Under consideration for publication in J. Fluid Mech. 1

A heavy body translating in a boundary layer:
‘crash’, ‘fly away’ and ‘bouncing’ responses

Ellen M. Jolley' f and Frank T. Smith!
1Department of Mathematics, UCL, Gower Street, LONDON, WCIE 6BT

(Received xx; revised xx; accepted xx)

The study concerns a slender, heavy body moving with streamwise velocity in a boundary layer.
Modelling assumptions on body size reduce the governing equations for the body motion to a pair
of non-linear integro-ODEs which displays a wide range of distinguished behaviours, including
eventual collision with the wall (‘crash’), escape to infinity (‘fly away’) and repeatedly travelling
far from the wall and back again without ever colliding or escaping (‘bouncing’). The paper gives
a survey of the variety of behaviour, as well as asymptotic analysis and insight into each category
of fluid/body interaction and the conditions under which crash, fly away and bouncing occur.

1. Introduction

The problem being considered is on the dynamic interaction between a thin, heavy rigid body
moving through a boundary layer and the surrounding fluid, with the challenge being to predict
the body motion. This issue is important in the study of aircraft icing, a phenomenon where ice
particles in the boundary layer of an aircraft wing at high altitude may adhere to the surface and
inhibit the aerodynamics, in worst cases resulting in serious accidents (Gent et al. 2000; Norde
2017; Purvis & Smith 2016; Schmidt er al. 2010). Thus there is significant industrial interest
in predicting the motion and behaviour of such particles, which can vary widely in size, shape,
speed and angle of incidence, to improve anti-icing systems.

In the aircraft-icing context the ice particles of concern are in many cases shards or ice crystals
and they tend to be isolated, entering the air boundary layer one by one. The large range of
variables involved however requires the problem to be studied for many different bodies in a
variety of settings. The studies by Smith & Wilson (2011), Smith ef al. (2019) and Smith &
Ellis (2010) focus on irrotational flow, corresponding to a body far from the wall, while more
recent studies by Smith & Johnson (2016), Smith (2017), Palmer & Smith (2019), Smith &
Servini (2019), Palmer & Smith (20205), and Smith & Palmer (2019), as well as the current, have
considered bodies in a boundary layer or channel flow for which there is substantial incoming
vorticity. These predominantly analytical contributions are the most relevant here. Other very
interesting contributions on fluid/body interactions are experimental ones by Hall (1964), Einav
& Lee (1973), Petrie et al. (1993), Schmidt & Young (2009), Wang & Levy (2006) and direct
simulations by Palmer & Smith (2020a), Wang & Eldredge (2015), Wu et al. (2018), Eldredge
(2008). See also the studies by Gavze & Shapiro (1997), Kishore & Gu (2010), Frank et al. (2003),
Loth & Dorgan (2009), Poesio et al. (2006), Yu et al. (2007) for which particular attention is
given to whether a particle will move towards or away from the wall, and those by Dehghan &
Basirat Tabrizi (2014) and Portela et al. (2002) which are concerned with particles in turbulent
flows. In previous analytical studies set in a boundary layer, the body is sufficiently small as to be
able to enter the near-wall layer in which viscous-inviscid interaction occurs, while the present
work will focus on bodies large enough for such effects to be ignored. The body in this work
is also taken to be undergoing streamwise translation, a situation allowing for a large range of
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angles of incidence as the body enters the boundary layer, which in the rest frame of the body
means non-zero wall velocity.

The investigation will focus on nonlinear dynamic fluid/body interactions, in which a thin body
is nearly but not quite aligned with the surrounding boundary-layer flow, and include vorticity.
The Reynolds number and Froude number of interest here are large. The use of the physically
relevant assumption that the body is much heavier than the surrounding fluid allows significant
analytical progress to be made as the flow is quasi-steady on the time-scale of the interaction with
the body, reducing the problem to a set of non-linear integro-ODEs. This system has a diverse set
of interactive solutions, resulting in many outcomes for the long-term behaviour of the body. The
first half of the paper concerns ‘crash’ solutions, i.e. finite time collision (impact) with the wall.
This is done both for incoming uniform shear flow and for arbitrary velocity profiles in a boundary
layer, with the arbitrary case having already been discussed in brief in Jolley et al. (2021). The
latter half of this investigation will focus on ‘lift-off’, i.e. the body departing or otherwise not
colliding with the wall; such phenomena have been studied for inviscid settings in Smith & Wilson
(2013) and Balta & Smith (2018). It will transpire that the presence of vorticity causes a huge
range of intriguing behaviours which are qualitatively different from each other and from those
found in previous studies. Particular attention will be given to behaviours termed ‘fly away’, i.e.
departure of the body far from the wall, and ‘bouncing’, i.e. repeated departure followed by return
(without collision), although other interesting solutions do exist and are discussed briefly.

The layout of the paper is as follows. Section 2 will set out the modelling of the fluid and body
motion and derive the non-linear system to be studied in the remaining sections. Section 3 and an
accompanying appendix derive the asymptotic behaviour of the fluid/body interaction in a crash
scenario for the cases of constant vorticity and arbitrary incoming velocity profile respectively.
Focusing on the constant vorticity case from then on, section 4 analyses ‘fly away’ while section
5 focusses on *bouncing’, for which the modelling is related to fly away, and section 6 provides a
brief survey of other types of possible behaviour. Section 7 provides further discussion, including
parameter values and the checking of assumptions, followed by conclusions.

2. The fluid-body interaction

The fluid-body interaction and the resulting governing equations are presented in full in the
current section. This is in order to set out a clear basis for the new interactive solutions described
in subsequent sections.

The scaling and governing equations of the problem are the same as those in Jolley et al.
(2021); however approximating the oncoming boundary layer flow as initially close to uniform
shear will allow significant simplifications to the system in that paper which in turn allows analysis
of several new solution categories. The body here is described by its mass, moment of inertia and
underbody curve. It translates upstream relative to the oncoming flow with speed u ., but we work
in its rest frame (hence this corresponds to a positive wall velocity of magnitude u.). The set up
is shown in Figure 1. The body is assumed to be both ‘small’ and ‘thin’, by which specifically we
mean its length L is much less than 1 and its thickness A is much less than L, where lengths here
are non-dimensionalised relative to [, the representative boundary layer length. The thickness
A is comparable with the thickness of the boundary layer. We will use non-dimensional scaled
coordinates throughout here, such that (%,) = I(LX,AY), where " represents a dimensional
quantity.

The body has two degrees of freedom in its motion: the height of its centre of mass Ah(T)
and the angle its chord line makes with the X-axis, AG(T). The aim of the problem in the present
study is to find the body motion (i.e. £(T) and 6(T)) under interaction with the surrounding air
flow. Hence it is necessary to compute the force and torque exerted on the body by the flow.

The flow here is two-dimensional and incompressible, and non-dimensionalisation with respect
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to [, representative boundary layer velocity U, fluid density 55 and kinematic viscosity ¥ gives a
Reynolds number Re = UL /7 which is large for parameter ranges of interest, as discussed in the
conclusion of the paper and in Appendix A. Relevant Froude numbers similarly are large. Hence
viscous and gravitational forces on the body are to be neglected as a first-go model, an aspect
which is discussed further in the appendix. The scales of the problem (A = Re™'/? « L < 1)
allow it to be modelled by the inviscid boundary layer equations (see (2.3)-(2.5) below), which
in turn allows the pressure forces above the body to be negated also by identification with the
free stream. Hence the only force in play is the pressure force underneath the body, leading to the
governing equations,

1
Mhrr =/ p dX, 2.1)
0

1
1077 = /0 (X - B)p dX, 2.2)

where T is a non-dimensional time coordinate scaled to be order one relative to the body motion,
related to its dimensional counterpart by 7 = (I/U)A(pp/pr)/?T, and p = p/prU? is the
pressure field under the body. The non-dimensional mass and moment of inertia of the body are
M =M/(pglPLA) and I = I/(ppl*L?A) (where pp is the constant density of the body).

According to the time scale derived from (2.1)-(2.2), the body motion occurs slowly in
comparison with time variations in the fluid provided that pr /pp < (A/L)?. The Navier-Stokes
equations thus reduce to the inviscid quasi-steady boundary layer equations

uuy +Vuy = —px, (2.3)
0=-py, (2.4
ux +Vy =0, (2.5)

where we require v(x,y,t) = (A/L)V(X,Y,T) due to incompressibility. Viscous terms are
negligible despite the body width being comparable with that of the boundary layer due to its
small horizontal length: while u,,/Re ~ 1, the inertial terms and pressure gradient are of size
1/L and are thus significantly larger. At any given time, the curve describing the position of the
underbody is given by

Y=F(X,T)=F,(X)+h(T)+ (X -B)0(T), (2.6)

where £ is the X-coordinate of the centre of mass, which allows the boundary conditions to be
formulated as

V(X,0,T) =0, (2.7)
V(X,F(X,T),T) = uFx, 2.8)
p(1,T) =0, (2.9)

with Y = F(X, T) defining the unknown position of the underbody curve. The requirements (2.7),
(2.8) correspond in turn to tangential flow at the wall and the kinematic boundary condition at
the underbody surface. Condition (2.9) is the Kutta condition ensuring that velocity is finite at
the trailing edge. Because (2.3)-(2.5) are hyperbolic, for the Kutta condition to be enforced a
relatively short Euler region must be present ahead of the leading edge in which pressure and
velocity change dramatically in anticipation of the flow over the body (Smith ez al. 2003; Jones
& Smith 2003). The flow is quasi-steady in this region, so Bernoulli’s theorem holds here as well
as in the rest of the flow, and we can relate the post-Euler flow to the pre-Euler by

Suo(Y(07))% = Ju(0%,¥(0%),7)* + p(0*, T) = Lu(X,Y(X),T)* + p(X,T), (2.10)

on a streamline given by Y = Y (X). The incoming velocity profile u = u(Y) is treated as known.
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Figure 1: Diagram (not to scale) showing the non-dimensional (and scaled) set-up: a thin
body translates upstream in the boundary layer of a much larger body, which acts as a
stationary wall - in the rest frame of the body, this results in a positive flow velocity B at
the wall. The height of the body’s centre of mass (CoM) is 4(T) and the angle its chord
line makes with the X-axis is 6(7T'): T denotes scaled time. The incoming velocity profile
isu=uy(Y) =AY + B.

This system can now be significantly reduced by the assumption that the incoming flow is of
the form ug(Y) = AY + B for some constants A and B. This is a good approximation of a typical
boundary layer profile in the near-wall region. (The case of a full boundary layer will be discussed
later in the paper.) For two-dimensional, quasi-steady, inviscid flow, the vorticity equation reveals
that the vorticity, equal at leading order to —uy when scaled, is constant on streamlines, and since
uy = A on all incoming streamlines, we have uy = A everywhere. Thus, the horizontal velocity
is of the form u = AY + b(X, T), and by (2.10), choosing the wall streamline on which Y (X) =0,
the unknowns b and p are related by

Ib(X,T)* + p(X,T) = 1B~ (2.11)

Assuming the flow at the trailing edge is fully forward, (1, T) = B, by the Kutta condition (2.9).

The conservation of volume flux, g = /OF udY = %F 2 4+ bF, can be used to solve for b and pin
terms of F,

4(F(1,T)* - F(X,T)*) + BF(1,T)

F(X,T) ’
1 4(F(1,7)* - F(X,T)*) + BF(1,T) ?
2 F(X,T) :

b(X,T) =

2.12)

p(X.T)=1B*-

(2.13)

Substituting (2.13) into the body motion equations (2.1), (2.2), we arrive at a coupled pair of
ODEs, which can be solved numerically for given initial conditions. Numerical solutions reveal
a wide range of interesting behaviour, which can be split into the categories of ‘crash’ solutions,
in which the body makes contact with (impacts on) the wall in finite time, and solutions in which
the body height may tend to infinity or otherwise never approach the wall. In this section we focus
on the case of a crash, and analyse the asymptotic behaviour of the system as contact with the
wall is approached. Other classes of solution are discussed in Sections 5 and 6.

3. ‘Crash’ solutions

The first category of solution we will consider is ‘crash’ solutions, which are solutions of the
dynamical system (2.1)-(2.2), (2.13) for which the body collides with the wall in finite time, i.e.
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there exists a point Xy and time Ty such that F(Xy,Ty) = 0. These solutions are presented for
an arbitrary incoming profile in Jolley et al. (2021) and agree with those presented here; see
appendix B for completeness. However the method presented in that paper cannot cope with
solutions with regions of reversed flow, hence although the method described here is less general,
it is more powerful (revealing several new solution categories) and its simplicity makes analysis
and physical intuition more straightforward.

For instance we can more easily study the conditions under which ‘crash’ and ‘fly away’ might
initially be set into motion. In general the initial motion of the body is sensitively shape-dependent,
but the simple case of a flat body can provide intuition for the circumstances under which the body
will initially lift-off. Consider small perturbations taken about the rest state of a flat body at zero
angle of incidence, i.e. F(X,T) = hy + é(h(T) + (X — B)01(T)), for arbitrary small parameter
é. Then

B
p=—-€B (A+—) (1-X)6y, (3.1
ho
and hence by (2.1) and (2.2),
1 B
Mh =——B|A+—]0 3.2
ITT 3 ( + ho) 1s (3.2)
1 B 1
16 =—B|A+—]|=- 0. .
ITT > ( + ho) (3 ,3) 1 (3.3)

Thus 6, is governed by a straightforward linear ODE, while 4; can be found easily from 6;. As
A, B, hy > 0, the stability is determined by the sign of 8 — 1/3. Solving for /| and identifying the
fastest growing term yields the ‘lift-off” criteria in the three cases,

0(0) + 67 (0)/4 < 0 for B> 1/3, (3.4)

07 (0) < 0 for B =1/3, (3.5)
167 (0)

hT(O)—m>0fOrﬂ<l/3, (36)

where A = y/B(A + B/ho)(3 — 1/3)/21. These conditions and numerical results indicate that the
crucial factor in inducing lift-off is a sufficiently negative or decreasing initial angle of the body,
and similarly ‘crash’ solutions are strongly associated with initially positive or increasing angle.

3.1. First stage

After an initial descent triggered by the sensitive early-time interaction described above, the
asymptotic behaviour of the body in approach to the crash can be determined as follows. Let the
contact point between the body and the wall be X = Xj, and let the crash occur at time 7. Then
F(Xp,Typ) = 0 and Fx(Xp, To) = 0, since the gap width must be a minimum where the (smooth)
body touches the wall. Considering X — Xy, 7' — Tp to be small, the underbody position curve can
be expanded locally

F(X,T) = 3F;/(Xo)(X = Xo)* + hi(T) + (Xo - B)6:1(T), (3.7

where A1, 0 are the deviations of &, 6 from their values hg = h(Tp), 6y = 0(Tp) at the time of
the crash. Assuming that 1 — hg, 6 — 6y are O(Ty — T)" say as the crash is approached, such that
F(X,T)is O(To—T)",n > 0in the X range X = Xy + O(Ty — T)"/?, we can solve for n using the
body motion equations to obtain n = 4/5. This value shows very close agreement with numerical
results (shown in Figure 2) for the behaviour of 4 and 6 as a crash is approached.
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Figure 2: The first-stage numerical solutions of & and 6 for a body with M = 1,1 = 0.2,
and sinusoidal shape Fy, (X) = —0.2sin 7X and incoming profile ug = Y + 1 are shown in
blue. Initial conditions were 2(0) = 1, 6(0) = 0.2, A7 (0) = -0.1, 87 (0) = 0. Red shows

a curve varying as (T — T)*/5 with the right-hand end-point fixed to match the
corresponding £ or 6 value there (and similarly in figures 3, 4).

3.2. Second stage

As the body continues to approach contact, its velocity becomes large since hy = O (To—T)~ /5,

which gives rise to a second time stage. In this second time stage, the pressure force on the body is
dominated by that due to a small region surrounding the contact point, dubbed the ‘inner’ region,
for which X — Xy = O(Ty — T)*°. Defining the order unity time coordinate s = (T — Tp) /7 for
the relevant time scale 7 which is to be found, we rescale variables according to their first-stage
behaviour: 72°¢ = X — Xo, ™ =Y, i =u, 725 =V, v855 = p, t*P¢(&,s) =
F(X,T), and 7*/3(h,8) = (h — ho, 8 — 6y). This yields the inner region governing equations

il = P, (3.8)
0=—py, (3.9)
fig+7,=0, (3.10)

and boundary conditions for tangential flow, kinematic requirement and matching respectively

v=0atn=0, (3.11)
V=ilgg atn = (&, 1), (3.12)
i,v,p — 0as & — oo, (3.13)

The flow here is effectively vorticity-free since i, = A78/5. One may expect that viscosity could
come into play but in fact in remains small on this time scale (to be found later) provided that
A’L’ < pr/pp. Hence this momentum equation can be integrated to yield that &> /2 + p is zero.
As before, we can now use conservation of volume flux to obtain

q(s) . 1 q(s)*
o) U™ T2 G149

for the volume flux g (i) (which is not scaled). By the expansion (3.7), the underbody positioning
@(&, s) is of parabolic shape to leading order in this region,

¢ = 3a&” + h(s) + (Xo - B)O(s), (3.15)

where we have defined o = F,/(Xy), effectively the curvature. The body motion is governed
entirely by the O(7~%/) inner pressure, hence the body motion equations can now be integrated

<



directly over the inner region to obtain

_7mq(s)?

Mhg, = i+ (Xo— B2, 3.16
52 2@( +(Xo - B)0) (3.16)

5 7T6](S)2 7 5\—3/2
103 = — Xo — h+ (Xo-pB)0 . 3.17
2@( 0o—B)(h+(Xo—p)o) (3.17)

It is now necessary to consider the outer region, where X — Xy, Y are order unity and the body
is effectively in contact with the wall. Then (h, 8) = (ho, 8g) + /> (h, 8), but no further scaling
is required as other quantities remain order one. Then the new governing equations are

ux +Vy =0, (3.18)
e*r’lus +uux + Vuy = —px, (3.19)
0= -py, (3.20)

where € = (L/A)(pr/F8)~"/?. We have included the unsteady term here in anticipation of it
coming into play shortly. The boundary conditions are those of tangential flow, kinematics and
the Kutta constraint,

V=0atY =0, (3.21)
V=er'Fy+uFxatY = F(X,s), (3.22)
p=0atX=1. (3.23)

The velocity can be expanded u = AY +bo(X, s)+0(7*/%) by (2.12), and then use of the kinematic
boundary condition (3.22) algebraically eliminates the vorticity term from the x-momentum
equation,

Sy, (3.24)

This can be integrated as before to yield a Bernoulli equation, but since the RHS is much larger in
the inner region than in the outer we must consider separately the cases of integrating across the
inner region and that of integration only in the outer region. Choosing 7 = €/7, we find that this
term makes an order-unity contribution when passing over the inner region, which is related to the
time derivative of velocity potential that appears in the unsteady Bernoulli equation (effectively
there is a jump in velocity potential at the contact point). For this time scale, we then arrive at

bobox + px = eT”

1p2 X < X

1 2 2
5b(X,s) +p(X,s) = {1 o0 (s) , (3.25)
2 532—/_w(¢q(§ﬁs))s dé X > Xo

as the ‘modified’ Bernoulli equation. Having determined 7 it is clear that the flow is again quasi-
steady, so as in the first stage the volume flux conservation can be exploited to express b in terms
of the underbody curve Fy(X) = F,,(X) + ho + (X — 8)6p analogously to (2.12). Choosing X = 1
in (3.25) to eliminate the pressure, we arrive at a first-order ODE for ¢,

1{q(s) 21, 2 q0)
E(Fo(l) —5F0(1)) =3B —[m ((p(g,s))s dé. (3.26)

This can be solved numerically by matching ¢ with the flow from the first stage to obtain an initial
condition at large negative s, thereby solving for velocity and pressure in both the inner and outer
regions. So at each time step, having computed g via (3.26), the body motion equations can be
numerically integrated to find / and 4. See Figure 3 for results. This again agrees closely with
results shown in Jolley et al. (2021) for ug(Y) =2 —e7Y.

The leading order behaviour of this system on approach to a crash can be determined analytically
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Figure 3: The second-stage numerical solutions of 7 and @ for a body with M = 1,7 = 0.2,
Fu(X) = —-0.2sin 7X and incoming profile ug =Y + 1 are shown in blue. For initial
conditions, we took , § large (10 and -10 respectively) and /g, 65 small to match with the
first stage. Red shows curves varying as (|s|)4/ 5 with the start point fixed to match the
initial conditions and yellow shows a curve varying as O(|s|) with the end-point fixed
similarly.

in similar style to the first stage. Assume as s — 0, where we define the time when the body hits
the wall to be zero, that 1,8 = O(sV) and k = O(s™). The integral term in (3.26) cannot become
large since the left-hand side is positive. Its leading order term is O (s™ ~N/2~1), which we expect
to be large. Hence it is possible to determine M = N/2 by equating this leading order term of the
integral to zero. By consideration of the body motion equations, we come to the conclusion that
N =1and M = 1/2, which agrees well with the numerical results (shown in Figure 3). The body
now crashes into the wall with finite velocity, and so the solution is complete. This value of N is
in agreement with that found in Smith & Wilson (2011).

4. ‘Fly away’ solutions

Several other interesting solutions to the fluid-body interaction (2.3)-(2.10) exist for which
the body never collides with the wall. This section will focus on ‘fly away’, where the body
tends to depart far from the wall, that is, i — o0 as T — oo, starting with & = O(1) at
T = 0. A previous work by Balta & Smith (2018) studied this feature in a similar case with
zero vorticity, and solution schemes described in previous sections reproduce their findings that
h — 00,6 — —oo parabolically for T — oo for that zero vorticity case. However, for non-
zero vorticity, fly away solutions are completely distinct, and in fact 6 oscillates and remains
bounded. Some understanding of the cause of this distinction can be gained by inspecting the
formulae (2.12) and (2.13) for velocity b and pressure p. With zero vorticity, as the body tilts
the pressure gradient steepens causing it to tilt further. However, with non-zero vorticity A, it
is clear that as § — —oo, eventually there will be a region of reverse flow at the leading edge
and correspondingly pressure reaches its maximum at the zero of b. Once the pressure reaches
its maximum, the continued steepening of the pressure gradient causes a shift in distribution
eventually altering the direction of rotation, causing the qualitative difference we see between
these solutions and those in Balta & Smith (2018). Since the arbitrary velocity profile scheme
discussed above does not apply to reverse flow, we return to the constant vorticity case for which
our results (2.12) and (2.13) describing velocity and pressure in terms of underbody position still
hold (flow is still fully forward in the pre-Euler region and at the trailing edge, so this analysis
still applies).

To consider behaviour following on from such initial lift-off over long times, let time 7 = 7T
with 7 > 1 and body height & = 2H,(T) + 7H; (T) + Hy(T), where the final term varies on the
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Figure 4: A fly away case. The numerical solutions of /& and 6 for a body with
M=1,1=0.2, F,(X)=-0.2sin7X and incoming profile ug = Y + 1 are shown in blue.
Initial conditions were i(0) = 1, 8(0) = =0.2, hr (0) =0, 67 (0) = 0. Red shows the
parabolic approximation given in equation (4.5) (it overlaps very closely with the blue
curve).

short time scale, while the first two vary on long time only. We also let 6§ = 6y(T) + O(7™") and
seek to study the leading order behaviour of the height 4. By (2.12), the x-dependent part of the
velocity is then

b=A[0o(1-X)-F,(X)]+B+0(r ™)), 4.1)

while from (2.13) the pressure is
1 1
p=—-A0y(1-X)(B—-AF,(X)) - EA29§(1 - X)>+ABF,(X) - EAFM(X)Z +0(r™). 4.2

The body motion equations are then

d’H, d*H, )
(F + T2 =ap+ 6110() + (1290, (43)
IW =co+ci10p+ C290, 4.4

where ag = [, ABF,(X) = 1A2F,(X)? dX, aj = ~3AB + A2 [ (1 - X)F,(X) dX, a> =
~la2 o= [ (ABF”(X) - %AZF”(X)Z) (X =P dX, ¢; = AB(=L +£)+ A2 [ F(x)(1 -

X)(X - B) dX, and ¢, = %Az(—% + g) are constants. Solving (4.4) shows that 6 is a periodic
function, oscillating on the fast time scale, and thus has a constant mean value () over a period

in T. Then, after taking its mean, (4.3) can be straightforwardly integrated to obtain

1 .
Hy= 3o (a0 + a1 (00} + ax(63)) 72. 4.5)
Provided the coefficient of 72 here is positive, this is a fly away solution. Figure 4 shows that the
solution from the full computation and the approximate parabolic curve from (4.5) overlap very
closely, indicating firm agreement; 6(7) is also shown to be an oscillating function of time as
predicted analytically.

4.1. The 6 limit cycle

Of natural interest is the question of how (or if) one can tell if fly away will occur without
running full simulations. In light of (4.5), it is clear that to do this requires an understanding of
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the 6y limit cycle and its mean and variance. Equation (4.4) can be integrated to obtain

oo\’ 2
I(d—z?) = 2eofy + 105 + 3205 + . (4.6)

for some constant k, which is related to (6y) by

1 T+To 2 I Omax
(0) = = / 6o dT = T\/— “ du, 4.7)
04T 0 Bmin \/2cou +ciu+ %czlﬁ +k

where the minimum 6y,;;, and the maximum 6, of 6y are functions of k in the sense that they
are the two real solutions to the equation 0 = 2¢o6y + 0195 + %6‘298 + k. Similarly, the period Ty
is given by

Omax 1

T +Ty
Ty = / dT =2V1 du. (4.8)
T

Ormin 2cou + ciu? + %czu3 +k

It is not easy to determine the value of k as it depends on the behaviour of the system prior to
entry into the ‘large 4’ regime. However, k can be easily bounded to force the cubic in (4.6) to
have two real roots (else a limit cycle cannot exist), which in turn can produce a range of viable
(o) values. Since (Ogr1) = 0, we have

1
(03) = —— (co+c1(60)) , (4.9)
2

which can be used to bound the parabola coefficient. Thus, although we cannot determine the
exact behaviour of the body for given initial conditions without running full simulations, we will
know the range of possible values of the parabola coefficient which gives a range of possible
behaviours, e.g. if the range is entirely positive, then fly away is guaranteed following lift-off,
and if not there may exist some other types of solution such as those discussed in Section 5 and
Section 6 below.

5. ‘Bouncing’ solutions

Numerical results reveal the existence of solutions for which & ‘bounces’, i.e. reaches large
values then comes back to O(1) repeatedly. We will show corresponds to cases where H, = 0,
and hence ag + a(6p) + a2(9(2)) = 0. To examine these we need to take the analysis to the next
order, so let & = TH(T) + Hy(T) and 6 = 0o(T) + 77'0_{(T). Proceeding as before, the body
motion equations at the next order are

d’H, Kk
— = — 4+ a1{0_1) +2a,{0p0_1), 5.1
77 1(0-1) 2(006-1) 3.1
d*60_,  ky(T)
1 = 0_1+2c2000_4, 5.2
177 7, 101+ 202000 (5.2)

where

1
ki = _/O ((A[(1 =X)8y — Fu(X)] +B) [(1 - X)0y — Fu(X)]

x g[(l—X)eo—Fu(X)]+B ydX, (5.3)
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and
ka(T) = —/01 (A[(1=X)0o — Fu.(X)] + B) [(1 - X)0y — F (X)]
X % [(1-X)80 - Fu.(X)] +B| (X - B) dX, (5.4)
define k1, k as the coefficients above.

5.1. Analysis for small ky, k»

We will assume that k1 and k, are small: this is partly to make progress and partly because this
has tended to be the case numerically. The possibility that k; ; are not small will be addressed at
the end of the subsection. Then, for H; = O(1), we have the system

d’H,
W = a1(0-1) +2a2(6006-1), (5.5)
d’e_,

1 172 =c10_1 +2c2000,. (5.6)

Similarly to the previous solution, #_; is a periodic function and (#_;) is a constant, indicating
that H is parabolic to leading order. If the right-hand side of (5.5) is positive, then this describes
the solution for all time, and we see a weaker but similar fly away solution. If it is negative,
however, then H;, — 0 at some time 7 = 7}, and there is a second solution when H; is small. In
this case, we rescale for small H; by letting H; = k]3/2y, 0_1 = kl_m@ and T = T, + k¢t to find
the new system

P’y 1 . ip
— =—+k,/7C(1), 5.7
ke 57)
20 ky(T) 1
W = k ; +¢10 +2¢2000, (58)

where we have also defined C as the right-hand side of (5.5) for convenience (C = C() is not a
constant in this boundary layer solution). The expansion y = yg + k}/ 2y1 + ... yields

d2y0 1
d’y, Vi
M o yé +C(1). (5.10)
The solution to equation (5.9) is
2
Y0 = Y0min €XP lerﬁ‘1 ( 2 ! )l , (5.11)
M yomin

where erfi™! is the inverse of the imaginary error function. We can understand its behaviour by
integrating and considering its phase portrait,

2
M (d
> (%) = log |yo| + const. (5.12)
Here, starting from ¢ = —o0, y( decreases from oo close to linearly (like ¢ (log t)'/ 2, passes

through a minimum point at (0, yomin), then leaves symmetrically to +oo, so that yo and hence H;
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T T

Figure 5: A bouncing case. The numerical solutions of & and 6 for a body with
M=1,1=0.2, F,(X) =-0.2sin7X and incoming profile uy = 3.2Y + 1 are shown in
blue. Initial conditions were £(0) = 1, 6(0) = 0.2, h7(0) =0, 67 (0) = 0.
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Figure 6: Bouncing. The results of a simulation for which 6 was calculated using (4.4),
and h and 6_; were calculated using (5.5) and (5.6). Values for &k 5 and C as well as
initial conditions for 6 were taken as constants from full simulations. Since C was taken
as constant, we see h repeats the same excursion - but in reality the shift in the 6_; limit
cycle would produce distinct excursions as shown in the full results of Figure 5.

apparently ‘bounces’. Numerical results from full simulations (shown in Figure 5) confirm this
behaviour, and simulations of the reduced system (5.7) and (5.8) in Figure 6 show that the effect
of the bounce is ultimately to push 6_; into a different limit cycle, so that in the next excursion,
although C is again constant, it takes a new value. This produces repeated excursions of varying

height and length, as observed numerically.

The ‘bouncing’ behaviour here should be observed regardless of the sizes of k1, k,, provided
they are similar in size; if k; »/H; is small we see 6_ oscillating and H; decreasing parabolically,
until H; becomes small enough that k| /H becomes the dominant term in (5.5), causing the body

to ‘bounce’ and re-enter the parabolic regime.
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Figure 7: An ‘oscillating 4’ solution. The numerical solutions of / and 6 for a body with
M=1,1=0.2, F,(X) =-0.2sin7X and incoming profile ug = 4Y + 1 are shown in blue.
Initial conditions were i(0) = 1, 6(0) = 0.2, h7 (0) =0, 67(0) = 0.
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Figure 8: An ‘alternative crash’. The numerical solutions of / and 6 for a body with
M=1,1=0.2, F,(X) =-0.2sin7X and incoming profile ug = 5Y + 1 are shown in blue.
Initial conditions were 2(0) = 100, 8(0) = —0.2, A7 (0) =0, 67 (0) = 0.

6. Other behaviour

The findings above point to further behaviours being possible in the current fluid/body
interactions. These behaviours are associated with interactions in which the scaled body height
h oscillates as discussed below in section 6.1, or an alternative crash effect occurs which is
described in section 6.2 or the scaled angle 6 ceases to remain bounded as investigated in section
6.3 below.

6.1. Oscillating h solutions
These are solutions for which H, = Hy = 0. In this case & = Hy(T) and 6 = 6¢(T) are both

periodic functions to leading order and / never becomes large nor crashes. This is shown in Figure
7. Since for these solutions % and 6 are of comparable size, analysis is difficult and less fruitful.

6.2. Parabolic crash

If h is large in the initial conditions, strong negative parabolas can be realised. The body then
crashes with (k) approximately linear, and %, 6 oscillating. This is shown in Figure 8. On smaller
scales such that the effect of Hy is visible the 4/5 behaviour of section 3 is still shown, but on
large scales it cannot be seen in comparison to the large linear term in 4.
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Figure 9: An ‘escape’ solution. The numerical solutions of /& and 6 for a body with
M=1,1=0.2, F,(X)=-0.2sin7X and incoming profile ug = Y + 1 are shown in blue.
Initial conditions were 2(0) = 100, 8(0) = 0.2, hr (0) =0, 67 (0) =0.

6.3. 6 escape solutions

Using (4.4) to examine the phase portrait for 8y, it is clear that there should also exist some
‘escape’ solutions, in which 6y — oo. These can be realised if starting with large 4. This also
eventually causes a crash as the body turns on its side, but it might be physically questionable as
large values of 8 are not necessarily compatible with the small angle approximation that is used
in the definition of the body curve. A numerical simulation of this case is shown in Figure 9.

7. Discussion and conclusions

The work has focussed on dynamic fluid-body interaction near a wall with substantial incoming
flow vorticity, as is appropriate for the boundary layer setting. Modelling assumptions that the
body is thin and in the appropriate range of lengths, as well as heavy, allowed the reduction of
the problem to a coupled pair of nonlinear integro-ODEs. Numerical solutions confirmed and
explained by accompanying analysis have revealed that the possible behaviours of the body are
wide-ranging and heavily shape-dependent, and in particular the solutions can be split into two
categories. The first class of solutions is so-called crashes, for which the asymptotic dependency
of the body height and angle on time has been determined in the limit of a crash, through two
time stages. The final result that the body velocity is constant at the onset of a crash agrees with
the results of the zero-vorticity study in Smith & Wilson (2011), as would be expected since
the effect of vorticity on the leading order pressure contribution in this limit is negligible. The
problem here differs from their work also in the assumption that the body is heavy which allows
for modelling the flow as quasi-steady and in turn causes the need for two time stages. The crash
problem has also been treated for arbitrary incoming velocity profile, with analysis and numerics
indicating that any velocity profile, provided it is fully forward, yields the same local body motion
asymptotically for a crash scenario, as we might expect given the underbody comes close to the
wall in this case.

Several reasons for concentrating mostly on the constant vorticity case here are notable.
Physically the fluid-body interaction for a body outside the boundary layer or in the outer reaches
of a boundary layer are covered by Balta and Smith (2018). The interaction for constant vorticity
describes the opposite regime where the body lies in the depths of the boundary layer, closer to
the wall. Mathematically the case of constant vorticity is simpler and clearer than the full case.
We tackled it in this work for clash phenomena and then readily extended that to the case of a
full boundary layer in an appendix. The constant-vorticity case also readily allows interesting
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new phenomena, namely fly away and bouncing as well as other phenomena, to be identified
subsequently.

In contrast to the crash solutions, the wide range of interesting non-crash behaviours involving
oscillation of the body angle is unique to flows with vorticity and thus in stark contrast to Balta &
Smith (2018). The presence of vorticity necessitates that as body angle decreases the pressure will
eventually reach its maximum point and eventually cause the body to tilt the other way, causing
oscillating body angle. (Without vorticity pressure cannot reach this point and so oscillation then
never happens.) Not only does this oscillation give rise to a wider range of behaviours but it
is perhaps more physically realistic since it does not result in nominally infinite values of the
scaled body angle. A natural question for further work would be whether, as for crashes, the same
qualitative behaviour is observed regardless of the velocity profile. It is already clear that the
presence of vorticity changes the body behaviour substantially in these cases, and in reality one
would expect vorticity to eventually decrease as the body rises sufficiently far from the wall. To
numerically solve for fly away cases in an arbitrary velocity profile would require adaptation of
the modelling in appendix B to accommodate reverse flow, i.e. potential changes in the sign of
the square root in (B 1). Smith & Palmer (2019) consider reverse flow and separation in a related
setting.

On physical parameter values, in realistic ranges the typical ice particles are of length 10> m
to 10™m and the sizes of the nondimensional numbers involved are 10° for the Froude number
and 10* to 10° for the global Reynolds number, with the representative particle Reynolds number
being 10 to 103. Thus, concerning the Froude number, the typical body weight is very small
compared with the pressure forces. The weight would be expected to have only a longer-term
influence on the present solution behaviours. Further details on icing conditions and the ranges of
parameters are given in Norde (2017), Palmer & Smith (2019), while, concerning the Reynolds
number, viscous effects are considered in Appendix A.

There are no existing experiments as far as we know on bouncing or fly away phenomena,
for example, or on crash responses in detail. Both categories of solution have important
industrial applications in the field of aircraft icing. Understanding what kind of bodies under
what circumstances are likely to collide with an airplane wing is crucial to development of
icing protection systems. Understanding the position and behaviour of those that do not crash
is important as their presence may influence the behaviour of other bodies in multi-particle
simulations, as well as the use of knowing which bodies do not crash to ice protection. In a
similar vein the behaviour of the body following a crash would be an interesting question for
further work, as well as conducting multi-particle studies as in Smith & Ellis (2010) and Smith
et al. (2019). Other extensions to the analysis not yet mentioned include accounting for three-
dimensional bodies and flow and the inclusion of thermodynamic properties (melting/freezing)
of ice.

Appendix A. Viscous effects

The main text is concentrated on inviscid theory as a first model to gain some understanding
and predictions of the fluid-body interaction. It is equally interesting, not to say important, to
consider possible viscous effects even though they may be negligible for the interaction where the
flow remains attached at the underbody and at the wall. Viscous effects are nominally negligible in
the main momentum balance (2.3) because of the large global Reynolds number Re. Thin viscous
sublayers are nevertheless generated on the underbody surface and on the wall over the length
scale L of the body (and likewise on the overbody), these sublayers having typical thickness
Re~'/2L1/2 since the velocity u is of order unity, in nondimensional terms. The sublayer thickness
is thus AL'/? which is small relative to the representative gap width A.

The viscous sublayer flows are classical boundary layers, controlled by the boundary layer
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equations subject to the pressure gradients induced in the gap flow and to the no-slip conditions
at the underbody surface. The pressure gradients tend to be weak at first when a body is relatively
far from the wall but after that they can strengthen, generally being favourable upstream of the
position of minimum gap width and adverse downstream. The sublayers should therefore remain
attached upstream but may separate downstream eventually as impact is approached. Similar
considerations apply to the viscous sublayer at the wall. There is less likelihood of separation
at the wall however due to the positive wall velocity there. On the underbody if separation
occurs it seems likely to only alter the effective shape felt” by the gap flow quantitatively but
not qualitatively. A minimum gap width arising ahead of the separation point seems physically
sensible.

Close to impact during a crash, as the first stage in section 3.1 comes to an end, the minimum
gap thickness decreases like (Tp — 7)*/> multiplied by A. The thin sublayer on the other hand is
subjected to increased pressure variations then and as a result its local thickness decreases like
(Tp — T)3/ but multiplied by the small constant AL'/? . So the latter thickness remains negligible
even during the second stage of section 3.2. A similar comment applies to the examples of
bouncing. This assumes that any downstream separation is not of excessively large scale and does
not disturb the effective local underbody shape significantly. Further, in the crash example the
implication is that viscous effects are likely to become leading-order effects only over a time scale
much smaller than that of the second stage due to the ALY2 factor; the local y-thicknesses involved
then are also considerably smaller than those holding in the second stage. The process suggested
by these scale arguments points to viscous influences emerging as leading order influences when
the underbody comes very much closer to the wall as in the nonlinear viscous-inviscid interaction
discussed recently by Palmer & Smith (2020b) for near-wall flows deep inside a boundary layer.

The downstream separation mentioned in either of the two paragraphs immediately above can
be modelled in several ways. One is as a marginal separation when it first appears in the context
of the first paragraph. Another is as a free streamline phenomenon in regard to the first or second
paragraph when the separation is considerable. Finally and perhaps most rationally, there is the
approach developed in Palmer & Smith (2020b) where the interactive boundary layer equations
are used to describe the entire fluid flow in the gap; this captures the separation and corresponding
reversed flow fully although the present parameter range is different due to the wall-velocity scale
for example.

The above assumes laminar flow in the sublayer(s). If the sublayer flow is instead transitional
or turbulent then separation tends to be suppressed to an extent depending, in the turbulent
regime, on the turbulence intensity. If that intensity is sufficiently large Scheichl ez al. (2011) then
separation can be suppressed completely.

Appendix B. ‘Crash’ solutions for a boundary layer profile

This short section confirms the applicability of the theory to an arbitrary incident velocity
profile in a boundary layer Jolley et al. (2021), along with indicating applicability to other
underbody shapes.

Beginning with the first stage, where the Bernoulli equation (2.10) holds, we find the
generalization of the relation (2.13) to be

_orren ug(a)
FX.T) = /0 (wo(@)? — 2p(X. T2 @D

This gives an expression for the pressure p in terms of underbody positioning F, which then
allows the body motion equations to be solved numerically. In the event of the crash we still find
that &, 0 have an asymptotic dependency of O(T — Ty)*/3 in the general boundary layer case, a
feature which is confirmed again by numerical results, as shown in Figure 10. The results in the
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Figure 10: Blue shows first-stage numerical solutions of / and 6 for a body with
M =1, I =0.2, and elliptical shape F,, (X) = —0.2(1 — 4(x — 1/2)%)!/2, with incoming
flow profile ug = 2 — exp(=Y). Initial conditions were
h(0) =1, 6(0) =0.2, hy (0) = -0.1, 67 (0) = 0. Red shows a curve varying as
(Tp — T)*/° with the end point fixed to match the corresponding /4 or 6 value there.

figure are for an elliptical underbody shape rather than the sinusoidal form considered earlier.
The findings here suggest that neither the detailed body shape (if smoothly convex downwards)
nor the incoming velocity profile have substantial effects on the long-term qualitative behaviour.

The body then moves into the second stage much as in Section 3, and all the same scalings still
apply in both the inner and outer regions. It can be shown that 7 = €>/7 is still the relevant time
scale, even though we are unable to tidily eliminate the Vuy inertial term in the outer region as
we could in the constant vorticity case to obtain the modified Bernoulli equation (3.25). Instead
we have

uo(Y)? X < Xo

. , B2
Juo(N)? = [T iy dé X > Xo B2)

%u(X, Y,s)?+p(X,s) = {
with 7 = €7/7 as anticipated.
In the inner region, the expression (3.14) for velocity in terms of volume flux and underbody
positioning still holds. Concerning the outer region, volume flux conservation acts to close the
system, yielding

F~(s)
Fiis = [ oDy, (B3)
© (w0002 -2 [T )

where F~ () is the Y-value of the continuation of the body streamline into the Euler region. Here
(B 3) is an ODE for the volume flux in terms of % and &, and thus can be used to integrate the
body motion equations.

The same argument as in Section 3 determines the asymptotic dependency of the system on
s. The denominator must not become complex so assuming 4, 6§ = O(sN) as s — 0 yields
k = O(s™/?) once more. Consideration of the body motion equations then yield N = 1 as before.
This is confirmed by numerical results: see Figure 11, which again is for an ellipse rather than a
sinusoidal underbody. Thus, throughout the motion of the body up to the crash, there is no leading
order qualitative alteration due to the incoming velocity profile or to the smooth underbody shape.
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respectively) and /i, A small to match with the first stage. Red shows curves varying as
(|s|)4/ 5 with the start point fixed to match the initial conditions and yellow shows a curve
varying as O(|s|) with the end-point fixed similarly.

Declaration of interests. The authors report no conflicts of interest.

REFERENCES

BALTA, S. & SMmiTH, F. T. 2018 Fluid flow lifting a body from a solid surface. Proc. Roy. Soc. A 474 (2219),
20180286.

DEHGHAN, M. & BASIRAT TaBRIzI, H. 2014 Effects of coupling on turbulent gas-particle boundary layer
flows at borderline volume fractions using kinetic theory. Journal of Heat and Mass Transfer Research
1(1), 1-8.

EiNav, S. & LEE, S. L. 1973 Particles migration in laminar boundary layer flow. International Journal of
Multiphase Flow 1 (1), 73-88.

ELDREDGE, J. D. 2008 Dynamically coupled fluid-body interactions in vorticity-based numerical
simulations. Journal of Computational Physics 227 (21), 9170-9194.

FRANK, M., ANDERSON, D., WEEKS, E. R. & MORRIS, J. F. 2003 Particle migration in pressure-driven flow
of a Brownian suspension. J. Fluid Mech. 493, 363-378.

GAvzg, E. & SHAPIRO, M. 1997 Particles in a shear flow near a solid wall: effect of nonsphericity on forces
and velocities. International Journal of Multiphase Flow 23 (1), 155-182.

GENT, R. W., DART, N. P. & CANSDALE, J. T. 2000 Aircraft icing. Phil. Trans. Roy. Soc. A 358 (1776),
2873-2911.

HaLL, G. R. 1964 On the mechanics of transition produced by particles passing through an initially laminar
boundary layer and the estimated effect on the LFC performance of the X-21 aircraft. Tech. Rep..
NASA.

JOLLEY, E. M., PALMER, R. A. & SMiTH, F. T. 2021 Particle movement in a boundary layer. J. Eng. Math.
128 (6).

JoNES, M. A. & SmiTH, F.T. 2003 Fluid motion for car undertrays in ground effect. Journal of Engineering
Mathematics 45 (3-4), 309-334.

KisHORE, N. & Gu, S. 2010 Wall effects on flow and drag phenomena of spheroid particles at moderate
reynolds numbers. Industrial & Engineering Chemistry Research 49 (19), 9486-9495.

LotH, E. & DORGAN, A. J. 2009 An equation of motion for particles of finite Reynolds number and size.
Environmental Fluid Mechanics 9 (2), 187-206.

NORDE, E. 2017 Eulerian method for ice crystal icing in turbofan engines. PhD thesis, University of Twente.

PALMER, R. A. & SMmiTH, F. T. 2019 When a small body enters a viscous wall layer. European Journal of
Applied Mathematics pp. 1-27.

PALMER, R. A. & SMITH, F. T. 2020a A body in nonlinear near-wall shear flow: impacts, analysis and
comparisons (accepted for publication). J. Fluid Mech. .



19

PALMER, R. A. & SMiTH, F. T. 202056 A body in nonlinear near-wall shear flow: numerical results for a flat
plate (under review). J. Fluid Mech. .

PETRIE, H. L., MoORrRIs, P. J., BAtwa, A. R. & VINCENT, D. C. 1993 Transition induced by fixed and freely
convecting spherical particles in laminar boundary layers. Tech. Rep.. Pennsylvania State University,
University Park Applied Research Lab.

PoEsIo, P., Ooms, G., TEN CATE, A. & HuNT, J. C. R. 2006 Interaction and collisions between particles in
a linear shear flow near a wall at low Reynolds number. J. Fluid Mech. 555, 113-130.

PoOrRTELA, L. M., Cota, P. & OLIEMANS, R. V. A. 2002 Numerical study of the near-wall behaviour of
particles in turbulent pipe flows. Powder Technology 125 (2-3), 149-157.

Purvis, R. & SmitH, F. T. 2016 Improving aircraft safety in icing conditions. In UK Success Stories in
Industrial Mathematics, pp. 145-151. Springer.

ScHEICHL, B., KLuwick, A. & SMITH, F. T. 2011 Break-away separation for high turbulence intensity and
large reynolds number. Journal of Fluid Mechanics 670, 260-300.

ScHMIDT, C. & YOUNG, T. 2009 Impact of freely suspended particles on laminar boundary layers. In 47th
AIAA Aerospace Sciences Meeting including The New Horizons Forum and Aerospace Exposition,
p- 1621.

ScaMIDT, C., YOUNG, T. M. & BENARD, E. P. 2010 The effect of a particle travelling through a laminar
boundary layer on transition. In Seventh IUTAM Symposium on Laminar-Turbulent Transition, pp.
561-564. Springer.

SmiTH, F. T. 2017 Free motion of a body in a boundary layer or channel flow. J. Fluid Mech. 813, 279-300.

SMiTH, F. T., BALTA, S., Liu, K. & JOHNSON, E. R. 2019 On dynamic interactions between body motion
and fluid motion. In Mathematics Applied to Engineering, Modelling, and Social Issues, pp. 45-89.
Springer.

SmitH, F. T. & ELLIs, A. S. 2010 On interaction between falling bodies and the surrounding fluid.
Mathematika 56 (1), 140-168.

SMITH, F. T. & JoHNSON, E. R. 2016 Movement of a finite body in channel flow. Proc. Roy. Soc. A 472 (2191),
20160164.

SMiITH, F. T., OVENDEN, N. C., FRANKE, P. T. & DoorLy, D. J. 2003 What happens to pressure when a flow
enters a side branch? J. Fluid Mech. 479, 231-258.

SMmiTH, F. T. & PALMER, R. 2019 A freely moving body in a boundary layer: Nonlinear separated-flow
effects. Applied Ocean Research 85, 107-118.

SmiTH, F. T. & SERvVINI, P. 2019 Channel Flow Past A Near-Wall Body. Quart. J. Mech. Applied Maths 72,
359-385.

SmiTH, F. T. & WILsoN, P. L. 2011 Fluid-body interactions: clashing, skimming, bouncing. Philosophical
Transactions of the Royal Society A 369, 3007-3024.

SMmiTh, F. T. & WILSON, P. L. 2013 Body-rock or lift-off in flow. J. Fluid Mech. 735, 91-119.

WANG, C. & ELDREDGE, J. D. 2015 Strongly coupled dynamics of fluids and rigid-body systems with the
immersed boundary projection method. Journal of Computational Physics 295, 87-113.

WANG, J. & LEvy, E. K. 2006 Particle behavior in the turbulent boundary layer of a dilute gas-particle flow
past a flat plate. Experimental Thermal and Fluid Science 30 (5), 473—483.

Wu, K., YANG, D., WRIGHT, N. & KHAN, A. 2018 An integrated particle model for fluid-particle-structure
interaction problems with free-surface flow and structural failure. Journal of Fluids and Structures
76, 166-184.

Yu, Z., PHAN-THIEN, N. & TANNER, R. I. 2007 Rotation of a spheroid in a Couette flow at moderate
Reynolds numbers. Physical Review E 76 (2), 026310.



	Introduction
	The fluid-body interaction
	`Crash' solutions
	First stage
	Second stage

	`Fly away' solutions
	The 0 limit cycle

	`Bouncing' solutions
	Analysis for small k1, k2

	Other behaviour
	Oscillating h solutions
	Parabolic crash
	 escape solutions

	Discussion and conclusions
	Appendix A
	Appendix B

