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Protein self-assembly into amyloid fibrils underlies several neurodegenerative conditions, including
Alzheimer’s and Parkinson’s diseases. It has become apparent that the small oligomers formed
during this process constitute neurotoxic molecular species associated with amyloid aggregation.
Targeting the formation of oligomers represents therefore a possible therapeutic avenue to combat
these diseases. However, it remains challenging to establish which microscopic steps should be
targeted to suppress most effectively the generation of oligomeric aggregates. Recently, we have
developed a kinetic model of oligomer dynamics during amyloid aggregation. Here, we use this
approach to derive explicit scaling relationships that reveal how key features of the time evolution
of oligomers, including oligomer peak concentration and life-time, are controlled by the different
rate parameters. We discuss the therapeutic implications of our framework by predicting changes in
oligomer concentrations when the rates of the individual microscopic events are varied. Our results
identify the kinetic parameters that control most effectively the generation of oligomers, thus opening
the way for the systematic rational design of therapeutic strategies against amyloid-related diseases.

I. INTRODUCTION

The aggregation of proteins and peptides into linear as-
semblies is a common phenomenon in biology. A partic-
ularly relevant example of such linear self-assembly pro-
cess is the formation of characteristic β-sheet-rich protein
nanostructures known as amyloid fibrils, a process which
has been linked with numerous neurodegenerative disor-
ders, including Alzheimer’s and Parkinson’s diseases [1–
5]. Systematic studies of amyloid assembly kinetics over
the last 50 years [6–16] have revealed that this process
is initiated by a primary (i.e. fibril-independent) nucle-
ation step, accompanied by the elongation of the initial
aggregates. It has also been realised that in many cases,
including for the aggregation of the amyloid-beta peptide
(Aβ) in Alzheimer’s disease, the aggregation process is
accelerated by secondary (i.e. fibril-dependent) processes,
including fibril fragmentation [17] and fibril-induced sec-
ondary nucleation [1, 2, 11, 14, 18].

Although the presence in brain tissues of large amy-
loid deposits is the hallmark of these neurodegenera-
tive disorders, recent evidence suggests that the most
damaging neurotoxic effects are caused by smaller ag-
gregates, termed oligomers, which form during amyloid
self-assembly [19–27]. As such, targeting oligomer dy-
namics may represent an attractive therapeutic strategy
against the deleterious biology associated with aberrant
amyloid aggregation [28–36]. Given the complex cou-
pling of the microscopic steps leading to amyloid forma-
tion, which results in a system of non-linear differential
equations, it is challenging to understand how one should
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intervene on this system to regulate in an effective man-
ner the concentration of oligomers generated during ag-
gregation [7, 37–43]. The oligomeric state represents a
hub in the highly non-linear kinetic network describing
amyloid aggregation, as multiple transitions lead in and
out from this state, so that perturbing a particular tran-
sition results in often unexpected consequences on the
overall oligomer dynamics [7, 29, 37, 44]. Notably, a re-
cent study has revealed how among four clinical-stage
antibodies, only one reduced the population of oligomers
in a therapeutically beneficial manner [45].

Recently, the application of the general formalism
of chemical kinetics to experimental measurements of
oligomer concentrations has provided new insights into
the molecular-level events underlying oligomer dynam-
ics during amyloid aggregation [37, 38]. In this paper
we make a step forward and use this theoretical frame-
work to explore systematically how changes in the vari-
ous aggregation rate parameters affect the population of
oligomers. To rationalise the effect of different therapeu-
tic strategies from first principles, we derive new scal-
ing relationships describing key features of oligomer dy-
namics, including oligomer peak time and concentration,
oligomer persistence and productivity. Our work offers
a quantitative theoretical platform for predicting the ef-
fect of specific inhibition strategies on the generation of
oligomers, which could guide the design of new drugs that
target these microscopic steps.

II. KINETIC EQUATIONS OF AMYLOID
OLIGOMER DYNAMICS

The general chemical kinetics approach to model pro-
tein aggregation into amyloid fibrils uses a master equa-
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FIG. 1. Elementary steps leading to oligomer produc-
tion in amyloid aggregation. Schematic representation of
the microscopic steps and associated reaction rate constants
describing oligomer dynamics during an ongoing amyloid ag-
gregation reaction.

tion to describe how the populations of different aggre-
gating species is affected by the underlying microscopic
aggregation events [6–8, 15]. This framework, previ-
ously applied to study the overall fibril formation process
[6–8, 15], was recently generalised to include oligomeric
species [37, 38]. The key microscopic steps that pop-
ulate and deplete oligomer populations during amyloid
aggregation are shown in Fig. 1. The combined effect of
these steps on aggregation is captured by the following
differential rate laws [37, 38]:

dO(t)

dt
= ko,1m(t)no,1 + ko,2m(t)no,2M(t)

− [kcm(t)nc + kd]O(t) , (1a)

dP (t)

dt
= kcm(t)ncO(t) , (1b)

dM(t)

dt
= 2[k+m(t)− koff ]P (t) = −dm(t)

dt
, (1c)

where O(t) is the number concentration of oligomers,
m(t) is the concentration of monomers and P (t), M(t)
denote the number and mass concentrations of fibrils, re-
spectively. Eq. (1a) describes the net rate of oligomer
formation and depletion. Oligomers can be formed di-
rectly from the monomers through a primary (i.e. fibril-
independent) nucleation step. The rate constant for this
primary oligomer formation step is ko,1 and we cap-
ture its monomer concentration dependence by means
of the reaction order no,1. Oligomers can be formed
also through secondary (i.e. fibril-dependent) nucleation
mechanisms, where one or more monomers interact with
existing fibrils to generate new oligomers. As the mass of
fibrils increases, more fibril surface is generated on which
new oligomers can in turn be formed, leading to an expo-
nential multiplication process. The rate of oligomer for-
mation through secondary nucleation depends on a com-
bination of monomeric proteins and fibril mass, where
ko,2 is the rate constant and no,2 is the reaction order

with respect to the monomer concentration. no,1 and no,2
do not need to be the same. The last term in Eq. (1a)
describes depletion fluxes that decrease the population
of oligomers. If oligomers are short fibrillar structures
capable of growth into mature fibrils, then oligomer de-
pletion would occur through their elongation into longer
fibrils. Recent experimental evidence [37, 38], however,
suggests that the reactive flux from oligomer concentra-
tions to mature fibrils involves conversion events into fib-
rillar species that are capable of further growth. This
conversion step is described by the rate constant kc and
the reaction order nc. It has also been established [37, 38]
that a large fraction of oligomers dissociates back to
monomers before the conversion step has taken place.
This process is described in Eq. (1a) by the rate of disso-
ciation kd. We note that dissociation may occur also in
contact with the surface of fibrils, in which case we would
write kd = k̃dM(t). Equation (1b) is responsible for the
creation of growth competent fibrils (number concentra-
tion P ) when oligomers successfully convert. Eq. (1c)
describes the buildup of aggregate mass (M), and there-
fore the depletion of free monomers (m), when existing
fibrils elongate, where k+ is the elongation rate constant,
koff is the rate of fibril dissociation and the factor of 2
accounts for two growing ends per aggregate.

The condition dM(t)
dt = −dm(t)

dt in Eq. (1c) reflects the
conservation of total protein mass mtot = m(t) + M(t).
We note however that this condition implicitly assumes
that fibril elongation is the main consumer of monomers
and primary generator of aggregate mass. In fact, the

kinetic equation for dm(t)
dt should take into account not

only for elongation/dissociation but also for monomer
consumption via the various nucleation pathways

dm(t)

dt
= −2[k+m(t)− koff ]P (t)− no,1ko,1m(t)no,1

− no,2ko,2m(t)no,2M(t) + nckcm(t)ncO(t) .
(2)

For fibrillar systems the dominant sink term for the
change in monomer mass concentration in Eq. (2) is the
elongation of fibrils and not the nucleation of new ag-
gregates, i.e. the rates of nucleation (either primary or
secondary) are negligible compared to the rate of fibril
elongation [8]. Fast nucleation and slow growth would in
fact result in the formation of many nuclei that are un-
able to grow into long fibrils; at the end of the reaction
the resulting aggregates would be only a few monomers
long. Slow nucleation and fast elongation is therefore
a general feature of fibril forming systems, where typi-
cal aggregates consist of several thousand monomers [8].
These considerations allow us to neglect nucleation terms
in Eq. (2) yielding Eq. (1c) (see Figure 4(c,d) for a nu-
merical validation of this approximation).

We note that Eqs. (1) generalise a set of kinetic equa-
tions previously utilised to describe amyloid fibril forma-
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tion [6–8, 15]:

dP (t)

dt
= k1m(t)n1 + k2m(t)n2M(t) , (3a)

dM(t)

dt
= 2[k+m(t)− koff ]P (t) = −dm(t)

dt
. (3b)

Unlike Eqs. (1), Eqs. (3) do not account explicitly for
oligomer populations, and describe primary and sec-
ondary nucleation as single coarse-grained processes. The
rate constants k1, k2 and the respective reaction orders
n1, n2 in Eqs. (3) can be viewed as coarse-grained repre-
sentations of the constituent processes of oligomer for-
mation and conversion captured in Eqs. (1) (see Ap-
pendix C for a discussion). Eqs. (1) describe primary
and secondary nucleation as 2-step processes involving
oligomers as an intermediate step. As we shall see later,
Eqs. (3) emerge naturally from Eqs. (1) in the limit of fast
oligomer conversion in front of the characteristic overall
aggregation timescale.

The system of equations (1) is not exactly integrable.
To address this challenge we employ perturbation and
asymptotic analysis to obtain explicit solutions to the ag-
gregation kinetics. In particular, in Sec. III we study the
linearized kinetic equations, valid for the early stages of
the reaction. We then use this analysis in Sec. IV, in com-
bination with renormalization group and self-consistent
approaches, to obtain asymptotic expressions for the fib-
ril mass fraction and oligomer concentration that are
valid for the full reaction time course. In Sec. V we show
how these analytical expressions provide a basis for un-
derstanding, from first principles, a range of important
characteristics of the aggregation reaction and predicting
how different therapeutic strategies may interfere with
the production of oligomers.

III. EARLY STAGES OF AGGREGATION

We start our analysis of Eqs. (1) by focussing on the
early stages of the aggregation dynamics. In this limit the
concentration of monomers is close to the initial value
at t = 0, such that we can set m(t) = m(0) through-
out. This situation is relevant during the early times
of aggregation when the monomeric protein concentra-
tion changes little and is also likely to be representative
of many situations in living systems where the monomer
concentration is maintained at a constant level by protein
synthesis (open system).

A. Linearized kinetic equations

Setting m(t) = m(0) we transform the dynamic equa-
tions (1) into a linear system of differential equations

[37, 38]:

dO0(t)

dt
= ρo,1m(0) + ρo,2M0(t)− ρeO0(t), (4a)

dP0(t)

dt
= ρcO0(t), (4b)

dM0(t)

dt
= ρ+P0(t), (4c)

or in matrix form dc
dt = A c + b as:

d

dt

O0

P0

M0

 =

−ρe 0 ρo,2
ρc 0 0
0 ρ+ 0


︸ ︷︷ ︸

=A

O0

P0

M0


︸ ︷︷ ︸

=c

+

ρo,1m(0)
0
0


︸ ︷︷ ︸

=b

.

(5)
Here the index 0 indicates solutions to the linearized
equations and we have introduced the reaction rates with
units of time−1 for the different processes as: ρo,1 =
ko,1m(0)no,1−1 for oligomer formation through primary
nucleation, ρo,2 = ko,2m(0)no,2 for oligomer formation by
secondary nucleation, ρ+ = 2[k+m(0) − koff ] for fibril
elongation, and ρc = kcm(0)nc , ρd = kd for oligomer
conversion and dissociation. Moreover, we introduce
ρe = ρc + ρd as the combined rate of conversion and
dissociation.

A complete mathematical treatment of the linearised
kinetic equations (5) is presented in Appendices A and
B. The exact solution to Eq. (5) with initial condition
c(0) = [0, P (0),M(0)] is obtained as

O0(t) =

3∑
i=1

x2
i

ρcρ+

(
Cie

x1t −Di

)
, (6a)

P0(t) =

3∑
i=1

xi
ρ+

(
Cie

x1t −Di

)
, (6b)

M0(t) =

3∑
i=1

(
Cie

x1t −Di

)
, (6c)

where x1, x2, x3 are the three eigenvalues of the matrix A
and Ci, Di are integration constants. Explicit expressions
for these parameters are given in Appendix A.

B. Oligomer proliferation is controlled by a single
effective rate parameter

The exact solution (6) is a sum of exponentials exit (i =
1, 2, 3) and is in general quite complex. In Appendix B we
show that one of the eigenvalues (x1) is real and positive,
while the other two eigenvalues (x2 and x3) have negative
real part. Therefore, the time evolution of O0(t), P0(t)
and M0(t) will be rapidly dominated by the increasing
exponential term ex1t, while the terms ex2t, ex3t decay
rapidly in time and can be neglected in front of ex1t. We
can thus simplify the expressions in (6) by keeping the
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leading ex1t term only, yielding

O0(t) ' x2
1 C1

ρ+ρc
ex1t , (7a)

P0(t) ' x1 C1

ρ+
ex1t , (7b)

M0(t) ' C1e
x1t . (7c)

As a key result of this analysis, we see that a single ef-
fective rate x1 controls the overall proliferation of fibrils
via oligomers during the early-stages of aggregation. In
particular, all concentrations O0(t), P0(t) and M0(t) in-
crease exponentially with time as ex1t, i.e. with the same
characteristic multiplication rate x1. Thus, during the
early stages of aggregation, fibril and oligomer concen-
trations are approximately correlated in time:

M0(t) =
ρ+

x1
P0(t) =

ρ+ρc
x2

1

O0(t). (8)

Note that this temporal correlation is valid only for open
systems or during the early stages of dynamics, i.e. for
times t shorter than the characteristic timescale of aggre-
gation 1/x1.

C. Analysis of the characteristic rate of aggregate
multiplication

We have seen that the principal eigenvalue x1 of the
matrix A determines the characteristic rate of aggregate
proliferation in the system. The explicit expression for
x1 is quite complex and for this reason it can be found
in Appendix A (see Eq. (A5)). It is however important
to note from this expression that x1 depends only on two
combinations of the kinetic parameters (Fig. 2(a))

κ = (ρo,2ρ+ρc)
1/3, δ =

ρe
κ
. (9)

The parameter κ, which has units of inverse time, de-
scribes the characteristic rate of the overall aggregation
process, while the dimensionless parameter δ compares
the combined rate of oligomer dissociation and conver-
sion with the overall rate of aggregation. Depending on
the value of the parameter δ we can distinguish two limits
of practical importance:

• The limit δ � 1 corresponds to the situation when
oligomer dissociation and conversion are slow com-
pared to the characteristic rate of aggregation. We
term this regime non-equilibrium oligomerization.

• The limit δ � 1 describes the case when oligomer
dissociation and conversion are fast compared to
the overall aggregation process. We term this
regime quasi-equilibrium oligomerization.

To obtain a clearer picture of the underlying physics
determined by the principal eigenvalue x1, we employed

(i) Non-equilibrium

(ii) Quasi-equilibrium (2-step 
nucleation)

(iii) Quasi-equilibrium (1-step 
nucleation)
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FIG. 2. Analysis of linearised kinetic equations. (a)
The real part of the eigenvalues x1, x2, x3 of matrix A is
plotted against δ = ρe/κ. The solid line indicate the ex-
act solution for x1, x2, x3 (given in (A5)), while the dashed
lines indicate the asymptotic predictions of Eqs. (10) and
(11) for non-equilibrium and quasi-equilibrium oligomeriza-
tion, respectively. (b) Schematic representation of the dif-
ferent limits: 2-step nucleation (ρc � κ), 1-step nucleation
(ρc � κ), non-equilibrium oligomerization (ρe � κ) and
quasi-equilibrium oligomerization (ρe � κ).

methods from asymptotic analysis to obtain simplified
expressions for x1 valid in the limits of non-equilibrium
and quasi-equilibrium oligomerization. The mathemati-
cal details of this analysis are presented in Appendix B;
here we shall summarise only the main results.

1. Non-equilibrium oligomerization

In the limit δ � 1, we find that the three eigenvalues
x1, x2, x3 are approximately equal to (see Appendix B for
details):

x1 = κ, x2,3 =
−κ± i

√
3κ

2
, (10a)

where

κ = (ρo,2ρ+ρc)
1/3. (10b)

The accuracy of the asymptotic formula (10) against
the exact solution for x1, x2, x3 (Eq. (A5)) is shown
in Fig. 2(a). The physical interpretation of the limit
δ = ρe/κ � 1 is that oligomer conversion and dissocia-
tion happen on timescales slower than the characteristic
timescale of overall aggregation, κ−1. This limit corre-
sponds therefore to the situation when oligomerization
does not equilibrate over timescales comparable to κ−1

(Fig. 2(b)).

2. Quasi-equilibrium oligomerization

In the opposite limit δ � 1, we find the following
asymptotic expressions for the eigenvalues x1, x2, x3 (see
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Quasi-equilibrium 
oligomerization (N = 2)

Non-equilibrium 
oligomerization (N = 3)
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FIG. 3. Interpretation of oligomer dynamics in terms
of a Hinshelwood cycle. (a) Schematic representation
of the autocatalytic Hinshelwood cycle. (b) Interpretation
of the autocatalytic cycle of amyloid fibril self-replication
via oligomers in the non-equilibrium regime as a Hinshel-
wood cycle with N = 3 species. (c) Interpretation of quasi-
equilibrium oligomerization as a Hinshelwood cycle with N =
2 species, whereby secondary nucleation occurs with effective
rate ρc

ρe
ρo,2.

Appendix B for details):

x1,2 = ±κ0

√
ρc

ρc + ρd
, x3 = −(ρc + ρd). (11a)

where

κ0 =
√
ρo,2ρ+. (11b)

This result corresponds to a system dominated by
secondary nucleation with a quasi-equilibrium for the
oligomers with respect to monomers (Fig. 2(a)).

Unlike for δ � 1, in the regime δ � 1 we see that
the dissociation rate affects the proliferation rate x1. In
particular, x1 tends to 0 when dissociation is fast (ρd →
∞). When conversion is fast (ρc →∞) we find x1 → κ0,
hence recovering the previous result for the proliferation
rate for 1-step nucleation in the absence of conversion
[8, 11].

D. Interpretation in terms of Hinshelwood’s
autocatalytic cycle

In the non-equilibrium oligomerization regime, we note
that the characteristic rate of aggregation

κ = (ρo,2ρ+ρc)
1/3 (12)

is the geometric average of the rates of the various ele-
mentary steps that, in series, lead to fibril proliferation:
ρo,2 (oligomer formation), ρc (oligomer conversion) and
ρ+ (fibril elongation). In fact, κmay be interpreted as the
rate at which fibrils self-replicate. A full self-replication
cycle of fibrils involves generating oligomers on the sur-
face of an existing fibril, converting the resulting oligomer
into a growth-competent fibril and then elongating this
fibril. Only at the end of this full cycle we have two copies
of the original fibril. The dominance of the parameter κ
results into a characteristic scaling behaviour of the char-
acteristic time of aggregate proliferation t1/2 ∝ 1/κ with
total protein concentration

t1/2 ∝ m(0)−γ , γ =
no,2 + nc + 1

3
, (13)

where no,2 and nc are the reaction orders of the oligomer
formation and conversion steps, and the factor 1 is the
reaction order of fibril elongation with respect to the
monomer concentration.

A useful way to interpret this result is provided by
the Hinshelwood autocatalytic cycle (Fig. 3(a)) [46, 47].
The Hinshelwood cycle consists of a series N first order
reactions arranged in a circular fashion, such that the
rate of production of species Xi on the cycle depends
on the concentration of the previous species Xi−1 on the
cycle

dXi

dt
= ki−1Xi−1, i = 2, · · · , N (14a)

dX1

dt
= kNXN . (14b)

After a rapid initial phase of adaptation, this arrange-
ment leads to positive feedback, whereby the concen-
tration each species in the cycle grows exponentially
Xi ∼ eκt with the same rate κ, given by:

κ = (k1 k2 · · · kN )1/N . (15)

Indeed, the matrix associated with the kinetic equations
(14) is [47]

K =


0 0 · · · 0 kN
k1 0 · · · 0 0
0 k2 · · · 0 0
...

...
. . .

...
...

0 0 · · · kN−1 0

 . (16)

Since KN = κN I, where I is the identity matrix, the
eigenvalues of K are the N roots of κN , i.e.

κ e
2πij
N , j = 0, · · · , N − 1. (17)

κ is the eigenvalue with largest positive real part. Con-
sequently the positive-feedback dynamics of the Hinshel-
wood cycle is controlled by this single effective rate κ,
which is a combination of the individual rates ki. Inter-
estingly, κ is the geometric average of the individual rates



Accepted to J. Chem. Phys. 10.1063/5.0077609

6

along the cycle, where N is the number of species in the
cycle. As a direct consequence of this result, if each re-
action step in the cycle displays a dependence ki ∝ Xni

tot

on the total available concentration Xtot, where ni is the
respective reaction order, then Eq. (15) implies

κ ∝ X
n1+n2+···+nN

N
tot . (18)

In other words, the characteristic timescale of prolifer-
ation along the cycle, tcycle ∝ 1/κ, exhibits a scaling
behavior with Xtot:

tcycle ∝ X−γtot , γ =
n1 + n2 + · · ·+ nN

N
. (19)

The scaling exponent γ is the arithmetic average of the
reaction orders of the individual steps along the cycle.
We see that Eqs. (12) and (13) are special manifesta-
tions of the general results in Eqs. (15) and (19) if we in-
terpret the fibril self-replication cycle as a Hinshelwood
autocatalytic cycle with N = 3 steps corresponding to
oligomer formation, oligomer conversion and fibril elon-
gation (Fig. 3(b)).

Similarly, we can interpret the effective pro-
liferation rate for quasi-equilibrium oligomerization,

(ρ+ρcρo,2/ρe)
1/2

, as the geometric average between the
rate of fibril growth (ρ+) and secondary nucleation,
which, due to the quasi-equilibrium for the oligomers
with respect to monomers, takes place with effective rate
ρcρo,2/ρe. Quasi-equilibrium oligomerization may there-
fore be interpreted as a Hinshelwood cycle with N = 2
steps (Fig. 3(c)).

E. Role of off-pathway oligomers

In Eqs. (1) we have considered only one oligomer
species, which is on-pathway to fibrils. Our frame-
work could be generalised to include multiple intermedi-
ate on-pathway oligomer species, as well as off-pathway
oligomers. In particular, the presence of off-pathway
oligomers can be described by extending Eqs. (1) to in-
clude an additional oligomer species that is not capable
of converting to the fibril state (see Appendix F). Inter-
estingly, the concentration of off-pathway species has the
same analytical form as for on-pathway oligomers, just
by setting kc = 0 (no conversion) and replacing kd by
kd,off . This finding implies that on-pathway oligomers
have identical unseeded kinetics to off-pathway species
with equivalent formation and loss rates. Therefore, any
time correlation between oligomer and fibril production
in the early stages of aggregation cannot be used to con-
clude that the oligomers are on-pathway or off-pathway.
Instead, one must use inhibitors, perform disaggregation
reactions or potentially seed the oligomers to identify
on-pathway species. However, if an oligomer does not
form appreciably until after the fibril concentration has
plateaued, then one can conclude with reasonable confi-
dence that it is off-pathway. See Ref. [39] for a detailed
exploration of these points.

IV. FULL TIME-COURSE

Having investigated the linearised kinetic equations
we now discuss analytical solutions to the full dynamic
equations that are valid for the entire reaction time
course. We consider quasi-equilibrium oligomerization
in Sec. IV A and discuss the non-equilibrium oligomer-
ization limit in Sec. IV B. For simplicity, we consider the
initial conditions O(0) = M(0) = P (0) = 0, i.e. we ne-
glect the presence of initial seed fibrils. In both cases, the
obtained analytical solutions are valid in the limit when
the generation of oligomers is dominated by secondary
nucleation.

A. Quasi-equilibrium oligomerization

1. Fibril concentration

When oligomers equilibrate rapidly compared to ag-
gregation we can assume quasi-equilibrium for O(t) in
Eq. (1), yielding

O(t) =
ko,1
ρe

m(t)no,1 +
ko,2
ρe

m(t)no,2M(t). (20)

Inserting Eq. (20) into Eq. (1) we recover the dynamic
equations for 1-step nucleation, Eq. (3) (see Refs. [6–
8, 15])

dP (t)

dt
= k1m(t)no,1 + k2m(t)no,2M(t) , (21a)

dM(t)

dt
= 2[k+m(t)− koff ]P (t) = −dm(t)

dt
, (21b)

with effective nucleation rates

k1 =
ρc
ρe
ko,1, k2 =

ρc
ρe
ko,2 (21c)

that are rescaled by the pre-equilibrated oligomer frac-
tion ρc/ρe. A solution for the fibril mass concentration
can therefore be derived directly from the analytical so-
lution to Eqs. (3), which has been obtained previously in
Ref. [48], yielding:

M(t)

m(0)
= 1−

[
1 +

α0

θ0
e
√

ρc
ρe
κ0t

]−θ0
, (22a)

where

α0 =
λ2

0

2κ2
0 θ
, θ0 =

3

2no,2 + 1
(22b)

with

λ0 =
√
ρo,1ρ+, κ0 =

√
ρo,2ρ+. (22c)

The performance of Eq. (22) against numerical integra-
tion of Eqs. (1) is shown in Fig. 4(a).
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2. Oligomer concentration

An expression for the oligomer concentration can be
obtained solely from the knowledge of the fibril mass con-
centration using Eq. (20). In this regime the time evo-
lution of oligomers is in fact “slaved” to the fibril mass
and monomer concentrations M(t), m(t) = mtot−M(t),
given in Eq. (22). A comparison of Eq. (20) with the
numerical solution of Eqs. (1) is illustrated in Fig. 4(a).

In the limit of fast conversion (ρc →∞, ρe →∞ with
ρc/ρe → 1) our model allows to describe the situation
when the oligomers generated through the primary and
secondary nucleation pathways are small fibrillar aggre-
gates (fibrillar oligomers). In this case, the concentration
of oligomers becomes

O(t) =
ko,1
ρ+

m(t)no,1 +
ko,2
ρ+

m(t)no,2M(t) , (23)

since elongation now acts as the sink of oligomeric
species.

B. Non-equilibrium oligomerization

We now discuss analytical solutions for the full aggre-
gation time-course valid in the non-equilibrium oligomer-
ization regime. As a strategy for obtaining an analytical
solution for the fibril mass concentration in this limit
we employ the perturbative renormalization group (RG)
approach. This is a mathematical method for tackling
singularly perturbed differential equations [49–52] and
which has previously been employed to obtain asymptotic
solutions to amyloid assembly problems [48, 53]. We then
use the result for the fibril mass fraction in combination
with self-consistent methods to construct an analytical
solution for the concentration of oligomers. Here we will
discuss only the main results of this analysis; all mathe-
matical details can be found in Appendix D.

1. Fibril mass concentration

In Appendix D 1 we show that the fibril mass fraction
in the non-equilibrium oligomerization limit can be writ-
ten as:

M(t)

m(0)
= 1−

[
1 +

α

θ
eκt
]−θ

, (24a)

where

α =
λ3

3κ3
, θ =

7

2no,2 + 1
(24b)

with

λ = (ρo,1ρ+ρc)
1/3, κ = (ρo,2ρ+ρc)

1/3. (24c)

The performance of Eq. (24) against numerical solution
of Eq. (1) is shown in Fig. 4(b). Interestingly Eq. (24)

�� ��� �� ��� ��
��

���

�� ��

��

��

�

���� (�����)

�
��
�
���
��
��
�

� � � � �
��

���

�� ��

��

��

��

�

���� (�����)

�
��
�
���
��
��
�

Non-equilibrium 
oligomerization

Quasi-equilibrium 
oligomerization

b.

Oligomers

Fibrils

O
ligom

er conc. (pM
)

Oligomers

Fibrils

a.
O

ligom
er conc. (nM

)

� � � �
�

��

��

��

��

���� (�����)

�
��
��
��
��
���
�
(�
�
)

O
lig

om
er

 c
on

c.
 (n

M
)

d.c.

�� ��� �� ���
�

��

��

��

���� (�����)

�
��
��
��
��
���
�
(�
�
)

O
lig

om
er

 c
on

c.
 (p

M
)

Fi
br

il m
as

s 
fra

ct
io

n

Fi
br

il m
as

s 
fra

ct
io

n

Time (hours) Time (hours)

Time (hours) Time (hours)

FIG. 4. Integrated rate laws for fibril and oligomer for-
mation. The plots illustrate the time evolution of fibril mass
fraction and oligomer concentration and show a comparison
between the numerical solution of Eqs. (1) (solid lines) and
the analytical solutions developed in this study (dashed lines).
Graphs are shown for quasi-equilibrium oligomerization (a)
and non-equilibrium oligomerization (b). In panel (a) we
show the performance of the full-time solutions Eq. (22)
and Eq. (20), while in (b) we show the predictions from
Eq. (24) and Eq. (25). Panels (c-d) show the negligible role
of nucleation terms in the monomer mass balance equation
for quasi-equilibrium oligomerization (c) and non-equilibrium
oligomerization (d). The solid line is the numerical solution
to Eq. (1), while the dashed line shows the solution of Eq. (1)
when oligomer nucleation terms are explicitly included in the
equation describing the rate of change in monomer mass con-
centration (see Eq. (2)). The parameters used are given in
Appendix G.

has the same functional form as the solution obtained for
single-step nucleation [48] and yields a generalised logis-
tic function, hence providing an interpretation of amyloid
fibril proliferation through secondary nucleation as an au-
tocatalytic process. The parameter α can be interpreted
as the critical fibril mass necessary to start the autocat-
alytic cycle of secondary nucleation, while the concentra-
tion of available monomers m(0) represents the carrying
capacity of the self-replicating system.

2. Oligomer concentration

Having obtained an analytical solution for the fibril
mass concentration, we derived an expression for the con-
centration of oligomers. In Appendix D 2 we employed
self-consistent approaches [54] to arrive at the follow-
ing expression for the total concentration of unconverted



Accepted to J. Chem. Phys. 10.1063/5.0077609

8

oligomers:

O(t) = Oprim(t) +Osec(t) , (25a)

where Oprim(t) is the concentration of oligomers gener-
ated through primary nucleation

Oprim(t) =
ρo,1m(0)

ρe

[
2F1

(ρe
κ
, no,1θ,

ρe
κ

+ 1,−α
θ
eκt
)

(25b)

− e−ρet2F1

(ρe
κ
, no,1θ,

ρe
κ

+ 1,−α
θ

)]
,

and Osec(t) denotes the concentration of oligomers gen-
erated by secondary nucleation

Osec(t) =
ρo,2m(0)

ρe

[
2F1

(ρe
κ
, no,2θ,

ρe
κ

+ 1,−α
θ
eκt
)

(25c)

− e−ρet2F1

(ρe
κ
, no,2θ,

ρe
κ

+ 1,−α
θ

)
− 2F1

(ρe
κ
, (no,2 + 1)θ,

ρe
κ

+ 1,−α
θ
eκt
)

+ e−ρet2F1

(ρe
κ
, (no,2 + 1)θ,

ρe
κ

+ 1,−α
θ

)]
.

Fig. 4(b) illustrates the performance of the solution (25)
in comparison with numerics. Discrepancies between the
two result from the non-exact form for m(t) used but are
lower than typical experimental error. As with quasi-
equilibrium oligomerisation, we observe a correlation be-
tween O(t) and M(t) at early times, which is lost in the
subsequent stages of aggregation.

V. ANALYSIS OF THE CHARACTERISTICS OF
AMYLOID OLIGOMER DYNAMICS

In refs. [38], three specific combinations of the under-
lying microscopic rate constants were identified, that to-
gether determine those kinetic properties of oligomers
that are independent of the progress of the overall ag-
gregation reaction. Crucially, despite the apparent com-
plexity of the overall aggregation process, experimental
observables of key interest, including the oligomer peak
height and peak time, depend in characteristic ways on
these three combinations of the rate parameters, along-
side a fourth parameter combination that exerts influence
via the kinetic coupling of oligomers and fibrils. This dis-
covery provides a practical way to rationalise the effect of
different rate modifications on the shape of the oligomer
curve, as discussed below.

A. Oligomer abundance

The first important observable that we consider here
is the peak height cpeak of the oligomer curve, which we
term “oligomer abundance” [38] and may be interpreted
as describing the acute effects of oligomers. From both
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FIG. 5. Effect of rate modulations on amyloid for-
mation and oligomer dynamics in a closed system.
Time evolution of the fibril mass concentration (column 1)
and the concentration of oligomers (column 2) upon modi-
fications of the rate parameters describing oligomer forma-
tion by primary and secondary nucleation, oligomer conver-
sion, oligomer dissociation and fibril dissociation. Column 3
shows the respective kinetic fingerprints, indicating the rela-
tive effects on oligomer peak time, abundance, productivity
and persistence. The grey circle defines the reference state in
the absence of rate modulations. Predictions are shown for
non-equilibrium oligomerization (left, panels a-g) or quasi-
equilibrium oligomerization (right, panels h-n). The solid
lines indicate the reference predictions, while the dashed lines
indicate predictions upon rate modifications. Reference pre-
dictions for the non-equilibrium oligomerization regime (left,
panels a-g) are obtained using rate parameters measured ex-
perimentally for the Aβ42 peptide [37, 38] (see Appendix G).

Eq. (20) and Eq. (25) we see that the characteristic scale
for the oligomer peak concentration is set by the ratio
of the rates of primary or secondary nucleation (ρo,1 or
ρo,2) and ρe. In the case when secondary nucleation is
the dominant mechanism for generating new aggregates,
we find

cpeak

m(0)
' ρo,2

ρe
. (26)

The oligomer peak height increases with increasing rate
of secondary nucleation ρo,2, whereas it decreases by in-
creasing the rates of oligomer conversion ρc and dissoci-
ation ρd. Physically, this result may be interpreted as
a simple balance of the processes that act as a source,
respectively, as a sink for oligomer populations.
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FIG. 6. Effect of rate modulations on amyloid forma-
tion and oligomer dynamics in an open system. Time
evolution of the fibril mass concentration (column 1) and the
concentration of oligomers (column 2) upon modifications of
the rate parameters describing oligomer formation by primary
and secondary nucleation, oligomer conversion, oligomer dis-
sociation and fibril dissociation. The grey circle defines the
reference state in the absence of rate modulations. Predic-
tions are shown for non-equilibrium oligomerization (left, pan-
els a-g) or quasi-equilibrium oligomerization (right, panels h-
n). The solid lines indicate the reference predictions, while
the dashed lines indicate predictions upon rate modifications.
For parameters see Appendix G.

B. Oligomer persistence

Another observable of interest is the characteristic
timescale at which the concentration of oligomers decays
after the peak. We term this timescale persistence [38].
In the non-equilibrium limit oligomer persistence is deter-
mined by the average lifetime of oligomers in the overall
aggregation reaction, which is given by the rates of dis-
sociation and conversion as τdecay ' 1/(ρc + ρd). In the
quasi-equilibrium regime, the concentration of oligomers
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FIG. 7. Effect of inhibitors for aggregation processes
dominated by primary nucleation. Time evolution of the
fibril mass concentration (column 1) and the concentration
of oligomers (column 2) and kinetic fingerprints (column 3)
upon simultaneous modification of multiple the rate param-
eters. Predictions are shown for non-equilibrium oligomer-
ization (left, panels a-c) or quasi-equilibrium oligomerization
(right, panels d-f). The solid lines indicate the reference pre-
dictions, while the dashed lines indicate predictions upon rate
modifications. For parameters see Appendix G.
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FIG. 8. Modelling the effect of inhibitors that tar-
get multiple aggregation steps simultaneously. Time
evolution of the fibril mass concentration (column 1) and
the concentration of oligomers (column 2) and kinetic fin-
gerprints (column 3) upon simultaneous modification of
multiple the rate parameters. Predictions are shown for
non-equilibrium oligomerization (left, panels a-c) or quasi-
equilibrium oligomerization (right, panels d-f). The solid
lines indicate the reference predictions, while the dashed lines
indicate predictions upon rate modifications. Predictions are
obtained using the parameters and rate perturbations as in
Fig. 5.

is instead slaved to the time evolution of fibril mass, M(t)
[38]. Since M(t) is controlled by a single rate parameter√
ρc/ρe κ0, this same timescale will set the characteristic

decay time for the concentration of oligomers. Therefore,
the persistence of oligomers after the peak is controlled
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by:

τdecay '
{

1
ρc+ρd

, non-equilibrium
1

(ρo,2ρ+)1/2

√
ρe
ρc
, quasi-equilibrium

(27)

C. Oligomer productivity

A third important parameter is the fraction of
oligomers that successfully converts to fast elongating fib-
rils, termed oligomer productivity [38], and given by:

p =
ρc
ρe
. (28)

Low productivity means that several oligomer formation
and dissociation cycles are required to form a single fib-
ril. As a consequence fibril formation is linked to signif-
icant oligomer accumulation. High productivity instead
facilitates fibril formation reducing the concentration of
oligomers formed.

D. Oligomer peak time

A final important observable is the oligomer peak time,
τpeak. The peak time of the oligomer curve is set by the
characteristic timescale of the overall aggregation pro-
cess, which is determined by the only positive eigenvalue
of the linearised system, x1. Using Eqs. (10) and (11) we
find the following scaling relationship for τpeak:

τpeak '


1

(ρo,2ρcρ+)1/3
, non-equilibrium

1
(ρo,2ρ+)1/2

√
ρe
ρc
, quasi-equilibrium

(29)

VI. PREDICTING THE EFFECT OF
INHIBITORS AND IMPLICATIONS FOR DRUG

DISCOVERY

Having identified the key combinations of kinetic pa-
rameters that control the dynamics of oligomers, we now
study the behaviour of oligomer concentrations when spe-
cific microscopic reaction steps are perturbed. We illus-
trate this idea by focussing on the Aβ42 peptide, closely
linked with Alzheimer’s disease, for which estimates for
the different rate parameters have recently been deter-
mined experimentally [37, 38]. This aggregating sys-
tem is dominated by secondary nucleation and falls into
the non-equilibrium oligomerization regime [37, 38]. In
Figs. 5 and 6 we illustrate the effect of different inhibition
strategies on the generation of oligomers for a closed sys-
tem, where the total amount of monomers available for
aggregation is fixed, and for an open system, which can
instead exchange monomers with the surrounding and is
characterised by a constant concentration of monomers.
In both scenarios the dominant mechanism of oligomer

formation is secondary nucleation. For the closed system
scenario, we summarise the effect of these strategies on
the oligomer peak concentration, oligomer peak time and
persistence by means of a kinetic fingerprint (Fig. 5, col-
umn 3). These observables are not defined for an open
system, where the concentration of oligomers increases
exponentially with time.

These results show that reducing the rates of primary
and secondary nucleation results in a delay of the ap-
pearance of oligomers. For a closed system, decreasing
the rate of primary nucleation has a minor effect on the
peak height and the total amount of oligomers formed, in
line with Eqs. (26) and (29), but delays the appearance
of oligomers. By contrast, reducing the rate of oligomer
formation by secondary nucleation results both in a de-
lay of the oligomer peak and a reduction of the amount
of oligomers formed, again in line with the predictions of
Eqs. (26) and (29). Reducing the rate of oligomer for-
mation by secondary nucleation has different effects on
oligomer persistence depending on whether we are in the
non-equilibrium or the quasi-equilibrium oligomerization
regime (see Eq. (27)).

The finding that the majority of oligomers dissociates
back to monomers before converting into fibrils [37, 38]
highlights an unexpected vulnerability of the assembly
reaction and suggests that increasing the fraction of
oligomers that convert into fibrillar structures results in a
decrease of oligomer prevalence. We see that decreasing
the rate of oligomer conversion slows down the overall
aggregation reaction. In an open system or during the
early stages of aggregation in a closed system (when the
monomer concentration is approximately constant) this
delay in the appearance of oligomers corresponds effec-
tively to a reduction in oligomer concentration. Over
longer timescales, however, this strategy leads to a sig-
nificant increase of the oligomer peak concentration in
the closed system. According to Eqs. (26) and (29), this
effect emerges because decreasing ρc reduces the reactive
flux from monomers into amyloid fibril precursors that
can elongate fast into mature fibrils.

Another strategy to reduce the concentration of
oligomers consists in increasing the rate of oligomer dis-
sociation, which could be achieved in practice by inter-
acting with the monomers [55, 56]. Oligomer dissocia-
tion functions as a sink that consumes the population
of oligomers, such that increasing ρd leads to faster re-
cycling of monomers. The detailed effect of this strat-
egy depends, however, on whether the system is in the
non-equilibrium or the quasi-equilibrium oligomerization
regime. In the non-equilibrium regime, increasing ρd re-
duces oligomer persistence by reducing the characteristic
decay time after the peak. By contrast, increasing ρd in
the quasi-equilibrium regime delays the occurrence of the
peak and, at the same time, increases the persistence of
oligomers. This result follows from the fact that in the
quasi-equilibrium limit the same timescale controls the
peak time and oligomer persistence (see Eqs. (29) and
(27)).
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One additional possibility to affect aggregation is to
increase the rate of fibril dissociation. This strategy has
been investigated in previous studies that have demon-
strated the possibility to dissociate fibrils by external
fields [35, 57–59]. An analysis of this strategy using our
model shows that its therapeutic potential depends on
whether the system is open or closed. In a closed sys-
tem increasing fibril dissociation reduces the final load
of aggregates but generates more oligomers at late times.
This effect originates from the dissociation of fibrils. This
process releases free monomers that can enter the auto-
catalytic oligomer cycle, maintaining a steady state for
oligomers. The rate of secondary nucleation depends on
the free monomers m(t) and the fibril mass concentration
M(t) and the dependence on m(t) is stronger than that
on M(t). Therefore, the reduction in fibril mass concen-
tration due to fibril dissociation is outcompeted by the
larger availability of monomers at steady state. An open
system has constant monomer concentration and does
not reach a steady state; for this reason the effect of in-
creasing koff is to reduce the effective rate of fibril growth
(ρ+) and in this manner delay oligomer generation.

An interesting limit is when the dominant mecha-
nism of oligomer formation is primary rather than sec-
ondary nucleation, such as for α-synuclein at physiolog-
ical pH [60]. In Fig. 7 we illustrate the effect of differ-
ent strategies on oligomer dynamics for a system domi-
nated by primary nucleation. In this case, reducing the
rate of oligomer formation by primary nucleation has the
strongest effect on oligomer concentrations, causing both
a delay and a reduction of the oligomer peak.

Our theoretical platform allows us to explore the way
oligomer concentrations vary when the rates of multiple
aggregation steps are varied simultaneously. This situa-
tion applies to inhibitors affecting multiple processes at
the same time and may be of relevance for the use of drug
cocktails when drug-drug interactions are negligible. In
Fig. 8 we show the effect on fibril and oligomer concen-
trations of targeting multiple steps at the same time, in-
cluding combining inhibition of primary with secondary
nucleation, secondary nucleation with oligomer conver-
sion or secondary nucleation with oligomer dissociation.

Overall, our work demonstrates how attacking various
microscopic pathways during amyloid aggregation can
have significantly different consequences on the oligomer
population. These findings showcase therefore that the
design of potential therapeutic approaches should not
aim at a general retardation of fibril formation but rather
should be directed at interfering with specific steps dur-
ing the aggregation reaction, a strategy that has already
been partly implemented in experiments. Our theory
provides a practical mathematical modelling tool to guide
drug discovery by forecasting and quantifying oligomer
populations under different interventions. Our results
indicate not only that the suppression of secondary nu-
cleation, rather than that of primary nucleation, leads
to the greatest overall reduction of the oligomer popu-
lations, but also that similar reductions can be in prin-

ciple achieved by modulating the rates of oligomer con-
version and dissociation [44]. In particular affecting the
conversion step has opposite effects in closed and open
systems. Oligomer concentrations can be reduced by in-
creasing the rate of conversion in a closed system or by
reducing it in an open system. This difference may be
important in vivo. Amyloid aggregation is a complex
reaction network, which can result in unexpected and
counter-intuitive effects if inhibition is not targeted to
the “right” steps. Moreover, the “right” steps for inhi-
bition depend not just on the mechanism, but also on
the magnitude of the rates, the timescales of interest and
whether the system is open or closed.

VII. CONCLUSIONS

In this work we have presented a systematic analysis
of the possible scenarios resulting from different pertur-
bations of the dynamics the oligomer populations formed
during the process of amyloid formation. By applying a
kinetic theory, we have shown that it is possible to predict
the effects on the oligomer populations of therapeutic in-
terventions aimed at reducing the rates of specific micro-
scopic processes. These results thus identify the physical
parameters that control the generation of oligomers and
will likely guide the systematic rational design of thera-
peutic strategies against amyloid-related diseases.
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Appendix A: Explicit solution to linearised kinetic
equations

The exact solution to Eq. (5) with initial condition
c(0) = [0, P (0),M(0)] is [61]

c(t) = eAtc(0) +

∫ t

0

eA(t−s)b ds. (A1)

Using A = UDU−1 we can write the solution to Eq. (5)
as

c(t) = U eDtU−1c(0) + U
(∫ t

0

eD(t−s)ds

)
U−1b, (A2)
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where D is a diagonal matrix with the eigenvalues
x1, · · · , xn of A and the rows of the matrix U are the
eigenvectors to the eigenvalues xi, i = 1, 2, · · · . The re-
sulting solution for ci(t) (i = 1, 2, 3) is therefore given
by

ci(t) =

n∑
j,k=1

Uij U−1
jk

(
exjtck(0) +

(exjt − 1)

xj
bk

)
, (A3)

where Uij and U−1
ij denote the ij-th components of the

matrices U and U−1, respectively. The three eigenvalues
x1, x2, x3 of the matrix in (5) are the three roots of the
characteristic equation:

x3 + ρex
2 − ρo,2ρ+ρc = 0. (A4)

The explicit solution to Eq. (A4) yields one positive real
eigenvalue

x1 =
κ

3

(
β − δ +

δ2

β

)
, (A5a)

and two eigenvalues with a negative real part

x2 =
κ

6

(
βδ2 − 2δ − β +

√
3β(1− δ2)i

)
, (A5b)

x3 =
κ

6

(
βδ2 − 2δ − β −

√
3β(1− δ2)i

)
, (A5c)

where β =
(

27/2− δ3 + 3
√

3
√

27/4− δ3
)1/3

, δ = ρe/κ

and

κ = (ρo,2ρ+ρc)
1/3. (A5d)

A plot of the real part of the three eigenvalues x1, x2, x3

against δ is shown in Fig. 2(a). The eigenvectors of A to
the different eigenvalues x1, x2, x3 form the columns of
the matrix U

U =

 x2
1

ρcρ+

x2
2

ρcρ+

x2
3

ρcρ+
x1

ρ+
x2

ρ+
x3

ρ+

1 1 1

 . (A6)

Combining Eq. (A6) with Eq. (A3) we obtain the exact
solution to Eqs. (5) as

O0(t) =

3∑
i=1

x2
i

ρcρ+

(
Cie

x1t −Di

)
, (A7a)

P0(t) =

3∑
i=1

xi
ρ+

(
Cie

x1t −Di

)
, (A7b)

M0(t) =

3∑
i=1

(
Cie

x1t −Di

)
, (A7c)

where

C1 =
x2x3M(0)− ρ+(x2 + x3)P (0)

(x1 − x2)(x1 − x2)
+D1 , (A7d)

C2 =
x1x3M(0)− ρ+(x1 + x3)P (0)

(x1 − x2)(x3 − x2)
+D2 , (A7e)

C3 =
x1x2M(0)− ρ+(x1 + x2)P (0)

(x1 − x3)(x2 − x3)
+D3 , (A7f)

and

D1 =
ρcρ+ρo,1m(0)

x1(x1 − x2)(x1 − x2)
, (A7g)

D2 =
ρcρ+ρo,1m(0)

x2(x1 − x2)(x3 − x2)
, (A7h)

D3 =
ρcρ+ρo,1m(0)

x3(x1 − x3)(x2 − x3)
. (A7i)

Appendix B: Asymptotic expressions for the
characteristic aggregation rate

In this appendix we obtain asymptotic expressions for
the eigenvalues x1, x2, x3 of the matrix A in two limits
of practical importance: (i) δ = ρe/κ � 1 (slow disso-
ciation and conversion) and (ii) δ = ρe/κ � 1 (fast dis-
sociation and conversion). To see how these two limits
emerge naturally from the characteristic equation (A4),
we introduce a dimensionless variable X = x/κ, where
κ = (ρo,2ρ+ρc)

1/3. In this manner, Eq. (A4) becomes

X3 + δX2 − 1 = 0. (B1)

We therefore see from Eq. (B1) that the behaviour of the
solution to the characteristic equation Eq. (A4) is indeed
controlled solely by the parameter δ = ρe/κ. We now
consider the two limits δ � 1 and δ � 1 separately.

1. Non-equilibrium oligomerization (δ = ρe/κ� 1)

a. Eigenvalues

In the limit δ � 1, the second term in (B1) vanishes.
Therefore, Eq. (B1) can be simplified as X3 = 1, yielding

X = 1,−1 ± i
√

3/2. In this limit, the three eigenvalues
are therefore approximately equal to:

x1 = κ, x2,3 =
−κ± i

√
3κ

2
. (B2)

An alternative approach to obtain Eq. (B2) directly from
(A5) is to note that β → 3 when δ → 0.

b. Concentrations

Using the approximated eigenvalues (B2) in Eq. (A7),
we find the solution to the linearized kinetic equations in
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the slow dissociation and conversion limit as:

O0(t) = A1

[
eκt − e−κt2 cos

(√
3κt

2

)]

+
√

3A2 e
−κt2 sin

(√
3κt

2

)
, (B3a)

P0(t) = B1e
κt +

(
P (0)− B1

)
e−

κt
2 cos

(√
3κt

2

)

−
√

3B2 e
−κt2 sin

(√
3κt

2

)
, (B3b)

M0(t) = C1eκt +

(
M(0) +

λ3

κ3
− C1

)
e−

κt
2 cos

(√
3κt

2

)

+
√

3 C2 e−
κt
2 sin

(√
3κt

2

)
− λ3

κ3
m(0) , (B3c)

where

A1,2 = ±κP (0)

3ρc
+
κ2M(0)

3ρcρ+
+
ρo,1m(0)

3κ
, (B3d)

B1 =
P (0)

3
+
κM(0)

3ρ+
+
ρcρo,1m(0)

3κ2
, (B3e)

B2 =
κM(0)

3ρ+
+
ρcρo,1m(0)

3κ2
, (B3f)

C1 =
ρ+P (0)

3κ
+
M(0)

3
+

λ3

3κ3
m(0) , (B3g)

C2 =
ρ+ P (0)

3κ
, (B3h)

and

λ = (ρo,1ρcρ+)
1/3

, κ = (ρo,2ρcρ+)
1/3

. (B3i)

2. Quasi-equilibrium oligomerization (δ = ρe/κ� 1)

a. Eigenvalues

In the limit δ � 1 we rewrite Eq. (B1) by introducing

a new variable Y = X/
√
δ, yielding

δ−3/2Y 3 + Y 2 − 1 = 0. (B4)

The first term in Eq. (B4) vanishes for large δ, yielding
Y 2 = 1, i.e. Y = ±1. We still need to find the third
eigenvalue, which can be obtained by means of a domi-
nant balance argument [62]. In particular, if we balance
the first term with the second term in (B4), we obtain
Y = O(δ3/2). Writing Y = δ3/2Z with Z = O(1) trans-
forms Eq. (B4) into Z3 + Z2 − δ−3 = 0. We see that
matching the first two terms in (B4) is a valid dominant
balance since the remaining term, δ−3, vanishes in the
limit δ → ∞. Therefore, the third eigenvalue of (B4) is
Y = −δ3/2, i.e. X = −δ.

In summary, the approximate eigenvalues of the char-
acteristic equation (A4) in the limit of fast dissociation
and conversion are given by

x1,2 = ±
√
ρo,2ρ+

(
ρc

ρc + ρd

)
, x3 = −(ρc + ρd). (B5)

b. Concentrations

Using the approximate eigenvalues (B5) in Eq. (A7),
we obtain the linearized solution in the fast dissociation
and conversion limit as:

O0(t) = A1e
√

ρc
ρe
κ0t +A2e

−
√

ρc
ρe
κ0t +A3e

−ρet , (B6a)

P0(t) = B1e
√

ρc
ρe
κ0t + B2e

−
√

ρc
ρe
κ0t + B3e

−ρet , (B6b)

M0(t) = C1e
√

ρc
ρe
κ0t + C2e−

√
ρc
ρe
κ0t + C3e−ρet

− λ2
0

κ2
0

m(0) , (B6c)

where

A1,2 = ±2κ0 P (0)√
ρcρe

+
κ2

0M(0)

2ρcρ+(1± ξ) +
ρo,1m(0)

2ρe(1± ξ)
,

(B6d)

A3 = − κ2
0M(0)

ρcρ+(1− ξ2)
− ρo,1m(0)

ρe(1− ξ2)
, (B6e)

B1,2 =
P (0)

2
± ρeM(0)

2ρ+

ξ

(1± ξ) ±
ρeρo,1m(0)

2κ2
0

ξ

(1± ξ) ,
(B6f)

B3 =
κ2

0ρcM(0)

ρ2
eρ+(1− ξ2)

+
ρcρo,1m(0)

ρ2
e(1− ξ2)

, (B6g)

C1,2 = ±ρ+P (0)

2κ0

√
ρc
ρe

+
M(0)

2(1± ξ) +
λ2

0m(0)

2κ2
0(1± ξ) , (B6h)

C3 = −M(0) ξ2

1− ξ2
− λ2

0m(0) ξ2

κ2
0(1− ξ2)

, (B6i)

and

λ0 = (ρo,1ρ+)
1/2

, κ0 = (ρo,2ρ+)
1/2

, ξ =
κ0

ρe

√
ρc
ρe
.

(B6j)

c. Quasi-equilibrium oligomerization

The limit δ � 1 corresponds to a system dominated
by secondary nucleation with a quasi-equilibrium for the
oligomers with respect to monomers (Fig. 2(b)). Indeed,

setting dO0(t)
dt = 0 in Eq. (4a) yields

dP0(t)

dt
=
ρc
ρe
ρo,1m(0) +

ρc
ρe
ρo,2M0(t), (B7a)

dM0(t)

dt
= ρ+P0(t). (B7b)
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In matrix form dc
dt = Ac + b, this situation corresponds

to A =
(

0 ρc
ρe
ρo,2

ρ+ 0

)
whose eigenvalues are ±

√
ρc
ρe
κ0, in

agreement with Eq. (B6).

d. 1-step nucleation

We now consider the limit of fast conversion, corre-
sponding to ρc →∞ and therefore ρe →∞. In this limit,
the concentration of oligomers tends to zero, O0(t)→ 0.
This result follows intuition since in the limit ρc → ∞
there are no unconverted oligomers and all oligomers are
short fibrils. The number and mass concentrations of
aggregates tend to

P0(t)
ρc→∞→ B1e

κ0t + B2e
−κ0t (B8a)

M0(t)
ρc→∞→ C1eκ0t + C2e−κ0t − λ2

0

κ2
0

(B8b)

where

B1,2 =
P (0)

2
± κ0M(0)

2ρ+
± ρo,1m(0)

2κ0
(B8c)

C1,2 = ±ρ+P (0)

2κ0
+
M(0)

2
+

λ2
0

2κ2
0

m(0) (B8d)

which recovers the previous result for 1-step nucleation
[8, 11] (Fig. 2(b)).

Appendix C: Relationship between reaction orders
no,1, no,2, n1 and n2

In this appendix we discuss the relationship between
the reaction orders of 1-step and 2-step nucleation. This
relationship is obtained by requiring that the scaling be-
haviour of the characteristic time of fibril mass formation
agree between the single-step and two-step nucleation
models. When primary and secondary nucleation are de-
scribed as 1-step processes the dynamics of the system
are modelled by Eq. (3). The solution for the aggregate
mass concentration is then [48]

M(t)

m(0)
= 1−

[
1 +

α

θ
eκt
]−θ

, (C1a)

where

α =
λ2

0

2κ2
0

(C1b)

and

λ0 =
√

2k+k1m(0)n1 , κ0 =
√

2k+k2m(0)n2+1. (C1c)

The characteristic timescale for aggregation scales as
t1/2 ∝ 1/κ i.e.

t1/2 ∝ m(0)−γ0 , γ0 =
n2 + 1

2
. (C2)

When primary and secondary nucleation are described
as 2-step processes the time course of aggregate mass
is given by Eq. (24) and the scaling of the characteris-
tic timescale for aggregation is given by Eq. (13). Since
Eq. (C3) and Eq. (13) describe the same experimental
measurable, we must have

n2 + 1

2
=
no,2 + nc + 1

3
(C3)

or

n2 =
2no,2 + 2nc − 1

3
. (C4)

In this way we can interpret the reaction order n2 as
a coarse-grained representation of the constituent pro-
cesses of oligomer formation no,2 and conversion nc. Sim-
ilarly, by comparing the monomer concentration depen-
dence of the parameters α0 (see Eq. (C1)) and α (see
Eq. (13)) we obtain a relationship between no,1, nc and
the coarse-grained representation n1

n1 = no,1 − no,2 + n2. (C5)

Appendix D: Solution for full-time course in
non-equilibrium oligomerization limit

1. Fibril mass concentration

a. Perturbation expansion

The first step in the perturbative RG approach consists
in formulating Eqs. (1) as a singular perturbation prob-
lem. To this end, it is convenient to rewrite our dynamic
equations

dO(t)

dt
= ko,1m(t)no,1 + ko,2m(t)no,2M(t)− ρeO(t) ,

dP (t)

dt
= ρcO(t) , (D1)

dM(t)

dt
= 2k+m(t)P (t) = −dm(t)

dt
,

in dimensionless form [63]. For simplicity we set koff = 0
in our calculation. Inspired by Eq. (7) we define a dimen-
sionless time variable t′ = κt, where κ = (ρo,2ρ+ρc)

1/3,
and introduce the following dimensionless concentrations
of monomers, aggregates and oligomers

µ(t′) =
m(t′)

mtot
, (D2a)

Π(t′) =
2k+

κ
P (t′), (D2b)

Ω(t′) =
2k+ρc
κ2

O(t′). (D2c)
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In terms of these dimensionless variables, the rescaled
Eqs. (D1) read

dΩ(t′)

dt′
= 3 ε µ(t′)no,1 + µ(t′)no,2 [1− µ(t′)]− ρe

κ
Ω(t′) ,

dΠ(t′)

dt′
= Ω(t′) , (D3)

dµ(t′)

dt′
= −µ(t′)Π(t′) ,

where

ε =
ρo,1
3ρo,2

. (D4)

In the limit when secondary nucleation is more important
in producing new aggregates than primary nucleation we
can treat ε � 1 as a small perturbation parameter of
the problem. Indeed, typical values for ε range from ε ∼
10−7 for the Islet Amyloid Polypeptide (IAPP) [10] to
ε ∼ 10−5 for the Amyloid-β (Aβ) peptide [11], ε ∼ 10−3

for sickle-cell hemoglobin (Hsb) [14], and ε ∼ 10−2 for
the yeast prion Ure2p [16].

Since ε � 1 is a small perturbation parameter, a per-
turbation series solution in ε can be found for the set of
equations (D3) yielding (see Appendix E)

µ(t′) = 1− ε et′ +
ε2

2c
e2t′ +R , (D5)

where c = 7/(2no,2 + 8) and R denotes other terms that
either are of order ε3 or increase slower in time compared
to the leading terms at the respective order in ε.

We see that at first order in ε the perturbative solu-
tion Eq. (B3) recovers the exact solution to the linearised
forms of Eqs. (1), thus providing mathematical rigour to
the linearisation procedure of Sec. III. This solution pro-
vides therefore an accurate description of the exponential
system behavior in the early stages of the reaction, but
fails to capture its behavior at later times. This failure
emerges because the exponential terms in Eq. (B3) even-
tually diverge at late times, while the true solution devel-
ops into a sigmoidal-type profile due to the depletion of
monomers, an effect which is clearly not accounted for by
the perturbative expansion solution Eq. (B3). This di-
vergent behaviour, which in the RG literature is known
as a UV divergence, is due to a lack of information about
the future behavior of the reaction. While a knowledge of
the initial monomer concentration is sufficient for captur-
ing the system’s behavior at early times, at later times
we cannot neglect monomer depletion. Our lack of in-
formation about how this initial monomer concentration
varies with increasing timescale causes the perturbative
solution to depart from the true solution. As we will
now demonstrate, perturbative RG provides a system-
atic procedure to regularise the early-time perturbation
solution (D5) by yielding renormalized values for the ini-
tial monomer concentration at different time scales.

b. Perturbative RG

As the second step in the perturbative RG we remove
the UV divergence from the perturbative expansion (D5)
by imposing timescale invariance on our perturbative so-
lution. To simplify the mathematics it is useful to intro-
duce a new variable τ = et

′
, such that Eq. (D5) can be

written as

µ(τ) = 1− ετ +
ε2

2c
τ2 +R. (D6)

Following the work-flow of perturbative RG [50–52] we
then introduce an arbitrary past-time cut-off σ. σ will
be varied between the initial time and the observation
point τ . We achieve timescale coarse-graining by writing
τ = (τ − σ) + σ in Eq. (D6), which yields:

µ(τ − σ, σ) = 1− ε(τ − σ) +
ε2

2c
(τ − σ)2

− εσ +
ε2

2c

[
σ2 + 2(τ − σ)σ

]
+R. (D7)

As a next step we renormalize µ by multiplying Eq. (D7)
by a renormalization constant ρ(σ):

ρ(σ) = ρ0(σ) + εδρ1(σ) + ε2δρ2(σ), (D8)

where δρ1(σ) and δρ2(σ) are counter terms, chosen to
absorb the UV divergent terms in σ at the respective
orders in ε [50–52]. This procedure amounts to replacing
the constant initial monomer concentration by a running
coupling which evolves with time scale. We choose the
counter terms in (D8) to absorb the UV divergent terms
in σ in (D7), yielding

δρ1(σ) = σρ0(σ), δρ2(σ) = σ2ρ0(σ)

(
1− 1

2c

)
. (D9)

Substituting (D9) into (D7) we arrive at the following
renormalized second-order expansion:

µ′(τ − σ, σ) = ρ0(σ)
{

1− ε (τ − σ) (D10)

+ε2

[
τ2 − σ2

2c
− σ(τ − σ)

]
+R

}
,

where ′ indicates the renormalized solution. We see that
Eq. (D10) has no divergent terms as the moving RG
scale σ approaches the observation scale τ . However, the
renormalized solution cannot depend on the RG scale σ
once the observation scale τ is reached. We thus require
[50–52]:

∂µ′(τ, σ)

∂σ

∣∣∣∣
σ=τ

= 0, (D11)

a condition known as the perturbative RG equation. To
second order in ε we obtain the following RG equation
for Eq. (D10):

∂ρ0(τ)

∂τ
= −ε

(
1− ετ

θ

)
ρ0(τ) +O(ε3) , (D12)
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where

θ =
c

1− c =
3

2n2 + 1
. (D13)

In (D12), we recognize the expansion of the function
1/(1 + ετ/θ) = 1− ετ/θ +O(ε2), such that the solution
to the second order perturbative RG equation (D12) can
be found to be:

ρ0(τ) =
[
1 +

ετ

θ

]−θ
. (D14)

Finally, substituting ρ0(σ) into Eq. (D10), setting σ = τ ,
and rewriting the result in terms of the original dimen-
sional parameters, we arrive at the final result

M(t)

mtot
= 1−

[
1 +

α

θ
eκt
]−θ

, (D15)

where θ = 7
2no,2+1 and α = λ3

3κ3 .

2. Oligomer concentration

We now use self-consistent approaches (see
e.g. Ref. [54] for an introduction to this technique)
to obtainan analytical solution for the concentration
of oligomers. The general idea of this approach is
to rewrite, through formal integration, the dynamic
equations (1) as a fixed-point equation x = A[x],
where x = [O(t), P (t),M(t)]. The resulting fixed-point
equation is solved iteratively by repeated application of
the associated fixed-point operator A to an initial guess
for the solution x0. In the limit of many iterations,
the resulting approximations An[x0] converge to the
true solution. As the starting point of this iterative
procedure we choose here the RG solution for the fibril
mass concentration, Eq. (D15). As we will demonstrate,
already after a single step of the fixed-point iteration
a highly accurate solution for the concentration of
oligomers is derived.

To obtain a self-consistent solution for the oligomer
concentration O(t), we rewrite the defining dynamic
equation (see Eq. (D1))

dO(t)

dt
= ko,1m(t)no,1+ko,2m(t)no,2M(t)−ρeO(t) (D16)

as an integral equation by formal integration using
O(0) = 0, yielding

O(t) =

∫ t

0

eρe(τ−t)ko,1m(τ)no,1dτ (D17)

+

∫ t

0

eρe(τ−t)ko,2m(τ)no,2M(τ)dτ.

Eq. (D17) is our fixed-point equation, with the integral
operators on the right-hand side defining the fixed-point
operator A for our problem. Choosing the RG solution

for the fibril mass concentration, Eq. (D15), as the start-
ing point, we perform one step of the fixed-point iteration
by inserting Eq. (D15) into (D17). Evaluating integrals
explicitly using the following indefinite integral [64]:∫

eρetdt(
1 + α

θ e
κt
)nθ =

eρet

ρe
2F1

(ρe
κ
, nθ,

ρe
κ

+ 1,−α
θ
eκt
)
,

(D18)
where 2F1(a, b, c, z) denotes the hypergeometric function,
we arrive the following expression for the total concen-
tration of unconverted oligomers:

O(t) = Oprim(t) +Osec(t) (D19a)

where Oprim(t) is the concentration of oligomers gener-
ated through primary nucleation

Oprim(t) =
ρo,1m(0)

ρe

[
2F1

(ρe
κ
, no,1θ,

ρe
κ

+ 1,−α
θ
eκt
)

(D19b)

− e−ρet2F1

(ρe
κ
, no,1θ,

ρe
κ

+ 1,−α
θ

)]
,

and Osec(t) denotes the concentration of oligomers gen-
erated by secondary nucleation

Osec(t) =
ρo,2m(0)

ρe

[
2F1

(ρe
κ
, no,2θ,

ρe
κ

+ 1,−α
θ
eκt
)

(D19c)

− e−ρet2F1

(ρe
κ
, no,2θ,

ρe
κ

+ 1,−α
θ

)
− 2F1

(ρe
κ
, (no,2 + 1)θ,

ρe
κ

+ 1,−α
θ
eκt
)

+ e−ρet2F1

(ρe
κ
, (no,2 + 1)θ,

ρe
κ

+ 1,−α
θ

)]
.

Fig. 4 illustrates the performance of the solution (D19)
in comparison with numerics. Discrepancies between the
two result from the non-exact form for m(t) used but are
lower than typical experimental error.

Appendix E: Perturbation solution to kinetic
equations

In the appendix we construct a perturbation solution
to (D3). To this end we consider the expansion

µ(t′) = µ(0)(t′) + ε µ(1)(t′) + ε2µ(2)(t′) +O(ε3) (E1a)

Π(t′) = Π(0)(t′) + εΠ(1)(t′) + ε2Π(2)(t′) +O(ε3) (E1b)

Ω(t′) = Ω(0)(t′) + εΩ(1)(t′) + ε2Ω(2)(t′) +O(ε3) (E1c)

with the initial conditions µ(0)(0) = 1, Π(0)(0) =
Ω(0)(0) = 0. We then insert the expansion (E1) into
(D3) and collect terms at different orders in ε. At order
ε0, we obtain µ(0)(t′) = 1, Π(0)(t′) = Ω(0)(t′) = 0. At
order ε1 we obtain

dΩ(1)(t′)

dt′
= 3 ε− µ(1)(t′)− ρe

κ
Ω(1)(t′) ,
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FIG. 9. Role of off-pathway oligomers. (a) Time evo-
lution of fibril mass and total oligomer concentration in the
presence of off-pathway oligomers that do not convert to fib-
rils. (b) The total concentration of oligomers (red) is broken
up into the contributions from on-pathway (orange) and off-
pathway oligomers (green). In both panels the dashed lines
are the analytic expressions in Eqs. (24) and Eq. (25). The
parameters are the same as in Fig. 6 with kd,off = kd/2.

dΠ(1)(t′)

dt′
= Ω(1)(t′) , (E2)

dµ(1)(t′)

dt′
= −Π(1)(t′) ,

The solution to Eqs. (E2) for δ � 1 is

µ(1)(t′) = −et′ +R, (E3a)

Ω(1)(t′) = et
′
+R, (E3b)

Π(1)(t′) = et
′
+R (E3c)

where R stands for terms that are negligible in front of
the growing exponential et

′
. At order ε2 we obtain

dΩ(2)(t′)

dt′
= 3 εno,1µ

(1)(t′)− µ(2)(t′)− ρe
κ

Ω(2)(t′) ,

− no,2µ(1)(t′)

dΠ(2)(t′)

dt′
= Ω(2)(t′) , (E4)

dµ(2)(t′)

dt′
= −Π(2)(t′) ,

The leading order term in the solution to Eqs. (E4) for
δ � 1 is

µ(2)(t′) =
7

2no,2 + 8
e2t′ +R. (E5)

By combining (E3) and (E5) we arrive at Eq. (D5).

Appendix F: Kinetic equations including
off-pathway oligomers

We can extend our kinetic model to include off-
pathway oligomer species. To this end, we introduce in
Eqs. (1) an additional oligomer species Ooff(t), which is
unable to convert to fibrils, yielding:

dO(t)

dt
= ko,1m(t)no,1 + ko,2m(t)no,2M(t)

− [kcm(t)nc + kd]O(t) , (F1a)

dOoff(t)

dt
= ko,1m(t)no,1 + ko,2m(t)no,2M(t)

− kd,offOoff(t) , (F1b)

dP (t)

dt
= kcm(t)ncO(t) , (F1c)

dM(t)

dt
= 2[k+m(t)− koff ]P (t) = −dm(t)

dt
, (F1d)

where for simplicity we have assumed that the rates of
generation of off-pathway oligomers is the same as for
on-pathway oligomers. Interestingly, the concentration
of off-pathway species has the same analytical form as
for on-pathway oligomers (Eq. (25)), just by setting kc =
0 and using kd,off instead of kd. The performance of
this analytical solution against numerical integration of
Eqs. (F1) is shown in Fig. 9.

Appendix G: Kinetic parameters in figures

1. Kinetic parameters in Fig. 4

The parameters used in Fig. 4 are: m(0) = 5µM,
O(0) = P (0) = M(0) = 0, ρo,1 = ko,1m(0)no,1−1 =
3.1 × 10−7s−1, ρo,2 = ko,2m(0)no,2 = 3.4 × 10−5s−1,
ρc = kcm(0)nc = 9.7 × 10−6s−1, ρd = kd = ×10−4s−1,
ρ+ = 2k+m(0) = 30s−1, koff = 10−2s−1, no,1 = 0.3,
no,2 = 0.9, nc = 2.7. The parameters panels in a are the
same as in panels b except for ρo,1 = ko,1m(0)no,1−1 =
3.1 × 10−8s−1, ρo,2 = ko,2m(0)no,2 = 1.7 × 10−6s−1,
ρc = kcm(0)nc = 9.7× 10−3s−1, kd = 4× 10−2s−1.

2. Kinetic parameters in Figs. 5, 6 and 7

The parameters used in Figs. 5 and 6 are: m(0) =
5µM, O(0) = P (0) = M(0) = 0, ρo,1 = ko,1m(0)no,1−1 =
3.1 × 10−7s−1, ρo,2 = ko,2m(0)no,2 = 3.4 × 10−5s−1,
ρc = kcm(0)nc = 9.7 × 10−6s−1, ρd = kd = 10−4s−1,
ρ+ = 2k+m(0) = 30 s−1, koff = 10−2s−1, no,1 = 0.3,
no,2 = 0.9, nc = 2.7. Reference predictions for the
quasi-equilibrium oligomerization regime (right, panels
e-h) are obtained for the same parameters as in panels
a-d except for ρo,1 = ko,1m(0)no,1−1 = 3.1 × 10−8s−1,
ρo,2 = ko,2m(0)no,2 = 1.7 × 10−6s−1, ρc = kcm(0)nc =
9.7 × 10−4s−1, ρd = kd = 5 × 10−3s−1. In Fig. 7 we
set ρo,2 = 0. Predictions upon rate modifications are ob-
tained with the values given in tables G 2, G 2 and G 2
for the respective modified rate parameter.
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TABLE I: Summary of rate modifications used to generate the predic-
tions in Fig. 5.

Panel Modified parameter Panel Modified parameter
a ρo,1 = ko,1m(0)no,1−1 = 5.1 × 10−10s−1 h ρo,1 = ko,1m(0)no,1−1 = 2.6 × 10−10s−1

b ρo,2 = ko,2m(0)no,2 = 1.7 × 10−6s−1 i ρo,2 = ko,2m(0)no,2 = 1.7 × 10−7s−1

c ρc = kcm(0)nc = 1.5 × 10−6s−1 j ρc = kcm(0)nc = 1.9 × 10−4s−1

d ρd = kd = 2.5 × 10−5s−1 k ρd = kd = 10−3s−1

e ρc = kcm(0)nc = 2.9 × 10−5s−1 l ρc = kcm(0)nc = 4.9 × 10−3s−1

f ρd = kd = 3 × 10−4s−1 m ρd = kd = 3 × 10−2s−1

g koff = 0.15 s−1 n koff = 0.15 s−1

TABLE II: Summary of rate modifications used to generate the predic-
tions in Fig. 6.

Panel Modified parameter Panel Modified parameter
a ρo,1 = ko,1m(0)no,1−1 = 5.1 × 10−10s−1 h ρo,1 = ko,1m(0)no,1−1 = 2.6 × 10−10s−1

b ρo,2 = ko,2m(0)no,2 = 1.7 × 10−6s−1 i ρo,2 = ko,2m(0)no,2 = 1.7 × 10−7s−1

c ρc = kcm(0)nc = 1.5 × 10−6s−1 j ρc = kcm(0)nc = 1.9 × 10−4s−1

d ρd = kd = 2.5 × 10−5s−1 k ρd = kd = 10−3s−1

e ρc = kcm(0)nc = 2.9 × 10−5s−1 l ρc = kcm(0)nc = 4.9 × 10−3s−1

f ρd = kd = 3 × 10−4s−1 m ρd = kd = 3 × 10−2s−1

g koff = 10 s−1 n koff = 10 s−1

TABLE III: Summary of rate modifications used to generate the predic-
tions in Fig. 7.

Panel Modified parameter Panel Modified parameter
a ρo,1 = ko,1m(0)no,1−1 = 5.1 × 10−8s−1 d ρo,1 = ko,1m(0)no,1−1 = 10−8s−1

b ρc = kcm(0)nc = 2.9 × 10−5s−1 e ρc = kcm(0)nc = 4.9 × 10−3s−1

c ρd = kd = 3 × 10−4s−1 f ρd = kd = 3 × 10−2s−1

Data availability

The data that supports the findings of this study are
available within the article.
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[55] T. C. Michaels, A. Šarić, G. Meisl, G. T. Heller, S. Curk,
P. Arosio, S. Linse, C. M. Dobson, M. Vendruscolo, and
T. P. Knowles, Proceedings of the National Academy of
Sciences 117, 24251 (2020).

[56] G. T. Heller, F. A. Aprile, T. C. Michaels, R. Lim-
bocker, M. Perni, F. S. Ruggeri, B. Mannini, T. Lohr,
M. Bonomi, C. Camilloni, et al., bioRxiv , 729392 (2020).

[57] P.-N. Cheng, C. Liu, M. Zhao, D. Eisenberg, and J. S.
Nowick, Nature chemistry 4, 927 (2012).

[58] K. J. Barnham, V. B. Kenche, G. D. Ciccotosto, D. P.
Smith, D. J. Tew, X. Liu, K. Perez, G. A. Cranston,
T. J. Johanssen, I. Volitakis, et al., Proceedings of the
National Academy of Sciences 105, 6813 (2008).

[59] A. Baumketner, The Journal of Physical Chemistry B
118, 14578 (2014).



Accepted to J. Chem. Phys. 10.1063/5.0077609

20

[60] A. K. Buell, C. Galvagnion, R. Gaspar, E. Sparr, M. Ven-
druscolo, T. P. Knowles, S. Linse, and C. M. Dobson,
Proceedings of the National Academy of Sciences 111,
7671 (2014).

[61] We generalize the results of [37] by considering an ag-
gregation reaction starting with seed fibrils but no pre-
formed oligomers.

[62] The underlying idea of this method is identify two terms
in the characteristic equation (B4) that can be balanced

in such a way that the remaining terms in the equation
vanish as the relevant perturbation parameter tends to
zero.

[63] In Eq. (D1) we have have replaced the time-varying rate
of conversion by ρc.

[64] Using Euler’s formula 2F1(a, b, c, z) = (1 −
z)c−a−b2F1(c− a, c− b, c, z) Eq. (D18) can be written as
eρet

ρe

(
1 + α

θ
eκt
)1−nθ

2F1

(
1, 1 − nθ + ρe

κ
, ρe
κ

+ 1,−α
θ
eκt
)
.



Accepted to J. Chem. Phys.
        10.1063/5.0077609

Oligomer 
formation 
(primary)

Oligomer 
formation 

(secondary)

Conversion

Elongation /
Dissociation

FibrilsDissociation

Monomers

kc
<latexit sha1_base64="cmNT25KQ+UxjiWr7/tKk8nFLBgc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpYdxnfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A0OqjcU=</latexit><latexit sha1_base64="cmNT25KQ+UxjiWr7/tKk8nFLBgc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpYdxnfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A0OqjcU=</latexit><latexit sha1_base64="cmNT25KQ+UxjiWr7/tKk8nFLBgc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpYdxnfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A0OqjcU=</latexit><latexit sha1_base64="cmNT25KQ+UxjiWr7/tKk8nFLBgc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpYdxnfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A0OqjcU=</latexit>

k+
<latexit sha1_base64="/B/3aKtbu3rnT7c+vSAy2BAItn4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh3H/ol+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrsuq5Ve++Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfuu42N</latexit><latexit sha1_base64="/B/3aKtbu3rnT7c+vSAy2BAItn4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh3H/ol+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrsuq5Ve++Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfuu42N</latexit><latexit sha1_base64="/B/3aKtbu3rnT7c+vSAy2BAItn4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh3H/ol+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrsuq5Ve++Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfuu42N</latexit><latexit sha1_base64="/B/3aKtbu3rnT7c+vSAy2BAItn4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh3H/ol+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrsuq5Ve++Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfuu42N</latexit>

kd
<latexit sha1_base64="cIy8rSERmAIbiPYSIbFvBwtI4gY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDabSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaTox3QoecQZNVZ6GA/CQbXm1t05yCrxClKDAs1B9asfJiyLURomqNY9z02Nn1NlOBM4rfQzjSllYzrEnqWSxqj9fH7qlJxZJSRRomxJQ+bq74mcxlpP4sB2xtSM9LI3E//zepmJrv2cyzQzKNliUZQJYhIy+5uEXCEzYmIJZYrbWwkbUUWZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAIz/AKb45wXpx352PRWnKKmWP4A+fzB0UujcY=</latexit><latexit sha1_base64="cIy8rSERmAIbiPYSIbFvBwtI4gY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDabSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaTox3QoecQZNVZ6GA/CQbXm1t05yCrxClKDAs1B9asfJiyLURomqNY9z02Nn1NlOBM4rfQzjSllYzrEnqWSxqj9fH7qlJxZJSRRomxJQ+bq74mcxlpP4sB2xtSM9LI3E//zepmJrv2cyzQzKNliUZQJYhIy+5uEXCEzYmIJZYrbWwkbUUWZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAIz/AKb45wXpx352PRWnKKmWP4A+fzB0UujcY=</latexit><latexit sha1_base64="cIy8rSERmAIbiPYSIbFvBwtI4gY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDabSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaTox3QoecQZNVZ6GA/CQbXm1t05yCrxClKDAs1B9asfJiyLURomqNY9z02Nn1NlOBM4rfQzjSllYzrEnqWSxqj9fH7qlJxZJSRRomxJQ+bq74mcxlpP4sB2xtSM9LI3E//zepmJrv2cyzQzKNliUZQJYhIy+5uEXCEzYmIJZYrbWwkbUUWZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAIz/AKb45wXpx352PRWnKKmWP4A+fzB0UujcY=</latexit><latexit sha1_base64="cIy8rSERmAIbiPYSIbFvBwtI4gY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDabSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaTox3QoecQZNVZ6GA/CQbXm1t05yCrxClKDAs1B9asfJiyLURomqNY9z02Nn1NlOBM4rfQzjSllYzrEnqWSxqj9fH7qlJxZJSRRomxJQ+bq74mcxlpP4sB2xtSM9LI3E//zepmJrv2cyzQzKNliUZQJYhIy+5uEXCEzYmIJZYrbWwkbUUWZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAIz/AKb45wXpx352PRWnKKmWP4A+fzB0UujcY=</latexit>

ko,1
<latexit sha1_base64="oB2VIobEMuqCd2kRtEk9ZNhR2B4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevEYwTwgWcLsZDYZdh7LzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlHJmrO9/e6W19Y3NrfJ2ZWd3b/+genjUNirThLaI4kp3I2woZ5K2LLOcdlNNsYg47UTJ3czvPFFtmJKPdpLSUOCRZDEj2DqpkwxydRFMB9WaX/fnQKskKEgNCjQH1a/+UJFMUGkJx8b0Aj+1YY61ZYTTaaWfGZpikuAR7TkqsaAmzOfnTtGZU4YoVtqVtGiu/p7IsTBmIiLXKbAdm2VvJv7n9TIb34Q5k2lmqSSLRXHGkVVo9jsaMk2J5RNHMNHM3YrIGGtMrEuo4kIIll9eJe3LeuDXg4erWuO2iKMMJ3AK5xDANTTgHprQAgIJPMMrvHmp9+K9ex+L1pJXzBzDH3ifP/Vij04=</latexit><latexit sha1_base64="oB2VIobEMuqCd2kRtEk9ZNhR2B4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevEYwTwgWcLsZDYZdh7LzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlHJmrO9/e6W19Y3NrfJ2ZWd3b/+genjUNirThLaI4kp3I2woZ5K2LLOcdlNNsYg47UTJ3czvPFFtmJKPdpLSUOCRZDEj2DqpkwxydRFMB9WaX/fnQKskKEgNCjQH1a/+UJFMUGkJx8b0Aj+1YY61ZYTTaaWfGZpikuAR7TkqsaAmzOfnTtGZU4YoVtqVtGiu/p7IsTBmIiLXKbAdm2VvJv7n9TIb34Q5k2lmqSSLRXHGkVVo9jsaMk2J5RNHMNHM3YrIGGtMrEuo4kIIll9eJe3LeuDXg4erWuO2iKMMJ3AK5xDANTTgHprQAgIJPMMrvHmp9+K9ex+L1pJXzBzDH3ifP/Vij04=</latexit><latexit sha1_base64="oB2VIobEMuqCd2kRtEk9ZNhR2B4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevEYwTwgWcLsZDYZdh7LzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlHJmrO9/e6W19Y3NrfJ2ZWd3b/+genjUNirThLaI4kp3I2woZ5K2LLOcdlNNsYg47UTJ3czvPFFtmJKPdpLSUOCRZDEj2DqpkwxydRFMB9WaX/fnQKskKEgNCjQH1a/+UJFMUGkJx8b0Aj+1YY61ZYTTaaWfGZpikuAR7TkqsaAmzOfnTtGZU4YoVtqVtGiu/p7IsTBmIiLXKbAdm2VvJv7n9TIb34Q5k2lmqSSLRXHGkVVo9jsaMk2J5RNHMNHM3YrIGGtMrEuo4kIIll9eJe3LeuDXg4erWuO2iKMMJ3AK5xDANTTgHprQAgIJPMMrvHmp9+K9ex+L1pJXzBzDH3ifP/Vij04=</latexit><latexit sha1_base64="oB2VIobEMuqCd2kRtEk9ZNhR2B4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevEYwTwgWcLsZDYZdh7LzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlHJmrO9/e6W19Y3NrfJ2ZWd3b/+genjUNirThLaI4kp3I2woZ5K2LLOcdlNNsYg47UTJ3czvPFFtmJKPdpLSUOCRZDEj2DqpkwxydRFMB9WaX/fnQKskKEgNCjQH1a/+UJFMUGkJx8b0Aj+1YY61ZYTTaaWfGZpikuAR7TkqsaAmzOfnTtGZU4YoVtqVtGiu/p7IsTBmIiLXKbAdm2VvJv7n9TIb34Q5k2lmqSSLRXHGkVVo9jsaMk2J5RNHMNHM3YrIGGtMrEuo4kIIll9eJe3LeuDXg4erWuO2iKMMJ3AK5xDANTTgHprQAgIJPMMrvHmp9+K9ex+L1pJXzBzDH3ifP/Vij04=</latexit>

ko,2
<latexit sha1_base64="+8q3dDPdMWbR+L37hnSNERt5gYI=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4kLJbBD0WvXisYD+gXUo2zbZhs0lIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SHFmrO9/e2vrG5tb26Wd8u7e/sFh5ei4bWSmCW0RyaXuRthQzgRtWWY57SpNcRpx2omSu5nfeaLaMCke7UTRMMUjwWJGsHVSJxnk8rI+HVSqfs2fA62SoCBVKNAcVL76Q0mylApLODamF/jKhjnWlhFOp+V+ZqjCJMEj2nNU4JSaMJ+fO0XnThmiWGpXwqK5+nsix6kxkzRynSm2Y7PszcT/vF5m45swZ0JllgqyWBRnHFmJZr+jIdOUWD5xBBPN3K2IjLHGxLqEyi6EYPnlVdKu1wK/FjxcVRu3RRwlOIUzuIAArqEB99CEFhBI4Ble4c1T3ov37n0sWte8YuYE/sD7/AH2549P</latexit><latexit sha1_base64="+8q3dDPdMWbR+L37hnSNERt5gYI=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4kLJbBD0WvXisYD+gXUo2zbZhs0lIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SHFmrO9/e2vrG5tb26Wd8u7e/sFh5ei4bWSmCW0RyaXuRthQzgRtWWY57SpNcRpx2omSu5nfeaLaMCke7UTRMMUjwWJGsHVSJxnk8rI+HVSqfs2fA62SoCBVKNAcVL76Q0mylApLODamF/jKhjnWlhFOp+V+ZqjCJMEj2nNU4JSaMJ+fO0XnThmiWGpXwqK5+nsix6kxkzRynSm2Y7PszcT/vF5m45swZ0JllgqyWBRnHFmJZr+jIdOUWD5xBBPN3K2IjLHGxLqEyi6EYPnlVdKu1wK/FjxcVRu3RRwlOIUzuIAArqEB99CEFhBI4Ble4c1T3ov37n0sWte8YuYE/sD7/AH2549P</latexit><latexit sha1_base64="+8q3dDPdMWbR+L37hnSNERt5gYI=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4kLJbBD0WvXisYD+gXUo2zbZhs0lIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SHFmrO9/e2vrG5tb26Wd8u7e/sFh5ei4bWSmCW0RyaXuRthQzgRtWWY57SpNcRpx2omSu5nfeaLaMCke7UTRMMUjwWJGsHVSJxnk8rI+HVSqfs2fA62SoCBVKNAcVL76Q0mylApLODamF/jKhjnWlhFOp+V+ZqjCJMEj2nNU4JSaMJ+fO0XnThmiWGpXwqK5+nsix6kxkzRynSm2Y7PszcT/vF5m45swZ0JllgqyWBRnHFmJZr+jIdOUWD5xBBPN3K2IjLHGxLqEyi6EYPnlVdKu1wK/FjxcVRu3RRwlOIUzuIAArqEB99CEFhBI4Ble4c1T3ov37n0sWte8YuYE/sD7/AH2549P</latexit><latexit sha1_base64="+8q3dDPdMWbR+L37hnSNERt5gYI=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4kLJbBD0WvXisYD+gXUo2zbZhs0lIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SHFmrO9/e2vrG5tb26Wd8u7e/sFh5ei4bWSmCW0RyaXuRthQzgRtWWY57SpNcRpx2omSu5nfeaLaMCke7UTRMMUjwWJGsHVSJxnk8rI+HVSqfs2fA62SoCBVKNAcVL76Q0mylApLODamF/jKhjnWlhFOp+V+ZqjCJMEj2nNU4JSaMJ+fO0XnThmiWGpXwqK5+nsix6kxkzRynSm2Y7PszcT/vF5m45swZ0JllgqyWBRnHFmJZr+jIdOUWD5xBBPN3K2IjLHGxLqEyi6EYPnlVdKu1wK/FjxcVRu3RRwlOIUzuIAArqEB99CEFhBI4Ble4c1T3ov37n0sWte8YuYE/sD7/AH2549P</latexit>

Oligomers

Positive 
feedback cycle ko↵

<latexit sha1_base64="s8KwTJ/k8zEgA3pOT/8UtILA3TE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbTbt0P8LuRighf8OLB0W8+me8+W/ctjlo64OBx3szzMyLU86M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlejA3lTNKOZZbTXqopFjGnj/HkduY/PlFtmJIPdprSSOCRZAkj2DopnAzyUItcJUlRDOoNv+nPgVZJUJIGlGgP6l/hUJFMUGkJx8b0Az+1UY61ZYTTohZmhqaYTPCI9h2VWFAT5fObC3TmlCFKlHYlLZqrvydyLIyZith1CmzHZtmbif95/cwm11HOZJpZKsliUZJxZBWaBYCGTFNi+dQRTDRztyIyxhoT62KquRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEAKz/AKb17mvXjv3seiteKVM8fwB97nD7+mkiI=</latexit><latexit sha1_base64="s8KwTJ/k8zEgA3pOT/8UtILA3TE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbTbt0P8LuRighf8OLB0W8+me8+W/ctjlo64OBx3szzMyLU86M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlejA3lTNKOZZbTXqopFjGnj/HkduY/PlFtmJIPdprSSOCRZAkj2DopnAzyUItcJUlRDOoNv+nPgVZJUJIGlGgP6l/hUJFMUGkJx8b0Az+1UY61ZYTTohZmhqaYTPCI9h2VWFAT5fObC3TmlCFKlHYlLZqrvydyLIyZith1CmzHZtmbif95/cwm11HOZJpZKsliUZJxZBWaBYCGTFNi+dQRTDRztyIyxhoT62KquRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEAKz/AKb17mvXjv3seiteKVM8fwB97nD7+mkiI=</latexit><latexit sha1_base64="s8KwTJ/k8zEgA3pOT/8UtILA3TE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbTbt0P8LuRighf8OLB0W8+me8+W/ctjlo64OBx3szzMyLU86M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlejA3lTNKOZZbTXqopFjGnj/HkduY/PlFtmJIPdprSSOCRZAkj2DopnAzyUItcJUlRDOoNv+nPgVZJUJIGlGgP6l/hUJFMUGkJx8b0Az+1UY61ZYTTohZmhqaYTPCI9h2VWFAT5fObC3TmlCFKlHYlLZqrvydyLIyZith1CmzHZtmbif95/cwm11HOZJpZKsliUZJxZBWaBYCGTFNi+dQRTDRztyIyxhoT62KquRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEAKz/AKb17mvXjv3seiteKVM8fwB97nD7+mkiI=</latexit><latexit sha1_base64="s8KwTJ/k8zEgA3pOT/8UtILA3TE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbTbt0P8LuRighf8OLB0W8+me8+W/ctjlo64OBx3szzMyLU86M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlejA3lTNKOZZbTXqopFjGnj/HkduY/PlFtmJIPdprSSOCRZAkj2DopnAzyUItcJUlRDOoNv+nPgVZJUJIGlGgP6l/hUJFMUGkJx8b0Az+1UY61ZYTTohZmhqaYTPCI9h2VWFAT5fObC3TmlCFKlHYlLZqrvydyLIyZith1CmzHZtmbif95/cwm11HOZJpZKsliUZJxZBWaBYCGTFNi+dQRTDRztyIyxhoT62KquRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEAKz/AKb17mvXjv3seiteKVM8fwB97nD7+mkiI=</latexit>

,
<latexit sha1_base64="axFzcoBaHbWATKajATY6NWO1CV4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcwmMsA==</latexit><latexit sha1_base64="axFzcoBaHbWATKajATY6NWO1CV4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcwmMsA==</latexit><latexit sha1_base64="axFzcoBaHbWATKajATY6NWO1CV4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcwmMsA==</latexit><latexit sha1_base64="axFzcoBaHbWATKajATY6NWO1CV4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcwmMsA==</latexit>
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nucleation)

(iii) Quasi-equilibrium (1-step 
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<latexit sha1_base64="IUicRRABEzKrjFDzBGto1t5BFy0=">AAACAHicbVA9SwNBEN2LXzF+nVpY2BwGITbxTgQtgzaWUcwH5ELY28wlS/Y+2J2ThOMa/4qNhSK2/gw7/42b5AqNPhh4vDfDzDwvFlyhbX8ZhaXlldW14nppY3Nre8fc3WuqKJEMGiwSkWx7VIHgITSQo4B2LIEGnoCWN7qe+q0HkIpH4T1OYugGdBBynzOKWuqZBy7CGGWQ3kFWGff4qTuicUxPembZrtozWH+Jk5MyyVHvmZ9uP2JJACEyQZXqOHaM3ZRK5ExAVnITBTFlIzqAjqYhDUB109kDmXWslb7lR1JXiNZM/TmR0kCpSeDpzoDiUC16U/E/r5Ogf9lNeRgnCCGbL/ITYWFkTdOw+lwCQzHRhDLJ9a0WG1JJGerMSjoEZ/Hlv6R5VnXsqnN7Xq5d5XEUySE5IhXikAtSIzekThqEkYw8kRfyajwaz8ab8T5vLRj5zD75BePjG6Tflmk=</latexit><latexit sha1_base64="IUicRRABEzKrjFDzBGto1t5BFy0=">AAACAHicbVA9SwNBEN2LXzF+nVpY2BwGITbxTgQtgzaWUcwH5ELY28wlS/Y+2J2ThOMa/4qNhSK2/gw7/42b5AqNPhh4vDfDzDwvFlyhbX8ZhaXlldW14nppY3Nre8fc3WuqKJEMGiwSkWx7VIHgITSQo4B2LIEGnoCWN7qe+q0HkIpH4T1OYugGdBBynzOKWuqZBy7CGGWQ3kFWGff4qTuicUxPembZrtozWH+Jk5MyyVHvmZ9uP2JJACEyQZXqOHaM3ZRK5ExAVnITBTFlIzqAjqYhDUB109kDmXWslb7lR1JXiNZM/TmR0kCpSeDpzoDiUC16U/E/r5Ogf9lNeRgnCCGbL/ITYWFkTdOw+lwCQzHRhDLJ9a0WG1JJGerMSjoEZ/Hlv6R5VnXsqnN7Xq5d5XEUySE5IhXikAtSIzekThqEkYw8kRfyajwaz8ab8T5vLRj5zD75BePjG6Tflmk=</latexit><latexit sha1_base64="IUicRRABEzKrjFDzBGto1t5BFy0=">AAACAHicbVA9SwNBEN2LXzF+nVpY2BwGITbxTgQtgzaWUcwH5ELY28wlS/Y+2J2ThOMa/4qNhSK2/gw7/42b5AqNPhh4vDfDzDwvFlyhbX8ZhaXlldW14nppY3Nre8fc3WuqKJEMGiwSkWx7VIHgITSQo4B2LIEGnoCWN7qe+q0HkIpH4T1OYugGdBBynzOKWuqZBy7CGGWQ3kFWGff4qTuicUxPembZrtozWH+Jk5MyyVHvmZ9uP2JJACEyQZXqOHaM3ZRK5ExAVnITBTFlIzqAjqYhDUB109kDmXWslb7lR1JXiNZM/TmR0kCpSeDpzoDiUC16U/E/r5Ogf9lNeRgnCCGbL/ITYWFkTdOw+lwCQzHRhDLJ9a0WG1JJGerMSjoEZ/Hlv6R5VnXsqnN7Xq5d5XEUySE5IhXikAtSIzekThqEkYw8kRfyajwaz8ab8T5vLRj5zD75BePjG6Tflmk=</latexit><latexit sha1_base64="IUicRRABEzKrjFDzBGto1t5BFy0=">AAACAHicbVA9SwNBEN2LXzF+nVpY2BwGITbxTgQtgzaWUcwH5ELY28wlS/Y+2J2ThOMa/4qNhSK2/gw7/42b5AqNPhh4vDfDzDwvFlyhbX8ZhaXlldW14nppY3Nre8fc3WuqKJEMGiwSkWx7VIHgITSQo4B2LIEGnoCWN7qe+q0HkIpH4T1OYugGdBBynzOKWuqZBy7CGGWQ3kFWGff4qTuicUxPembZrtozWH+Jk5MyyVHvmZ9uP2JJACEyQZXqOHaM3ZRK5ExAVnITBTFlIzqAjqYhDUB109kDmXWslb7lR1JXiNZM/TmR0kCpSeDpzoDiUC16U/E/r5Ogf9lNeRgnCCGbL/ITYWFkTdOw+lwCQzHRhDLJ9a0WG1JJGerMSjoEZ/Hlv6R5VnXsqnN7Xq5d5XEUySE5IhXikAtSIzekThqEkYw8kRfyajwaz8ab8T5vLRj5zD75BePjG6Tflmk=</latexit>
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<latexit sha1_base64="4WkRUpmsOCu9oh5a9YtsTkNp1xw=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU90VQY9FLx4r2A/oLiWbpm1oNolJtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41jUw1oQ0iudTtGBvKmaANyyynbaUpTmJOW/Hobua3xlQbJsWjnSgaJXggWJ8RbJ0UhXoou/QiHGGlcLdc8av+HGiVBDmpQI56t/wV9iRJEyos4diYTuArG2VYW0Y4nZbC1FCFyQgPaMdRgRNqomx+9BSdOaWH+lK7EhbN1d8TGU6MmSSx60ywHZplbyb+53VS27+JMiZUaqkgi0X9lCMr0SwB1GOaEssnjmCimbsVkSHWmFiXU8mFECy/vEqal9XArwYPV5XabR5HEU7gFM4hgGuowT3UoQEEnuAZXuHNG3sv3rv3sWgtePnMMfyB9/kDn4WR/Q==</latexit><latexit sha1_base64="4WkRUpmsOCu9oh5a9YtsTkNp1xw=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU90VQY9FLx4r2A/oLiWbpm1oNolJtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41jUw1oQ0iudTtGBvKmaANyyynbaUpTmJOW/Hobua3xlQbJsWjnSgaJXggWJ8RbJ0UhXoou/QiHGGlcLdc8av+HGiVBDmpQI56t/wV9iRJEyos4diYTuArG2VYW0Y4nZbC1FCFyQgPaMdRgRNqomx+9BSdOaWH+lK7EhbN1d8TGU6MmSSx60ywHZplbyb+53VS27+JMiZUaqkgi0X9lCMr0SwB1GOaEssnjmCimbsVkSHWmFiXU8mFECy/vEqal9XArwYPV5XabR5HEU7gFM4hgGuowT3UoQEEnuAZXuHNG3sv3rv3sWgtePnMMfyB9/kDn4WR/Q==</latexit><latexit sha1_base64="4WkRUpmsOCu9oh5a9YtsTkNp1xw=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU90VQY9FLx4r2A/oLiWbpm1oNolJtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41jUw1oQ0iudTtGBvKmaANyyynbaUpTmJOW/Hobua3xlQbJsWjnSgaJXggWJ8RbJ0UhXoou/QiHGGlcLdc8av+HGiVBDmpQI56t/wV9iRJEyos4diYTuArG2VYW0Y4nZbC1FCFyQgPaMdRgRNqomx+9BSdOaWH+lK7EhbN1d8TGU6MmSSx60ywHZplbyb+53VS27+JMiZUaqkgi0X9lCMr0SwB1GOaEssnjmCimbsVkSHWmFiXU8mFECy/vEqal9XArwYPV5XabR5HEU7gFM4hgGuowT3UoQEEnuAZXuHNG3sv3rv3sWgtePnMMfyB9/kDn4WR/Q==</latexit><latexit sha1_base64="4WkRUpmsOCu9oh5a9YtsTkNp1xw=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU90VQY9FLx4r2A/oLiWbpm1oNolJtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41jUw1oQ0iudTtGBvKmaANyyynbaUpTmJOW/Hobua3xlQbJsWjnSgaJXggWJ8RbJ0UhXoou/QiHGGlcLdc8av+HGiVBDmpQI56t/wV9iRJEyos4diYTuArG2VYW0Y4nZbC1FCFyQgPaMdRgRNqomx+9BSdOaWH+lK7EhbN1d8TGU6MmSSx60ywHZplbyb+53VS27+JMiZUaqkgi0X9lCMr0SwB1GOaEssnjmCimbsVkSHWmFiXU8mFECy/vEqal9XArwYPV5XabR5HEU7gFM4hgGuowT3UoQEEnuAZXuHNG3sv3rv3sWgtePnMMfyB9/kDn4WR/Q==</latexit>

⇢c/
<latexit sha1_base64="+74ay/AkQh4uTUHMIuNSsgyjrWQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU90VQY9FLx4r2A/oLiWbpm1oNolJtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41jUw1oQ0iudTtGBvKmaANyyynbaUpTmJOW/Hobua3xlQbJsWjnSgaJXggWJ8RbJ0UhXoou+QiHGGlcLdc8av+HGiVBDmpQI56t/wV9iRJEyos4diYTuArG2VYW0Y4nZbC1FCFyQgPaMdRgRNqomx+9BSdOaWH+lK7EhbN1d8TGU6MmSSx60ywHZplbyb+53VS27+JMiZUaqkgi0X9lCMr0SwB1GOaEssnjmCimbsVkSHWmFiXU8mFECy/vEqal9XArwYPV5XabR5HEU7gFM4hgGuowT3UoQEEnuAZXuHNG3sv3rv3sWgtePnMMfyB9/kDnG+R+w==</latexit><latexit sha1_base64="+74ay/AkQh4uTUHMIuNSsgyjrWQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU90VQY9FLx4r2A/oLiWbpm1oNolJtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41jUw1oQ0iudTtGBvKmaANyyynbaUpTmJOW/Hobua3xlQbJsWjnSgaJXggWJ8RbJ0UhXoou+QiHGGlcLdc8av+HGiVBDmpQI56t/wV9iRJEyos4diYTuArG2VYW0Y4nZbC1FCFyQgPaMdRgRNqomx+9BSdOaWH+lK7EhbN1d8TGU6MmSSx60ywHZplbyb+53VS27+JMiZUaqkgi0X9lCMr0SwB1GOaEssnjmCimbsVkSHWmFiXU8mFECy/vEqal9XArwYPV5XabR5HEU7gFM4hgGuowT3UoQEEnuAZXuHNG3sv3rv3sWgtePnMMfyB9/kDnG+R+w==</latexit><latexit sha1_base64="+74ay/AkQh4uTUHMIuNSsgyjrWQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU90VQY9FLx4r2A/oLiWbpm1oNolJtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41jUw1oQ0iudTtGBvKmaANyyynbaUpTmJOW/Hobua3xlQbJsWjnSgaJXggWJ8RbJ0UhXoou+QiHGGlcLdc8av+HGiVBDmpQI56t/wV9iRJEyos4diYTuArG2VYW0Y4nZbC1FCFyQgPaMdRgRNqomx+9BSdOaWH+lK7EhbN1d8TGU6MmSSx60ywHZplbyb+53VS27+JMiZUaqkgi0X9lCMr0SwB1GOaEssnjmCimbsVkSHWmFiXU8mFECy/vEqal9XArwYPV5XabR5HEU7gFM4hgGuowT3UoQEEnuAZXuHNG3sv3rv3sWgtePnMMfyB9/kDnG+R+w==</latexit><latexit sha1_base64="+74ay/AkQh4uTUHMIuNSsgyjrWQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU90VQY9FLx4r2A/oLiWbpm1oNolJtlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41jUw1oQ0iudTtGBvKmaANyyynbaUpTmJOW/Hobua3xlQbJsWjnSgaJXggWJ8RbJ0UhXoou+QiHGGlcLdc8av+HGiVBDmpQI56t/wV9iRJEyos4diYTuArG2VYW0Y4nZbC1FCFyQgPaMdRgRNqomx+9BSdOaWH+lK7EhbN1d8TGU6MmSSx60ywHZplbyb+53VS27+JMiZUaqkgi0X9lCMr0SwB1GOaEssnjmCimbsVkSHWmFiXU8mFECy/vEqal9XArwYPV5XabR5HEU7gFM4hgGuowT3UoQEEnuAZXuHNG3sv3rv3sWgtePnMMfyB9/kDnG+R+w==</latexit>

⇢ d
/

<latexit sha1_base64="ClGs54kwPbHQxJ81T8fW4KKGTfw=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cK9gOaUDabTbt0s1l3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8UHKmjet+O6W19Y3NrfJ2ZWd3b/+genjU1mmmCG2RlKeqG2JNORO0ZZjhtCsVxUnIaScc3c38zpgqzVLxaCaSBgkeCBYzgo2VAl8N03504Y+wlLhfrbl1dw60SryC1KBAs1/98qOUZAkVhnCsdc9zpQlyrAwjnE4rfqapxGSEB7RnqcAJ1UE+P3qKzqwSoThVtoRBc/X3RI4TrSdJaDsTbIZ62ZuJ/3m9zMQ3Qc6EzAwVZLEozjgyKZolgCKmKDF8YgkmitlbERlihYmxOVVsCN7yy6ukfVn33Lr3cFVr3BZxlOEETuEcPLiGBtxDE1pA4Ame4RXenLHz4rw7H4vWklPMHMMfOJ8/nfqR/A==</latexit><latexit sha1_base64="ClGs54kwPbHQxJ81T8fW4KKGTfw=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cK9gOaUDabTbt0s1l3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8UHKmjet+O6W19Y3NrfJ2ZWd3b/+genjU1mmmCG2RlKeqG2JNORO0ZZjhtCsVxUnIaScc3c38zpgqzVLxaCaSBgkeCBYzgo2VAl8N03504Y+wlLhfrbl1dw60SryC1KBAs1/98qOUZAkVhnCsdc9zpQlyrAwjnE4rfqapxGSEB7RnqcAJ1UE+P3qKzqwSoThVtoRBc/X3RI4TrSdJaDsTbIZ62ZuJ/3m9zMQ3Qc6EzAwVZLEozjgyKZolgCKmKDF8YgkmitlbERlihYmxOVVsCN7yy6ukfVn33Lr3cFVr3BZxlOEETuEcPLiGBtxDE1pA4Ame4RXenLHz4rw7H4vWklPMHMMfOJ8/nfqR/A==</latexit><latexit sha1_base64="ClGs54kwPbHQxJ81T8fW4KKGTfw=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cK9gOaUDabTbt0s1l3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8UHKmjet+O6W19Y3NrfJ2ZWd3b/+genjU1mmmCG2RlKeqG2JNORO0ZZjhtCsVxUnIaScc3c38zpgqzVLxaCaSBgkeCBYzgo2VAl8N03504Y+wlLhfrbl1dw60SryC1KBAs1/98qOUZAkVhnCsdc9zpQlyrAwjnE4rfqapxGSEB7RnqcAJ1UE+P3qKzqwSoThVtoRBc/X3RI4TrSdJaDsTbIZ62ZuJ/3m9zMQ3Qc6EzAwVZLEozjgyKZolgCKmKDF8YgkmitlbERlihYmxOVVsCN7yy6ukfVn33Lr3cFVr3BZxlOEETuEcPLiGBtxDE1pA4Ame4RXenLHz4rw7H4vWklPMHMMfOJ8/nfqR/A==</latexit><latexit sha1_base64="ClGs54kwPbHQxJ81T8fW4KKGTfw=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cK9gOaUDabTbt0s1l3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8UHKmjet+O6W19Y3NrfJ2ZWd3b/+genjU1mmmCG2RlKeqG2JNORO0ZZjhtCsVxUnIaScc3c38zpgqzVLxaCaSBgkeCBYzgo2VAl8N03504Y+wlLhfrbl1dw60SryC1KBAs1/98qOUZAkVhnCsdc9zpQlyrAwjnE4rfqapxGSEB7RnqcAJ1UE+P3qKzqwSoThVtoRBc/X3RI4TrSdJaDsTbIZ62ZuJ/3m9zMQ3Qc6EzAwVZLEozjgyKZolgCKmKDF8YgkmitlbERlihYmxOVVsCN7yy6ukfVn33Lr3cFVr3BZxlOEETuEcPLiGBtxDE1pA4Ame4RXenLHz4rw7H4vWklPMHMMfOJ8/nfqR/A==</latexit>

(i)

(ii) (iii)

1

1

a. b.

x1
<latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit>

x2
<latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit>

x3
<latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit>
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a.

P

M

⇢cO

⇢o,2M
<latexit sha1_base64="e8J+ufK9dXQh3mlWbHwoXCs6FaI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSBD0WvXgRKtgPSEPZbLft0s1u2J0IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeVEiuEHP+3YKa+sbm1vF7dLO7t7+QfnwqGVUqilrUiWU7kTEMMElayJHwTqJZiSOBGtH49uZ335i2nAlH3GSsDAmQ8kHnBK0UtDVI9XL1EVtet8rV7yqN4e7SvycVCBHo1f+6vYVTWMmkQpiTOB7CYYZ0cipYNNSNzUsIXRMhiywVJKYmTCbnzx1z6zSdwdK25LoztXfExmJjZnEke2MCY7MsjcT//OCFAfXYcZlkiKTdLFokAoXlTv73+1zzSiKiSWEam5vdemIaELRplSyIfjLL6+SVq3qe1X/4bJSv8njKMIJnMI5+HAFdbiDBjSBgoJneIU3B50X5935WLQWnHzmGP7A+fwB6QGQ/g==</latexit><latexit sha1_base64="e8J+ufK9dXQh3mlWbHwoXCs6FaI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSBD0WvXgRKtgPSEPZbLft0s1u2J0IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeVEiuEHP+3YKa+sbm1vF7dLO7t7+QfnwqGVUqilrUiWU7kTEMMElayJHwTqJZiSOBGtH49uZ335i2nAlH3GSsDAmQ8kHnBK0UtDVI9XL1EVtet8rV7yqN4e7SvycVCBHo1f+6vYVTWMmkQpiTOB7CYYZ0cipYNNSNzUsIXRMhiywVJKYmTCbnzx1z6zSdwdK25LoztXfExmJjZnEke2MCY7MsjcT//OCFAfXYcZlkiKTdLFokAoXlTv73+1zzSiKiSWEam5vdemIaELRplSyIfjLL6+SVq3qe1X/4bJSv8njKMIJnMI5+HAFdbiDBjSBgoJneIU3B50X5935WLQWnHzmGP7A+fwB6QGQ/g==</latexit><latexit sha1_base64="e8J+ufK9dXQh3mlWbHwoXCs6FaI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSBD0WvXgRKtgPSEPZbLft0s1u2J0IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeVEiuEHP+3YKa+sbm1vF7dLO7t7+QfnwqGVUqilrUiWU7kTEMMElayJHwTqJZiSOBGtH49uZ335i2nAlH3GSsDAmQ8kHnBK0UtDVI9XL1EVtet8rV7yqN4e7SvycVCBHo1f+6vYVTWMmkQpiTOB7CYYZ0cipYNNSNzUsIXRMhiywVJKYmTCbnzx1z6zSdwdK25LoztXfExmJjZnEke2MCY7MsjcT//OCFAfXYcZlkiKTdLFokAoXlTv73+1zzSiKiSWEam5vdemIaELRplSyIfjLL6+SVq3qe1X/4bJSv8njKMIJnMI5+HAFdbiDBjSBgoJneIU3B50X5935WLQWnHzmGP7A+fwB6QGQ/g==</latexit><latexit sha1_base64="e8J+ufK9dXQh3mlWbHwoXCs6FaI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSBD0WvXgRKtgPSEPZbLft0s1u2J0IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeVEiuEHP+3YKa+sbm1vF7dLO7t7+QfnwqGVUqilrUiWU7kTEMMElayJHwTqJZiSOBGtH49uZ335i2nAlH3GSsDAmQ8kHnBK0UtDVI9XL1EVtet8rV7yqN4e7SvycVCBHo1f+6vYVTWMmkQpiTOB7CYYZ0cipYNNSNzUsIXRMhiywVJKYmTCbnzx1z6zSdwdK25LoztXfExmJjZnEke2MCY7MsjcT//OCFAfXYcZlkiKTdLFokAoXlTv73+1zzSiKiSWEam5vdemIaELRplSyIfjLL6+SVq3qe1X/4bJSv8njKMIJnMI5+HAFdbiDBjSBgoJneIU3B50X5935WLQWnHzmGP7A+fwB6QGQ/g==</latexit>

⇢+P
<latexit sha1_base64="YPg9jaXZy7oE6BQpejaTYu9yhqU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGCrosunFZwT6kHUomzbSheQxJRihDv8KNC0Xc+jnu/BvTdhbaeiBwOOdccu+JEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk567OmR6mcX00a/XPGr/hxolQQ5qUAOl//qDRRJBZWWcGxMN/ATG2ZYW0Y4nZZ6qaEJJmM8pF1HJRbUhNl84Sk6c8oAxUq7Jy2aq78nMiyMmYjIJQW2I7PszcT/vG5q4+swYzJJLZVk8VGccmQVml2PBkxTYvnEEUw0c7siMsIaE+s6KrkSguWTV0nrshr41eC+Vqnf5HUU4QRO4RwCuII63EEDmkBAwDO8wpunvRfv3ftYRAtePnMMf+B9/gCmwJBL</latexit><latexit sha1_base64="YPg9jaXZy7oE6BQpejaTYu9yhqU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGCrosunFZwT6kHUomzbSheQxJRihDv8KNC0Xc+jnu/BvTdhbaeiBwOOdccu+JEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk567OmR6mcX00a/XPGr/hxolQQ5qUAOl//qDRRJBZWWcGxMN/ATG2ZYW0Y4nZZ6qaEJJmM8pF1HJRbUhNl84Sk6c8oAxUq7Jy2aq78nMiyMmYjIJQW2I7PszcT/vG5q4+swYzJJLZVk8VGccmQVml2PBkxTYvnEEUw0c7siMsIaE+s6KrkSguWTV0nrshr41eC+Vqnf5HUU4QRO4RwCuII63EEDmkBAwDO8wpunvRfv3ftYRAtePnMMf+B9/gCmwJBL</latexit><latexit sha1_base64="YPg9jaXZy7oE6BQpejaTYu9yhqU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGCrosunFZwT6kHUomzbSheQxJRihDv8KNC0Xc+jnu/BvTdhbaeiBwOOdccu+JEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk567OmR6mcX00a/XPGr/hxolQQ5qUAOl//qDRRJBZWWcGxMN/ATG2ZYW0Y4nZZ6qaEJJmM8pF1HJRbUhNl84Sk6c8oAxUq7Jy2aq78nMiyMmYjIJQW2I7PszcT/vG5q4+swYzJJLZVk8VGccmQVml2PBkxTYvnEEUw0c7siMsIaE+s6KrkSguWTV0nrshr41eC+Vqnf5HUU4QRO4RwCuII63EEDmkBAwDO8wpunvRfv3ftYRAtePnMMf+B9/gCmwJBL</latexit><latexit sha1_base64="YPg9jaXZy7oE6BQpejaTYu9yhqU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGCrosunFZwT6kHUomzbSheQxJRihDv8KNC0Xc+jnu/BvTdhbaeiBwOOdccu+JEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk567OmR6mcX00a/XPGr/hxolQQ5qUAOl//qDRRJBZWWcGxMN/ATG2ZYW0Y4nZZ6qaEJJmM8pF1HJRbUhNl84Sk6c8oAxUq7Jy2aq78nMiyMmYjIJQW2I7PszcT/vG5q4+swYzJJLZVk8VGccmQVml2PBkxTYvnEEUw0c7siMsIaE+s6KrkSguWTV0nrshr41eC+Vqnf5HUU4QRO4RwCuII63EEDmkBAwDO8wpunvRfv3ftYRAtePnMMf+B9/gCmwJBL</latexit>

P

M

⇢+P
<latexit sha1_base64="YPg9jaXZy7oE6BQpejaTYu9yhqU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGCrosunFZwT6kHUomzbSheQxJRihDv8KNC0Xc+jnu/BvTdhbaeiBwOOdccu+JEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk567OmR6mcX00a/XPGr/hxolQQ5qUAOl//qDRRJBZWWcGxMN/ATG2ZYW0Y4nZZ6qaEJJmM8pF1HJRbUhNl84Sk6c8oAxUq7Jy2aq78nMiyMmYjIJQW2I7PszcT/vG5q4+swYzJJLZVk8VGccmQVml2PBkxTYvnEEUw0c7siMsIaE+s6KrkSguWTV0nrshr41eC+Vqnf5HUU4QRO4RwCuII63EEDmkBAwDO8wpunvRfv3ftYRAtePnMMf+B9/gCmwJBL</latexit><latexit sha1_base64="YPg9jaXZy7oE6BQpejaTYu9yhqU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGCrosunFZwT6kHUomzbSheQxJRihDv8KNC0Xc+jnu/BvTdhbaeiBwOOdccu+JEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk567OmR6mcX00a/XPGr/hxolQQ5qUAOl//qDRRJBZWWcGxMN/ATG2ZYW0Y4nZZ6qaEJJmM8pF1HJRbUhNl84Sk6c8oAxUq7Jy2aq78nMiyMmYjIJQW2I7PszcT/vG5q4+swYzJJLZVk8VGccmQVml2PBkxTYvnEEUw0c7siMsIaE+s6KrkSguWTV0nrshr41eC+Vqnf5HUU4QRO4RwCuII63EEDmkBAwDO8wpunvRfv3ftYRAtePnMMf+B9/gCmwJBL</latexit><latexit sha1_base64="YPg9jaXZy7oE6BQpejaTYu9yhqU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGCrosunFZwT6kHUomzbSheQxJRihDv8KNC0Xc+jnu/BvTdhbaeiBwOOdccu+JEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk567OmR6mcX00a/XPGr/hxolQQ5qUAOl//qDRRJBZWWcGxMN/ATG2ZYW0Y4nZZ6qaEJJmM8pF1HJRbUhNl84Sk6c8oAxUq7Jy2aq78nMiyMmYjIJQW2I7PszcT/vG5q4+swYzJJLZVk8VGccmQVml2PBkxTYvnEEUw0c7siMsIaE+s6KrkSguWTV0nrshr41eC+Vqnf5HUU4QRO4RwCuII63EEDmkBAwDO8wpunvRfv3ftYRAtePnMMf+B9/gCmwJBL</latexit><latexit sha1_base64="YPg9jaXZy7oE6BQpejaTYu9yhqU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGCrosunFZwT6kHUomzbSheQxJRihDv8KNC0Xc+jnu/BvTdhbaeiBwOOdccu+JEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk567OmR6mcX00a/XPGr/hxolQQ5qUAOl//qDRRJBZWWcGxMN/ATG2ZYW0Y4nZZ6qaEJJmM8pF1HJRbUhNl84Sk6c8oAxUq7Jy2aq78nMiyMmYjIJQW2I7PszcT/vG5q4+swYzJJLZVk8VGccmQVml2PBkxTYvnEEUw0c7siMsIaE+s6KrkSguWTV0nrshr41eC+Vqnf5HUU4QRO4RwCuII63EEDmkBAwDO8wpunvRfv3ftYRAtePnMMf+B9/gCmwJBL</latexit>

Quasi-equilibrium 
oligomerization (N = 2)

Non-equilibrium 
oligomerization (N = 3)

X1

X2

X...

XN

X1
k1X1�! X1 +X2

<latexit sha1_base64="geQAJlzrDI4edtzXp5JzSr1Q50M=">AAACF3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyUwRdFt24rGDbgbYMmTRtQzPJkNxRytC3cOOruHGhiFvd+Tam7Sy09UDg8N17ubknSgQ34HnfTmFldW19o7hZ2tre2d1z9w+aRqWasgZVQukgIoYJLlkDOAgWJJqROBKsFY2up/XWPdOGK3kH44R1YzKQvM8pAYtCtxKEPu4YIHSkmchGoW/BJOsIJQeaD4ZAtFYPE2zpWRBWQ7fsVbyZ8LLxc1NGueqh+9XpKZrGTAIVxJi27yXQzYgGTgWblDqpYYldTgasba0kMTPdbHbXBJ9Y0sN9pe2TgGf090RGYmPGcWQ7YwJDs1ibwv9q7RT6l92MyyQFJul8UT8VGBSehoR7XDMKYmwNoZrbv2I6JJpQsFGWbAj+4snLplmt+F7Fvz0v167yOIroCB2jU+SjC1RDN6iOGoiiR/SMXtGb8+S8OO/Ox7y14OQzh+iPnM8fek2feA==</latexit><latexit sha1_base64="geQAJlzrDI4edtzXp5JzSr1Q50M=">AAACF3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyUwRdFt24rGDbgbYMmTRtQzPJkNxRytC3cOOruHGhiFvd+Tam7Sy09UDg8N17ubknSgQ34HnfTmFldW19o7hZ2tre2d1z9w+aRqWasgZVQukgIoYJLlkDOAgWJJqROBKsFY2up/XWPdOGK3kH44R1YzKQvM8pAYtCtxKEPu4YIHSkmchGoW/BJOsIJQeaD4ZAtFYPE2zpWRBWQ7fsVbyZ8LLxc1NGueqh+9XpKZrGTAIVxJi27yXQzYgGTgWblDqpYYldTgasba0kMTPdbHbXBJ9Y0sN9pe2TgGf090RGYmPGcWQ7YwJDs1ibwv9q7RT6l92MyyQFJul8UT8VGBSehoR7XDMKYmwNoZrbv2I6JJpQsFGWbAj+4snLplmt+F7Fvz0v167yOIroCB2jU+SjC1RDN6iOGoiiR/SMXtGb8+S8OO/Ox7y14OQzh+iPnM8fek2feA==</latexit><latexit sha1_base64="geQAJlzrDI4edtzXp5JzSr1Q50M=">AAACF3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyUwRdFt24rGDbgbYMmTRtQzPJkNxRytC3cOOruHGhiFvd+Tam7Sy09UDg8N17ubknSgQ34HnfTmFldW19o7hZ2tre2d1z9w+aRqWasgZVQukgIoYJLlkDOAgWJJqROBKsFY2up/XWPdOGK3kH44R1YzKQvM8pAYtCtxKEPu4YIHSkmchGoW/BJOsIJQeaD4ZAtFYPE2zpWRBWQ7fsVbyZ8LLxc1NGueqh+9XpKZrGTAIVxJi27yXQzYgGTgWblDqpYYldTgasba0kMTPdbHbXBJ9Y0sN9pe2TgGf090RGYmPGcWQ7YwJDs1ibwv9q7RT6l92MyyQFJul8UT8VGBSehoR7XDMKYmwNoZrbv2I6JJpQsFGWbAj+4snLplmt+F7Fvz0v167yOIroCB2jU+SjC1RDN6iOGoiiR/SMXtGb8+S8OO/Ox7y14OQzh+iPnM8fek2feA==</latexit><latexit sha1_base64="geQAJlzrDI4edtzXp5JzSr1Q50M=">AAACF3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyUwRdFt24rGDbgbYMmTRtQzPJkNxRytC3cOOruHGhiFvd+Tam7Sy09UDg8N17ubknSgQ34HnfTmFldW19o7hZ2tre2d1z9w+aRqWasgZVQukgIoYJLlkDOAgWJJqROBKsFY2up/XWPdOGK3kH44R1YzKQvM8pAYtCtxKEPu4YIHSkmchGoW/BJOsIJQeaD4ZAtFYPE2zpWRBWQ7fsVbyZ8LLxc1NGueqh+9XpKZrGTAIVxJi27yXQzYgGTgWblDqpYYldTgasba0kMTPdbHbXBJ9Y0sN9pe2TgGf090RGYmPGcWQ7YwJDs1ibwv9q7RT6l92MyyQFJul8UT8VGBSehoR7XDMKYmwNoZrbv2I6JJpQsFGWbAj+4snLplmt+F7Fvz0v167yOIroCB2jU+SjC1RDN6iOGoiiR/SMXtGb8+S8OO/Ox7y14OQzh+iPnM8fek2feA==</latexit>

X2
k2X2�! X2 +X3

<latexit sha1_base64="jlHZ59xIlplqrJJOO0d2Kc+1Ajc=">AAACF3icbZDLSgMxFIYzXmu9jbp0EyyCIJSZKuiy6MZlBXuBtgyZNDMNzSRDckYpQ9/Cja/ixoUibnXn25heFtr6Q+DnO+dwcv4wFdyA5307S8srq2vrhY3i5tb2zq67t98wKtOU1akSSrdCYpjgktWBg2CtVDOShII1w8H1uN68Z9pwJe9gmLJuQmLJI04JWBS45VZQwR0DhA40E/kgqFgwyjtCyVjzuA9Ea/UwwpaetoKzwC15ZW8ivGj8mSmhmWqB+9XpKZolTAIVxJi276XQzYkGTgUbFTuZYaldTmLWtlaShJluPrlrhI8t6eFIafsk4An9PZGTxJhhEtrOhEDfzNfG8L9aO4PosptzmWbAJJ0uijKBQeFxSLjHNaMghtYQqrn9K6Z9ogkFG2XRhuDPn7xoGpWy75X92/NS9WoWRwEdoiN0gnx0garoBtVQHVH0iJ7RK3pznpwX5935mLYuObOZA/RHzucPgkeffQ==</latexit><latexit sha1_base64="jlHZ59xIlplqrJJOO0d2Kc+1Ajc=">AAACF3icbZDLSgMxFIYzXmu9jbp0EyyCIJSZKuiy6MZlBXuBtgyZNDMNzSRDckYpQ9/Cja/ixoUibnXn25heFtr6Q+DnO+dwcv4wFdyA5307S8srq2vrhY3i5tb2zq67t98wKtOU1akSSrdCYpjgktWBg2CtVDOShII1w8H1uN68Z9pwJe9gmLJuQmLJI04JWBS45VZQwR0DhA40E/kgqFgwyjtCyVjzuA9Ea/UwwpaetoKzwC15ZW8ivGj8mSmhmWqB+9XpKZolTAIVxJi276XQzYkGTgUbFTuZYaldTmLWtlaShJluPrlrhI8t6eFIafsk4An9PZGTxJhhEtrOhEDfzNfG8L9aO4PosptzmWbAJJ0uijKBQeFxSLjHNaMghtYQqrn9K6Z9ogkFG2XRhuDPn7xoGpWy75X92/NS9WoWRwEdoiN0gnx0garoBtVQHVH0iJ7RK3pznpwX5935mLYuObOZA/RHzucPgkeffQ==</latexit><latexit sha1_base64="jlHZ59xIlplqrJJOO0d2Kc+1Ajc=">AAACF3icbZDLSgMxFIYzXmu9jbp0EyyCIJSZKuiy6MZlBXuBtgyZNDMNzSRDckYpQ9/Cja/ixoUibnXn25heFtr6Q+DnO+dwcv4wFdyA5307S8srq2vrhY3i5tb2zq67t98wKtOU1akSSrdCYpjgktWBg2CtVDOShII1w8H1uN68Z9pwJe9gmLJuQmLJI04JWBS45VZQwR0DhA40E/kgqFgwyjtCyVjzuA9Ea/UwwpaetoKzwC15ZW8ivGj8mSmhmWqB+9XpKZolTAIVxJi276XQzYkGTgUbFTuZYaldTmLWtlaShJluPrlrhI8t6eFIafsk4An9PZGTxJhhEtrOhEDfzNfG8L9aO4PosptzmWbAJJ0uijKBQeFxSLjHNaMghtYQqrn9K6Z9ogkFG2XRhuDPn7xoGpWy75X92/NS9WoWRwEdoiN0gnx0garoBtVQHVH0iJ7RK3pznpwX5935mLYuObOZA/RHzucPgkeffQ==</latexit><latexit sha1_base64="jlHZ59xIlplqrJJOO0d2Kc+1Ajc=">AAACF3icbZDLSgMxFIYzXmu9jbp0EyyCIJSZKuiy6MZlBXuBtgyZNDMNzSRDckYpQ9/Cja/ixoUibnXn25heFtr6Q+DnO+dwcv4wFdyA5307S8srq2vrhY3i5tb2zq67t98wKtOU1akSSrdCYpjgktWBg2CtVDOShII1w8H1uN68Z9pwJe9gmLJuQmLJI04JWBS45VZQwR0DhA40E/kgqFgwyjtCyVjzuA9Ea/UwwpaetoKzwC15ZW8ivGj8mSmhmWqB+9XpKZolTAIVxJi276XQzYkGTgUbFTuZYaldTmLWtlaShJluPrlrhI8t6eFIafsk4An9PZGTxJhhEtrOhEDfzNfG8L9aO4PosptzmWbAJJ0uijKBQeFxSLjHNaMghtYQqrn9K6Z9ogkFG2XRhuDPn7xoGpWy75X92/NS9WoWRwEdoiN0gnx0garoBtVQHVH0iJ7RK3pznpwX5935mLYuObOZA/RHzucPgkeffQ==</latexit>
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