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The problem of hydroelastic wave diffraction by a surface piercing vertical circular cylinder
mounted on the bottom of an ice-covered channel is considered. The ice sheet is modelled
as an elastic thin plate with homogeneous properties, while the linearized velocity potential
theory is adopted to describe the motion of the fluid. The solution starts from the Green
function satisfying all other boundary conditions apart from that on the body surface. This
is obtained through applying Fourier transform in the longitudinal direction of the channel
and adopting eigenfunction expansion in the vertical direction. The boundary conditions
on the side walls and ice edges are imposed through an orthogonal product. Through the
Green function, the velocity potential due to a surface-piercing structure with arbitrary shape
can be expressed through a source distribution formula derived in this work, in which only
integrals over the body surface and its interaction line with the ice sheet need to be retained.
For a vertical circular cylinder, the unknown source distribution can be further expanded
into a Fourier series in the circumferential direction, and then the analytical solution of the
velocity potential can be further obtained. Extensive results and discussions are provided for
the hydrodynamic forces and vertical shear forces on the cylinder, as well as the deflection
and strain of the ice sheet. In particular, the behaviour of the solution near one of the natural
frequencies of the channel is investigated in detail.

Key words: Authors should not enter keywords on the manuscript, as these must be chosen by
the author during the online submission process and will then be added during the typesetting
process (see Keyword PDF for the full list). Other classifications will be added at the same
time.

1. introduction

In ocean engineering, model tests in a wave or towing tank are commonly undertaken
to investigate the hydrodynamic properties of offshore structures. Due to the existence of
side walls, tanks or channels have their own natural frequencies, which leads to that the
hydrodynamic performance of structures in tanks may differ from that in unbounded ocean.
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2

Therefore, it is of practical importance to understand the interaction between fluid and
structures in a tank or channel.

Columns with circular sections are very important structural components that have been
widely used in many types of marine structures, such as the legs of offshore platforms.
The problem of free surface wave interacting with vertical circular cylinders in a channel
has received considerable attention since last century. Based on the linearized velocity
potential theory, Eatock Taylor & Hung (1985) calculated the mean drift force on a single
vertical cylinder in a channel by treating the side walls as mirrors, and then the problem was
approximated by an array of cylinders in the open sea. Yeung & Sphaier (1989) proposed a
more accurate approach by placing an infinite number of cylinders in the planes perpendicular
to the channel, and then considered the problem of waves radiation and diffraction by a
cylinder standing at the centre of the channel. The same problem was also considered by
Linton ez al. (1992) through a different method. They expressed the velocity potential in terms
of an infinite series, where each term in the series satisfies all the boundary conditions apart
from that on the body surface. This method was confirmed to be very effective for capturing
trapped modes (Ursell 1951) and far field waves. The same procedure was also employed
by Mclver & Bennett (1993) and extended to a vertical cylinder at non-centre positions of
the channel. Later, Evans & Porter (1997) and Utsunomiya & Eatock Taylor (1999) further
considered the trapped mode waves around multiple vertical circular cylinders in a channel.
In addition to the work listed above, studies about structures of other shapes can be found in
Wu (1998) and Ursell (1999) for wave diffraction and radiation by a fully submerged sphere,
where the method of multipole expansion was applied. A more recent numerical work by
Newman (2017) also analysed the trapped modes of bodies with arbitrary shapes in channels.

As the scientific exploration and commercial activities in polar and other icy water regions
have greatly increased (Smith & Stephenson 2013) in recent years, there has been an
increasing interest in understanding the hydrodynamic performance of offshore structures
in fluid with an ice cover. Generally, an ice sheet covering a large area could be modelled
as a thin elastic plate (Greenhill 1886). Based on this, a large volume of work about wave
and ice sheets interaction has been undertaken. Typical examples include those by Fox &
Squire (1994) for oblique incident water wave transmission and reflection by a semi-infinite
ice sheet, Meylan & Squire (1996) for wave diffraction by a circular ice floe, as well as Porter
(2019) for wave interaction with a rectangular ice plate.

In reality, when offshore structures are operating in icy water, the surrounding water
surface might be frozen, and the body surfaces may contact directly with the ice sheet
edge. Therefore, the interaction of hydroelastic waves and structures in such a case has been
extensively investigated. For three-dimensional surface -piercing bodies, Brocklehurst et al.
(2011) studied the problem of hydroelastic waves scattered by a vertical circular cylinder
using Weber transform, where the cylinder was assumed to be clamped into the ice sheet,
and detailed analyses were made on the hydrodynamic forces and vertical shear forces on the
cylinder, as well as the principal strain and deflection of the ice sheet. Disibiiyiik ez al. (2020)
studied the similar topic but for a vertical cylinder of a non-circular cross section. In their
work, the impermeable condition on the body surface was satisfied on the mean position by
applying the perturbation theory, and then the velocity potential was derived by the method of
eigenfunction expansion. The problem of hydroelastic waves diffracted by multiple vertical
circular cylinders was investigated by Ren et al. (2018a), in which the edge conditions at the
intersection lines of the ice sheet and each cylinder surface were imposed through Green’s
second identity. Their procedure was appliable to any types of edges including clamped,
simply supported, free and their combinations. Their results showed that the edge condition
would significantly affect the hydrodynamic forces on the cylinder. In some other cases, the
ice edge does not directly contact the body surface. Instead, there may be a gap of open
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water region, such as bodies floating in a polynya or a lead. In such a case, both conditions
on ice-covered surface and free surface need to be considered. Typically, Ren ef al. (2018b)
derived an analytical solution for wave interaction with a vertical circular cylinder in a
polynya standing arbitrarily. Later, Li ez al. (2020) proposed a hybrid numerical method and
extended it to arbitrary shapes of floating bodies and polynya. Other investigations about
wave-ice sheet-structures interactions can be also found in Das & Mandal (2008) and Das
et al. (2020) for a fully submerged sphere and a thin cap, respectively.

The ice sheet in the above studies is normally treated as unbounded, which can be realistic
in the polar ocean. By contrast, a tank or channel is a confined region. When it is fully covered
by an ice sheet, the edge of the ice will contact the side walls with certain constraints. Then the
effects of the edge conditions cannot be ignored. In fact, the wave propagation in a channel
with an ice cover has been found very different from that in a free surface channel. The
propagation of hydroelastic waves in a rectangular channel with an ice cover clamped into
two side walls was considered by Korobkin ef al. (2014), their results indicated that the waves
in an ice-covered channel are normally fully three-dimensional. Later, a similar analysis was
also made to an ice-covered channel with free edges by Batyaev & Khabakhpasheva (2015).
Ren et al. (2020) proposed a different procedure that can be effectively applied to ice-covered
channels with any combinations of three common types of edge constraints (clamped, free
and simply supported). From the results, they pointed out that the dispersion relation and the
wave profile were significantly affected by the edge conditions. Based on the method in Ren
et al. (2020), amore recent work by Yang et al. (2021) first constructed the Green function due
to a steady moving source, and then adopted the multipole expansion method to investigate
interaction between a uniform current and a horizontal circular cylinder submerged in an
ice-covered channel.

The nature of the work by Yang et al. (2021) is in fact to understand the wave profile
generated by a steady current passing through a submerged body. In this work, we shall
consider the problem of hydroelastic waves diffracted by a vertical circular cylinder in a
channel with an ice cover. Since the problem is periodic in time rather than steady, the
boundary conditions on the ice sheet will be different. In such a case, the Green function
needs to be reconstructed. Besides, the method of transverse mode expansion used in Yang
etal. (2021) may not be efficient in the present problem. Alternatively, the Green function here
is derived in a series of eigenfunctions along the vertical direction, where the edge conditions
on the intersections of the ice sheet and two side walls are imposed through two orthogonal
inner products. Through the Green function, a source distribution formula for the velocity
potential of surface-piercing structures with arbitrary shapes is established. Compared with
the problem in free surface channels, an extra integral along the intersection line of the ice
sheet and the body surface is added in the formula to satisfy the edge conditions. By further
expanding the Green function into a cylindrical coordinate system, an analytical solution for
a vertical circular cylinder mounted to the bottom of the channel is obtained. Based on the
results, extensive analyses are made for the physical behaviour of the hydrodynamic forces
and vertical shear forces on the cylinder, as well as the wave profiles and principal strains
in the ice sheet near the cylinder. In particular, the behaviour of the solution near or at the
natural frequencies of the channel are also discussed.

The paper is arranged as follows. In Section 2, the linearized boundary value problem
for a vertical circular cylinder in a channel with an ice cover is presented. In Section 3.1,
the Green function or the velocity potential due to an oscillating source is derived, while
using a similar procedure, the velocity potential of the incident wave is provided in Section
3.2. In Section 3.3, the velocity potential due to a vertical circular cylinder is solved from
the boundary integral equation, based on which, the formulas for hydrodynamic forces and
vertical shear forces are obtained in Section 3.4. The numerical results are presented and
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Figure 1: Coordinate system and sketch of the problem.

discussed in Section 4, followed by the conclusions in Section 5. The key procedure to transfer
the Green function in the unbounded ocean to a series form is provided in Appendix A. The
expressions of some essential coefficients are summarized in Appendix B. In Appendix C,
a general source distribution formula for surface-piercing structures with arbitrary shapes is
constructed.

2. Mathematical formulations

The problem of hydroelastic wave diffraction by a vertical circular cylinder in an ice-
covered rectangular channel is sketched in figure 1. A Cartesian coordinate system O — xyz
is established with its origin at the centre line of the still water surface, the x—axis is along
the longitudinal direction and the z—axis measures vertically upwards. An incident wave
comes from x = +oco and will be scattered by the cylinder. Two side walls of the channel are
located at y = +b, and the bottom of the channel is assumed to be horizontal and at z = —H.
The upper surface of fluid is fully covered by a homogeneous ice sheet with density p; and
thickness /;. The surface piercing vertical circular cylinder of radius a is mounted on the
bottom, whose centre axis is along x = x. & y = y.. A cylindrical coordinate system (r, 6, z)
is further defined as

X

y
where r = 0 is the centre of the cylinder.

Based on the assumption that the fluid with density p is ideal, incompressible and
homogeneous, and its motion is irrotational, the fluid flow can be described by the velocity
potential ®. For small amplitude waves, linearization of the boundary conditions on the ice
sheet can be further introduced. For sinusoidal wave in time with frequency w, the total
velocity potential can be written in the following form

® =Re {p(x,y,2) x '} . (2.2)

(2.1)

X + rsinf
Ve +rcosf)’

where ¢ is composed of the incident component ¢; and diffracted component ¢ . The law of
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conservation of mass requires ¢ to satisfy the Laplace equation throughout the fluid domain,
which can be expressed as
2, 0%
V¢+WZO’ —c0o<x <400, -b<y<bh —-H<Lz<K0. 2.3)
Z

where V? is the two-dimensional Laplacian on O — xy plane. Here, the ice sheet is modelled
as a thin elastic plate. Then the boundary condition on the ice sheet can be written as

0
(LV4 - miw® + pg) 6—? - pw2¢ =0, z=0, 2.4)

where L = E hf /[12(1 = v?)] represents the effective flexural rigidity of the ice sheet, E and
v denote its Young’s modulus and Poisson’s ratio respectively. m; = p;h; in (2.4) represents
the mass per unit aera of the ice sheet. g is the acceleration due to gravity. The impermeable
condition on the body surface Sp can be expressed as

0
—¢ =0, on Sg, (2.5)
on
where n = (ny, ny, 0) is the unit normal vector of Sp pointing into the body. The impermeable
conditions are also enforced on the rigid side walls and the bottom of the channel, or

o¢ _ 0, y=xb, (2.6)
dy
6_¢ =0, z=-H. 2.7
0z

At far field, the radiation condition should be imposed to ensure that the disturbed wave
propagates outwards. In addition to all these above, edge conditions should be imposed at
the intersections of the ice sheet with two channel walls and with the vertical cylinder. In
the present work, without loss of generality, case studies are made for the clamped and free
edges. The former requires zero deflection and slope at the intersection line, while the latter
requires zero bending moment and Kirchhoff shear force. Following the formulas given in
Timoshenko & Woinowsky-Krieger (1959), the edge conditions at y = +b,z = 0 can be
expressed as

2
6_¢ =0, 0¢ =0, Clamped
0z 0yoz
FiaL) ¢ *e *e @8)
+v =0, +2-v)—— =0, Free
ay*dz  9x?9z 0y30z 0x20ydz

The edge conditions at the intersection line of the ice sheet and the surface of the vertical
cylinder can be written as

¢ d%¢
9 _y L2 _ Jamped
9 =% Grag - O Clampe

99\ _ 99\ _
B(a—z)—o, S(az)—O, Free

, (2.9)
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where the operator 8 and S are defined as

_ 2
gy Ll-v(lo” o
a \adge? or
5 (s (2.10)
s ov( 07 107
T or a? \oroo?  aoo?

and (r, 6) is defined in (2.1).

3. Solution procedure
3.1. Green function for a channel fully covered by an ice sheet
To solve the boundary value problem, the Green function G(x, y, z; xo, yo, Zo0) is first derived,

which is the velocity potential at point (x, y, z) due to a single source at point (xo, yo, 20). G
should satisfy the following equation in the entire fluid domain,

, . 0°G
V-G + el =276(x — x0)0(y — y0)6(z — 20), 3.1)

where 6(x) denotes the Dirac delta-function. The same boundary conditions in (2.4), (2.6)
~ (2.10) and at far field also need to be satisfied by G. To obtain the solution, we may apply
the Fourier transform along the x—direction,

1 +0o0

G=— Ge **dx (3.2)
21 J_ s

to (3.1). The governing equation becomes

. 0*G G
kG By oz ¢ k%0 5(y = y0)o(z — 20). (3.3)

To derive the solution of (3.3), G can be expressed as
G =G, +G,, (3.4)

where Gp is a particular solution of (3.3) satisfying conditions in (2.4) and (2.7), or the
solution corresponding to the problem in unbounded ocean with an ice cover, while Gg
is a general solution of (3.3) with zero right-hand side, which is introduced to satisfy the
remaining boundary conditions. Based on the procedure of Wehausen & Laitone (1960), Gp
can be derived through the Fourier transform method as

etk / 2 el (e 2o, 20)

P o aK(a, w)

do, (3.5)

where

fla, zs,2<) = [(Loz4 + pg — miwz) a cosh(azs) + pw? sinh(a/z>)] cosha(z< + H), (3.6)

K(a,w) = (Loz4 + pg — miwz) a sinh @H — pw? cosh o H, (3.7

with @ = (02 + k2)!/2, 7. and z. are defined as z- = max{z, zo} and z. = min{z, zo}. Here,
we may denote the roots of K(a,w) = 0 as @ = +k,, (m = =2,-1,0,...), where «p is the
purely positive real root, k_» and «x_; are two complex roots with positive imaginary part, and
Kkm (m = 1,2,3,...) are an infinite number of purely positive imaginary roots. When Kg > k2,
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there will be singularities in the integrand of (3.5) at o = i(KS - kH2. To satisfy the
outgoing wave radiation condition at far field, the integration path should pass under (over)
the poles at o = —(Kg — k)2 (0 = +(Kg — k2)1/2). In fact, if we deform the integration path
in (3.5) downwards into the lower half of the complex-plane and use the residue theorem,
Gp can be further expressed in a form of eigenfunction series as

+00

) ‘ =iom y=y0ly (2 Wm(20)
. e m m{Z0) (3.8)
where
cosh ky,(z + H)
_ coshk(z + H) 3.9
l//m(z) COSh KmH ( )
21 H + sinh 2k, H  2LK;
- Ko sin Kim N K tanh2 KmH, (3.10)
> 2
4k cosh” Ky H pw

and o, = —i(k? — «2)"/ 2; The details of the derivation of (3.8) can be found in Appendix A.
The general solution G, can be determined through a variable separation procedure (Li
et al. 2020)

+00
Ge(3,2) = €™ 3" @ Wm(2), (3.11)
m=-2
where ¢,,,(y) is governed by
d*em
07 + 02 9m =0, -b<y<b. (3.12)

To establish the boundary conditions of ¢,,(y), an orthogonal inner product proposed by
(Sahoo et al. 2001)

= O6mmQm  (3.13)
z=0

_ /[ L (dym vz P dis
W Y} = [H Vmimdz + W( Az d | d d )

is used here, where ¢;; denotes the Kronecker delta function. Therefore,

oG 0 4G L (9*G dPyz;  0*G dyg
dy yesb  J-H OV ly_ip pw? \0y0z dz 0y0z> dz ||y_yp =0
_ —iom(b _
_ e_ik"OQ,yl dogm . el ”‘))lﬁm(Zo) |
dy |yup 207
(3.14)
Applying the impermeable condition in (2.6) to (3.14), and letting
aZG —ikxo + 64@ —ikxg +
_eTNBsEp) : _ e (B +,32)’ (3.15)
0y0z|yesp 20 2 0y0z> |y—sp 220 2

where 8 (j = 1 ~ 4) are four unknown coefficients to be determined from the edge conditions
on channel walls, we have
e—iO'm(bWo)wm(Zo)

X [km(B3 £ B1) + (Ba £ B2)] F 20 . (3.16)

dom _ Lk, tanh k,, H
dy y=+b zpwsz
Based on (3.12) and (3.16), ¢, can be found as

em(y) = 90 () + o2 (), (3.17)
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where
" n(y + + —2io b (v —
oDy = Ym(20) o |cosa (y +y0) e o8 (Y — o) (3.184)
Om 207, sin20,b
0P () = Cpu cOS Ty + Dy Sin Oy, (3.18b)
with
L tanh «,,, H
Con = =5 X e (8B + k). (3.19)
pw OO sin oy, b
L tanh «,,, H
Dy = — anh K X (K?ﬂﬁg + Km,B4) . (3.19b)
Jo) OO COS 0y b

In fact, it can be seen from (3.18) and 3.19

condition on the channel walls, while <p£,2,

that, 905,1,) is introduced to satisfy the impermeable
) is introduced for edge conditions at y = +b &

z = 0. To obtain §5; (j = 1 ~ 4), we may apply the edge conditions given in (2.8) to G, and
use (3.4), (3.8), (3.11) and (3.17) ~ (3.19). A system of linear equations of the following

form can be established

Ayr A A
Ay Axp A
Az Az Az
Ay A Ags

where the expression of elements A;;, B;

Appendix B. Substituting 5; in (B 8) and
can be written as

Als B B
Ao B By

= , 3.20
Azy B3 B3 (3.20)
Ay Ba By

and the solution B; (i,j = 1 ~ 4) are given in
(B9) into (3.185) and using (B 1) and (B 3), ¢

() =
Lt (20) COS 0y COS Ty Y0 sin o, y sin 0, yo (3.21)
=, OO Fs(k,w)sino,bsino,y b Falk,w)cos o,bcosopb |’
where
m tanh «,,, H
In(k) = (k) x ZmL (3.22)
Om
‘o 9 2 2
K tanh” k, H 45 (k)
k,w) = -2 X , 3.23
Fslhs ) mzz Omom tan o, b ( @)
00 9 2 2
ko tanh” k,, H (k)
k,w)=2 oL x =2 , 3.23b
Fatk w) mZ—ZZ Omom cot oy, b ( )
and
1 Clamped-Clamped
k) =1 ) : (3.24)
o (k) + vk Free-Free

Once Gp and ég are found, the Green function G can be obtained by performing the inverse
Fourier transform. Using (e.g. Linton et al. (1992))

[y=yol

dk = 7" (knR), (3.25)

/+00 eik(xfxo)fio'm
—o0 Om
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where R = [(x —x0)? +(y — yo)z] 12 %,(])denotes the n—th order Hankel function of the
first kind. We have the Green function

G(.X ¥, 5 X0, Y0, ZO) - _lﬂ- Z %%(1)(KMR)

Z wm(z)wm(zo) e [cos Tm(y +y0) + e

O, Sin 207, b

—2io b _ ]
€0S Tm(y = Yo) cos k(x — xo)dk

COS 07,y COS Ty Y0

+ Z Z 2 m (2 (zo)/ Ll Fs(k, w) sin o, b sin 0, b

OmOpr sin 07,y sin 0y yo

cos k(x — xp)dk.

m=-2m'=-2

Fa(k, w)cos oy, b cos oy b ]
(3.26)
In (3.26), there will be singularities in the integrand when Fs(k;, w) = 0 or Fa(kj,w) = 0
(j = L,2,..., N,), where k; denotes all the corresponding purely positive real roots with k; <
ky < ... < kn,, and Ny is the number of roots. To satisfy the radiation condition at far field,
which requires the disturbed waves to propagate away from the source, the integration path
-2 in (3.26) from 0 to +oco should pass over all the poles at k;. In fact, Fs(k, w) X Fa(k, w) =
corresponds to the dispersion equation (Ren ez al. 2020), or relatlonshlp between wave number
and frequency for the propagating wave in the channel. Furthermore, it can be observed
(3.26) that Fs(k, w) is combined with cos 07, y, which means that F5(k;, w) corresponds to a
symmetric progressing wave about y = 0 with wavenumber k;, while ¥4 (k, w) with sin o7,y
corresponds to anti-symmetric waves.

3.2. The velocity potential of the incident wave

For the problems in the free surface channel, one form of the incident wave could be
assumed as two-dimensional along the channel length and has no transverse variation.
However, in the ice-covered channel, such a form is not possible due to the physical constraints
at the ice sheet edges. The propagating wave will be always three-dimensional (Ren et al.
2020), and there is always variation in transverse direction. In fact, there is an infinite number
of modes in the y— direction and all these modes are coupled. Here when the edge conditions
on channel walls are the same, we may consider an incident wave symmetric about y = 0.
Following a similar procedure of solving the Green function shown above. ¢; can be obtained
by finding the non-trivial solution of the homogeneous problem, which provides

Ag iA(x—xc) m(/l)(//m(z) COS[O-m(/l)y]
o Z 0w sin[o,(Db]’

where A is a parameter related to the amplitude of the incident wave, 07, (1) = —i(12 —«2,)!/?,
A is the wave number along x—direction, or the solution of the dispersion equation which
also requires Fs(4, w) = 0. Similar to the problem in free surface channel, A is taken as the
largest positive real root here, or 4 = ky,. x(4) in (3.27) can be expressed as

¢ = —i——2— (3.27)

m=-2

1 o Ln(D)kiy tanh x, H
JYF p—— LDV LT (3.28)
otanhkoH = O sin[07,(1)b]
The ice sheet deflection due to incident wave can be obtained from n; = —i 91| Then,

6Z Z=O
on y = 0, we have

A .
11(x,0) = =28 % ko tanh koH x 13 —%c) (3.29)
w
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It is interesting to see that along the centre line of the tank, the expression for the incident
wave is similar to that in unbounded ocean given in Ren ef al. (2018b).

3.3. Solution through the source distribution method

Once the Green function is derived, the velocity potential can be determined from a
boundary integral equation. For the problem of wave diffraction by a vertical cylinder in
a free surface channel, the boundary integral equation can be directly established through
distributing sources over the body surface (e.g. Linton ez al. (1992)). However, when there
is an ice sheet, the integral equation has to be re-derived, and the edge conditions must be
imposed. The detailed derivation is given in Appendix C. In the result, there is an extra line
integral along the edge £ between the body surface and ice sheet (see (C 3)), which contains
terms g:;g; and ?92”%’; . This similar to that in Ren et al. (2018a), However, their procedure
becomes difficult here due to the presence of the channel walls and therefore a different one
is introduced here. From the derivation given in Appendix C, using (C 9) and the symmetric
property of the Green function, or G(x, y, z; xo0, Y0, 20) = G(x0, Yo, 20; X, ¥, ), wWe have

¢p(x,y,2) =a }i (G(x,y, z; X0, Y0, 20), ¥ (x0, Y0, 20)) dbp. (3.30)

where xy — x. = asinfy and yg — y. = a cos 6, the operator <> is defined in (3.13), and ¥
is the strength of the source distributed on the body surface. To obtain ¢p, we may expand
¥ into a double series as

‘I‘(a,eo,zo)— Z Z 0 j(K )Xﬁlfm(zo)efineo, (3.31)

where b, ,, are unknown coeflicients, ., denotes the n—th order Bessel function of the first
kind. The Green function can also be expressed in the cylindrical coordinate system. Similar
to Wu (1998), we may define

k =kpcosy, and O, = Ky Sinyy,. (3.32)

Using the following two identities (Abramowitz & Stegun 1970)

+00
AL kR = > A (o) T (sma)e™ 0, (3.33a)
n=—oo
. +oo .
ellkr=xe)xom(y=ye)l — Z %(Kmr)em(giy'”), (3.33h)
n=—oo

(3.26) can be transferred to coordinates (r, 6, z) and (a, 6, z9) as

G(r,6,z;a,60,20) =

n+oo +00

Z Z %l'm(Z)ll/m(Zo) YmlWm(Z0) o) 1) o (4 )i (@0=0)
-2

n=—00 m=

+ Z Z Z Cuw, mWm(DWm(20) I (Kmr)%(Kma)el(" 0+n6p)

n=—00 p/=—0co m=

+ i Z Z Z Dot Wt (Wm(20) Ty (K 1) T (k) 1 04710,

n=-—oo p’=—co m=-2 m’'=-2

Rapids articles must not exceed this page length

(3.34)
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where
1 +00Gnn’m+Gn’nm
nn'.m — < — N — dk, 3.35
Coatim = 5 /0 20, SiN 207, b (3.35a)
(_l)n’En,mE—n’,m’ + (_l)nE—n,mEn’,m’
1 Fs(k, w)sin 0, b sin 07, b
Z) ’ = / ’ , dk, 3.35b
o OmOm - (_1)n Fn,men’,m' + (_l)ann,an’,m’ ( )
Fa(k, w)cos oy, b cos oy b
with
Grm(k) = (=1)" cos [20mye + (0 = 0" )ym] + e 27 (<1)" cos(n + 0"y, (3.364)
En,m(k) = coS(TmYe + NYm)s (3.36D)
Fum(k) = sin(omye + nym)- (3.36¢)
Substituting (3.31) and (3.34) into (3.30), we obtain

+00  +00
b

¢D(”OZ)—_1§ Z Z

n=—oo m=-2

+ i i i BrmContam To (K W ()€™ (3.37)

n=—00 p’=—00 m=-2

+ Z Z Z Z bnm@nn mm%(/{m,r)wm(z)eme

—oo p/=—co m=-2m'=-2

Q””’j A (K Wi (2)e ™0

Similarly, ¢; can be also expressed in the cylindrical coordinate system by applying (3.335)
to (3.27). This gives,

_ iAg o m(/l)Enm(/l) in6
G116, = ~—255 D) Z D st R W (3.38)

To obtain by, ,,,, applying the inner product in (3.13) to d¢/dr and ¢ on r = a, we have
9 24 g3 4 _
< ¢wm> =/ < ¢wm> dﬁi(aasdwm 3 dwm)
r=a -H

pw? \0rdz dz3  0rdz? dz
Substituting the impermeable condition on » = a (2.5) into (3.39) and letting

n=—oom=

r=a r=a,z=0

(3.39)

(92(15 +00 - a4¢
=— Y e d - dye 4
drdz r=a,z=0 n:Zooc ‘ " araz’ r=a,z Z (G40

n=—oo

a system of linear equations of the following form can be obtained

i (_1)n+1%(])/ Kol +00 +00 +00
E Qm%IZKmEI)m )b—n,m+ Z Cn’,n,mbn’,m+ Z Z Z)n’,n,m’,mbn',m’

n'=—co n'=—ocom’'=-2 (341)
L tanh kmH ( +d ) _ lAg Im(/l)En,m(/l)
pa) 20m Iyl (kma) wx(A) Om Sin[a'm(/l)b],

where —c0 < n < +o00 and -2 < m < +00, %’ﬁf”'(z) and 7,/(z) denote the derivatives of
jﬁ(])(z) and J,(z), respectively. In addition to the imposed impermeable condition on the
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body surface, the edge conditions also need to be applied to ¢. Here, we may give an example
of the clamped edge at the intersection line of the ice sheet and the body surface £, and
other conditions can be treated in a similar way. Substituting (3.37) and (3.38) into (2.9), the
condition of zero deflection provides

in O (—1)"+1c%’i1(1)(/<ma)/<m tanh ,,, H

i 5
m=-2

+00 +00

+ Z Z Co,n,mIn (K@) by Ky tanh K, H

n’'=—oco m=-2

+00 +00 +00 (342)
+ Z Z Z Do .m T (K@) by ki tanh k, H
n'=—co m=-2m’'=-2
__iAg i Im(/l)En’m(/l)%(Kma)Km tanh kB < oo
wx(1) £, QO sin[o ()]
The condition of zero slope gives
cn =0, —00 < 1 < 400, (3.43)

In the numerical computation, the infinite series in (3.41) ~ (3.42) are truncated at n = =N
and m = M, respectively. We have (2N + 1)(M + 5) unknowns in total, (2N + 1)(M + 3)
of which are b, ,,, and (2N + 1) are ¢, and d,,. From (3.41), we obtain 2N + 1)(M + 3)
equations, while (3.42) and (3.43) provide additional 2 X (2N + 1) equations. Thus, there is
a total of (2N + 1)(M + 5) equations, which is the same as the number of unknowns.

After the coeflicients by, ,,, ¢, and dj, are found, substituting (3.41) into (3.37) and (3.38),
the total velocity potential ¢ can be further expressed as

. +o0 400 By (1) - (1)7 - )
002 =- 2 S N b |\ T ) _ A ()| 7 g ()i

2 n=—o0o m=-2 Qm \Zl(Kmr) %’(Kma)
23 (2ot S tanh ko H To(kor) (3.44)
L Kan + n) tann Ky, n\Kmt ino
B w Z Qm jl/(Kma)¢m(Z)e .

n=—oo m=-2

3.4. Hydrodynamic forces and vertical shear forces on the vertical cylinder

Once the velocity potential is found, the hydrodynamic forces on the vertical cylinder can
be obtained through the integration of hydrodynamic pressure over the body surface, which
can be expressed as

sziwp[/ gnjdS,  j=1~4, (3.45)
SB

where j = 1,2 correspond to the forces F and Fy, and j = 3,4 correspond to the moments
M, and M, about the bottom of the channel on z = —H. (n1,n2,n3,n4) = (ny,ny, —(z +
H)ny, (z + H)ny). For the present case of a vertical circular cylinder, we have n, = —sin6 =
—(el? —e79)/2i and ny = — cos @ = —(e'? + 719) /2. Substituting them and (3.44) into (3.45),
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we obtain

+00 ’

L 3 Fi(Kma) tanh?® ko H [ K2coy +d_y }
pw? kmQm T, (K@) K2.c1 +d
(3.46a)

1 O tanh «,, H bi,m
E Z 2 ’ X —-b_;
-1 ] iy kmOQmJ,| (kma) o
. X
1

Fe | _ %
F, = ntwpa

+

m=-2

ioi
-1 1

1 8 KpH sinh k,,H — cosh k,, H + 1 y [ bim ]
a j]’(Kma)Kanm cosh k,, H

m=-2

My | _ y
M, |~ nwpa

_b—l,m

+00

L Z i (kma) (K H sinh k,,, H — cosh k,, H + 1) o [ K2c_1+d_q }
pw? I/ (km@)kiy Qm cosh k, H coth k,, H K2c1+dy

(3.46b)
When the ice sheet is clamped to the surface of the cylinder, there will be a vertical shear
force on the body. The total vertical shear force V can be obtained from

m=-2

2
V= / 7(8)ade, (3.47)
0

where 7(0) is the shear stress distribution along the intersection line, which can be expressed
as (Ugural 1999)

=1
r=a,z=0

L 3% . ing
s S Z d, e (3.48)

r=a,z=0 w n=—oco

v26—¢)

Substituting (3.48) into (3.47), we have

dy. (3.49)

3.5. Behaviour of the solution at the natural frequencies

For a given w, the residual in (3.26) at a singularity Fs(k, w) = 0 (Fa(k, w) = 0) can be
obtained from the standard method in complex analysis. The result contains F¢(k, w) = 0
(F 1(k, w) = 0) in the denominator, where the prime represents the derivative with respect to
k. Atsome w, F{(k, w) (F(k, w)) is also equal to zero when Fs(k, w) = 0 (Fa(k, w) = 0), and
then the Green function G will be infinite. Physically, w in this case is the natural frequency
of the ice-covered channel. In fact, from (3.23), k = 0 is always the solution of 7-'5’ (k,w) =0
(F1(k,w) = 0). At a given w, if we further have 7—'5/(k, w) = 0 (F,(k, w) = 0), this w will be

a natural frequency. This is similar to ko = in/2b and w = | tanh (Z£)] Vi=12.)
in the free surface channel (Linton et al. 1992; Wu 1998). The ice—;overed channel also has
an infinite number of natural frequencies, which are denoted as a)(cl) (i = 1,2,...) here, with

w(cl) (C2) < wf)

< ... In particular, even i corresponds to (0, w(cl) ) = 0, while odd i
corresponds to 7 (0, wﬁ.’)) = 0. The results near the natural frequencies can change rapidly.
Here, we shall show that even though the Green function is infinite at one of the natural
frequencies, the velocity potential ¢ and hydrodynamic force may remain finite. We may

consider the even modes 2i as an example and the odd modes 2i — 1 can be done in a similar

< w
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way. When w — wﬁzi), Fs(k, w) at k — 0 can be expressed asymptotically as
1
Fs(k 0) = Fsasy(k ) = F5(0,0) + FL O, k=0, (3.50)

where F5(0,w) — 0* when w — w(CZ[) + 0%, J'(0,w) < 0, which can be confirmed
from (3.23a). For the integrand as G(k)/Fs(k,w) in (3.35b), we may re-express it as
[G(k)/Fs(k,w) = G(0)Fs,asy(k, w)| + G(0)/Fs,asy(k, ). Then the first term is non-
singular, and the second term can be integrated explicitly. Dy, v . in G can be written
as

2n Im(o)lm’(O)En m(O)En’ ' (O)

Dnn’mm':— N - N - +5nn’mml+0A, A 0. 351
S A QmQur Sin Kb Sin Ky b T, (A) - ( )

where A = pux[27{(0, w)Fs(0, w)|, p is a constant depending on whether a)gi) is approached

(20)

from the left- or right-hand side. When w — w:"’ + 07, u = 1 and the singular term in

Dy, is from the principal value integration. When w — w(CZi) + 0", u = —i and the
singular term is from the residue term. Dy, /. ~ O(1) in (3.51) is the leading term of

the remaining regular part of the Green function. To analyse the behaviour of the velocity
potential ¢ at natural frequencies, we may employ a similar procedure used by Liu & Yue
(1993) for the forward speed problem in free surface flow. Substituting (3.51) into (3.41) and
rearrange the equation, we obtain

4i -9/ I,(0)E, (0
b—n,m + o % A X (=1 %f,Kma) m(0) n,m( ) = L + O(A). (3.52)
A F6, (kma) sin kb
where
S I OEwm(©0),
A= nm’s 3.53
Z_:oo mZ ) O, sin Km/b ( )
iA L(DE, (A
e _nDEwnD__ $5 o
2(=1)" T (kma) | WX Qmsin[om(Db] £
Enm = W() X L tanh . (3.54)
Tl ~ (Kmd anh «,,, H
Z) /b S+ —
nZ_:oo mzz n,n’,m,m’ Un’,m pwsz% (Kma)
In (3.53), ¢, = 0 in (3.43). Multiplying (3.41) by «,, tanh «,,, H, taking summation with

respect to m from —2 to +oo and subtracting (3.42) from the results, d,, can be further
expressed by by, ;, as

’ +o0  tanhk,, H x b_n,m

w =-2 m —,n m
La too  Kkptanh?k H  Tn(kma)
m=-2 Om %’(Kma)

which indicates that d,, has the same magnitude as b, ,,. Substituting (3.52) into (3.53), A
can be represented as

Z Z (=1)" Ly (0)Ey 1 (0) e + O(AD), (3.56)

A + 4F1 e SIN K b

where

Lo i i (O)E (O)X ) (kma)

i ' (3.57)
2 st b A )
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Figure 2: Dispersion relations of the ice-covered channel. (a) Clamped-Clamped edges;
(b) Free-Free edges. (b/H = 2, h; |H = 1/50).

At the natural frequency, we shall first check whether I' = 0. When I' # 0, we may substitute
(3.57) back into (3.52) and let A = 0, a modified matrix equation can then be obtained as

1 (=1)" ;) (k@) Ln(0) Eyy, 1 (0) Z Z (=1)" L (0)E e (0)

bopm+ =
] 1 H
r %an( ) (K@) Sin Kb e o SIN Ky b

m = fn,m-

(3.58)
This equation is not singular and can be used at natural frequencies. It can be seen from (3.43),
(3.55) and (3.58) that the solutions by, ,,,, ¢, and d,, are bounded at the natural frequencies.
Furthermore, together with (3.44), (3.46) and (3.49), the velocity potential ¢ and forces are
also non-singular at natural frequencies. However, whether I" could be 0 in some cases and
the corresponding solution could be singular need further investigation.

4. Numerical results and discussion

In the following calculations, the typical physical parameters of the ice sheet and the fluid
are chosen to be the same as those in Ren ef al. (2020), i.e.
pi=917kgm™>, E=42x10°Nm>, v=03 @
p=1000kgm™>, ¢g=98ms>2 H=5m ' '
It should be noted that all the variables below are presented in non-dimensionalized forms.
The numerical results are obtained by truncating the infinite series in (3.41) ~ (3.43) at a
finite numbers, namely N = 8 and M = 8, which has been found to provide converged results.

4.1. Verification of the dispersion equation

As discussed in Section 3.1, Fs(k, w) X Fa(k,w) = 0 corresponds to the dispersion
relation for propagating waves in an ice-covered channel. To verify this, a comparison with
the dispersion relation obtained by Ren et al. (2020) through a different approach is presented
in figure 2, and a very good agreement can be found. For a given k, Ren et al. (2020) pointed
out that there is an infinite number of solution w. Here, we may denote each root w as
wi(k) (i =0,1,2,...) with wy(k) < wi(k) < wy(k) < ..., where the points on curves wy;(k)
(i =0,1,2,...) are solutions of Fs(k,w) = 0 and correspond to waves symmetric about
y = 0, while those on wy;+1(k) are the roots of F4(k,w) = 0 and correspond to waves
anti-symmetric about y = 0. As discussed in Section 3.5, the points on the vertical axis or

wi(0) = wff) (i =1,23,...) are the natural frequencies of the channel.
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Figure 2 verifies the present method and equation numerically. In fact, we can further show
that although the present expression for dispersion relation is different from that in Ren et al.
(2020), they are mathematically identical. To do that, we may first construct a function of the
following form

a? sinh o H a)

h(a) = 4.2
(@) K(a, w) otanob 4.2)
in the complex plane a, where o = —i(k? — @?)!/? and
@ 1, Clamped-Clamped 13
a) = . .
¢ o +vk? Free-Free )

Consider the integral of h(a) along a circle Cg of radius R — +oco and centred at the
origin in the complex plane, and applying the residue theorem at singularities of K(«, w) and
o tanh ob, we have

+00

1
— Ma)da =2 [
2mi Cr

k2, sinh k,, H 2 (k) & @y sinh ap H (o)
K'(kpm, w) o tan oy, b - nzo K(aam, w) b1 +6,0)]|°
4.4)
where a,, = (k? + n?n%/4b*)'/2. When R — +oo, |h(a)| ~ O(1/R*) for clamped-clamped
edges and |A(a)| ~ O(1/R?) for free-free edges. Thus, the integal in (4.4) tends to zero. Then,
using (A 4) and (3.23a), we further obtain

m=-2

+00 2 2 2 2 +o . 2
tanh” «,,, H k 4 n Sinh o, H n
Fo(K.w) = -2 Z K;, tanh” (k) _ 4pw oy sinh ap H £~(anp) 45)
Omom tan o, b b v K(an, w) (1 +6x0)

m=-2

Similarly, F4(K, w) in (3.23b) can be also expressed as

o0 2 2 2 2 ¥ .
K tanh” k,, H 7 (k) 4pw @op+1 Sinh apy, 1 H
K, =2 m m m — n 2 " )
FalK, ) Z Omom  cotopb b K(a2p+1, w) o)
m=-2 n=0
(4.6)

The system of linear equations in (2.24) in Ren et al. (2020) can be split into those for
symmetric and anti-symmetric modes respectively. Noticing coefficient A, in (2.20a) in
their work can be linked to K(a, w) in (3.7) here as A, = —16b*K(ay, w)/n*n*(n > 0),
through some algebra, it can be shown that det(A) = 0 in (2.25) of Ren et al. (2020) gives the
same series as those on the right-hand side of (4.5) and (4.6). The above analysis shows that
the two different methods give the same dispersion relation, while the present formulation in
(4.5) and (4.6) are in a much neater and direct form. It should also be noted that other edge
conditions can be done in a similar way.

4.2. The Natural frequencies at different channel widths and ice sheet thickness

It may be also interesting to investigate how the natural frequencies a)g) vary with the
channel width b and ice sheet thickness #;. w(cl) (i = 1 ~ 4) under free-free edges are given in

figure 3 as an example. It can be seen from figure 3(a) that all the w(ci) decrease as b increase.
At sufficiently large values of b/H, all the wg) (i =1 ~ 4) will tend to zero. The natural
frequencies at different /; are given in figure 3(b) and values at h;/H = 0 correspond to
those of the free surface channel. It can be observed that wg.l) is hardly affected by h;. The

effect of ice sheet thickness on a)g) becomes more apparent when i increases.
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Figure 3: Natural frequencies of the ice-covered channel under free-free edges. (a)
variation with b at h;/H = 1/50. (b) variation with h; at b/H = 2.

4.3. Forces on a cylinder standing at the centre of the channel

Hydroelastic wave diffraction by a vertical circular cylinder standing at the centre of the
channel is considered in this section. Since the problem is symmetric about y = 0, we have
bpm = b_pm in (3.37). In such a case, the infinite series in (3.41) ~ (3.43) about n and n’
only need to be considered from O to +c0. Also, the coefficients C,, ;7. and Dy, y m my given
in (3.35) can be further simplified as

(=1 + (=" /+°° e717mb cos ny,, cos 'y,
nn,m — dk, 4.7
G, Om(1 + 6,0)(1 + Spr0) O SIN O, b (4.7a)
Dot = —— 1+ ] o e €OS WY COSR Yoy

OmQnr (1 + 6,0)(1 + 6p0) J Fs(k, w)sin oy, b sin o,y b
As expected, Fa(k, w) does not appear here. Its singularities have no effect or there will
be no wave antisymmetric about y = 0. Furthermore, noticing Con2w+1,m = Con+1,20.m =
Donow+tmm = Dons12m.mm (0’ = 0,1,2,...), the unknown coefficients by, m, 2, and
dap in (3.41) ~ (3.43) are completely independent to by 41,m, C2n+1 and doy 1.

We first investigate the hydrodynamic forces and vertical shear force at different channel
widths when the ice sheet is clamped to the surface of the vertical cylinder. The numerical
results for wave forces are shown in figure 4, where the black solid lines correspond to forces
on a single vertical circular cylinder standing in the unbounded ocean with an ice cover,
which is calculated through the method in Ren et al. (2020) (the same below). Fy is defined
as F = F,/pga*A, similarly, M = M /pga3A and V* = V/pgaA. When b/a = 5, it
can be seen that Fy in two dlfferent sets of edge conditions along the tank walls are both
significantly different from that in the unbounded ice-covered ocean. In particular, as shown
in figure 4(b) for channels with clamped-clamped edges, a couple of peaks can be observed
in the curve of Fy versus kpa. By contrast, only one obvious peak in the curve given in
figure 4(a) for free-free edges. As b increases, those peaks decrease and gradually become
less visible. The curve of F} versus kpa generally shows a variation trend similar to that in
the unbounded ocean but with a continuous fluctuation, where the amplitude of fluctuation
becomes smaller as b increases. When b is sufficiently large, the results in both cases tend
to that in the unbounded ice-covered ocean, which shows the effects from two side walls and
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Figure 4: Wave forces in x—direction on the cylinder at the centre of the channel with
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edges; (b) Channel with clamped-clamped edges. (H/a = 5, h;/a = 1/10).

16 - 16 -
(@) . ®)
121 +
* N / Unboimded Unbounded
= / b/a=20 b/a=20
2 T b/a:10 b/a:l()
1/ bla=6 bla=6
i - —bla=5 - =
Y bla=5
[
{
i
0 T T T T T T 1
0.0 0.3 0.6 0.9 1.2 1.2 1.5
K‘OCI

Figure 5: Moments in y—direction on the cylinder at the centre of the channel with
different widths, when the ice sheet is clamped to the cylinder. (a) Channel with free-free
edges; (b) Channel with clamped-clamped edges. (H/a = 5, h; /a = 1/10).

edge conditions at y = +b on the hydrodynamic forces become very insignificant. In addition
to Fy, similar phenomenon can be also observed in the curve of My shown in figure 5.

The results of the vertical shear forces on the cylinder are shown in figure 6. It may seem
to be a surprise that the variation trend of V* versus kpa is quite different from that of F; and
M; given figures 4 and 5. As koa increases, V* in the unbounded ice-covered ocean varies
smoothly. However, the results in the ice-covered channel oscillate persistently. In particular,
rapid changes can be observed when kpa is close to one of natural frequencies of the channel.
This rapid change always exists even when b is sufficiently large, which makes the results of
V* always be different from that in the unbounded ice-covered ocean. The difference between
two neighbouring natural frequencies becomes smaller when b is larger. Correspondingly,
more oscillatory behaviour of the curves at larger b can be observed in figure 6.

To explain the differences between the behaviours of Fy(My) and V* when koa is near
a natural frequency, we may have a closer look at behaviour of coefficient D, ;7 ;5 in
(4.7h), which is from the Green function in (3.34). It can be seen from (3.46) and (3.49) that
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Figure 6: Vertical shear forces on the cylinder at the centre of the channel with different
widths, when the ice sheet is clamped to the cylinder. (@) Channel with free-free edges; (b)
Channel with clamped-clamped edges. (H/a = 5, h; /a = 1/10).

bja =10 b/a =20

i w(H[g)1/? Koa v w(H/g)'? Koa v

1 1.267 0.289 2.389 0.720 0.156 0.270
2 3.697 0.568 12.685 1.321 0.300 3.158
3 9.965 0.879 17.550 2.298 0.444 8.372
4 20.775 1.193 21.444 4.119 0.598 12.668
5 36.638 1.506 17.969 6.941 0.754 15.592
6 58.003 1.820 12.025 10.842 0.911 18.762

Table 1: Vertical shear forces at natural frequencies, the ice sheet is clamped to the surface
of cylinder but free-free on two side walls. (H/a = 5, h;j/a = 1/10)

F;C"(M;) is related to b.y ,, c+1 and d.g, while V* is related to dp. As mentioned above, the
system of linear equations of b2, ¢2,, and dy, are independent of that of by,41,m, C2n+1 and
drn+1. Thus, F;(M;‘) is in fact related only to D412 +1mm (m,n" =0, 1,2...), while V* is
related only to Doy 247, m, - From (4.7b), when w = wE;Zi) (i =1,2,3...), the residue term of
Dopi1,2n+1,mm corresponding to wave component k = 0 gives

lim Ly (k)1 (k) cos(2n + 1)y, cos(2n” + 1)y,

k=0 Fok, W) sin opb sin oy b

=0, (4.8)

where y,, — /2 when k — 0 which can be seen from (3.32), and F(k, w>") ~ O(k)
Thus, Day+1,2n'+1,mny is bounded at natural frequencies. However, for the residue term of
Do 20’ ,m,m’» WE Obtain

lim Lu(k) Ly (k) cOS 21, €OS 20 Yy (=1)"*" I,,,(0)1,,,,(0) 1

k=0 Fl(k, W) sin oy sin o b Sin kb sin kb (0, w)

— 00, (4.9)

This indicates Da, 2,7, m,n are singular at natural frequencies. Since the behaviours of
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Figure 7: Wave forces and moments on the cylinder under different types of edge
conditions. (@) Wave forces; (b) Moment. X and Y in X-Y refer the edge conditions on the
channel walls and cylinder respectively. F: Free edge. C: Clamped edge.
(bja=5H/a=5,h;/a=1/10).

Donont.mmy a0d Doyi1 20741, mmy at natural frequencies are different, one is regular and
the other singular, the behaviours of Fy(My) and V* are also not expected to be the same.
On the other hand, as shown in Section 3.5, although singular terms existing in the original
boundary integral equation, it can be modified into a regular equation and the solution ¢ is
still finite when I" # 0. For this case, it is found that I" is indeed non-zero over the full range
of kpa in figure 6. Thus, at the natural frequencies, we may use the modified equation given
in (3.58) to find the vertical shear force V*. The results at first several natural frequencies for
b/a = 10 and 20 are presented in table 1. It is also interesting to see the effect of the edge
conditions at the channel walls on V*. When the channel is relatively narrow or b/a = 5
and 10, significant differences in the curves of V* can be observed in figures 6(a) and 6(b),
which indicates that the effect of edge conditions at the channel walls on V* is very strong.
As b increases, this effect gradually becomes weaker, and the curves in these two cases show
a closer trend.

We next consider the cases with different combinations of ice edge conditions on the
channel walls and on the cylinder surface. The results of Fy and My are given in figure 7
as an example. It can be observed that the curves of wave force and moment vary relatively
smoothly when the ice edge is free both on the cylinder surface and on the two channel walls,
while there are obvious peaks in the curves of the other three cases. When kpa is small, the
influence of edge conditions on Fy and Mj is relatively weak, while it is very strong when
kpa is relatively large.

We then consider the hydrodynamic forces at different ice sheet thickness. A comparison
with the hydrodynamic force in free surface case is given in Fig. 8, where the corresponding
results are calculated through the procedures given in Linton et al. (1992). In figure 8(a),
the ice edge is free at all boundaries. When 4;/a = 1/10, some difference from the result of
the free surface case can be observed. As h; decreases, the difference is very much reduced.
When h;/a = 1/1000, the difference between the two curves becomes hardly visible. By
contrast, the results in figure 8(b) for the ice edges clamped into all boundaries are quite
different. Fy is significantly influenced by 4;. There are obvious local peaks in the curve
of h;/a = 10. These peaks decrease or become hardly visible when 4;/a = 100 and 1000.
Furthermore, even when the ice sheet becomes very thin at 4; /a = 1000, there are still some
visible differences between the results of this case and the free surface case. This indicates
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free surface (h;/ a=0) free surface (h; / a=0)
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Figure 8: Wave forces in x—direction on the cylinder at the centre of the channel with
different thickness of the ice sheet. (a) Edge conditions: FF-F; (b) Edge conditions: CC-C.
(bla=5,H/a =5)

Figure 9: Wave forces on the cylinder at various off-centre positions of the channel, edge
conditions: FF-C. (a) Force on x—direction; (») Force on y—direction.
(b/a=10,H/a =5, h;i/a = 1/10)

that the cases with free edges may resemble the free surface case better when the ice sheet
thickness decreases. Similarly phenomenon is also reported by Ren et al. (2020) for the wave
diffraction problem of multiple circular cylinders in the unbounded ocean with ice cover.

4.4. Forces on a cylinder standing off centre positions of the channel

Computations are also carried out to investigate the forces on a vertical cylinder standing
off centre positions of the channel. In such a case, both the poles caused by the symmetric
modes or Fs(k,w) = 0 and the antisymmetric modes or Fx(k,w) = 0 will exist in the
coeflicients D;, p/. . given in (3.35b). Here, we may give an example of the case when the
ice sheet is free along two side walls and is clamped into the surface of the cylinder. The
numerical results for hydrodynamic forces are presented in figure 9. In figure 9(a), the curves
of F; — kpa show small differences only at y./a = 0, 2 and 4. However, if the cylinder moves
to the channel wall further, or at y. = 6 and 8, Fy at some kpa is significantly increased.
Similar to the case at y. = 0, F} still varies relatively smoothly when y. # 0. By contrast,
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Figure 10: Vertical shear forces on the cylinder at various oft-centre positions of the
channel, edge conditions: FF-C. (b/a = 10,H/a = 5, h;/a = 1/10)

obvious local peaks and rapid changes can be observed in the curves of Fy shown in figure
9(b) when «oa approaches the values corresponding to the natural frequencies of the channel.
Similar phenomenon also occurs in the vertical shear force provided in figure 10. Compared
with the results at y. = 0, since both wgi) and wfi_l) (i =1,273,..) will affect V*, and
therefore more peaks in V* can be seen. In fact, if we define by, = bym = (=1)"b_ym,
ct=c, F(-D'cpand df = d,, F(-1)"d_,, (n =0, 1,2,...), the matrix equation in (3.41) ~
(3.43) for b, 1, ¢ and dj, can be further converted into two independent submatrix equations.
One for by, ,,, ¢,y and d,; has singular terms at natural frequencies, and it is related to Fy and
V*. The other for b, ,,, ¢, and d,, is regular and related to Fy. Thus, different behaviours are
observed from F and Fy & V" in figures 9 and 10 when w is near a natural frequency.

4.5. Wave patterns and principal strain distributions in the ice-covered channel

The wave elevation or ice sheet deflection can be obtained from 77 = —L 9¢

w 0z
with (3.44). We have

, together
z=0

+oo  +

r.0) g Z 3 by.mKm tanh K, H %(1)(Kmr) %L(l)'(Kma)

r0)=—— - y

1 2w 4 O Tnlkmr) Tyl (kma)
+00 +00

iL Z Z (K,ch,, + dy)Kkm tanh? k,, H Tn(kmr) oin?
Om j;L,(Kma) .

l «Yn(Kmr)e_ing

n=—00 m=

(4.10)
An example of |n|/A at kgpa = 0.8 under four different combinations of edge conditions is
provided in figure 11, where the vertical cylinder is located at the centre of the channel. It
can be seen that the wave pattern is significantly affected by the edge conditions. In figure
11(a), when the ice edges are free at all boundaries, the maximum amplitude may occur
at the front surface of the vertical cylinder or at two side walls. In figure 11(b), if the ice
sheet is clamped to the cylinder, the wave amplitude on its surface will be zero, and then the
maximum amplitude may occur at the region in front of the cylinder or at two side walls. By
contrast, when the ice edges are clamped to two channel walls, as given in figures 11(c) and
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Figure 11: Wave amplitude |77|/A in the ice-covered channel at kga = 0.8 under different
edge conditions. (a) FF-F; (b) FF-C; (¢) CC-F; (d) CC-C.
(b/a=10,H/a = 5,h;i/a = 1/10)

11(d), the maximum wave amplitude may appear only on the front surface or front region of
the cylinder.

The strain of the ice sheet is also a very important physical parameter related to the
fracture and breakup of the ice. The principal strain € can be calculated by determining the
eigenvalues of the strain tensor matrix (Fung 1977)

PW FPW OW
= ﬁ [ €r €rg ] _ h; [ 2 rérdl — 1200 ], 4.11)

~ 2 2
€ € IW_ W ow Iw
2 ro 06 2 rordo 206 ror + 2062

where the ice sheet deflection W(r, 6, ) can be expressed as
W(r,6,t) = Re {n(r, H)ei“”} = Re {n(r, 0)} cos wt — Im {n(r, 6)} sin wt. (4.12)
The eigenvalues ¢ ; of the strain tensor matrix € can be obtained as
S1,2 =

1/2
hi | (W oW 62W)+l(62W oW 62W)2 (62W aW)zl/

4 |\ ar2 * ror * r206? ar2  ror  r2oe? roro  r200

(4.13)
Substituting (4.12) and (4.10) into (4.13), then the maximum principal strain €,,,, at a given
location can be found as the maximum value of |¢1»| as ¢ varies from 0 to 27/w. The
distributions of €4 at kpa = 0.8 under four different combinations of edge conditions are
given in figures 12. Compared with figure 11, the position of the largest value of €, is
different from that of |n|/A. In figures 12(b) and 12(d), when the ice sheet is clamped to
the surface of the cylinder, the largest €,,4x is at the front surface of the vertical cylinder.
However, when the ice sheet is free on the cylinder surface, the largest €, is on the left and
right sides of the cylinder, as shown in figures 12(a) and 12(c).
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Figure 12: The distribution of the maximum principal strain €, in the ice-covered
channel at xpa = 0.8 under different edge conditions. (a) FF-F; (b) FF-C; (c) CC-F; (d)
CC-C.(b/a=10,H/a =5, h;i/a = 1]/10)

5. Conclusions

The problem of hydroelastic wave diffraction by a vertical circular cylinder standing in
an ice-covered channel has been studied analytically. The solution procedure is appliable
to various ice edge conditions and their combinations. The Green function satisfying all
the boundary conditions apart from that on the body surface is first derived based on the
method of eigenfunction expansion in the vertical direction. With the help of the Green
function, a general source distribution formula for surface-piercing structures with arbitrary
shapes in fluid with an ice cover is established, which involves the integrals over the body
surface and its intersection with the ice sheet. If the structure is a vertical cylinder mounted
to the bottom of the channel and has a constant cross section along the depth direction, the
source distribution formula can be further simplified by using an inner product. Based on
this formula, the velocity potential due to a vertical circular cylinder is expressed explicitly
in an infinite series with unknown coefficients, which can be solved from the impermeable
condition on the body surface and the conditions at the ice edge contacting the body surface.

From the solution of the Green function, it is confirmed that the dispersion relation obtained
is mathematically identical to that in Ren et al. (2020), but the formulation in the present
work is much neater. The natural frequency of the ice-covered channel is defined in a similar
way as that of free surface channels. There are an infinite number of natural frequencies, at
any one of them, the Green function will be singular, which further leads to a singular term
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in the boundary integral equation of the velocity potential due to a vertical circular cylinder.
To treat this, a revised non-singular matrix equation with a parameter I is established. The
velocity potential will still be bounded at the natural frequencies when I" # 0.

From the results of the hydroelastic wave diffraction by a vertical circular cylinder, it is
found that both the hydrodynamic forces Fy, F} and the vertical shear force V* on the cylinder
are all significantly affected by the channel width b, ice sheet thickness 4;, as well as the edge
conditions on the body surface and channel walls. The numerical results are also compared
with those in the unbounded ocean with an ice-cover and in the free surface channel. It is
observed that F; will tend to that in the bounded ice-covered ocean when b — +oco and
tend to the result in the free surface channel when h; — 0. The behaviour of Fy is different
from those of Fy and V* near the natural frequency. Fy varies relatively smoothly when xpa
is near the natural frequency. This is because the singularity of the Green function at the
natural frequency does not affect the coefficient in the equation of F. Obvious peaks and
sudden changes near the natural frequencies can be observed in the curves of Fy versus koa
and V* versus kpa, as the singularity of the Green function does affect the coefficients in the
equation of F} and V*. However, Fy and V* are not singular at the natural frequency when
the parameter I # 0. The sudden change of V* always exists even when b is very large, which
makes the curves of V* versus kga always be different from that in the unbounded ocean.

The present work has focused a single vertical circular cylinder. The formulation can be
easily extended to multiple vertical circular cylinders, if the Graf’s addition theorem for the
Bessel functions is used, as in Ren et al. (2018a). For a vertical cylinder of arbitrary cross
section, the vertical modes for the source distribution can be still used, while numerical
discretisation can be used in the circumferential direction. For a body of a general shape, the
boundary element method can be used based on the Green function derived in the work.
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Appendix A. The series form of the Green function in unbounded problems
To convert the integral in (3.5) into a summation, we may consider the following integration

—ior|y—yol
Ir :j{ ¢ N5 29) 4 (A1)
I'r aK(a, w)

where the integration loop I'g is first along the real axis from (—R,0) to (R,0) and then
clockwise along a semicircle of radius R centred at the origin. The integration path at the
real axis should pass under (over) the poles at o = —(Kg - k)2 (o = +(K§ — k?)!/2) when
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694 ko > k. When R — +oo, the integrand decays exponentially, thus only the integral along the
695 real axis is remained in Ig, or

696 lim Ir = do. (A2)

R—+o0

/+oo e*iO’b’*}’Olf(a{, >, Z<)
- aK(a, w)

697 Applying the residue theorem to (A 1) and noticing the additional poles in the complex plane
698 where K(a, w) = 0, we have

—ior[y=yol X omiomly=yol £(_
699 lim ¢ fle Z>’Z<)do- = 2ni Z ¢ Sk 21 2) (A3)
R—+o0 J1o aK(a, w) = K (=K, W)
700 where the prime denotes derivative with respect to . Using
2pw? cosh? k,, H
701 K (kpy ) = PLI0T I (Ada)
sinh «,,, H
702
2
w” cosh k,;,(z + H) cosh kp,,(z0 + H
703 Flhims 255 22) = 2 m(2 + H) cosh knlzo + H) (A4b)
sinh «,,, H
704 we have
+oo —io|y—yo| IR —iomly-yol
05 / e f(a, z>, Z<)d0_ — i Z e ‘l’m(z)wm(ZO), (A5)
—oo aK(a, w) = 20,0m

706 where ¥,,(z) and Q,, are defined in (3.9) and (3.10), respectively. This shows that (3.5) is
707 identical to (3.8).

708 Appendix B. Elements of the matrix equation in (3.20)

709 The elements of matrix A;; and column B; (i, j = 1 ~ 4) in (3.20) under different edges
710 are given below. For clamped-clamped edges, we have

. . Z k2, tanh? k,,, H y _(K,%16j1 +62) N (k2,03 + 64) (B 1a)
Al a)2 OmOm tan o, b cotop,b |’
712 )
L 3 «%tanh® k, H (k2,6j1 +672) (k2403 + 6a)
7 Ay = pw? Omo |~ tano,b  cotomb | B 16)
m=—2 mUm m m
714 f
L & k2 tanh? k,H
715 Azj= — I X kg (851 + 6;3) + (872 + 64)] (B 1c)
pws —, Om
716
L & & tanh? ki, H
717 A4j =— m s P % [Ki(éj?’ _6j1)+(6j4_6j2)]9 B 1d)
pw* Om
718 m"

1o B = - i Ui (20) K tanh k., H

01 0 Sin 2o X [6j1 cos 0 (Yo + b) + 92 cos 0y (Yo — b)] . (B2)

m=-2

720 For free-free edges, we obtain

L 2 tanh? k,,H §i1+0 283+,
2 A= — Z Eo 20T K x(am+—) (01 +0p2) _ (K5up3 + 00 , (B3a)
pw Om

tan o, b coto,b
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L & k2 tanh® k,H K2\ | (261 +6; K283+ 6;
Ay = L Z K2, Km x(o-m V_) (Km0j1 + 6j2) +( 03 +0j4) . (B3b)
pw* Om Om tan o, b cot oy, b

L K tanh? kmH
Asj = o mZ oo X [0, + (2 = v)K*] k3,651 + 8j3) + (8j2 + 6;4)], (B3c)

L Z /< tanh? kmH

Pt L 0n [ + @ = W] [K (83 = 1) + (814 = 6,2)] . (B3d)

+00 2
m(20)km tanh k,,, H vk
Bj = Z 4 (Q,: 120 b X (o-m + 0_—) [6]-1 cos 0(yo + b) + j2 cos 0y (yo — b)] .

" (B4)
Using (Evans & Porter 2003)
L O «"tanh? k,,H 0 n=2
— Z m = T 1l =4, (B5)
P i Om 0 n=6
Asjand A4; (j = 1 ~ 4) can be further simplified. For clamped-clamped edges, this gives
Azj =01 + ;3 and Ayj = —=6j1 + 03, (B6)

while for free-free edges, we have
A3j = (V— l)kz(djl +5j3)—(5j2 +(5j4) and A4j = (V— 1)k2(5j3 —6j1)—(5j4—5jz). (B 7)
From (B 1) ~ (B4) and (B 6), (B7), 5; can be solved as

- m(20)km tanh k,, H cos oy,
o Z Ym(20) STn¥0
2A12 Omom sin o, b
(B3)
B, = Z Wm(20)Km tanh k,,, H sin o-myo’ i=3.4
2A14 Omom cos omb
for clamped-clamped edges, while
8= 81 +0,0(v — DE? +Z°° Um(20)(0% + vk )k tanh ki H cOs Tmyo . L2
T 2[A + (v = DE2A)] Om0m sinoy,b 7 T
B, = —6j3 — 0ja(vy — 1)k? i’j Um(z0)(02, + vk?)ky, tanh K, H sin o,y _34
T 2[A + (v = Dk2A4] Omom cosoy,b’ =2
B9)

for free-free edges.

Appendix C. The source distribution formula for the velocity potential

Applying the Green’s second identity to the diffracted velocity potential component ¢p
and the Green function G throughout the fluid domain, we have

0G 0
27T¢D(x0’ Yo, ZO) = ‘# (¢D_ -G ;SHD) dS? (C 1)
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where S is comprised of the bottom of the channel Sy, two vertical side walls Sy, ice sheet
S7, two vertical far filed boundaries S.. and the surface of the body Sg. By using a similar
procedure given in Yang et al. (2021), only the integrals over Sp and along the intersection
line L of the ice sheet with the body surface need to be kept on the right-hand side, or

L
27¢p (X0, Y0, 20) = —5 X
oW

yf 9G 9 (Vzam))_ PG (Vzam))_ 9¢p 9. (Vzﬁ_G)+ ¢ (Vzﬁ_G)} dl

9z On 0z 0z0n 0z 0z on 0z 0z0n 0z
G 0dp
— -G—|dS.
* /-/SB (¢D on on )
(C2)
Using the relationship V2> = —3%/dz? obtained from the Laplace equation, (C2) can be

further written as

L
2 - - _
7¢ (X0, Yo, 20) o2 75 9z 0nd>  Ondz 073 0z ond | Ondz 07

// (¢D"_G _ c%) ds.
o (C3)

We may introduce a velocity potential ¢(x, y, z) defined inside of the vertical cylinder. On
z = 0, ¢ satisfies the ice sheet boundary condition in (2.4). On the body surface Sp

0G d'¢p 092G Pop  dgp 0°G 52¢D33G]d1

»=¢p, on Sg. (C4)
At the intersection line £, the edge conditions can be expressed as
dp _ 9¢p Po _ P¢p
— = —— and — = , at L. C5
dz 0z 072 0 (©)
Apply Green’s second identity to ¢ and G in the inner domain, if the source point (xg, yo, Zo)

is in the outer domain, we obtain

0= L 75 G 3¢ 9°G D¢ ¢ G N % 9°G Jl
- 0z 9ndz3  0ndz 873 0z 9ndz>  Ondz 473
// ( G_G - G—) ds.
sg \ On on
Subtracting (C 6) from (C 3) and using conditions in (C 4) and (C 5), we obtain
L G 63‘1’ 3°G 0¥
, Y0, 20) = —= dl + GYds. C7
#p(x0, y0, 20) e ‘}é(az 27 " an az) //SB (CT)

where source strength W(x, y, z) on the body surface is defined as

(Co)

dp(x, y,2) 6¢D(x ¥s z)
on

1
lP(X, Y, Z) = E [ (C 8)

If the body is a vertical cylinder mounted to the bottom and with a homogeneous section
along the z—direction. We may apply the orthogonal inner product in (3.13) to (C 7) and we
further obtain

¢ (x0, y0, 20) = ‘72 (G(x, y, z5 x0, Yo, 20), ¥(x, y, 2)) dl. (C9)
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