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ABSTRACT. We employ separation of variables to prove weighted resolvent estimates for the semi-
classical Schrédinger operator —h%A 4 V(|z|) — E in dimension n > 2, where h, E > 0, and
V :[0,00) — R is L™ and compactly supported. We show that the weighted resolvent estimate
grows no faster than exp(Ch™!), and prove an exterior weighted estimate which grows ~ h™".

1. INTRODUCTION AND STATEMENT OF RESULTS

Let A :=Y"_, 02 be the Laplacian on R™, n > 2. We consider the semiclassical Schrodinger

J=1"x;

operator on L?(R™) given by
Pu = P(h)u = —h*Au + V(|z|)u,
where V': [0,00) — R is L® and compactly supported, and h > 0 is a semiclassical parameter.
Then P: H?(R") — L%(R") is self-adjoint, and the resolvent (P — z)~! is bounded on L?(R") for
all z € C\ R. Throughout the article, we let r := ||, and (z) == (1 + |z|?)'/2.
Our first result is an exponential upper bound on the limiting absorption resolvent.
Theorem 1. Let n > 2. Fix [Enin, Emax] € (0,00) and 1/2 < s < 1. There exist C, hg > 0, such
that
[(z) (P = E —ie) @) *|l 2@ > 12m) < €7, (1.1)
for alle >0, h € (0, hg], and E € [Epin, Pmax|-
In addition, we prove a ‘non-trapping’ type estimate for the resolvent in the exterior of a large
ball. Let
Ry = Ro(V) :=sup{r € [0,00) : r € esssupp V' },
and define
My = MO(V, E) =

1.2
inf{m > 0| V(r) +mr—2 — E >0, for almost all  in a neighborhood of (0, Ro(V)]}. (1.2)

For example, if V' is the characteristic function of the interval (0, Rp], then My = ER%. IfVis
continuous at Ry, Mo = esssup g r2(E — V). Note that always My > ER% because we require

Myr=2 — E > 0 for some r > Ry. Finally, put

Ry = Ri(V, E) = /Mo(V,E)/E. (1.3)

Theorem 2. Letn > 2. Fiz [Ewyin, Emax] € (0,00),1/2 <s<1and R > SUD B[ Buin, Bmas] Ri(V,E).
There exist C, hg > 0, such that
s o s C
[{z)"1>r(P — E — ig) 112R<$> I2@®n)—L2(@RR) < B (1.4)

for alle > 0, h € (0,ho], and E € [Emin, Emax|, where 1>p is the characteristic function of
{zx € R": |z| > R}.
1
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Theorem 2 is optimal in the sense that [DaJi20, Theorem 3] shows that (1.4) is false in general
when R < /My/E. For example, if V € C§°([0,1)), E < max(—r2V), and R < \/My/E, then (by
[DaJi20, (2.9) and (4.10)]) the left hand side of (1.4) is bounded below by e/¢? for h tending to
zero along a sequence of positive values.

The novelty of Theorems 1 and 2 is that they bound the weighted resolvent for an arbitrary
compactly supported, radial L> potential. The h-dependencies on the right sides of (1.4) and
(1.1) are sharp in general, see [DDZ15] and [DaJi20] for exponential lower bounds, and recall that
the free resolvent (V' = 0) has a Ch~! lower bound (to see this, consider u = eiﬁhflzlx(m) for
some 0 # x € C§°(R™)). Vodev’s work [Vo2l] shows, for dimension n > 3, a bound like (1.1)
still holds for radial potentials decaying like (r)~°, § > 2, except with the right side replaced by
eCh? (bounds with additional losses hold for V' decaying more slowly). For V € L (R™;R) not
necessarily radial, n > 2, with V. = O({(r)7%), § > 2, the best known weighted resolvent upper
bound is e log(h™") [GaSh20]. In dimension nm > 2, it is an open problem to determine the
optimal h-dependence of the resolvent for V € L°°. In contrast, when n = 1, an ¢ bound holds
even if V € L'(R;R) [DaSh20]. As far as the authors are aware, Theorem 2 is the first exterior
estimate for any class of L* potentials in dimension higher than one.

Proofs of semiclassical resolvent estimates have a long history and are an active research topic.
Burq [Bu98| was the first to show an e“""" bound for smooth perturbations of the Laplacian on R".
Several extensions followed [Vo00, Bu02, Sj02, CaVo02]. The exterior bound (1.4) was first proved
by Cardoso and Vodev [CaVo02], refining a preliminary estimate of Burq [Bu02]. More recent
works on resolvent estimates in lower regularity include [Dal4, Vol4, RoTal5, KIVo19, Sh19, Vo19,
GaSh20, GaSh21, Sh20, Vo20a, Vo20b, Vo20c, Vo21].

Stronger bounds on the resolvent are known when V' € C5°(R™; R) and conditions are imposed on
the classical flow ®(t) = exp t(2£0, — 0,V (¢)0¢) (note that ®(¢) may be undefined in our case). The
key dynamical object is the trapped set K(FE) at energy E > 0, defined as the set of (z,&) € T*R"
such that [£]? + V(z) = E and |®(¢)(x, )| is bounded as [t| — oco. If K(E) = (), that is, if F is
nontrapping, Robert and Tamura [RoTa87] showed the weighted resolvent is bounded by Ch~1.
We may thus think of (1.4) as a low regularity analog; it says that applying cutoffs supported
sufficiently far from zero removes the losses from (1.1) due to trapping.

Theorem 1 allows one to obtain, at high frequency, bounds on and resonance free regions for,
the meromorphic continuation of the cutoff resolvent of the operator —c?(|z|)A on L?(R", c~2dz).
Here ¢ € L*>([0, 00); (0, 00)) is called the wavespeed and satisfies

supp(1 — ¢) is compact,
cp < ¢(r) < ¢ for some cp,c; > 0 and for all r € [0, 00).
More precisely, one obtains,
Theorem 3. Let n > 2, and suppose ¢ € L*([0,00);(0,00)) obeys (1.5) and (1.6). For each
X € C§°(R™), there exist constants C1,Ca, M > 0 such that the the cutoff resolvent

YR(A\)x = x(—c?A — \2)~1x continues analytically from Im X > 0 into the set
{AeC:|Re)| > M, ITm\> —e®2IReAY where it satisfies the bound

IXRO)X ] L2 (27, e~2da) L2 (@7, c=2dz) < €T, (1.7)
The proof of Theorem 3 is the same as the proof of [Sh18, Proposition 5.1], and is seen by
identifying V =1 —c¢"2, h = | Re A\|™! and applying (1.1).
Theorem 3 implies logarithmic local energy decay for the wave equation
(0?2 — *(x)A)u(z,t) =0, (x,t) € R® x (0,00), n > 2,
u(w,0) = ug(w) € HA(R"), (1.8)
Opu(x,0) = uy(z) € H*(R™),
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where the initial data are compactly supported. Such a decay rate was first proved by Burq [Bu98]
for ¢ smooth, and allowing for a smooth Dirichlet obstacle.

The assumption that ¢ = 1 outside of a compact set is necessary not only to establish (1.7), but
also to study the low-frequency behavior of the cutoff resolvent. Under this assumption, one can
see that this behavior is exactly the same as the case ¢ = 1 [Sh18, Proposition 4.1], which in turn is
well-known (see, e.g., [VoO1, Section 1.1]). With both the low and high frequency behavior of the
XR(A)x illuminated, a logarithmic local energy decay rate for the solution of (1.8) follows exactly
as in [Sh18, Sections 6 and 7].

1.1. Ideas from the proofs. When V : R” — R has limited regularity, proofs of resolvent
estimates typically proceed by a modified positive commutator strategy, see e.g., [GaSh20, Section
2]. The potential is treated as a perturbation because it cannot be differentiated in some or all
directions. The issue one needs to overcome is that, in the positive commutator scheme, the
potential appears in a term without an apparent sign (even though V is real-valued), which in

turn is difficult to control as h — 07. Controlling this term results in an estimate from above by
Ch=4/310g(h™1)
e .

Due to the work of Meshkov [Me92] on the Landis conjecture, one knows that the exponent h~%/3

is optimal for compactly supported complex valued potentials (see Appendix C for an explanation).
Therefore, any improvement upon the exponent h~%/3 in the resolvent estimate for an L compactly
supported potential must involve additional assumptions on the potential V' (e.g. reality/radiality).

The radial symmetry of the potential is used in two ways. First, it allows us to study the high
angular momenta separately from the low angular momenta. In particular, we use a spherical energy
type estimate to obtain resolvent estimates for low frequencies. Second, decomposition by angular
momentum enables us to take advantage of reality of V using ODE techniques. In particular, for
large enough angular momenta m;, reality of V yields useful monotonicity properties of certain
solutions ug and u; to (—h?02+V +m;r~2 — E)u = 0 (see their construction in Section 2). Control
of ug and u; gives a bound on the integral kernel of (—h20? +V +mr~2 — E—i0)~!, which together
with WKB and Bessel function asymptotics, yields the sharp semiclassical resolvent estimates.

We remark that, in the setting of Theorem 1, our ODE methods do not yield estimates on wug
and u; for small m;. However, we are able to prove good enough resolvent estimates for these
frequencies. In doing so, we prove the following proposition.

Proposition 1.1. Fiz [Fyin, Fmax] € (0,00) and 1/2 < s < 1. There exist C, hg > 0 such that for
0<e<1,he(0hy], m>—h?/4, and E € [Enin, Emax],

s _ LN s m|l/
1) ™5 (=h282 +V +mr™2 — E —ie) 1) ™| 12(0.00) 5 12(0,00) < €CEHMITAR 0 (1.9)

Proposition 1.1 is motivated by [Vo21, Proposition 3.1] where a similar estimate is proved for
m > 0. However, in order to handle the case of n = 2, we need to extend these resolvent estimates
to m > —h%/4. The proof of Proposition 1.1 utilizes methods inspired by the b-calculus from
microlocal analysis to estimate u by (—h?02? +V +mr~2 — E)u near 0, and then employs a spherical
energy method to handle the region away from zero.

We expect Theorems 1 and 2 still hold for potentials V' which are radial, real and non-compactly
supported, with sufficient decay toward infinity. A difficulty with treating this case is finding a
suitable replacement for the WKB and Bessel function asymptotics we use in Section 3.

The organization of the paper is as follows. In Section 2 we give an overview of the plan to
prove Theorems 1 and 2 via separation of variables. In Section 3 we use WKB and Bessel function
asymptotics to prove Theorem 2. In Section 4 we use the Mellin transform and energy estimates
to prove an exponential estimate which is optimal for low angular momenta but not for high ones.
In Section 5 we use ODE analysis to remove the losses for high angular momenta and complete the
proof of Theorem 1.
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2. REDUCTION TO A FAMILY OF ONE DIMENSIONAL RESOVLENT ESTIMATES

In this section, we use separation of variables to reduce the proofs of Theorems 1 and 2 to a
family of one dimensional resolvent estimates. We begin by recalling the conjugation
Agn— n—1)(n—-3

s, (n=D(n-3)

(n—=1)/2(__ —(n—1)/2 - _ 92 _
r (=A)r 0; 2 02

We then put

my = W(o; +47 (n - 1)(n - 3)),
where 0 = 09 < 01 = 02 < 03 < --- are the eigenvalues of the nonnegative Laplace-Beltrami oper-
ator on the unit sphere S*~! C R”, repeated according to multiplicity. (Recall that the eigenvalues

of the unit sphere are k2 +(n—2)k, k =0, 1, ....) Denote by Y, Y71,... a corresponding sequence
of orthonormal real eigenfunctions. Also define

Py = —h202 + V(r) + mr—2, m > -7

The operator P,,, acting on L*(R.), Ry := (0,00), with domain C§°(R), is symmetric. As Py,
commutes with complex conjugation, by von Neumann’s theorem it has equal defect indices, and
thus has self adjoint extensions. Elements in the domain D(P)) are precisely those functions
u € L?(R,) having u and d,u absolutely continuous along with P,,u € L?(R,). Moreover, since
Ir el 2y ) < 201000l 2w,y for any ¢ € C§°(Ry), Py, is a semibounded operator, thus a partic-
ular self-adjoint extension of (P, C§°(R4)) is its Friedrichs extension (see [ReSi, Theorem X.23]),
which we denote by (P, Dy,); this is the self-adjoint extension of (P, C5°(R4)) that we work with
throughout the paper.

We start by studying the resolvent kernel for P,,. To do this, we construct two convenient
linearly independent solutions, ug, and u; to

PmUj = (E + iE)Uj, Jj € {O, 1}. (2.1)
To define these solutions, let
pa(r) =1L, ey(r) =1V (),

h? h? VE +i
m > T >0, v= h_l(m+ Z)l/z >0, A= h+Z€> E € [Enin, Enax], €2>0.

where J,(z) and Y, (z) are the Bessel functions of the first and second kind, respectively [DLMF,
Section 10.2]. Note that

(=h%0, +mr % — E — i€)p vy = 0.
Next, define ¢g = ¢ and, inductively,

1 (r) = (2mh?) 7! /OT(SOY(T)W(T’) — M)y (M)V (I )en(r)dr',  n>0.
Finally, put

up(r) :== Z on(r). (2.2)
n=0

In Appendix B, we prove
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Lemma 2.1. The series (2.2) and its first derivative converge uniformly for (r, E,€) in compact
subsets of
R4 X [Emin, Pmax] X [0,00). In addition, uy(r) > 0 near r =0,

up(r) = ¢o(r) + (27rh2)1/ (py (r)es (") = es(r)ey (") V (" uo(r")dr, (2.3)
0
(=h20?> +V(r) +mr 2 — E —ig)uy = 0, (2.4)
lim (%5 buo(r) — ()7 =0, (2.5)
and for all r* > 0,v > 0, there is C, .+ such that
lup(r)| < C’V’T*TVJF%, r e (0,77, (2.6)
Next, put
ui(r) = ps(r) +ipy(r), r > Ry, (2.7)

and extend u; by requiring that it solve (2.1). By (2.7) and [Ol, Theorem 2.1 in Section 5.2.1],
u1 depends continuously on (r, E,¢) varying in Ry X [Epin, Fmax] X [0,00). Also, from [DLMF,
10.17.5], for all r* > 1, v > 0, there is Cy+, > 0 such that

lur(r)] < Cr= ve™ Im)\r’ >t (2.8)
Lemma 2.2. The functions ug in (2.2) and uy in (2.7) are linearly independent for all € > 0.

Proof. First consider € > 0 and suppose u; and ug are linearly dependent. Then, since

ug € L%((0,1]) by (2.6) and ug € L%([1,0)) by (2.8), we would have u; € L?([0,00)). In particular,
uj would be an L2-solution of (P,, — E —ie)u = 0 and thus must vanish identically. Next, when
€ =0, ug and u; are linearly independent since ug is real-valued while u; assumes non-real values.

O
We can now define the resolvent kernel for P,,,
/
K(r.v') = K(r.o'sm, .6, ) = — 200,
2 (2.9)
r < 7J7 m > _Za Ee [Emin’Emax]y €> 0,
and for v’ < r, K(r,7") = K(r',7), where W = ugu} — ufu; is the Wronskian of ug and u;.
Lemma 2.3. For E,e >0, u € L*(R") and v € L*(Ry),
o
(Pp — FE —ie) v = / K(r,r';m, E e, h)v(r")dr'.
0 (2.10)

= —h W (uy (r) /07" uo(ro(r')dr' + ug(r) /00 uy (r)o(r')dr'),

(P—FE —ie) tu= ZY]- / / r_("_l)/zK(r, r'im;, E. e, h)(r')("_l)/2u(7"', 0)Y ;(0)dodr’.
j:O 0 Snfl
(2.11)

Proof. To prove (2.10), it suffices to work with v € C§°(R). We check that the right side of (2.10)
belongs to D,, and, that applying P,,, — F — i€ yields v. The latter is a direct computation, while
the former follows from (2.6), (2.8), and the fact that a characterization of D,, is

1
Dy, = {f € L*(Ry) : Ppf € L*(Ry), v~ "2 f € L™ near r = 0}. (2.12)
See [NiZe92, Section 6, Equation (4.14)].



6 KIRIL DATCHEV, JEFFREY GALKOWSKI, AND JACOB SHAPIRO

We need only verify (2.11) for v = Y; v with v € C§°(R.), as such functions have dense linear
span in L?(R™). In this case, the right side of (2.11) reduces to

Y [ R g B 1) (0 (213)

To show (2.13) and (P — E —ie) 1Y ;v coincide, we check that applying P — E —ie, respectively A,
to (2.13) in the sense of distributions, results in Y v, respectively some function in L?*(R™). Both
computations are handled by integrating by parts in polar coordinates, on domains of the form
{r € R" : |z| > § > 0}, and sending 6 — 0. All boundary terms that appear in the calculation
vanish as § — 0, thanks to (2.5)and (2.6). We leave the remaining details to the reader.

]

We next consider the limit as € — 07. Recall that [Ag75, Theorem 4.2] for any s > 1/2, and
E € [Emin, Fmax] , the limit
() (P — E —i0) " Ha)™* = lim (z)"5(P — E —ig) " {zx)~* (2.14)
e—0t
exists in the uniform topology L?(R™) — L?(R™). By (2.11), (2.10), and because K (r,7';m;, E, &, h)
depends continuously on (r, 7/, E, €) varying in compact subsets of Ry X Ry X [Ewin, Emax] X [0, 00),
for each j and u,v € C§°(Ry),

(Yju, (z)"%(P - FE — i0)71<35>7SYj7)>L2

— lim <T,(n71)/2u7 <T‘>S/ K(T, r’;mj,E,a, h)(r/>7s(T/)(nil)/QU(T/)dTI>L2(R+)
0

e—0t

= lim (r("1/2y, (r)*(Pm; — E — ie) ) () D2u(r ")) L2y

e—0t

= (0 ) [T Ky, B0 B ) ) e
0

Thus, as functions {Y,v : j € Ng, v € C§°(R4)} have dense linear span in L*(R"), to bound the
norm of (2.14) on L?(R"), it suffices to bound, uniformly in j, the kernel K(r,r’;m;, E,0,h), or
alternatively, |[(r)™*(Pm; — E —ie) 7 (r) 7|l 12 )= 12(r, ) for € > 0 small.

If the bounds (1.1) and (1.4) are established for € = 0, it is well-known that one can use resolvent
identities to show they hold for € > 0 as well. We omit the proof of this but refer the reader to the
relevant results, see [BrPe00, Proposition 3] and [Vol4, Theorem 1.5].

3. EXTERIOR ESTIMATES

Theorem 2 follows from the stronger statement that, for any R > suppge g Ri(V,E) (see

(1.3)), we have

min 7Emax}

C

(K ()] = [ K (r,r'sm, B0, k)] < -, (3.1)

uniformly for 7 and ' in [R, 00) obeying r» < v/, m > —h%/4, h small, and E € [Epax, Emin]. We

prove (3.1) in this section, over the course of two lemmas. The first lemma establishes (3.1) for
m < M4, where

E(R? - R?)

My = M, (E) = Mo + 5

(3.2)
In the second lemma, we prove (3.1) for m > M.

Lemma 3.1. There are C and hg such that (3.1) holds for all v and v’ in [R,00) obeying r < 1,
h € (0,ho], E € [Ewmin, Fmax] and for all m € [—h?/4, M,].
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Proof. The proof is essentially the same as the one in [DaJi20, Lemma 1]. It is based on WKB
or Liouville-Green asymptotics for solutions to an ODE with real coefficients in a region with no
turning point. First, observe that if r > R and m < M, then
2 _ 2My + E(R? — R%) 2ER? + E(R? — R?) g E(R? - R?)

- 2r2 - 2R? 2R? )
Thus E — mr~? is bounded below by a positive constant uniformly in E, r and m.

By [O], Section 6.2.4], there are real numbers A = A(h) and B = B(h) such that, for r > R we

have
up(r) = W(;(A +iB) exp / VE-— ms‘%ls) (I4+ex(r ))

where € and e_ satisfy

mr

h
e+ ()] + hlel ()] S 5
By [Ol, Section 6.2.4], there is a constant D = D(h) so that for r > R,

ui(r) = \/E,%exp / VE - ms‘%ls) (I+e4(r)),

where we rule out the presence of an exp ( — % E\/E — ms*st) term by using large-argument
Bessel function asymptotics [DLMF, 10.17.5 and 10.17.11] to show that

VE
Oru1 — ZTUI — 0, as r — 00.

Next we compute the Wronskian
D 2D(B + 1A
W= ——(a- ZB) VE- mr2(1+ 0(hr™) = 2D(B+id)
E —mr—2 h h
where we dropped the remainder because W is independent of r. Plugging these formulas for ug,

u1, and W into the formula (2.9) for K gives the conclusion.
O

Lemma 3.2. There are C' and hgy such that (3.1) holds for all v and v’ in [Ro, o) obeying r <1,
h € (0,ho], E € [Ewmin, Emax|, and for all m > M.

Proof. By the Bessel function differential equation (A.1), there are real numbers A and B such
that, for r > Ry,
up(r) = r'’?(AJ,(vz) + BY, (vz)),
where
v="h"tm+ %h2)1/2, z=(m+ %hQ)_l/QEl/Qr.

(Note that the constants A and B here are analogous to but different from the ones from Lemma

1.) Recall from (2.7) that

uy(r) = r/2(J,(v2) + Y, (v2)).
By the Bessel function Wronskian formula (A.2),
W =2r"'(iA - B).

To bound B in terms of A we use the fact that ug(Ry), ug(Ro) > 0 which follows from
V +mr=2 — E >0 on (0, Ry]; see Lemma B.1. By the Bessel function bounds (A.7), for h small
enough, we have

JV(VZO) A< 6—2V£0A7 _B< J ( )+ 2R0Jl( )A < —2V§0A

B ¥yt s = Y, (vz0) + 2R (v20)
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where

1
o = / 11— 2)Y2dt, 2= (m+ 1h?)TV2EY?R,,
20

Note that zy < 1 because

My  R*-R\'? R - R\ '*
+ <1+ .
ERZ " 2R} 2R?

Then, when Ry < r <1/, letting 2’ = (m + $h2)"/2EY/2" and inserting |B| < e 2% A and the
Bessel function bound (A.10) into (2.9) gives

K (r, )| S W72 (') 2 (y (v2) + e 20, (v2)]) |y (v2) + 1Y, (v2)]
S; h72V71(TT/)1/2<Z>71/2<Z/>71/2 5 hil,

20 < M{VPEV?R, = (

(3.3)

as desired.

4. ONE DIMENSIONAL RESOLVENT ESTIMATES FOR LOW ANGULAR MOMENTA

We now study the equation
h2
(Py, — E —ic)u= (=R +V(r)+mr 2 — E —ic)u = f, m > -
on L? = L*(Ry) := L?(0,00). Recall that the self-adjoint extension of (P, C§°(R;)) we employ is
its Friedrichs extension (P, Dy,). Put Deomp,m = {u € Dy, : suppu is compact in [0, 00)}.

Lemma 4.1. Let [FEyin, Fmax] C (0,00) and 1/2 < s < 1. Then there is C, hg > 0 such that for
all E € [Emin, Bmax], b € (0,ho], m > —h?/4, 0 < e <1, and u € Deomp,m,
1)~ ull 2y < S (1) (P~ B — ie)ull 2, .
To prove Lemma 4.1, we start by studying the operator
h2
Za
on functions compactly supported in [0, 00). We recall the Mellin transform and its inverse:

d 1 ,
& / r—v(o)dr, o=rT1-+it,
R

M(e) = [T M) = 5
where the definitions hold initially, e.g., for u € C§°(Ry) and v((-) +it) € LL(R) N L2(R), and then
extend by density to bounded operators M : L?(0, 00; r~2"1dr) — L2(R),

M L2(R) — L2(0, 00; 72 1dr). Moreover, since M (u)(7 +it) = 20 F (e ®u(e®))(7), 2 € R,
and M; 1 (v)(r) = r*F(v)(logr)/2r, where F denotes Fourier transform,

[M(u)(T +it)|| 2 ) = (27T)1/2Hritfl/ZUHB(RJF)’

Qm — _aT2 +mh727”727 m Z _

DY ) (4.1)
e~ 2 M @) () r2ryy = (27) 720l L2 wy-
Let
A/ -2
fe = to(m) = 2V ;4mh L Am) =2 —t—h72m| Y, t£ b

Lemma 4.2. There is C > 0 such that for m > —h%/4, N € R, tg € R\ {ty(m),t_(m)}, and
wer NL2 [0,00) with Quu € rto_%Lz, we have

comp
u = Ty (12 Qumu) + Ei, (r*Qmu), (4.2)
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where ) )
=% Byl 2 < CAto, m)lr="" 3ol 2ge, . (43)
and
0 to <t_,
2 logr/\/l(v)(%) — r%/\/l(logrv)(%) t_ <tg, m= _%27
tyv = § r'= M)t

- to<ty<ty,m>-—b
rt= M(v)(it— ri+ M(v)(ity)
ty—t_

h2
t+ < to, m > -4

Remark: Applying (rd,)? , j = 1,2, to the expression for Ey v, see (4.6) below, yields a

strengthening of (4.3), namely
g1 ; g1 .
[r=072 (10, ) Brgv| 12 < Aj(to, m)lr 720l 2y, 5=0,1,2,

However, we omit the proof since in the sequel we do not need the estimates for j = 1, 2.
Proof. Without loss of generality, we take N positive and large enough so that —N < tg, t4, t_.
Since u € T_NLgomp and 72Qu € rt0+%Lgomp, M(u)(o) is holomorphic in Imo < —N — 1/2,
while M (r2Qu) (o), is holomorphic in Im o < t and extends continuously (as an L? function) to
Imo = tg. In addition,

1
M(2Qmu) (o) = (62 —io + mh™)M(u)(0), Imo < —N — 7 (4.4)
In particular, (4.4) implies Mu(co) € LL(R) N L2(R) for Imo < —N — 1/2, so by Fourier inversion,
1 —io 2 m
u(r) = — / rMOTQmu)(o) (4.5)
27 Jimoe—N—1 02 —i0+mh=2
We now deform the contour to Imo =ty — € and the send € — 0. From (4.5),
1 . r= O M(r?Qmu) (o) )
u(r) = Py Rh_r)réo 7 io L mh? do, Yrt ={T+1it : T € [-R,R]}.

YR,—N-1

Next, observe that since, in Im o < tg, HM(T’2Qm’U,)(U)HL$o(R) is indepdendent of Re o,
‘/ rIMEEQu)(o) 4| Ce
Y+,R,—N,e

0% — i + mh-2 _R2—>0, as R — oo.

where

Vi R—Ne :={xR+it : t € [-N — 1,1ty — €]}.
In particular, using to # t+(m) and that M(r?Q,,u) (7 +it) varies continuously in L2(R) for ¢ < t,
we send € — 0 to obtain

1 —i0 2 m ) 2 m
u(r) = / d 2./\/1‘(7“ @ u)_(g) do +1 Z Res ('r_“’ /;/I(T‘Q u)(a_)2>
27 Jimo—tg 0"~ 40+ A 2 —iotmh=2=0 on ot mh (4.6)
Imo<tg :

=: Ey, (TQQmU) + 11, (7"2Qmu).

The formula for II;, follows from calculating residues at ¢4 (m), while the bound on Ej, follows
from minimizing the modulus

(7 +ito)? — i(T +itg) +mh™2]? = (—t3 +to + mh™ 2+ 7%)% + 7%(2t — 1)?,

with respect to 7.

Lemma 4.3. Suppose m > 0 and u € D,,. Then r—'u € L>(R,).
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Proof. This follows immediately from the characterization (2.12) of D,,.
O

Lemma 4.2 will allow us to control the behavior of solutions, u to (P,, — E —ic)u = f near 0.

Proof of Lemma 4.1. To shorten notation, we set P, g. = P, — E —ic. Since 4 € Deomp,m and
u € L, for any compact K C (0,00), there exists Cx , > 0 so that

107ullr2(ry < Cronllull L2(rey + [1Pmtll 220y )-

In particular, u € H_(0, o0).
Next, set
§ = 8(m) := Soh(h2m)Y2, &1 = 81(m) = max(6(m), ), (4.7)
for some 0 < ¢y < 1 independent of h, m and E € [Epin, Emax], to be chosen. Let x € C§°[0,2)

with x = 1 near [0,1]. Set x5, = x(0; ). Then
QmXs,u = h_QPm7E75X51u — h_Z(V — E —ig)xs,u (4.8)
= h_ZX(;leu + h_Q[Pm, Xo, Ju — h_2X51 (V — FE —ie)u. '

In particular, since u € H120C(0,oo), P,u € L?, and Xs, is constant near zero, T2QmX51u € r2L2.

Setting

1 h? h?
N
to=to(m):=4q 2 %~ =4’
0 o(m) { 1 % <m,
observe that
A(to,m) = [t —to — h2m|™! < ¢(h™2m)~! (4.9)

for some ¢ > 0 independent of h and m. Note also that with this definition of to(m), to(m) < t—_(m)
for —h?/4 < m < h%/4, and t_(m) < to(m) < t4(m) for h?/4 < m. Therefore, by Lemma 4.2,
since u € L?, r?Quxs,u € r*L?, and to(m) < 3/2,

X6, U = Et() (TQQmX51u) + Hto (TZQmX51 U),

where ,
0 ~h<m<t

I, (r?Qumxs,u) = e ‘ )
’ ! ti_tJrM(rQQnglu)(zt_) he < m,

and
[r=*~ 2 Byyoll 2 < CA(to, m)[lr 0720 12
Next, by Lemma 4.3, for m > 0, r—'u € L2. Thus, both M(xs,u)(c) and M(r2Qnxs,u)(0) are
holomorphic in Imo < 1/2. Ast_ < 1/2 when m > 0, by (4.4)
M(r*Qmxsu)(it-) = ((it-)* —i(it_) — h™*m)M(xs,u)(it-) = 0.
In particular, for any m and u € Deomp.m, Lty (r*QmXs,u) = 0. Thus, by (4.8) and &, > 1/2,

)

I 2l 20,00y < I 2 x50l 120,01 < CACto, m)|Ir> Qs ull 2
< CA(tg,m) (h_2 ||7"%_topm,E,sUHL2(O,261) (4.10)
+ hil||7"%7t°hul||L2(51,251) + h72|’7'%7t0u||L2(07261))-
We now estimate part of the last term on the right side of (4.10), using (4.7) and (4.9):
CA(to, m)h|lr2"0ull 2(0,5) < CA(to, m)A 26|~ 0| 20,5

< 0050\!7’_t°_%UHL2(0,5)-
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Choosing dp small enough, this term may be absorbed into the left side of (4.10), so we find

g1 —2/3, =20\~ 3=
I~ Sl o) < ChHA2m) = (270 Pl a2+ (4.11)
3_ 5- ‘
hllr2 =0 he | 125, 25 + 172 tOUHLQw,%))'

We now employ the energy method to study the region [6(m), c0). Let s > 1/2, n = min{1, E'}/2,
and ¢; € C§°([0,1);[0,1]), 7 =0,1,2, with ¢9 =1 on [0,1/2] and ¢; = 1 on supp ¢;_1. Let

F(r) = |hd(r)? + Elu(r)]®,  w(r):= /Or(l — ¢1(r"/8)) o (1 /8)dr’ eV /P,
with
Y= /0 (V)] + 2im(1 = go(r/8))(r')72) + (') 2’ < V| i,y + C(1+ 7t m|Y2).
Here, we have used

ml /15( ()72 = pml (b8 =) Sl
§ m

Then,
(wF) (r) = —2Rew(Pr g u, ') + 2ew Im(u, ') + w'(|h|* + Elul?) + 2w Re(Vu + mr~2u'),
where (z, z1) := 2Z7, 2,21 € C. Since ¢o(r/d) > 0 implies w(r) = 0, we have

/ /
w! = L+ (1= (/) ontr/o) > Lo > Bl VI () ) (412)
So,

(wF) (r) > —2Rew (P g u, ') + 2ew Im(u, u') + o' (|h|* + Elul?) + 2w| Re((V + mr~?)u, u')|
—h_ln_1<r>25w|Pm7E,5u|2 _ h_lnw<r>_25|hu’|2
— W (V] + e+ [mlr 2)w(|u* + |hu'|?) + min{1, E}w'(|ha/[* + |ul?)
min{1, £}

2

v

Y

—h™i T )2 w| Py, peul® — eh ™ w(luf® + [h'[?) + w'(|h'[? + Eluf?).

We integrate from 0 to oo, and use the facts that w(r) = 0 near zero and u € HZ_((0,00)) is
compactly supported in [0, 00):

(") 2 () 20,00y + 11 (w")2ull 0 )

<cnt! / (V20 (r) | Prop.ctu(r) 2dr + ™! / w(lu(r)2 + [l (r)[2)dr-

(4.13)
Next, observe that

Re/meE@uudr = /w]hu’\er + Re/hw’hu’udr + /w(V — E+mr %) |ul?dr.



12 KIRIL DATCHEV, JEFFREY GALKOWSKI, AND JACOB SHAPIRO
So, using (4.12)
1/24. 1 Yo w12 2 o 1/2, 12 1/2, 112
I(w) "Rl 2 < <= [l(w') Phalpe + —5—[[(w)) " Pullze + Cll(w) ™ ullze

_ 1 1 _
+ Cllw! 2 im[* 2~ ulF + o w2 (r)* Py peull g2 + Gl (r)*ul| 2

~vh

< o @) 2|22+ C (145~ hf () 2l

1
+ §\|w1/2<r>spm,E,EUHL2 + O (w)?ul| 2.
Plugging this into the right side of (4.13), taking  small enough, subtracting the corresponding
term to the left-hand side, and using,
cS(m)(ry~2 /h < w'(r), r>d(m),
()], |uf (r)] < eCOHmTRM > 0,
suppw C (36(m), 00),
and € < 1, we have

1)~ ()l L2 s,00) + 1)~ ull 22(5,00)

4.14
< 6C’(1-|-|777,|1/2)/h||<r>s ( )

1/2 ,C(1+|m|'/?)/h
+ £1/2e00+Im|7%)/ ||UHL2(%6,00

sz’€u||L2(O,OO) )'

Next, observe that —1/2 < typ(m) < 3/2 implies
3_ to—3
172 70]| £2(0.05,) < CO1 [0l 20,261

1 g1
[0l 20,8) < COOT2[[r= 20| 120 ),

3_ to—S+s _
17270 125, 261) <05 () v £2(5,,261)-

Combining this with (4.11) and (4.14), and that §; < C(m)'/2, we have
_ 1/2 1/2
1)~ ull 2(0,00) < €“OHMR () Py ]| 120 00) + €1/ 2SI ]| o 15
Finally, observe that, since u € D,,, for any v > 0,
ellullfe = | Im (P, peu, u)| < [[(r)* P, peull p2[(r) " ull 2 < g5 1(r)* P peul 72 + FI1(r) ~*ull e,
and hence

(HmIY2) /b ys p

1) ul £2(0,00) < €© m, Bl £2(0,00)-

This completes the proof of Lemma 4.1.

Proof of Proposition 1.1. Let 1/2 < s < 1, and Wy € C*° with Wy = 1 near 0 and
c(ry? < Ws(r) < C(r)®, and Wy = C(r)* onr > 2.
First, recall that for any x € C§°[0,00) with x =1 near 0,
lullp,, ~ lIxullp,, + (1 = x)ull a2

Thus, since [Wy, P,,](W,)™' : H> — H! is supported away from zero, for any v € D,, such that
Wsv € Dy,

[Ws(Pr— E—ig)vl| 2 < [|[Ws, Pn)(Ws) ™' Wyv|| g2+ (| (P — E— i) Wyo| 2 < Cep||[Wiv|p,,. (4.15)
Next, we claim that for ¢ > 0 and f € L3(Ry),
We(Py — E —ie) Y r) ™5 f € Dy,.



SEMICLASSICAL RESOLVENT BOUNDS FOR COMPACTLY SUPPORTED RADIAL POTENTIALS 13
Put
vi=(Pp— E—ie) Y {r)™°f € Dpp..
We shall show Wsv € D,,, by demonstrating that
Wov = (P, — E —ie) Y r) " (Wo(r)"5f + g) (4.16)

for suitable g € L*(R4).
Let x € C§°([0,00); [0, 1]) with x = 1, and put xx = x(k~'r), k € N. Almost everywhere on R,

(P — E —ige)xxWsv = xxWs(r)"° f + [P, xa Ws]v.
So in particular P, xxWsv € L?(R,), hence xxWsv € D(P}). This implies that, for each k,
XeWsv = (Pm o Z'E)il(XkW5<r>isf + [Pma XkWS]U)‘ (4‘17)

We complete the proof of (4.16) by sending k& — oo in (4.17) and noting that the [P, xxWs],
[P, W] are zero on a fixed neighborhood of r = 0 (independent of k) and that they are uniformly
bounded H?(R,) — L?(Ry) because s < 1.

Now, let v, = X (k™ 1r)Wsv € Deompm, k € N, and note that vy — Wsv in D,,. Observe that

I(r)=* (W)™ ok = v) 22 < [l (o = W)l 12 = 0, (4.18)
and by (4.15),
[(r)* (P = B —ie)(We) o = )|z < Cl[We(Pr = E = ig) (We) ™ o — v) | 2

(4.19)
< Ce,hH/Uk; — Wsv||p,, — 0.
Finally, applying Lemma 4.1,
_ — / . _
)= (Wa) Mol 2 < CeHPEDM () (P, — B — i) (W)~ v 2.
Sending k — oo and using (4.18), (4.19), and the definition of v, this implies
()7 (P = E — i) (1) 7" 12 < QOO 1] 1,
completing the proof of the proposition.
]

5. EXPONENTIAL ESTIMATES FOR THE RESOLVENT

In this section we prove Theorem 1. As before, we use separation of variables to reduce estimating
the resolvent of P to estimating the resolvent of each P,,. By Proposition 1.1, for every m > —h?/4
and 0 <e<1

)™ (P = B = i) ™) 2oy < 0D

Thus it is enough to prove the following lemma.

Lemma 5.1. There are C' and hg such that
C
|K(r,r")| = |K(r,r',m, E,0,h)| < 72
holds whenever 0 < r <7r', m > My, and 0 < h < hyg.
Proof. We use the fact that uo(0) = 0 and uj(r) > 0 when r < Ry, and consider separately three
cases.

(1) Suppose that Ry < r < r/. Then the result follows from the stronger estimate proved in
Lemma 3.2.



14 KIRIL DATCHEV, JEFFREY GALKOWSKI, AND JACOB SHAPIRO
(2) Suppose that r < Ry < r’. Then
u1 (') |ua ()] / -1
R — |K(Ro,7")| < B,
W | — u(Ro) h2|”r| [K(Ro, )| S

where we used ug > 0 on (0, Ry) and then (3.3).
(3) Suppose that » <’ < Ry. Dividing the definition of the Wronskian, uou} — ugu; = W, by
u% and integrating both sides gives

() = uon)(H 4 [* ),

uo(Ro) SR, uo(s)

| K (r, )] = uo(r)

thus, using again uf, > 0, on (0, Ry)
|uo(r)ur (r')| < uo(Ro)lur(Ro)| + (Ro — ') [W].
Plugging into (2.9), using (3.3) on the first term, and estimating the second term directly

gives the result.
0

APPENDIX A. BESSEL FUNCTIONS

In this paper we use the Bessel functions J,(z) and Y, (z) [DLMF, Section 10.2], where v > 0
and z > 0, and below we review some standard facts about them. By [DLMF, Equation 10.13.1],
the differential equation

02w + ()\2 —r 2 — 1)) w=0, (A.1)
is solved by wy = r'/2.J, (M) and wy = /%Y, (\r), for any A > 0. By [DLMF, Equation 10.5.2], we
have the Wronskian formula

wlang — wg&,wl = 27T_1. <A2)
We use upper and lower bounds for J and Y derived from Olver’s uniform asymptotics for large

values of v. To state them, we use the notation a < b to mean a < b and b < a. We define a
decreasing bijection (0,00) 3 z +— ((2) € R by

B([1m1(1 — )V 2aq1)*?, 2 <1,
_ A3
: { e -yt e, 9

and use the Airy functions

Ai(z) = 1/ cos (% + xt) dt,
T Jo
L oo o . (A4)
. _ _i_l’_x . L
Bi(z) = - /0 (e 57 4+ sin ( T+ a:t)) dt.
Then, by [DLMF, Section 10.20] and [AbSt, Sections 9.3.35-46], we have
Jo(v2) = ¢\ ~1/3 pi(,)2/3 ~5/38 (VAL (2/3
S = (12 ) (VA + B QAT 2))
1— 22 1/4
—zJ),(vz) ( ) ( “2BAV (W3¢ + v 4/3CO(C)A1(V2/3C)> ,
¢ 1/ (A.5)
¢ - _
(1 z2> (vBi(w3¢) + v By (OB (02) )
52 1/4
2Y,(vz) =< (1 > ( )

¢ 23Ry (12/3¢) + 13Oy (Q)BIW?30))
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uniformly for v > 1 and z > 0, where By and Cj are positive smooth functions of ¢ obeying
Bo(¢) =<7, Co(¢) = 1
C ) C S _17 _C- ) C S -1

These bounds become simpler when z is small. More specifically, by [DLMF, Section 9.7], we
have

Ai(z) = 2z Y%exp(— 2 z3/2), —Ai'(z) = z'/* exp(—§x3/2) (A.6)
Bi(z) = z~ /4 exp(3 z3/2), Bi'(z) = z'/4 exp(2 x3/2),
for x > 1. Hence, for any zy € (0,1), we have
J,(vz) = v Y2evE, J(vz) =< 27, (v2),
—-1/2 v¢ / -1 (A7)
Y, (vz) =< v /%", Yi(vz) < —z7'Y,(v2),
uniformly for z € (0, zp] and v > 1, where
= / t=H1 — 3 24qt. (A.8)

The bounds also become simpler when z is large. More specifically, by by [DLMF, Section 9.7],
we have

—r) = x4 (cos(§ 3/2 _ + %m_S/Q sm(2 3/2 _ g)) ,

(
—Ai'(—z) < 24 (sm(g 3/2 _ &) - %x 3/2 cos(% 3/2 _ %)) ,
(

_CL')X:E_I/4< Sln(g 3/2 %)_{_4581, 3/2COS(§ 3/2 g))’

—Bi'(—z) < /4 (cos(g 3/2 _ )+ %x{)’/ sm(% 3/2 _ %)) ,

for z > 1. In particular, combining (A.6) and (A.9) gives
exp(32%)|Ai(2)| + exp(~ 3 *)[Bi(x)| £ )1,

3/2
exp(2a)|A¥ ()] + exp(— 227 ) [Bi ()] < ()4,
uniformly for € R, where x4 = max(z,0). Hence

1/4
¢ . o—VE+ (V—1/2<<>—1/4 +V_3/2<C>_1/4) < 1/_1/2<z)_1/26_”5+
1 — ~ )

¢
1— 22

uniformly for v > 1 and z > 0, where {; = & as given by (A.8) when z < 1, and £, = 0 when
z > 1.

o (v2)] < \

» (A.10)

¥, (v2)] < \

oVt (1/*1/2(0*1/4 i V73/2<C>71/4> < 1/*1/2(z>*1/2e”5+,

APPENDIX B. PROPERTIES OF wug

In this Appendix, we prove Lemma 2.1, following [YalO, Chapter 4, Section 1.1]. Recall our
notation from Section 2,

wi(r) = Tl/QJV()\r), oy (r) = T1/2YV()\T),

h? h? VE +i
v=~h" (m+4)1/2, mZ—Z, )\:%, E € [Enin, Fmax], €>0.

Then put g9 = ¢ and define inductively

i (r) = (27h2)! /0 (or (Nps(r) — oa(r)ey (M) )on(r)dr. (B.1)
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We shall prove suitable estimates on the ¢, to be able to put
o)
uo(r) =Y en(r), (B.2)
n=0
with the series and its first derivative converging uniformly as (r, E, ) vary in compact subsets of
R+ X [Emin, Pmax] X [0,00).

Proof of Lemma 2.1. To prove the lemma, we recall several estimates on ¢y and ¢ ;. Given r* > 0,
by [DLMF, Sections, 10.6 (ii), 10.7(i)] there is Cy depending continuously on r* > 0, v > 0, § > 0,
and A # 0 such that

1 1
s (r)[r ™72 + [y (r) |72 < G
@2 + @y ()T < G, 1 E (0,17 (B.3)

s () [ 4 [l () [P < G

Next,
o)l < Cor* 2, leh()] < Cor 2, )| < Cor 3 re () (BA)
To see that the series (B.2) converges uniformly on compact sets, we claim that
lon(r)] < Co- - Cur” =03 e (0,17], (B.5)
where

20+ (2n—1)(2—-90)+2
2rh?2(2 = 0)n(2v + (n—1)(2—96) +2)
Once we have (B.5), since lim C), = 0, the Weierstrass and ratio tests shows that the convergence

of (B.2) is uniform as (r, E, ) vary in compact subsets of Ry X [Ein, Pmax] X [0,00). Moreover,

. 1
since g ~ r*T2 as r — 0, ug > 0 near zero.

To obtain (B.5), we start with n = 1,

21h?
C3sup |V|

C, = C2sup|V| (B.6)

[o1(7)]

r T

< 7,—1/—6—&—;/ (T/)V+%(T/)V+%dT/ + Tll-i—;/ (T/)_V_5+%(T‘/)V+%d7‘/
0 0

2v + 4 — (5 V+g_6

_ —1,v+3-6 e B
=Q2u+2) 20+ (2-09) rTz2 —(21/—1—2)(2—(5)T ,

r € (0,77,
or .
1(r)] < CoCrr**270, v e (0,17,
where C = C3sup |V|(2v +4 — §)/(2nh*(2v + 2)(2 — §)).
Now, suppose the claim (B.5) holds with n = k for some k > 1, with C, given by (B.6). Then,
e (i (1)
r
CoC1Cs ... CpC2sup|V] TFH

< ’I“_V+%_5 /T(T/)u—i—; (T/)u+k(2—6)+%dr/ + T‘l/—"—% /T(r’)_y—i_;_6(7“,)”+k(2_5)+;d’l“,
0 0

= (20 + k(2 = 8) +2) L P2EDTE 4 (K +1)(2 — 6)) L ROt e (0,07,
or
|<,0]€+1(’I“)| S C(]Cl e Ck_|_1’r‘y+(k+1)(2_6)+%, re (O, T’*],

where
2+ (2k+1)(2—-0)+2

2
Crnr = Cosw Vo e S e s D2 k@ = 0) 5 2)°
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In particular, (B.5) holds by induction.
To see that the first derivative of (B.2) converges uniformly on compact sets, observe that for
n >0,

a0 = )| [ A 0os) = & 0pr DV o)

< (27rh2)’100...CnC§<r*V*%*5 / () 200y gt 4 =3 / (r/)n@f(s)ﬂﬂsdr,)
0 0

1 1
< (b2 -lon 2 v+n(2—8)+2-5
< (2rh%) "Gy ... CuCir : (2y+n(2_5)+2+(n+1)(2_5))
< Cp- - Cppar?H D03 r e (0,7
(B.7)

Now (2.3) and (2.4) follow from (B.5) and (B.7) by summing (B.1) from n = 0 to n = N and
sending N — oo.
Next, to see that (2.5) holds, observe that for any ¢ > 0,

o - D 3
Z on(r) < CV,5TV+§_67 Z <p;1(7“) < 01457"576'
n=1 n=1

Therefore,
Tim (25 uo(r) — ug(r))r ™2 = Tim (%5 (r) — o (r))r T
: n—2 ~1/2 1/2\,.—v+1/2
= lim (2527, ()2 = AT (! 2) e
AV n—2

).

2T (v +1) (=

Since v > 0, (2.5) holds.
O

Now that we have Lemma 2.1, we show that ug has useful monotonicity properties when m is
large enough. Recall the defining property (1.2) of My and consider m > M.

Lemma B.1. Let My as in (1.2) and Ry as in (1.3). Then for m > My, uo(r),ui(r) > 0 for
re (0,}%0L

Proof. First, by Lemma 2.1, we have
ug = —h_2(E —— mr_Q)uO.

Using m > My and the defintion of Ry, we have definition, £ — V —mr~2 < 0 on (0, Rg]. Hence
up(r)ug(r) > 0 on (0, Ro]. Since also ug(0) = 0 and up(r) > 0 for » > 0 small enough, the proof is
completed by the following lemma.

O

Lemma B.2. Suppose f, [ € ACic(a,b), f € C([a,b;R), f(a) =0, f' € C(a,b], and f"(t)f(t) >

0, for almost every in t € (a,b) in the sense of Lebesgue measure. Then f has a fized sign in [a,b]
and f(b), f'(b) have the same sign.

Proof. If f is identically 0 on [a, b], then the claim is trivially true. Therefore, we will assume f is
not identically 0. Assume f attains its extremum L # 0 at an interior point of (a,b). Replacing f
by —f if necessary, we may assume L > 0. Set

z* =inf{x € (a,b) : f(z) = L}.
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Then f > 0 near x*, hence f” > 0 almost everywhere, in a neighborhood of z*. Also f’(z*) = 0.
Now, for x sufficiently close to but less than z*,

x*
@)= [ Fedsz0 = f@) <o
x
But then, by the mean value theorem, for a < z < z* and some T € (z,z*),

0< f(z") = f(z) = f'@) (=" —2) <0,

a contradiction.

So the extrema of f must occur at the endpoints: f(b) is the maximum or minimum of f on
[a,b], and f(a) =0 is the minimum or maximum, respectively. So f has a fixed sign, hence also f”
has this sign almost everywhere.

Using the mean value theorem again,

fb) = fla) _ f(b)

J— JR— /7 T
— _b_a_f(:zc), some T € (a,b).

So f(b) and f'(T) have the same sign, so

b
£ = '@+ / £"(s)ds

has the same sign as f(b) as well.

APPENDIX C. CONSEQUENCES OF MESHKOV’S EXAMPLE FOR RESOLVENT ESTIMATES

Recall from Fredholm theory [DyZw19, Theorems 3.8 and equation 6.0.2] that, for V' € L3 (R™; C),

comp
the cutoff resolvent x(—h2A+V —2)"ty, x € C§°(R"), is meromorphic in (Emin/2, 2Fmax) +i(0, 00)
and continues meromorphically to (Ewmin/2,2Emax) + iR.
To see that the optimal power in a resolvent estimate for L°°, compactly supported, complex
valued potentials is h~%3, recall that [Me92] constructs a complez-valued potential V' € L (R?)
and a function u such that

(A4 VIu=0, R |u(@)| < Coxp(~Cla/*®).  [lullpagen = 1.

Changing variables, y = hz, and putting w(y) = u(h~ly), Vi(y) = V(h~1y), we have
IVillpee < C < o0,

(—h’A+Vi)w=0,  |w(y)| < Cexp(—Clylh~*/?).

Let x € C§°(B(0,3)) with x = 1 near B(0,2) and x € C§°(B(0,3)) with x = 1 on supp x. Then,
for E € [Fwin, Pmax)s

[(=R2A + X(Vi 4+ E) — E) (x| aqeny = [y ogee
< Chllwll iz (03)\8(0,2))
< Ch(|| — W*Aw| 120,40\ 50,1)) + Wl 12(B0,4)\B(0.1)))
—_COh—4/:

< Ch(|IVawll 228040\ B0.1)) + I1wll 280,40\ B(0,1))) < Che "7,

For A small enough,
Ixwllz2 > h — hllull 2@\ BOA-1) > o3

Therefore, if the cutoff resolvent y(—h2A + x(V}, + E) — E — i0) !y exists, it must have

IX(=P*A + (Vi — B) = E —i0) "X 2 (rm) s 12rn) > C exp(Ch™*?).



SEMICLASSICAL RESOLVENT BOUNDS FOR COMPACTLY SUPPORTED RADIAL POTENTIALS 19

REFERENCES

[AbSt] M. Abramowitz and I. A. Stegun. Handbook of Mathematical Functions. Dover (1965)

[Ag75] S. Agmon. Spectral properties of Schrodinger operators and scattering theory. Ann. Scuola Norm Sup. Pisa.
Cl. Sci. 4(2) (1975), 151-218.

[BrPe00] V. Bruneau and V. Petkov. Semiclassical resolvent estimates for trapping perturbations. Comm. Math.
Phys. 213 (2) (2000), 413-432.

[Bu98] N. Burq. Décroissance de I’énergie locale de I’équation des ondes pour le probléme extérieur et absence de
résonance au voisinage du réel. Acta Math. 180(1) (1998), 1-29

[Bu02] N. Burq. Lower bounds for shape resonances widths of long range Schrédinger operators. Amer. J. Math.
124(4) (2002), 677-735

[CaVo02] F. Cardoso and G. Vodev. Uniform estimates of the resolvent of the Laplace-Beltrami operator on infinite
volume Riemannian manifolds II. Ann. Henri Poincaré. 3(4) (2002), 673-691

[Dal4] K. Datchev. Quantitative limiting absorption principle in the semiclassical limit. Geom. Funct. Anal. 24(3)
(2014), 740-747

[DDZ15] K. Datchev, S. Dyatlov and M. Zworski. Resonances and lower resolvent bounds. J. Spectr. Theory. 5(3)
(2015), 599-615

[DaJi20] K. Datchev and L. Jin. Exponential lower resolvent bounds far away from trapped sets. J. Spectr. Theory.
10(2) (2020), 617-649

[DaSh20] K. Datchev and J. Shapiro. Semiclassical estimates for scattering on the real line. Comm. Math. Phys.
376(3) (2020), 2301-2308

[DLMF] NIST Digital Library of Mathematical Functions. http://d1lmf .nist.gov/, Release 1.1.0 of 2020-12-15. F.
W. J. Olver, A. B. Olde Daalhuis, D. W. Lozier, B. I. Schneider, R. F. Boisvert, C. W. Clark, B. R. Miller, B. V.
Saunders, H. S. Cohl, and M. A. McClain, eds.

[DyZw19] S. Dyatlov and M. Zworski, Mathematical Theory of Scattering Resonsnaces. Graduate Studies in Mathe-
matics 200. American Mathematical Society, Providence, RI (2019)

[GaSh20] J. Galkowski and J. Shapiro. Semiclassical resolvent bounds for weakly decaying potentials, to appear in
Math Res. Lett., arXiv 2003.02525

[GaSh21] J. Galkowski and J. Shapiro. Semiclassical resolvent bounds for long range Lipschitz potentials, to appear
in Int. Math. Res. Not. IMRN, arXiv 2010.0166

[KIVo19] F. Klopp and M. Vogel. Semiclassical resolvent estimate for bounded potentials. Pure Appl. Anal. (1)1
(2019), 1-25

[Me92] V. Z. Meshkov. On the possible rate of decay at infinity of solutions of second order partial differential
equations, Math. USSR Sbornik. 72(343) (1992), 343-351.

[NiZe92] H. Niessen and A. Zettl. Singular Sturm-Liouville Problems: The Friedrichs Extension and Comparison of
Eigenvalues. Proc. London Math. Soc. 64(3) (1992), 545-578

[O]] F. W. J. Olver. Asymptotics and Special Functions. Reprint of the 1974 original. AKP Classics. A. K. Peters,
Wellesley, MA (1997)

[ReSi] Michael Reed and Barry Simon. Methods of Modern Mathematical Physics II: Fourier Analysis, Self-
Adjointness. Academic Press, New York and London (1975)

[RoTa87] D. Robert and H. Tamura. Semiclassical estimates for resolvents and asymptotics for total scattering cross-
sections. Ann. Inst. H. Poincaré Phys. Théor. 46(4) (1987), 415-442

[RoTalb] I. Rodnianski and T. Tao. Effective limiting absorption principles, and applications. Commun. Math. Phys.
333(1) (2015), 1-95

[Sh18] J. Shapiro. Local energy decay for Lipschitz wavespeeds. Comm. Partial Differential Equations. 43(5) (2018),
839-858

[Sh19] J. Shapiro. Semiclassical resolvent bounds in dimension two. Proc. Amer. Math. Soc. 147(5) (2019), 1999-2008

[Sh20] J. Shapiro. Semiclassical resolvent bound for compactly supported L® potentials. J. Spectr. Theory. 10(2)
(2020), 651-672

[Sj02] J. Sjostrand. Lectures on resonances. (2002), sjostrand.perso.math.cnrs.fr/Coursgbg.pdf

[Vo00] G. Vodev. Exponential bounds of the resolvent for a class of noncompactly supported perturbations of the
Laplacian. Math Res. Lett. 7(2-3) (2000) 287-298

[Vo01] G. Vodev. Resonances in the Euclidean scattering. Cubo Matemdtica Educacional. 3(1), 317-360

[Vol4] G. Vodev. Semi-classical resolvent estimates and regions free of resonances. Math. Nachr. 287(7) (2014),
825-835

[Vo19] G. Vodev. Semiclassical resolvent estimates for short-range L potentials. Pure Appl. Anal. 1(2) (2019),
207-214

[Vo20a] G. Vodev. Semiclassical resolvents estimates for L® potentials on Riemannian manifolds. Ann. Henri
Poincaré. 21(2) (2020), 437-459


http://dlmf.nist.gov/

20 KIRIL DATCHEV, JEFFREY GALKOWSKI, AND JACOB SHAPIRO

[Vo20b] G. Vodev. Semiclassical resolvent estimates for short-range L™ potentials. II. Asymptot. Anal. 118(4) (2020),
297-312

[Vo20c] G. Vodev. Semiclassical resolvent estimates for Holder potentials. Pure Appl. Anal. 2(4) (2020), 841-860

[Vo21] G. Vodev, Improved resolvent bounds for radial potentials. Lett. Math. Phys. 111(1) (2021), 21 pages.

[YalO] D. R. Yafaev. Mathematical Scattering Theory, Analytic Theory. Mathematical Surveys and Monographs 158.
American Mathematical Society, Providence, RI (2010)

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, WEST LAFAYETTE, IN, 47907-2067, USA
Email address: kdatchev@purdue.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY COLLEGE LONDON, LoNDON, WC1H 0AY, UK
Email address: j.galkowski@ucl.ac.uk

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DAYTON, DAyTON, OH 45469-2316, USA
Email address: jshapirol@udayton.edu



	1. Introduction and statement of results
	1.1. Ideas from the proofs

	2. Reduction to a family of one dimensional resovlent estimates
	3. Exterior estimates
	4. One dimensional resolvent estimates for low angular momenta
	5. Exponential estimates for the resolvent
	Appendix A. Bessel functions
	Appendix B. Properties of u0
	Appendix C. Consequences of Meshkov's example for resolvent estimates
	References

