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Gravitational-wave (GW) astronomy is transforming our understanding of the Universe by probing
phenomena invisible to electromagnetic observatories. A comprehensive exploration of the GW frequency
spectrum is essential to fully harness this potential. Remarkably, current methods have left the μHz
frequency band almost untouched. Here, we show that this μHz gap can be filled by searching for
deviations in the orbits of binary systems caused by their resonant interaction with GWs. In particular, we
show that laser ranging of the Moon and artificial satellites around the Earth, as well as timing of binary
pulsars, may discover the first GW signals in this band, or otherwise set stringent new constraints. To
illustrate the discovery potential of these binary resonance searches, we consider the GW signal from a
cosmological first-order phase transition, showing that our methods will probe models of the early Universe
that are inaccessible to any other near-future GW mission. We also discuss how our methods can shed light
on the possible GW signal detected by NANOGrav, either constraining its spectral properties or even giving
an independent confirmation.
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Introduction.—The direct detection of gravitational
waves (GWs) [1] has initiated an exciting new era in
astronomy, opening a window onto uncharted phenomena
in the Universe. The range of GW frequencies covered by
current and future experiments will probe an impressive list
of physical processes, from fundamental aspects of the
early Universe to late-time astrophysical systems. However,
the practical limitations of these experiments leave certain
windows in the GW spectrum unexplored. Crucially, these
windows may contain signals from new phenomena diffi-
cult to observe at other frequencies. It is thus vitally
important to cover the GW spectrum as thoroughly as
possible.
A well-known gap in the GW landscape occurs at

roughly 10−7 − 10−4 Hz, between the sensitive bands of
pulsar timing arrays (PTAs) [2–4] and future space-based
interferometers such as the Laser Interferometer Space
Antenna (LISA) [5]. Accessing these frequencies is chal-
lenging, as this requires “detectors” of astronomical scale,
which are nonetheless sensitive to the subtle effects of
GWs. One proposal is to construct a solar system–sized
interferometer [6]; however, such ideas remain futuristic.
Another possibility is to exploit the interaction of GWs

with binary systems, an idea that has a long history [7–11]
but has yet to be fully explored. Much like in any other
system of masses, the passage of GWs through a binary
perturbs the separation of the two bodies, leaving imprints
on the system’s orbit. This effect is particularly pronounced
if (i) the duration of the signal is much longer than the

binary period and (ii) the GW frequency is an integer
multiple of the orbital frequency; the binary then responds
resonantly to the GWs, allowing the perturbations to the
orbit to accumulate over time. By tracking changes in the
binary’s orbital parameters with sufficient precision, one
can thus search for GWs at a discrete “comb” of frequen-
cies set by the orbital period. For periods ranging from days
to years, this allows us to probe the μHz gap between LISA
and PTAs.
We have recently developed a powerful formalism for

calculating the evolution of a binary due to resonance
with the stochastic GW background (SGWB) [12]: the
persistent, broadband signal sourced by the incoherent
superposition of GWs from many sources that are too
faint or too numerous to be resolved individually. This
formalism improves upon previous work [7–11] by
capturing the evolution of the entire probability distri-
bution for all six of the binary’s orbital parameters. In this
Letter, we apply our formalism to explore the SGWB
constraints that are possible with high-precision obser-
vations of various binary systems. We show that lunar
laser ranging (LLR) and timing of binary pulsars can
place stringent new bounds on the SGWB intensity in
the μHz band, while satellite laser ranging (SLR) can be
used to explore the LISA band in the decade before LISA
flies. Our forecast bounds span the entirety of the gap
between LISA and PTAs, and are orders of magnitude
stronger than all existing direct bounds in this fre-
quency range.
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We use units where c ¼ kB ¼ 1, and set the Hubble
constant to H0 ¼ 67.66 kms−1 Mpc−1 [13].
Theoretical background.—In the absence of perturba-

tions, a Newtonian binary system traverses a fixed elliptical
orbit, as determined by Kepler’s laws. This ellipse is
described in terms of six orbital elements: P, the orbital
period; e, the eccentricity; I, the inclination; Ω, the
longitude of ascending node; ω, the argument of pericenter;
and ε, the mean anomaly at epoch. If perturbed, for
example by the passage of a GW, the binary will deviate
from its Keplerian ellipse, causing its orbital elements to
vary. We thus treat these six parameters as functions of
time, called the “osculating” orbital elements [12,14].
The SGWB is the most natural target of binary resonance

searches, being persistent (rather than transient) and broad-
band (rather than narrowband). The SGWB is also a highly
interesting target, as it encodes the GW emission from a
broad range of sources throughout cosmic history. These
sources are likely to include unresolved astrophysical
systems at low redshift, such as inspiraling compact
binaries [15], and may also include a host of more exotic
early-Universe sources, including cosmological first-order
phase transitions (FOPTs) [16,17], cosmic strings, and
inflationary tensor modes [18].
The unpredictable arrival times and phases of GWs from

many independent sources make the SGWB inherently
random [18], and we therefore cannot hope to predict the
exact evolution of the osculating elements for any given
binary. We can, however, calculate the statistical properties
of this evolution, allowing us to predict the time evolution
of the distribution function of the orbital elements,WðX; tÞ,
where X ¼ fP; e; I;Ω;ω; εg. This is defined such that an
integral over any region X of parameter space gives the
corresponding probability for the osculating elements
taking those values at time t,

PrðX ∈ X jtÞ ¼
Z
X
dXWðX; tÞ: ð1Þ

Assuming the SGWB perturbations are Gaussian, the time
evolution of the distribution function follows a nonlinear
[19] Fokker-Planck equation [12,20],

∂W
∂t ¼ −

∂
∂Xi

ðDð1Þ
i WÞ þ ∂

∂Xi

∂
∂Xj

ðDð2Þ
ij WÞ; ð2Þ

(with summation over repeated indices implied). Here Dð1Þ
i

and Dð2Þ
ij are the drift vector and diffusion matrix, functions

of the orbital elements encoding the statistical properties of
the stochastic perturbations. In our case, these quantities are
fully specified by the SGWB intensity spectrum,

ΩgwðfÞ≡ 1

ρc

dρgw
dðln fÞ ; ð3Þ

which is the energy density in GWs per logarithmic
frequency bin, normalized relative to the critical energy
density of the Universe, ρc ≡ 3H2

0=ð8πGÞ. In a companion

paper [12], we derive Dð1Þ
i and Dð2Þ

ij for a binary immersed
in a Gaussian SGWB; both can be written as linear
combinations of the SGWB intensity at the binary’s
harmonic frequencies,

Dð1Þ
i ðXÞ ¼ ViðXÞ þ

X∞
n¼1

An;iðXÞΩgwðn=PÞ;

Dð2Þ
ij ðXÞ ¼

X∞
n¼1

Bn;ijðXÞΩgwðn=PÞ: ð4Þ

Note that the drift vector also includes a deterministic term
Vi accounting for the binary’s evolution in the absence of
the SGWB. This includes relativistic effects such as the
precession of the pericenter ω and the decay of the period P
and eccentricity e due to radiation of GWs, which is
particularly important to capture in the case of binary
pulsars.
To get a sense of how strong we can expect our forecast

constraints to be, it is instructive to carry out a back-of-the-
envelope calculation in which the rms perturbation to the

orbital period after time T is σP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2TDð2Þ

PP

q
. Taking the

LLR case as an example, for a SGWB intensity Ωgw ¼
10−5 and an observation period of T ¼ 15 yr, this gives
σP ∼ 1 μs. This corresponds to a rms perturbation to the
semimajor axis of σa ¼ ð2a=3PÞσP ∼ 0.1 mm. Given that
each LLR “normal point” measurement determines the
Earth-Moon distance to within ∼3 mm, we see that a
campaign of ∼1000 such measurements should be capable
of detecting this signal.
Results and discussion.—Our main results are based on

three different high-precision probes of binary orbital
dynamics: (i) MSP: Timing of binary millisecond pulsars
(MSPs), with periods between P ≈ 1.5 hr and P ≈ 5.3 yr
[21]; (2) LLR: Laser-ranging measurements of the Moon’s
orbit around the Earth (P ≈ 27 days) [22]; and (iii) SLR:
Laser-ranging measurements of the orbits of artificial
satellites around the Earth, in particular the LAGEOS-1
satellite (P ≈ 3.8 hr) [23], as this has been regularly
producing laser-ranging data for longer than any other
satellite mission.
We numerically evolve the first and second moments of

the Fokker-Planck equation [Eq. (2)] from delta-function
initial conditions for each of these systems using our
PYTHON code GWRESONANCE, which we make publicly
available in Ref. [24]. This gives a probabilistic model for
the orbital elements over time, which we combine with a
Fisher-forecasting approach to calculate the expected
sensitivity of each binary to the SGWB (see the
Supplemental Material [25]).
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The resulting power law–integrated (PI) [52] sensitivity
curves are shown in Fig. 1, alongside the sensitivities of
various other current and future GW experiments [53]. For
each of our binary resonance probes (MSP, LLR, and SLR),
we calculate two sensitivity curves: one that reflects the
data available in 2021, and one that should be achievable by
2038, by which time LISA is expected to have completed
its nominal 4-year mission. By this point in the late 2030s
we also anticipate sensitive SGWB searches by the Einstein

Telescope [54] (ET; a planned third-generation GW inter-
ferometer), the Square Kilometre Array [4] (SKA; a radio
telescope array whose planned uses include a next-
generation PTA to search for nHz GWs) and by some
km-scale versions of the atom interferometers of the Atom
Interferometer Observatory and Network (AION) [55] or
Matter-wave Atomic Gradiometer Interferometric Sensor
(MAGIS) [56] projects, which occupy the frequency band
between LISA and ground-based interferometers. (There
are various other constraints at lower frequencies not shown
here, including those from cosmic microwave background
temperature and polarization anisotropies [57,58] and
spectral distortions [59], as well as potential future con-
straints in the frequency band we are interested in, e.g.,
from astrometry [60–64], helioseismology [65], modula-
tion of GW signals [66], the μAres proposal [6], the Moon’s
normal modes [67,68], and high-cadence PTA observations
[69,70]. However, all these constraints are either very
futuristic, not applicable to stochastic GW signals, or not
strong enough to be competitive with our forecasts.) The
horizontal black lines in Fig. 1 show indirect constraints
due to SGWB contributions to the effective number of
relativistic degrees of freedom (Neff ) in the early Universe
[71], as probed by the cosmic microwave background
(CMB) and big-bang nucleosynthesis (BBN). These lines
should be interpreted differently from the other constraints
that we show, as they represent bounds on the total
subhorizon SGWB energy density (the values plotted
correspond to the upper bounds on

R
dðln fÞΩgw at

frequencies f ≳ 10−15 Hz), and only include GWs emitted
before the epoch of BBN.
We find that laser-ranging experiments are already able

to place cosmologically relevant bounds with present data;
LLR has an expected sensitivity of Ωgw ≥ 6.2 × 10−6 at
f ¼ 0.85 μHz (95% confidence upper limit), while the
forecast for SLR with the LAGEOS satellite is Ωgw ≥
2.4 × 10−6 at f ¼ 0.15 mHz. These forecasts, if realized,
would be by far the most sensitive direct SGWB searches to
date in the broad frequency band between ground-based
interferometers at f ≳ 10 Hz and PTAs at f ∼ nHz, a full 3
orders of magnitude stronger than existing constraints from
the Cassini spacecraft [75] and the Earth’s normal modes
[74], and competitive with indirect Neff constraints [71],
which currently set

R
dðln fÞΩgw ≤ 2.6 × 10−6. With some

reasonable assumptions about future improvements in the
noise levels and data cadence of laser-ranging experiments
(see the Supplemental Material [25]), these forecasts
improve to Ωgw ≥ 4.8 × 10−9 for LLR and Ωgw ≥ 8.3 ×
10−9 for SLR by 2038, significantly better than the Neff
constraint, which is expected to reach

R
dðln fÞΩgw ≤

1.7 × 10−7 by that time [71].
The frequencies f ¼ 0.85 μHz and f ¼ 0.15 mHz men-

tioned above correspond to the n ¼ 2 harmonics of the
Earth-Moon and Earth-LAGEOS systems, respectively.
The corresponding forecast sensitivity curves are strongly

FIG. 1. SGWB sensitivity curves of current and future GW
experiments, as well as our forecasts. Each curve is a 95% con-
fidence upper limit (SNR ¼ 2), with shaded regions extending up
to SNR ¼ 20. Solid curves indicate existing results from the
LIGO/Virgo/KAGRA Collaboration [72,73], gravimeter moni-
toring of the Earth’s normal modes [74], Doppler tracking of the
Cassini spacecraft [75], pulsar timing by the Parkes PTA [2], and
indirect constraints from Neff [71], as well as our forecast present-
day sensitivities for binary resonance searches with binary MSPs,
LLR, and SLR, which are presented for the first time here.
Hatching indicates the new region probed by our present-day
forecasts. Dashed curves indicate our binary resonance forecast
sensitivities for 2038, along with expected bounds from ET [54],
LISA [5], SKA [4], and the proposed km-scale atom interfer-
ometer AION [55], as well as improved Neff constraints [71].
Dotted curves show various potential SGWB signals in the μHz
band. The purple curves indicate a possible signal associated with
the common process identified by NANOGrav (NANOGrav CP)
[3], while the overlaid pink curves show the inferred amplitude
for the NANOGrav CP when assuming aΩgw ∼ f2=3 spectrum, as
expected for supermassive binary black holes (SMBBHs). The
yellow curves show two FOPT spectra at temperatures T� ¼
2 GeV and 200 GeV, peaking at f ≈ 1 μHz and ≈100 μHz,
respectively. The orange curve shows the predicted spectrum
from a population of horizonless supermassive black hole
(SMBH) mimickers [76]. The pale green curves show the
predicted spectra from ultralight bosonic condensates around
SMBHs [77], with boson masses varying from 10−20eV (leftmost
curve) to 10−15 eV (rightmost curve).
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peaked in both cases, since the coupling to the n ¼ 2
harmonic is by far the strongest for low-eccentricity orbits
like that of the Moon (e ≈ 0.055) and LAGEOS
(e ≈ 0.0045) [12]. The next most sensitive frequency in
both cases is the n ¼ 1 harmonic, which is sensitive to
Ωgw ≥ 3.2 × 10−4 for LLR and Ωgw ≥ 2.2 × 10−2 for
SLR at present, improving to Ωgw ≥ 2.5 × 10−7 and
Ωgw ≥ 7.5 × 10−5, respectively, by 2038. (See Fig. 1 in
the Supplemental Material [25] for the individual sensitiv-
ities of each harmonic of the Earth-Moon system.)
While binary pulsars are not able to compete with the

laser-ranging experiments in terms of sheer sensitivity, their
forecasts cover a much wider frequency band, spanning
nearly five decades in frequency from ≈6 nHz up to
≈0.2 mHz. This is partly due to the range of orbital periods
of various systems, and partly to the large eccentricities of
many of these binaries, which gives them sensitivity to
much higher harmonics. The overall binary pulsar sensi-
tivity curves shown in Fig. 1 are computed by combining
the overlapping PI curves of 215 binaries from the Australia
Telescope National Facility pulsar catalog [21]. The most
stringent forecast sensitivity from this combined curve is
Ωgw ≥ 8.2 × 10−4 at f ¼ 14–25 nHz with present data,
expected to reach Ωgw ≥ 7.5 × 10−7 by 2038.
Figure 1 also shows various potential SGWB signals

around the μHz band probed by our proposed binary
resonance searches. The most important to mention here
are the phase transition spectra, partly because FOPTs are a
robust prediction of many well-motivated extensions to the
standard model of particle physics [16–18], and partly
because the spectral shape of a FOPT signal highlights the
constraining power of binary resonance searches [78].
While binary resonance probes are not competitive with
GW interferometers and PTAs in searching for SGWB
spectra, which are roughly flat over many decades in
frequency (e.g., GWs from inflation or cosmic strings),
they can prove extremely useful for spectra that are
confined to a narrow frequency band. FOPTs are a leading
example of such a signal, producing a narrow spectrum
with a peak frequency [16],

f� ≈ 19 μHz ×
T�

100 GeV
β=H�
vw

�
g�

106.75

�
1=6

; ð5Þ

and a peak intensity of

Ωgwðf�Þ ≈ 5.7 × 10−6 ×
vw

β=H�

�
κα

1þ α

�
2
�

g�
106.75

�
−1=3

× ½1 − ð1þ 2τswH�Þ−1=2�: ð6Þ
Here, T� is the temperature at which the FOPT occurs, α is
the energy density released by the FOPT in units of the
radiation density at the transition epoch, β is the inverse
duration of the transition,H� is the Hubble rate at the epoch
of the transition, vw is the bubble wall velocity, κ is an

efficiency parameter determined by α and vw, and g� is
the number of relativistic degrees of freedom in the
plasma, which we normalize to the standard model value,

gðSMÞ
� ¼ 106.75. The second line of Eq. (6) is a suppression
factor due to the finite lifetime of the sound waves, τsw,
which is a function of α, β, and vw [17].
In Fig. 2, we perform a scan over the FOPT parameters

ðT�; α; β=H�; vwÞ for transitions occurring between T� ¼
10−3 GeV and 107 GeV, identifying regions of parameter
space where the corresponding SGWB signal is expected to
be detected by binary resonance searches and other GW
probes by 2038. We find that LLR and SLR are able to
probe significant regions of the FOPT parameter space at
T� ∼ GeV and ∼100 GeV, respectively. While SLR is less
sensitive than LISA and will provide only complementary
information, LLR will probe a region of the parameter
space that is not accessible by any other planned GW
experiment, thus providing a unique and valuable contri-
bution to the search for phase transitions in the early
Universe. FOPTs are only one example of a strongly
peaked SGWB spectrum, but they demonstrate that binary
resonance searches (and LLR in particular) have unique
GW discovery potential.
Another potential SGWB signal shown in Fig. 1 is the

stochastic common process identified by the NANOGrav
Collaboration in their 12.5-year PTA dataset [3]. While there
is not yet sufficient evidence for quadrupolar cross-pulsar

FIG. 2. Forecast exclusion regions of the FOPT parameter
space for various SGWB searches at 2038 sensitivity. Here, T� is
the temperature at which the FOPToccurs, α is the energy density
released by the FOPT in units of the radiation density at the
transition epoch, β=H� is the inverse duration of the transition in
units of the Hubble rate at the transition epoch, and vw is the
bubble wall velocity.
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correlations to confidently interpret this signal as beingdue to
GWs, the values inferred for its amplitude and spectral tilt are
consistent with those expected for the SGWB from a
population of inspiraling supermassive binary black holes
[79] (SMBBHs), as well as with several more exotic
interpretations [80–88]. Assuming that the spectrum seen
by NANOGrav can be extrapolated into the μHz band, we
find that present-day LLR data are able to probe some of the
steeper spectra allowed by the NANOGrav data (roughly
Ωgw ∼ f1.8), which could correspond to a strongly blue-tilted
[89] inflationary tensor spectrum [86,88]. If instead we
assume that the NANOGrav signal follows the Ωgw ∼ f2=3

scaling expected from inspiraling SMBBHs, we find that the
spectrum should be detectable with 2038 LLR data. This
provides furthermotivation for the binary resonance searches
we propose, showing that LLR can probe the nature of GW
signals detected in the nHz band by NANOGrav and
other PTAs.
Summary and outlook.—In this Letter, we have demon-

strated the potential for binary resonance searches to bridge
the μHz gap in the SGWB spectrum, showing that high-
precision data from pulsar timing and laser-ranging experi-
ments may lead to the first discovery of (or stringent
constraints on) the SGWB in this region. In particular, the
sensitive frequency band of LLR sits almost exactly half-
way between those of LISA and PTAs, and is thus highly
complementary to these experiments.
As an illustrative example of the constraining power of

binary resonance searches, we have considered potential
SGWB spectra from FOPTs, showing that near-future LLR
and SLR data will be sensitive to a broad range of FOPT
models, and that LLR in particular can probe regions of the
FOPT parameter space that are inaccessible to all other GW
experiments. We have also shown that current and future
LLR data can provide complementary information about
nHz GW signals probed by PTAs, such as the candidate
SGWB signal recently announced by the NANOGrav
Collaboration.
Our results provide strong motivation for further work in

this direction. On the theory side, there is plenty of scope to
extend our formalism, either to other gravitationally bound
systems (e.g., hierarchical triples, globular clusters) or other
GW signal morphologies (e.g., transient and/or narrowband
signals, even if not exactly on resonance). Ultimately, the
most pressing future work is to develop SGWB search
pipelines based on our code GWRESONANCE, allowing us to
efficiently study the μHz–mHz band, perhaps even to
discover GW signals waiting for us in this as-yet-unex-
plored regime. The history of both electromagnetic and
GW astronomy gives us plenty of reasons to be optimistic
about the outcomes of these searches and their potential for
scientific discovery.

Our results can be reproduced using the PYTHON code
GWRESONANCE, available in Ref. [24].
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