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We study the generalized theta lifting between the double covers of split special
orthogonal groups, which uses the non-minimal theta representations constructed
by Bump, Friedberg and Ginzburg. We focus on the theta liftings of non-generic
representations and make a conjecture that gives an upper bound of the first non-
zero occurrence of the liftings, depending only on the unipotent orbit. We prove both

global and local results that support the conjecture.
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1 Introduction

The classical Jacobi theta function has been understood through the theory of
the Weil representation defined on the metaplectic double cover of the symplectic
group. See [20], [25] and [28]. Motivated by these works, the theory of automorphic
representations on metaplectic covers of reductive groups has been much developed
over the past half centry (for example, [18], [II] and [5]).

One of the most important applications of the Weil representation is the construc-
tion of the classical theta correspondence. The construction ultilizes the fact that the
Weil representation is a minimal representation. Globally, this means that its Fourier
coefficients associated to all non-trivial unipotent orbits except for the minimal one
are zero. However, there may not exist any such minimal representations for certain
groups (for example, see [27]). In those cases, one may seek representations that are
small enough to enable an analogous theta correspondence.

Let F' be a number field containing the group of fourth roots of unity, with the
ring of adeles A. In [5], Bump-Friedberg-Ginzburg constructed the global theta repre-
sentation ©,, on the double cover SO,,,(A) of the split odd orthogonal group SO, (A)
as the residues of certain metaplectic Eisenstein series. In contrast to the Weil rep-
resentation, such a theta representation is only small in the sense that its Fourier
coefficients attached to most unipotent orbits vanish. Nonetheless, the same authors
show in [6] that one can still construct a non-minimal theta correspondence by using
such a small automorphic representation.

Suppose (m,V) is an irreducible cuspidal genuine automorphic representation of
é\(/)ng(A). Let SOq be a split even special orthogonal group. The natural em-
bedding SOgx(A) X SOgx11(A) < SOgpiop+1(A) is covered by an embedding of

SO (A)x SOop41 (A) into SOk 2011 (A). Consider the theta representation Ogyop/ 11



on the metaplectic double cover E‘TGQH%/H(A). For any ¢ € V and 6oy 91741 a func-
tion in the representation space of O ory1, Bump-Friedberg-Ginzburg defined a

function on SO (A) (see equation (2) of [6]) via the integral

f(h) = / ©(9)Oanvar11(D, g)dg. (1.1)
SO2k+1(F)\SO2k+1(A)

Functions of the form f(h) generate a genuine automorphic representation Oq o541 (7)
on the cover SOy (A).

By fixing the representation 7 and using the theta representations §(/32k+2k/+1(A)
with varying £/, one obtains a tower of liftings of the representation m to the groups
g(v)gk/ (A). According to [6], for a fixed genuine cuspidal automorphic representation

T on é(v)QkH(A), one has the following:
1. As an automorphic representation of é\(/)sk(A), O10k4+1(m) # 0.
2. If @2k+2k’+1(ﬂ-) = O, then @2k+2k’—1(ﬂ-) = 0.

In view of these, it is natural to ask when the first non-zero lifting occurs along
the tower. In [0], Bump-Friedberg-Ginzburg show that if ©45(7) is generic as an
automorphic representation of é?)ng(A), then the representation 7 of SAO%H(A)
must be generic as well. They also make a conjecture that a generic representation 7
of %2k+1(A) should lift to a generic representation of %2k+4 (A).

However, little is known if the representations are not generic, i.e. not supported
on the maximal unipotent orbit. In this thesis, we make a general conjecture on when
the lift of a given automorphic representation of 8/62k+1 (A) is nonzero, depending only
on the unipotent orbit that the representation is supported on. Recall that unipotent
orbits are parametrized by partition of integers. We require that the representation

is supported on a unipotent orbit whose corresponding partition consists of only odd



integers. This condition implies that the attached unipotent subgroup V5 defined
in below is the unipotent radical of a parabolic subgroup.

Conjecture 1.1. Let (7, V) be an irreducible cuspidal genuine automorphic repre-

sentation of SAO%H(A). Suppose 7 is supported on the unipotent orbit
O = ((2711 + 1)7‘1 (2712 + 1)1”2 s (QTLP + 1)1”;;)

withny >mng > -+ >mn, =20 andr; >0 for alli. Letl =1ry +ry+---+ 1, be the
length of the partition corresponding to O. Then 7 lifts nontrivially to an automorphic

representation Oy o13(m) of §()2k+2[+2(A) which is supported on the unipotent orbit

O = ((2n1 +3)"(2n2 + 3)™ - (2n, + 3)™(1)) .

|Conjecture 1.1| gives an upper bound of the first non-zero occurrence of the theta

lifting. In the generic case where O = (2k + 1), |Conjecture 1.1| agrees with the

conjecture made in [6] that is mentioned above. In [Proposition 4.10, we show that

this conjecture is consistent with the “dimension equation” described in [12], [13]
and [10], which proposes dimension constraints on when the first non-zero lifting may
occur. We remark that not every orbit of SO9,.1 has all odd parts, but we do not
know what to expect when there are even parts in the partition.

In this thesis, we prove the following theorem which gives evidence towards the

above conjecture.

Theorem 1.2. Let (m,V) be an irreducible cuspidal genuine automorphic represen-

tation of SA62k+1(A). Suppose the theta lifting Oupio13(m), as a representation of



E‘:\éQHQHQ(A), has a non-zero Fourier coefficient associated with the unipotent orbit
O = ((2n1 +3)"(2na 4+ 3)™ -+ (2n, + 3)™(1)) .

Then the representation ™ has a non-zero Fourier coefficient associated with the unipo-
tent orbit

O=(2nm+1)"2na+1)"2---(2n, +1)7).

In the generic case, agrees with the result proved in [6] and mentioned
above.

Moveover, we establish a local counterpart of (which is new even
in the generic case). In the local setting, we turn our attention to the category of
genuine admissible representations of the double covers of the split special orthogonal
groups over a non-archimedean local field F. In [5], the local theta representation
of the double cover of a split odd orthogonal group SAO%H(F ) is constructed as the
image of an intertwining operator. Fourier coefficients as the global analytic tool are

replaced by the twisted Jacquet modules. We prove the following result:

Theorem 1.3. Let (m,V) be an irreducible genuine admissible representation of
SNO%H(F). Suppose there ezists an irreducible admissible representation () of
%2k+2[+2(F) such that, as representations of the group §()2k+1(F) X §C)2k+2l+2(F>,

Homg <@4k+2l+37 ™ @(71')) #0. (1.2)

SO2k 41 XSO0k 12142

Furthermore, suppose there exists a non-trivial character o (explicitly defined in
associated with the unipotent orbit O’ such that the corresponding twisted
Jacquet module of ©(r) is non-zero. Then there exists a non-trivial character asso-

ciated with the unipotent orbit O such that the corresponding twisted Jacquet module



of m is also non-zero.

In the case of the classical symplectic-orthogonal theta liftings based on the Weil
representation, Ginzburg-Gurevich [14] give both upper and lower bounds for the first
non-zero occurrence in the theta tower. These bounds can be parametrized by the
partition corresponding to the unipotent orbit that supports the cuspidal automorphic
representation of Spy(A).

The liftings considered here are related to the extension of Langlands functoriality
to covering groups as follows. According to [23], [29] and [24], one can define the dual
group of a metaplectic group. In the case of the metaplectic double cover of SO,,, we
have that

LSO, 22 SO,.(C).

This suggests that there should be a lifting of genuine automorphic representations
from é(v)ng to SNO%/ corresponding to the inclusion of SO 41(C) into SOg (C) with
K > k.

The study of non-generic cuspidal automorphic representations is an important
part of understanding the automorphic discrete spectrum. Jiang [I5] proposed a con-
jecture that relates Arthur parameters to the maximal unipotent orbit that supports
an automorphic representation. In Section 13 of [20], Leslie conjectured an extension
of Arthur parameters to the metapletic groups. In view of these works, the results of
this thesis are conjecturally related to the question of how Arthur parameters behave
under the non-minimal theta liftings introduced in [6].

This thseis is organized as follows: After setting up the basic notations, we briefly

recall the construction of the metaplectic double cover of the split orthogonal groups

in [Section 2| In [Section 3| we review the definition of the unipotent orbits and recall

the construction of the Fourier coefficients and the twisted Jacquet modules associ-



ated with a unipotent orbit and a generic character. These are the global and local
tools for proving the respective main theorems. In we briefly recall the
construction of both the local and global theta representations of the metaplectic
double cover of SOgxy1. We then prove an invariance property of the theta repre-

sentations which is crucial for the proof of the main theorem. We also establish the

compatibility of |(Conjecture 1.1| with the dimension equation. In [Section b, we prove

the global main theorem [Theorem 1.2] Lastly, the local theory is treated in
0l




2 Preliminaries

In this thesis, we let I’ be either a number field with ring of adeles A or a non-
archimedean local field with the ring of integers Op. For the latter, we require that
the characteristic of its residue field is not 2. Fix an algebraic closure F of F, and
denote by

ps={r € F:a* =1}

the group of all forth roots of unity in F'. Throughout this thesis, we assume that F
contains py. We fix a choice of non-trivial additive character ¢ : F'\ A — C* when F
is a number field, or ¥ : F' — C* which is unramified when F' is a non-archimedean

local field.

2.1 Split orthogonal groups

For any positive integer m, let SO,,(F") denote the split special orthogonal group

consisting of ¢ € SL,, such that gJ,,g7 = J,,, where g* is the transpose of ¢ and

I = € Mat,,,xm (F).

The matrix J,, corresponds to a non-degenerate bilinear form on F™, where
SO,,(F) is the group of isometries upon fixing a basis. In this way, we have the

maximal split torus 7}, C SO,,, consisting of diagonal elements

diag(ty, -« ,tn, 1,61, 1Y), t; € FX (2.1)

7



ifm=2n+1, or

diag(ty, -+ ,tn,t; 0 -+, 17Y), ti € F* (2.2)

if m = 2n. We can take the ordering of the roots so that the positive roots correspond
to upper triangular matrices. If we denote by «; (1 < ¢ < n) the positive simple roots
with respect to the usual order in the standard Borel subgroup B,, of upper triangular
matrices, and e; ; be the m x m matrix with value one on the (7, j)-th entry and zero
elsewhere, then we let the corresponding one-parameter root subgroup be r — z,,(r),

where

To, (1) = exp (T(emﬂ - enfi,an»l))

if m is odd, and

exp (r(€ii41 — €n—im—it1)) 1<i<n
xai(r) =

eXp (7"(6”,17n+1 - en,n+2)) Z =N

if m is even.

We fix an embedding of any two orthogonal groups SOg;11 and SOss into SOox 4ok 11

by
a 0 b
a b
L(h,g) =10 g 01l € SOQk+2k/+17 g c SOQk+1, h = - SO%/ . (23)
c d
c 0 d

2.2 Central extensions

Let G be a group and A be an abelian group. A group G is called a central



extension of G by A if it satisfies the short exact sequence
145G 651 (2.4)

and i(A) C Z(G) where Z(G) is the center of G.
Two central extensions él and 62 of G by A are equivalent if there exists a
homomorphism ¢ : Gy — Go that induces the identity maps on G and A and the

following diagram commutes:

idl | l¢ lid (2:5)

The equivalence classes of central extensions CExt(G, A) of G by A are completely
determined by H?(G,A) where A is considered as a trivial G-module. Given a 2-
cocycle 0 : G x G — A, there is a central extension G with elements in the set G x A

and its group operation defined by

(9,a)-(¢,a") = (99',ad'(g,9")).

In this case, we have that i(a) = (1,a) and p ((g,a)) = g. It is easy to verify that
two 2-cocycles o; amd o9 give equivalent central extensions G, and G, if and only if

they are different by a 2-coboundary. This gives an injective map
®: H*(G,A) — CExt(G, A). (2.6)

To sce this is surjective, let G be a central extension of G by A that satisfies (2.4).



Suppose s : G — p~*(G) is a section of p. Then
0:GxG—A:a(g,9") =s(g)s(g)s(gg)" (2.7)

defines a 2-cocycle in H2(G, A). The two covers ®(c) and G are isomorphic via the
map (g, a) = s(g)i(a).
For any subgroup H C G, we say that H is split in G by the central extension

(2.4)) if there exists a section s : H — p~'(H) that is also a homomorphism.

2.3 The local double cover SO,,(F)

Suppose F' is a non-archimedean local field. Let ( , )4 : F* X F* — py be the
4-th order Hilbert symbol. Let SL,,(F) be the metaplectic 4-fold cover defined by
Matsumoto in [21] using the Steinberg symbol corresponding to (, );*. This covering

group is a central extension of SL,,(F") by u4 that satisfies the short exact sequence
1 = g — SLy(F) 2 SL,,,(F) — 1. (2.8)

In [I], Banks-Levy-Sepanski gave an explicit choice of section s of SL,,(F) and the
corresponding 2-cocycle which we denote by o,,. This 2-cocycle has the advantage
that it has the “block compatibility property” (See Section 2 of [I]), which implies

that the restriction of o, on diagonal elements is given by
O-m(diag(tly lo,- - atm)v dlag<t/1a t/27 T 7t{m)) = H (tza t;)4 (29)

1<i<j<m

Pulling back the image of SO,,(F') in SL,,(F), we obtain a central extension
SNOm(F) of SO,,(F), with the corresponding 2-cocycle as the restriction of o, to
SO, (F). For any t,t' € T,, of the form (2.1)) or (2.2) depending on the parity of m,

10



we have
n

om(t t) =[]t 1" (2.10)

i=1
Let SN : SO,,(F) — F*/(F*)? be the spinor norm homomorphism, with the

)
kernel denoted by SO (F). From [4] and [5], one has that

o (9,9") = (SN(9), SN(¢)),, (2.11)

where (, )2 is the quadratic Hilbert symbol and the equality is up to a cobound-
ary. This shows that ¢2, is trivial on the large subgroup SO?(F). As a result, the
cover SO,,,(F) performs almost like a double cover. We call this cover SO,,(F) the

metaplectic double cover of SO,,(F). We have the following short exact sequence.
1= 14 = SOm(F) B S0, (F) — 1. (2.12)

Fix an embedding us < C* and identify py with its image in C*. We say that
a representation p of any subgroup of %m(F) is genuine if p(i(e)g) = ep(g) for any
€€ .

By Section 4 of [23], any upper triangular unipotent subgroup of SO,, (F") is split in
é()m(F ) via the trivial section. For any non-archimedean F' with residue characteristic
not equal to 2, the hyperspecial maximal compact subgroup K,, = SO,,(OF) is split
in SO,,,(F) via certain section . The choice of k¥ may not be unique. We fix a choice

of such k by following [18]

2.4 The global double cover SO,,(A)

Let F' be a number field with its ring of adeles A. For each v of F', we have the local

metaplectic double cover é(v)ng(F,,) defined in the previous subsection satisfying the

11



short exact sequence
1= 14 % SOm(F,) 2% SO(F,) — 1. (2.13)

Note that when v is archimedean, F,, = C since F' contains p4. In this case, the
metaplectic cover is split.

Let K, be a maximal compact subgroup of SO,,(F,) which is split in the local
metaplectic cover é\(/)m(Fy). By the previous subsection, for almost all the places v,
we may pick K, = SO,,(0,) where O, is the ring of integer of the local field F,.
We identify the embedded image of py — C* over different places v. Let Sy be the
finite set of places which contains the archimedean place and those places with residue

characteristic equal to 2. For any S D Sy, define

SOm(A)s = [[ SOm(E) [ ] #u(K.). (2.14)

vesS veES

where &, is the local section fixed in the previous subsection. Let fiy be the subgroup
of S/(\)m(A) generated by elements of the form 4,, (§)i;,'(§) with 14,15 € S and £ € puy.

Then we define the global metaplectic double cover via the direct limit
SO, (A) = lim /23 \ SO (A)s. (2.15)
We have the short exact sequence
1= pug 5 SO, (A) B SO, (A) — 1. (2.16)

Note that if we let [], SO,.(F,) be the restricted product with respect to r,(K,),

and j15 = {(i(&,))y € TT, SOm(F,) : T1, & = 1}, then SO, (A) = 5\ TT, SOm(F,).

12



Similar to the local setting, any upper triangular unipotent subgroup of SO,,,(A) is
split canonically over SAém(A) Recall that for each place v, there is the local section
s, given by [I]. The product s = [], s, is a section when restricted to SO,,(F). It

follows that SO,,,(F) is split in SO,,(A) via this section (see [I7] for example).

13



3 Fourier coefficients associated to a unipotent or-
bit

In this section, we explain how to associate Fourier coefficients with a unipotent
orbit. In the global case, these Fourier coefficients are integrations over certain unipo-
tent subgroups, while the local counterparts are the twisted Jacquet modules with
respect to certain unipotent subgroups. In either case, the argument proceeds regard-
less of whether the group is linear or metaplectic. Therefore, we only illustrate this

association in the non-metaplectic setup so as to simplify the notations.

3.1 Unipotent orbits

The standard reference for unipotent orbits is [22]. Let F' be any field (not neces-
sarily containing all 4th roots of unity), with a fixed algebraic closure F. Unipotent
orbits of the group SOy 1 are parametrized by partitions of the integer 2k 4 1 with
the restriction that each even number occurs with even multiplicity. For an orbit O
corresponding to the partition (pi'py?---ple) where p; > p;41 and r; > 0 for all i, we
write

O = (pi'py’ - py)-

Define the length of the partition to be | =ry +7ry + -+ - 4+ 7.
Suppose O1 = (p1p2---pr) and Oy = (q1q2 - - - ¢5). We impose a partial order by
O, 20 itpr+---4+pi>2q+---+¢q forall 1 <i<s.

Let O = (pi*py? - - ple). For each p;, we associate r; copies of the diagonal matrix
hp (t) = diag(tP 1 773 .o 3PP e B

We obtain a one parameter torus element ho(t) with non-increasing powers of ¢

14



along the diagonal after combining and rearranging all the h,,(¢)’s. For example, if
O = (3%1), then

ho(t) = diag(t?,¢*,1,1,1,t72,t72).

The conjugation action of ho(t) on the unipotent radical U of the upper triangular

Borel subgroup B of SOs.1 induces a filtration on U:
Ly C--CVopCTVipo CWo=U,
where each V] ¢ is the subgroup of U generated by
{24(r) €U : ho(t)za(r)ho(t) ™ = 24(t'r) for some j >i}.

Let

M(O) =T - {x1o(r) : ho(t)za(r)ho(t) ™ = z4(r)}.

Then P(O) = M(O)Vi o is a standard maximal parabolic subgroup of SOg .

In general, V5 ¢ is not the unipotent radical of a parabolic subgroup. However, if
O is odd, then V; ¢ is the unipotent radical of the parabolic subgroup P(O). We say
that a unipotent orbit O = (p}'p5? - - - pl*) is odd if all the integers p; are odd. In this
case, we have V; o = V5 0.

Let VQ(B be the commutator subgroup of V5 ». The Levi subgroup M (O) acts by
conjugation on the maximal abelian quotient V5 o/ VQ(B Over the algebraic closure
F, there is a dense open orbit under this action. Pick a representative wg of this

orbit, and set M“(O)(F) to be its stabilizer. It follows from the general theory (for

example, see [§]) that the connected component of M"0(O) is a reductive group.

15



3.2 Generic characters

Suppose F' is a number field with ring of adeles A. Let Ly = ‘/20/‘/2(3 be the
maximal abelian quotient of V5 ». The action of M(QO) on Ly ¢ induces an action of

M(O)(F) on the character group

—

Lyo(F)\ Lyo(A) = Ly o(F).

We say that a character Yo : Lo o(F) \ Lao(A) — C* is a generic character if
the connected component of its stabilizer in M (O)(F) is the group of rational points
of a reductive group of type M“(O). We extend any such character trivially to
Voo(F) \ Vao(A). There may exist infinitely many M (O)-conjugacy classes of such

generic characters for a specific unipotent orbit O.

Example 3.1. Let O be the unipotent orbit corresponding to the partition (321) in

SO;. We have
L, X Y
Voo = I, X*| €807 X*i=—LX" ], Y L+ LY =0
I

A choice of generic character is ¢o : Vo o(F) \ Vo,0o(A) — C* given by

Yo(v) = Y(viz +va5).

By Pontryagin dualilty, we may identify each character with an element in Lo o (F") =

16



Matyy3(F). The above generic character 1o corresponds to the matrix

100
0 01

The rank of the matrix and the fact that its row space is not totally isotropic are
invariant under the action of M(O)(F) = GLy(F') x SO3(F) on Mataxs(F). Any
matrix in Matays(F') with full rank and non-totally-isotropic row space corresponds

to a generic character.

3.3 Global Fourier coefficients

Let (m,V) be an automorphic representation of SOgx11(A). We define the Fourier
coefficients of 7 associated with a unipotent orbit O and a generic character by the

following;:

Definition 3.2. Let ¢o : Vo o(F) \ Va,0(A) — C* be a generic character associated
with a unipotent orbit O in SOg;,;. For an automorphic function ¢ € (m,V), the

Fourier coefficient of ¢ with respect to ¥ is

Fool@g) = [ lug)bolu)du (31)

[V2,0]
Henceforth, we use [K] to denote K(F') \ K(A) for any group K. We say that
the orbit O supports 7 if there exists some ¢ € V and generic character ¥» such
that the above integral is non-zero. Otherwise, we say that O does not support the

representation (7, V).

Example 3.3. This is the motivating example. Suppose the unipotent orbit is O =

(2k + 1) in SOg41. Then Voo = U is the maximal unipotent subgroup of upper

17



triangular matrices. The Gelfand-Graev character ¢y, : U(F) \ U(A) — C* defined
by

Yua(v) =Y(v1g + V23 + -+ Vg g1 + AUk gy2), a € F* (3.2)

is a generic character. For a generic automorphic representation 7 of SOqx.1(A), its

Fourier coeflicients associated with O are the Whittaker coefficients.

Remark 3.4. For a fixed generic character 1o, suppose the Fourier coefficients of 7
associated to O and 9o is identically zero, i.e. Fy,(p)(g) = 0 for all ¢ € 7 and
g € SOg;41(A). For any v, that lies in the same conjugacy class as 1o, there exists
some m € M(O)(F) such that ¥}, (u) = Yo(mum™?) for any u € SO, 1(A). By the

automorphicity of ¢, this implies that

Fd)éﬁ ((‘0”)(9) = FT/JO (‘PW)(mg) = 0.

This result can be generalized to any conjugacy class of characters (not necessarily

generic) under the action of a discrete subgroup.

3.4 Twisted Jacquet modules

Suppose now F' is a non-archimedean local field. Let N be a unipotent subgroup
of SOgr41(F), with ¥y : N — C* a character on N. Let (7, V) be a smooth rep-
resentaion of SOgyy1(F). Suppose there exists a subgroup M C SO 1(F) which
normalizes N and stablizes the character ¢y. Consider the subspace V(N,¢y) of
V generated by vectors of the form {7 (u)v — ¥n(u)v|v € V,u € N}. The twisted
Jacquet module of m with respect to ¢y is defined by Jy .y (7) = V/V(N, ). The
subgroup M acts smoothly on Jy 4, (7). If ¢y is trivial, we denote it by Jy(7) and

call it the Jacquet module of m with respect to N. This defines an exact functor

18



between the categories of smooth representations of the two groups

JNVQ/,N : R@p(SOQk_H(F)) — Rep(M)

Recall that for a unipotent orbit O in SOg41, the Levi subgroup M (O)(F) acts

on Ly o(F), and hence on the character group

L —

Lyo(F) = Ly o(F).

Again, we only look at those generic characters whose connected component of the

stablizer under this action is of the same Cartan type as M (O)(F).

Definition 3.5. Let (m,)) be an admissible representation of SOgxyq(F'). The
twisted Jacquet module of 7 associated to a unipotent orbit O and a generic character
Yo : Vao(F) — C* is given by

‘]Vz,oﬂ/fo (77) (3'3)

We say that the unipotent orbit O supports 7 if there exists some generic character

1o such that (3.3)) is non-zero.

3.5 Wavefront sets

We have the following definition that applies to both global and local situations.

Definition 3.6. Let (m, V) be either an automorphic representation of SOqx.1(A)
(where A is the ring of adeles of a number field F') or an admissible representation of
SOgx+1(F') (where F' is a non-archimedean local field). The wavefront set O(r) of 7
is the set of unipotent orbits of SOg;1 such that O € O(r) if and only if O supports

7 and O’ does not support 7 for any O’ > O.
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Remark 3.7. In all the known cases, the set O(7) is singleton for any irreducible
automorphic representation 7 of a split reductive group G(A). We do not assume
that this is necessarily true, though we may write O(m) = Oy when we mean that the

wavefront set of 7 consists of one single unipotent orbit O.
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4 Theta representations and the tower of theta
liftings

In this section, we review the construction of the theta representations in both
local and global settings. Locally, the theta representation is defined as the irreducible
Langlands quotient of the principle series representation attached to an exceptional
character. Globally, it is realized as the residue of certain Eisenstein series.

The key property of the theta representations is that their wavefront sets contain
only relatively small unipotent orbits. This allows one to generalize the idea of theta
liftings by using theta representations as the integral kernel. In particular, we will talk
about tower of theta liftings and end our discussion by stating a conjecture giving an

upper bound of the first non-zero lifting along one particular tower of theta liftings.

4.1 Principal series representations

Suppose F' is a non-archimedean local field. Let B(F) = T'(F)U(F') be the stan-
dard Borel Subgroup with 7'(F') the maximal split torus and U(F') the maximal
unipotent subgroup of upper triangular matrices.

Note that T(F) = p~*(T(F)), the inverse image of T(F) in Sﬂéng(F), is a
Heisenberg group instead of an abelian group. By the Stone-von Neumann theorem,
the genuine irreducible representations of T(F ) are parameterized by genuine char-
acters on its center Z(T(F)) in the following way: For any genuine central character
X, we may extend it to a character y’ on any maximal abelian subgroup A C T(F)
containing Z(T(F)). The induced representation i(y) := indi(F) X' is irreducible, and
independent of the choices of A and x’. Moreover, the map x + i(x) is a bijection

between genuine representations of Z(T(F)) and T(F). See Section 5 of [23] for more

details.
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Extend i(x) to a representation of B(F) = T(F)U(F) by allowing the trivial
action of U(F'). Let dp be the modular character of B(F). We have the principal

series representation of 8/62k+1(F ) defined by Ind(x) := Indsg?;’;“(m (5119/ 2i(x)>.

Following the notations of [5], we have Z(T(F)) = T4 (F) X 4, where Ty (F) C

T(F) is the subgroup of diagonal matrices with each entry a fourth power. Let

s = (s1, -+ ,5) € C* and consider the character
Xs: T'(F)— C* (4.1)
k
diag(tly T 7tk7 ]-a tlzla Tt 7t1_1) = H |tl|sZ (42)
i=1

Regarding xs as a character on Tz(F') by restriction, and hence a character on
Z(T(F)), the resulting parabolically induced representation Ind(xs) is irreducible
when s is in the general position. These are the unramified principal series represen-

tations.

4.2 Local theta representations

We continue to assume that F' is a non-archimedean local field. For every positive
root a of SOgp11, there is a standard embedding 7, : SLy — SOsgi11 which restricts
to o1, on the upper and lower triangular matrices in SLy. We say that a root « is
metaplectic if the pullback via 7, in é()ng(F ) is non-trivial. In SOgyyq, the long

roots are the metaplectic ones. Set

1 «is non-metaplectic
n(a) =

2 «is metaplectic.
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For any character y, we define

Xa(t) =X | Ta : (4.3)
0 ¢!

Following [5] or [I8], Ind(x) is irreducible if x, # |- |¥! for any positive root a.
On the other hand, if x, = | - | for all positive simple roots, then Ind(x) is reducible.
In this case, we call y an exceptional character.

Any w in the Weyl group W of SOq1 acts on T'(F) by conjugation, and therefore
it acts on any character x of T'(F'). Thus, one can define the intertwining operator

M, : Ind(x) — Ind(“x) by

ww= [ g (44
(U(E)NwU (F)w=)\U (F)
whenever the integral is convergent. Following [9], this integral has meromorphic
continuation for general Y.
Let sp = (k/2, (k —1)/2,---,1/2) € C*. A direct computation shows that yg :=
Xs, is exceptional, and therefore Ind(yy) is reducible. Let wy be the longest Weyl

group element in SOg41, Where “0xy = x, !, Then we have the following result:

Theorem 4.1. The intertwinning operator M, : Ind(xg) — Ind(x,"') has an irre-
ducible and self-contragredient image, which is isomorphic to the unique irreducible

quotient of Ind(xy)-

We call the representation of é?)ng(F ) on this irreducible Langlands quotient

the local theta representation, denoted by Ogp1.

Proof. This is Theorem 2.2 of [5]. O
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The theta representation GO, of the double cover §()2k+1(F ) is a small represen-
tation in the terminology of [5]. It agrees with the minimal representation when k = 2
or 3. When k = 4 or 5, O(O9;1) is the singleton set containing the next smallest
unipotent orbit. In [5], Bump-Friedberg-Ginzburg gave the exact description of the

wavefront set of Oy, 1 as follows:

Proposition 4.2. Let Og 1 be the theta representation of the double cover §6)2k+1(F).

Let n be a positive integer such that n = |k/2|. Then

(2271)  ifk = 2n,
O(@2k+1) - (45)

(22013)  ifk =2n+ 1.

Proof. See either [5] or Section 2 of [17]. O

Let r be an integer such that 1 < r < k. Suppose P, = M,U, is a maximal
standard parabolic subgroup of SO, with the indicated Levi decomposition, where
M, = GL, x SOg;_2,41 and U, is the unipotent radical. By the block compatibility

of the 2-cocycle 91,11 € H*(SOgp41(F), p14) we adapt from [I] (See [Section 2.3)), for
any (g,h), (¢, 1) € GL,.(F) x SOgj,_9,11(F), we have

O02k+1 ((97 h)7 (g/a h,)) - O-GLr (ga gl)Q (det g, det g,)4 02k—2r+1(h7 h/)u (46)

where oy, is the 2-cocycle in H*(GL,(F), u14) defined in [I]. Following [1§], the twist
of the square of the cocycle oy, by the 4-th order Hilbert symbol pre-composed with
the determinant corresponds to a metaplectic double cover of GL,(F'). Thus, the
pullback of the Levi subgroup M, (F) in SOay41 (F) is the direct product amalgamated
at p4 given by

M,(F) = GL,(F) %, SO2x_201(F),
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where é\ir(F ) is the metaplectic double cover of GL,.(F).

Let xqL, be the character on the diagonal torus of GL,(F) given by

r—1

diag(th e Jt’f'> = H |t1| 2 (47)
i=1

This is an exceptional character in the sense of [I8] and [7]. Therefore, we can
form the exceptional representation Oy, of the double cover é\ir(F ) following their

construction. In this way, we have the following:

Proposition 4.3. Let ©q. 1 be the local theta representation of é()gk+1(F). Consid-
ered as a representation of C/}VLT X é(v)gk,grﬂ(F), the Jacquet module of Oqpyq with
respect to U, is ismorphic to O¢r, ® Ogk_or11. In the case when r =k, Og_op11 15

the trivial representation.

Proof. This is Theorem 2.3 of [5], or Proposition 1 of [6]. O

4.3 Global theta representations

Suppose now F'is a number field, with its ring of adeles A. The global theta
representation of é?)ng(A) is given by the residues of an Eisenstein series associated
to an exceptional character. We follow [5] for the construction.

Let xs : T(F)\ T(A) — C* given by

k
diag(tlv'” 7tk717t];17"' atl_l) )_)H|tz|81 (48)

i=1
be the character attached to the complex parameter s = (s1, 89, -+ , 8;) € C*. Similar

to the local setting in [Section 4.1] we can form the induced representation Ind(xs) :=

Ind%o(g’;“m) 5}3/ 2i(xs) by first inducing x from T7(A) to T(A)
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Let K = [], K, be a maximal compact subgroup where K, = SO,,(Op,) for
any non-archimedian F), with odd residue characteristic. Denote its inverse image in
@2k+1(A) by K. There is a section s fs € Ind(xs) such that the restriction of fg
to K is independent of s.

For any fs € Ind(xs), let the Eisenstein series associated to fs be

E(g.f)= Y. f(19). g€SOu(A) (4.9)

YEB(F)\SO2p41(F)

This sum is absolutely convergent in a suitable cone and has meromorphic continua-
tion to all s € CF.

Recall that sy = (k/2, (k—1)/2,---,1/2) corresponds to an exceptional character
Xg in the previous section. In the global setting, the Eisenstein series has a pole
at sp. We let

0 = ress—s, E(g, fs)- (4.10)

This is an automorphic form on §()2k+1(A) that is square integrable. We call the
irreducible representation on the subspace of L?(SOq; 11 \é(v)ng (A)) spanned by such
¢ the global metaplectic theta representation Oy of é\()zkH(A).

Let P, = M,U, be the maximal parabolic subgroup of SOy, with Levi sub-
group M, = GL, X SOgj_,41. Similar to the local context, the pullback of M,(A) in
§()2k+1(A) is given by

M, (A) = GL,(A) X, SOs;_a,41(A),

where GL, (A) is the global metaplectic double cover of GL,.(A).
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Define the global exceptional character on the torus of GL,.(A) by
diag(tb U 7t7’) = H |tl|%7
i=1
with the corresponding global exceptional representation O¢y,,. of C/}\ir(A) (See [7] and

[18]).

Proposition 4.4. Let 6 be a function in the theta representation Oqp 1 of SA62k+1<A).

Considered as a function of (g,h) € GLy(A) x SOop_o,11(A), the integral

/ O(u(g, h)) du

Ur(F)\Ur(A)

is in the space of the automorphic representation Ogr, @ Oog_or11.

Proof. This is the global version of [Proposition 4.3l The case r = 1 is proved in [5].

The general case is proved in Theorem 1.2 of [16]. O

The global theta representation ©s;, 1 has the same smallness property given by

[4.11] We have the following description of its wavefront set.

Proposition 4.5. Let Oq,1 be the global theta representation of the metaplectic
double cover é()ng(A). Then

(22"1)  ifk = 2n,
O(@2k+1) - (411)

(22713) ifk =2n+ 1.

Proof. See Theorem 4.2(i) of [5], or Proposition 2 of [6]. O

For the following discussion, we need new notations for the unipotent subgroups.

If r < k/4 is a positive integer, we denote H, o1 the unipotent radical of the maximal
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parabolic subgroup of SOg;.1 whose Levi part is GL, X SOgj_9,41. In other words,

H, 5141 consists of upper triangular matrices of the form

I, T *
) * _ T
Ipopp1 x| €S00k41: 2" = —Jop o1 Jp o,
I,

where * denotes the entries in the correponding positions determined by the condi-
tion that the matrix is orthogonal. Similarly, let H, or_2,41 be the unipotent rad-
ical of the standard maximal parabolic subgroup of SO 5,11 with Levi subgroup
GL, x SOg;_4r11. Via the embedding , we identify H, op_or11 With its image in

SOgp41. Hence, H, o;_2,4+1 consists of matrices of the form

( I \
I, y *
Dp—sri1 Y* €SO0g1: Y = _J2k74r+1yTJr
I,
\ I J

For any u = (u;;) € H,or+1(A), we define the character ¢y : H,op41(F) \
Hr’2k+1<A) — C* by

Yy (u) = w(z Ujjir)-

Proposition 4.6. Fiz a function 6 € Os11. The integral

f(g) = / 6(ug)ir (u) du (4.12)

Hyoky1(F)\Hr2r41(A)

is left invariant by Hyor—or+1(A). That is, f(g) = f(vg) for any v € Hyop—2r+1(A).
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Proof. Via the embedding (2.3), the center Z(H, o;—2,+1) consists of matrices of the

form

[2]45_47'4‘1 : S MatTXT? ZTJT + JTZ - 0

I,

We first expand (4.12)) against Z (R, ox—2r+1)(F)\ Z(Ry2k—2r+1)(A). Embed the group
GL,«(F) into Sng_H(F) via

h — diag(IT, h, ]2k_4r+1, h*, ]7’), Vh € GLT(F)

The GL,(F)-action on Z(H,ok—2,+1)(F) \ Z(H,2k—2,+1)(A) induces an action on its
character group, which may be identified with Z(H, ox—2,+1)(F'). This action preserves
the rank of the matrices in Z(H,o5—2r41)(F) = {z € Mat,«,, 27 J, + J,z = 0}.

The rank of any z € Z(H,2r—2r+1)(F) must be even. Suppose Rank(z) = 2g,

where 0 < 2¢ < r. We may choose a representative of this z-orbit by

0 z
€ Mat, . (F), (4.13)
0 0
where
Zq = diag(Alﬁ >\2’ e 7)\(17 _>\qa e 7_)\27 _)\1) S Mathqu(F), >\1 € FX VZ - 1, 2, e, (.
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This gives the corresponding character on [Z(H, 25—2-+1)] by:

@/Jz,q(v) = ¢(A1U1,r—2q+1 + )\202,r—2q+2 + -+ /\qvq,r_q),

where

v € Z(Hgpp—2s+1)(A) = Mat, . (A).

The contribution of 97, in the expansion is given by the integral

O(uvg)1(u)zq4(v) dv du. (4.14)

[Hy2k+1] [Z(Hr2k—2r+1)]

Notice that the character 111z, coincides with a generic character associated to the
unipotent orbit O, = (42937-2412k=20=3r+1) (or (4712k=47+1) in the case r = 2q). More-
over, we have Vo0, € H, 25412 (Hy2k—2r41). As a result, the integral contains
an inner integral that is a Fourier coefficient of 6 with respect to the unipotent orbit

O,. The integral (4.14]) is then identically zero because any such Fourier coefficient

of 6 is zero by [Proposition 4.5 By |[Remark 3.4} every character that lies in the same

orbit as ¥z, has zero contribution. Thus, only the integral corresponding to the

trivial character contributes, and (4.12) is equal to

flg) = / (g ) (u) d. (4.15)

(Hy2k4+1Z(Hy2k—2r41)]

As the center Z(H, o;—2,+1) is now contained in the domain of integration, we can

further expand (4.15)) against

[Hr,2k—2'r+1/Z(Hr,Zk—2'r+1)] = Matrx(Qk;—4r+1) (F> \ MatrX(Zk—4r+1) (A) (416)
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Embed the group GL,(F) X SOok_4r41(F) into SOgx11(F) via
(h1, ho) <= diag(y, hi, ho, by, Iv),  (ha, ha) € GLy(F) X SO2p—sr4+1(F).

It acts by conjugation on the quotient [H, ox—or+1/Z(H;2k—20+1)], which induces an
action on the character group of the latter. We identify this character group with
Mat, x (2k—ar41)(F'). For any & € Mat, x(op—ar41)(F) with Rank(§) = ¢, 1 < ¢ < 7, if
any of its row vectors is non-isotropic, then the corresponding contribution is given

by the integral
O(uvg)r (u)e(v) dv du. (4.17)

[Hy2k+1] [Hr2k—2r+1]
The product of the characters 1; and )¢ is a generic character associated to the unipo-
tent orbit (5937"41%73r=2¢F1)  Thus, the integral (4.17)) contains a Fourier coefficient

of Ogy41 associated to the unipotent orbit (5737~9126=37=2¢+1) " which is identically

zero by [Proposition 4.5 Under the conjugation action by GL,(F) x SOgx_gr11(F),

any £ € Mat, . (2k—4r41)(F) whose row space is not totally isotropic lies in the same
orbit as some non-isotropic ones with the same rank. The same argument shows that
the corresponding contribution is zero. Therefore, the only possible non-zero contri-
butions are from those & € MatTX(gk_MH)(F ) whose row space is totally isotropic.
We may pick the representatives of these orbits to be

I, 0

Zq = € MatrX(Qk—4r+l)(F)7 q= 07 17 e, T
0 O

For any z, € Mat, . (2k—4r11)(F), the correponding contribution in the expansion
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is
O(uvzg)hr (u)ihg 4(v) dv du, (4.18)
[(Hr2k+1] [Hr,2k—2r41]
where the character v, , corresponding to z, is the trivial character when ¢ = 0 and

is given by

w2,q(U) = zﬂ(ul,l + Uz,2 + -+ uq7q), Yu € Matrx(gk_4r+1)(A)

when ¢ > 0 via the identification . We claim that the only non-zero contribu-
tion is when ¢ = 0. Suppose on the contrary that ¢ > 0. We further expand
against [Z(H, or—4r4+1)] and follow by another expansion against the abelian quotient
(H, ok—ar+1/Z (Hy 9k—ar41)]. Here, Hy op_4r4+1 is similarly defined as the unipotent sub-

group of SO consisting of matrices of the form

r N
I,
I, Y *
Dy 61 Y* , Yy € Mat,x2k—6r+1)
I,
Iy,

For any character ¢* on [H, ok—ar+1/Z (H; 2k —4r+1)], the corresponding contribution
is
/ / / O(uvwg)y (u)he,q(v)Y™ (w) dw dv du. (4.19)
(Hr2k+1] [Hr2k—2r+1] [Hr 26— ar41]
Any character ¢* corresponding to a matrix in Mat,  ox—er+1)(F') that contains non-

isotropic row vectors in F2#=6m*1 again contributes zero.
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We claim that the constant term is also zero. If we denote

Hr = Hr,2k+1Hr,2k—2r+1Hr,Qk—47‘+1a

then the constant term is of the form

/ 0(ug)i1 4(u) du. (4.20)

(Hy]

Here, if u= U1U2U3 with u; € Hr’2k+1<A),U2 S Hr,2k72r+l(A) and Us € Hr,2k74r+1(A)a
then

Pr1q(u) = 1 (ur) o q(uz).

The integral (4.20]) is some Fourier coefficients of the constant term of Oq 1 with

respect to the maximal parabolic subgroup whose Levi part is GL3, x SOos_¢,41. By

[Proposition 4.4 we may regard this integral as a function in the representation ©¢r,,, ®

Oss_grr1 Of éngr(A) X SA(/)%_GTH(A). According to [7], the corresponding Fourier
coefficient of O¢p,, is the semi-Whittaker coeflicient associated with the partition
A = (3727791779). Following [7], let Py = MU, be the standard parabolic subgroup
of GL3, with the Levi subgroup M, = GLI x GL; % x GL] % and U, the unipotent
radical. Let U be the unipotent radical of the standard Borel subgroup of GLs,
and ¥ : U(F) \ U(A) — C* be the Gelfand-Graev character such that it acts non-
trivially as ¢ on each one-parameter subgroup corresponding to a simple positive root
contained in M, and acts trivially otherwise. Then the A-semi-Whittaker coefficient

of any function g, in O¢gr,, is given by

/ B, (ug)ton (u) du. (4.21)

U(FN\U(A)
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By Proposition 4.1 of 7], any such semi-Whittaker coefficient is identically zero.
Therefore, we only need to consider those terms corresponding to characters on

[H, 2k—4r+1] represented by

1/13,(1’(“) = 77b<yl,1 + Yoo+ -+ yq’,q’)v (4-22)
with 1 < ¢’ <r and
IZT
I, Y *
U= Dy—6r41 Y* € Hyop—ari1(A),y = (¥i5) € Mat,x2k—6r+1)(A).
I,
I2r
(4.23)

We repeat this argument by further expanding the integral against smaller
unipotent subgroups H, ax_2m+1 With m = 3,4,---. For each time, the only non-zero
contribution is coming from those characters correponding to some totally isotropic
matrices. In the end, we either obtain a Fourier coefficient of O, associated to
unipotent orbit that is either larger than or incomparable to O(Ogx1), or we obtain
some semi-Whittaker coefficient on the double cover éim corresponding to a partition

of the integer nr (with n > 3) that contains an integer greater than 2. The former

is identically zero by |Proposition 4.5, while the latter is also zero by Proposition

4.1 of [7]. This shows that the only contribution of the expansion of (4.15)) against

(H,2k—2r+1/Z(Hy 2k—2,41)] is the constant term, which completes the proof. O

For intergers r; < 19 < -+ < 7, we further denote H(ry,79, - ,7p_1;7,) the
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unipotent radical of the parabolic subgroup of SOg;,; with Levi subgroup

. _ 2 2 2
L(T‘l, ro, " ,Tn-1, Tn) = GLT1 X GL,,,2 X -XGLTTHI X GLrn X SOZk—4(r1+~~+rn_1)—2rn+1 .

We also let

L= GrLQT1 X GLQTQ X X GLan_l X SOQ]C,4(7«1+...+T”_1)+1 .

Denote the diagonal embedding by ¢* : L(r1,79, -+ ,7pn_1;7n) C L < SOgpy1.

For each 7 = 1,2,--- ,n — 1, let H, be the unipotent radical of the standard
Siegel parabolic subgroup of GLj,, whose Levi part is GL,, x GL,,. Also, let H, be
the unipotent radical of the maximal parabolic subgroup of SOox_4(r)4...4r,_1)+1 With

Levi subgroup GL,, X SOox_a(r 4-..47y_1)—2r,+1- Lhen we define

0._ )
H”:=H, X H,x--+xH,.  xXH, CH(ry,ro, - ,rn_1;7).

We now define a character on [H°] and extend it trivially to [H (ry, 72, + , " 1;7n)]-
For any w; € H,,(A) with i =1,2,--- ,n — 1, we may write
Iri X
u; = . x; € Mat,, ., (A).
I,

Define ¢, : H,,(F) \ H,,(A) — C* by

7

Ur, (ui) = P(Tr(z)).
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For the factor H, , define the character by
77an (u) = ¢<Z uj7j+rn)7 u € H”’n (A)
j=1

Pulling back each ,, via the projection of H® onto the corresponding factor and
taking the product afterwards, we obtain v, := [[\_, ¢y, : [H°] — C*. Extend v,
trivially to [H (7,79, ,7n_1;7s)]. Furthermore, let H, be the unipotent radical
of the standard maximal parabolic subgroup of SOgk_4(; 4. trp_i)—2r,+1 With Levi
subgroup given by

GLrn X SOZk74(r1+---+rn,1)72rn+1 .

Embed H,, into SOgy1 via (2.3) and still denote its image by H,. |[Proposition 4.6

admits a straightforward corollary.

Corollary 4.7. The function

fl9) = / 0(ug)in () du (4.24)

[H(r1,r2, ,Tn—1;Tn)]

is left invariant under H,(A).

Proof. Apply |[Proposition 4.4 with r = 2(r; +72+---+7r,_1). Then apply
to the theta representation of the smaller orthogonal group. O]

4.4 Tower of the theta liftings

Let (7, V) be an irreducible cuspidal genuine automorphic representation of SNO%H (A).
Suppose SOq is a split even orthogonal group. By identifying SOgx X SOgxyq with
its embedded image in SOgy o111 via 1) we consider functions on SAC/)%/ (A) of the
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form

f(h) = / ©(9)02k12041(h, 9) dg, (4.25)
[SO2p+1]

where ¢ is any function in V and 649141 is any function in the representation
space of Ogx0r11. This integral defines a map from the irreducible cuspidal genuine
automorphic representation 7 of é\(/)QkH(A) to a genuine automorphic representation
Ooppan 41 () of SOgp (A).

By fixing the representation 7 of §()2k+1(A) and varying the theta representa-
tions oy opr41 Of §(/)2k+2k/+1(A) with increasing &', we obtain a tower of liftings of
representations of SOq (A):

Ooprok+3(T)

@2k+2k’+1 (7T)

T ————— Ogys(m).
In [6], Bump-Friedberg-Ginzburg show that if Ooop11(7m) = 0, then Ogp op 1 (1) =
0. Tt is also proved in [6] that any genuine cuspidal automorphic representation
of é(v)ng(A) lifts nontrivially to an automorphic representation of SAégk(A). This
raises the question of when the first non-zero theta lifting occurs along the tower for
a fixed 7. In the case when 7 is generic, a conjecture in [6] states that 7 should lift
non-trivially to an automorphic representation of é?)QkH(A). The same authors also

proved the following result:

Theorem 4.8. Let m be an irreducible cuspidal genuine automorphic representation
of é()gk+1(A). If the representation ©415(m) of §()2k+4(A) is generic, then the rep-

resentation T is also generic.
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On the other hand, there is not much known yet for the theta liftings when 7
is non-generic. Motivated by the generic case, we make the following more general

conjecture:

Conjecture 4.9. Let (7, V) be an irreducible cuspidal genuine automorphic repre-

sentation of g\(/)ng(A). Suppose
O=(2n+1)"(2na+1)?---(2n,+ 1)) € O(m)

with ny > ng > -+ >mn, = 0 and r; > 0 for all i. Then m lifts nontrivially to an

automorphic representation ©(m) of S’62k+2[+2(A) such that
O = ((2n1 +3)"(2na + 3)™ -+ (2n, + 3)(1)) € O (O(m)) .

Recall that | = r; + 75+ - - - 41, is the length of the partition corresponding to O.

If 7 is an irreducible cuspidal generic automorphic representation of é()ng(A), then

O(m) = (2k+1). |Conjecture 4.9 predicts that it lifts to an automorphic representation

O(7) of SOu44(A) with O(O()) = ((2k + 3)(1)), which agrees with the conjecture
proposed in [6].

Recall that the Gelfand-Kirillov dimension of a representation p (see [10]) is given
by

) 1 . . 1 .
dim(p) = 3 dim(O(p)) = dim(V3,0(,)) + 3 dim(Vi,0(p)/V2,0(0))-

Proposition 4.10. Suppose (7,V) is an irreducible cuspidal genuine automorphic
representation of §(/)2k+1(A) with O(w) = O such that its theta lifting O(m) on
SO rair2(A) has O (O(x)) = O'. Then

dim(SOQk+1) + dlm(@(ﬂ')) = dlm(ﬂ') + dim(@4k+21+3). (426)
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Before we verify (4.26]), we need to fix some notations. Suppose, as in
.9,

O=(2n+1D)"2na+1)"2---2n,+ 1)), ny>ng>--->n, > 0.
Denote '
sit=» 1y, i=12- p. (4.27)
j=1

In particular, [ = s, is the length of the partition corresponding to O. The fact that
O is odd implies that V; o = V4 0, and both of these are the unipotent radical of the

parabolic subgroup P» whose Levi part is
M(O) = GLy ™™ x GLZ2 ™™ x -+ x GLgP— 17" x GL;” x SO .

For simplicity, we denote Up = V) 0 = Vo 0.
Likewise, we denote by Vi the unipotent subgroup Vj or = Vs o associated to the

unipotent orbit
O/ = ((277,1 -+ 3)“ (271/2 —+ 3)7”2 s (2np + 3)7“;7(1))

in SOggy9112. It is the unipotent radical of some maximal parabolic subgroup whose

corresponding Levi subgroup is
M(O') = GLI ™" x GLIZ™™ x -+ x GLI» 17" x GL" " x SO .

Proof. Observe that O(O1043) = (22¥11F11) since [ is odd, and dim(Oyp 043) =
M. Also, dim(SOgy11) = 2k*+k. Although the dimension of the representations

Oupror3(m) and 7™ may vary, it suffices to check that the difference between the
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dimensions agrees with that between dim(O 4 2.43) and dim(SOg41).

Notice that the difference between dim(w) and the dimension of the unipotent
radical of the Borel subgroup of SOg is related to that between dim(© 4 913(7))
and the dimension of the unipotent radical of the Borel subgroup of SOsj9;42. The
former is precisely the dimension of the unipotent radical of the Borel subgroup of
M(O). We denote this dimension by t + @, where % and t are the dimensions

of the maximal unipotent subgroup of the factor SO; and the remaining Levi factors

respectively. Hence, we obtain that dim(r) = k* — ¢ — %. Similarly, we have
dim (Ouprars3(m)) = (k+1+1)(k+1) —t — L2 — DO Therefore, the difference is
exactly
?+1 2k +1+1)* , ,
+2kl+k+1 = Q—(2k2+k> = dlm(@4k+21+3)—dlm(802k+1). (428)

2

]

[Proposition 4.10] shows that [Conjecture 4.9 agrees with the dimension equation

proposed in [12]. The general philosophy of the dimension equation is that the sum
of the dimensions of the representations is equal to the sum of the dimensions of the
groups in the domain of integration in a global unipotent integral. In our case, this
is given by equation (4.26)). Refer to [12], [13] and [10] for more details on dimension

equations.
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5 Global theory

In this section, we will state and prove our main result in the global setting.

5.1 Choice of generic characters

We follow the notations in and after [Conjecture 4.9, Suppose (m,V) is an irre-

ducible genuine cuspidal automorphic representation of Sf\(/)zkH(A). Let O be the

unipotent orbit of SOy 1 such that
O = ((2”1 + 1)7‘1 (2712 + 1)1”2 s (2np + 1)Tp) .

Let | =r; + 7y +--- 41, be the length of the partition corresponding to O. Suppose
Oyx121+3(m) is the automorphic representation of §()2k+gl+g(A) obtained by the theta
lifting from 7 via integrating functions in V against the theta integral kernel © 1913
in the form of (£.25). As we are only concerned about a fixed theta lifting in this
section, we suppress the subscript and simply let ©(7) = G4 1913(7). We denote by

O’ the unipotent orbit of the group SO, 2142 associated to the partition
O = ((2n1 +3)"(2na 4+ 3)™ - - (2n, + 3)™(1)) .

Recall that Vior = V1,00 = Va0 is the unipotent radical of the parabolic subgroup of

SOgk101+2 Whose Levi subgroup is

M(0') = GL ™" x GLE2 ™ x -+ x GL= ™" x GL” ™ x SOp1.

41



Notice that
p—1 p—1
Vo [V o (EB Matg, s, ,, > @ (EB Mat[, 2+ ) @ Mat,?, & Matyx 41y - (5.1)
j=1 Jj=1

We first define a character on [V / V(})] by specifying it on each of the components,
and then extend it trivially to a character on [Vi]. For any abelian group Mat;y ,

we may identify the character group of [Mat;y ;] with Mat,;(F"). Recall

sit= 1y, i=12 p. (5.2)
7j=1

Let

Isj',sjurl = (]5]. 0) S Ma‘tS]‘XS]‘+1<F)7 J=12-,p—1,

and

< Matlx(l+1)(F), a € F*.

~
B
Il
N | #—=
|
s

.y
2
Consider the following characters each defined on the respective component in ((5.1)):

(

Vs xs; (V) = P(Trv) if v € Maty, x5, (A),j =1,2,---,p,

Daysyen (V) = (Tr(I,5,,07))  if v € Maty,xs,,, (A),j = 1,2, ,p—1, (5:3)

\le(H_l)(’U) = QZJ(TI'(ILGUT)) if v € Math(Hl)(A).

Pulling back each of these characters via the projection map onto the respective
component and taking the product afterwards, we obtain a character on [V / V(})].
Extend it to a character on [Vir] and denote the resulting character by tq,y,,. This

is a generic character attached to the unipotent orbit O'.
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For any automorphic function in O(7) of the form

f(h) = / ©(9)0ar+2+3(h, 9) dg,
SO2441(F)\SO2p41(4)
we let
Fav (1) / / 9)0arr2143(0h, 9)a,v,, (v) dv dg. (5.4)
[SOs+1] [Vir]

The maximal split torus of SOy 9;13(F) normalizes Vi, Conjugating the variable
v in the inner integration of (5.4) by 7 = diag(t, -+ ¢, 1,¢t71, .-+ t71)),t € F* leaves
the integral unchanged. The automorphicity of €4, 9,13 implies that it is left invariant

by 7. After a change of variables by v + v771

, we see that the Fourier coefficient
depends only on the square class of a in F'*. When a is a square, the connected
component of the stabilizer of ¢y, in M(O')(F) is split. In this case, we call 1,,v,,
a split generic character, and denote it by 9o .

On the other hand, recall Up = V} o = V5 ¢ is the unipotent radical of the maximal

parabolic subgroup Py of SOq 1 with the corresponding Levi part
M(O) = GLY ™™ x GLZ2 ™™ x -+ x GLZPP:*”P x GL;” x SO; .

In order to define a generic character on [Up], it suffices to specify the respective

character on each of the components of the maximal abelian quotient

p—1
Uo/U?t(@Matw) (@Mt&:ﬂ 1)@Mat7:;1- (5.5)
j=1
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We define these characters by

Vs, xs;(v) = P(Trv) if v € Mat, xs,(A),j =1,2,--- ,p, (56)
5.6

Vs, xs;01 (V) = V(Tr(L, 5,,,07))  ifv € Maty s, (A),j =1,2,-- ,p—1.

This gives a generic character ¥ : [Up] — C* .

5.2 The global main theorem

Theorem 5.1. Let (7, V) be an irreducible cuspidal genuine automorphic representa-
tion ofSA62k+1(A). Suppose the theta lifting ©(m), as a representation 0f§62k+21+2(A),
has a non-zero Fourier coefficient with respect to a split generic character associated

with the unipotent orbit
O = ((2n1 +3)"(2na 4+ 3)™ -+ - (2n, + 3)™(1)) .

Then the representation m has a non-zero Fourier coefficient with respect to some

generic character associated with the unipotent orbit
O=(2m+1)"2ne+1)"---(2n, +1)7).

Proof. Throughout the proof, we identify any subgroup of SOs;11 or SOgi9140 With
its embedded image in SOy 4943 via The Fourier coefficient of ©(7) with respect
to a generic character v, y,, depends only on the square class of a. Therefore, we

may assume there exists data such that the following integral is non-vanishing:

Fyo, (f / / 9)0ak12143(v, 9)vor (v) dv dg, (5.7)

[SO2+1] [Vor]
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where Yo = Y1y,

Denote by R, = Rs, ak+21+3 the unipotent radical of the maximal parabolic sub-
group of SOgii943 With Levi subgroup GLg, X SO4r19,-2s,43. Notice that Vi, =
Vor N Ry, is non-trivial. The quotient Vi, \ R,, may be identified with the subgroup

of matrices of the form

( )
I, x *
I,
+l—s1+1
Hsl = 12k+1 x* S SO4k+2[+3 HEANS Matslx(%:—i-l)
Ik+l781+1
\ Isl )

Although Hy, is not abelian, it is a Heisenberg group with Z(Hy,) corresponding to

matrices of the form

]Sl 0 z
I4k+2l7231+3 0 : ZTJ31 + Jslz =0

I,

1

Notice that the center Z(Hj,)(A) C Vor(A) is included in the domain of integra-
tion in (5.7). As a result, we expand the integral against the abelian quotient
[(Hor /2 ))] 2 [Maty, i)

We may identify the character group of [(H,, /Z(H,,))] with Maty, «or+1)(F'). The
action of the diagonally embedded subgroup GLg, (F) X SOgy1(F') on the character
group can be realized as its conjugation action on Maty, « (2x41)(£'). This action pre-
serves the rank and the fact whether the row space is totally isotropic. For any
§ € Maty, «(2k41)(F') whose row space is not totally isotropic, it must lie on the same

orbit as some &’ that contains some non-isotropic row vectors in F2**1. Thus, we may
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classify the orbits by their representatives & given as follows:

(i) & is the zero matrix.

(i) Rank(§) = ¢ with 1 < ¢ < s, and & contains some non-isotropic vector in F26+1,
(iii) Rank(§) = ¢ with 1 < ¢ < s7 and the row space of ¢ is totally isotropic.

For any character 1), identified with some & € Matg, x(2k41)(F'), its contribution in the

Fourier expansion is given by the integral

0(9)0ks2113 (u(v, 9)) Yor (v)e(u) dudvdg.  (5.8)
(SO2k+1] [Vor| [Hs, /Z(Hs, )]
By the contribution of every character in the same orbit is zero as long
as the integral contribution of one representative is identically zero.

We will show that the only non-zero contribution in the Fourier expansion is from
the orbit represented by some § € Mat,, ,(or+1)(#) with maximal rank and totally-
isotropic row space.

First, we look at the contribution from the orbit corresponding to the zero matrix.

This is the constant term of the Fourier expansion given by
[ e o9) o) dudvdg. (59)
[SO2k+1] [Vor| [Hsy /Z(Hs, )]

Write v = vy, 0! where vy, € V5, (A) and v' € V3,(A) := Vior(A) N SOopi91-2s, +2(A).

Combining the two variables u and vs,, we obtain

©(9)0arr143 (w(vl, 9))1 (W)Yo (v du dvt dg, (5.10)

[SO2k41] [V5,] [Rsy]
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where 1 is the character on [Ry,| given by

V1(u) = P(ugsr1 + Ugepa + o0+ Usiag) (5.11)

Applying [Proposition 4.6 we see that (5.10)) is equal to the integral

0(9) 0243 (u(v', 9)) Y1 (u)vo (v') dudv' dg, (5.12)

[SO2k+1] [V, ] [R,2]

where we extend 7 trivially to [RS%] and R = R, akt21+3 s, ak+21-25,+3 is the unipo-

tent radical of the maximal parabolic subgroup of SOy 943 with Levi subgroup
GL,, X GLg; X SOupq21—4s,43 -

Notice that ng N Vé, is non-trivial. Let 8 be the root inside SOgx,9;12 such that

52 : _
z —1 Qs 4j if ny —ng = 1

B = (5.13)

s1 .
Z Lasyy ifng —ng > 1,

where we recall that a;’s are the positive simple roots of SOgx19;12. By construction,
the one parameter subgroup {z3(r) : € A} associated to [ is in the intersection

Rp2(A) NV (A), and 9o is non-trivial on ws(r). We may write (5.12) as

/ / / / 9)Osira4s (uzs(r)(v', 9)) Y1 (W) (r)ve (v') dr dudv' dg

[SOak41] V4, (F)ap(A\V, (&) [R 2] A/F

N / plr)dr / / / 9 Oasars (u(v', 9)) Y1 (w) o (v1) dudv' dg.

/F [SO2x41] V, ANV, (A) [B2]
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This is zero since

/ W(r)dr =

AJF
for the non-trivial character .
Second, we look at the contributions from the second type of orbits. For any of
such orbits, it suffices to check on the contribution of a representative £ that contains

some non-isotropic row vector in F?**! which is given by

/ ©(9)0ak20+3 (u(v', 9)) Yre(w)vor (v') dudv' dg. (5.14)

[SO2k41] [V5,] [Rs4]
Here, for any u = ujuy € Ry, (A) withuy € Vi, (A), ug € Hy, (A), ¥ e(u) = 1 (u1) e (us)
is a generic character associated with the unipotent orbit corresponding to the par-
tition (35114k+20+3-3s1)  Hence, (5.14]) contains a Fourier coefficient of 02,5 asso-
ciated to the unipotent orbit O = (3114 +20+3=351) " which is zero by
%)
Thus, the only possible non-zero contributions are from orbits that belong to the

last type. We may classify these orbits by the representatives given by

I, 0

gq = € Matslx(2k+l)(F)> q= 1727 T, 81 (515)

0 0

For a given &, the contribution of the corresponding character 1, : [(Hy, /Z(Hs,))] —
C* is

/ / / 9)0axsarss (u(v', 9)) Yre, (W)or (v*) dudv' dg, (5.16)

[SO2x41] [V5,] [Rsy]
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where 1)1 ¢, = 111, is the character on [R,, /Z(R,,)] that corresponds to the matrix

([Sl Oslx(k+l+1—231) f Oslx(k+l—sl+1)) S Ma’tslx(4k+2l—251+3)(F)'
Let 2z, € SO4k121+3(F) be the unipotent element

I

1

= Lojt1-94 Mg = Y A R

I,

Performing a change of variables by u — uz,, (5.16]) is equal to

/ / / 9 uriai (uzg (V' 9)) Yr g, (W)dbor (v1) dudv' dg, (5.17)

[SO2k41] [V5,] [Rsy]

where ¢ ¢ is the character on [(H,, /Z(Hs,))] that corresponds to the matrix

<[:1 —q Oslx(k:+l+17251) 5 Oslx(k+ls+1)> € Matslx(4k+21—281+3)(F)’

I} _, = € Maty, x5, (F).
0 IS1—q
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Let w, be the Weyl group element given by

I,
Vq
Wq = [2k+172q S SO4k+2l+3(F)7
-1
Vq
Iy,
with
Iq
[Sl—q
Vg = Iq

[k+l+q+17351

I

s1—4q

The conjugation action of w, stabilizes [Rs,]. Therefore, we change the variable

1

U W, uw, and use the automorphicity of 619,13 to obtain

2(9)arsarss (w,z(0",9)) Y1 (o (') dudet dg.  (5.18)

[SO2k+41] [V5,] [Rs4]

Apply [Proposition 4.6| to the integral (5.18]) to replace the integration on [Rg,]| by

[R2]. We obtain

/ 0(9) 02113 (uwyzg (V1 9)) Y1 (w)bor (v') du dv* dg. (5.19)

[SO2k+1] [V,5/] [RS%}

This integral is similar to (5.12]) except for the presence of the Weyl group element
wq. However, the same argument implies that the contribution is zero as long as

Rz NwVpw, " is non-trivial. This happens only when Rank({,) < s;. Hence,
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we conclude that the only non-zero contributions of the Fourier expansion are from
characters v on [(H,, /Z(Hj,))] corresponding to some & € Maty, « (2k41)(F') with rank
s1 and totally isotropic row space. Notice that SOy 1(F') acts transitively from the

right on such matrices. If we take

551 = (Isl 0) S Mat51X(2k+1)(F)

as a representative, then we conclude that the Fourier coefficient ([5.7)) is equal to

/ / / Z ©(9)0arso14s (uws, 25, 7(v", 9)) 1 (W) o (v') dudv' dg.

[SO2k+1] [Vcl)/] [RS%] YEPY (F)\SO2x41(F)
(5.20)

Here, P;, = P, o141 is the standard maximal parabolic subgroup of SOg;1; with
Levi part GLg, X SOg_2s,+1. The upper zero indicates that we omit the GL;, factor.
In fact, P)(F) is the stabilizer of 1), under the SOg.1(F) action. As any vy €
P? (F)\ SOg41(F) commutes with any v* € V{3,(A), we can combine the summation

with the integration in ([5.20]) to rewrite it as

/ // 9)Oarrats (uws, 2, (1, 9)) Y1 (W) o (v1) dudvt dg.  (5.21)

F)\SO2k+1(A) [V, ] [R, 2]

The next step of the proof is to apply the same argument in the previous step re-
peatedly to smaller unipotent subgroups. To proceed, we assume that ny—ns = 1 only
for notational simplicity. The argument works in great generalities that it does not
depend on the assumption. Consider the unipotent subgroup R, = Rs, akt+21—4s,+3 C
SO4g10r+3, which is the unipotent radical of the standard maximal parabolic sub-

group whose Levi part is GL?1 X GLg, X SO4p421—4s,—2s,+3. The group R, consists of

o1



matrices of the form

1231
I, x *
Ligyor—as,—2s,+3  2° € SOupy2143 1 T € Maty, x (ak+21—45,—250+3)
1,
\ 1231

(5.22)
We set Vi, = Ry, N (ws, 25, Vi (ws, 25,) 1), and the quotient Hy, = Vi, \ Rs,. As the
center [Z(Hs,)] C [Vs,] is included in the domain of integration in (5.21)), we continue
to expand against [H,/Z(Hs,)]. We check on the contributions from each type
of the characters on [Hy, /Z(H,,)| under the action of GLg, (F') X SO4kr91—4s, 25513 (F)-
By the same argument, it follows that the only contribution is from the orbit of

characters represented by v, corresponding to the matrix

s, = (152 ()) € Mat32x(4k+21—451—252+3)(F)'

We continue the same argument repeatedly with the assumption that n,—n;,; =1
foralli=1,2,--- ,p—1and n, = 1 for notational simplicity. We deduce that ([5.21])

equals to

p—1
/ / / 94k+2l+3 (Ustp iRy L(Up,g)> Vp(u)or (v°) du dv® dg.

F)\SO2k41(A) [VE] [R =0
(5.23)

We explain the notations here. First, Po = M(O)Up is the maximal parabolic
subgroup of SOg,.; with the corresponding Levi decomposition. The upper zero
indicates that we omit all the GL-factors in the Levi factor M(Q). That is P2 =

SO[ Uo. Next, V(g, = V@/ N SOgH_l with Vp,/(Vg,)( Matlx(lﬂ AISO R82 is the
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unipotent radical of the standard maximal parabolic subgroup of SO 449,13 with Levi

part given by
GL2M ™) 5 GLAM™773) 5+« 5 GLAM170) 5 GL™ x SOup41 -

The character ¢, : [Rs2] — C* is the product of ¢, and the characters corresponding

to the non-zero contribution in each of the repeated steps. It is given by (similar to

1, in |Corollary 4.7])

s1 S2 Sp
Pp(u) = § Ujsy+5 T E U2sy+j,251+s9+5 T °°° + E UD(s1++sp—1)+5,2(s1++8p—1)+sp+i | -
i1 =

Jj=1

The term Hf:_& Ws,_;%s,_; 18 the product of w;, 2, and the corresponding Weyl group

elements and unipotent elements produced during each of the repeated steps. To be

more precise, for each 1 < 7 < p, we have

IQ(S1+~~-+8]‘—1)
J

wsj = ]2k2—2(81+~'+5j)+1 )

-1
S5

]2(81+---+8171)

Ik}+l+1—2(81+“-+8j_1)—8j
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and

‘[2(51+“'+5j71)
fs)
J 12k72(51+---+5j)+1 )

*
Hs;

IQ(S1+---+S]‘71)

:qu -
Ditit1-2(s1+-+s5)

I

J

Notice that we can conjugate all the z;’s to the right of all the w;’s and rewrite ([5.23)

as

/ / / £(9)0ar+21s (w2 (07, 9)) Yy (w)tbor (v7) du dv” dg, — (5.24)

P (F)\SOzx41(4) [V ] [R 2]

with w; = ws, W, , - ws and

I,

Hr IS1+---+sp_1 _[Sl+"'+3p—1

2z = I, s Tiv1-9(sy+-+sp_1)+1

My Loi4otspy

I,

1

Now we proceed to the last step. Let R, C SOy be the unipotent radical of

the standard maximal parabolic subgroup of SOy 1 with Levi part GL; x SOg 1. In
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terms of matrices,

Io(sy+tsp-1)
I, =« *

R, = Iy o° € SO4pq2143 : © € Matyy(2141)

L I2(Sl+"’+sp71)

[

The subgroup R, is again a Heisenberg group with the maximal abelian quotient
Rp/Rz(,l) = Mat;y(2141). On the other hand, for any y = <y1 y2> € Vg,/(vg,)(” =

Matlx(l"’l) where n,Y2 € Math(HTl), we have

wizy(wiz) = (?/1 Orx1 y2> S RP/RI()I)'

Let H, = (wzVP(wz)™ )\ R,, which is also a Heisenberg group. As the center
[Z(H,)] C [(wiziVP(wz;)™")] is included in the domain of integration in the integral

(5.24), we further expand (5.24) against [(H,/Z(H,))].
We may identify the character group of [(H,/Z(H,))] with

(Hp/Z(Hp)) (F) = Maty(F).

In the expansion, we conjugate elements in [V,] to the left inside the function Oax 243
and combine this domain of integration with [(H,/Z(H,))]. Denote the resulting
domain of integration by [R,]. Let R = Rg2 R, which is the unipotent subgroup that
coincides with V5 »2 where O? is the unipotent orbit in SOy4y42,3 corresponding to
the partition

((4ny +3)™ (4ng 4+ 3)™ -+ (4n, + 3)"7(1)!11)..
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As a result, (5.24) is equal to

/ / S o(0)Brars (oL 9o pe(w) dudg.  (5.25)

PO (F)\SOqp41(A) [R] SEMatixi(F)

Here, we combine all the characters involved to get the character ¢ ¢ on [R]. For

any r = 17973 € R(A) with 71 € R (A), v € V5, (A) and x3 € Hy(A)/(Z(H,))(A),

Vo pe() = Vp(z1)V0r (T2) e (23).

By |Proposition 4.4, the inner integral of (5.25) factors as the product of an

integral of a theta function in the theta representation ©g, of the double cover
(/}TJQ(Sﬁ...Hp_I)(A) with respect to the character v, and an integral of a theta func-
tion in Oy, of g(v)4l+1(A) with respect to the character ¥o/te. When the character
Yore 1s generic with respect to the unipotent orbit associated with the partition

(3'111), the second integral is a Fourier coefficient of the theta representation ©4.4

with respect to the unipotent orbit associated to (3'1+1). By [Proposition 4.5, such

an integral must be zero. Thus, the non-zero contributions in the expansion (}5.25))
come from those )¢ corresponding to & € Mat,;(F') such that 1o/)¢ is not generic.

To proceed, let us fix a

A1
§=1 : | €Mat;(F),
Y
with row vectors Ay, -+, \; € F'. By construction, the character v, := torte corre-
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sponds to the matrix

n= % A1 —1 EMath(ng)(F).

Al -1

Notice that 1), is generic as long as the row space of 7 is not totally isotropic with
respect to the non-degenerate bilinear form on F?*! defined by Jy.i. As a result,
the contribution of v, is non-zero only if the row space of 7 is totally isotropic and of
rank /. That is, the row space of 7 is a maximal totally isotropic subspace of F2+1,
Consequently, we only need to consider ¢ with row vectors A, Ay, - - - \; satisfying the

following conditions:

1. Each \; except A1 is non-zero isotropic.
2

2. Each pair \; and \j _; fori=1,2,--- | Z*Tl is a hyperbolic pair, i.e.

[—-1

Ais A1) =1,i=1,2,--- | .

All these hyperbolic pairs are mutually orthogonal.
3. The vector )\% is non-isotropic with ()\H—Tl, )\1%1) =1

The group SO;(F) acts transitively from the right on the set of ¢’s and we pick the

identity matrix I; € Mat;,,(F') as a representative. As a result, the integral (5.25) is
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equal to

[ ] X e@uanswne) vosmwdidy. (520)

P (F)\SO2k11(A) [R] ¥ESO2141 (F)

Since v commutes with the product w;z;, we can conjugate it to the right and collapse

the summation with the outer integration to obtain

/ / (s (waa(l, ) dorpn(w)dudg.  (5.27)

Uo (F)\SO2i41(A) [R]

We further decompose the domain of integration of the outer integral as

Uo(F) \ SO2:41(A) = (Uo(F) \ Uo(A)) (Uo(A) \ SO211(A)) .

We obtain

/ [ e (wa(i,ng) o u) dudgdn. (5.25)
R

Uo(F)\Uo(A) Uo(A)\SO2x+1(A) o

Observe that ng := wizin(w;z)) ™t € R(A) for any n € Up(A), and Yo 1, (n0) = o(n).

Hence, we conjugate the variable n inside the function 6,913 to the left and perform

a change of variable by u + ung ' to finally obtain that ([5.28) is equal to

/ / o(ng)o(n)dn / Bupsarss (wnzi(L, g)) oy (u) du dy.
Uo(A)\SOzx4+1(A) \Uo(F)\Uo(4) (R]
(5.29)
Note that
Frowo(9)(9) = / o (ng)dio(n)dn (5.30)
Uo(F)\Uo(A)
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is a Fourier coeflicient of ¢ associated to the unipotent orbit O and the generic
character ¢po on [Up|. The fact that (5.7)) is non-vanishing implies that Fy, v, (@) is

non-vanishing, which completes the proof. ]
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6 Local theory

In this section, we establish the local counterpart to [Theorem 5.1]

6.1 Local setup

Let F' be a non-archimedean local field. We are still concerned with the two

unipotent orbits

O = ((2n1 + 1)" (205 + 1) -+~ (20, + 1)'7)

and

O = ((2n1 +3)"*(2na 4+ 3)™ -+ - (2n, + 3)™(1))

of the two groups SOgx4+1 and SOg 1942 respectively, where [ = ry + 1o + -+ -7).

Recall that we can associate the two orbits O and O with the unipotent subgroups
Uo =Vio = Voo and Vior = V4 o = Vo or respectively. Define the generic characters
Yo : Up(F) — C* and Yo : Vor(F) — C* similarly to the global ones given by
and respectively.

Suppose 7 is an irreducible genuine admissible representation of SNO%H(F ). Recall
from that © 441 9,43 is the local theta representation of 8/64;@+2l+3(F). Sup-
pose there exists an irreducible genuine admissible representation ©(m) = © g4 243()

of é(v)QkHHz(F ) such that the Hom-space

HOHIS'*C/)mH_1 %SO 42112 <@4k+2l+37 ™R @(7‘(’)) (61)

is non-zero. Here, we restrict O4x.013 to a representation of the product sub-
group g()ng(F) X STGQ]H_QH_Q(F) which is the preimage of the product SOgy1(F') X

SOokt2142(F) in §é4k+21+3(F) via the embedding "
We extend the definition of twisted Jacquet modules in If O is
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an odd unipotent orbit, then U := V5, is equal to the unipotent radical of some
maximal parabolic subgroup of SOq; 1. If the unipotent radical U(F’) is a Heisenberg
group with its center Z(U)(F) acting trivially on V and vy is trivial on Z(U)(F),
then the vector subspace V(U,vy) = V(U/Z(U), o). Denote the quotient space
VIVUJZ(U),40) by Jujawelm).

The following theorem is the local version of |[Proposition 4.6 For a positive integer

s < k/4, let Rsar+1 be the unipotent radical of the standard maximal parabolic sub-
group of SOgx41 with Levi factor GLg X SOgg_9s41. Similarly, let Rgs 9141 be the
unipotent radical of the maximal parabolic subgroup of SOq;,; with Levi factor

GLas X SOgg—4s41. Define the character ¢y : R a41(F) — C* by
V1(u) = ¢(Z Ujjts), U= (Ui;) € Ryopr1(F).
=1

Theorem 6.1. Consider the local theta representation Oqpy1 of é()gk+1(F). There is

—~ A —
a surjection of GL, X SOgg_4s+1 -modules

JR23,2k+1 (®2k+1) - JRs,2k+1ﬂ/J1 (®2k+1)7

where GLSA X SOk _4s+1 15 the subgroup of GLos X SOgk_ygs11 with the GLg-factor em-

bedded in GlLog diagonally.

Proof. By [Proposition 4.3] it suffices to show that the unipotent subgroup

Ry ok—2541(F) C SOgp_254+1(F) < SOop41(F)

acts trivially on the Jacquet module Jg_,, ., v, (©2x+1). The proof then proceeds in a

similar fashion to the global case.
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Let Rsor—2s+1 be the unipotent radical of the maximal parabolic subgroup of
SOg;—2s+1 Wwith the Levi factor GLg X SOgx_4s1+1. We identify R op_2s41 With its
embedded image in SOq ;1 via . Note that R ox_2s+1(F) is a Heisenberg group.
We claim that its center Z (R ar—2441)(F) acts trivially on Jr_,, ., v, (O2k41)-

Under the action of the Levi subgroup, any non-trivial character on Z(R; ox—2s+1)(F')

may be represented by 1, (0 < 2t < s) associated to a matrix & of the form

0 Zt
ft = € MatSXS(F),

0 0
where Rt = diag()\b e 7)‘t7)\t_17 e a)‘1_1> € Mat2t><2t<F) with )\’L € FX: Vi = 15 et

If the claim is not true, then there must be a non-trivial character v, on Z(R; 2x—2s5+1)(F')

such that

JZ(RS,2k72s+1),¢§t (‘]Rs,2k+1,,¢1(@2k+1)) 7& 0. (6'2)

However, the product of ¢; and )¢, 7 is a generic character attached to the unipotent

orbit O, = (42135-212k=21=3s+1)  Hence, the resulting twisted Jacquet module (6.2)) is

zero by |Proposition 4.2 We get a contradiction.

Therefore, it remains to show that the abelian quotient Ry og—2s+1/Z (Rs26—2s+1) (F)
also acts trivially on Jg, ., ., ¢ (O241). We may identify the character group of
Ry ok—2s41/Z (R pk—2s41)(F) with Matsy 2k—ss11)(F). Under the action of Levi sub-
group GL(F') X SOgx_4s+1(F'), any character on Ry op—2s+1/Z(Rs2k—25+1)(F) may be

represented by s ,,, corresponding to a matrix z; of the form

I; 0
2y = € Matsx(gk_4s+1)(F),t: 1, , S.

0 0

If the action of Ry or—os41/Z(Rsok—2641)(F) on Jr_ ., w1 (O2k41) s not trivial, then
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there exists a character 15 ,, such that

JRS,%,QSH/Z(Rs,zk,23+1),¢2,zt (JZ(RS,%stJrl) (JRs,2k+1,ﬂ/}1<@2k+1))) = JR52,2k+177/}1'¢'2,zt (@) # 0,
(6.3)
where R o111 = R opt18s 2k—2541-
Proceed with the twisted Jacquet module Jg, , \ wiys ., (O2r+1). Apply the same
argument to see that Z(Rsar—4s+1)(F) acts on it trivially. Hence, it suffices to check

the action of the abelian quotient R ok —4s11/Z (Rspk-as1) (F) o0 Jr 5, w10, (O2k41)-

If the action is trivial, [Proposition 4.3|implies that there is a GLs,(F) X SOop_gs41(F)-

module isomorphism

JR5,2k74s+1 <°]R32’2k+17w11/12,zt(62k+1)> = JNss,wliﬁQ,zt (@GL35(F)) ® @2k*68+1' (64)

Here O, (r) is the local theta representation of the double cover éngS(F ), and Ngs
is the unipotent radical of the parabolic subgroup of GL3, with Levi subgroup GL?.
However, by Corollary 3.34 of [7], the twisted Jacquet module Jy , vy, (OcLs.(r))
is zero. This is a contradiction to (6.3). Therefore, there is a non-trivial character
on R ok—4s+1(F) such that the twisted Jacquet module of JR52’2k+17w1¢27t(®2k+1> with
respect to R or—4s+1(F") and this character is non-zero.

We continue by the same argument repeatedly. For each step, the corresponding
unipotent radical acts trivially due to Corollary 3.34 of [7]. Eventually, we obtain a

non-zero twisted Jacquet module of Oy, with respect to some unipotent orbit that is

not comparable to O(Oy11). By|Proposition 4.2} such a twisted Jacquet module must

be zero, which is a contradiction. Thus, the action of Rgor—2s11/Z(Rsok—2s+1)(F) on

IR, gpsr 1 (O2x41) must be trivial, which completes the proof. O
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6.2 The local main theorem

With enough tools at our disposal, we are now ready to state and prove the local

result.

Theorem 6.2. Let m be an irreducible admissible representation of é?)ng(F). Sup-
pose there exists an irreducible admissible representation ©(m) of E‘TGQHQHQ(F) such

that, as representations of the group §(JD2;€+1(F) X §()2k+2[+2(F),

Hom%2k+1X§C)2k+21+2 (@4k+2l+3; ™ @(ﬂ')) 7’é 0. (65)

Furthermore, suppose the twisted Jacquet module of ©(m) with respect to the unipotent

orbit O" and the generic character 1Yo is non-zero, i.e.

Forten (7)) # 0. (6.6)

Then the twisted Jacquet module of ™ with respect to the unipotent orbit O and the

generic character Yo is also non-zero, i.e.

Juo o () # 0. (6.7)

Throughout the proof, we identify any subgroup of SOg;11 or SOgxy0;1o With its
embedded image in SOy 943 via[2.3] Similar to the proof of [Theorem 5.1], we only

discuss the case of n; —n;4y =1foralli=1,2,--- ,p—1 and n, = 1 for notational

simplicity.

Proof. Fix a non-zero ¥y € Hom (O4 1943, ™ ® O(m)). It is clear that U; must be
surjective because both 7 and ©(w) are irreducible so that 7 ® O(m) is irreducible

as a representation of the group é()QkH(F) X é(v)2k+21+2(F). As a result, ¥, factors
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through the non-zero twisted Jacquet module Jy,, 4., (©(7)). In other words, ¥,
induces a non-zero SNO%H(F ) X MY (O")(F)Ver (F)-equivariant morphism which we
still denote by W;:

\1’1 : @4k+2l+3 — TR JVO’)"Z’O’(@(W))' (68)

Here, M¥o'(O')(F) denotes the stabilizer of 1o in M(O')(F).

Recall we have Vi, = Voo N R, where Ry, = Ry, ak+21+3 is the unipotent radical of
the maximal parabolic subgroup of SOy 9,13 with Levi subgroup GLg, X SOu4x12/—2s,+3-
Notice that Vi, (F) acts on Jy,, ., (O(7)) by the character ¢y, and ¥, is V; (F)-
equivariant. As a result, ¥; must factor through the non-zero twisted Jacquet mod-
ule of Oyp40143 with respect to the unipotent subgroup Vi, (F') and the character ¢

restricted on Vi, (F'), which we denote v;. If we denote the resulting map by ¥/, then

WY v, (Oanrares) = ™ ® vy, p,, (O(7)) (6.9)

Is non-zero.
Consider the Heisenberg group Hy, = Vi, \ Rs,, which may be identified with the

subgroup of matrices of the form

( )
I, x *
Thq1-si41
Hg = Iopiq z* | € SOupya43 1 ¥ € Maty «(2r41)
Teyi—s 11
\ [Sl y,

As Z(H,,)(F) C Vi, (F) acts trivially on Jy, y, (©art2143), we consider the action of
the abelian quotient Hy, /Z(H,, )(F) on the twisted Jacquet module Jy, .y (Ougy2143)-

If there exists a non-zero vector in Jy, 4, (Ourt2143) on which H,, /Z(H,, )(F) acts by
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a character ¢/, then W} must factor through the non-trivial twisted Jacquet module

I, 2., () (T2, ) (T w0 (Oskr2143))) = Try, iy (Oskgairs)- (6.10)

We may identify the character group of H, /Z(H,, )(F) with Matg, «(ox41)(F).
Under the action of GLg, (F) X SOgry1(F), suppose ¢’ corresponds to a matrix in
Matslx(2k+1)(F ) that lies in the same conjugacy class with a matrix that contains
a non-isotropic row vector. Then the product of ¢, and 1’ is a generic character

attached to the unipotent orbit associated with the partition (3%114%+2+3=3s1) By

[Proposition 4.2] the twisted Jacquet module corresponding to this character (6.10)) is

zero.
It remains to examine over those characters on Hy, /Z(Hs, )(F') corresponding to
a matrix in Matg, x (2r+1)(F) with totally isotropic row space. Any such ¢’ lies in the

same conjugacy class with a character 1, corresponding to a matrix §; of the form

I, 0
&=1" € Maty, ki) (F), q=0,1,--- 5. (6.11)
00

For a fixed ¢, we check on W] restricted to the twisted Jacquet module of the form

JHsl/Z(HS1)(F)7w5q (JZ(Hsl)(F)(JVsl,m(@4k+2l+3))> = JRsl,wl,gq(@4k+zz+3)7
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where 9 ¢, = ¢11)¢,. Consider the elements wy, 2, € SOyp42143(F) of the form

Iy,

Hq Iq _Iq

cq = Iok11-24 Mg = Titit1-51—4 ’
u; Iy
Iy,
and
[sl Iq
Vq L5
Wy = ]2k+1—2q Vg = Iq
Vq_l [k+l+q+17331
I, 15—

Note that zy and wy are both the identity matrix.
Notice that the conjugation action of w,z, on SOuisa143(F) preserves Ry, (F). As

a result, we have

TR, e (Oukrai43) = Tr, wr (O4ores)s (6.12)

where @;”,gjgl 13 18 the representation of the group %4k+2l+3(F ) obtained by pulling
back the representation ©4,19+3 via the conjugation by w,z, on 864k+21+3(F ). For

any g € é(v)4k+2l+3(F ) and any function € in the representation ©4y9:43, the action

of g on 6 is replaced by the action of (w,2,) *gw,z, on 6. Moreover, by [Theorem 6.1

ULt TRy (O4ihys) = Tre, e, (Oaksares) = T Sy, e, (O(1)) (6.13)
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factors through the Jacquet module J R (@415 3) where we recall that Rge =
Rs, Ry, ak+21—2s,+3 and Ry, ax+21-2s,+3 is the unipotent radical of the maximal parabolic
subgroup of SOy4x49;—2s,+3 With Levi subgroup GL;s, X SOyx49;—4s,+3. 1f we denote the

resulting map by ¥}, then
U Ty (O 1) = 7 © Ty (O(7)) (6.14)

is non-zero.

Let V3, = Vior NSO 9125, +2. The intersection R, 126,13 N Wezg Ve (Wy24) ™
is non-trivial as long as ¢ < s;. It contains the one parameter subgroup {zg(r) :
r € F} associated to 8 given by (5.13). The root group zs(r) acts trivially on
JRS§,¢1(@ZU1§(121 +3), but acts by the non-trivial character o on Jy,, 4, (©(7)). This
implies that ¥} must be zero when ¢ < s1.

It remains only the case of ¢ = s;. Note that 1)¢ = )¢, is generic. Recall that the
center Z(H,, (F)) acts trivially on Oy 9143. Hence, Jzu, )(Ouptar3) = Oupyarrs. By

Proposition 5.12(d) of [2] or Lemma A.1 of [20], there exists a short exact sequence

of Qs, (F) x é?)zkﬂ(F)—modules

0— indg:ii?ka (T, e (Ounsairs)) = Jz(a.,) (Oursarrs) = Jn,, (Oursarrs) — 0,
(6.15)
where @, = (évle X §(32k+2l_231+2)‘@1 is a maximal parabolic subgroup of é(v)2k+2l+2.
The product Qg, (F') % é(v)QkH(F) is the normalizer of Hy (F') in é(v)4k+21+3(F), while
the stablizer of ¢ in Qy, (F) x §()Qk+1(F) is
(@ii X §62k+21—251+2)vsl x P} = Q, x P

Ei R

where éisl is diagonally embeded into the Levi subgroups of the two parabolic sub-
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51 XSO
groups s, and P,. Here, 1ndg$: P£12k+1
3.

2k+1

The two functors Jy, 4, and indg: ii(;l satisfy the following relation

is the induction with compact support as in

GLs, x (@Q%,)° xSO2k+1

dQSl ><So2k+l ~
GLsy x(Q%,)Ox P

Jv,, 4y 010 Quy X PO, = ind oJv, -

— A —
Here, GL, (F) x (Q.,)°(F) is the stablizer of ¢y in the Levi factor GLs, (F) X
é(v)gk+21_281+2(F), where @}, is the parabolic subgroup of Sf62k-+21_231+2 with Levi

subgroup (f}vle X §6)2k+21_451+2. Hence,

5 xS0
Jv,, n ( dgg1§}302k+1 (JH31,¢5(@4I<:+2Z+3))> (6.16)

is isomorphic to

Gle (Q%,)° xS0z 41
0 0

GL L x(Q4,)Ox P

ind__ (JRslvaE (@4k+2l+3)) . (617)

Moreover, ws, 25, acts on O419:4+3 and preserves Ry, . By (6.12)), we further deduce

that (6.17) is isomorphic to

Gle xSO2+21—2s, +2XSO2k41 Wsq Zsq
ind _ (JRS1 W1 (@4k+2l+3>) : (6'18)
GLél xSOop 421 251 +2X P,

Gle XSO0 421 2s1+2 xSO0sk 41

Hereafter, we denote ind __ by ind?fo)””1 for simplicity.
S1

>< SOs-421— 251 +2x P

Applying the functor JVS L 1O , we obtain the short exact sequence

So2k+1 (

0 — ind ), TR 0 (Oiatis)) = vy wn (Ounraies) = Jr., w (Ourgarrs) — 0.

We have just shown that, corresponding to ¢ = 0,

HomSAOQIH—l x Mo (O"Ver (JRS17¢1 (@4k+2l+3>’ T® ']VO”#’O’ (@(W))) =0.
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Then, by (6.9), (6.15) and (6.18), we have

. 18O Wy Zs
Homé\é%JrlXMwo/ (O (11,1(1138012]6-"_1 (JRsl W (@4kJ1r2l1+3)) TR JV(/ﬂﬂﬂo’ (G(ﬂ-))> 7é 0.

(6.19)

By [Proposition 6.1], we further deduce that

Homgs s arvor onv (indiz%“ <JRS§,w1(@ZU§f2ﬁ3)> J TR e (O ))) # 0.
(6.20)
Continue the same argument by replacing by any non-zero ¥, in the Hom-
space . Recall the unipotent subgroup R, defined by and the Heisenberg
quotient Hy, = Vi, \Rs,. Consider the twisted Jacquet modules with respect to Hy, (F)
ws, 28,

whose center acts trivially on Jg, 4, (0415 3). We note that the normalizer of H,,
°1

in g()gk+1 is §()2k_231+1 C Pfl. By a similar argument, any non-zero homomorphism
. S’\(/) Wsq Zs
Uy mdpgka (JRS%,wl(@zlkinﬂrg)) = TR vy a0 (O())

must factor through the non-zero twisted Jacquet module with respect to a generic

character on Hg, (F'), which is

. SAézk+1 . SAO/2k7231+1 WsgZsg
indp, indpy Trows (IR gun (Oudalis) ) | -

Here, 15 is 1o restricted to Vj,, and Ps, is the standard maximal parabolic subgroup
of é?)%,gslﬂ with Levi subgroup C/}\iSQ X é()%_g(sﬁ”)ﬂ.

By the transitivity of induction

. %2k+1 . S,E’)Qk:—Qsl-ﬁ»l ~ %2k+1
ind ind =~ ind :
PSU1 PSO2 PSO2
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By [Proposition 6.1, we obtain that

. S’\O/ Wso Zs
Homé(“)%HxM%/(o')vO, <1ndpg;k+1 (JRS§7¢2(@4I¢2+212+3)> TR JVO“%,(@(W))) (6-21)

is non-zero. Continuing the same argument repeatedly, we obtain that

. é\() W Z,
HomSN()ngxM%'(O/)vo, (mdSNOl%Jrl (JRS%,wp(@z;/iJrle?,)) TR JVO/,%/(@(W))) # 0.
(6.22)
Here, ng is the unipotent radical of the standard maximal parabolic subgroup of

SO4k101+3 with Levi part
GLEP ) x GLEP™) x . x GLA 179 x GLE x SO

The character ¢, : Rz (F') — C* is the product of ¥ and the characters correspond-
ing to the non-zero twisted Jacquet modules in each of the repeated steps.

We now proceed to the last step. Let R, be the unipotent radical of the maximal
parabolic subgroup of SOyxy; with Levi part GL; x SO9;41. Consider the action of

the abelian quotient H,(F) = wz V5, (wiz) ™ \ R, on

1 SO wyz,
mdébj(kjﬂ (Jngﬂﬂp( 41i+l2l+3)> : (6.23)

If there is any non-zero vector in (6.23) on which H,(F') act by a character, then any
non-zero W, in ([6.22) must factor through the non-zero twisted Jacquet module of

(6.23) with respect to H,(F) and the corresponding character. Following the same

argument as in the proof of [Theorem 5.1 we only need to consider characters ¢ on
H,/Z(H,)(F) such that the product of /o and v restricted to R,(F') is non-generic.

That is, the matrix in Mat;y 41)(F') corresponding to ¥or1)e has totally isotropic row
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space. We deduce that such a character ¥ must correspond to a matrix given by

Al
satisfying the following conditions:

1. Each \; except A1 is non-zero isotropic.
2

2. Each pair \; and \jy_; fore=1,2,---, 1—71 is a hyperbolic pair, i.e.

[—1
Ny Np1) =1, i=1,2,--- 5

These hyperbolic pairs are mutually orthogonal.
3. A 11 is non-isotropic with unit length.

The group SO, (F') acts transitively on the set of these matrices. This allows us to
pick the identity matrix [; as a representative. Denote the corresponding character on

H,/Z(H,)(F) by v,. Any non-zero U, in ([6.22)) factors through the non-zero twisted

Jacquet module of (6.23)) given by

l

: S’62k+1 : é\()lXé‘él w2 ~ SA62k+1 wiz]
ind 1nd§6A IRy vy, 1 JRS%,wp(@4k+2l+3) = indy,, IRy, 0 (Orrarss) ) -
1

(6.24)
We note that the normalized induction indg?;’“+1 is indé(gg;)i%j“ where
~ AT T2 —~— ny—n3 —~ np —~
LO)=GL, ~xGL, x---xGL;~ x80y,
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and

HOP = (GEA)" " (GEA)" " o (GI2) " 505

S2

Thus, we conclude that

Homgs,areor 0wy, (109505 (v, (Olars) ) 7 © Ty (O(F)) ) 0.
(6.25)
We now examine the action of Up(F') on (6.25)). The group Uo(F') acts on the left
by the character ¢, since (w;z) Upw;z; C R and Uy, p.1; 18 defined on R(F). As a

result, there exists a non-zero vector in m on which Up(F) acts by the same character

Yo, and

Homeo (O)x Mo (0 (‘]R,wvo/,p,zl (G)Zvlﬁ2l+3)> JUoﬂ#o (W) ® JVO/M@/(@(W))) 7’é 0.
(6.26)

Thus, Jy,.pe (7) is non-zero. This completes the proof. H
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