 Cost functions and constraints for the optimisation

For the monopile turbine, the tower top displacement is taken as the performance index as
it is deleterious to the tower fatigue life. The objective function is defined as the H2 norm
of the transfer function from the wind/wave load input Mwind/wave to the tower rotational
angle output θ̃t(s), denoted as TMW ind/W ave→θ̃t(s) (T stands for ‘Transfer Function’), which
can be obtained from Eq.3.2. The static stiffness of IBAs is limited to be no less than
the static stiffness of the TMD to constrain the maximum displacement of IBAs due to
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the space limitation within the turbine nacelle:

J = ||TMW ind/W ave→θ̃t(s)||2
where

(YIBA(s) × s)s→0 ⩾ (YT MD(s) × s)s→0

(3.4)

The H2 norm of the transfer function represents the root-mean-square of the impulse
response of a linear dynamic system. YT MD(s) and YIBA(s) represent the transfer
functions of the TMD and the IBA, respectively, from the relative terminal velocity to
the force across the devices. Therefore, (YT MD(s) × s)s→0 and (YIBA(s) × s)s→0 represent
the static stiffness of the TMD and the IBA, respectively. In the previous study [5], the
maximum strokes for the TMD have been pointed out: ±8 m in the fore-aft direction,
and ±2.5 m in the side-side direction, which are also checked for the IBAs in this study.

For the spar-buoy turbine, since there are two independent outputs for the main system
(i.e. θ̃t(s) and θ̃p(s)), and two inputs to the main system (i.e. MW ind and MW ave), it is
a multi-input-multi-output (MIMO) system. Moreover, depending on the definition in
OpenFAST, the tower top displacement is the tower top movement relative to the platform
movement (i.e. (θ̃t(s) − θ̃p(s))). Hence six transfer functions, TMW ind→θ̃t(s), TMW ave→θ̃t(s),
TMW ind→θ̃p(s), TMW ave→θ̃p(s), TMW ind→(θ̃t(s)−θ̃p(s)), TMW ave→(θ̃t(s)−θ̃p(s)), are derived as shown
in Fig. 3.9, where no device is deployed. Since the tower base bending moment is crucial
to the tower fatigue life, the tower top displacement is taken as the performance index,
and the objective function is defined as:

J = ||TMW ind→(θ̃t(s)−θ̃p(s))||2 + ||TMW ave→(θ̃t(s)−θ̃p(s))||2
where

(YIBA(s) × s)s→0 ⩾ (YT MD(s) × s)s→0

(3.5)

which is the sum of H2 norm of transfer functions from wind and wave load inputs to
the tower relative rotational angle with the same static stiffness constraints as the one
used for the monopile turbine. In this study, objective functions are optimised using a
combination of patternsearch and fminsearch in MATLAB® with fminsearch refining the
results obtained via patternsearch. Same approach is used for all other optimisations
conducted in this dissertation. Although patternsearch and fminsearch are both local
optimisation algorithms and they could possibly lead to local minima for the non-convex
optimisation problems stated in each chapter, it could potentially be avoided with a
proper setting of the optimisation parameters (such as the maximum mesh size of the
patternsearch and the maximum iteration steps of both algorithms). Moreover, there is
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always a trade-off between the optimisation accuracy and the consumed time. We choose
to use these algorithms because they are proved to be effective optimisation tools to find
the optimum results, and have been widely used, see for example [17, 138, 78]. Other
software with effective optimisation algorithms, such as the particle swarm optimisation
[139], can also be used for the optimisation procedure.
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Fig. 3.9 Transfer functions of the spar-buoy turbine tower absolute rotate angle (θ̃t(s)),
platform absolute rotate angle (θ̃p(s)) and tower relative rotate angle (θ̃t(s) − θ̃p(s)) with
respect to the wind input (i.e.(a), (b) and (c)) and the wave input (i.e. (d), (e) and (f)).

3.3.3 Beneficial inerter-based absorber configurations

In this section, optimisations are conducted in the frequency domain with the conven-
tional vibration absorber, the TMD, considered as the benchmark for comparison. The
absorber’s reaction mass is taken as 10000 kg for both TMD and IBA. By employing the
structure-immittance approach [30], IBAs with no more than 6 elements are considered
for both the monopile and spar-buoy turbines. For 3-element IBAs, all 1 spring, 1 damper
and 1 inerter combinations (totally 2 generic networks covering 8 layouts) are considered;
4-element IBAs with all 2 springs, 1 damper and 1 inerter (totally 2 generic networks
covering 18 layouts) are considered; IBAs with 2 springs, 2 dampers and 1 inerter are
considered as the 5-element case (totally 8 generic networks covering 79 layouts); finally
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6-element IBAs consider a certain range of 3 springs, 1 damper and 2 inerters (regarded
as one spring paralleled to all 2 springs, 1 damper and 2 inerters case (totally 8 generic
networks covering 79 layouts). Using the objective functions defined in Eqs.3.4 and 3.5
for the monopile and spar-buoy turbine models, respectively, the IBAs with no more
than 6 elements are investigated.

Beneficial absorber configurations with no more than 4 elements

For IBAs containing 3 elements or less, optimisation results show that there is no further
improvements can be obtained compared to the TMD. For IBAs containing 4 elements
(2 springs, 1 damper, 1 inerter), IBA4E1 is obtained for both the monopile and spar-buoy
turbines, with its layouts shown in Fig. 3.10. Optimisation results and its parameter values
are shown in Table 3.2 and Table 3.3 correspondingly, with the TMD as a benchmark.
Here, as the full range of 4-element layouts are considered, we found that IBA4E2, IBA4E3

and IBA4E4 can provide the same performance improvement (i.e. 6.5% and 5.8% for
the monopile and spar-buoy turbines, respectively) as the IBA4E1. This indicates that,
with more beneficial IBA layouts identified by using the structure-immittance approach,
wider design choices to realise the IBA can be obtained for its practical applications. We
also notice that the IBA4E2 is the layout proposed in the previous study [26] on wind
turbine vibration suppression, which serves as an evidence for the fact that the IBA
layouts obtained by the structure-based approach can be regarded as a subset of the ones
obtained through the structure-immittance approach. For simplicity, parameter values
of the IBA4E2, IBA4E3 and IBA4E4 are not displayed here. It is worth mentioning that
the IBA4E1 and IBA4E2 are topologically equivalent to the two piezoelectric proof-mass
absorbers studied by Høgsberg [140], where similar level of improvements compared with
TMD have been reported.

IBA4E1 IBA4E2 IBA4E3 IBA4E4

Fig. 3.10 The identified beneficial 4-element IBA layouts with same performance im-
provements (i.e. 6.5% for the monopile turbine and 5.8% for the spar-buoy turbine) by
employing the generic 1PT1NG network.
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Table 3.2 Optimisation results for the linear monopile turbine model

Absorber TMD IBA4E1 IBA6E1

J 0.248 0.232 0.230
Mass value (kg) 10000 10000 10000

Improvement / 6.5% 7.3%
k1 (kN/m) 28.1 28.3 28.3
k2 (kN/m) / 1.64 1.05
k3 (kN/m) / / 0.081
c(kN·s/m) 2.81 3.26 0.126
b1 (kg) / 563.4 27.8
b2 (kg) / / 345.2
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Fig. 3.11 Transfer function plots of the monopile turbine tower rotational angle θ̃t(s)
with respect to the wind/wave input considering the baseline, TMD, IBA4E1 and IBA6E1.

Frequency response plots of the tower top motion with the TMD and the beneficial
IBAs employed for the monopile and spar-buoy turbines are shown in Fig. 3.11 and 3.12,
respectively. Tower top responses without an absorber included are also shown as the
baseline (black dashed line) in Fig. 3.11 and 3.12. The response without an absorber
highlights the effectiveness of employing passive vibration absorbers. Note that the aim
of this study is to improve the performance of the traditional passive vibration absorber
TMD, therefore, all improvements obtained in this chapter are compared to the TMD
rather than the case without an absorber. It can be observed that the frequency of the
tower fore-aft mode is split into two peaks by the TMD, where its natural frequency is
0.265 Hz. IBA4E1 have further split the tower fore-aft mode into three peaks. Natural
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frequencies of it are 0.245 Hz and 0.296 Hz. Similarly for the spar-buoy turbine, the
TMD and the IBA4E1 have split the tower fore-aft mode into two and three peaks,
respectively, with natural frequency of the TMD as 0.467 Hz, of the IBA4E1 as 0.433 Hz
and 0.512 Hz. It should be noted that, unlike the results provided by Den Hartog [9]
and Krenk [45], the tuned two peaks by employing the TMD are not entirely flat. This
is because, for the classical Den Hartog tuning approach and the relatively new equal
modal damping concept proposed by Krenk, the objective is to minimise the H∞ norm of
the system responses in the frequency domain. This is achieved by setting the dynamic
amplification at two specific frequencies equal. In contrast, this study adopts the H2

norm of the system responses as the objective function, as the H2 norm is more relevant
to the damage equivalent fatigue load. Therefore the dynamic amplifications at these
two specific frequencies do not have to be equal anymore.

Table 3.3 Optimisation results for the linear spar-buoy turbine model

Absorber TMD IBA4E1 IBA6E3

Mass value (kg) 10000 10000 10000
J 0.173 0.163 0.162

Improvement / 5.8% 6.4%
k1 (kN/m) 86.1 86.6 85.7
k2 (kN/m) / 3.96 3.43
k3 (kN/m) / / 1.91
c(kN·s/m) 4.35 5.09 4.53
b1 (kg) / 447.5 145
b2 (kg) / / 421.7

Beneficial absorber configurations with 5 and 6 elements

For IBAs with 5 elements (2 springs, 2 dampers, 1 inerter), it shows that the 5-element
IBAs always reduce to 4-element IBAs with one damper not functioning for no matter the
monopile or the spar-buoy offshore wind turbines. Therefore, performance improvements
provided by the 5-element IBAs as shown in [25] all can be replaced by 4-element IBAs.
According to Den Hartog’s tuning method [9], for a TMD, the ratio of the stiffness over
mass results in the additional resonant points (introducing an additional peak), and
the damping value adjusts the amplitude of these peaks. With more spring-inerter pair
introduced, more resonant points (either target one modal frequency or multiple modal
frequencies) could be introduced. With more modes targeted, more dampers can be
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Fig. 3.12 Transfer function plots of the spar-buoy turbine tower relative rotational angle
(θ̃t(s) − θ̃p(s)) considering the baseline, TMD, IBA4E1 and IBA6E3 with respect to (a)
the wind input; (b) the wave input.

expected to adjust the peaks at each mode. While for this specific wind turbine system,
the identified absorbers are all tuned to one modal frequency. That’s why we suspect
only one damper would be sufficient to adjust these peaks at this modal frequency. If
the identified networks target more frequencies, more dampers might be needed. For
6-element IBA layouts, a certain range of 3 springs, 1 damper and 2 inerters combinations
is considered (considered as one spring paralleled to all 2 springs, 1 damper and 2
inerters case). Employing the structure-immittance approach, beneficial IBAs with the
same performance improvements (i.e. 7.3% and 6.5% for the monopile and spar-buoy
turbines, respectively) are obtained. Their layouts are shown in Fig. 3.13, with IBA6E1

and IBA6E2 for the monopile turbine and IBA6E3 and IBA6E4 for the spar-buoy turbine.
Optimisation results are also shown in Table 3.2 and Table 3.3 for the monopile and
spar-buoy, respectively, where only the IBA6E1 and IBA6E3 are displayed for simplicity.

Again, frequency response plots of the monopile and spar-buoy turbines tower top motion
with the IBA6E1 and IBA6E3 are shown in Fig. 3.11 and Fig. 3.12, respectively. It can be
seen that the tower fore-aft mode of the monopile turbine is further split into four peaks
by the IBA6E1 with its natural frequencies at 0.238 Hz, 0.272 Hz and 0.311 Hz. Similarly,
the tower fore-aft mode of the spar-buoy turbine is also split by IBA6E3 to four peaks with
natural frequencies at 0.432 Hz, 0.510 Hz and 0.556 Hz. Therefore, we can conclude that
with extra introduced DOFs within the absorber, the IBAs have the ability of further
tuning a specific mode of the main system. However, it should also be noted that with
more elements introduced, the combined nonlinearity of the complete network might be
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more significant, which could degrade the system performance. For example, as stated in
[1, 62], the rack-and-pinion inerters and ball-screw inerters are more easily suffering from
detrimental breaks due to friction, backlash and elastic effects, producing potentially
unquantifiable system nonlinearities and degrade the absorber’s performance. Moreover,
Dall’Asta, et al. [141] showed that the viscous damper nonlinearity level strongly affects
the example building performance, and different system dynamic trends are observed
for the demand parameters of interest. Therefore, nonlinearities of each element and
their combined effects might have great impact on the overall system dynamics and
could potentially degrade system performance. Such nonlinear effect should be fully
investigated before they are used for practical engineering applications, which can be
considered as the future work.

IBA6E1 IBA6E2 IBA6E3 IBA6E4

Fig. 3.13 The identified beneficial 6-element IBA layouts with the same performance
improvements (i.e. 7.3% for the monopile turbine and 6.4% for the spar-buoy turbine)
by employing the generic 1PT1NG network.

To view the significance of these improvements, the mass value reductions of the identified
IBAs to achieve the same performance as the TMD are now considered. In general,
the performance improvements will increase as the IBAs’ mass increases. However,
diminishing returns can be seen in this trend, as shown in Fig. 3.14. Fig. 3.14(a) and
(b) show the relationships between the performance index J and the optimum IBAs
mass values for the monopile and spar-buoy turbines, respectively. The absorber’s mass
value varies from 0 kg to 20000 kg. Results show that the mass value of the IBA6E1

for the monopile turbine can be reduced by 25.1% (i.e., 7486 kg) to achieve the same
performance as the TMD - this requires an optimum stiffness of k1 = 21.3 kN/m, k2 =
0.123 kN/m, k3 = 0.795 kN/m, damping of c = 0.101 kNm/s and inertance of b1 = 40.3 kg,
b2 = 257.7 kg. The mass value of the the IBA6E3 required for the spar-buoy turbine in
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order to achieve the same performance as the TMD is 23.2% (i.e. 7680 kg) lower. The
resulting optimum parameter values are k1 = 66.3 kN/m, k2 = 6.00 kN/m, k3 = 2.62
kN/m, c = 3.49 kNm/s and inertance b1 = 157.2 kg, b2 = 312.0 kg.
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Fig. 3.14 Relationships of the optimum IBAs’ mass values and the turbine performance
index J for (a) the monopile turbine; (b) the spar-buoy turbine, where the reduced mass
values are 7486 kg and 7680 kg for the IBA6E1 and IBA6E3, respectively, to achieve the
same performance as the TMD with 10000 kg mass value.

3.4 Performance assessment in realistic metocean
external conditions

The above mentioned optimisations are all based on the simplified linear turbine models.
To show the performance improvements of the IBAs for the vibration mitigation of
offshore wind turbines, it is necessary to verify the obtained optimisation results in
OpenFAST, where more realistic models can be used with representative wind and
wave loading considered. First, the source code of OpenFAST is modified to allow the
fully exploration of the performance of a whole range of IBAs, which is described by
the transfer functions representing its two-terminal properties. Then, simulations are
conducted in OpenFAST under normal operation and extreme conditions for offshore
wind turbines supported by the monopile and the spar-buoy platform. For the normal
operation and extreme conditions, fatigue limit state (FLS) and ultimate limit state
(ULS) are considered, respectively.
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3.4.1 Implementation of inerter-based absorbers in OpenFAST

In order to implement structural control techniques in offshore wind turbines, two
independent, single-DOF TMD systems are incorporated in FASTv7 by Lackner and
Rotea [142], named “FAST-SC”. The new version source code, OpenFAST, allows for a
modular approach to model the turbine dynamics, and thus an additional TMD module
has been coupled to the original code. Unlike the previous version of FAST-SC (one
dimension motion), the new TMD module in OpenFAST is capable of modelling either
two independent, single-DOF TMDs that can oscillate in their respective direction or
a single pendulum TMD that can oscillate in two dimensions. The pendulum TMD
modelled in the TMD module can be utilised as a passive device with constant parameters
or semi-actively in which the damping force can be controlled [143]. In this study, the
TMD module in OpenFAST is modified in order to include all potential IBAs, where
the modified module is named as the IBA module. Note that only the two independent,
single-DOF IBA systems are modified to include the IBAs so far.

Based on the property of an IBA, Y ′(s) is defined as the transfer function from force to
acceleration:

Y ′(s) = Y (s)
s

= F (s)
∆a(s) (3.6)

For a passive absorber, Y ′(s) is always positive-real [144], hence it can be written as one
of the non-unique canonical state-space form:

Y ′(s) = c1(sI − A1)−1b1 + d1 (3.7)

where A1 ∈ RN×N , b1 ∈ RN×1, c1 ∈ R1×N and d1 are the state matrix, input vector,
output vector and feed-forward, respectively. N is the dimension of the internal states
ωf (i.e. internal DOFs) of IBAs. These internal states ωf ∈ RN×1 and output force Ff

of Y ′(s) can be represented as follows,

ω̇f = A1ωf + b1ẍ (3.8)
Ff = c1ωf + d1ẍ (3.9)

x is the displacement of the absorber’s mass m, therefore ẍ is the corresponding accelera-
tion, which is also the relative acceleration across the network’s two terminals considering
the other terminal is not moving within the reference frame of this subsystem, hence the
IBA system input in the time domain (i.e., L(ẍ− 0) = s2x(s) − 0 = ∆a(s)). A derivative
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of the force can be obtained by substituting Eq.(3.8) into Eq.(3.9):

Ḟf = c1ω̇f + d1
...
x (3.10)

= c1(A1ωf + b1ẍ) + d1
...
x

Combining the IBA’s mass states with its ficitious states ωf , the entire IBA system can
be rewritten in state-space form in the time domain. Transfer functions of different IBAs
can then be included in OpenFAST. A detailed procedure is shown in Appendix A. Then,
results of the absorber’s mass movements simulated by the IBA module are compared to
the responses from MATLAB with a constant force applied. Here only the displacement
and velocity of the IBA6E1 are shown in Fig. 3.15 for simplicity. It can be obtained that
the responses simulated by the IBA module are the same as the ones from MATLAB,
which justifies the implementation procedure. Note that the simulation is valid only
when the absorber has all zero initial conditions as stated in Appendix A, which is most
of the case where the absorber starts to move from the rest.
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Fig. 3.15 (a) The displacement and (b) the velocity responses of the IBA6E1 under a
constant force input.

3.4.2 Assessment of the monopile turbine response in realistic
metocean conditions

An investigation of the impact of the TMD and IBAs for the monopile turbine is
conducted by considering a set of FLS and ULS design load cases (DLCs). The DLCs are
chosen based on the data gathered from the Dutch North Sea [145] where the relevant
design parameters and methods within the design basis are taken from the IEC-61400-3
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standard [146]. Conditions for the FLS and ULS analysis are defined by DLC 1.2 and
6.1a, respectively. Detailed information can be found in Table 3.4. The FLS analysis
models normal power production conditions of the offshore wind turbines with mean
wind speed varies from 4 m/s to 24 m/s with bins of 4 m/s. Each simulation lasts 660 s
with the first 60 s omitted [147] to guarantee the generator torque and the blade pitch
motion are in their normal operational states. The ULS cases model extreme conditions
such as storms that occur rarely, but may cause failure of the structure. Under extreme
conditions, the wind turbine rotor is shutdown, and the blades are pitched to feather.
The simulation time is 1 hour for extreme load conditions. For the monopile turbine, the
water depth is considered as 20 m.

Table 3.4 External conditions of DLC 1.2 (FLS) and DLC 6.1a (ULS).

DLC
Wind
Speed
(m/s)

Turb.
Int. (%)

blade
pitch

angle (◦)

Wave
Height

(m)

Peak
Period

(s)

Percentage
time per
year (%)

4 20.4 0 1.10 5.88 11.90

8 16.0 0 1.31 5.67 16.48

1.2 12 14.6 3.83 1.70 5.88 12.29

(FLS) 16 13.9 12.06 2.19 6.37 5.86

20 13.4 17.47 2.76 6.99 1.88

24 13.1 22.35 3.42 7.80 0.41

6.1a
(ULS) 41.5 11.7 90 4.9 9.43 0.003

Monopile turbine FLS analysis

By applying the external condition of DLC 1.2 listed in Table 3.4, FLS analysis results
of the monopile turbine are obtained and shown in Table 3.5. Mlife [148] is employed
to calculate the Damage Equivalent Loads (DELs). Since the wind turbine does not
experience an equal amount of time for each wind speed in practice, performance indices
in this section are weighted according to the Weibull distribution based on the UpWind
Project [145]. An example result for the monopile turbine responses at a 16 m/s wind
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speed are illustrated in Fig. 3.16. Here the Power Spectral Density (PSD) of the tower
top responses in the fore-aft and side-to-side directions are shown in Fig. 3.16(a) and (d),
which are calculated by the pwelch function in MATLAB with the window number chosen
as 8. Corresponding time domain responses are shown in Fig. 3.16(b) and (e). Narrowed
time domain responses are also shown in Fig. 3.16(c) and (f). Since the performance
difference between the IBA4E1 and IBA6E1 are not significant, only the responses with
the TMD and IBA6E1 are shown. It can be seen that the IBA6E1 has the ability to
further suppress the mode of the monopile turbine at around 0.3 Hz, which is the natural
frequency of the tower fore-aft and side-to-side bending modes. IBA4E1 can reduce the
DELs by 0.9% and 5.4% in the fore-aft and side-to-side direction, respectively, compared
to the TMD. IBA6E1 can further reduce the DELs by 1.0% and 5.8%.

Results show that IBAs are more effective in the side-to-side direction, which is thought
to be because there is less aerodynamic damping in this direction. The absorber stroke
is also assessed under the FLS analysis. For the TMD, the maximum stroke for wind
speeds under 24m/s is 2.38 m in the fore-aft direction and 0.55 m in the side-to-side
direction. While for the IBA4E1 and IBA6E1, the maximum stroke is 2.82 m and 2.94 m
in the fore-aft direction, 0.68 m and 0.68 m in the side-to-side direction, respectively.
It can be seen that by limiting the static stiffness of the IBAs, even though strokes of
the IBAs are slightly larger than the TMD, they are still within the space limits of the
turbine nacelle. Moreover, the mass optimisation obtained from Section 3.3 is also verified
in OpenFAST. Results show that, with a reduced mass value of 7486 kg, the IBA6E1

can provide similar performance as the optimum TMD with a 10000 kg mass in both
the fore-aft and the side-to-side direction. Therefore, the identified IBA is potentially
beneficial for the offshore wind turbine applications in practice.

Monopile turbine ULS analysis

Simulations subjected to the DLC 6.1a are also performed for the optimised TMD
and IBAs, where performance metrics are defined as the absolute maximum tower top
displacement and tower base bending moment of each simulation averaged over six
different random simulations.

The amplitude of the tower top displacement and tower base bending moment in the
frequency domain (around 0.2 Hz-0.4 Hz) are included in Fig. 3.17 for comparison. Results
are shown in Table 3.6. It can be observed that the IBAs can reduce the maximum
tower bending moment by up to 2.4% and 1.4% in the fore-aft and side-to-side directions,
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Table 3.5 Monopile turbine FLS analysis results

Fore-aft tower base fatigue
load (kNm)

Side-to-side tower base
fatigue load (kNm)

Wind
Speed TMD IBA4E1 IBA6E1 TMD IBA4E1 IBA6E1

4 2575 2525 2523 106.0 102.0 101.8
8 7790 7714 7713 718.0 681.9 679.4
12 12896 12809 12810 754.6 713.6 710.8
16 13833 13671 13660 1447 1359 1350
20 26170 26013 26018 1754 1656 1646
24 19008 18686 18664 4122 3914 3894

Aggregated 455475 451173 451090 35834 33904 33748
Improvements - 0.9% 1.0% - 5.4% 5.8%
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Fig. 3.16 Frequency domain responses (left), time domain responses (middle) and narrowed
time windows responses (right) of the monopile turbine tower top displacement (TTD)
under the DLC 1.2 (16 m/s wind speed) in the fore-aft (FA) direction ((a), (b), (c)) and
in the side-to-side (SS) direction ((d), (e), (f)).

respectively. Moreover, the amplitude reduction of the tower bending mode in the
frequency domain is more significant, which can be up to 37.0% and 27.4% in the fore-aft
and side-to-side directions, respectively. The Power Spectral Density of one of the ULS
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simulation results is shown in Fig. 3.17(a) and (b) via pwelch with 36 windows. It can
be observed that both IBAs are effective in suppressing the tower bending mode, around
0.28 Hz, under the extreme load case. As the blades are all feathered, drag forces and
aerodynamic damping become larger in the side-to-side direction. This explains why
the performance is better in the fore-aft direction while the absolute values are larger in
the side-to-side direction, which is contrast to the situation under normal operational
conditions.

Table 3.6 Monopile turbine ULS analysis results

Evaluation
type Evaluation index TMD IBA4E1 (Imp.) IBA6E1 (Imp.)

Time domain
responses

Max TTD fore-aft (m) 0.284 0.275 (3.0%) 0.274 (3.4%)
Max TTD side-side (m) 0.551 0.546 (0.9%) 0.543 (1.4%)

Max tower bending
moment fore-aft (kN·m) 50323 49122 (2.4%) 49159 (2.3%)

Max tower bending
moment side-side (kN·m) 86084 85262 (1.0%) 84880 (1.4%)

Amplitude TTD fore-aft
(m2/Hz) 0.0144 0.0092 (36.3%) 0.0090 (37.2%)

PSD of the
responses

Amplitude TTD side-side
(m2/Hz) 0.0878 0.0673 (23.4%) 0.0638 (27.4%)

(between
0.2-0.4 Hz)

Amplitude tower bending
moment fore-aft
((kN·m)2/Hz)

3.52×108 2.25×108 (36.1%) 2.22×108 (37.0%)

Amplitude tower bending
moment side-side

((kN·m)2/Hz)
2.15×109 1.64×109 (23.5%) 1.56×109 (27.4%)

3.4.3 Assessment of the spar-buoy turbine response in realistic
metocean conditions

The impact of the optimised TMD and IBAs under FLS and ULS analysis is assessed
for the spar-buoy turbine by considering the same DLCs as for the monopile turbine
(listed in Table 3.4). Only a different water depth (320 m) is considered for the spar-buoy
turbine.
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Fig. 3.17 Frequency domain responses of the monopile turbine tower top displacements
(TTD) under DLC 6.1a in the (a) fore-aft (FA) direction, and (b) side-to-side (SS)
direction.

Spar-buoy turbine FLS analysis

Following the same procedure as outlined in Section 3.4.2, FLS analysis results of the
spar-buoy turbine are obtained and listed in Table 3.7. The aggregated DELs with the
same Weibull distribution are also calculated. Simulation results of the wind turbine
responses when subjected to an average wind speed of 16 m/s are illustrated in Fig. 3.18.

Table 3.7 Spar-buoy turbine FLS analysis results

Fore-aft tower base fatigue
load (kNm)

Side-to-side tower base
fatigue load (kNm)

Wind
Speed TMD IBA4E1 IBA6E3 TMD IBA4E1 IBA6E3

4 4569 4555 4525 186.3 178.8 175.8
8 8597 8568 8559 659.3 644.0 642.9
12 12861 12761 12808 838.3 821.5 821.1
16 14006 13836 13927 1457 1405 1404
20 23563 23373 23440 2526 2362 2366
24 18636 18558 18493 3848 3720 3717

Aggregated 488022 484764 485458 38249 37037 36979
Improvements - 0.7% 0.5% - 3.2% 3.3%

The Power Spectral Density (PSD) of the tower top displacement in the fore-aft, side-to-
side directions and platform pitch movement are shown in Fig. 3.18(a), (d) and (g), with
a same window number as the one used in the monopile turbine FLS analysis. Their
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corresponding time domain responses are shown in Fig. 3.18(b), (e) and (h). Narrowed
time window responses are also shown in Fig. 3.18(c), (f), (i). Again, only responses with
the TMD and IBA6E3 are illustrated in the figures due to the moderate performance
improvements of the IBA6E3 compared to IBA4E1.
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Fig. 3.18 Frequency domain responses (left), time domain responses (middle) and narrowed
time windows responses (right) of the spar-buoy turbine under DLC 1.2 (16 m/s wind
speed) with the tower top displacement (TTD) in the fore-aft (FA) direction ((a), (b),
(c)), in the side-to-side (SS) direction ((d), (e), (f)) and with the platform pitch angle
(PPA) ((g), (h), (i)).

It can be seen that IBAs have the ability to further suppress the tower bending mode of
the spar-buoy turbine at around 0.5 Hz. Similarly, IBAs are more effective in the side-to-
side direction where the improvement can be up to 3.3%, as there is less aerodynamic
damping in this direction. However, the platform pitch mode (around 0.035 Hz) is not
effectively suppressed regardless of either a TMD or an IBA is employed. Therefore, the
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platform pitch angle is unaltered. The peak in Fig. 3.18(a), at around 0.15 Hz, is the
spectrum of the wave load. This is not observed in the side-to-side direction as the wind
and wave loads are always considered aligned. The stroke is also investigated under the
FLS analysis. For the TMD, the maximum stroke under 24 m/s wind speed is 0.62 m
in the fore-aft direction and 0.13 m in the side-to-side direction. While for the IBA4E1

and IBA6E3, the maximum stroke is 0.71 m and 0.74 m in the fore-aft direction, 0.13 m
and 0.13 m in the side-to-side direction, respectively. It can be seen that the stroke
of the IBAs are slightly larger than the TMD, but it is still within the space limit of
the turbine nacelle. Again, in order to achieve a similar performance as the optimum
TMD, the IBA6E3 with a reduced mass values of 7680 kg is also verified with slightly
better performance than the TMD in both the fore-aft and side-to-side directions. This
demonstrates the identified IBA has practical advantages for the offshore wind turbine
applications compared to the TMD.

Spar-buoy turbine ULS analysis

Simulations with DLC 6.1a are performed for the spar-buoy turbine, where the perfor-
mance indices are defined as the absolute maximum tower top displacement and tower
base bending moment of each simulation averaged over six different random simulations.
The amplitude of the tower top displacement and tower base bending moment in the
frequency domain around the tower bending mode (between 0.4 Hz and 0.6 Hz) are also
included for comparison. Results are shown in Table 3.8, where improvements in the time
domain with up to 1.4% are obtained. Moreover, improvements in the frequency domain
can be up to 6.9% and 39.7% in the fore-aft and side-to-side direction, respectively.
The Power Spectral Density calculated by pwelch with 36 windows for one of the ULS
simulation results is shown in Fig. 3.19(a), (b) and (c), which are the tower fore-aft,
side-to-side responses and the platform pitch movement, respectively. It can be observed
that the IBA6E3 is effective for the tower bending mode around 0.5 Hz under extreme
load case. However, the platform pitch mode is dominant in both the fore-aft and
side-to-side directions at around 0.035 Hz. This phenomenon perhaps explains why the
improvement of the maximum tower fore-aft and side-to-side displacements under ULS
is less significant. Moreover, the load spectrum is dominant in the fore-aft direction at
around 0.1 Hz and is not effectively suppressed (as shown in Fig. 3.19(a)), hence the
performance is less significant in this direction even though the blades are all feathered.
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Table 3.8 Spar-buoy turbine ULS analysis results

Evaluation
type Evaluation index TMD IBA4E1 (Imp.) IBA6E3 (Imp.)

Time domain
responses

Max TTD fore-aft (m) 0.576 0.576 (0%) 0.576 (0%)
Max TTD side-side (m) 0.401 0.398 (0.9%) 0.411 (-2.4%)

Max tower bending
moment fore-aft (kN·m) 119205 119115 (0%) 119117 (0%)

Max tower bending
moment side-side (kN·m) 78113 77034 (1.4%) 78395 (-0.3%)

Amplitude TTD fore-aft
(m2/Hz) 0.00129 0.00126 (2.5%) 0.00122 (6.1%)

PSD of the
responses

Amplitude TTD side-side
(m2/Hz) 0.0203 0.0129 (18.7%) 0.0123 (20.1%)

(between
0.4-0.6 Hz)

Amplitude tower bending
moment fore-aft
((kN·m)2/Hz)

4.04×107 3.90×107 (3.4%) 3.76×107 (6.9%)

Amplitude tower bending
moment side-side

((kN·m)2/Hz)
6.66×108 4.22×108 (36.6%) 4.01×108 (39.7%)
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Fig. 3.19 Frequency responses of the spar-buoy turbine under DLC 6.1a with the tower
top displacement (TTD) in the (a) fore-aft (FA) direction, (b) side-to-side (SS) direction,
and (c) with the platform pitch angle (PPA).

3.5 Summary of the chapter

In this chapter, the generic 1PT1NG (1-physical-terminal-1-nominal-ground) network is
derived to characterise a full set of independent passive vibration absorbers consisting
of one reaction mass connected via the combination of springs, dampers and inerters
to the primary structure through a single attachment point. Graph theory is employed
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3.5 Summary of the chapter

to define the series-parallel connection and construct the generic 1PT1NG network. A
systematic procedure is employed to identify beneficial 1PT1NG inerter-based absorbers
(IBAs). Structural vibrations of a fix-bottom and a floating offshore wind turbine are
reduced using the identified absorbers as an application example.

Simplified linear wind turbine models are first established based on their corresponding
OpenFAST models to identify the beneficial IBAs which are used to reduce the tower
top displacements. In order to assess their performance in realistic conditions, the source
code of the OpenFAST is modified to include the transfer functions of any 1PT1NG
IBAs. This enables the full investigation of generalised absorber configurations applied
to various turbine systems using OpenFAST. Then, by employing the identified optimal
IBAs, the monopile and spar-buoy turbines are simulated under different wind and wave
conditions, including normal operational condition (corresponding to the fatigue limit
states (FLS) and extreme load condition (corresponding to the ultimate limit states
(ULS)) with the conventional vibration absorber, the TMD, as a benchmark. Results for
this case study are obtained and concluded as follows:

(1) Based on the established linear monopile and spar-buoy turbine models, it is shown
that no 3-element IBA could provide better performance than the TMD, and
all 5-element candidates containing 2 springs, 2 dampers and 1 inerter cannot
provide extra benefits over 4 elements IBAs. For the 4-element and 6-element
IBA candidates, 4 IBAs for each case are identified which can provide equivalent
performance improvements. This expands the design options for the practical
implementation of IBAs. Optimisation results show that up to 7.3% and 6.4%
performance improvements can be obtained by employing the linear monopile and
spar-buoy turbine models, respectively.

(2) Under realistic metocean conditions, the identified IBAs show performance im-
provements compared to the TMD for the FLS analysis, where the tower damage
equivalent load (DEL) can be reduced by 5.8% and 3.3% for the monopile and the
spar-buoy turbines, respectively. Reduction of the DEL is larger in the side-to-side
direction as there is less aerodynamic damping in this direction. The reason that
the reduction for the spar-buoy turbine is smaller than that for the monopile one is
that the identified IBAs only tune the tower fore-aft mode of the spar-buoy turbine,
while the platform pitch mode is not targeted.

(3) The identified IBAs also show performance improvements compared to the TMD
under the ULS analysis. In the time domain, the maximum tower base bending
moment is reduced by 2.4% and 1.4% for the monopile and the spar-buoy turbines,
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Generic 1PT1NG network with the application to offshore wind turbines

respectively. In the frequency domain, the amplitude of the tower bending mode
can be reduced by 37.0% and 39.7% correspondingly.

(4) Compared with the relatively modest performance improvements using IBAs,
mass value of the optimum IBAs for the monopile and spar-buoy turbines can be
reduced by 25.1% (7486 kg) and 23.2% (7680 kg), respectively, to achieve the same
performance as the optimum TMD. This is crucial for the utilisation of IBAs in
offshore wind turbine tower vibration mitigations where the total mass added to
the nacelle can be substantially reduced.

This case study demonstrates the benefits of the systematic method, where the derived
generic 1PT1NG network has the ability of obtaining optimum configurations across a
whole range of IBA candidates. Therefore, optimum configurations with pre-determined
network topology and complexity can be obtained. Moreover, the fixed-layout absorbers,
which has been previously proposed in different references [26, 140, 25] and proved to
be effective for the offshore wind turbine systems, can be regarded as a subset of the
IBAs identified by employing the geneic 1PT1NG network. In the meantime, more than
one configurations with same performance improvements are identified, which might
provide more possibilities for the next step physical design of such vibration suppression
devices to fit into specific manufacturing requirements. Given these benefits, the method
proposed here is extended in the next chapter to a certain type of 2PT1NG networks.
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Chapter 4

Immittance-Function-Layout with the appli-
cation to building structures

In Chapter 3, we have shown advantages of using the generic 1PT1NG (1-physical-
terminal-1-nominal-ground) network for identification of beneficial one-attachment-point
absorbers with one reaction mass and an arbitrary number of springs, dampers and
inerters. However, this captures only a subset of independent absorbers that include a
reaction mass. There are still a lot of independent vibration absorbers, which contain
two attachment points to the primary system with a reaction mass included, that cannot
be covered by the 1PT1NG network. An example from the literature is a device making
use of both inerter and mass elements, namely the tuned mass damper inerter (TMDI)
proposed by Marian and Giaralis [23]. The TMDI has shown significant performance
benefits for mitigating seismic vibrations [76, 24, 149] compared to the traditional TMD.

For 1PT1NG networks such as the TMD, generic networks constructed in Chapter 3 can
be employed for the systematic identification of beneficial network configurations. Yet
there is no approach being developed which consider 2PT1NG networks with one reaction
mass and an arbitrary number of springs, dampers and inerters. In this chapter, we will
partially address this problem by introducing the Immittance-Function-Layout (IFL),
which includes two Immittance-Function-Blocks (IF-Blocks) and one reaction mass in
between. A more general representation will be given in Chapter 5. The IFL is inspired
by the topology of the TMDI. Due to the presence of this mass element, forces generated
at the two terminals are not equivalent anymore – an Immittance-Function-Matrix (IF-
Matrix) is hence derived to describe the force-velocity relationships at the terminals.
With this IF-Matrix, a full class of IFL-type series-parallel networks can be efficiently
characterised, and the optimum configurations covered by this IFL can be identified.
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Immittance-Function-Layout with the application to building structures

This chapter begins with the introduction of an example three-storey building model,
together with its performance criteria compared by using different typical vibration sup-
pression devices. Then the single-IFL and dual-IFL devices are proposed. In Section 4.2,
a systematic approach incorporating the single-IFL type device is used to identify the
optimum configuration with pre-determined non-mass elements. Dual-IFL type device is
investigated in Section 4.3, where several beneficial configurations are also identified. The
obtained optimum configurations are tested under the real-life earthquake excitations.
A 10-storey building model is also employed to further verify the effectiveness of the
proposed systematic approach. Finally, conclusions are drawn in Section 4.4.

The approach introduced here formed the basis for the following publication:

- Y.-Y. Li, SY. Zhang, J. Z. Jiang, S. Neild (2019). Identification of beneficial
mass-included inerter-based vibration suppression configurations. Journal of the
Franklin Institute, 356(14), 7836-7854.

The IFL network together with this systematic approach is developed by Yi-Yuan Li and
Dr. Sara Ying Zhang. The simulation is finished by Yi-Yuan Li. Dr Jason Zheng Jiang
and Prof. Simon Neild have provided valuable suggestions on this research.

4.1 Building model, performance criteria and the
Immittance-Function-Layout

4.1.1 Three-storey building model and the performance criteria

Firstly, a 3-storey structure (as shown in Fig. 4.1(a)) is modelled as a lumped mass
system, incorporating each of the three vibration suppression devices once, namely, the
TMD, the TID and the TMDI, as shown in Fig. 4.1(b)-(d). The study is extended
in Section 4.2 and 4.3 to incorporate a generic suppression device that incorporates
the mass element. Floor mass and inter-storey stiffness of the 1st, 2nd and 3rd floor
are denoted as M1, M2, M3, and ks1, ks2, ks3, respectively. In this chapter, the floor
mass is taken to be M1 = M2 = M3 = M = 1000 kg and the inter-storey stiffness is
ks1 = ks2 = ks3 = ks = 1500 kN/m. The structural damping is taken to be zero, in line
with [21, 30], since it is typically small compared with that of the control device. The
vibration suppression device is located between the 2nd and 3rd floor, where Fu and Fl

represents the force exerted by the vibration suppression device to the upper and lower
floors, respectively.
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4.1 Building model, performance criteria and the
Immittance-Function-Layout

The equations of motion for this 3-storey building model integrating the vibration
absorber can be represented by Eq. (4.1) in the Laplace domain:


M 0 0
0 M 0
0 0 M



s2X1(s)
s2X2(s)
s2X3(s)

 +


2ks −ks 0
−ks 2ks −ks

0 −ks ks



X1(s)
X2(s)
X3(s)

 =


ksR(s)
−Fl(s)
Fu(s)

 (4.1)

where X1(s), X2(s), X3(s) and R(s) are displacements of different floors and the ground,
respectively, in the Laplace domain (note xi(t) L−→ Xi(s), x0(t) L−→ X0(s) ,and fu(t) L−→
Fu(s), fl(t) L−→ Fl(s)).

(a)

(b) (c) (d)

Fig. 4.1 (a) An example 3-storey building model with typical vibration suppression
devices, including (b) the TMD, (c) the TID, and (d) the TMDI.

In this work, we consider the inter-storey drift displacements, accounting for the seismic
damage of the building model, as the performance index. The inter-storey drift is
denoted as Xdi with i = 1, 2, 3 in Laplace domain, Xdi(s) = Xi(s) −Xi−1(s) with X0(s)
representing the ground displacement R(s). In this way, the inter-storey drift Xdi(s) can
be obtained from Eq. (4.1). With the obtained Xdi, the objective function is defined:

J∞ = maxi=1,2,3

(∥∥∥Ts2R→Xdi
(s)

∥∥∥
∞

)

subject to: m = 150 kg, b ∈ [0, 1000] kg

(4.2)
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Immittance-Function-Layout with the application to building structures

where Ts2R→Xdi
denotes the transfer function from ground acceleration s2R(s) to inter-

storey drifts Xdi(s) and ∥Ts2R→Xdi
(s)∥∞ is the standard H∞ norm, which represents the

maximum magnitude of Ts2R→Xdi
across all frequencies. Based on the previous studies [9],

the larger the mass value, the better the performance of the TMD. However, in practice, a
very large mass is not achievable because of the weight and space constraints. Therefore,
in this paper, we fix the mass value to be m = 150 kg, which is 5% of the whole building
mass. On the other hand, the inerter can achieve higher inertance value using gearings in
mechanical inerters [12] or adjusting the piston-cylinder cross-sectional area ratio in fluid
inerters [3, 64]. Hence, in this study, an upper bound of 1000 kg is used to constrain the
inertance value b, which is equal to the mass of one floor.

We note that there are many performance criteria adopted for building vibration suppres-
sion, such as relative displacement, inter-storey drift, and weighted frequency distributions
[50]. The building model used can indeed be more complicated as well. The specific
formulation of this mathematical problem serves the purpose of demonstrating the pro-
posed systematic approach. Same procedure specified in this work can be applied to
different mechanical systems and performance criteria.

4.1.2 Performance of three typical layouts

In this sub-section, three typical absorbers are investigated, which are the TMD, TID and
TMDI, as shown in Fig. 4.1(b)-(d). The objective function J∞ in Eq. (4.2) is optimised
to identify the absorber parameter values using a combination of patternsearch and
fminsearch in Matlab, with fminsearch refining the results obtained via patternsearch.
Results for these three devices are summarised in Table 4.1. It can be seen that with
the same added mass where m = 150 kg, the TMDI can provide a 36.6% performance
improvement compared with the TMD, and it also outperforms the TID with 38.8%
smaller value of J∞ using much lower level of inertance. Since the TMDI provides the best
performance in this example, it is used as a benchmark for the studies in Sections 4.2 and
4.3. Response of the optimum TMD will also be included because this is a very widely
studied device. It should be noted that based on the previous study [21], the TID can
achieve better performance by mounting it at the bottom of the host building structures
along with larger inertance, while the TMD is more effective at the top. Moreover, as
demonstrated in [149], the TMDI generally performances better when located between
the higher floors than at the bottom. Since the focus of this work is to demonstrate the
advantages of the proposed systematic approach under same optimisation scenario, rather
than comprehensively explore the optimum design for a specific engineering problem, we
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4.1 Building model, performance criteria and the
Immittance-Function-Layout

only consider the absorbers mounted at the same location, i.e, the top floor in this study.
We choose this floor because the candidate absorbers are all mass-included configurations,
where most of the previous studies locate the mass-included absorbers (such as the TMD
[51] and the TMDI [24]) at the top floor. Other floors can also be chosen to demonstrate
the advantages of the proposed approach. With the identified network layouts, their
optimum location can also be further explored for practical applications. But this is
beyond the scope of this study, and it can be considered as future works. Fig. 4.2 shows
the frequency responses of the three inter-storey drifts Ts2R→Xdi

integrating one of the
three optimised configurations. It can be observed that the peaks in the first mode
natural frequency are split into two peaks where TID and TMDI are used. However, the
TMD splitting peaks are difficult to observe. This is because these peaks are very close
together, at 2.54 Hz and 2.63 Hz.

Table 4.1 Optimisation results using the TMD, TID and TMDI layouts

Optimum
configurations J∞ k (kN/m) c (kNs/m) b ∈ [0, 1000]

(kg)

TMD 0.0172 38.76 1.71 /

TID 0.0178 354.14 4.47 1000

TMDI 0.0109 59.38 1.27 80.16

4.1.3 Immittance-Function-Layout

The significant performance benefit of the TMDI over the studied TMD and the inerter-
based TID demonstrates the potential advantages of the mass-included inerter-based
absorbers with two attachment points. The possible topological connections with a
mass, inerters, dampers and springs are numerous. Hence, it is extremely challenging
to systematically identify the most beneficial configurations amongst them. In order
to achieve so, an Immittance-Function-Layout (IFL) is proposed. This is a generic
network layout with Immittance-Function-Blocks (IF-Block) included, where the IF-
Blocks represents sub-networks consisting of springs, dampers and inerters. The proposed
IFL is shown in Fig. 4.3, where

Yi(s) = Fi(s)
Vi(s)

with i = u, l (4.3)
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Immittance-Function-Layout with the application to building structures

ω (Hz)

Fig. 4.2 Frequency domain responses comparison of the building structure inter-storey
drifts with the optimum TMD, TID and TMDI.

Yu(s) and Yl(s) are the force-velocity passive mechanical admittance representing IF-
Blocks, which consist of non-mass elements only, and connect to the upper and lower floor,
respectively. Fu(s), Fl(s) are the forces exerted by the corresponding IF-Blocks, and
Vu(s), Vl(s) are the relative velocities across their two terminals. Note that although the
topological connection of the added mass is given and fixed in prior, different numbers of
degrees-of-freedom (DOFs) will be introduced regarding different layouts. When elements
or sub-networks are connected in series, extra DOFs are introduced.

Yu(s)

m

Yl(s)

Lower floor (x2)

Upper floor (x3)

Fig. 4.3 The proposed single-IFL type mass-included inerter-based device.
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4.2 Identification of optimum configurations with a single mass-included
inerter-based device

Since mass is included in the IFL device, the forces Fu and Fl exerted on the two
corresponding floors are not equal in magnitude. They are related to the displacements
X2(s) and X3(s) and the Immittance-Function-Matrix (IF-Matrix) is give as:

 Fl(s)
Fu(s)

 =


−Yl(s)(ms2 + sYu(s))
ms+ Yl(s) + Yu(s)

sYu(s)Yl(s)
ms+ Yu(s) + Yl(s)

− sYl(s)Yu(s)
ms+ Yu(s) + Yl(s)

Yu(s)(ms2 + sYl(s))
ms+ Yu(s) + Yl(s)


 X2(s)
X3(s)

 (4.4)

Using the IF-Matrix as in Eq. (4.4), forces Fl(s) and Fu(s) exerted by a full set of
IFL-type vibration suppression devices can be obtained. Taking the TMDI as an
example, we have Yu(s) = k/s+ c and Yl(s) = bs. It should be noted that the proposed
IFL also covers special cases like the TMD, where Yl(s) or Yu(s) equals 0, and the
TID, where m = 0 and Yl(s) = ∞. With Yu(s) = k/s + c and Yl(s) = 0, the forces
exerted by the TMD are Fu(s) = ms2Yu(s)X3(s)/(ms+ Yu(s)), Fl(s) = 0; for TID,
Yu(s) = 1/(1/(bs) + 1/(k/s+ c)), Yl(s) = ∞ and m = 0 kg, therefore, Fl(s) = Fu(s) =
sYu(X3 −X2).

It has been shown by previous researchers (e.g. in [53]) that multiple TMDs are more
effective than a single TMD for vibration suppression. To this end, two parallel-connected
IFL layout, which is termed as a dual-IFL device, is proposed, as shown in Fig. 4.8 of
Section 4.3. Identification of beneficial single-IFL and dual-IFL type devices will be
discussed in Sections 4.2 and 4.3, respectively.

4.2 Identification of optimum configurations with a
single mass-included inerter-based device

In this section, a systematic approach for optimum configuration identification is intro-
duced for a single-IFL type device. Performances of the obtained single-IFL configurations
are analysed in detail.
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4.2.1 Non-mass elements distribution possibilities in the upper
and lower sub-networks

Without loss of generality, assuming there are n number of non-mass elements in a
single-IFL device, it can be denoted as IFLim(n−i), shown at the top layout of Fig. 4.4.
The subscripts i and (n− i) represent the number of non-mass elements contained in the
upper and lower sub-networks, respectively. Yu,i(s) is the structural admittance of the
upper sub-network with i non-mass elements, and Yl,(n−i)(s) represents the structural
admittance of the lower sub-network with (n− i) non-mass elements. It should be noted
that both Yu,i(s) and Yl,(n−i)(s) can be an open connection where the admittance function
equals 0, or a rigid connection where the admittance function equals ∞. For both cases,
the sub-network contains no element, and we denote as i = 0 (for open connection) and
i = ∞ (for rigid connection). Hence, there are n+ 3 element distribution possibilities
in total, which are denoted as IFL∞mn, IFL0mn, IFL1m(n−1),..., IFLim(n−i),..., IFL(n−1)m1,
IFLnm0, and IFLnm∞, as shown in Fig. 4.4. After the number of non-mass elements in
each sub-network is determined, the structure-immittance approach is adopted to cover
the full set of series-parallel topological connection possibilities.

IFLim(n−i)

IFLnm∞ IFLnm0 IFL(n−1)m1 IFL1m(n−1) IFL0mn IFL∞mn

Yu,i(s)

m

Yl,(n−i)(s)

Yu,n(s)

m

Yu,n(s)

m

Yu,(n−1)(s)

m

Yl,1(s)

Yu,1(s)

m

Yl,(n−1)(s) Yl,n(s)

m

Yl,n(s)

m

Fig. 4.4 The complete element distribution possibilities for single-IFL with n non-mass
elements.
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4.2 Identification of optimum configurations with a single mass-included
inerter-based device

Regarding the number of each non-mass element type, three cases are considered for
single-IFL device. These are Case I: 1 spring, 1 damper and 1 inerter combination,
denoted as 1k1c1b case; Case II: 2 springs, 1 damper and 1 inerter combination, denoted
as 2k1c1b case; and Case III: 1 spring, 2 dampers and 1 inerter combination, denoted
as 1k2c1b case. We will use Case II to explain in detail how the systematic approach is
conducted.

For Case II, there are 7 non-mass distribution possibilities, which are IFL4m∞, IFL4m0,
IFL3m1, IFL2m2, IFL1m3, IFL0m4 and IFL∞m4. Now we use IFL3m1 as an example
to demonstrate how the structure-immittance approach is employed. Three possible
combinations of elements in Yu(s) can be obtained and the remaining one element will
be in Yl,1(s). These three combinations are 2 springs and 1 damper (termed as 2k1c); 2
springs and 1 inerter (termed as 2k1b); 1 spring, 1 damper and 1 inerter (termed 1k1c1b).
For the 1k1c1b combination, two generic networks, shown as Q11 and Q12 of Fig. 2.6
can be obtained based on the structure-immittance approach, for which the admittance
functions can be derived as Eq. (2.8), which cover all the possible combinations of one
spring, one damper and one inerter. It should be noted that since at most one spring
of the networks shown in Fig. 2.6 is present, for Y11(s) in Eq. (2.8), at least three of
the parameters k2, 1/k3, k4, k6 must be equal to zero, and for Y12(s), at least three of
the parameters 1/k1, 1/k2, k3, 1/k5 must be equal to zero. For the combinations of
2k1c and 2k1b, two generic network will suffice. Therefore, the optimisation process
will be conducted 4 times for the IFL3m1 layout. For IFL4m∞, IFL4m0, IFL2m2, IFL1m3,
IFL0m4 and IFL∞m4, the structural admittances can be obtained by following the similar
procedure. It can be calculated that 8 generic networks (and the corresponding structural
admittances) will be needed for Case II, which can cover 104 layouts in total. Indeed,
as the total number of elements becomes larger, there will be more candidate network
layouts, which will lead the proposed approach more complicated. But the significance
of this approach is that it is systematic, which makes it easier to analyse all the possible
absorbers; and by making use of the structure-immittance approach, significantly less
implementations are needed for the optimisation. Without this proposed systematic
approach, it is firstly difficult to enumerate all the possible candidate layouts and secondly
hard to take all these layouts into consideration for the optimisation. Furthermore, this
approach can be implemented as a computer algorithm, for which the distribution of
element types and numbers can be directly obtained. We anticipate that there will
be some redundancy in the resulted network, but this will not affect the optimisation
results, although there might be more than one minima of the cost function that result
in identical configurations once the redundancy is noted.
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4.2.2 Optimisation results

Following the above systematic approach, the optimisation procedure is conducted using
the structural admittances such as Y11(s) and Y12(s) in Eq. (2.8) and Y21(s) and Y22(s)
in Eq. (2.9). The results are summarised in Table 4.2. For Case I and Case III, the
most beneficial configuration is the TMDI with the parameter values shown in Table 4.1.
For Case II, the most beneficial configuration is shown in Fig. 4.5, termed C1, with the
objective function value J∞ = 0.0101 using the parameter values shown in Table 4.2.
The C1 configuration improves the performance by 7.3% and 41.3% compared with the
TMDI and TMD, respectively. Note that two more DOFs (x1 and x2) are added when
attaching the C1 absorber to the main system, as shown in Fig. 4.5. Besides, C1 only
has one attachment point to the hosting structure, so it will also be less affected by the
effects such as brace stiffness and backlash compared to the TMDI.

Lower floor

Upper floor

C1

Fig. 4.5 The optimum single-IFL type device configuration C1, obtained from Case II,
with two more DOFs adding to the building system.

Table 4.2 Optimisation results using the single-IFL type device for Cases I, II and III

Case

optimum
config-
ura-
tion

J∞

improvement
compared
with the
TMDI

k1
(kN/m)

k2
(kN/m)

c1
(kNs/m)

b1 ∈
[0, 1000]
(kg)

I
(1k1c1b) TMDI 0.0109 / 59.38 / 1.27 80.16

II
(2k1c1b) C1 0.0101 7.3% 89.14 41.86 0.81 23.91

III
(1k2c1b) TMDI 0.0109 / 59.38 / 1.27 80.16
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4.2 Identification of optimum configurations with a single mass-included
inerter-based device

Fig. 4.6 shows the frequency responses of the three inter-storey drifts Ts2R→Xdi
integrating

the optimum configuration C1, together with the optimum TMD and TMDI. Considering
the internal resonance of the device alone, the resonant frequencies for C1 are 3.72 Hz
and 6.53 Hz, which target the vicinity of the first and second modes of the main structure,
respectively. It can be seen from Fig. 4.6 that, the peaks at the vicinity of the first model
natural frequency are further reduced by using the C1 configuration, compared with
both optimum TMD and TMDI configurations. Peaks for the second and third modes
are also effectively suppressed.

ω (Hz)

Fig. 4.6 Frequency domain responses comparison of the building structure inter-storey
drifts with the optimum TMD, TMDI and C1 configurations.

The effect of the inerter’s size on the performance, J∞, of the main structure with
configuration C1, is shown in Fig. 4.7. It can be observed that the optimum performance
occurs when b = 23.91 kg and as the value of b increases from this, J∞ becomes
larger. This is because the movement between the two terminals across the damper c1 is
diminished as the inerter’s size becomes larger. In the extreme case that b is infinite, the
damper is locked. Furthermore, it can be calculated that, in order to achieve the same
level of performance as C1, J∞ = 0.0101, the mass of the TMD and TMDI needs to be
increased by 1.83 and 1.74 times of the original value where m = 150 kg, respectively.
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Also for the TID, it can be calculated that the inertance value needs to be 133 times
larger compared with that of C1 as shown in Table 4.2 to match its performance.

0 200 400 600 800 1000

0

0.04

0.08

0.12

0.16

0.2

23.91

J
∞

b (kg)

Fig. 4.7 Relationship of the performance index J∞ with respect to different inertance
value in C1.

4.3 Identification of optimum configurations with
two mass-included inerter-based devices

This section demonstrates how the systematic approach can be applied when a dual-IFL
device is used. Performances of obtained dual-IFL configurations are also analysed in
detail.

4.3.1 Non-mass element distribution possibilities in a dual-IFL
device

A dual-IFL containing n non-mass elements is proposed in Fig. 4.8, where n1 and n2

are the number of non-mass elements contained in the left IFL and right IFL of the
dual-IFL device, respectively, with n1 + n2 = n. It should be noted that when n1 = 0 or
n2 = 0, the dual-IFL device is reduced to a single-IFL device, which has been discussed
in Section 4.2. This dual-IFL is denoted as IFLim1(n1−i),jm2(n2−j). Here, YLu,i(s) and
YLl,(n1−i)(s) are the structural admittances of the upper and lower sub-networks in the
left IFL, which contains i and (n1 − i) non-mass elements, respectively. Similarly, YRu,j(s)
and YRl,(n2−j)(s) are the structural admittances of the upper and lower sub-networks in
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the right IFL, which contains j and (n2 − j) non-mass elements, respectively. Following
a similar procedure to that presented in Section 4.2, all non-mass elements distribution
possibilities for the dual-IFL device can be enumerated. For simplicity, this procedure is
not presented in detail. With the determined element number for each sub-network, the
structure-immittance approach will be adopted to include all possible configurations for
optimisation. In this section, the total mass value is chosen as m1 +m2 = 150kg. The
inertance value is constrained that b ≤ 1000kg, in consistency with the rest of the paper.

YLu,i(s)

m1

YLl,(n1−i)(s)

YRu,j(s)

m2

YRl,(n2−j)(s)

Lower floor (x2)

Upper floor (x3)

Fig. 4.8 Dual-IFL type devices containing n non-mass elements, where n1 + n2 = n.

4.3.2 Optimisation results

Three cases are considered in this section, which are Case IV: 2 springs, 1 damper
and 1 inerter combination, denoted as 2k1c1b case; Case V: 1 spring, 2 dampers and 1
inerter combination, denoted as 1k2c1b case; Case VI: 2 springs, 2 dampers and 1 inerter
combination, denoted as 2k2c1b case. To constrain the computational complexity, here
we limit the element number in each sub-network in Fig. 4.8 to be no more than 4. By
conducting the proposed systematic method, the optimum configurations are obtained,
with the newly identified ones shown in Fig. 4.9. The corresponding parameter values
are summarised in Table 4.3. For Case IV, the optimum configuration is C1, same as
the optimum configuration identified in Section 4.2. The reason we cannot get a better
performance configuration is that there is only 1 damper, which means one of the IFL
device is un-damped. The most beneficial configurations for Case V and Case VI are C2
and C3, respectively. Note that C2 introduces one additional DOF and C3 introduces
two extra DOFs to the main system, which are shown in Fig. 4.9(a) and (b). C2L and
C2R represent the network configurations at the left and right hand side of C2, and
same notation is used for C3. It can be seen that the layout of both C2L and C3L are
TMD, and C2R and C3R are both 2-physical-terminal (2PT) networks (as introduced in
Fig. 3.2 of Section 3.1). Therefore, both C2 and C3 are still networks with two physical
terminals and one notional ground terminal (2PT1NG). For C2, the objective function is
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J∞ = 0.0079, and for C3 is J∞ = 0.0071, with the corresponding parameter values for
both listed in Table 4.3. Again, as stated in Section 3.3, with more elements included
in the identified absorbers, although the system dynamic performance is improved, the
combined nonlinear effects of these elements could have great impacts on the overall
performance. Nonlinearity of these identified absobers should be fully investigated before
they are used for real engineering applications.

Lower floor

Upper floor

C2L C2R C3L C3R
C2 C3

Fig. 4.9 Identified optimum dual-TFLs configurations C2 and C3 from Case V and Case
VI, respectively, along with the extra DOFs they introduce to the building system.

Table 4.3 Optimisation results using the dual-IFL device for Cases IV, V and VI

Case
Optimum
configu-
ration

J∞

Improvement
compared
with the
TMDI

k1
(kN/m)

k2
(kN/m)

c1
(kNs/m)

c2
(kNs/m)

b1 ∈
[0, 1000]
(kg)

IV
(2k1c1b) C1 0.0101 7.3% 89.14 41.86 0.81 / 23.91

V
(1k2c1b) C2 0.0079 27.5% 37.80 / 0.89 45.26 1000

VI
(2k2c1b) C3 0.0071 34.9% 35.27 589.46 0.86 37.37 1000

Fig. 4.10 shows the frequency responses of C2 and C3, together with those of the optimum
TMD and TMDI. It can be seen that significant performance advantages have been
obtained. Considering the internal resonance of the device alone, for C2, there is only
one frequency located at 2.40 Hz. Similar to a TMD, this is close to the building’s
first natural frequency. Therefore the peaks of the building’s first natural frequency is
split into 2 when the full system is considered, which are located at f1 = 2.32 Hz and
f2 = 2.97 Hz, respectively. Two frequencies of C3 are 2.44 Hz and 3.86 Hz, both of which
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target the building’s first mode. As a result, the peaks in the first mode natural frequency
are split into 3 frequencies, which are f1 = 2.25 Hz, f2 = 2.89 Hz and f3 = 3.38 Hz, all
around the first natural frequency of the building model. Fig. 4.11(a) and (b) present
the frequency responses of the first inter-storey drift Ts2R→Xd1 for the configuration C2,
C2L, C2R and C3, C3L, C3R, by using the optimum parameter values obtained for C2
and C3, respectively. The reason we only choose the first inter-storey drift is because it

ω (Hz)

Fig. 4.10 Frequency domain responses comparison of the building structure inter-storey
drifts with the optimum TMD, TMDI, C2 and C3 configurations.

has the largest response amongst all the three inter-storey drifts. Besides, the trends for
Ts2R→Xd2 and Ts2R→Xd3 are the same as Ts2R→Xd1 , so they are not included for brevity. It
is interesting to observe that C2L (resp. C3L) mainly target the first natural frequency,
splitting the first mode into two peaks (resp. three peaks), whereas, the second and third
modes have not been affected by C2L (resp. C3L). On the other hand, C2R (resp. C3R)
alone mainly target the higher modes of the main structure.

Now consider the mass value for a TMD, TID or TMDI to achieve the same performance
as C3, namely J∞ = 0.0071. The mass of the TMD and TMDI needs to be increased by
2.83 and 4.72 times the original m = 150 kg, respectively. As for the TID, it is unable to
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(a)

(b)

ω (Hz)

Fig. 4.11 Frequency domain responses comparison of the building structure inter-storey
drift Ts2R→Xd1 with (a) C2 and C2L, C2R alone; (b) C3 and C3L, C3R alone.

achieve the same performance as C3 even when the inertance value is unconstrained and
the minimum J∞ = 0.0092.

4.3.3 Verification of the obtained beneficial absorbers

Using the identified configurations, the building’s response subjected to two real-life
earthquake excitations are examined. One is a 50 second ground acceleration record
from the 1995 Kobe earthquake in Japan, with the time history ground acceleration
and single-sided Fourier spectrum shown in Fig. 4.12(a) and Fig. 4.13(a), respectively.
The other is a recording from the 2011 Tohoku earthquake with a longer duration, see
Fig. 4.14(a) and Fig. 4.15(a).

Fig. 4.12(b) shows a time history of the inter-storey drift of the first floor relative to the
ground under the Kobe earthquake, with the black, blue, green and red lines represent the
responses incorporating the optimum configurations TMDI, C1, C2 and C3, respectively.
It can be observed that the results of the inter-storey drift time histories responses are
consistent with the performance index J∞, where the performance from best to worst is
C3, C2, C1, then the TMDI. Fig. 4.13(b) shows the single-sided Fourier spectrum of the
inter-storey drift Xd1 incorporating the TMDI, C1, C2 and C3, respectively. The highest
amplitudes are attained at low frequencies, hence only the 0-7 Hz frequency ranges is
shown. The first natural frequency of the structure is f1 = 2.74 Hz, tuned to match the
high amplitude frequency region of the chosen ground motion. The relative displacement
time history and the single-sided Fourier spectrum of the inter-storey drift Xd1 under
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Fig. 4.12 Time-history of the (a) ground acceleration, and the (b) inter-storey drift of
the first floor relative to the ground with C1, C2, C3 and the optimum TMDI, where the
Kobe earthquake input is used.
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Fig. 4.13 Single-sided Fourier spectra of the (a) ground acceleration, and the (b) inter-
storey drift of the first floor relative to the ground with C1, C2, C3 and the optimum
TMDI, where the Kobe earthquake input is used.
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Fig. 4.14 Time-history of the (a) ground acceleration, and the (b) inter-storey drift of
the first floor relative to the ground with C1, C2, C3 and the optimum TMDI, where the
Tohoku earthquake input is used.
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Fig. 4.15 Single-sided Fourier spectra of the (a) ground acceleration; and the (b) inter-
storey drift of the first floor relative to the ground with C1, C2, C3 and the optimum
TMDI, where the Tohoku earthquake input is used.

84



4.3 Identification of optimum configurations with two mass-included
inerter-based devices

the Tohoku earthquake are shown in Fig. 4.14(b) and Fig. 4.15(b), respectively. Again, it
can be seen that the configuration C3 achieves the best seismic performance, followed by
C2 and C1, and finally the optimum TMDI.

In order to further verify the effectiveness of this approach, a 10-storey building model
subjected to base excitation is also considered, where the floor mass and inter-storey
stiffness remain consistent with the 3-storey building, i.e. 1000 kg and 1500 kN/m,
respectively. The identified configurations C1, C2 and C3 are re-optimised with the TMD
and the TMDI as comparison. Results are shown in Table 4.4 and Fig. 4.16, from which
superior performance can still be obtained by using C1, C2 and C3 on the 10-storey
building.

Table 4.4 Optimisation results of the TMD, TMDI, C1, C2 and C3 on a 10-storey building
model

Optimum
configura-

tions
J∞

Improvements
compared
with the
TMDI

k1
(kN/m)

k2
(kN/m)

c1
(kNs/m)

c2
(kNs/m)

b ∈
[0, 1000]
(kg)

TMD 0.144 / 4.78 / 0.600 / /

TMDI 0.117 / 54.6 / 0.491 / 18.5

C1 0.106 9.4% 42.9 4.97 0.436 / 7.34

C2 0.048 59.0% 4.74 / 0.175 146.5 1000

C3 0.047 59.8% 4.73 36.7 0.176 86.5 1000

Frequency responses of the first floor inter-storey drift relative to the ground for the TMD,
TMDI and C3 are shown in Fig. 4.16. Similar to 3-storey building case, frequencies of C3
target the building’s first mode, splitting the first mode where f1 = 0.85 Hz, f2 = 0.97
Hz, f3 = 0.98 Hz. Only two peaks can be observed in the figure, this is because f2 and
f3 are very close to each other. Note that if the systematic approach is fully adopted
where all possible configurations are considered, even more enhanced performance might
be achieved.

It should be noted that only the network layouts C1, C2 and C3, which are identified
in the 3-storey case study, are re-optimised for the 10-storey building. If the full set of
single- and double-IFL networks with predetermined number of elements are considered,
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Fig. 4.16 Frequency domain responses of the first floor inter-storey drift relative to the
ground for the TMD, TMDI and C3 on a 10-storey building model.

different optimal network configurations could possibly be obtained. It is similar for
the case when more storeys are considered or for heterogeneous buildings where not all
floor weight and stiffness are equal. This is because with different building models, mode
frequencies and mode shapes of these building systems are different. When interacting
with the dynamics of different absorbers, new network configurations could possibly be
obtained.

4.4 Summary of the chapter

In this chapter, an Immittance-Function-Layout (IFL) is proposed, which can cover a
complete set of networks with a layout that two IF-Blocks and one mass element are
connected in series with the mass in between. By using the proposed IFL, a systematic
procedure is provided to identify the most beneficial configurations with pre-determined
numbers of non-mass elements. In order to cover two-mass-included inerter-based devices
as well as identifying more beneficial configurations, dual-IFL type devices with two
parallel-connected IFL layouts are also considered. The main conclusions and results are
obtained and summarised as follows:

(1) The proposed IFL is effective in identifying optimal network configurations, where
an example is given to mitigate the maximum inter-storey drift of a three-storey
building model subjected to base excitation. Totally three optimal configurations,
C1, C2 and C3, which incorporate inerter(s), spring(s), damper(s), and mass(es)
have been obtained. C1 is a single-IFL type device, with 7.3% improvements
obtained compared with the optimum TMDI. C2 and C3, which are still 2PT1NG
networks, are obtained through the dual-IFL devices with up to 34.9% improvements.
These two networks cannot be obtained by using the previously proposed structure-
immittance approach as the structure-immittance approach can only be used to
identify 2PT networks. This demonstrates the advantages of the proposed IFL that
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the IFL can be used to identify more beneficial networks which cannot be covered
by the structure-immittance approach.

(2) It has been shown that the dual-IFL type devices outperform the single-IFL devices
with same mass constraints. This is because, for the identified dual-IFL device, one
IFL mainly targets the building’s first natural frequency, and the other IFL is able
to target higher frequencies.

(3) Finally, real-life earthquake inputs are used on the 3-storey building model in-
corporating the identified absorbers, which show advantages of those absorbers
on mitigating seismic vibrations compared to the optimum TMDI. A 10-storey
building model subjected to base excitation is also adopted to further verify the
effectiveness of the identified absorbers.

The proposed IFL captures a certain range of mass-included devices with two attachment
points to the primary structure in a comprehensive way. Significant benefits have been
obtained with the identified networks. Considering that all these networks are essentially
two 2PT1NG networks, this show the potential performance improvements of 2PT1NG
networks. Therefore, in the next chapter, a complete set of 2PT1NG networks will be
explored to fully demonstrate the network performance through a systematic approach.
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Chapter 5

Generic 2PT1NG networks with the applica-
tion to building structure

In this chapter, the generic 2PT1NG network is formulated to cover all possible series-
parallel networks with 2 physical terminals (PTs) and one notionally grounded (NG)
terminal (this terminal allows the connection of a reaction mass).

The significant performance benefit of the C2 and C3 obtained in Chapter 4 over the
traditional TMD, the TID, and the TMDI demonstrates the potential advantages of
vibration absorbers where all four mechanical elements, inerter(s), damper(s), spring(s)
and mass(es) are used. The possible topological connections with these elements included
are numerous, and it is extremely challenging to systematically identify the most beneficial
configurations amongst them. In Chapter 3, the generic 1PT1NG network, which is
a complete set of networks containing one PT and one NG, has been investigated. In
Chapter 4, the IFL network, which covers a certain set of networks with two PTs and
one NG (termed as the 2PT1NG network), are also discussed. However, there are still
various 2PT1NG networks, which cannot be covered by the IFL-type network. They
could potentially provide more preferred dynamic properties. An example network which
is 2PT1NG, but cannot be covered by the IFL type network is shown in Fig. 5.1. To
fully explore a complete set of mass-included vibration absorbers with two PTs, generic
2PT1NG networks are derived in this chapter based on the work done in Chapters 3 and
4. Graph theory [128, 150] is again employed to construct the topological connections.
Together with the generic 1PT1NG network derived in Chapter 3, all possible networks
with series–parallel connections of one reaction mass and a pre-determined number of
springs, dampers and inerters can be covered.
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PT1 PT2

m

c b

k
NG

Fig. 5.1 An example 2PT1NG network which cannot be covered by the IFL.

This chapter is structured as follows. In Section 5.1, the problem of identifying the
optimum reaction-mass-included vibration absorbers with two attachment points is
formulated. Section 5.2 enumerates all possible absorber layouts through the constructed
generic 2PT1NG Networks — this captures a complete set of absorber possibilities
including one reaction mass and a pre-determined number of springs, dampers and
inerters connected in series-parallel. In Section 5.3, the proposed generic 2PT1NG
networks are applied to an example 3-storey structure, demonstrating the performance
advantages that can be achieved. Conclusions are drawn in Section 5.4.

The approach introduced here formed the basis for the following publication:

- SY. Zhang, Y.-Y. Li, J. Z. Jiang, S. Neild, J. H. MacDonald (2019). A methodology
for identifying optimum vibration absorbers with a reaction mass. Proceedings of
the Royal Society A, 475(2228), 20190232.

The geneic 2PT1NG network together with this systematic approach is developed by
Yi-Yuan Li and Dr. Sara Ying Zhang. Dr Jason Zheng Jiang, Prof. Simon Neild and
Prof. John MacDonald have provided valuable suggestions on this research.

5.1 Problem formulation

When a reaction mass is included in the network, a systematic approach becomes
challenging, as the reaction mass is a one-terminal element (as illustrated in Fig. 3.1).
In order to include the reaction mass in a systematic network identification approach,
it is treated as a special two-terminal element, with one terminal notionally connected
to the ground, denoted as a notional-ground (NG). Accordingly, terminals connected to
physical attachments are denoted as physical-terminals (PTs) when considering their
network representations. Therefore, similar to the 1PT1NG network demonstrated in
Section 3.1, by denoting the absorber attachment points 1 (resp. 2) as PT1 (resp. PT2)
in the network representation, the TMDI (Fig. 5.2 (a)) can be depicted as a network
shown in Fig. 5.2(b). It is no longer two-terminal, but a three-terminal network with
two PTs and one NG, denoted as a ‘2PT1NG network’.
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Fig. 5.2 (a) The TMDI absorber schematic plot, and (b) its network representation.

Fig. 5.3 shows a general representation of a 2PT1NG network, with forces f1, f2 and
velocities v1, v2 at two PTs. Note that because of the reaction mass, in contrast to the
2PT network (whose admittance function is Y (s) = F (s)/(V1(s)−V2(s)), see Fig. 3.2(b)),
the forces f1, f2 of the 2PT1NG network are not equal and opposite. To describe the
relations between the velocities and the forces in the Laplace domain, an Immittance-
Function-Matrix (IF-Matrix), denoted as L(s), is required. The derivation of IF-Matrix
for a given 2PT1NG network is detailed in Appendix B.

PT1 PT2

v1 v2

f1 f2
L(s)

NG

Fig. 5.3 2PT1NG network.

The rest of the paper addresses the following two questions:

(1) Given one reaction mass and any pre-determined number of inerters, dampers and
springs, how to enumerate all possible series-parallel ‘2PT1NG’ network layouts?

(2) Based on (1), how to systematically identify the optimum absorber configuration for a
given vibration suppression problem?

In order to address Question (1), procedures to construct 2PT1NG Immittance-Function-
Networks (IF-Networks) need to be introduced. Similar to Chapter 3, an IF-Network
refers to a network layout with its 2PT sub-networks represented by Immittance-Function-
Blocks (IF-Blocks, e.g. Fig. 3.2(b)). Generic IF-Networks which capture all 2PT1NG
IF-Network possibilities for given conditions will be identified. Different distribution
cases of the pre-determined numbers of inerters, dampers and springs in the IF-Blocks
of the generic IF-Networks will then be discussed to obtain all possible series-parallel
2PT1NG network layouts.
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5.2 2PT1NG network layout enumeration

In this section, 2PT1NG network layouts with a reaction mass are considered. The series
and parallel connections between a 2PT and a 2PT1NG network are firstly described,
after which a procedure to formulate 2PT1NG IF-Networks is introduced. The generic
2PT1NG IF-Networks, covering all the IF-Network possibilities with a given number
of IF-Blocks, are formulated. Using these generic IF-Networks, the enumeration of
all possible network layouts is then discussed, together with the IF-Matrix derived for
systematic optimisation.

5.2.1 Connection between 2PT and 2PT1NG networks

Using the same correspondence between mechanical networks and graphs as the one used
in Section 3.2, where each element of the network is depicted as a branch, and terminals
and internal connection points are as vertices, any 2PT1NG network can be represented
by a three-terminal graph with one of the terminal-vertices corresponding to the NG.
Taking the TMDI (Fig. 5.4(a1)) as an example, its graph representation can be depicted
as Fig. 5.4(a2), which consists of three terminal-vertices and one intersection-vertex.

(a1) (a2)

PT1 PT2

NGm

c

k

b

Fig. 5.4 (a) An example 2PT1NG network, the TMDI; and (b) its graph representation.

To formulate series-parallel 2PT1NG networks, the series and parallel connections between
a 2PT and a 2PT1NG network need to be introduced based on the definitions for three-
terminal graphs [150]. In [150], the series connection concept is similar to that for
the connection between two two-terminal graphs, as described in Section 3.2. For a
parallel connection, both terminal-vertices of a two-terminal graph and two of the three
terminal-vertices of a three-terminal graph are connected together. The resulting graph
has three terminal-vertices, same as the original three-terminal graph, but now two
of them are shared with the original two-terminal graph. Based on these connection
rules, considering the connection of an example two-terminal graph representing any 2PT
network (Fig. 5.5(a1)) and a three-terminal graph representing a 2PT1NG network (shown
in Fig. 5.5(a2)), the series connection results in two possibilities, shown in Fig. 5.5(a3)
and (a4), respectively. By coalescing one terminal-vertex of Fig. 5.5(a1) with the left
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Fig. 5.5 Series and parallel connections between a 2PT network and a 2PT1NG network,
represented as connections between (a) graphs, (b) IF-Networks and (c) example network
layouts.

terminal-vertex of Fig. 5.5(a2), Fig. 5.5(a3) is obtained, while Fig. 5.5(a4) is formulated
by connecting Fig. 5.5(a1) with the right terminal of Fig. 5.5(a2). Fig. 5.5(a5) shows the
graph obtained by the parallel connection; because of the existence of NG, the parallel
connection can only result in this possibility. The IF-Network examples obtained from
the graphs are shown in Fig. 5.5(b1-b5). By depicting the IF-Network representations
Y (s) and L(s) as specific layout examples, the series and parallel connections between a
2PT network (spring) and a 2PT1NG network (TMDI) are shown in Fig. 5.5(c1-c5).

5.2.2 Formulation of the generic 2PT1NG Immittance-Function-
Network

In order to formulate 2PT1NG IF-Networks, similar to 1PT1NG case, a collection of
a reaction mass and a finite number of IF-Blocks is now considered. A sequence of
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steps is introduced based on the work of Nishizeki & Saito [150], shown in Fig. 5.6. At
each step, a sub-network (either a 1PT1NG network or an IF-Block) is connected in
series or in parallel with the network formed in the previous step. While such procedure
is note unique, using this procedure, any series-parallel 2PT1NG IF-Network can be
obtained. In the procedure, after each formulation step, we will carry out any obvious
network simplification, same as the simplifications we carried out for the 1PT1NG case
in Chapter 3, for example if two IF-Blocks are connected in series or in parallel, they
will be reduced again to a single IF-Block. Similar to [150], in which the construction

mY1(s) mY1(s)

Y2(s)

mY1(s)

Y2(s)Y3(s)

mY1(s)

Y2(s)Y3(s)

Y4(s)
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Y5(s)
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Step 1 Step 2 Step 3
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PT1 PT2

NG

PT1 PT2

NG

PT1 PT2

NG

PT1 PT2

NG

PT1 PT2

NG

PT1 PT2
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Fig. 5.6 A procedure to form all possible series-parallel 2PT1NG IF-Networks with a
reaction mass and a pre-determined number of IF-Blocks.

of a three-terminal series-parallel graph begins with an empty graph, Fig. 5.6–Step 1 is
taken as the start. We first consider joining the two terminals, PT1 and NG. Using the
generic 1PT1NG IF-Network obtained in Section 3.2 (Fig. 3.5), a new network shown
in Fig. 5.6–Step 2 is obtained. The next step is to add a single IF-Block Y2(s) to the
network, resulting in Fig. 5.6–Step 3 (via a parallel connection between the terminals PT1
and PT2). Consider adding the next IF-Block, Y3(s), resulting in the new IF-Network
shown in Fig. 5.6–Step 4 using the Series1 connection in Fig. 5.5. Note that all the
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other connection possibilities between Fig. 5.6–Step 3 and the IF-Block Y3(s) can all be
simplified to Fig. 5.6–Step 3. From Step 4, only a parallel IF-Block can be added, with
the resulting IF-Network shown in Fig. 5.6–Step 5, as any series IF-Blocks to the network
of Step 4 can be reduced to the network of Step 4. Following from Step 5, only series
additions modify the network. Both Series1 and Series2 connections in Fig. 5.5 need to
be considered, and we define connecting to PT2 as Step 6, resulting in the network of
Fig. 5.6–Step 6. An additional IF-Block is then added in series at PT1 – the resultant
network is shown in Fig. 5.6–Step 7. Consequent steps will be adding IF-Blocks in
parallel then in series by repeating Steps 5-7, until all IF-Blocks in the original collection
are used. Following this procedure, all possible IF-Networks can be obtained.

In order to formulate generic IF-Networks, it needs to be discussed whether a specific
IF-Block exists. To this end, the terminology eliminated and present are introduced
here. An IF-Block is defined to be eliminated as its immittance function takes the
value of 0 or ∞ – the value is chosen to ensure that the included components (i.e. the
IF-Blocks and the reaction mass) or any two of the terminals, PT1, PT2 and NG, are
not locked rigid and that none of the terminals is disconnected. An IF-Block is regarded
as present if it is not eliminated. Consider the IF-Block Y1(s) shown in Fig. 5.6; if it is
eliminated, its admittance function must take the value of ∞; otherwise the NG will
be disconnected. For Y2(s), its removal must correspond to Y2(s) = ∞; otherwise the
PT2 will be disconnected. Also for Y3(s), we must set Y3(s) = ∞; otherwise the PT1 in
Fig. 5.6–Step 4 will be disconnected. Consider the parallel added IF-Block Y4(s): if it is
eliminated, it must take the value of 0 (otherwise PT1 and PT2 in Fig. 5.6–Step 5 will
be locked rigid). For the series added IF-Blocks Y5(s) and Y6(s): we must set them as
∞ to ensure that the terminals of the resulting networks (see Fig. 5.6–Step 6 and Step
7) are not disconnected. Following the same argument, the additional IF-Blocks added
in parallel (resp. series) connection must take the value of 0 (resp. ∞) when they are
eliminated.

The rest part of this subsection focuses on generating generic IF-Networks. Different
from 1PT1NG networks, where one generic IF-Network is sufficient (Fig. 3.5), for
2PT1NG networks, different generic IF-Networks are needed depending on the number of
IF-Blocks which are present. Now consider the possible 2PT1NG IF-Networks with a pre-
determined number, R, of IF-Blocks. Suppose that the generic IF-Network, representing
R − 1 IF-Blocks, has been formulated, denoted as LR−1(s), all the IF-Networks with
R IF-Blocks can be subsequently obtained by adding an extra IF-Block to it. The
generic IF-Network, LR(s), covering all the obtained IF-Network possibilities, can then
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be formulated, satisfying the condition that R IF-Blocks are present. Following this
argument, the generic IF-Network for any R value can be formulated. Note that the
generic IF-Network has more IF-Blocks than is allowed, hence requires the condition that
R IF-Blocks are present. We will now discuss the R = 1 case, then move on to R = 2
and beyond.
- For R = 1: We first consider the case where in Step 1 of Fig. 5.6, Y1(s) is present.

The resulting network is Fig. 5.6–Step 2, which is a 1PT1NG network (with PT2
disconnected). Hence this case is not valid and Y1(s) must be eliminated. When Y2(s)
is present, a 2PT1NG IF-Network is obtained, shown in Appendix B, Fig. B.1(a). If
Y2(s) is not present, the connection of Y3(s) results in a new 2PT1NG IF-Network, see
Fig. B.1(b), Appendix B. If Y3(s) is eliminated, PT1 and PT2 are rigidly connected and
any follow-on steps in Fig. 5.6 only result in a 1PT1NG network. Hence, two network
possibilities (Fig. B.1, Appendix B) are obtained for the R = 1 case, with which the
generic IF-Network can be obtained as L1(s) in Table 5.1, satisfying the condition that
only one IF-Block is present.

- For R = 2: The IF-Networks can be formulated by adding one additional IF-Block
to the generic IF-Network L1(s) in Table 5.1. Firstly, we set both Y2(s) and Y3(s)
in L1(s) as present, this results in an IF-Network shown in Fig. B.2(a), Appendix B.
We then consider the case where Y1(s) is present. This means either Y2(s) or Y3(s)
can be present, resulting in two new IF-Networks shown in Appendix B, Fig. B.2(b,
c). At last, an extra IF-Block Y4(s) is added to L1(s) in parallel connection, and its
presence will result in the removal of Y2(s) or Y3(s), however, the resulting networks
can be simplified to the network with one IF-Block. Hence, the network L2(s) shown
in Table 5.1 is the generic IF-Network for R = 2 case, satisfying the condition that two
IF-Blocks are present.

- For R = 3: An extra IF-Block is added to the generic IF-Network L2(s) in series or
in parallel, to formulate all the IF-Networks with three IF-Blocks. We first set three
IF-Blocks in L2(s) as present, an IF-Network shown in Appendix B, Fig. B.3(a) is hence
obtained. By adding an additional IF-Block Y4(s) in parallel to L2(s), its presence
will result in the removal of Y1(s); otherwise the resulting network will be reduced to a
network with two IF-Blocks. This results in an IF-Network of Fig. B.3(b). Hence, the
generic IF-Network for R = 3 can be formulated as L3(s) in Table 5.1, subject to the
condition that three IF-Blocks are present.

- For R = 4: An IF-Network shown in Fig. B.4(a), Appendix B can be firstly obtained by
setting all four IF-Blocks in L3(s) as present. An extra IF-Block, Y5(s) is then added
in series to the right of L3(s) and if it is present, only the removal of Y1(s) can result
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5.2 2PT1NG network layout enumeration

in a new IF-Block, see Appendix B, Fig. B.4(b). Consider the case that Y6(s) is added
in series to the left of L3(s). An IF-Network of Fig. B.4(c) can be obtained. Hence,
the generic IF-Network for R = 4 can be formulated as L4(s) in Table 5.1, with the
condition that four IF-Blocks are present.

- Generalisation: Using the similar argument, the generic IF-Network representing more
numbers of IF-Blocks can be obtained, as shown in Table 5.1. For the odd R (with
R ≥ 5), the generic IF-Network is formulated by adding an IF-Block Y 3R−1

2
(s) in

parallel to LR−1(s). The subscript 3R−1
2 of the IF-Block represents the total number of

IF-Blocks required in the generic IF-Network, LR(s). Also for the even R (with R ≥ 6),
the generic IF-Network can be formulated by series connecting two IF-Blocks Y 3R

2 −1(s)
and Y 3R

2
(s) with LR−1(s), where in total 3R

2 numbers of IF-Blocks are required.

The generic IF-Network results of the above are summarised in Table 5.1, which can
then be used for enumerating all possible network layouts.

Table 5.1 Generic 2PT1NG IF-Networks, LR(s), with the condition of R IF-Blocks
present

Odd R Even R

R = 1
(L1(s))

Y3(s) Y2(s)

m

R = 2
(L2(s))

Y3(s) Y2(s)

Y1(s) m

R = 3
(L3(s))

Y3(s) Y2(s)

Y1(s) m

Y4(s)
R = 4
(L4(s))

Y3(s) Y2(s)

Y1(s) m

Y4(s)
Y6(s) Y5(s)

R ≥ 3
(LR(s))

Y 3R−1
2

(s)

LR−1(s)
R ≥ 4

(LR(s))

Y 3R
2

(s) Y 3R
2 −1(s)LR−1(s)
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5.2.3 Network layout enumeration and Immittance-Function-
Matrix derivation

For the enumeration of 2PT1NG network layouts with a reaction mass element and N

2PT elements (springs, dampers and inerters), the obtained generic IF-Networks with
R = 1, 2, . . . , N in Table 5.1 can be used. We first distribute the N 2PT elements into
R present IF-Blocks (other IF-Blocks are eliminated), and secondly allocating element
types into each present IF-Block. After this, the element types and numbers will be
determined for each IF-Block in the generic IF-Networks. The structure-immittance
approach [30] is then adopted to derive the corresponding immittance functions of the
blocks, which is able to cover the full set of possible 2PT network connections.

With the obtained immittance functions of the included IF-Blocks, the IF-Matrix for
each generic IF-Network is derived based on the procedure shown in Appendix B, which
can then be used for optimisation studies. We denote that the IF-Matrix for a 2PT1NG
network can be derived by deriving its equations of motion. However, there are a great
number of possible network layouts, a more straightforward and simpler approach for
deriving the IF-Matrix is needed – this is provided and explained in detail in Appendix B.

5.3 2PT1NG network case demonstration

In this section, the 2PT1NG network case with one damper, one spring and one inerter
is analysed. All possible 2PT1NG network layouts are enumerated using the generic
IF-Networks in Table 5.1. The IF-Matrix for each generic IF-Network is derived and
applied to the example structure. Significant performance advantages with 2PT1NG
network layouts will be demonstrated at the end of this section.

5.3.1 Network layouts enumeration

For the 2PT1NG networks with one damper, one spring and one inerter, we have N = 3.
Hence, three generic IF-Networks with R = 1, R = 2 and R = 3, shown as L1(s), L2(s)
and L3(s) in Table 5.1, will be used.

Consider the generic IF-Network for R = 1, L1(s) of Table 5.1, all the three 2PT elements
should be distributed in one IF-Block and the other IF-Block is eliminated. As a result,
in total 16 2PT1NG network layouts are enumerated for systematic analysis, and the
structure-immittance approach [30] is adopted to express the admittance function of the
present IF-Block. The admittance function is the structural admittances for one inerter,
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5.3 2PT1NG network case demonstration

one damper and one spring case, shown in Eq. (2.8). By expressing the force-velocity
transfer function matrix of the generic IF-Network shown in Table 5.1 and making use of
the condition that one IF-Block is eliminated, we can obtain the IF-Matrix L1(s) as (B.3)
in Appendix B, with the condition that one of the admittance functions, Y1(s), Y2(s),
takes the expression as structural admittances of (2.8), and the other one must equal ∞.

For the generic IF-Network with R = 2, shown as L2(s) of Table 5.1, two of the three
IF-Blocks are present, between which the three 2PT elements are distributed in. For these
two present IF-Blocks, one should include one 2PT element and the other one consists
of the remaining two elements. For example, when Y1(s) and Y2(s) in L2(s) (Table 5.1)
are present and Y1(s) includes one element, such as a spring, the other two elements
(the damper and inerter) are contained in Y2(s), resulting in two network possibilities by
connecting damper in series or in parallel with the inerter. Consider that there are three
different element types and switching Y1(s) with Y2(s) will result in different network
possibilities, the generic IF-Network with one IF-Block eliminated covers 36 network
layouts. Finally, the IF-Matrix for this generic IF-Network, L2(s), can be derived as
(B.4) in Appendix B, where one of admittance functions Y1(s), Y2(s), Y3(s) equals ∞,
one is the force-velocity transfer function of a single 2PT element, and the third requests
structural admittance for the remaining two 2PT elements. Consider the case that Y1(s)
represents a spring k and Y2(s) includes one damper c and one inerter b, we should
make Y3(s) = ∞, Y1(s) = k/s and Y2(s) takes the expression of a structural admittance
obtained for one damper and one inerter case, given as:

Y2(s) = c2(bs+ c1)
(bs+ c1 + c2)

(5.1)

with the condition that one of the parameters c1 or 1/c2 is positive and the other one
equals zero.

Considering the generic IF-Network obtained for R = 3 case, shown as L3(s) of Table 5.1,
three of the four IF-Blocks must be present and each of them contains one 2PT element.
By removing one IF-Block and distributing three different element types into the present
IF-Blocks, all the 2PT1NG network layouts for this case can be enumerated. Note
that when Y2(s) or Y3(s) is eliminated with its admittance function as ∞, the resulting
IF-Network will be reduced to that with two IF-Blocks, hence are omitted for the network
layouts enumeration. From the generic IF-Network, in total of 12 network layouts are
finally enumerated. These network layouts can be represented by the IF-Matrix L3(s),
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derived based on (B.4) and (B.6) in Appendix B, given as

L3(s) =

L2(s) + Y4(s)

 1 −1

−1 1


 (5.2)

where either Y1(s) = ∞ or Y4(s) = 0 and the remaining three admittance functions are
the force-velocity transfer functions of three different 2PT element types.

These obtained IF-Matrices can then be used for given vibration suppression problems.
Importantly, using the method proposed here, all possible series-parallel 2PT1NG network
layouts, with one reaction mass, one spring, one damper and one inerter are covered. In
addition, by making use of the structure-immittance approach, all the possible layouts
can be analysed in a systematic way and by optimising these using the objective functions
considered, the optimal configuration can be obtained across all the network possibilities.
In the following subsection, the results obtained in this part will be applied to a 3-DOF
building structure example, to illustrate the benefits of the proposed design approach.
For the one reaction mass, one inerter, one damper and one spring case, in total 64
2PT1NG network layouts can be enumerated and covered by three generic IF-Networks,
amongst which the optimum configuration can be obtained by three optimisations.

5.3.2 Numerical application on the example structure

To demonstrate the advantages of the proposed generic 2PT1NG network, a 3-DOF
building model similar to the one used in Section 4.1 is adopted here with some modifi-
cations. The model is redrawn in Fig. 5.7 to highlight these differences. The suppression
system is taken to be the 2PT1NG network including one reaction mass, one inerter, one
damper and one spring. The value of the reaction mass is taken as 1000 kg. Vibration
absorbers attached to two floors are usually installed via a brace that spans between
storey levels. Inevitably this brace has some compliance, so a brace stiffness kb in series
with the absorber and connecting to the lower floor is included. In this study, the
structure parameters are adopted as ms = 10000 kg, ks = 15000 kN/m, and the brace
stiffness is taken as kb = 0.2ks, in line with [151]. Forces −fu and −fl are exerted on the
upper and lower floors, respectively. The forces are defined as positive to the right on
the absorber. As stated in Section 4.1.2, the focus of this study is to demonstrate the
advantages of the proposed systematic approach under same optimisation scenario, rather
than comprehensively explore the optimum design for a specific engineering problem.
Therefore, we only consider the absorbers mounted at the top floor. Other floors can also
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5.3 2PT1NG network case demonstration

be chosen for demonstration purpose. With the identified network layouts, their exact
optimum location can also be further explored for practical applications.

ms

ms

ms

ks

ks

ks

x0

x3

x2

x1

fu fl kb

xb

1 2

Fig. 5.7 Schematic plot of a 3-DOF building model.

Due to the brace stiffness kb, an additional DOF with displacement xb is introduced,
where Fl = kb(X2 −Xb) in the Laplace domain. In this example, the inter-storey drift
displacement, which is a measure of the potential seismic damage of a structure, is
taken as the performance measure. The frequency response function of the ith floor
inter-storey drift displacement, denoted as Xdi

, can be obtained similarly from Eq. (4.1)
with Xdi

= Xi −Xi−1, where i = 1, 2, 3. The objective function, related to the inter-storey
drift displacements, is then defined as:

Jd = max
i=1,2,3

(∥∥∥Ts2X0→Xdi
(s)

∥∥∥
∞

)
(5.3)

where Ts2X0→Xdi
denotes the transfer function from the earthquake acceleration to the

inter-storey drift displacements and
∥∥∥Ts2X0→Xdi

(s)
∥∥∥

∞
is the maximum value of Ts2X0→Xdi

where i=1, 2, 3.

For the 2PT1NG network with each of the four element types, three generic IF-Networks,
L1(s), L2(s) and L3(s), are formulated in Section 5.2, covering all the 2PT1NG network
possibilities. These obtained generic IF-Networks, together with their corresponding
IF-Matrix as shown in Eq. (B.3, B.4, 5.2), are then used to minimise the objective
function Jd. For example, for 2PT1NG networks covered by the generic IF-Network,
L1(s), the IF-Matrix – Eq. (B.3) is adopted as the transfer function matrix of the
vibration suppression device, with which the objective function Jd can be obtained based
on Eq. (5.3). In Eq. (B.3), the present admittance function Y2(s) or Y3(s) formulated
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using the structure-immittance approach is then optimised to identify the optimal 2PT
network configuration out of all the eight possible layouts made up of one inerter, one
damper and one spring. Together with this obtained 2PT network, the optimal 2PT1NG

PT1 PT2

m

c
b

k

m

PT1
c

b

k

PT2 PT1 PT2

m

cb

k

(a1) C2a (a2) C2b (a3) C2c

NG NG NG

Fig. 5.8 Optimal 2PT1NG configurations for the one inerter, one damper and one spring
case for (a1) R = 1, (a2) R = 2 and (a3) R = 3 case.

network configuration can then be obtained from the corresponding generic IF-Network,
L1(s), of Table 5.1. The optimal configurations for three generic IF-Network cases with
R = 1, 2, 3 have been obtained as Fig. 5.8 (a1), (a2) and (a3), respectively, denoted as
C2a, C2b, C2c. The previously derived generic 1PT1NG network is also employed here to
obtain the optimum 1PT1NG network for comparison following the same performance
criteria and objective function Jd, where configuration C1 is obtained in Fig. 5.9. The
corresponding optimal results in terms of Jd are summarised in Table 5.2, together with
the optimum parameter values. The previously proposed layouts, such as the TMD, the
TID, the TMDI and C1 are also considered here for comparison.

PT NG

b c

k m

Fig. 5.9 The obtained optimum 1PT1NG configuration C1.

For the generic IF-Network, L1(s) of Table 5.1, out of the 16 possible layouts, the
optimisation indicates that the configuration C2a is optimal. The corresponding optimal
value of the objective function Jd is 0.0195 shown in Table 5.2, slightly smaller than that
of the TID. Considering generic IF-Network representing two IF-Blocks, we notice that
the TMDI is covered by this network (L2(s) of Table 5.1), with Y1(s) = ∞, Y2(s) = bs

and Y3(s) = k/s+ c. However, the TMDI is not the optimum configuration for this case,
and the resulting optimum configuration is shown in Fig. 5.8(a2), with which the value of
Jd is obtained as 0.0102. It can be seen that comparing with the TMDI, C2b can provide
almost 30% performance improvement when b = 9.91 × 103 kg, c = 4.28 × 102 kNs/m
and k = 2.26 × 102 kN/m. Fig. 5.8(a3) shows the optimum absorber configuration C2c for
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5.3 2PT1NG network case demonstration

Table 5.2 Optimisation results for the one reaction mass, one inerter, one damper and
one spring case.

Configurations
Performance

Jd

(×10−3 s2)

Optimal parameter
values

(kg, kNs/m, kN/m)
TMD (no b) 25.0 (–) c = 11.7, k = 2.75 × 102

TID (no m) 19.6 (21.6%) b = 7.94 × 103, c = 7.50 × 102, k = 4.35 × 103

C1 (a 1PT1NG device) 16.3 (34.8%) b = 1.05 × 103, c = 30.5, k = 4.92 × 102

TMDI (a R = 2 case device) 14.5 (42.0%) b = 1.12 × 103, c = 9.50, k = 6.22 × 102

C2a 19.5 (22.0%) b = 8.95 × 103, c = 7.65 × 102, k = 16.8

C2b 10.2 (59.2%) b = 9.91 × 103, c = 4.28 × 102, k = 2.26 × 102

C2c 8.60 (65.6%) b = 8.10 × 103, c = 3.26 × 102, k = 2.13 × 102

the R = 3 case, which gives the value of Jd as 0.0086, approximately 41% smaller than
that of the TMDI and almost 66% better than the TMD. It can also be seen that the
C2c is the most effective vibration suppression device, amongst all the 64 series-parallel
2PT1NG networks consisting of one reaction mass and each of the three 2PT element
types. From Table 5.2, we note that the configuration C2c outperforms the C1 with
47.2% performance improvement in Jd. This suggests that the 2PT1NG network, i.e.
one which has connection points on the second and third storey, can provide better
seismic performance than the 1PT1NG one (which is connected to the third storey only)
with the same numbers of each element type. Considering that the generic network of
the 1PT1NG network is a 2PT network connected to a mass element (as illustrated in
Fig. 3.5, Chapter 3), the 2PT part can hence be obtained using the structure-immittance
approach. This demonstrates that the proposed generic 2PT1NG network can be used to
identify more beneficial configurations with better performance improvements compared
to the structure-immittance approach when using the same number of elements.

Fig. 5.10 shows the frequency responses of three inter-storey drifts transfer functions with
the identified beneficial absorber configurations. It can be seen that rather than splitting
the first fundamental frequency into two seperate frequencies, both the C2b and the C2c

split it into three frequencies, hence resulting in smaller values of the drift displacements
comparing with the other configurations, such as the TMDI. This is because both C2b and
C2c contain additional DOF compared to other devices. Also note that the configuration
C2c results in the smallest inter-storey drift values of all the three floors in the vicinity
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Fig. 5.10 Frequency domain responses of the inter-storey drifts with the TMD (black
dashed), TMDI (green solid), C1 (purple dotted), C2b (thin cyan solid) and C2c (thick
red solid).

of not only the first fundamental frequency, but also the second and third fundamental
frequencies.

5.4 Summary of the chapter

This chapter presents a systematic characterisation and analysis of passive 2PT1NG
Networks. Independent vibration absorbers with two attachment points and one reaction
mass can be covered by such networks. Generic 2PT1NG networks, representing the
topological connections of one mass and an arbitrary number of IF-Blocks are devel-
oped. Therefore, a full set of network layouts with pre-determined numbers of inerters,
dampers and springs can be captured and enumerated. Main conclusions and results are
summarised as follows:

1) A sequence of steps is introduced based on the graph theory. With this procedure,
any 2PT1NG networks connected in series-parallel can be formulated. Based on it, each
generic IF-Network with a specific number of IF-Blocks can be obtained. Combined
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5.4 Summary of the chapter

with the structural immittances, 2PT1NG network with a predetermined number of
inerters, dampers, springs and one reaction mass can be obtained systematically. By
using the force-velocity Immittance-Function-Matrices, dynamics of vibration suppression
devices with two attachment points can be described and used for vibration suppression
problems.

2) A 3-DOF building model is considered to mitigate the maximum inter-storey drift,
and the number of inerter, damper and spring included in the vibration suppression
device is restricted to be one for each. Optimal configurations are obtained out of 64
candidate network layouts. Considering the devices with two attachment points and
one reaction mass (2PT1NG networks), the most beneficial configuration can provide
almost 66% better performance than the TMD and also outperforms the TMDI with
41% performance improvement.

This case study has demonstrated the significant advantages of the proposed generic
2PT1NG networks and the corresponding systematic identification procedure. It is a
powerful tool to identify independent vibration absorbers for uni-directional vibration
suppression. However, in terms of interlinked vibration absorbers which are widely used
to suppress multi-dimensional vibrations of the primary system, the above developed
generic networks are of little use. Therefore, in the next chapter, we will focus on a
certain type of interlinked vibration systems which can be represented as three-terminal
networks. A generic network along with a systematic identification procedure will also
be provided.
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Chapter 6

Generic three-terminal networks with the
application to vehicle interlinked suspension
design

The generic networks developed in the previous chapters can only be adopted to identify
independent vibration absorbers, which contains one reaction mass and arbitrary two-
terminal element with no more than two attachment-points to the primary system, for
the uni-dimensional vibration suppression problems.

However, in terms of interlinked vibration absorbers which are widely used to suppress
multi-dimensional vibrations of the primary system, the above developed generic networks
are of little use. Two interlinked vibration absorber examples are given here: the vehicle
interlinked suspension [6] shown in Fig. 6.1(a) is used to suppress the vehicle vibrations in
both the roll and heave directions; same as the wind turbine gearbox interlinked mounting
system [7]) as shown in Fig. 6.1(b). With proper design, such interlinked absorbers
can be represented as three-terminal networks. However, a systematic procedure is less
well developed for the three-terminal network, although many studies have been done
by employing the classical network synthesis theory as introduced in Chapter 2. The
drawbacks for these studies are that, minimal realisation in terms of the total number of
elements used is not considered, nor could all three transformerless elements be included
in the network at the same time.

To better serve the purpose of identifying beneficial interlinked absorbers from a full
set of candidates with the least possible number of elements, similar to the previous
chapters, a generic-network-based approach is proposed to realise the series-parallel
three-terminal networks with predetermined numbers of transformerless elements (for ex-
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suspension design

Sprung mass

Unsprung mass

Interlinked
suspension

M, I

ml mr

(a)

(b)

Fig. 6.1 Example dynamic systems where the HIS can be applied to: (a) suspension
design for a front half-car model, following [6]; (b) mount design for the wind turbine
gearbox, reproduced from [7].

ample, resistors, inductors and capacitors in the electric domain). This is again achieved
by first defining the series-parallel connections using the graph theory [150]. Then,
following the definition, Immittance-Function-Blocks (IF-Blocks), i.e., a series-parallel
two-terminal network containing a predetermined number of passive transformerless ele-
ments, can be used to form three-terminal Immittance-Function-Networks (IF-Networks).
Then, the Generic-Immittance-Function-Network (GIFN) is developed to represent all
topological possibilities of these IF-Networks. Through this approach, both the ability
to investigate a full class of series-parallel three-terminal networks, and the means to
control the complexity, topology and element types in resulting networks can be provided
simultaneously.

This chapter is structured as follows. In Section 6.1, an example series-parallel three-
terminal network representing a hydraulically interlinked system (HIS) is first given,
together with their mathematical expressions. The problem of identifying the optimum
series-parallel three-terminal networks is also formulated. The systematic approach
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is developed in Section 6.2 by constructing the Generic-Immittance-Function-Network
— this captures the full set of three-terminal network possibilities with series-parallel
connections. In Section 6.3, the proposed HIS is used for a half-car model suspension
design, in which the optimum network is identified using the systematic approach
proposed in Section 6.2 to achieve the best vehicle performance. Conclusions are drawn
in Section 6.4.

6.1 Interlinked vibration absorber to three-terminal
network

In this study, the hydraulically interlinked system (HIS) for half-car suspension design
will be used as an example to demonstrate the development of the interlinked vibration
absorber identification approach. With the discussion in Section 6.2 focusing on the
suspension device and its network representation, details of the half-car model and its
corresponding parameters will be included in Section 6.3.

6.1.1 Hydraulically interlinked system for vehicle suspension
design

We adopted the HIS introduced in [6] as an example, which considers an anti-oppositional
arrangement (stiffen out-of-phase motion relative to in-phase motion) as shown in Fig. 6.2.
It possesses left-right symmetry, consisting of two hydraulic circuits, each comprising
three damper valves, a nitrogen filled accumulator, and a hydraulic pipeline. It is assumed
that the relationship between the fluid pressure and the piston flow is linear, and the
cross-line leakage occurring between chambers and pistons is not considered in this
study [6]. The HIS introduced here is the same as the one used in [6], except that
the cross-section areas are equal here for simplicity. (Note that the methodology we
developed is also applicable to pistons with unequal cross-section areas.)

Pij, qij, Aij and vij with i = l or r and j = 1 or 2 are fluid pressure, fluid flow rate, cross-
section area of each piston chamber, and the velocity of each piston end. l and r represent
left and right sides, and 1 and 2 represent upper and lower chambers, respectively. Fld

and Frd are dynamic forces exerted to the interlinked suspension at left and right pistons.
∆vl and ∆vr are the relative velocities exhibit at each end of the suspension struts. All
positive directions are illustrated in the figure, where positive velocities are when the
piston end velocity vij moves up, ∆vl moves up, and ∆vr moves down (to maintain

109



Generic three-terminal networks with the application to vehicle interlinked
suspension design

Fig. 6.2 Example hydraulically interlinked suspension configuration, following [6].

the roll movement performance). Hence the suspension dynamic forces Fld and Frd are
defined as positive with compression on the left side and extension on the right side.
Taking Zh as the hydraulic impedance matrix from the fluid flow q̃ = [q̃l1, q̃r2, q̃l2, q̃r1]T to
the pressure difference ∆P̃ = [P̃l1 − P̃l10, P̃r2 − P̃r20, P̃l20 − P̃l2, P̃r10 − P̃r1]T in the Laplace
domain, this gives

∆P̃ = Zhq̃ (6.1)

where˜indicates the Laplace representation of these variables.

Fig. 6.3 (a) and (b) illustrate the fluid flow in pipelines A and B, respectively, where
PA1 and PB1, qAa and qBa are the fluid pressure and flow rate at the bottle neck of each
accumulator. PA0 and PB0 are the initial hydraulic pressure inside the accumulators, which
should equal the initial pressure in each pipeline (i.e., PA0 = Pl10 = Pr20 and PB0 = Pr10 =
Pl20). PAa and PBa are the instant hydraulic pressures inside the accumulators. Assuming
a linear relationship between the fluid flow and pressure [6], the differential relationships
for hydraulic elements, the resistance, compliance and inertance, can be expressed as
R, C and I, respectively [6, 64]. Hence, corresponding network representations for each
pipeline can be found in Fig. 6.3(c) and (d), respectively. They are both three-terminal
networks, with relationships that ql1 + qr2 = qAa and ql2 + qr1 = qBa. These two networks
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can be redrawn as networks shown in Fig. 6.3(e) and (f), where

ZhA1 = RA1 + IA1s, ZhB1 = RB1 + IB1s

ZhA2 = RA2 + IA2s, ZhB2 = RB2 + IB2s

ZhAa = RAa +
1

CAas
, ZhBa = RBa +

1
CAas

(6.2)

Thus, the impedance matrix of the default hydraulic interlinked suspension system can
be expressed as:

Zh =
ZhA 0

0 ZhB

 =


ZhA1 + ZhAa ZhAa 0 0

ZhAa ZhA2 + ZhAa 0 0
0 0 ZhB1 + ZhBa ZhBa

0 0 ZhBa ZhB2 + ZhBa

 (6.3)

with ZhA and ZhB as the impedance matrices of pipelines A and B, respectively.

Fig. 6.3 HIS pipeline configurations and the corresponding networks

The relationship of the HIS dynamic force F̃d and the relative velocity of the HIS ∆ṽ
in the Laplace domain can be represented as F̃d = Ym∆ṽ where Ym is the mechanical
admittance matrix, F̃d = [F̃ld, F̃rd]T , and ∆ṽ = [∆ṽl,∆ṽr]T . Thus we can obtain the
relationship between the hydraulic impedance matrix and its equivalent mechanical

111



Generic three-terminal networks with the application to vehicle interlinked
suspension design

admittance matrix:
Ym = DAZhADT (6.4)

where

D =
1 0 1 0
0 1 0 1


is the position matrix; A = diag[Al1, Ar2, Al2, Ar1] is the area matrix. Detailed derivation
of the hydraulic suspension impedance and its mechanical admittance can be found in
Appendix C.

To this end, the mathematical properties of the HIS is obtained, which is represented as
two hydraulic three-terminal networks, as illustrated in Fig. 6.3 (c) and (d).

6.1.2 Problem formulation

The pipeline shown in Fig. 6.3 is only one possible HIS configuration, while there are
plenty of other design possibilities. Two typical three-terminal network examples are
the T and π networks, as illustrated in Fig. 6.4 (a) and (b), respectively, with only the
hydraulic resistance elements included in them for illustration. These two networks can
be represented as Immittance-Function-Networks (IF-Networks) as shown in Fig. 6.4(c)
and (d) (termed T-IF-Network and π-IF-Network, respectively). Similar to the previous
chapters, here Z1, Z2 and Z3 are defined as the Immittance-Function-Blocks (IF-Blocks),
which are 2PT networks containing an arbitrary number of passive transformerless
elements that satisfy series-parallel connections, and an IF-Network refers to a block
topology of a network with its sub-networks represented by IF-Blocks. Similarly, networks
shown in Fig. 6.3 (e) and (f) are also IF-Networks. It can be seen that they are both
T-IF-Network, with ZhA1, ZhA2, ZhAa, ZhB1, ZhB2, ZhBa shown in Eq. (6.2).

A general representation of the three-terminal network in the hydraulic domain can be
found in Fig. 6.5, where the fluid flow rate q1 and q2 flowing through terminal 1 and 2 must
equal the flow flowing out of terminal 3. This definition is analogous to the three-terminal
network defined in the electrical domain [102] through the electrical-mechanical-hydraulic-
pneumatic analogy [28]. For example, the fluid flow rate (resp. pressure) is analogous to
the electrical current (resp. potential) following the electrical-hydraulic analogy.

In order to obtain the optimum HIS to improve the vehicle system performance, all
possible HIS network configurations should be investigated. Therefore, a systematic
approach is desired to cover a full set of series-parallel three-terminal networks with a
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Fig. 6.4 (a) T network example; (b) π network example; (c) T-IF-Network; (d) π-IF-
Network; (e) graph representation of the T-IF-Network; (f) graph representation of the
pi-IF-Network.

Fig. 6.5 General representation of the hydraulic three-terminal network.

predetermined number of transformerless elements. To this end, two questions need to
be addressed:

(a) What are all the possible IF-Network topologies with a predetermined number of
elements?

(b) With these IF-Networks, how should the elements be distributed across the IF-
Blocks?

These two questions are answered in the following section by deriving the Generic-
Immittance-Function-Network (GIFN) to capture all IF-Network topological possibilities.
Then element distributions are discussed with IF-Block immittance functions represented
by structural immittances [30].
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6.2 Three-terminal network enumeration and case
demonstration

In this section, series and parallel connections between an IF-Block and a three-terminal
network are firstly described by adopting concepts presented by Nishizeki, et al. [150] in
the graph domain. Generic-Immittance-Function-Network (GIFN) is then constructed,
which gives the complete topological information of all possible series-parallel three-
terminal networks with a pre-determined number of transformerless elements. Later,
explicit networks are enumerated by representing the IF-Blocks with the structural
immittances. This approach is then demonstrated by an example system in which the
elements are limited to one inertance, one compliance and one resistance.

6.2.1 Series-parallel connection of an IF-Block to a three-terminal
network

For readers’ convenience, the definition of a graph stated in Chapter 3 is repeated here:
A graph G = (V,E) is a pair consisting a finite set V whose elements are vertices, and
a finite set E, which are paired vertices with elements called branches (or edges) [127].
As stated in Chapter 3, in the electrical domain, the graph of a network represents the
topological connections of different elements [130, 152]. A graph representation is useful
in certain circumstances where only the network topology matters, for example, T-, star-
and Y-networks are identical with respect to their topological representation, and same as
the π-, delta- and ∆-networks. Similar to Chapters 3 and 5, the correspondence between
graphs and hydraulic networks is introduced here.

We choose to represent the IF-Blocks with branches, and terminals and internal connection
points with vertices in this chapter. Thus, any IF-Network with specific connection
topology can be depicted as a graph, with a set of branches interconnected at their
vertices. For example, the T-IF-Network (shown in Fig. 6.4 (c)) can be represented as
a graph (shown in Fig. 6.4(e)), with three branches representing the IF-Blocks, three
terminal-vertices (shown as solid circles) representing the terminals, and one intersection-
vertex (a hollow circle) representing the inter-connected point of the network. Similarly,
the π-IF-Network (Fig. 6.4(d)) can also be represented as a graph shown in Fig. 6.4(f).

With the graph representation, again series-parallel graph connection defined in [150] can
be directly applied to construct series-parallel three-terminal networks. The definition is
modified here to fit the subject of this work:
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Definition: Given two graphs G1(V1, E1) and G2(V2, E2), where G1 has two terminal
vertices v1a, v1b, and G2 has three terminal vertices v2a, v2b, v2c. They have no vertex in
common, i.e., V1 ∩ V2 = ∅.

- Series connection is an operation of coalescing one of the terminal-vertices of G1

with one of the terminal-vertices of G2 into an intersection-vertex of the resulting
three-terminal graph, of which the remaining terminal-vertices becomes the new
terminal-vertices.

- Parallel connection is an operation of coalescing both terminal-vertices of G1

with two of the three terminal-vertices of G2 to form a new three-terminal graph,
where the coalesced terminal-vertices remain terminal-vertices of the resulting
three-terminal graph.

Note that both these connection types can only be applied to terminal-vertexes. Therefore,
no further connections can be added to the formed intersection-vertices.

As an example, for series connections, take G1 as the graph of a simplest two-terminal
network consisting only one hydraulic resistance as seen in Fig. 6.6 (a1), and G2 as
the graph of the π-IF-Network as shown in Fig. 6.6(a2). Three series connections are
possible, giving three new graphs shown in Fig. 6.6(a3)-(a5). One terminal-vertex of G1,
i.e., v1b, and one terminal-vertex of G2, i.e., v2a (resp. v2b and v2c) are connected to form
an intersection-vertex, and the remaining terminal-vertex set [v1a, v2b, v2c] (resp. [v1a,
v2a, v2c] and [v1a, v2a, v2b]) will be the terminal-vertices of the resulting graphs. These
three series connections are termed S1, S2 and S3, respectively. Graphs shown in Fig. 6.6
(a1)-(a5) correspond to the IF-Networks shown in Fig. 6.6(b1)-(b5), where Z1, Z2, Z3,
Z4 are IF-Blocks representing any possible series-parallel two-terminal networks. As an
example by depicting the two-terminal network Z4 as a hydraulic resistance (Fig. 6.6
(c1)) and the three-terminal network consisting Z1, Z2, Z3 as an example π-network
which contains one hydraulic resistance in each IF-Block as shown in Fig. 6.6 (c2), the
series connections between them formulate the resulting three-terminal networks shown
in Fig. 6.6(c3)-(c5). Note that in this example, we restrict ourselves to just hydraulic
resistances, but each IF-Block shown in Fig. 6.6(b1)-(b5) could contain any types of
transformerless elements.

For parallel connections, again taking G1 as the graph of a hydraulic resistance as shown
in Fig. 6.7(a1), while G2 as the graph of the T-IF-Network as shown in Fig. 6.7(a2), three
parallel connections are possible, giving three new graphs shown in Fig. 6.7(a3)-(a5).
Both terminal-vertices v1a and v1b of G1 are coalesced with two of the three terminal-
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Fig. 6.6 An IF-Block connected to the IF-Network in series, where (a1) Graph G1 with
two terminal vertices v1a and v1b; (a2) Graph G2 with three terminal vertices v2a, v2b and
v2c; (a3-a5) three different series graph connections; (b1-b5) corresponding IF-Networks;
(c1-c5) example network layouts.

vertices v2a and v2b (resp. v2a and v2c, v2b and v2c) of G2 as the new terminal-vertices
of the resulting three-terminal graphs, hence v1a = v2a (resp. v1a = v2a, and v1a = v2b)
and v1b = v2b (resp. v1b = v2c, and v1b = v2c). These three parallel connections are
termed P1, P2 and P3, respectively. Graphs shown in Fig. 6.7(a1)-(a5) correspond to the
IF-Networks shown in Fig. 6.7(b1)-(b5), where Z1, Z2, Z3, Z4 are IF-Blocks representing
any possible series-parallel two-terminal networks. By depicting the network Z4 as a
hydraulic resistance (Fig. 6.7 (c1)) and the three-terminal network consisting Z1, Z2, Z3

as an example T-network which contains one hydraulic resistance in each IF-Block as
shown in Fig. 6.7(c2), the parallel connections between them formulate the resulting
three-terminal networks shown in Fig. 6.7(c3)-(c5). Again, although we restrict ourselves
to just hydraulic resistances in this example, each IF-Block shown in Fig. 6.7(b1)-(b5)
could contain any types of transformerless elements.
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Fig. 6.7 An IF-Block connected to the IF-Network in parallel, where (a1) Graph G1 with
two terminal vertices v1a and v1b; (a2) Graph G2 with three terminal vertices v2a, v2b and
v2c; (a3-a5) three different parallel graph connections; (b1-b5)corresponding IF-Networks;
(c1-c5) example network layouts.

The Immittance-Function-Matrix (IF-Matrix) of the obtained IF-Networks under series-
parallel connections can be found in Appendix C.

6.2.2 Construction of the Generic-Immittance-Function-Network

With the series-parallel connections defined above, we move on to formulate all possible
IF-Networks with a finite number of IF-Blocks. To achieve this, one way is to directly
list all possible IF-Networks with the specific IF-Block number. However, it becomes
extremely difficult and even prohibited with the number increasing. It is also impossible
to verify whether the listed sets are complete or not. To address these problems, the
Generic-Immittance-Function-Network (GIFN) is introduced, which is an IF-Network
covering the complete topology information of a full set of series-parallel three-terminal
IF-Networks with a predetermined IF-Block number. Considering there are i IF-Blocks
in an IF-Network, the corresponding GIFN is termed as GIFNi. In the following part of
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this section, the approach of constructing GIFNi will be provided. Here the graph theory
is again employed to facilitate the procedure. Same as the Chapter 5, we will start with
an empty three-terminal graph, where a series of branches (i.e., IF-Blocks) will be added
one-by-one. Note that there will always be three terminal-vertices existing after each
branch is connected. For these branches, they can be either shorting branches which has
zero impedance or ∞ admittance, or non-shorting branches, where the impedance (or
admittance) of the corresponding IF-Block exists. For a non-trivial three-terminal graph,
there shouldn’t be any isolated vertices. Therefore, at least two branches are needed to
link the vertex pair. Although it is allowable to use a shorting branch to link them, a
parallel connection of a shorting branch to a three-terminal graph will only coalesce two
vertices to one vertex. Thus the three-terminal graph becomes a two-terminal graph.
Alternatively, a series connection of a shorting branch to a three-terminal graph won’t
make any difference to the original graph. Therefore, at least two non-shorting branches
are needed to form a non-trivial three-terminal graph. This means the IF-Block number
i ≥ 2 for any non-trivial IF-Network. In the following part, different GIFNs will be
constructed with any given IF-Block number i.

Taking the case where i = 2, to form all possible IF-Networks, an empty three-terminal
graph and two non-shorting branches are needed. The construction of a three-terminal
series–parallel graph begins with an empty graph, as shown in Fig. 6.8(a1) of Step 1.
Step 1 is to add one branch to the empty graph, in which only the parallel connection
is possible. There are totally three different parallel connection possibilities, leading to
three graphs formed as shown in Fig. 6.8(b1)-(b3) of Step 2. Then the second branch is
added to the obtained graphs in Step 2. Again, only parallel connections are possible,
resulting in three distinct graphs as shown in Fig. 6.8(c1)-(c3) of Step 3. The reason that
only parallel connections are possible in these two steps is that series connections will
lead to isolated terminal vertex (vertices), which will form trivial graphs. For example,
if we choose a series connection in step 1, then in step 2, there will always be at least
one isolated terminal vertex. Therefore, graphs shown in Step 3 represent all possible
IF-Networks containing two IF-Blocks. It can be observed that a π-IF-Network can cover
all possible topology of these IF-Networks, which means the GIFN2 is a π-IF-Network, as
listed in Table 6.1. Note that a T-IF-Network is also one possible GIFN2, if the terminal
vertices v2a, v2c and v2b, respectively, from each graph shown in Fig. 6.8 (c1)-(c3) are
regarded as the intersection-vertex of the graph representing T-IF-Network. In this study,
we choose to use the π-IF-Network as the GIFN2. Although the GIFNi obtained from
the following procedure is not the only GIFN for three-terminal IF-Networks with i

IF-Blocks, it is sufficient to cover all desired IF-Networks.
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Fig. 6.8 The procedures to form all possible three-terminal graphs containing two branches.

When i = 3, similar to Step 1 and Step 2 in Fig. 6.8, an additional branch will be
added to the graphs obtained in Step 3 to construct new three-terminal graphs. Hence,
IF-Networks consisting of three IF-Blocks can be obtained by adding an additional
IF-Block to the IF-Networks with two IF-Blocks. The GIFN3 will then be obtained by
considering all connection possibilities of adding an additional IF-Block to the GIFN2. In
this case, only series connections are possible. This is because any parallel connections to
GIFN2 won’t change the resulting network as the added IF-Blocks will be reduced. For
example, if the added IF-Block Z4 (shown in Fig. 6.6(b1)) and the π-IF-Network (shown
in Fig. 6.6(b2)) are connected in parallel as P1 connection, Z1 and Z4 will be reduced to
a single IF-Block. Hence, only series connections are possible, and the resulting GIFN3

is obtained as shown in Table 6.1.

When i = 4, GIFN4 can be derived similarly by considering all possible connections
of adding one additional IF-Block to the obtained GIFN3. In this case, only parallel
connections are possible, as any series connection to GIFN3 will make the obtained
IF-Network reduced to the original one. Hence the obtained GIFN4 is shown in Table 6.1.
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In general, GIFNi can be derived by considering all possibilities of adding one IF-Block
to the GIFNi−1. If i is an odd number, only series connections are possible, hence the
GIFNi is obtained by adding all series connections (S1, S2, S3) to GIFNi−1. While if
i is an even number, only parallel connections are possible, and the GIFNi is obtained
by adding all parallel connections (P1, P2, P3) to GIFNi−1. General representations of
the GIFNi are summarised in Table 6.1, with their corresponding IF-Matrix shown in
Appendix C.

Table 6.1 GIFNi, with the condition that i IF-Blocks are present.

6.2.3 Enumeration of three-terminal networks

With the obtained GIFNi, we can now recover all possible three-terminal networks
from it. This can be divided to two parts. The first part is to consider how to recover
the desired IF-Networks with allowable number of IF-Block, and the second one is to
enumerate all possible networks by distributing the pre-determined elements to these
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IF-Blocks. Note that the GIFNi is a generalised network containing all the possible
IF-Network layouts. Therefore, the GIFNi needs more IF-Blocks than the limit set for
the desired IF-Networks. To recover a valid IF-Network from the GIFNi, we take the
GIFNi and eliminate unnecessary IF-Blocks until only i IF-Blocks are present in the
network. Again, same as the term used in Chapter 5, an IF-Block will be eliminated by
setting its immittance function to be 0 or ∞ depending on its connection type, if it is
redundant for a certain IF-Network topology. An IF-Block is regarded as present if it
is not eliminated. A range of IF-Networks will be recovered by varying the choice of
which IF-Blocks are eliminated. For example, the GIFN3 shown in Fig. 6.10 contains 6
IF-Blocks. In order to obtain a π-IF-Network using the GIFN3, Z1, Z2 and Z3 should be
present, and all the others would be eliminated. While, to obtain a T-IF-Network, one
possible solution is to let Z1, Z3 and Z6 be present, and eliminate all the other IF-Blocks.
In the following part, an Elimination Rule is introduced, which will be used to recover
all possible IF-Networks from the obtained GIFNi.

Elimination Rule: The IF-Blocks can be eliminated by letting impedance (resp. admit-
tance) functions of redundant parallel IF-Blocks equal to ∞ (resp. 0), and of redundant
series impedance (resp. admittance) functions equal to 0 (resp. ∞). In graph repre-
sentations, it is interpolated as opening the parallel branches and shorting the series
branches.

The elimination rule is chosen to ensure that any eliminated IF-Block won’t lead to
rigidly connected terminals or isolated terminals when forming the resulting IF-Network
by adding IF-Blocks one-by-one to an empty three-terminal network. Take GIFN3 in
Table 6.1 as an example. GIFN3 is constructed by adding the IF-Block Z1, Z2 and Z3 in
parallel to an empty three-terminal network to form GIFN2, then adding the IF-Block
Z4, Z5 and Z6 in series to GIFN2 to form GIFN3, see Table 6.1. If the parallel branch
representing IF-Block Z1 (same as Z2 and Z3) is shorted, two terminal-vertices will be
coalesced to one terminal-vertex when forming the GIFN2, which means two of the three
terminals are locked rigidly at this step. When the series branch representing IF-Block
Z4 (same as Z5 and Z6) is opened, one terminal-vertex will be isolated when forming the
GIFN3. Similarly, shorting the parallel IF-Blocks Z7, Z8 and Z9 in GIFN4 will always
lead to two terminals connected rigidly, and opening series IF-Blocks Z10, Z11 and Z12

in GIFN5 will also lead to isolated terminals when forming the resulting IF-Networks.
Therefore, only opening parallel IF-Blocks and shorting series IF-Blocks are possible.

With the obtained GIFNi and the Elimination Rule, all possible IF-Networks with a
certain number of IF-Blocks can be obtained. With these, the structure-immittance
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approach [30] can be employed to assign the pre-determined elements into each IF-Block.
Thus, any series-parallel three-terminal networks containing a predetermined number and
type of passive transformerless elements (e.g., the compliance, resistance, and inertance
in the hydraulic domain) can be obtained systemically. In the following, an example will
be given to demonstrate the enumeration process.

Consider an example where we wish to obtain all possible series-parallel three-terminal
networks including 3 hydraulic elements (1 compliance C, 1 inertance I and 1 resistance
R in this case). The desired networks will include 2 or 3 IF-Blocks. For GIFN2 listed in
Table 6.1, one out of three IF-Blocks will be eliminated. If block Z1 (resp. Z2 and Z3) is
eliminated, the resulting IF-Network is shown in Fig. 6.9(a) (resp. (b) and (c)). The
three predetermined passive elements are then distributed in these two IF-Blocks, which

Fig. 6.9 All possible IF-Networks containing 2 IF-Blocks.

means one of the present IF-Blocks includes one element and the other one includes the
remaining two elements. For example, when Z1 and Z2 are present, representing the
IF-Network shown in Fig. 6.9 (c), if Z1 includes C, and the other two elements, R and I,
are contained in Z2, this results in two network possibilities by connecting R in series or
in parallel with I. Z2 takes the expression of a structural impedance [30] obtained for
one resistance and one inertance case, given as

Z2 = C1R1s+ 1
s(C1C2R1s+ C1 + C2)

(6.5)

with the condition that only one of the compliance 1/C1 or C2 exists, and the other one
equals zero. Since there are three different element types and switching Z1 with Z2 will
result in different network possibilities, the GIFN2 that covers totally three IF-Network
will include 36 network layouts.

Now starting with GIFN3 and eliminating IF-Blocks until only 3 are present gives 10
non-trivial IF-networks. However, some of these derived IF-Networks are identical,
removing these results in 8 distinct IF-Networks. Amongst them, some IF-Networks can
be simplified, with them reduced to IF-Networks containing 2 IF-Blocks, which were
captured by the IF-Networks derived from the GIFN2. For example, if IF-Blocks Z2, Z4
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and Z6 in GIFN3 are eliminated, the resulting IF-Network is equivalent to the IF-Network
shown in Fig. 6.9(b) with Z1 and Z5 reduced to one IF-Block. Although they are valid
IF-Networks recovered from GIFN3, we will take them as repeated networks, and they
will be excluded to remain a concise network set recovered from GIFN3. A redundancy
check is conducted to exclude the repeated ones by distributing passive elements amongst
these IF-Blocks, and then comparing impedance matrices of the obtained networks.
This can be achieved easily through a MATLAB© program by comparing the symbolic
expressions of these impedance matrices. If the symbolic expressions are identical, the
later impedance matrix which represents a redundant IF-network will be excluded from
the complete set. The results give 2 new IF-networks, as shown in Fig. 6.10. Three
passive elements are distributed amongst these IF-Blocks with each IF-Block include one
element, resulting in 6 networks from each IF-Network. Hence, there are 12 additional
networks recovered from the GIFN3. Combined with the networks recovered from GIFN2,
in total 48 networks, which are the complete set of network layouts containing 1 inertance,
1 compliance and 1 resistance, will be obtained.

Fig. 6.10 IF-Networks with 3 IF-Blocks after redundancy check.

6.3 Application Example

The HIS derived in Section 6.1 is now included within a half car model as an example to
demonstrate how the proposed approach can be used to identify the most beneficial HIS
suspension with restricted topological complexity for vehicle suspension design. Other
types of the interlinked suspension system, such as the pneumatic [59] or mechatronic
[15] ones, or other engineering applications involving multi-dimensional vibrations, such
as the wind turbine gearbox mounting systems [7], could also be considered.

6.3.1 Half-car model

To retain simplicity, whilst still accounting for details of the HIS system, a lumped-mass,
roll-plane, four-degree-of-freedom (4-DOF) half-car model is adopted here. This model
is the same as the one used in [6], as shown in Fig. 6.11. The system consists of linear
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tyre damping (ctl, ctr) and stiffness (ktl, ktr), and linear conventional suspension stiffness
(ksl, ksr). It also possesses left-right symmetry. M , ml and mr are the mass value of
the sprung mass, left and right unsprung masses, respectively. I is the sprung mass
moment of inertia. bl and br are the distances from the sprung mass centre to the left
and right suspension struts, respectively. Parameters of the half-car model are given in
Table 6.2. The HIS configuration illustrated in Fig. 6.3 with one accumulator on each
pipeline is considered as the default HIS system. All parameters keep the same values
as the one used in [6], except that the crossing sectional area of the piston is taken as
4.124 × 10−4 m2 in this study.

Fig. 6.11 Half-car model combined with the HIS suspension

Table 6.2 Parameter values of the Vehicle system (subscript j = l or r, indicating the left
or right, respectively)

Symbol Value Units Description

M , mj 750, 35 kg Sprung and unsprung mass
I 320 kg·m2 Sprung mass moment of inertia about roll axis
bj 0.8 m Distance from sprung mass centre to suspension strut
ksj, ktj 20, 200 kN/m Mechanical suspensionkg·m2 spring and tyre spring stiffness
ctj 300 Ns/m Tyre damping

The equations of motion of the HIS-integrated half-car model in the Laplace domain is
shown in Eq. 6.6:

[s2M + sC + K + sDT
y YmDy]x̃ = F̃ (6.6)
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with the mass, damping and stiffness matrices M, C and K expressed as:

M =


ml 0 0 0
0 mr 0 0
0 0 M 0
0 0 0 I

 C =


ctl 0 0 0
0 ctr 0 0
0 0 0 0
0 0 0 0



K =


ksl + ktl 0 −ksl kslbl

0 ksr + ktr −ksr −ksrbr

−ksl −ksr ksl + ksr ksrbr − kslbl

kslbl −ksrbr ksrbr − kslbl kslb
2
l + ksrb

2
r



(6.7)

and the hydraulic force F̃h as:

F̃h = Ym∆ṽh = YmD̃yx̃s

where Dy =
1 0 −1 bl

0 −1 1 br

 (6.8)

x̃ = [x̃l, x̃r, x̃v, θ̃]T is the displacement vector representing the half car left wheel, right
wheel, car body translational and rotational movements in the Laplace domain, with
positive directions shown in Fig. 6.11. It is defined under the rotational scenario so the
left piston is pressed and the right piston is extended. Ym is the admittance matrix from
the force F̃h to the relative velocity ∆ṽh. Dy is the position matrix.

Now consider a road displacement input to the half car system ξ̃ = [ξ̃l, ξ̃r, 0, 0]T , F̃ = Bξ̃

is the vector of applied road forces. B is a 4×4 matrix comprising all zero elements
except the upper two diagonal terms, where B11 = sctl + ktl and B22 = sctr + ktr. Use
Hd to represent the transfer function from the road input ξ̃ to the vehicle displacement
x̃. By setting H = s2M + sC + K + sDT

y YmDy, the vehicle displacement x̃ can thus be
solved as:

x̃ = Hdξ̃ = H−1Bξ̃ (6.9)

To this end, the performance of the half-car system will be evaluated to identify the
optimum hydraulic interlinked suspension. In this study, the objective function J is
chosen as the maximum right suspension force under the single wheel bump input with
left suspension force constrained to be no larger than the default system. Three more
constraints are added to guarantee the vehicle ride comfort and roll performance. One is
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the H2 norm of the sprung mass displacement under a random rough road input. The
other two are roll angle and roll velocity of the half-car model under fishhook manoeuvre.
The objective function and the constraints can be expressed as:

J = max|FLsusp| under single wheel bump

with constraints:
||x̃v||2opt ≤ ||x̃v||2def

under rough road input
max|θ|opt ≤ max|θ|def under fishhook manoeuvre
max|θ̇|opt ≤ max|θ̇|def under fishhook manoeuvre

(6.10)

Note that, for a fair comparison, parameters of the default HIS system are also optimised
following Eq.(6.10) with constraints obtained by using the hydraulic parameters given
in [6]. Thus, the optimised default HIS parameter values are listed in Table 6.3. With
these parameter values, a new set of more strict constraints can be obtained, which will
be used for the further identification of beneficial network configurations.

The single wheel bump input with a sine wave shape is applied to the left wheel of the
half car model to excite both bounce and roll modes of the vehicle [6]. The bump has a
length of 0.5 m, and the vehicle goes through it with a velocity of 13.4 m/s. The profile
of this single wheel bump can be found in Fig. 6.12. For the random rough road input, it
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Fig. 6.12 Single Wheel Bump Road Input with (a) the road displacement excitation ξl;
(b) the road velocity excitation ξ̇l.

is the same as the one used in [153]. So the introduction of this input won’t be repeated
in this study. Details of its mathematical expression can be found in Appendix D. Since
no tyre-model is considered for the half car model, fishhook manoeuvre is not directly
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applicable to it. Hence, a fishhook steering angle (as shown in Fig. 6.13(a)) is firstly
applied to a 9-DOF full-car model to generate a roll moment (as shown in Fig. 6.13(b)),
which will then be adopted in this half-car model. The 9-DOF full car model is the
same as the one used in [154], while the model parameters are in line with the half-car
model used in this study, which means the sprung mass is 2×750 kg, the sprung mass
inertia is 2×320 kg·m2, and other parameters are same as the ones shown in Table 6.2.
Although the HIS can be directly applied to the 9-DOF full car model, this case study is
to demonstrate the proposed identification approach, and a 4-DOF half car model with
one pair of interlinked suspension system is sufficient for the demonstration purpose.
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Fig. 6.13 Fishhook manoeuvre: (a) the steering angle that applied to the full-car model;
(b) the roll moment generated by the full-car model.

6.3.2 Numerical application on the example model

To identify beneficial HIS networks for the half-car model, four passive hydraulic elements,
one resistance, one compliance and two inertance, are considered for each pipeline. The
GIFN2, GIFN3 and GIFN4 are used to derive all possible IF-Network layouts with 2, 3
and 4 IF-Blocks, respectively. The structure-immittance approach is then employed to
distribute four passive elements into these IF-Blocks to enumerate all possible networks.
Based on the procedure demonstrated in Section 6.2, there are totally 96, 162 and
204 layouts available for GIFN2, GIFN3 and GIFN4, respectively, after performing the
redundancy check. Recall the three-element case in Section 6.2, where the networks
recovered from GIFN3 are excluded if they are identical to the networks recovered from
GIFN2. Similarly, certain networks, which are identical to networks recovered from
GIFN3 and GIFN2, are also excluded from the network set recovered from GIFN4. These
obtained networks, together with their corresponding impedance matrices, are used to
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minimize the objective function. In this specific roll-plane half-car case study, non-zero
roll static stiffness must exist as the roll static stiffness is critical to the vehicle roll mode.
Any layouts resulting in a zero roll static stiffness will be exempted from this case study,
leaving a total of 50 layouts, specifically of 12, 16 and 22 layouts with respect to the
GIFN2, GIFN3 and GIFN4.

Amongst all possible network candidates, optimal network layouts for IF-Networks
generated from the GIFN2, GIFN3 and GIFN4 identified as L1, L2 and L3, respectively,
are shown in Fig. 6.14. Optimal results in values of the objective function are summarized
in Table 6.3, together with the corresponding parameter values. For L1, the optimal

Fig. 6.14 The obtained optimal HIS networks L1, L2 and L3, recovered from GIFN2,
GIFN3 and GIFN4, respectively.

configuration results in a maximum right suspension force of 113.73 N, which represents
a 24.9% improvement compared to the default HIS system. The corresponding parameter
values are I1 = 5.83×107 kg/m4, I2 = 1.51×107 kg/m4, R1 = 1.29×1010 kg/(s·m4) and
C1 = 1/(7.31×1010) m4s2/kg. Note that the performance of L2 is identical to L1 for
this specific anti-oppositional HIS arrangement, as pipelines A and B are symmetrical to
each other in the left-right direction, which means the derived admittance matrices of
the equivalent mechanical network Ym for L1 and L2 are the same. L3 can provide an
optimal right suspension force of 122.72 N, with 19.0% performance improvement. The
parameter values of L3 are: I1 = 7.00×109 kg/m4, I2 = 1.05×107 kg/m4, R1 = 1.28×1010

kg/(s·m4) and C1 = 1/(7.40×1010) m4s2/kg. Fig. 6.15 shows the right suspension force
of the 4-DOF half car model with different HIS configurations. The performance of L1 is
not shown in Fig. 6.15 as it is equivalent to L2 for this case study. It can be seen that the
maximum right suspension force happens around 1.15 s under single-wheel bump input.
The identified beneficial networks L2 and L3 can substantially reduce the maximum right
suspension force without any compromise of the vehicle roll performance.
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Table 6.3 Optimisation results for two inertances, one resistance, one compliance case

Configurations Performance (N) Imp. Optimal parameter values

Default 151.53 /

IA1 = 3.91×107 kg/m4

RA1 = 1.92×109 kg/(s·m4)
IA2 = 1.68×107 kg/m4

RA2 = 1.00×109 kg/(s·m4)
RAa = 2.42×108 kg/(s·m4)
CAa = 1/(6.68×1010) m4s2/kg

L1 113.73 24.9%

I1 = 5.83×107 kg/m4

I2 = 1.51×107 kg/m4

R1 = 1.29×1010 kg/(s·m4)
C1 = 1/(7.31×1010) m4s2/kg

L2 113.73 24.9%

I1 = 1.51×107 kg/m4

I2 = 5.83×107 kg/m4

R1 = 1.29×1010 kg/(s·m4)
C1 = 1/(7.31×1010) m4s2/kg

L3 122.72 19.0%

I1 = 7.00×109 kg/m4

I2 = 1.05×107 kg/m4

R1 = 1.28×1010 kg/(s·m4)
C1 = 1/(7.40×1010) m4s2/kg

6.4 Summary of the chapter

In this chapter, a systematic procedure is proposed to identify beneficial passive three-
terminal series-parallel networks which can be used for interlink vibration suppression
system identification. A full set of such network layouts with pre-determined numbers
of passive transformerless elements (such as the compliance, resistance and inertance
elements in the hydraulic domain) are captured and enumerated. This is achieved by
using the Generic-Immittance-Function-Network (GIFN) to represent the topological con-
nection possibilities of Immittance-Function-Blocks (IF-Blocks), and using the structural
immittances to describe the 2PT networks in each IF-Block.

The benefits of this approach are shown using a 4-DOF half car model integrating
a hydraulically-interlinked system (HIS). Three beneficial suspension networks were
identified using the proposed approach. 24.9% improvement is obtained for the vehicle
ride comfort, compared to the optimum default suspension design with no compromise
of the vehicle roll performance. From the obtained optimisation results, the proposed
approach has the following advantages:
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Fig. 6.15 The half-car model right suspension force employing different HIS networks

1. It provides a systematic procedure to capturing all possible passive series-parallel
three-terminal network configurations with a constrained network complexity. The
desired networks are recovered from a series of GIFN derived in this chapter. Significant
performance benefits could be obtained through this systematic procedure.

2. While only 4 elements are needed in the identified beneficial configurations, there are
totally 6 elements in the default system. With the elements number of the identified
passive HIS system less than the default one, this could potentially reduce the complexity
of the desired suspension in practical applications.

3. More than one configuration with same performance are identified, which will provide
more design possibilities for the next-step physical realisation of such HIS system to fit
into specific manufacturing requirements.
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Chapter 7

Conclusions and outlook

In this thesis, the network-synthesis-based identification methodology is developed to
design optimal passive vibration absorbers with pre-determined network complexity
and topology. This methodology is applied to three engineering systems, including the
offshore wind turbine, building structure and vehicle systems, to suppress their vibrations.
In this chapter, a summary of the main advantages of this methodology is presented.
Findings and conclusions of applying it to different engineering problems are also drawn.
Following this, a number of avenues for future research are outlined.

7.1 Conclusions

7.1.1 Network-synthesis-based identification methodology

The main focus of this thesis is to develop a methodology to systematically identify
optimum passive networks with predetermined network complexity and topology. The
identified networks can be realised as multi-physical domain devices for various engineering
vibration suppression problems.

With the introduction of the inerter, the force-current analogy is completed with the
mechanical elements fully analogous to the electrical ones. This analogy can also be
extended to other domains, such as the acoustic, thermal and hydraulic domain. Hence,
the network synthesis theory originally developed for electrical networks is directly
applicable to realising networks in other domains. However, the classical network
synthesis approaches didn’t consider the minimal realisation of a network, which will
potentially introduce a large number of elements in the network. For example, a
positive-real biquadratic immittance realised using Bott-Duffin synthesis [29] requires
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nine elements connected in series-parallel in the network. Unlike the electrical systems,
mechanical networks have strict weight and space constraints for real-life applications.
Hence, minimal realisation of mechanical networks is much more critical due to practical
considerations around alignment, linkages and size. Recently, an attractive approach,
named the structure-immittance approach, has been proposed by Zhang et al. [30]. It
tackles the problem of how to systematically realise a network with a pre-determined
number of passive non-mass elements (i.e., springs, dampers and inerters).

Mathematically, an ideal lumped mass is equivalent to an ideal inerter with one of the two
terminals notionally connected to the ground. However, the mass element has its unique
merit since attaching absorbers’ terminals physically to the ground might be unrealistic
for many application. Therefore, it is beneficial to integrate the reaction mass into the
systematic network identification procedure. Considering the fact that most independent
vibration suppression devices have no more than two attachment points to the primary
system, in this study, a complete set of independent passive vibration absorbers is first
explored, which consist of one reaction mass and a pre-determined number of springs,
dampers, inerters connected in series-parallel. The mass element is treated as a special
two-terminal element, with one terminal notionally connected to the ground, denoted
as a notional-ground (NG), and the attachment point is treated as a physical terminal
(PT) in the corresponding network representation. In Chapter 3, we start with networks
containing one PT and one NG (1PT1NG). Graph theory is employed in Chapter 3
to facilitate the derivation of topological connection possibilities of generic 1PT1NG
network. Combined with their immittance expressions, all possible networks with one
reaction mass and a predetermined number of passive two-terminal elements connected
to the primary structure through one attachment point are enumerated systematically.

In addition to the optimum networks obtained using the generic 1PT1NG network,
there are still plenty of mass-included devices which has two physical terminals (2PTs)
yet cannot be covered by the generic 1PT1NG network. One example is the tuned-
mass-damper-inerter (TMDI). It has shown significant performance benefits to mitigate
unwanted vibrations. To further investigate networks with two physical terminals and
one nominal terminal (termed 2PT1NG network), inspired by the layout of the TMDI,
an Immittance-Function-Layout (IFL) is introduced in Chapter 4. The IFL includes two
Immittance-Function-Blocks (IF-Blocks) and one reaction mass in between. Due to the
presence of this mass element, forces generated at the network’s two terminals are not
equivalent any more, therefore an immittance function matrix is derived to describe the
forces-velocities relationship across two terminals. With this immittance function matrix,
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a complete set of the IFL-type networks (which is a subset of all possible 2PT1NG
networks) with pre-determined number of inerters, dampers and springs connected
in series-parallel can be systematically characterised, and the optimum configurations
covered by this IFL can be identified.

In addition to the IFL-type networks covered in Chapter 4, there are still a wide range
of 2PT1NG networks who haven’t been considered and could potentially provide better
dynamic properties. To fully explore the one-reaction-mass-included vibration absorbers
with two physical terminals, the generic 2PT1NG network is investigated in Chapter 5,
based on the work done in Chapters 3 and 4. Graph theory is again employed to construct
the topological connections. Together with the generic 1PG1NG network derived in
Chapter 3, all possible networks with series-parallel connections of one reaction mass
and a pre-determined number of springs, dampers and inerters with no more than two
attachment points can be covered.

The above proposed generic networks are only applicable to independent vibration
absorbers which are normally used for uni-dimensional vibration suppression problems.
While, the interlinked vibration absorbers also have a wide range of applications on various
dynamic systems for their multi-dimensional vibration suppression. With proper design,
a set of interlinked absorbers can be regarded as three-terminal networks. Therefore,
in Chapter 6, a systematic network identification procedure with constrained network
complexity is developed for three-terminal networks. The Generic-Immittance-Function-
Network (GIFN) is proosed in this chapter, which is the general representation of
all possible three-terminal Immittance-Function-Networks (IF-Networks). The Graph
theory is also employed in this chapter to demonstrate the topological connection of
three-terminal networks. The obtained GIFN could cover a full set of series-parallel
three-terminal networks with predetermined number of transformerless elements (for
example, resistors, inductors and capacitors in the electric domain). Thus, the optimum
three-terminal networks which can be used to design interlinked vibration absorbers are
obtained.

7.1.2 Applications to various engineering systems

Through the introduced generic networks and the systematic identification procedure,
beneficial absorbers are obtained for various engineering vibration problems.

In Chapter 3, the generic 1PT1NG network is employed to identify beneficial inerter-
based absorbers (IBAs) to reduce the structural vibrations of an example fix-bottom
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offshore wind turbine, the monopile, and an example floating offshore wind turbine, the
spar-buoy. First, simplified linear models are established to identify beneficial absorbers
which will reduce the turbine tower top displacements. Optimisation results show that
up to 7.3% and 6.4% performance improvements can be obtained for the linear monopile
and spar-buoy turbine models, respectively, with the optimum TMD as a benchmark. A
nonlinear aero-hydro-servo-elastic coupled simulation tool, the OpenFAST, developed by
the National Renewable Energy Laboratory (NREL), is employed to further assess the
IBAs’ performance under realistic loading conditions. The source code of the OpenFAST
is modified to include transfer functions of all 1PT1NG networks. By employing the
identified optimal IBAs, the monopile and spar-buoy turbines are simulated under different
wind and wave conditions. These include the normal operational condition (corresponding
to the fatigue load states (FLS) and the extreme load condition (corresponding to the
ultimate load states (ULS)). Under the FLS analysis, the tower damage equivalent
load (DEL) can be reduced by 5.8% and 3.3% for the monopile and spar-buoy turbines,
respectively. The reduction of the DEL is larger in the side-to-side direction as there is less
aerodynamic damping in this direction. The reason that the reduction for the spar-buoy
turbine is smaller than the monopile is that the identified IBAs only tune the tower
fore-aft mode, while the platform pitch mode is not targeted for the spar-buoy turbine.
Under the ULS analysis, the maximum tower base bending moment is reduced by 2.4%
and 1.4% for the monopile and the spar-buoy turbines, respectively, in the time domain.
While in the frequency domain, the amplitude of the tower bending mode can be reduced
by 37.0% and 39.7% correspondingly. The potential mass value reduction of the optimum
IBAs is also investigated for the monopile and spar-buoy turbines. Results show that the
mass value can be reduced by 25.1% (i.e., 7486 kg) and 23.2% (i.e., 7680 kg), respectively,
to achieve the same performance as the optimum TMD. This is of importance for the
utilisation of IBAs on offshore wind turbine tower vibration mitigations, as the total
mass added to the nacelle can be substantially reduced.

In Chapter 4, the derived IFL-type networks are applied to an example three-storey
building model, with the single IFL-type and the dual-IFL type devices (with two parallel-
connected IFL layout) both considered in the case study. The proposed IFL is effective
in identifying optimal network configurations to mitigate the maximum inter-storey drift
of a three-storey building model when subjected to th base excitation. Totally three
optimal configurations, i.e., C1, C2 and C3, are obtained. C1 is a single-IFL type device,
with 7.3% improvements obtained compared with the optimum TMDI. C2 and C3 are
identified through the dual-IFL devices, with up to 34.9% imprveoments obtained. It
has been shown that the dual-IFL type devices outperforms the single-IFL devices with
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same mass constraints. This is because, for the identified dual-IFL device, one IFL
mainly targets the building’s first natural frequency, and the other IFL is able to target
higher frequencies. Then, real-life earthquake inputs are used on the 3-storey building
model incorporating the identified absorbers. Simulation results show advantages of
those absorbers on mitigating seismic vibrations compared to the optimum TMDI. A
10-storey building model subjected to base excitation is also adopted to further verify
the effectiveness of the identified absorbers.

In Chapter 5, the derived generic 2PT1NG network is again applied to the three-storey
building model to reduce its maximum inter-storey drift. The number of the inerters,
dampers, springs and masses in a vibration suppression device is restricted to be one
for each, hence there are totally 64 candidate network layouts. Optimal 2PT1NG
network configurations are obtained amongst these candidates, where the most beneficial
configuration can provide 66% better performance than the optimum TMD and also
outperforms the optimum TMDI with 41% improvements.

In Chapter 6, a hydraulically-interlinked system (HIS) is considered as an example for
the vehicle interlinked suspension design. Other types of interlinked suspension system,
such as the pneumatic or mechatronic ones, or other engineering applications involving
multi-dimensional vibrations, such as the wind turbine gearbox mounting systems, can
also be considered as case studies to demonstrate the advantages of the derived generic
network. In this case study, the vehicle right suspension force is taken as the objective
function under a left-wheel bump-input. In the same time, the vehicle sprung mass
acceleration under a random road input and the vehicle roll angle and velocity under
a fishhook manoeuvre are also considered as constraints. Optimisation results show
that, signifiant vehicle ride comfort improvements (up to 24.9%) are obtained with less
components needed (only four elements are needed compared to six components used in
the default system) and no compromise for the vehicle roll performance. Moreover, more
than one network configurations with same performance improvements are also obtained.

7.1.3 Advantages of this methodology

From the obtained results of applying generic networks to various engineering problems,
it is straightforward to conclude the advantages of the developed network-synthesis-based
identification methodology.

First, a systematic procedure is introduced to identify a complete set of networks
with predetermined network complexity (number of elements) and topology (how the
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elements are connected with each other). This is especially important for mechanical (and
hydraulic) vibration absorbers due to practical considerations around alignment, linkages
and size. The minimal realisation of such networks is considered in this methodology. In
Chapter 6, while only 4 elements are required in the identified beneficial configurations,
there are totally 6 elements in the default system. With the identified elements number
less than the default one, this could potentially reduce the complexity of the desired
suspension in practical applications.

Moreover, the identified absorbers could provide significant performance improvements
compared to the traditional one provided that same elements number is included in
these absorbers. For example, in Chapter 5, with 1 spring, 1 damper, 1 inerter and 1
reaction mass, the identified network C2c could provide 41% improvements compared
to the optimum TMDI. It also outperforms the 1PT1NG configuration C1 with 47.2%
improvements, which can be considered as being obtained by employing the structure-
immittance approach.

For certain applications, more than one optimum networks are identified with same
performance improvements. This will provide more possibilities for the next-step physical
design of such absorbers to fit into specific manufacturing requirements. For example, in
Chapter 3, four different absorbers IBA4E1, IBA4E2, IBA4E3 and IBA4E4 are identified
with identical performance improvements when employing 4 elements for both the
monopile and the spar-buoy type turbines. IBA6E1 and IBA6E2 are identified for the
monopile, IBA6E3 and IBA6E4 are identified for the spar-buoy with identical performance
improvements when employing 6 elements. Moreover, in chapter 6, networks L1 and L2
provide same performance for the half-car model.

Finally, it can be widely used for various network identification related problems. The
engineering applications demonstrated in Chapters 3-6 are only several examples. The
proposed approach is also applicable to any other dynamic systems, such as the railway
vehicle, aircraft, bridge, etc, for their vibration suppression. Moreover, the identified ab-
sorbers can be realised using multi-physical domain properties (i.e., mechanical, electrical,
hydraulic, pneumatic) subjected to different application scenario.

7.2 Future work

Whilst the network-synthesis-based identification methodology presented in this thesis
provides new and practical insight to the design of beneficial vibration absorbers, it also

136



7.2 Future work

reveals a number of avenues of research that may be of further value, which are outlined
here.

• Multi-port (mass-included) network realisation In this thesis, only two-
terminal (Chapter 3) and three-terminal (Chapter 4-6) networks are investigated.
While the multi-port network identification with predetermined network topology
and complexity is also practically useful in many engineering applications, such as
the full-vehicle interlinked suspension design with four-wheel suspensions connected
together [155]. Moreover, as mentioned in Chpater 3, the mass element has its
unique merit as attaching absorbers’ terminals physically to the ground might be
unrealistic for many applications. It is also worth to investigate the mass-included
three-terminal and multi-port network identification approach.

• Model and feasibility study extension For vibration suppression examples
shown in this thesis, most case studies employ simplified models to demonstrate
the effectiveness of the proposed network identification methodology. It is worth
to consider a sophisticated model with detailed information and to examine the
sensitivity of the obtained devices when subjected to a more realistic model. For
example, the three-storey building model used in Chapters 4 and 5 didn’t include
the damping of the primary system. It could provide an insight of how the damping
will affect the identified absorbers’ performance if it is included in the building
model. Moreover, the half car model employed in Chapter 6 is a four-DOF system.
It is worth to investigate what the vehicle performance would be if the vehicle
is modelled in a professional vehicle simulation software, such as the CarMaker
[156]. The feasibility study could also be refined to be more representative for real
application. For example, the absorbers are only placed at the top floor of the
building models considered in Chapters 4 and 5. While placing them at other floor
could potentially achieve better performance. This could be further explored for
practical applications.

• Uncertainty and nonlinearity investigation The systems and absorbers’ pa-
rameters considered in this work are all taken as deterministic. However, it is
extremely difficult or even prohibited to obtain the exact values of these parameters
in reality. For example, the system’s damping effect is difficult to be accurately
obtained. Moreover, the nonlinearity of the identified absorbers are not considered
yet. It has been stated [1, 62, 141] that the inerter and damper nonlinearity has
great impact on the system overall dynamics and could potentially degrade system
performance. Therefore, the uncertainty and nonlinearity of the primary system
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and the absorber should be both considered before the identified absorbers are
applied for practical engineering system vibration suppression problems.

• Multi-physical domain prototype realisation The absorbers identified in this
thesis are represented by their passive element properties (i.e., stiffness, damping,
inertance in the mechanical domain, and compliance, resistance, inertance in the
hydraulic domain). There is still a gap between the element properties and their
physical realisations. It is also possible that one component in the prototype might
include more than one element properties. For example, to realise the hydraulic
inertance, a helical tube [3] can be used, where the length and area value of the
helical tube need to be determined. In the meantime, there is also damping effect
existing, which represents the resistance of the fluid flow in a pipeline. How to find a
one-to-one correspondence between the network and the prototype realisation needs
to be further explored. Moreover, different element properties can be combined
together to form an integrated device, such as a hall-bush device with the fluid
passageway as shown in [157]. A general prototype design methodology under
multi-physical domain principle is also needed.

• Experimental testing The networks identified in this thesis and the performance
improvements are simulation results. To facilitate the industrial applications of
the proposed beneficial absorbers, it is essential to experimentally verify their
performance advantages. Prototypes of such absorbers should be established, tested
and adjusted considering uncertainties, inherent nonlinearity and hysteresis effects
in the devices. For example, additional nonlinearity exists in the hydraulically
interlinked systems identified in Chapter 6. They should be verified experimentally.
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Appendix A

Implementation of 1PT1NG networks to Open-
FAST

Considering the equation of motion of an IBA in the X direction based on the previous
study done by La Cava and Lackner [158]:

mX ẍIBAX/P −mX(ϕ̇2
P + ψ̇2

P )xIBAX/P + L−1(Y ′(s))ẍIBAX/P

= mXaGX/O + (FextX
+ FStopF rcX

) −mX ẍP/O

(A.1)

where mX is the mass value of an absorber in X direction. Subscripts O, P and IBA

represent the origin point of the global inertial reference frame, the origin point of the
non-inertial reference frame fixed to the tower top where IBAs are at rest, and the origin
point of an IBA, respectively. xIBAX/P is the displacement of an IBA relative to the
tower top non-inertial reference frame origin point IBA. aG is the gravity acceleration.
Now setting:

BXuX = mXaGX/O + (FextX
+ FStopF rcX

) −mX ẍP/O (A.2)

where uX is the input vector with input matrix denoted by BX . Note that L−1(Y ′(s))ẍIBAX/P

is the output force Ff generated between the two terminals of the network, where the x
in Eq.(3.10) is the xIBAX/P in Eq.(A.1. Therefore, Eq.(A.1) can be rewritten as:

mX ẍIBAX/P −mX(ϕ̇2
P + ψ̇2

P )xIBAX/P + Ff = BXuX (A.3)
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Implementation of 1PT1NG networks to OpenFAST

Integrate Eq.(3.10) on both sides considering all variables with zero initial condition, and
substitute it into Eq.(A.3).

mX ẍIBAX/P −mX(ϕ̇2
P + ψ̇2

P )xIBAX/P + c1(A1
∫

ωf + b1ẋIBAX/P )+
d1ẍIBAX/P = BXuX

(A.4)

Then the equation of motion can be reformulated by grouping orders of xIBAX/P :

MX ẍIBAX/P + CX ẋIBAX/P +KXxIBAX/P + c1A1
∫

ωf = BXuX (A.5)

where

MX = mX + d1

CX = c1b1

KX = −mX(ϕ̇2
P + ψ̇2

P )

Combining the absorber’s mass states x with its ficitious states
∫

ωf , the entire system
can now be written in the state-space form in the time domain as follows:

ẋwX
= AssX

xwX
+ BssX

uX (A.6)

with

xwX
=


ẋIBAX/P

xIBAX/P∫
ωf

 ,AssX
=


−M−1

X CX −M−1
X KX −M−1

X c1A1

1 0 0
b1 0 A1

 ,BssX
=

 M−1
X BX

0(N+1)×1



N is the dimension of the fictitious states. Therefore, with the zero initial condition, the
force exerted by the IBA in X direction (i.e. Eq(3.9)) can be reformed as:

FfX
= c1(A1

∫
ωf + b1ẋIBAX/P ) + d1ẍIBAX/P (A.7)
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similarly, for an IBA in the Y direction, the state space equation and the force expression
are obtained as:

ẋwY
= AssY

xwY
+ BssY

uY (A.8)
and
FfY

= c1(A1
∫

ωf + b1ẋIBAY /P ) + d1ẍIBAY /P (A.9)

where

xwY
=


ẋT MDY /P

xT MDY /P∫
ωf

 ,AssY
=


−M−1

Y CY −M−1
Y KY −M−1

Y c1A1

1 0 0
b1 0 A1

 ,BssY
=

 M−1
Y BY

0(N+1)×1


and
MY = mY + d1, CY = c1b1, KY = −mY (θ̇2

P + ψ̇2
P )

Hence, by implementing Eq.(A.6-A.9) into the IBA module, transfer functions of different
1PT1NG IBAs can be included in OpenFAST.
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Appendix B

IF-Matrix and 2PT1NG IF-network

B.1 Derivation of the IF-Matrix

Consider a 2PT1NG network shown in Fig. 5.3 with velocities v1, v2 and forces f1, f2 at
the two physical-terminals PT1 and PT2. Its Immittance-Function-Matrix L(s), relating
the velocities with the forces in Laplace domain, is defined as: F1

F2

 = L(s)

 V1

V2

 , (B.1)

where L(s) is a 2 × 2 matrix, made up of four admittance functions, denoted as
L(1, 1), L(1, 2), L(2, 1) and L(2, 2).

For the generic IF-Network, L1(s) shown in Table 5.1, the equation of motion, in Laplace
domain, can be derived as:

F1 = sY3(s)(V1 − Vm), F2 = sY2(s)(V2 − Vm), and msVm = F1 + F2, (B.2)

where Vm is the velocity of the reaction mass with its value defined as positive to the
right. By expressing Vm as a function of V1, V2, the IF-Matrix of the generic IF-Network,
L1(s), can be written as:

L1(s) = Y2(s)Y3(s)
Y2(s) + Y3(s) +ms


(Y2(s) +ms)

Y2(s)
−1

−1 (Y3(s) +ms)
Y3(s)

 . (B.3)
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IF-Matrix and 2PT1NG IF-network

The IF-Matrix of the generic IF-Network for the R = 2 case, shown in Table 5.1, can
then be obtained by replacing ms in (B.3) with Ym(s), to give

L2(s) = Y2(s)Y3(s)
Y2(s) + Y3(s) + Ym(s)


(Y2(s) + Ym(s))

Y2(s)
−1

−1 (Y3(s) + Ym(s))
Y3(s)

 . (B.4)

where
Ym(s) = Y1(s)ms/(Y1(s) +ms) (B.5)

represents a mass connected in series with the IF-Block Y1(s). Built on (B.4), the IF-
Matrix of the generic IF-Networks, LR(s), for the even R case (R ≥ 3, see the left-hand
side of Table 5.1), can be obtained by a parallel connection between LR−1(s) and Y 3R−1

2
(s),

given by

LR(s) =

LR−1(s) + Y 3R−1
2

(s)

 1 −1

−1 1


 (B.6)

For the series connection between LR−1(s) and two IF-Blocks Y 3R
2 −1(s), Y 3R

2
(s) (see the

right-hand side of Table 5.1), the IF-Matrix can be formulated by first deriving L′
R(s),

using

L′

R(s) = 1
Y 3R

2 −1(s) + LR−1(2, 2)

Y 3R
2 −1(s)LR−1(s) +

 |LR−1(s)| 0
0 0


 (B.7)

and then substituting this into

LR(s) = 1
Y 3R

2
(s) + L′

R(1, 1)

Y 3R
2

(s)L′

R(s) +
 0 0

0 |L′
R(s)|


 (B.8)

B.2 2PT1NG IF-Network possibilities with R = 1, 2, 3, 4

m

Y2(s) Y3(s)

m

(a) (b)

Fig. B.1 IF-Network cases for R = 1.
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B.2 2PT1NG IF-Network possibilities with R = 1, 2, 3, 4

m

Y2(s)Y3(s)

mY1(s)

Y2(s)

mY1(s)

Y3(s)
(a) (b) (c)

Fig. B.2 IF-Network cases for R = 2.

m

Y2(s)Y3(s)

Y1(s)
m

Y2(s)Y3(s)

Y4(s)(a) (b)

Fig. B.3 IF-Network cases for R = 3.

m

Y2(s)Y3(s)

Y4(s)

Y1(s) m

Y2(s)Y3(s)

Y4(s)

Y5(s)

m

Y2(s)Y3(s)

Y4(s)
Y6(s)

(a) (b) (c)

Fig. B.4 IF-Network cases for R = 4.
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Appendix C

Hydraulically interlinked system and the three-
terminal network IF-Matrix

C.1 Derivation of the hydraulically interlinked sys-
tem

Fluid properties of the pipeline A in the Laplace domain can be expressed as:

(P̃l1 − P̃A1) = (RA1 + IA1s)q̃l1

(P̃r2 − P̃A1) = (RA2 + IA2s)q̃r2

(P̃A1 − P̃A0) = (RAa +
1

CAas
)q̃Aa

(C.1)

Since q̃l1 + q̃r2 = q̃Aa, Eq. (C.1) can be re-organised as follows by eliminating P̃A1:

 P̃l1 − P̃l10

P̃r2 − P̃r20

 =


RA1 + IA1s+RAa +

1
CAas

RAa +
1

CAas

RAa +
1

CAas
RA2 + IA2s+RAa +

1
CAas


q̃l1

q̃r2

 (C.2)
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Hydraulically interlinked system and the three-terminal network IF-Matrix

Fluid properties of the pipeline B can be expressed in a similar way in the Laplace
domain, where the equations to describe the fluid properties are:

(P̃B1 − P̃l2) = (RB1 + IB1s)q̃l2

(P̃B1 − P̃r1) = (RB2 + IB2s)q̃r1

(P̃B0 − P̃B1) = (RBa +
1

CBas
)q̃Ba

(C.3)

since q̃r1 + q̃l2 = q̃Ba, Eq. C.3 can be reorganised as follows by eliminating P̃B1:

 P̃l20 − P̃l2

P̃r10 − P̃r1

 =


RB1 + IB1s+RBa +

1
CBas

RBa +
1

CBas

RBa +
1

CBas
RB2 + IB2s+RBa +

1
CBas


q̃l2

q̃r1

 (C.4)

Therefore, the hydraulic impedance Zh can be obtained as Eq. (6.3) through Eqs. (C.2)
and (C.4).

To obtain dynamic forces Fld and Frd exerted by the left and right pistons, they can be
expressed as:

Fld = Fl − Fl0

Frd = Fr − Fr0
(C.5)

with  Fl = Pl1Al1 − Pl2Al2

Fr = Pr2Ar2 − Pr1Ar1
and

 Fl0 = Pl10Al1 − Pl20Al2

Fr0 = Pr20Ar2 − Pr10Ar1

Fl0, Fr0 and Fl, Fr are the initial forces and total forces on the left and right pistons,
respectively. Here Pij0 represent the initial fluid pressure inside each chamber. Fl0 = 0 and
Fr0 = 0 considering initial pressures Pl10 = Pl20 = Pr10 = Pr20. Hence the dynamic forces
Fld and Frd equal the total suspension forces Fl and Fr, respectively. The relationship
between total suspension forces and pressure differences can now be written as:

F =
Fl

Fr

 =
Fld

Frd

 =
1 0 1 0
0 1 0 1



Al1 0 0 0
0 Ar2 0 0
0 0 Al2 0
0 0 0 Ar1




Pl1 − Pl10

Pr2 − Pr20

Pl20 − Pl2

Pr10 − Pr1

 = D A ∆P

(C.6)
where D is the position matrix; A is the area matrix; and ∆P is the pressure difference
vector.
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C.2 IF-Matrix of the Three-terminal IF-Network

The relationship between the hydraulic flow q and the piston relative velocity ∆v can be
easily obtained as

q =


ql1

qr2

ql2

qr1

 =


Al1 0 0 0
0 Ar2 0 0
0 0 Al2 0
0 0 0 Ar1




1 0
0 1
1 0
0 1


∆vl

∆vr

 = ADT ∆v (C.7)

Taking the Laplace transformation of Eqs. (C.6) and (C.7), and combining them with
Eq. (6.1), it can be obtained that

F̃h = F̃hd
= DAZhADT ∆ṽh (C.8)

Therefore, the mechanical admittance matrix Ym is obtained in Eq. (6.4).

C.2 IF-Matrix of the Three-terminal IF-Network

The IF-Matrix of the π-IF-Network as shown in Fig. 6.6 (b2) can be expressed as:

Zπ =
 1

Z1
+ 1

Z2
− 1

Z1

− 1
Z1

1
Z1

+ 1
Z3

−1

(C.9)

Thus, for series connections S1, S2 and S3, the IF-Matrices of the IF-Networks shown in
Fig. 6.6 (b3)-(b5) can be expressed as:

ZS1 = Zπ +
Z4 0

0 0

 (C.10)

ZS2 = Zπ +
0 0
0 Z4

 (C.11)

ZS3 = Zπ +
Z4 Z4

Z4 Z4

 (C.12)
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Hydraulically interlinked system and the three-terminal network IF-Matrix

The IF-Matrix of the T-IF-Network as shown in Fig. 6.7 (b2) can be expressed as:

ZT =
Z1 + Z2 Z1

Z1 Z1 + Z3

 (C.13)

For parallel connections P1, P2 and P3, IF-Matrices of the resulting IF-Networks as
shown in Fig. 6.7 (b3)-(b5) can be expressed as:

ZP 1 =
Z−1

T +
 1

Z4
0

0 0


−1

(C.14)

ZP 2 =
Z−1

T +
0 0
0 1

Z4


−1

(C.15)

ZP 3 =
Z−1

T +
 1

Z4
− 1

Z4

− 1
Z4

1
Z4


−1

(C.16)

When i is an even number, the general representation of the GIFNi is:

ZGIF Ni
=

ZGIF Ni−1
−1 +

 1
Z3i−3

+ 1
Z3i−4

− 1
Z3i−3

− 1
Z3i−3

1
Z3i−3

+ 1
Z3i−5




−1

(C.17)

When i is an odd number, the general representation of the GIFNi is:

ZGIF Ni
= ZGIF Ni−1 +

Z3i−3 + Z3i−4 Z3i−3

Z3i−3 Z3i−3 + Z3i−5

 (C.18)
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Appendix D

Random road input profile

This random rough road input is the same as the one used in [153]. Following the isotropy
property, the road displacement spectral density matrix Sξ is represented as:

Sξ =
Sξ

D Sξ
X

Sξ
x Sξ

D

 (D.1)

where Sξ
D is the direct (single-side) spectral density and Sξ

x is the cross spectral density.

Sξ
D adopted in this study is the ‘single slope’ representation, expressed in terms of the

wave number n as:
Sξ

D(n) = c|n|−2w (D.2)

The closed form solution for the cross spectral density for this road model is:

Sξ
X(n) = 2c(πb/n)w

Γ(w) Kw(2πbn) (D.3)

In the foregoing equations, c is the road roughness coefficient; v is the vehicle traverse
velocity. For a vehicle traversing the ground with constant velocity v, these spatial
PSD functions can be expressed as a function of the angular frequency, by making the
substitution n = ω/2πv. Γ(·) denotes the gamma function; and Kw(·) is the modified
Bessel function of the second kind with order w. Command besselk is used in MATLAB©

to represent this function. A value of 1 for w represents a white noise velocity input of
constant (single-sided) spectral density. A c value of 1.6 × 10−6 is used.
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Random road input profile

The vehicle acceleration transfer function Ha=s2Hd, therefore, the obtained Ha and Sξ

can be used to calculate the response spectral density matrix:

Sresp(ω) = H∗
aSξ(ω)HT

a (D.4)

where the symbol ∗ and T denote the complex conjugate and matrix transpose, respectively.
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