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Abstract

The Bouncy Particle Sampler is a Markov chain Monte Carlo method based on a non-
reversible piecewise deterministic Markov process. In this scheme, a particle explores the state
space of interest by evolving according to a linear dynamics which is altered by bouncing on the
hyperplane perpendicular to the gradient of the negative log-target density at the arrival times of
an inhomogeneous Poisson Process (PP) and by randomly perturbing its velocity at the arrival
times of a homogeneous PP. Under regularity conditions, we show here that the process corre-
sponding to the first component of the particle and its corresponding velocity converges weakly
towards a Randomized Hamiltonian Monte Carlo (RHMC) process as the dimension of the am-
bient space goes to infinity. RHMC is another piecewise deterministic non-reversible Markov
process where a Hamiltonian dynamics is altered at the arrival times of a homogeneous PP by
randomly perturbing the momentum component. We then establish dimension-free convergence
rates for RHMC for strongly log-concave targets with bounded Hessians using coupling ideas and
hypocoercivity techniques. We use our understanding of the mixing properties of the limiting
RHMC process to choose the refreshment rate parameter of BPS. This results in significantly
better performance in our simulation study than previously suggested guidelines.

Keywords: Bouncy particle sampler; Coupling; Randomized Hamiltonian Monte Carlo; Weak
Convergence; Hypocoercivity.

1 Introduction

Assume one is interested in sampling from a target probability density on R? which can be evaluated
pointwise up to an intractable normalizing constant. In this context one can use Markov chain
Monte Carlo (MCMC) algorithms to sample from, and compute expectations with respect to the
target measure. Despite their great success, standard MCMC methods, such as the ubiquitous
Metropolis—Hastings algorithm, tend to perform poorly on high-dimensional targets. To address
this issue, several new methods have been proposed over the past few decades. Popular alternatives
include the Metropolis-adjusted Langevin algorithm (MALA) [68, 66], Hamiltonian, or Hybrid,
Monte Carlo (HMC) [29] and slice sampling [55].

Recently, a novel class of non-reversible, continuous-time MCMC algorithms based on piecewise-
deterministic Markov processes (PDMP) has appeared in applied probability [54, 9], automatic



control [50], physics [62] 52] 57] statistics and machine learning [18] 12} [16} [71} 10} 60} [75]. Most
of the current literature revolves around two piecewise-deterministic MCMC (PDMCMC) schemes:
the Bouncy Particle Sampler (BPS) [62] [I8] and the Zig-Zag sampler [12]. A practical advantage
of the BPS and Zig-Zag algorithms is that in many models it is possible to simulate their piecewise
linear paths without time-discretization [I8]. In contrast, methods based on either diffusions or
Hamiltonian paths require time discretization and moreover their performance is known to collapse
if the discretization is too coarse. Despite the increasing interest in these piecewise linear PDM-
CMC algorithms, our theoretical understanding of their properties remains limited, although a fair
amount of progress has been achieved recently in establishing geometric ergodicity, see [27, [32]
for BPS and [37), [13] for Zig-Zag. However, all of these results tend to provide convergence rates
that deteriorate with the dimension and thus fail to capture the empirical performance of these
PDMCMC algorithms on high-dimensional targets.

Scaling limits have become a very popular tool for analysing and comparing MCMC algorithms
in high-dimensional scenarios since their introduction in the seminal paper [67]; see, e.g., [64]
7]. They have been used to establish the computational complexity of the most popular MCMC
algorithms, which is O(d?) for Random Walk Metropolis (RWM), O(d*?) for MALA and O(d**)
for HMC; here computational complexity is defined in terms of the expected squared jump distance.
In this direction, the recent work of Bierkens et al. [11] has established scaling limits for both Zig-
Zag and global BPS for high-dimensional standard Gaussian targets. They obtain the scaling limits
of several finite dimensional statistics, namely the angular velocity, the log-density and the first
coordinate. In this context, it is shown that Zig-Zag has algorithmic complexity O(d) for all three
types of statistics, whereas global BPS has complexity O(d) for angular momentum and O(d?) for
the other two types of statistics. Benefits of Zig-Zag over global BPS are to be expected in this
scenario. Indeed, when applied to a product target, the Zig-Zag sampler factorises into independent
components and is closely related to Local-BPS (LBPS); see [62], [18]. The standard (global) BPS
studied herein and in Bierkens et al. [I1], just like RWM, MALA and HMC, is an algorithm whose
dynamics do not distinguish between product and non-product targets.

In the present paper, we also study scaling limits for BPS on a very general class of targets
that greatly extends the i.i.d. scenario, and its variants, often considered in the literature, see e.g.
[67, 64, [7, T1]. We concentrate on the first coordinate and its corresponding velocity in a regime
which differs from the one considered in [I1] in the following three ways: (a) [11] considers BPS
with the location evolving at unit speed, whereas in our scenario the velocity is Gaussian, therefore
with speed scaling like v/d in the dimension; (b) [I1] considers scaling limits for the first coordinate
of the location process only, whereas we look at both location and velocity; and finally (c)[1I]
rescales time with a factor d, whereas we obtain our limiting process on the natural time scale.
As a result we obtain a different scaling limit which suggests that BPS has algorithmic complexity
O(d%?) if one is interested on low-dimensional projections, at least on weakly dependent targets.
This is in agreement with the empirical results reported in [I8]. Given the different regimes and
different objects studied in [I1] and the present paper, it is not surprising that the two scaling limits
differ significantly, with our bound being tighter and seemingly better at capturing the empirical
behaviour of the process. In [II] the first location coordinate converges to a Langevin diffusion,
whereas in the present paper the process tracking the first location and velocity components con-
verges to a piecewise deterministic Markov process known as Randomized Hamiltonian Monte Carlo
(RHMC). Although the corresponding Fokker-Planck equation was studied in Dolbeault et al. [28§],
using a related approach to ours, RHMC was first studied in a Monte Carlo context in [16].

To the best of our knowledge, our result is the first in the literature establishing a direct link
between BPS and Hamiltonian dynamics. It is our understanding that the Langevin diffusion
obtained in [II] can be obtained from RHMC by a further limiting procedure similar to the over-



damped regime of the Langevin equation. In addition, the assumptions under which our scaling
limit is obtained allow much more complex dependence structures than those considered in the
literature, see e.g. [5l 6] [76, 20} 67, (64, [7], where the target is assumed to factorise or to possess a
hierarchical structure. In addition, in the scenario we consider all dimensions have an impact, in
contrast with the Hilbert-space setting, see e.g. [49], where only a fixed, finite number of dimensions
is significant.

The second part of the paper is concerned with the convergence properties of RHMC. This
process was studied in [16] where it was established that it is geometrically ergodic. However,
it is not clear whether such an approach can provide dimension independent convergence rates.
The earlier work of [28] studies the corresponding Fokker-Planck equation, tracking the evolution
of densities rather than conditional expectations. In recent years, there has been great success
in obtaining dimension-free convergence rates of MCMC schemes for strongly log-concave targets
with bounded Hessians; see for example [24], B0, 48, 17, 33]. In particular, in relation to HMC,
the papers [48, [17] use coupling techniques to obtain convergence rates in terms of Wasserstein or
total variation distances, but these usually leverage independent momentum refreshment to obtain
a Markov process in the location components only. We establish here these convergence rates in
weighted Wasserstein distance using coupling ideas, and also in L? using hypocoercivity; see, e.g.,
[73,161]. The rates we provide may generally not be the optimal ones for specific scenarios. However,
the optimal rates for a specific scenario can be obtained by solving a multivariate optimisation
problem. Dolbeault et al. [2§] also uses hypocoercivity, albeit with a much different flavour, and
does not seem to provide explicit rates. After the first version of the present paper appeared online,
the approach of [28] was extended in Andrieu et al. [I] to cover several PDMPs, including BPS,
Zig-Zag and RHMC. Even more recently, the paper [47] appeared online, proving L? rates for three
PDMPs (BPS, Zig-Zag and RHMC).

The approach in [28] and [I] is quite distinct to ours. In particular [I] also obtain dimension-free
bounds for RHMC under similar assumptions; their explicit rates have a complex dependency on
various parameters of the problem and therefore a detailed comparison with the explicit rates in
our Theorem 5| was not performed in [I]. In Remark [L1{ we perform a comparison, and find that
in the strongly convex and smooth setting, neither of these two approaches outperforms the other
in all cases, sometimes the bound of [I] is sharper, while in other scenarios our bound is sharper.
Their approach is quite general but much less direct for RHMC than ours, as they rely on generic
results by Dolbeault, Mouhot, and Schmeiser. The approach in [47] is entirely different from [I]
and ours, using sophisticated PDE methods to analyse the Fokker-Planck equations of the PDMP
directly. In Remark we include a detailed comparison with our results. In general, we find
that the bounds in [47] for RHMC are sharper than ours in the condition number M /m, but the
constant of proportionality is not explicitly stated, and might be non-trivial to obtain reasonably
small constants.

In addition the bounds of [I] and [47] for BPS suggest that its computational cost scales like
O(d?). This seems to capture the worst case scenario and agrees for example with results [IT] for the
log-density of the target, which recommends scaling the refreshment rate with the dimension. Our
results suggest that when one is interested in low-dimensional projections, then it is computationally
more efficient to not scale the refreshment rate with the dimension, achieving computational cost
of order O(d3/ 2). Empirical results in Section seem to suggest that this may also be the case
for certain classes of functions depending on all the coordinates, such as the sum of all coordinates.
A common scenario where this type of scaling limit is extremely relevant is for example that of
Bayesian inference where typically one may only be interested in estimating the posterior means,
variances and covariances of the high-dimensional state components (this is a set of one and two
dimensional marginals). Finally, it is intuitively clear that the log-density will not mix well in a



high-dimensional target for the global BPS, see [I1] for a detailed study. We conjecture that the
functions that exhibit this type of behaviour form a low-dimensional sub-space of L?(r). Recently
[8] has obtained very detailed results on the whole spectrum of the one-dimensional Zig-Zag process,
it would be interesting if similar results could be obtained for BPS in high dimensional scenarios.

Apart from the intrinsic interest of the RHMC process, our motivation for studying its con-
vergence rates is as follows. In the scaling literature for MCMC the limiting processes are usually
Langevin diffusions. These have very well understood convergence rates which, at least under ad-
ditional assumptions, are dimension-free. Therefore, in high-dimensions the cost of running the
(time-rescaled) algorithm serves as a proxy for its computational complexity. In our case, the al-
gorithm ran on its natural time scale converges to RHMC, which as we establish here, also enjoys
dimension-free convergence rates under appropriate assumptions. Therefore the cost of running
BPS for a unit of process time serves as a proxy for its algorithmic complexity.

The next section contains the statements of the main results of the paper along with necessary
notation and definitions. The remaining sections contain the proofs of the main results.

2 Main results

2.1 Notation

For z € R, let x; = max{x,0}. Let k > 1. For vectors u,v € R¥ we write |v| and (u,v) for the
Euclidean norm and inner product respectively. For matrices A, B € R¥** we write A < Bif B— A
is positive-definite. For a function f : R¥ — R we write V f, V2f for its (weak) gradient and Hessian
respectively. When considering functions f = f(a,b), where a,b e R¥, that is f : R?* — R, we will
write Vo f, Vi f to denote the gradient with respect to the variables a € R¥ and b € R¥ respectively.
Allowing a slight abuse of notation, for vector valued functions f : R — RF, we will also write V f
for the Jacobian matrix of derivatives.

For Z = R, with k € N, let Cy(Z) denote the space of continuous functions f : Z — R that
vanish at infinity. Recall that Cp(Z) is a Banach space with respect to the | - || norm, which is
defined as usual through | f|lc = sup|f|. Also let C°(Z) be the space of infinitely differentiable
functions f : Z — R with compact support.

For a measure 7 on Z, we will write L?(7) for the usual, real Hilbert space, and ¢-,-), | - || to
denote the inner product and norm in L?(r) respectively, whereas L(m) will denote the orthogonal
complement of the constant functions, i.e., functions with mean zero under the distribution 7.
Finally for f: Z - R% and ¢ : Z — R?, with d > 1, we also write

(frg) = f 7(d2)(£(2), 9(2)).

It will be clear from the context whether (-,-) is applied to R— or R%valued functions. We also
define
H':= H' () :={he L}(r) : Voh,V,he L*(r)},

the Sobolev space of centred functions in L?(7) with weak derivatives in L?(7) and for f,g € H(r)
we will denote the inner product and norm on H'(7) with (-, g1 (r) and | - | g1(x) respectively,
where

<<fa g>>H1(7r) = <vva v:):g> + <vvf7 vvg>'



2.2 The Bouncy Particle Sampler

Let Z := R x R and for n > 1, define the Borel probability measure m,(dz) on Z™ with density
w.r.t. Lebesgue measure given by

Tn(2) = wn(m,v)OCexp{—Un(m) - |v|2/2}> (z,v) € 27,

where U, : R” — R, is a potential.
For (x,v) € 2™, define

(VUn(z), v)

(2.1) Ry(z)v:=v—2 U ()2

VU, (x).

The vector R,(x)v can be interpreted as a Newtonian collision on the hyperplane orthogonal to

the gradient of the potential U,, hence the interpretation of & as a position, and v, as a velocity.
The Bouncy Particle Sampler (BPS), first introduced in [62] and in a statistical context in [I8],

defines a 7,-invariant, non-reversible, piecewise deterministic Markov process (PDMP) {Z,,(t) : t =

0} = {(X(t),V(t)) : t = 0} taking values in Z™ whose generator A,,, for smooth enough functions

f:Z"— R, is given by

Anf(@,v) = (Vf(2,v),v) + max{0, (VUn(z),v)} [Rnf (2,v) - [ (2, )]
+ )\ref [Qa,nf (:L', 'U) - f (CL', ’U)] )

where

R, f(z,v) = f(x,Ro(x)v), Qanf(x,v):= J[Rn e*|€‘2/2f (zc, av +v1— a2£> dg,

(27-‘-)71/2

for 0 < o < 1 and a positive refreshment rate Aot > 0. We also write Z,,(t) = ( ,(Ll)(t), AL (t)>

where Z (t) = (X,gk) (1), k) (t)) € Z is the k-th component. The original formulation of the BPS
algorithm corresponds to a = 0, that is refreshment occurs independently. The generalization
a > 0 [71] consists in refreshments that are performed according to an auto-regressive process.

2.3 Randomized Hamiltonian Monte Carlo

We define here RHMC as this is the process we will obtain as the weak limit of Z,(ll)(t) =
(Xfll) (1), Vn(l)(t)) € Z as n — 0. Define the Hamiltonian

(2:2) H(z,v) = W(z) + [v]?/2,
for (z,v) € Z and the corresponding probability density on Z
(2.3) m(x,v) = 7 (@) - p(v)ocexp{—W(z) — |v]*/2}.

The Hamiltonian dynamics associated to is an ordinary differential equation in Z of drift
(VoH,—V3H) = (v,—=VW). The RHMC process, denoted {Z; : t > 0}, can then be defined
following Davis [26, Section 24|, as a PDMP with deterministic dynamics given by Hamiltonian
dynamics with respect to H, fixed jump rate Ao > 0 and jump kernel

(2.4) Qof(z,v):= (2;)”/2 Je—|£|2/2f <$’ av 4+ /1 — a2§) de,

5



for some 0 < a < 1. We will write {P? : ¢t > 0} for the semi-group corresponding to {Z; : t = 0},
that is

P'f(z) =E[f(Z)| Zo = 7]
It has been shown, [16], that RHMC admits 7 as an invariant distribution.

It can also be shown that for f € CX(Z), the generator of the semigroup {P! : t > 0} is given
by

(2.5) Af(xz,v) = (Vif,v) = (Vo f, VW) + Aot [Qa f(z,0) — f(z,0)].

The refreshment is done in an auto-regressive manner. From now on, we will restrict ourselves
for BPS and RHMC to 0 < a < 1. The reason for using a > 0 is that it allows us to establish
the Feller property which greatly simplifies the rest of the proofs. Since the autoregressive process
mixes exponentially fast there is no loss in terms of mixing potentially at the cost of more frequent
refreshments, something which has also been observed empirically.

Remark 1. As one of the referees kindly suggested, one may attempt to couple the process with a =
0 with the process at a,, = 0o(1) in order to extend the result to the case a = 0. Unfortunately, the
obvious line of attack requires one to couple the full n-dimensional velocity vector at refreshments,
so the maximal coupling deteriorates with the growing dimension; this approach would require a
quantitative version of Theorem [I] It is possible that a different coupling can be used, but we did
not pursue this issue further.

2.4 Main results

2.4.1 RHMC as Scaling Limit of BPS

Before stating our weak convergence result, we will make some assumptions. We consider a sequence
of targets 7, on R x R"™ where m, (2, v) = 7, (x),(v), with ¢, a standard n-dimensional Gaussian
and 7, (x) = exp [-Up(x)] for a sequence of potentials U, : R” — [0, ) satisfying the following
assumptions.

Assumption 1. The potential U, € C?*(R™) is m-strongly convex with M -Lipschitz gradient
(2.6) ml < VU, (x) < MI, z€eR", with0<m < M < o,
and Uy, achieves its minimum at 0, that is U,(0) = 0 and VU, (0) = 0.

Assumption 2. The marginal density of the first component of 7, is fixed and is given by
f(CL‘) = Jﬂ-n(x,mln)d$2:n-

We assume that f(z) = exp[—W (z)] for a potential W € C*(R;[0,0)) such that limy ., W(z) =
0 and

feW@) (W"(@)] + W' (@)?) d < .

Let {Z; : t = 0} be the RHMC process with potential W and write A for its generator given in
(2.5). The following theorem is our first main result.

Theorem 1. Suppose Assumptions and@ hold, 0 < o < 1, Ay > 0 and that the BPS process
{Z,(t) : t = 0} is initialized at stationarity, i.e., Z,(0) ~ m,. Then the process {Zél)(t) 1t >0}

corresponding to the first location and velocity components of the BPS process converges weakly to
the RHMC process {Z; : t = 0} as n — 0.



We would like to stress that there is no time-rescaling in the above result, and that the sequence
of targets is not assumed to factorise into independent components, or to converge towards an
infinite dimensional measure as the dimension n — 0.

Remark 2. Notice that Assumption [1| allows for the standard scenario where the target factorises
in n iid. copies which corresponds to Uy(x) = >/, U(z;), for an m-strongly convex potential
U e C?*(R) with U” < M. Indeed in this case the Hessian matrix is diagonal and given by
(VQUn(m))L .= U"(z;)0;; = 0. This was the scenario considered in an earlier version of the present
paper. In fact in this i.i.d. scenario the convexity assumption can be removed and the upper bound
on U” can be replaced by an upper bound on U*) for any k, at the expense of additional technical

complexity.

Remark 3. From the proof (in particular, the bounds (3.14), (3.15)), (3.16)), (3.17), (3.18)) it is
clear that the result remains true when m, M in Assumption [I] are allowed to depend on n, if in
addition we assume that

M, 1/4 M} 1/2 M 1/2 M3 n'?
(2.7) mpn — o, m—n=0(n/), an/Q:O(n/), m7%=0(n ), minzo W .

Remark 4. Scaling limits for non i.i.d. targets have appeared in the past. Bédard [5] studied
targets that factorise into independent, but not identically distributed components; results on
hierarchical targets can be found in [6l, [76] and references therein. The case of Gibbs measures
with finite range interactions was studied in [20]. Mattingly et al. [49] proved that a sequence of
algorithms targeting finite dimensional projections of a measure admitting a density with respect
to a reference Gaussian measure on a Hilbert space, converge to a Hilbert space-valued stochastic
differential equation.

Remark 5. To illustrate Theorem [1| in Figure we have plotted the paths of the BPS process
and the equi-energy contours of the Hamiltonian corresponding to the deterministic dynamics of
RHMC. The target distribution has potential U(z) = Y.I" ; |2;|°/2 and we have tested two values of
b, b = 2 (Gaussian) and b = 4. These figures show the first coordinate of the position and velocity
vectors. As we can see, as the dimension increases, the paths of BPS indeed appear more and more
similar to the contours of the Hamiltonian.

Remark 6. Theorem|[I]can be straightforwardly extended to any fixed, finite number of coordinates
d > 1. In this case the limiting process will be RHMC in R? x R? with respect to the potential
W : R* - R given by

W(m) == IOgJWn(ma md-i-l:n)dmd-i-l:na T € |Rd7
with W satisfying a d-dimensional version of Assumption

Sketch of Proof. The full proof of this result is quite lengthy and will be given in Section
However, we now give the key idea without going into technical details, for the simpler i.i.d. scenario
where U, () = >i"; U(z;), for U : R — [0,00). In this case the limiting process has potential
W = U. Under the assumptions of Theorem [l|let Z,, = (X,,,V,,) ~ 7, and let f: R x R — R be
smooth. We now consider the generator A,, of BPS targeting m, and the generator A of RHMC
targeting 7, the marginal of the first location momentum pair under 7, applied to the function f.
By inspecting A, (f), A(f) we find that the terms corresponding to the deterministic flow of BPS
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Figure 2.1: Convergence of the BPS process to RHMC in high dimensions for U(z) = |z|/2.



and the refreshment events coincide exactly with corresponding terms in A(f). We therefore only

have to consider the term corresponding to the “bounce events”, that is

(VU(X),V)
VU (X)P?

and show that on average it is close to — (V, f,VU) = —U'(X1)0, f (X1, V1).

To see why this is true, after a Taylor expansion we can see that the bounce part of the BPS
generator is close to

max {0, (VUL (X), V)} [f <X1, Vi —2 U’(X1)> — (X, Vl)] ,

Ouf (X1, V)U'(X1).

o fo, TV} (V0. V)

VU, (X)] VU (X))
Looking closer one can see that

(VUL(X), V) _ 2, U'(Xa)Vi

VUL (X)L U(X0)?

and since the (V;); are i.i.d. standard Gaussians it is easily seen that

Y U(X)Vi
2o U'(X)?

It now seems plausible that, letting & ~ N(0, 1), we have

(X)) ~ N0, 1).

E {max{(), (VUL(X),V)} [f <X1, Vi — 2WU’(X1)> — f(Xq, Vl)] ‘ X1, Vl}

~ —2E [max {0, £} £] 0, f (X1, VU (X1) = =0, f (X1, VU (X1) = —(V f, VU).

2.4.2 Dimension-free Convergence Rates for RHMC
We consider the RHMC process on the target
m(z,v) = 7(z) - Y(v)ocexp{~U(z) — |v[*/2},

defined on Z := R? x R? for 7(-) a strongly log-concave target distribution on R? having a potential
with bounded Hessian. This is a standard assumption adopted in [17], 48] 24 [33], 30].

Assumption 3. Assume that U € C%(R?) and that for some 0 < m < M, and all ,v € R?
(2.8) m(v,v) < (v, V2U(x)v) < M(v,v).

The following proposition, whose proof is given in Appendix A, shows that the expected number
of bounces per unit time for BPS in stationary distribution is O(+/d).

Proposition 2. Suppose that T(x)ocexp(—U(x)) is a probability density on R®. Then the BPS
process on Z targeting ™ ® ¢ and initialized at stationarity, has the following expected number of
bounces per unit time:

Ay :=Ex rvnor) (VU(X), V)],

for any choice of refreshment rate Aper and auto-regressive parameter o. Moreover, if T satisfies
Assumption[3, then we have

]

m(d—1/2)
NGz

(2.9) <A <

s



Wasserstein distance. For t > 0, let ZU(t) = (XD (), V(D (t)) denote a path of the RHMC
process. We couple this with another path Z(1) () = (X (¢), V(2)(t)) such that their refreshments
happen simultaneously and the same multivariate normal random variables are used for updating
their velocities. Therefore the difference between the paths Z(1)(.) and Z(?(-) stems only from the
different initialisations. Then the coupled process (Z()(t), Z(?)(t)) is Markov and we write L o for
the corresponding generator. Notice that the 2 x 2 real valued matrix

(2.10) A= <‘Z ﬁ) :

is positive definite, denoted A > 0, if and only if @ > 0, ¢ > 0 and b? < ac. For such a matrix, let

dA(Z1(t), Zo(t)) =
alX@ (1) = XD (@) + 20 (XA (1) - XD (1), VO (1) - VO 1)) + |V (1) - VO )2

denote a distance function called weighted distance. It is equivalent up to constant multiplicative
factors to the standard Euclidean distance on R?? and the standard Euclidean distance corresponds
to the special case a = 1, b = 0, ¢ = 1. However, due to the effect of the generator L2 on
d%(Z1(t), Za(t)), it will never be a contraction when b = 0, and thus weighting this distance is
essential for obtaining convergence rates. Note that for every p > 1, the W),-Wasserstein distance
of two distributions v, v on R?? is defined as W, (v1,v2) = (me1~V1,X2~V2 (|X1 —X5|P))/P, where
the infimum is taken over all couplings with marginals vy and vs.
Our main result in this section is the following.

Theorem 3. Suppose that 0 < a < 1, Assumption [3 holds and let
s a)m) (1+a)m am?/?
Aref = 2V M —_—, = — .
/= < T VM +m P UM +m  2(M+m)

Then there exist constants a, b and ¢ depending on m, M and «, stated explicitly in (4.8]), such
that the corresponding matrix A is positive definite, and for any t = 0 we have

(2.11) Lia dA(Zi(t), Zo(t)) < - BA(Zu(2), Zalt)).

This directly implies that for any initial distribution v on R?™, for all t = 0, we have the following
bounds on the 2-Wasserstein distance to the stationary distribution,

(2.12) Wa(Plv, 7)? < Coe MWy (v, )2,

_atcty/(atc)?—4(ac—b?)
for Cy = ato—r/(are il . Moreover, for every f e Li(m), for allt >0

(2.13) | P fI? < min(Ce™, 1)| ],

2
where C = ac+b%+2vVach?

T ac—b?2

Remark 7. Due to the non-reversibility of RHMC, the convergence rates in Wasserstein distance
do not directly imply bounds on the asymptotic variance for every function in L?(7), but only for
Lipschitz functions. The argument for extending this contraction rate to all of L?(7), can be found
in the second half of the proof of Theorem [5] This is based on the fact that Lipschitz functions are
dense in L?(7).
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Remark 8. These results seem to suggest that choosing « close to 1 increases the convergence rate
1 approximately by a factor of 2, at the expense of a higher refreshment rate. Hence in practice some
tradeoff needs to be made between additional computational cost and the increased convergence

rate. By Proposition 2] we know that the rate of bounces according to the stationary distribution

is at least %, which will be significantly higher than the rate ﬁ (2\/M +m — %)

in high dimensions, provided that 4 /Mgm . d—ll 7 1_1a2 « 1. The choice a = 0.9 is reasonable in

most scenarios.

Remark 9. We have been able to verify using Mathematica that if M/m > 5, and we choose
Aref < % . ﬁ <2\/M+mf %) (half the value recommended in Theorem , then the
contraction (2.11) cannot hold for any choice of a, b and c¢. In general, if we choose Ay =
L (2\/]\/[ +m — (l_a)m) for some r > 1 (that is, r times the refreshment rate recommended in

1—a? vV M+m
Theorem , then it seems based on extensive experiments that the rate u = % (i};\rﬁzz _ 28\71/;»

is attained (i.e. p drops by a factor r); no values of a, b and ¢ result in double the same rate.
Obtaining a formula that describes sharp rates p for a general choice of Aie¢ seems difficult with
our method of proof, as the inequalities that need to be checked in this case depend on many
variables, and the calculations become intractable. We include in the electronic supplementary
material Mathematica code that checks, for given values of m, M, a, Avet, 11, whether there exist a,
b and ¢ such that holds, and returns a possible choice of these parameters if they exist.

As we shall see in the next proposition, it is possible to obtain faster convergence rates, that is
larger p, for Gaussian target distributions. For this result, we consider a weighted distance of the
form

(2.14) dp(Z1(t), Za(t)) := (Za(t) — Z1(t), D(Za(t) — Z1(1))),
where D is a real valued 2d x 2d positive definite matrix.

Proposition 4. Suppose that 7 is Gaussian and its inverse covariance matriz H satisfies mI <

H < MI. Let
2v/m vm
Pam— n=—— .
1l -« 3

Then there exists a 2d x 2d real valued matriz D such that for any t = 0 we have

)\ref =

(2.15) Lig dp(Z1(t), Za(t)) < —p - dp(Z1 (1), Za(t)).
Moreover, for every f € Li(r), we have
(2.16) |P'fI? < min(Ce™ ", 1)| f],

_ act+b*+2Vach?
where C' = 425380,

Hypocoercivity. Our next convergence result is based on the hypocoercivity approach; see, e.g.,
[53, 41, 73, 28, 69]. Our result will be stated in terms of the modified Sobolev norm (h, h)'/?,
where

(2.17) &hy Y = a|Voh|? — 2b(V  h, V,h) + c|Vh|?

11



which again for a,c > 0 and b?> < ac defines a norm equivalent to the H' norm. In particular
following the calculations in [73], by Young’s inequality we get

[l a 2 . 2] 5 s a 2 . 2
(1+ ﬁ)[ IVoh2 + ||vmh|]/<<h,h>>>( ﬁ)[ IVuhl? + | Vah1?].

By the Efron-Stein-Steele inequality ([70]) and the fact that m(x,v) = 7(x)¥(v) is the product of
two independent distributions, we have

|n]* = Varx(h) < Vary(Ez(h)) + Varz(Ey (h)),

for any h € L3(r). Now by using the Poincaré inequality ([T9]) and the strong log-concavity of the
distributions 7 and %), it is not difficult to show that

a|Vyh|? + ¢|Vih|* = a-1- Varg(Ez(h)) + ¢ - m - Varz(Ey(h)) = min(a, em)|h|>.
Therefore convergence in the ¢, -)» norm implies convergence in L3(r).

Theorem 5. Suppose that Assumptz’on@ holds and let o € [0,1) and

3/2

1 (1—a)m (1+a)m am
Arof= ——— (/M +m — S —20™) _ - .
f 1—0z2< m \/M+m> a M+m 2(M+m)

Then there exist constants a,b, ¢ depending on m, M and o such that a > 0,c¢ > 0,b% < ac, and for
every f € D(B) ¢ H'(n) < L3(n), with B, D(B) as defined in (5.1)),

d
(2.18) (PP ) < —pdP'f, PUE).
Moreover, for every f € L3(w) and t = 0, we have
(2.19) [P < min(Ce ™, 1| 1%,

where C' = %.
Remark 10. Although only implies variance bounds for functions in H', we are able to extend
this to functions in L?(7) in the second half of the proof of Theorem given in Section m
As our rates are the same as in Theorem [3| the optimal choice of @ can be done as discussed in
Remark 8

Since the first-coordinate process of BPS converges to RHMC, whose mixing we established
above, in the natural time-scale the computational cost of running BPS for one time unit serves
as a proxy for its algorithmic complexity. This cost is proportional to the number of total events
per time unit, including bounces and refreshments. Proposition [2 shows that the expected number

/m(d—1/2)

of bounces per unit time under Assumption |3|is at least BN which is much larger than
the expected number of refreshments (Ayf) if the refreshment rate is chosen as recommended by
Theorems 3| and [5| (as long as M /m « d and « is not too close to 1). Therefore in these cases it is
justified to choose Apef in order to maximize the contraction rate p of the limiting RHMC process.

Since each bounce has a computational cost of order O(1) in terms of gradient evaluations, our
results suggests that BPS scales like O(dl/ 2) in gradient evaluations under our assumptions. This
is the scaling observed in the simulations presented in the next section.

12



Remark 11. We state here the rates for RHMC obtained by [1] and [47] under the same set of
assumptions on the potential, i.e. ml; < V2U(x) < MI,;. Both papers show L? bounds of the
form

|Ptf|| < Ce M| f]| for every f e L(n).
The convergence rate p in [I] in this setting is shown to satisfy the inequality a(ep) < p < 3a(ep).
After some calculations with Mathematica, we were able to show that

m? m?

30 < a(e) < = for 0 <m < 1, and 0.03 < a(e) < 0.11 for m > 1,

when the optimal choice of refreshment rate is chosen as

opt _ 8_2\/§+4\/§
ref \/§

Assuming o = 0 (no autoregressive part in the velocity refreshments), our results yield

A ~ 8.5583.

m m
SERVaTE VM

We can see that for large values of M /m, the convergence rate of [I] is sharper, while for smaller
values, our rates are sharper. We note that the conditions in [I] are quite general, and only require
a Poincaré inequality, hence they are applicable even without strong convexity. [47] shows that

for RHMC, the convergence rate is pu = @((\[(m))\if,{)?)’ which is maximized when Ayt = ©(y/m),
m ref

yielding p = O(y/m). The dependence of these results on the parameters m, M improves upon [I]
and our paper, but the constant of proportionality is not known.

In the case of BPS, both [I] and [47] shows rates of the form p = ©(v/d). The dependence on
the parameters m and M is sharper in [47] compared to [I], but the constant of proportionality is
unknown. In contrast with these results, our high dimensional limit argument (Theorem (1)) shows
that for functions that only depend on a single coordinate (or on a fixed number of coordinates),
in high dimensions, the convergence occurs according to a dimension independent rate u as long
as we choose the refreshment rate appropriately, at A\of = O(1). This is useful in particular for
situations where we are interested in estimating the posterior mean.

for the choice Ajef = 2vV M +m —

2.5 Empirical results for different functions

In this section, we show some simulation results about the computational cost of the BPS for a d
dimensional standard normal target, and seven different test functions defined as follows,

fi(z) = x; (first coordinate),

d
Z x; (sum of all coordinates),

fa(z) =
i=1
d-1
fa(xz) = > sin(x; + xip1) (a sum of sines depending on two component each),
i=1
fa(x) = [z]  (radius),
2 d 2
fs(x) = 217 -y 4 (log-density),
2 = 2
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fo(z) = 27 (square of first coordinate),

fr(x) = x12z9  (product of first and second coordinates).

In order to estimate the effective sample sizes, we have run 100 parallel BPS simulations with 108
events per simulation, starting from the Gaussian target distribution. The autoregressive parameter
a was set as a = 0. Figure shows the number of events required for one effective sample for
dimensions d = 10, 100, 1000 and 10000 for these 7 functions, with refreshment parameter choices
et = 1 (as suggested by Theorems [3| and [5)) and M.t = v/d (as suggested by [IT] and Table 1 of
[1]). The number of events is a correct proxy for the computational cost as each event requires one
gradient evaluation (see Section 2.3 of [I8] for the description of the implementation of BPS for
Gaussian targets). As we can see, if the refreshment rate is chosen as A\f = 1, these simulation
results show O(+/d) scaling in the number of events required for an effective sample for all of the
functions except the radius and the log-density (f4 and f5). In contrast, the choice A\jof = v/d seems
to require significantly more events per effective sample, with O(d) scaling observed empirically. In
the cases of the radius and the log-density, the choice \of = v/d still seems to require O(d) events
per effective sample, while Ao = 1 is doing worse, approximately O(d4/3) events per effective
sample is required. The scaling limits for this function were studied in [11], who has recommended
choosing et = O(\/E) to obtain the best mixing for the log-density, consistently with our empirical
results.

To sum up, we can see that if the goal of the simulation is to estimate the posterior mean or
posterior covariance matrix, or other quantities only depending a small subset of the coordinates,
then choosing A..f as recommended by Theorems|3|and |5| yield good empirical performance (O(\/E)
scaling in the number of events required for an effective sample). For functions depending on all of
the coordinates the situation is more complicated, and the best choice of A.ef is strongly function
dependent in this case.

3 Proof of Weak Convergence Result - Theorem

The proof will be based on a sequence of auxiliary results. First we will show that the RHMC
semigroup {P’ : t > 0}, acting on the Banach space Cy(Z) with the sup-norm is Feller, and that
the space CX(Z) is a core for its generator given in (2.5), in the sense that C° is dense in D(A)
with respect to the norm || - || := | fllc + [[Af]s- This, and a sequence of auxiliary results, will
allow us to apply [36, Corollary 8.6] to prove Theorem

3.1 Feller property

Recall that in the context of Theorem we have d = 1 and Z = R?. A Markov process taking
values in Z, with transition semigroup {P* : ¢t > 0}, is called a Feller process and {P': ¢t > 0} a
Feller semigroup, if it satisfies the following two properties

Feller property: for all t > 0 and f € Cy(Z) we have P'f € Cy(Z), and

Strong continuity: |P!f — f| — 0 ast — 0 for f € Co(2).

Proposition 6. Suppose that W : R — [0,0) is continuously differentiable and lim,_, W (x) =
0. Then the RHMC process {Zi}i=0 with generator A given by with Hamiltonian H(x,v) =
W(z) + |v[?/2, a € (0,1) and Apef > 0 is a Feller process. If in addition W € C*(R), then C(R)
s a core for its generator.

Note that a more technical approach proposed recently in Holderrieth [42] requires weaker
assumptions.
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3.1.1 Proof of Proposition [6]

Before we proceed let us first define the resolvent operator for A > 0

0 0

e NP f(2)ds = f e ME*[f(Z,)] ds.

0

Raf(z) = f
0

The proof will proceed as follows. First we will first show that Ry : Cp(Z) — Cp(Z), and then
use [I4, Corollary 1.23] to establish that {P' : ¢ > 0} has the Feller property, that is for all ¢ > 0
Pt : Cy(Z) — Cy(Z). Once the Feller property is established by [14, Lemma 1.4] to prove strong
continuity, it suffices to prove the weaker statement P!f(2) — f(z), for all f € Co(Z) and z € Z.

We now establish this property. Let 17,75, ... be the arrival times of the jumps. Then we have for
h>0

P"f(z) = f(z ) = E*[f(Zn)] — f(2)
E* [f(Zn)1{T1 = h}] — f(2) + E* [f(Zn)I{T1 < h}]

= f(2(h,2) e f(2) + €,

where we write =(z,t) for the solution of the Hamiltonian dynamics at time ¢ initialized at zg = z.
It is well-known that if H : R x R — R is continuously differentiable everywhere then Z(z, s) is
well defined for all s > 0 (see for example [22, Theorem 1.186]), H(Z(z,s)) = H(z) for all s > 0
and Z(z,h) — z as h — 0. Since f is bounded it easily follows that as h — 0

€] < £ lloo (1 — e et") — 0.

Since E(z,h) — z as h — 0, the result follows.

Proof of the Feller property. From [23, Equation 2.6] we know that we can express the
resolvent kernel as follows for a measurable set A

e 0]
(3.1) Ra(z, A) = Y KKz, A),
j=0
where
0 0]
(3.2) Ky(z,A) := J e NS TheS Y 4 (2(2, 5)) ds,
0
0¢]
(3.3) Ia(z, A) = f Arer€ MM Q (E(2, 5), A) ds,
0

with 2(z,s) = E((z,v), s) as defined above.
We will now show that Ry f € Cy(Z2) for any f € Cy(Z). This follows from the next result.

Lemma 1. W e C}(R;[0,0)), W(x) — o as |x| — o and let f € Co(Z). Then, for any A > 0,
we have Jyf, Kxf € Co(Z) and |JIrflloo < Aref/ (A + Apep)|| flloo- In particular

Raf = D BEAf € Co(2).
j=0
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Proof of Lemma([l. Let A > 0 and let us first look at K. Suppose now that f € Cyp(Z) and that
zn — 2. Then

0

(K f(2) = Exf(zn)| < JO Aree e f(E(z,5)) = f (E(2n, 5)) |ds — 0,
by the bounded convergence theorem, since f is bounded and the functions s — |f (Z(z,s)) —
f (E(zn, s)) | vanish pointwise by the continuity of f and the continuous dependence of the solution
{E(z,s) : s = 0} on the initial condition; see, e.g., [22, Theorem 1.3]. This establishes that K f is
continuous.

Next we prove that K f vanishes at infinity. Let € > 0 be arbitrary. Since W(z) — o0 as
|| — oo, the level sets Hy := {z : H(z) < L} are compact and Z = ur-o{z : H(z) < L}.
Therefore we can find L = L(e) such that |f(2)] < €(A + Awer) for z ¢ Hy. For all such z, since
H(Z(z,s)) = H(z) for all s > 0, we have that

Kaf(2)] < fo e Ao At | £ (2(z, 5))| ds

< €A+ Aref) J e M AetS g = ¢,
0

Thus we conclude that for all A > 0 we have K : Cp(2) — Cp(2).
Now we move on to Jy. First notice that for any f € Cy(Z) we have Q. f is also continuous.
To see why let z, = (x,,v,) — 2z = (x,v) and notice that as d = 1

|Qaf (Zn) - Qaf( ) |

S Van J ‘f Tny O + m&) (:c av + M§> ’ e=€2d¢ 0,

by the bounded convergence theorem, since f is continuous and bounded, and therefore Q. f is
continuous. Next, for any § > 0 we can choose a compact set K such that |f(z)| < d for z ¢ K.
In particular, since Ky is compact, for any § > 0 we can also find Mz > 0 such that

K5 < {(1’,1}) : ’(L’|7 |U‘ < M5}

Fix € € (0,1/2) and choose z. such that ®(z.) = 1 — €/2, where ® is the cumulative distribution
function of the standard normal distribution. Then

Quf (2)] < el flo + £ (v + V1= a2%) [ 2.

1=
v 2m L__Ze
Then for all z = (x,v) and § such that |z| > M, |v| > (M. + z.)/a and || < z. we have

‘oer\/lfonf’ = alv| —V1—a?g| = alv| — €| = M + ze — ze > M.

Therefore for such z we have that

f (:c, av+4/1— oﬂf) ) 6_52/2d§

€ Ze 752/2
< b de,
U e+ —— j e

1
|Qaf (2) | < €| floo + NoT L_—ze
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and since € > 0 is arbitrary it follows that Q. f € Co(2).

Observe that Jyf(z) = A\etKAQof(2). Therefore if f € Cy(Z), since we have already shown
that Qg : Co(Z) — C()(Z) and K : C()(Z) — Co(Z), it follows that Jyf € CU(Z)

Finally, since clearly Q. f (E(2,5)) oo < ||f]0

0¢]
I3 flle = sup | | s Qu f (B2, 5) ds
=z 1Jo

0
S J Arer€ N Qo f (E(2,5)) [oods

0
)\ref
A+ Aref

o0
< j Arep e e8] fodls = 1o
0

and since A > 0 we can see that this is a strict contraction. From this, it follows that the sequence
n .
> BEL,
j=0
is Cauchy in the Banach space (Cy(Z),| - |« ), whence the conclusion follows. O

CZ is a core. Define the semigroup {Q' : t > 0}, where for each t > 0 Q' : Co(Z) — Co(Z) is
defined through Q' f(z) = f (Z2(z,t)), with Z(2,t) denoting as before the solution of the Hamiltonian
dynamics started from z at time . It can be easily shown that the generator of Q! is given for
feCr(2) by

Bf(x,v) = (Vaf,v) = (Vo f, VU(2)),
that is the first two terms of the generator A of RHMC.

Let f be supported on a compact set K. By our assumptions on the Hamiltonian H, there
exists L > 0 such that K <€ Hy, := {(z,v) : H(z,v) < L}. Letting z ¢ H, for all t > 0, we have by
definition H(Z(z,t)) = H(z) and thus Z(z,t) ¢ Hy. Therefore Q' f will have compact support.

Notice next, since W € C®(R), that for any ¢ > 0 the mapping z — Z(z,t) is infinitely
differentiable, see e.g. [22, Exercise 1.185]. From this and the above discussion we conclude that
for any f € C*¥(Z) and t > 0 we have Q'f € C*. Therefore from Davies [25, Theorem 1.9], and
since CP(2Z) < Cy(2) is dense, we conclude that C is a core for B, and in particular that for any
f € D(B), there exists a sequence {f, : n = 0} € CF(Z) such that

Ifn = flloo + |1Bfn — Bfllow — 0.

Since the operator Ayet[Qq—I] is clearly bounded on Cy(Z2) for any «, it follows that D(A) = D(B),
and that for the sequence {f,} above we also have

”fn - fHOO + ”-Afn - Af“OO — 0,

proving that C°(Z) is a core for A.

3.2 Proof of Theorem [1l

Recall that we write {Z,,(s) : s = 0} for BPS initialized from =, the generator of which we denote
with A,,, and write {Zfll)(s) : s = 0} for its first component. In addition let
Fli=0{Z,(s):s<t}, and G':=o0 {Z,(ll)(s) is < t} .
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Let €, — 0 be monotone and to be specified later on. All expectations will be with respect
to the path measure of BPS started from m,. We proceed with the usual construction. For some
function f: Z — R, that is f is a function only of Z,gl), such that f € CF, smooth with compact
support, we define

(3.4) en(t) = ! fo " E [7(20(t+ )7 | as
(3.5) on(t) = & 'E[ £ (200 + ) - 1 (200)| 6]

Abusing notation, we will also write f for the mapping Z" — R given by f(z1,...,2n) = f(21). We
have already established that (A, CP) generates the strongly continuous semigroup {Pt it = 0}
corresponding to RHMC. To apply [36, Corollary 8.6 of Chapter 4] we need to check the following:

o Strongly Separating algebra: the closure of the linear span of C contains an algebra
that strongly separates points, see [36, Section 3.4] for the definition. This is obvious since
CF(2) strongly separates points and is dense in the algebra Cy(Z), since any function in
Co(Z2) can be approximated arbitrarily well by functions in C.(Z) by multiplying with, and
then convolving with appropriate mollifiers.

o Generator convergence: for each f € CFX(Z) and T > 0, for &,, ¢, as defined in (3.4)),(3.5)

(3.6) Sup sup E[[$n(t)]] < o0

(3.7) SUp sup E[|¢n(t)] < o0

(3.8) lim E (|60 - £ (20®)[] =0,

(3.9) lim E |on(t) — Af (200)]] = 0.

and in addition

(3.10) lim E { sup |6a(t) — f(Z,9><t>>r} —0,
teQn[0,T]

and for some p > 1

(3.11) sup E [(LT !¢n(8)\pds> l/p] < 0.

3.2.1 Proof of Equations (3.10) and (3.8).
Since condition (3.8)) is implied by (3.10f), we will establish (3.10]).

First recall that for each n, BPS is non-explosive. To see why, for each x,v, let L > |v| > 0
and consider
Tor = inf{t = 0: Z,(t) ¢ B(z, L?) x B(0,L)}.

Letting

O'i}LQ = inf{t > 0: X,,(t) ¢ B(z, L?)}, opp=inf{t > 0: V,(t) ¢ B(0,L)},
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we have

nL}

Lvoy,y,

oL = 0y 1280y, 12 <0y 1} + 05 L W0y, 12 =0y
OpL} 2
where the first inequality follows, since on the event {¢7, > o7} the maximum speed up to o7, is
less than L. Since |V,,(t)| only changes at the arrivals of a homogeneous Poisson process with rate
Aref > 0, it is clear that as L — o0, UTZ,L — o0 and therefore 7, , — c0.

Fix T' > 0. Since BPS is non-explosive for every n and ¢ > 0 we can find a K,, 5 > 0 such that

> Ll{oy 12 <o, )+ 0,  U{oy 12>

P [ sup |Z,(t)| = Kn,é] < 0.
t<T+1
For 6, — 0 and by a diagonal argument, we can find a sequence K, 5, such that

sup |Z,(t)| = K

d
t<T+1

We will write GG, for the event
Then we have for ¢, — 0, to be specified later on,

<o

J

G, : sup |Z,(t)| < Kp s

t<T+1

e[ o oo (2800
“E| o f CE[5 (206 n) - £ (200)] 6] ar ]
< ot [T () s (z@00) o
<e| s fat [ (5 (@00 ) s (00)) 10 7t} ot o
v o et [ (7 (000 ) - (2800)) 2| )] o]
—h+d

For the term Js we have for p > 1

sup [ []lG%
te[0,T]n@Q

gﬂ) p] 1/p

51/12

J2 < 2| flloE [ Qt”]] < 2[f[xE [( sup  E[Lge
te[0,T]nQ

(3.12) g1

D P 1/p
<2 flp—L—E[E[Lee <2 —[E[]lpc] —2
HfHOOp—l [ [ G¢, HfHOOp—l Ge, HfHoo

where we used Jensen’s inequality, the fact that for each n, {E[1¢s | G'] : t = 0} is a G;"-martingale

and Doob’s martingale inequality.
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We proceed with the term J; as follows

ner L[S’,‘%‘fm@ o [ E[E{[r (200 +n) - £ (200)] 16,170 > e 7} g0 ar ]
+E L{gl;ﬁ)ﬁ@ et f: E [[E { [f (Z,(ll)(t + 7“)) —f (Zy(zl)(t))] Lo, 1) < en) ]__th gtn] ” ]
=:Ji1+ Ji2,

where we denote by 77°f(¢) the first refreshment time after time ¢. Since refreshment happens

independently we can bound Ji o

Ji2 < 2| f[E [ sup
te[0,T]nR

€n
e;l J (1-— e_’\“fe")dr

] < 2HfHOO)\ref€n — 0.

We control the term Jj ;1 in two steps. To keep notation short we introduce the notation
G! (1) := {71(t) > €,}. Then

e J” [E[[E{ [f (X}})(t +1), VOt + r))

Ji1 < [E[ sup
0

te[0,T]NR

— £ (X0, VO + ) 16,160 |7 )

gt”] dr

|

] = J111+ J1,1,2-

el fo [E[[E{ [f (Xf})(t), vt + r))

+E sup
te[0,T]NR

— 1 (X0 VOW) |16, 16,07 o1 |ar

For the first term, since only the location component changes we have

Jii1 < |axf||oo[E[ sup gf]dr

te[0,T]nQ

& L" E[E{[xD(t +7) = XD @) x 1o, Lay0) |77}

|
et Lﬁn [E[en ]

where the second inequality follows from the linear dynamics of BPS, since on the event G, (t)
there is no refreshment event and therefore the norm of the velocity component does not change.
Finally, recalling the definition of the event G,, we obtain

VW) x 16, 1,0 |7}

gt"]dr

< |axf||OO[E[ sup
te[0,T]nQ

J11,1 < [0z fooenKns, -

Next we have to control the term Jj 12 for which we point out that, since there is no refreshment
event, the velocity will remain constant on the interval [¢,¢ + €, ] unless there is a bounce. Writing
o1(t) for the arrival time of the first bounce after time ¢ we thus have

Ji12

=E sup
te[0,T]n@

et Jen [E[[E{ [f (Xfll)(t), Vn(l)(t + 7‘))

0
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— £ (X0, V) [t ) < eatlo, La,w| 7}

|

Qf]dr
<2flcE| sup e Jn E[E{1{01(t) < en}Le, Ly | 7 |00 |ar

| te[0.T]~Q ]

<2lf|<E| sup enlfnﬂi:ﬂi{[l—exp<—rn(VUn(Xn(t—i—s)),Vn(t—i—s))ers)”]-T}

| t[0,7]n@ 0

<2flE| sw ot [TE[E{Ln0 <)
| c[0.7]~@ i

J-“[‘}

gf] dr

Q{L]dr

|

where we dropped the indicators in order to be able to compute the probability of no bounce. We
again decompose according to the event G,, in order to proceed

Ji12

< 2|f||oo[E[ sup
te[0,T]NR

! J E[E{[1 - exp (- rn(VUn(Xn(t ), Valt +)0ds) |16,

0 0

fg‘}

g,?]dr

|
|

+ 2|foo[E[ sup
te[0,T]NR

! F[E[[E{P —exp(—Jen(VUn(Xn(t+s)),Vn(t~|—s))+ds>]]lG%

0 0

el

Since the integrand is bounded above by 1, a calculation similar to the one for the term Js in
(3.12]) shows that the second term above vanishes as n — o0, and therefore using the inequality
1 —exp(—x) < z for > 0 we have for p > 1

J112
< 05711/p+2|f||00[E[ sup eglf IE[[E{J [VU(Xn(t + 9)|Valt + 5)ldsL, | 7' | gg]dr]
te[0,7]~Q 0 0
< Csiry
n (1 1
(P T e - [EE{ | (rvvn<xn<t+s>>\2+rvn<t+s>\2) ds x 1, FZ"”} ] ar
t[0,7]nQ 0 0 \2 2
< Csir 4
2C'\foo[E[ sup enlfn[E [[EUW (M|Xo(t + 8) + |Vi(t + )]?) ds x 1, ]—“t”} n dr]
te[0,T]nQ 0 0 |

since |VU, (x| = |VU,(x — VU,(0)| < M|z| by Assumption

< Cir4

]—"{L}

20MfoorE[ sup G;'|ar

te[0,T]nQ

€n
eglf E| ol Zu(t + )10,
0

|

< COYP + 20 fllowen K25, .

We choose €, such that eanL s, — 0.
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3.2.2 Proof of (3.9).

Next we prove (3.9). First, by stationarity notice that we can equivalently check
E [ 6n(0) — Af (ZS)(O))H -0

Notice first that f € D(.,Zn), the domain of the extended generator, since f is smooth and bounded
(see [26, Theorem 26.14])

6n(0) = B[ 1 (Z0(en) - £ (2800)) | G5
=B | [ A (26 s+ R 93]

5.

where we used the facts that R, (¢) is an F{*-martingale and F}* < G;', whence
E[Rn(s)|Gg] = E{E[Rn(s)| Fo'll G5} = 0.
We also notice that g, := .An f € Dom (A ) the domain of the extended generator. Therefore
e[ @) + [ A @) + R 10
0

go]
- e;l Jgn E [ J Angn n(r))dr QO} ds,
0

where, from [26], Theorem 26.12], it follows that the local martingale {R/ (s) : s = 0} is actually a
proper martingale, and therefore using the same arguments as before, for s > 0,

E[R/,(s)| 6] = 0.

E[[on0) a7 (200)[] < E[[E| L7 Zu0p|G5] - 47 (20 0))

[ (Zn(
el o[ ool
<E[[E[ 4.1 (2 >>\ i -ar (z00)]

J, £

f(Z,

:quJaLﬂ%@ms

onl0) =" | " E g0 (Za(5))| 6] ds

0

I
™M

Then we have

+€ f ‘Angn n ))Hgg]}drds
(813 - E|[[As zaon| 5| - ar (20 O)]] + R

applying Jensen’s inequality conditionally. Finally by the tower law and by stationarity of {Z, () :
t = 0} when initialized from 7,

ot [ e {E [ 2,00 | g3 ] aras
ﬁ‘f | A (Zn(r) Qmm—f{mmlde.
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Error term. We will now control this error term. Recall first that for f € C(Z) < D(A,) we
have

Anf(@,v) = (Vf(z),v)) + max{0, (VU (), v)} [Rnf (@,0) = f (@, 0)] + Met [QF (2, 0) — [ (,0)],

VU, (x),v
Rnf (x,v) = f <ar;,'v — 2(|VUT(L($))|2))VUH(33)> ,

Qanf (x,v) = f e 62 ¢ (a:, av +14/1— a2£> dg.
Rn

1
(27.()11/2
Potentially abusing notation, for n > 1 and « € R™ we define a mapping R, (x) : R” — R" through

(VU (x),v)

R,(x)v:=v — ZW

VU, (x),

with the convention that R, (z)v = 0, when VU, (x) = 0.
We decompose the generator A, into three parts

Ay =AY + AP + AD)

where

Agll)f(m,v) = %f(m%—tv,v) ,
t=0

Ag)f(wv U) = maX{07 (VUTL(:B)? ’U)} [mnf (ZIJ, U) —f (.’13, ’U)] )
Aq(mg)f(xv v) = )\ref [Qf (CL', ’U) - f (:L',’U)] :

Remark 12. Notice that when f is differentiable we have
Agzl)f(wv ’U) = <Vf(w), 'U>7

however for AS) f(z,v) to be well defined we only need that ¢t — f(ax+tv, v) is absolutely continuous,
see Davis [26, Chapter 2.22].

Therefore when considering A, g, = A, A, fr, we will need to consider all possible combinations
.A%Z )Ag ) since the operators do not necessarily commute.

Case i = 1. Using the fact that f(z,v) = f(x1,v1), where we write (x1,v1) for the first location
and velocity components of (x,v), the first term reduces to

d d o
Ay AL f (e, v) dt(Vf(w),v) @ axf(acl + tvg, v1)v1 »
o2 f

= ﬁ(xl,vl)v%

Since f € C%(R x R), it follows that 02f(z,v) is also continuous and compactly supported and

therefore bounded. Thus
2
e[ (v)’] <]
o0

2
L (xm y <V<1>)2
since under 7, V) is centered Gaussian with unit variance.

ef
02

% f
@ = O(l)a

2
ox -

x ‘
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The second term, see Remark takes the form
d

AN AR (g v) = aAf)f(m + tv, v)
t=0
= dgmax{(), (VUp(z +tv),v))}|  [Rf(z,v) — f(z,v)]
¢ t=0
+ % [Rf (x +tv,v) — f(x +tv,v)]] max{0,(VU,(x),v))}
t=0
=:J; + Jo.

For .Ji, since by Assumption [1| VU,, is M-Lipschitz

|max {0, (VU,(x + hv),v)} — max {0, (VU,(x),v)}|
< |(VUn(x + hv),v) — (VU,(x),v))| < Mh|v|?.

Therefore we have that, for h € (0,1)
h~t Imax{0, (VU,(z + hv),v)} — max{0, (VU,(z),v)}| < M|v|* € L' (x),

since the V; are standard normal random variables. In addition since f is bounded it follows that
Rf (x,v) < |f|w. Therefore by the dominated convergence theorem, we can exchange the h — 0
limit and expectation to obtain

<21 | i b~ (VUL V), V) = (VUL V)

7 LJ1] < 2718 || max(0, (90, (X + v, V)|

t=0

< 2|l ME ||V ]| = O(Mn),

For Js a lengthy but straightforward calculation shows that

d
&mf (x + tv,v)

t=0

d (VU,(x + tv),v))
=3/ <~’”1 L S 2 e T )P
VU, (x),v
(|VUn((CI3)|2)alUn(m) >U1

(VU (), v) d ((VU(z +tv), )
—20uf (whvl - 2W51U”(w)> dt ( VU, (z + tv)|?

= (R@xf)(l‘, 'U)Ul - (Ravf)(ma v) X il(:l), 'U),

o1Up(x + tv))

t=0

= axf <x1,’01 -2

01U, (x + tv))

t=0

where
o d ([ (VUp(x + tv),v)
Uz, v) = T (2 NUn (@ to)? Uy (z +tv)> .
_ |VUnQ(33)|2 {(v,wﬁ(m)v) U () + (VUn(m),v)j;ailUn(m)vj}
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- W {251Un(.’13) (VUn(iB), VzUn(:B)’U) (VUn(a:)7 1))} ,

and thus by Assumption

2
Uz, v)| < N, @) {M|VU,(2)||v]* + M|v|*| VU, ()|}
1
N @) {2M |V U, (a)]*|v]*},
whence
Cv|
|U(x, v) max{0, (VU,(x),v))}| < A {M|VU,(z)||v]* + M|v]*|VU,(x)|}
IW(J/;'(T;L)I?’ {M|VUn(az)|3|v|2} < C’M|'v|3.

Thus overall,

d
ai)‘if (x +tv,v)‘

max {0, (VUn(fB),’v))}’ < [0 floo 02| VU ()| + CM 00 f oo 0]

On the other hand

d
5/ (@ +tv,v)| max{0, (VUn(fB)av))}’ <02 f oo VU ()| [0]*.
t=0
Thus overall we have that, using the fact that (Vi,...,V,) are i.i.d. standard Gaussians and

Lemma in the Appendix

m[|J2]] < CE[|VUL(X)|]E[|V?|] + CME[|V?]
< OMY2p?% 4 CMn®? = O(Mn®?)

and thus we have that 7 HAS) gpr = O(Mn3/2).
For the final term, since Q f(x,v) = Qf(x1,v1) we have

d AB) f(x + tv, v)

ADAD f(@,v) =

=0
d
= Aref T [Qf(z1 + tvr,v1) — f(x1 + tvr,v1)]

= et [Q(02 f) (21 + tv1,v1) — Ox f (w1, v1)] v1,

t=0

by an application of dominated convergence. We can easily see from the above that 77[./49) 7(@3) f] =
O(1) as n — .

Case i = 2. For the first term Ag)A?(@l)f, notice first that since f(x,v) = f(r1,v1) we have
AP f(a,v) = 0 f 21, v1)01 = h(z1,01).

Therefore

= xr1,UV1 — w @€ v — w T
Rph(x,v) —(%:f< 1,01 — 2 N, ()2 01U ( )> < 1—2 SUAGLE 01U ( )>’
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whence

Rph(x,v) — h(x,v) = vy [R 0 f(x,v) — 0y

and thus

f(z,v)] — 28,0, f (x, v) (VU,

):) 2\ U, (@),

VU (2)[?

E[ADAD £(X, V)| < E[[(VUL(X), V)| x [Vi] x [0 f (X, V) = 0,f(X, V)]

+2F {|(VUn(X),V)| x

70, v) S

S IR0z flloo + 02 flloo) ELIV] > VAT E[[VUR(X)]]

+ 2| Rndn fooE [

(VU(X),V)?

RO ) 10 ﬂ

S ([BRnleflloo + 02 flloo) E[IV] X VAT E[[VUA(X)]]

+ 2[R0z f o E

[[01Un(X)1],

VUL (X

);

R0

()

|

where for the second term we used the tower law and the fact that conditionally on X, (VU,(X), V)

is Gaussian with mean 0 and variance |VU,(X
Lemma from the Appendix we have

E [ 4@ AD

+ 2[R0 flooE[[VUR(X)]] = O(Mn).

For the next term A&”Aﬁ?’ f first we write

FX, V)| < (19000 floo + 00 f o) CMA/RE [[Vi 22 E[[ V]2

AD AR f (@, v) = max {0, (VU (@), v)} | ReAD f (@,0) — AD f(2,0)| .

Then notice that
R, A2 f(x, v) = max

X

= max

and therefore that

Thus

24000, 0))

(@)

2 o0n(x0)) - f (10 -2

2)50,00) - (2

(YU,
{0, <VUn(ac), -2 U,
[ (VUn(z),v
_g{nf <$1,’l)1 -2 |VU (
{0, (VUn (), —v)}
[ (VUn(z),v
_mnf <$1,’U1 -2 ‘VU (
\%nA§>f< —ARS

2,0)| < 2|f | (VU (@), v)|
2,0)| < 2|f1s (VUn (@), v)*.

E[AP AR F(X,V)| < Clf|E|(VU.(X), V)]

< O|f | {E| (VU.(X), V)| X |}
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)|2. Using the Cauchy-Schwarz inequality and

)




using the fact that conditionally on X, (VU,(X), V) is Gaussian

= Ol flEA{IVUL(X)*} = O(Mn)

from Lemma in the Appendix.

Next we consider the term AS)AS’) f. Since f is bounded, it easily follows that A7(13) f is also
bounded and therefore that

‘A (z,v ‘ = max {0, (VU,(x ’ER AB) f (e, )—AT(f)f(w,v)‘
\2)\ref\|f\|oomax{0’ (VUn(z),v)} .

Therefore
E AP AP [(X, V)| < CE|(VUL(X), V)| < CE [(VUL(X), V)!|"* = O(M"/2n112),

from Lemma and calculations similar to the previous term.

Case i = 3. The first term to consider is
ADAY f(@,) = het | QAL (@, 0) = AV f(,v) |
= e [ [AD f 1.0 + VI = a%) A flav)] 6(6)de
= v | [asar, a0 + V1= %) (owl + V1= a2¢) = (1,000 | 6(€)ds,

where ¢ denotes the standard normal density. Since |0, f | < 00 we have

EJADAD FOX V)| < A2 10 [[aVi + V1= 02|+ V1] | = 0(0),

as n — oo.
For the second term we have, using Jensen’s inequality on the Markov kernel @,

E[ADAD F(X, V)| < Mo || QAP FX, V)| + Mo | [AP £(X, V)|
< Mo |Q (AP 1)) (X V)] + Ao | [AD F(X, V).
At this point notice that @ is m,-invariant and therefore

E[Q(l421]) (X, V)| = E[|A2rx. V).

whence we conclude that

‘_A @ 7(x, V)) < 20\,E HAﬁf)f(X,V)H
< Avet| flloo E [[(VUR(X), V)]

= 4\F Aet| fllooE [[VUR(X)]] = O(MY2n1/?),

using Lemma and the fact that conditionally on X, (VU,(X),V) is a mean zero Gaussian
with variance |VU,, (X)|?.
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Finally, by similar arguments as above the last term is given by

E AP AP F(X, V)| < 200 [ |AD £(X, V)|
< ANl f e = O(D).

Overall we have shown that the error term defined in (3.13) satisfies
(3.14) Ry = TE[[AnAnf (Za(0)]] = O(Mn*e,) = o(1),
since we have chosen ¢, such that €,n> — 0, as n — 0.

Main term. Having controlled the error term, we now focus on the main term given by
E (e[ A.f (Za(0)|G5] - Af (200)|].
where we recall that A, is the extended generator. Notice that for f(z,v) = f(z1,v1),

Anf (mav) = axf(xlyvl)vl + max {Oa (VUn(ZC),'U)} [%nf(ma ’U) - f(m, v)] + Aref [Qf(xlavl) - f($17vl)]
Af (z1,v1) = p f(z1,v1)v1 — Ou f(z1,01)W (1) + Aeet [Qf (21, 01) — f(1,01)],

and thus the first and third terms are in fact identical and will cancel out. We thus only have to
consider the difference of the second terms. We apply a first order Taylor expansion

E [maX {Ov (VUH(X)a V)} [%nf(Xv V) - f<X7 V)]’ gg]
= [E[max{(), (VU,(X),V)}

X [f (Xl, Vi — 2W01Un(x)> — f(Xq, Vl)]

i

_ [E[max{(), (VUL (X),V)}

(VUn(X), V)

X avf(le Vvl) {_2 IVUn(X)P

01Un(X)}

gg] +517

where & is the remainder. At this point notice that, by the tower law and the fact that (VU,,(X), V)
is Gaussian conditionally on X,

El&r] < 00 f]0E

(VU(X), V)’ \alUn(XD]
VU,(X)[*
10:0,(X)]
VU, (X)]4
101U (X)|| VU, (X)]?/?
IVU,.(X)[*

= 6Uf|ootE{ E [|(VUn(X),V)|3‘X]}

< C|avf”oo[E{

VUL(X)P2 | _ .
< CJo.f1E {w} = Clufll=E {WU(W}
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3/2
1 v M nm? m3/2
(3.15) < Cluflw [(nm)m * ( m ) P <_4M2> T oy,

by Lemma in the Appendix, which tends to 0 as n — 0.
Finally, having controlled the error terms, to complete the proof of (3.9)), it remains to show
that the following term vanishes

[EW[ 2uf (X1, V2) | x

‘[E[max {0, (VUL(X), V)} <—2|(vvg:(())(())|,2V)> 61Un(X)‘X1, Vl} - W'(X1)

First notice that, since V5, ..., V,, are independent of V] and X, we can write

I(X1,V1) := [E{max {O, (VUn(X),V)} (W) alUn(X)le,Vl]

_E {%E [max (0. (VU,(X), V)| X, Vi Xl,vl}

2
MU (X &
- [E{VlUn((X))Q[E [maX{O UL (X JZ xg} X V1] Xl,Vl}
2
U (X) z
[E{len(X)Qmax{O O Un(X JZ xé} Xl,Vl}

where £ is a standard Gaussian random variable, independent from X and V;. Continuing we have

2
I(Xl,Vl) =E {mmax {O,J Z[a]Un(X)]2 X g} Xl,Vl} +(€2(X1,Vv1)

j=2
g

where

01U (X))
IVUL(X)?
=:E1(X1, V1) + E22(X1, V1),

|01Un (X)?
VU (X)]

52(X17‘/1)<C[E{ X1,V1}+C[E{
We control the first term using the Cauchy-Schwarz inequality as follows

’alUn(X)’4

1/2 Vi1
rm<x>r4} E{00. (01

E[&21(X1,V1)] < C[E{
and since |0Uy, (x)|?/|VU,(z)|? < 1

1/2
<C[E{|81Un)()|} |E{|81Un(X)|2}1/2

VUL (X)|
M2 MPEX)| M f[logn 1]
3.16 <CM'Y? LY
(3.16) m2y/n T TN T T
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by Lemmas [A.4] in the Appendix, where we used the fact that by Assumption [I] we have
that E|X1| < oo (this follows for example by the L! Poincaré inequality applied on the function
f(X) = X3, see Corollary 1.9 of [2]).

For the second error term we have, again using the Cauchy-Schwarz inequality

|51Un(X)|2}
VU (X))

24 1/2

<C[E{""1U >’}1/2E{ralun<x>12}”

E[&2(X1,V1)] = CE {

VU, (X))
M?  M?E|Xy] M [logn 1 i
3.17 < CMY? LI = R
( ) mQ\/ﬁ + m3/2pl/2 m n * n
as before.

Finally notice that

. \ (2350, Un(X)V;

E[maX{O,JZ;@jUn }( SULXP )51U ’Xl,vl]
max{0, 37y & Un(X)V;}?

- [ SO0

81Un(X)‘ X

‘X17V1}

(ijz[ajUn(X)F) 52

= 2E{ E|1{¢ >0} ST

UL (X)| X || X1, Vl}

where ¢ is an independent standard Gaussian

(Zjalotn (1) }
=—E{ 01U,(X) X1,

VUL (X)[?

= —[E{alUn<X)‘Xla ‘/1} + gS(Xl) ‘/1))

where
01U (X)[?
E[|E3(X1, V1)|] S E | ot
e Vi)l < E| o
M2 MPEIX)| M flogn 1]
3.18 < CMY? Ly = =
(3.18) [mz\/ﬁ m3/2nl/2  m n h '

by calculations similar to those for the error term & ;. Finally

(351’ Z2: n) _Un(xl;wQIn)de:n
Se Un(xlny:n)de:n

U o
61}1 S U 1'17 Z2: n) n(IhIz'n)dl‘Z:n

S e Un(xl;x2:n)dx2:n

—[E{@lUn(X)‘Xl,Vl} Saxl
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0 (e Un(z132:0) g
— 0x1 S_U o > = ——a logfe_Un(zl’IQ:n)d$2:n
Se "(ml’a’?'")dx&n ox1

0
= 7 Joge W) _ ' )
22, 08¢ W' (21)

Overall we have shown that

[E{max {o, (VU (X), V)} <_2|(VV([]]:((§))’2V)> 81Un(X)’X1, Vl] —W(X)) + & + &,

where E[|&2|], E[|€3]] — 0 as n — 0. Therefore we have

|E7r|: |avf(X17‘/1) | X

Hmax {o, (VU (X), V)} <_2(VV[Z?((§))"2V)> alUn(X)‘Xl, Vl] —W'(X1)

B

as n — 0.

3.2.3 Proof of (3.11).
Next we need to verify (3.11)) for some p > 1 for which we proceed as follows

E [( | ' a0 ) /] <e|[ ' u(0Pa | - jOT E g (1)]?] dt
- [Ve[le s (s ) - (@0 0) )
- LT E [ 'E {L" (an (Z,gU(t + s)) + Rt+s) ds g[“}

and using the fact that E[Ry4s | Gf'] = E[E[Ri+s | Fi*] | G =0

[

P
|t

! f: E {,an (z;;)u + s)) ‘ gg} ds

P
|t

ZW(t + s)) ‘p‘ gf} ds} dt

and by Jensen’s inequality

/N A/~

ZW(t + s)) ’p‘ Q’f}] dsdt

by stationarity. Next recalling the decomposition of A, into Ag), 1 = 1,2, 3 notice that

sup [AW f(z,v)| = sup |0, f (z,v)v| < o,
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since (x,v) — 0Oy f(x,v)v is continuous and has compact support, since f has compact support.
Similarly it follows easily that ||A,(13) flloo < o0 and therefore the only term we have to control
corresponds to A1(7,2). For this term notice that

e (42 (2000)[
~ &m0, (w006, v [ (201 2SS0, 060 - v v ]

< 2% 0uflloE

[(VUW(X, V)| [01Un(X)P
VU, (X)|*

2p »
el
< zp(%floo[E{[E { VU, (w>]| (|al)U Tk ‘X]} < P13, = O(L).

3.2.4 Proof of . ) and (| .

Notice that (3.6 follows immediately since ||f|, < o0, whereas (3.7)) follows from calculations
similar to the ones used to prove (3.11)).

4 Proofs of Wasserstein rates

4.1 Proof of Theorem [3

Let X () := X@(t) = XD (¢) and V() := V() — VD (£) denote the differences between the two
paths in position and momentum. Ignoring for the moment the refreshment events, (X (t),V(¢))
will evolve according to the Hamiltonian dynamics, that is

X'(t) = V(#),
(4.1) V() = —(VUXPD (1) = VU(XD(t))) = —H(t)X (), where
1
H(t) == VU (sXWD (@) + (1 — s) XD (¢))ds.
s=0

By convexity, we can see that H(t) satisfies that mI < H(t) < MT where I denotes the identity

matrix, where we write NA < B to denote that B — A is positive definite. The effect of the generator
Lig on | X(t)|?, (X(t),V(t)) and |V (¢)]? is given by

Lio|X (1) =2 <X >
(4.2) LX) V) = V()2 - >?<t>TH<t>f<<t> ~ et — )X (1) V(1)
Ligl V(02 = =2V () HEX () — Are(1 — )|V (1)

The claim of Theoremis equivalent to showing that —u-d%(Z1(t), Za(t))— L1 2d%4(Z1(t), Za(t)) = 0.

This can be expressed as
— p- d4(Z1(t), Za(t)) — L1 2d%(Z1(t), Za(t))
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= pa X ()12 + 2[—p1b + Aret(1 — )b — a] X () V(1) + [~ + Aet(1 — a2)e — 26]|V (¢) 2

LX) HOX () + 2V (8) HOX ().
Let
¥ ( X @) X(t)“(t)) p (ff(t) HOX () V() H(t))?(t))
- ~ T ~ ~ 9 ) ~ T ~ T ~ )
X Ve Vel V) HOX () V) HOV()

Vo= —pa —a + bAper(1 — ) — b W 2% ¢
T \—a + b)\ref(l - a) — Mb —cu + c/\ref(l — a2) — 2/’ T c 0/

We have
—pi- d4(Z1(1), Z2(t)) — Li2d4(Z1(1), Zo(t)) = Te(VX + WP),

so our goal is to show that Tr(VX + WP) > 0 for all the possible X, P. Using the fact that
ml < H(t) < MI, we have 0 < mX < P < MX. Let Y := P—mX, and Z := MX — P, then
Y >0, Z >0, and for M > m, we have

Y+Z MY +mZ

p- 2t Tma
M—-m’ M-m ’

and hence

(Te(V+ MW)Y +(V+mW)Z)).

1
T (VX +WP) =
HVX +WP) = —
When M = m, we have H(t) = MI and P = M X, hence
Tr(VX + WP) =Tr((V+ MW)X).

Note that in both cases, Tr(VX + WP) > 0 if both V .+ MW > 0 and V +mW > 0. This can be
equivalently written as the following set of inequalities,

(4.3) —pa + 2Mb = 0,
(4.4) —pa + 2mb = 0,
(4.5) —cpt + Cpef(1 — ) — 2b > 0,
(4.6) (—a + Dpet(1 — @) — pb + Mc)* < (—pa + 2MDb)(—cp + chpet(1 — o) — 2b),
(4.7) (—a + Dref(1 — @) — pb + mc)? < (—pa + 2mb)(—cp + chret(1 — o) — 20).

These inequalities correspond to the diagonal elements and the determinants of V' 4+ mW and
V + MW being non-negative. As we have stated, let Aof = ﬁ (2\/M +m —

3/2
i};\rﬁzz — Q(QAC[”JF/m). Moreover, let

i) =

a:=1,
3/4
1+a—a<MT—m) +%]\?—Tm
(4.8) bi= 2/M +m ’
1/2
. 1+Oé—% (MTm)
= M+m '
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Notice that by the change of variables m — 1, M — M /m, and updating a, b, ¢ and p and \ with
these new values, inequalities — are kept invariant (they have this homogeneity property).
Hence, without loss of generality, we can assume that m = 1. For the choice of a, b, c as in ,
the five inequalities can be shown to hold for every possible 0 < o« < 1 and M using for example
Mathematica. Hence the bound follows.

Now we are going to show the Wasserstein bounds. Note that the matrix A satisfies that

Amin(4) = ates (a+82)2_4(ac_b2) and Apax(4) = atet (a+(;)2_4(ac_b2), hence by defining

1/2
_ : 2
Waa,(v1,v2) = <X1~1/111,1§(2~V2 da(X1, X2) > ;
then using the assumption b < ac, we have Wa(vP!,7)? < < (A) Wa.a, (vPt, )2, Let Z1(0), Z2(0)
be coupled according to the optimal coupling of v and 7 accordmg to Wy distance satisfying that
E(]Z1(0) — Z2(0)|?) = Wa(v,7)? (existence is shown by Theorem 4.1 of [72]). Using (2.11]) along
with Gronwall’s lemma, and the definition of the Wasserstein distance, it follows that

1 1
Wz(VPtﬂT)Q < mWZdA(VPtaW)Q < mE(d?A(Zl(t)vZZ(t)))
e Mt Amax (A)

E(d%(Z1(0), Z5(0)) < e MWy (v, )2,

<

Amin (A) Amin (A)

hence (2.12) follows.

To show our L? bounds, we are also going to study the adjoint process (P')*. Using the exact
same coupling as before, the dynamics (4.1)) ran backwards in time becomes

X(t) =~V (),

(4.9) N .
VI(t) = H()X (1),

with H(t) defined as in (4.1]). For the velocity updates, forward in time we had v' = av++v/1 — a?Z
where Z ~ N(0,1;). Since in stationary we have v,v’ ~ N(0,I) and E(v(v')T) = pl4, one can see
that the updates backward in time are still the same. Hence the effect of the adjoint becomes

I = —2X (1) V(1)
(4.10) LE, X0 V) = V)2 = X)) HOX ) + Aet(1 — )X (1) V(8),
LoV = 2V () HEX (1) = Mer(1 — o)V (8) 2.

Notice that this is very similar to the forward case (4.2)), except that we need to replace 17(75) by

“ _b>,we have
b ¢

—XN/(t). Based on this, by repeating the previous argument for A" := <

(4.11) f2 &(Z1(t), Z2(t)) < —p- i (Z1(1), Za(1)),

where a, b and ¢ are defined as in .

Hence we have shown that the adjoint process is also a contraction with the same rate u, but
with respect to a different metric d 4/ instead of d 4 used for the forward process. Now we are going
to show that d4 and d124, are equivalent up to a constant factor C' := %@. Notice that for
any 21,29 € R%,

(4.12) d124(Z1,Z2)/C < d124/(21,22) < di(zl,zz) -C,
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as long as A < CA’ and A’ < C'A, and by rearrangement, this is equivalent to

( a(C—1) —b(1+ C)>

a(C—1) bC+1)
b1+C) e(C—1) ) =Van

= 0 and <b(0+1) c(C—l))ZO’

which holds for C defined as above.
For f: R?*! - R, let
|f(21) — f(22)]
| fllLip,da = sup e
Poa Z1,ZQ€|R2d,Z17$ZQ dA(Zl,ZQ)

be its Lipschitz coefficient with respect to the d4 distance. Then based on (2.11)),(4.11)), and (4.12]),
for any t > 0, f : R?¢ - R, have

t
PP llinas < VEUPY P it < VCoxp (<5 ) 1P iy

ut
< Cexp (<) 1P ity < Cexp (-t) |l

Based on Propositions 29 and 30 of [58] with k = 1 — Cexp (—put), it follows that for any ¢ > %,

the reversible kernel (P!)* P! has as spectral radius of at most Cexp (—put). Thus for every f €
L3(7), we have

(4.13) IPUFI? = (. (PP < IFII(PY PLFI < Ce| £]1%,
and the claim of the Theorem follows by noticing that |P?f|? < | f|? for every ¢ = 0.

Remark 13. We note that for any given A\ef > 0,z > 0, the contraction rate of d4(Z1(t), Za(t))
is at least 4 as long as there are constants a, b, ¢ such that a > 0, ¢ > 0, b?> < ac and inequalities
— hold. Unfortunately due to the non-linearity of these inequalities we did not manage to
find an analytical expression for the largest possible u for a given Ao (and then the largest possible
u for any Aef). The reader can possibly slightly improve these rates by numerical optimization for
a given «, m and M. Note however that in our numerical experiments, it seems that the choices of
Aret as stated leads to p that is close to optimal in most of the domain 0 < a<1,and 0 <m < M
(i.e. if we increase u by a few percent, typically there is no longer a Ajef > 0 and parameters a, b, ¢
satisfying all of the inequalities).

4.2 Proof of Proposition
Assume without loss of generality that m = 1 (the general case can be obtained from this by

rescaling). Let D := (CZI; Z) be a block matrix. Then

A2 (Z:1(1), Zo(1)) = aX () HX(t) + 206X (1) V(1) + |V (1),

and the effect of the generator on these terms equal

(4.14) LiaX(t) HX(t) = 2X(t) HV (1),
(4.15) LiaX@®) V(1) = [VOP - X&) HX () = het(1 — )X (@) V(2),
(4.16) LialV(O)P = —2V(1) HX() ~ Aet(1 — o)V (0)
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We have

— - db(Z1(t), Za(t)) — L12db(Z1 (1), Za(t))
= 2 ptb + Arer(1 — @B X () V(1) + [~ + Aret(1 — a2)e — 20] |V (1)[2
(20— pa)X () HX () +2(c— a)V (1) HX(1).

Let X and P defined as in the proof of Theorem [3], and let

Vo 0 bAref(1 — ) — b W 2b—pa c—a
T \bhet(1 —a) — b —cp + cpet(1 — ) — 20 ) "\ c—a 0 '

Then we have —u - d%(Z1(t), Z2(t)) — L12d%(Z1(t), Z2(t)) = Tr(VX + WP), and using the same
argument as in the proof of Theorem [3] it follows that Tr(VX + WP) > 0 if both V + MW > 0 and
V+mW > 0. This can be verified (for example by Mathematica) for the choices Aref = 24/m/(1—a),

= ij a=10b= %, ¢ = 1. The proof of (2.16) is analogous to the proof of (2.13). First we

, (aH —bl
show that for D’ := (—bI ol ),
(4.17) Ly, diy(Z1(t), Z2(t) < —p - dpy (Z1(2), Za(t)),

then use the same argument as previously.

5 Proof of Theorem [5

The generator of the RHMC process will be denoted by A and it is given for smooth enough
functions by

Af(xv U) = <vzf7 U> - <VU7 vvf> + Aret [Qaf(xa U) - f(ﬂl’, U)] )
where recall that a € (0,1) and

Qaf(z,v) = \;d Je£/5/2f (a:,av +41- a2§> d¢.

2

Hypo-coercivity, Exponential Convergence and Asymptotic Variance. In the context of
MCMC one is interested in optimising the computational resources needed to produce an estimate
of a certain precision. For this reason we are also interested in understanding the asymptotic
variance. Geometric ergodicity is enough to show that a large class of functions, determined by the
Lyapunov function, have finite asymptotic variance. However, since the convergence rates are not
explicit in the parameters of the process, geometric ergodicity often does not allow one to optimise
the asymptotic variance.

Usually controlling the asymptotic variance for a large enough class of functions is closely related
to establishing a spectral gap, that is showing that the L?(7) spectrum of the generator £ lies in
{z € C: Rz < —p}, for some pr > 0. In the reversible case, it is well known that geometric
ergodicity is equivalent to having a spectral gap, but in the non-reversible case this is no longer
true, see [44] and references therein (although it may be equivalent to a spectral gap on a different
Banach space). For reversible processes, an L2-spectral gap is also equivalent to coercivity of the
associated Dirichlet form, that is (—Lf, f) = u|f|?, for all f € L3(m). Moreover, coercivity is
equivalent to |P'f| < e #|f||, for all f € L3(w), for all Markov processes, whether reversible or
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not. For this reason, and perhaps abusively, coercivity is sometimes in the literature referred to
as a spectral gap, or a spectral gap inequality. Another reason is that, an inequality of the form
(=Lf,f> = p|f|? is often easy to prove, e.g. for diffusions, by rewriting the Dirichlet form in a
form involving the Sobolev norm and then applying a Poincaré inequality.

Interestingly enough however, for non-reversible processes it is possible that coercivity fails to
hold, although we still have |P!f| < Ce ||f|, for all f € L(x), for some C > 1. This is not
possible for reversible processes, since one can use spectral calculus to show that | P! f| < Ce | f||,
for all f € L3(r) also implies the same inequality with C' = 1. This fact is actually observed for
piecewise deterministic Markov processes such as the BPS and Zig-Zag samplers, see [62), (18] 12].
This class of processes also includes RHMC. Although geometric ergodicity has been established
for BPS ([27,132]), Zig-Zag (see [13,37]) and RHMC ([16]), an easy calculation shows that, writing
L for the generator of any of the above processes, we have (Lf, f) = 0 for any function f e L?(7)
such that f(z,v) = f(x), that is functions of the location only. The reason for this is that the
Dirichlet form E(f, f) := (Lf, f) only captures the symmetric part of the generator £, which in
these processes only affects the velocity component, whereas the location component is only affected
by the anti-symmetric part of the generator. This means that although BPS, Zig-Zag and RHMC
are geometrically ergodic, we certainly cannot have an inequality of the form (—Lf, f> = ulf|?
for all f € L3(m). However, it may still be true that these processes admit a spectral gap in the
classical sense, and in fact this has been shown for one-dimensional Zig-Zag in Bierkens and Lunel
[8]. Notice however, that in the non-reversible case, a classical spectral gap requires additional work,
and potentially assumptions, to guarantee exponential decay of the semigroup, see [8, Section 4.2].

In fact this situation arises very often in so called kinetic equations which include for example
the underdamped Langevin processes. For such processes a range of methods have been developed
recently that are widely termed as hypocoercivity, see [41], (73, 28] and references therein. In fact such
methods have already been applied to piecewise deterministic Markov processes, see [53]. Although
this approach is often quite deep and involved, the underlying principle is that of adjusting the
norm, or metric, in which the convergence is studied. This principle has been extremely successful
recently, for example in the convergence of HMC when log-concavity fails locally in [I7]. In the case
of hypocoercive estimates, the principle is to move from the L? norm to a stronger norm, usually
some form of Sobolev norm.

5.1 Strong continuity in H'(r).
We will establish that the abstract Cauchy problem

ou(t,z)
- Au,
U(O, Z) = fa

where the class of initial conditions f will be specified in the sequel, admits a unique solution in
H'(r) given by u(t, z) := Ptf(z). This will justify computing the time derivatives of {Pf, P'f).

Before we proceed we will need to introduce some additional notation. We decompose the
generator A of RHMC into its symmetric and antisymmetric component as follows

Af(z,v) = Bf(z,v) + Aet(—S) f,

(5.1) Bf :=(Vaof,0) = (Vo f,VU),  Sf:=[I—-Qalf.
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As before we write {P' : ¢t > 0} for the semi-group of transition kernels of RHMC, but in this
section we slightly change our point of view and consider it as a semigroup on L?(7), that is
Pt: L*(1) — L?(x). Tts generator will be given by A for smooth enough functions.

In fact even more is true as we will next show that P! is also strongly continuous as a semi-group
on H'(r). To see why, first recall that the anti-symmetric operator B generates the Hamiltonian
flow z +— Z(t,z) with respect to H(x,v) = U(x) + |v|?/2. Let us write {T* : t > 0} for the
semigroup generated by B, that is T!f(z) = f (£(t,2)) for z € Z. Then given a smooth function
f € H'(r), from the chain rule we have

VT f(2) = Vf(E(t,2)) V.E(,2).

From the variational equations of the Hamiltonian dynamics (see Section 6.1.2 of [5I]) and the

upper bounds M and 1 of the Hessians of U(x) and @ it follows that for C' = max(1, M), we
have |V,Z(t, z)| < e®* for every ¢t > 0. Using this, we conclude that

V.27 + VTP < 2 [[ 70 198 G0 + (98 E (e 2)P]
=0 ([ n(a2) 192 )7 + 1905 ()],

by stationarity of the flow. By an approximation argument we can further show that 7% : H(7) —
H(7) for all t > 0. Finally {T" : ¢t > 0} is strongly continuous on H(7), since

[VT%f = V1 = 197 (Blo.2) V.25.2) - ¥F (2) Pr(d)
< fw
T f Vf (E(s,2)) — Vf (2) Pr(dz)

[1]

(s,2))[V:2E(s,2) — I] 1 (dz)

< [ 1V5 Els,2) PI92(s.2) - 1Pr(d)
+ 195 B2 = V1 () Prd)
< [ 197 E(s,2) PI9.2(s.2) - 1Pr(d)
(5.2 +2 [[1991(2) = V1 (2)Pr(ao)

Since g := Vf € L?(m), for every € > 0 there is a smooth, compactly supported function g. such
that |g — ge[ z2(x) < €. Then

[1°92) — s@)Pr(as) = [11902) = T20.2) + T20(2) = 02) + 02) = 9Pt
< [ 7@ g (2. 2)) - 9. E. NP + [ 7@ lg () - 0 ()
+ [ 7(d2) lgc (B(5,2)) - g0 ()P
=2lg gl + | 7(d2) g (5,2)) — g0 ()
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<2t | 7(d2) g (5(5,2)) - g2 (I

For every fixed € > 0, the second term vanishes by bounded convergence. Since € > 0 is arbitrary
this shows that |[T°Vf — Vf|? — 0 as s — 0.

Going back to , notice that the first term also vanishes by the dominated convergence
theorem, since |V,Z(s, 2) — I| < 2e“® uniformly in z, |V,Z(s, 2) — I| — 0 pointwise. Thus 7% is
strongly continuous and therefore it admits a densely defined generator, which we denote by B,

B:D(B) < H'(x) — H(n).

Again it is straightforward to check that B has the expression given earlier.

In addition notice that S is a bounded operator on H!(r). To see why first notice that an easy
calculation, which will be provided later on in Section for completeness, shows that V,Q, =
QoV: and V,Q, = aQ .V, whence

[VaQaf | + [VoQafl? < [QaVafl? + allQaVofl? < C (IVafl® + [VufI?),

since @, is a contraction on L?(w). Therefore, applying [63, Theorem 3.2], the operator A :=
B + Met(—S) has domain D(B) and generates a strongly continuous on H'(w), which we will
denote again by {P!:t¢ > 0}. This implies that for every f € D(B), P'f € D(A) for all t > 0 and
AP'f = P'Af. This essentially shows that given f € D(B) the abstract Cauchy problem

ou(t, z)
ot "
u(07 Z) = f7

admits a unique solution in H!(r7) given by u(t,2) := P! f(z).

5.2 Proof of Theorem [5Gl

We introduce some additional notation to keep the presentation concise. First recall the decompo-
sition A = B + Awef(—S5) where

Bf = (Vof,0) =V f,VU),  Sf=[I—-Qadl/f,

and let us define the Dirichlet form £(f, g) := {f, Sg). We will also write A := V,,, C := V. From
[73, p. 40], or an easy calculation, we have

[A,B]=AB—-BA=V,, and [B,C]=V?U-V,=VU.-A.

Since P! = exp(tA), where A is the generator of the RHMC process, an easy calculation shows
that for all f,g € D(B) we have

%<Ptf, Pt9>’t:0 = (A, ) +{f, Ag),

This also implies that
d
SPULP| = XA ) = 20 (f. ).

since B is antisymmetric, in the sense that (Bf, g) = —{f, Bg).
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We want to compute d{Pf, Pt f)/dt|;—g. To keep notation to a minimum we will write h
rather than P!f. We proceed by computing the derivative of each term individually,

%HAhHQ = 2(Ah, AAR) = —2)\o(Ah, ASh) + 2{Ah, ABh),
d
3(Ch, Al = (Ch, A(=AresS + B)h) + (C(=DsetS + B)h, Ah),

%HChHQ = 2(Ch,CAh) = —2Xe{Ch,CSh) + 2{Ch,CBh).

Term one. We now compute the first term which is given by
—2\et{ Ah, ASh) + 2{Ah, ABh).
Notice that
;wQaf(w’v) = a(zi[E [f <a:,cw +4/1— 0425)]
=E [afvi <ac,ow + MQ]
— aE [f (:B,a'v + mg)] ,

where to keep notation clear we write 0G(x, v)/0v; to denote the derivative of the expression G(x, v)
w.r.t. v;, whereas we write f,, (a:, ov +v1— azﬁ) to denote the derivative of f w.r.t. v; evaluated

at av +v1 — a?€.

The above calculation shows that AQ, = a@QoA and therefore

—Aret(Ah, ASh) = A\et(Ah, A(Qa — I)h)
= Met(Ah, AQoh) — Aret(Ah, Ah)
= et Ah, QuAh) — A\er(Ah, AR)
— Met( AR, (aQq — I)AR)
= Met{Ah, a(Qq — I)AR) — (1 — @) A\pet(Ah, AR)
= et Ah, SAR) — (1 — &) \rei{ A, AR).

Continuing we have

(Ah, ABh) = (Ah, (AB — BA)h) + (Ah, BAh)
— (Ah,[A, B]h) + 0 = (Ah,Ch),

since by the anti-symmetry of B, it follows that (g, Bg) = 0 for any g.

Term two. We next compute the second term
<Cf7 A(_)\refs + B>f> + <C<_/\refs + B)f, Af>
First we compute the derivative along B

(ABh, Ch) + {Ah, CBh) = {(ABh,Ch) + (Ah, BCh) + (Ah, [C, B]h)
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and using that B* = —B

= (ABh,Ch) — (BAh,Ch) + (Ah, [C, B]h)
= ([A, B]h,Ch) + (Ah,[C, B]h)

= (Ch,Ch) + {Ah,[C, B]h)

= |Ch|* — (AR, VU Ah).

To compute the derivative along S first notice that CQ, = Q,C, where in the r.h.s. we tensorise
Q. allowing it to act on each component separately, in the sense that

¢ [E[f(ac,om—i—x/l—oﬂﬁ)] —[E[ 4 f(w,a’u—l—\/l—oﬂﬁ)].

Therefore

—Aret(ASh, Ch) — Aret(Ah, CSh)

= Aet(A(Qa — 1), Ch) + Aret(Ah, C(Qa — I)h)

= Aet((@Qa — I) AR, Ch) + Met{Ah, (Qa — I)Ch)

= aAref{(Qa — I) AR, Ch) + (o = 1) Aret(Ah, Ch) + Arei(Ah, (Qa — I)Ch)
= —(1 4+ @) Aet(SAR,Ch) — (1 — @) \et{Ah, Ch),

where we used again the fact that @, is positive.

Term three. Using the same arguments as before we have

d
0 0
(Ch,CQuhy = <h, Qah>

d /0 0
= ; <axh Qaaxih> = (Ch,QaCh),

where we are overloading the inner product by allowing it to take both vectors and scalars as
arguments, in the case of scalars it integrates the product, in the case of vectors the vector inner
product. Therefore

—Aef{Ch,CSh) = \e{Ch,C(Qq — I)h) = —X\;e{ Ch, SCh).
The next one is

(Ch,CBh) = {Ch,CBh)
= (Ch, BCh) —{(Ch,[B,C]h) = 0 — (Ch,V?U - Ah).

Combining all the terms. We now have the tools to compute the derivative of
&hy ) = a|| Ah|* — 26(Ch, Ah) + ¢|Ch|?,
which, after multiplying by —1, is given by

d
— I Y
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— oL ianz £ opd e Lione

= —a | AB|* + 2b— (Ah, Ch) — ¢ |Ch]|

= 2a [Mef(1 — @) AR|? + Aefe (SAR, ARy — (Ah, Ch)|
+2b [HChH? — (VU Ah, AR — (1 + a)Awei(SY>Ah, SY2Ch) — (1 — ) et (Ah, Ch>]
+2¢ [ Aref (SCh, Ch) + (V*U Ah,Ch)]

= 2a)ef(1 — )| AR|? — 2(a + (1 — @)bAef) (Ah, Ch) + 2b|Ch|?
— 2b(V*U AR, Ah) + 2¢{V?U Ah,Ch)
+ 20X et (S AR, AR + 2eA et (SCh, Ch) — 2(1 + a)byes (SAD, Ch).

Remark 14. At this stage we can rewrite the above inequality as

1d
5 ;& ) = [a(l = a)Aeet — bM] | AR|? + B|Ch[* — | JAR] |Ch|

(5.3) + aaef| SY2 AR + et SV2CR|? — (1 + a)bAer| SY2 AR SY2CH),
where $1/2 is the positive, self-adjoint square root of S, and
Jf = (aI + (1 — a)bAef] — CV2U) 1

which is also self-adjoint, since V2U is symmetric, whence its norm is given by

sup [(Jf, )l = sup |[a + bAwei(1 — )] f, f) — VU S, )]

Ifl=1 Ifl=1
= H?}”lg max {[a + bAet(1 — )] (f, f) — «NV?Uf, £, N?U £, f) = [a + bArer(1 — @) {f, )}
< H?\El max {(a + (1 — @) Awetd) [ | — em| fll, M| f] = (a + (1 — @) Awetd) | f]}

=max {a + (1 — @) Aretb — cm,cM — a — (1 — a) \esb} .
Therefore, if we can find a,b,c > 0, such that b < v/4aac/(1 + a) and
4a(l — @) Aot — DM]b > max{cM — a — (1 — &) Aegh, a + (1 — @)bAyer — cm}?,

then the RHS of ([5.3)) is a positive definite quadratic form. In principle this can be used to optimise
the convergence rates among norms of the form (2.17)).

We take a slightly different approach. Our goal is to show that for every h, we have %(h, hy <
—ulh, by, or equivalently

—%«h, h) — ulh, h) =0,

After rearrangement, we obtain that

— Sn Y — .y
= a(2\rer(1 = @) = W AR[* = 2(a + (1 = a)bAser — 1b) (Ah, Ch) + (2b — cp) [Ch?
—2b(V?UAh, Ah) + 2¢{V*UAh,Ch)
(5.4) + 2ad et (SAR, ARY + 2cA et (SCh, Ch) — 2(1 + a)bAet (SA, Ch) .

We will use the following two lemmas.
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Lemma 2. If V,W, Z, A € R?*? are symmetric matrices such that 0 < A, —Z < A, A<V +mW
and A <V + MW, then Te(VX + WP + ZQ) = 0 for all symmetric matrices X, P,Q such that
0<Q<XandmX <P<MX.

Proof of Lemma[3 First, suppose that M = m. By the assumptions we have P = mX, A > 0,
and Z + A > 0. Note that if S,T are symmetric positive semidefinite matrices, then Tr(ST) = 0
Using this fact, it follows that

Tr(VX + WP + ZQ) = Te((V + mW)X + ZQ) = Tr(AX + (Z + A)Q — AQ)
> Tr(A(X — Q) =0

Now suppose that M > m. Let

Ay =Z+A, A=A, Az=
Then Ay, Ay, A3, Ay > 0, and
V=A -—mAs+MA,, W=A4A3—-Ay, Z=2A4A;—As.
So

VX +WP+2ZQ = (As —mAs + MAH)X + (Az — Ag)P + (A1 — A2)Q
= A1Q + AQ(X — Q) -I-Ag(P—mX) +A4(MX — P)

Using positive definiteness of both terms in the matrix products, we have
Tr(A1Q), Tr(A2(X — Q)), Tr(A3(P — mX)), Tr(A4(MX — P)) > 0,

and therefore
Tr(VX + WP+ ZQ) = 0. O

Now we are ready to complete the proof of Theorem

Proof of Theorem[5 Let a := 1, and

b._lJraa(M-i-m) +%M-‘rm
o 29/ M +m ’
ol m \12
0_1+a_2<MMO
o M+m ’
v (AR cancny
' (Ah,Chy |Ch|?* )’
<V2U )Ah, Ah> <V2U T Ah,C’h>
<V2 x)Ah, Ch> <V2U T Ch,Ch> ’
Q- (SAh,Ah) (SAh,Ch)
(SAh,Ch) {(SCh,Ch)
2a(1 — @) Aref — apt —a — (1 — a)bAer + bp
—a — 1—a )b Arer + b 2b — cp ’
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7. 200\ rof —(1 + )bt
' —(1 + Oé)b)\ref 2C A ef ’
4(=3+2m—2M)(—1+a) _ (=3+2m—2M)(—1+40a)
A= ( 3vm+M(1+a) 3(m+M) )
) _ (=3+2m—2M)(—1+a)  (=3+2m—2M)(—1+a)(1+a)
3(m+M) 3(m+M)3/2

Using the fact that 2%* — 34z > 0 for 2 € [0,1f], it is easy to check that b*> < ac. Using the
assumption that mI < V2U < MI, we have mX < P < MX. Moreover, using the fact that
0<S <1, wehave 0 <@ < X. Based on (5.4) and the above definitions it follows that

(5.5) - %«h, By — ulh, by = Te(VX + WP + ZQ).

One can check, for example using Mathematica, that for every M > 1,0 < a < 1, the inequalities
0<A —Z<A A<V +mW and A <V + MW hold for A defined as above. Therefore (5.7))
follows from Lemma |2, and by Gronwall’s lemma, this implies that P! f, P'f) < exp(—ut){f, f)-

5.2.1 From H!' to L.

To show our L? bound, we study the reversed process. Denote the variant of the scalar product
«-,-» when b is replaced by —b by (-,-), i.e.

(5.6) &hy by = a|Vyh|?* + 2KV 2h, Vo h) + ¢|Vh|*.

Then by repeating the same arguments as above with v replaced by —v everywhere, one can show
that we have

d

(5.7) TPV L (PN < =l () f (P 1Y,

and hence {(P*)'f, (P*)'f) < exp(—ut){f, f)’. Similarly to the previous proofs, we can show
that (-,-) and -, )’ are equivalent up to the same constant factor C, and
KPP f(PY*P'f) < C%exp(=2ut)(f, -
In addition, there exist constants C1,Cy > 0 such that {f, £ < C1||[Vf||? and | f||* < Colf, £)-
Thus, letting f be k-Lipschitz we have
< Gl (P P, (P PULY
< Cyexp(=2ut)(f, £
< C1Cy exp(—2ut) [V f|* < C1C2k? exp(—2pt).

[Py P £

Choose t such that C;Cok2e2H

=: 1 -k < 1 and define the self-adjoint operator Q = (P!)*P!.
Iterating the above we have for n >

1
1 that

|Q"FI? < C1C2(1 = K)*"k* =: C(£)(1 — k)™

The rest is similar to the proof of Proposition 2.8 from Hairer et al. [40]. Let f be k-Lipschitz, and
without loss of generality also assume that || f|| = 1. Let v¢ be the spectral measure corresponding

45



to the self-adjoint operator @) applied to the function f. In particular, since |f| = 1, vy is a
probability measure. Then

1
1Qf1? = f 20 (dt)

1
_ J 1t?n(2n+2m)/(2n+2m)yf(dt)

2n
1 2(n+m)
< (j 1 t2(n+m)ljf(dt)>

= (lQnrm |2) T ™
< [et(1 = ryptrem | T
< C(f) T (1= k),
and letting m — o0 we get for any k-Lipschitz f
lQ"FI* < IFIP(1 = w)*"

noticing that the upper bound is independent of the Lipschitz constant. Since Lipschitz functions
are dense we conclude. O

Remark 15. Given any Awr > 0,1 > 0, the contraction £k, h) < —uh, h) holds as long as
there exists coefficients a,b,c € R and a 2 x 2 real valued symmetric matrix A such that a > 0,
c>0,b<acand 0 < A, —Z <A A<V +mW and A <V + MW (with V and W defined
as above). Note that as in the proof of Theorem [3| due to the non-linearity of the constraints we
did not manage to find an analytical expression for the largest possible u for a given A..f, and the
largest possible p for any A.t. However, we believe that the choice of A.f and p as given here is
close to optimal in most of the parameter range 0 <m < M <00, 0 < a < 1.
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A Auxiliary results

Notice that using the independence of X and Z, and the fact that the standard normal distribution
is isotropic, we have

Ex~rz~n0iy) [(VU(X), Z),] = E(VU(X)E[(w, 2),],
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where w is an arbitrary fixed d dimensional unit vector. Now noticing that (w, Z) is a one dimen-
sional standard normal random variable, it follows that E [(w, Z) +] = szo \/%x exp (—%2) dz =
\/%. Hence the key part of the proof is to find lower and upper bounds on

Sera VU (2)]e V@) dz

E(vU () - =B e
reRd

By shifting U, we can assume without loss of generality that U(0) = 0 and VU(0) = 0 (hence the
minimum is taken in the origin 0). Let $¢ denote the d-dimensional unit sphere, then by writing
the above integrals along half-lines, we have

(A1)

Su€$‘li Siio VU (ru)|e=Vrwrd=1dr du Sue$gi S:O:o |(%U(ru)| e U pd=1qr dy

Sue$f §i—g e Vrrd=1dr du - Sue$cli § e Uiwrd=ldr du

E(VU(X)]) =

If we could lower bound the ratios of the one dimensional integrals

§reo ’%U(ru)f e—U(ru).d—14,.
SOO 0 G_U(ru)rdfld,r )

r=

then a lower bound for E(|VU(X)|) follows by rearrangement. This is shown in the following
Lemma.

Lemma Aél. Letd e Z>1, m e Ryg, and let V: Ryg — R be a differentiable function such that z —
V(z) —m% is convez, and V'(0) = 0. Let A = {24 te™V@dz and B = " V'(z)z?"te=V @) dz.

d+1
Then B > \/Zmr(i)A.

2
L(3)

Proof. First let d = 1. Then B = {’(—e V@) dx = e V(®. We have V(z) > V(0) + m%z for

xQ
r20,50 A< [0 e VO T de = VO /50 = \/F0B, s0 B> Vampr) A
Now let d > 2. Then

» 0
B = f ((_xd—le_V(x))/ +(d— 1)xd—2€—V(x))dx = (d— 1)J .’L'd_Qe_V(x)dx,
0 0

d
so the claim is equivalent to SSO (c—2)z%2eV®dz > 0, where ¢ = Flgg) . \/—\/% (here we have used
2

F(%) = %F(%)). The function z — V(z) — m"’“g is convex, and its derivative at x = 0 is 0,
so this function is monotone increasing on Rxo. Hence V(z) = V(c) + %(2* — ¢?) if # > ¢, and
V(z) < V(c)+ Z(a? — c?) if & < c. Thus
o0 o0
J (c— )% 2e V@ dy > J (c— x)xdfzefv(c)*%(zzfcz)dx
0 0

Q0
m 2 m .2
—e2¢ V0 J (c—2)x? 2”27 da.
0

We have {° a%e” T dy = $(2)" 2 I (24) for every m > 0 and a > —1. So

©¢] d—1 d
a2 V@ gy s vl (MY p (A1) _myTap (AN
Jo(c x)x® ‘e dz > e2 2<c(2) r 5 (2> r 5 0. O



r(4)

2 .
r(3)

The following lemma will be used to find a simpler lower bound for the ratio

Lemma A.2. If s > 0, then

F(s-i-%)
I(s+1)

> 4/s.

543
Proof. Let ¢(s) := %;E;%;

we have ¢(s) > 0 and ((z’(SH))2 =1- m < 1,50 ¢(s) > d(s+1). Thus ¢(s) > (s +1) =

for s > 0. Stirling’s formula implies that lims_,o, ¢(s) = 1. For s > 0

o(s)
¢(s +n) for every n € Z>1, and taking n — oo we get ¢(s) > 1. O
1
Taking s = dQQ for d € Z~1, we get
(¢l d—1
(A.2) ( 2 ) > 2,
T(4) 2

The next lemma will show the upper bound.

Lemma A.3. Suppose that the potential U : R"™ — R satisfies Assumption [1. Then for every
1 <i<n, we have E ((;U(X))?) < M, implying that E (|VU,(X)[?) < nM and E (|[VUL(X)]) <
vnM.

Proof. By Jensen’s inequality, we have

d 1/2
E(VU (X)) < [E(VU)P)] = [E(Z((%U(X))Q] .

Here
Spera (iU (2))? exp(—U(z))dz
§oera exp(=U(x))dx ’

and from integration by parts, it follows that for every 1 < i < d, we have

E ((a:U(X))?) =

(0:U (2))? exp(~U (z))dz =
J. J

Z‘_i€|Rd71

f _(QU(@)) exp(~U@)doido

= —0; xX)expl— X @© 2 X)) expl— X X; X_;

[ e en ez [ U et i

= f J 02U (x) exp(—U (z))dzidz_; < M exp(—U(x))dz.
z_;eRI-1 Jz;eR zeRd

The second and third claims now follow by summing up in ¢, and using Jensen’s inequality. O

Proof of Proposition|[J The result follows from Lemmas [A.T] [A.2] and [A.3]

Lemma A.4. Suppose that U,(X) : R® — R with mIy < V?U,(X) < MI,;. Then

01U (X)V1
(ZraloUa(X)1?)

E

3 X, Vi| - 0asn— .
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Proof.
1/
(Z5alos0u(xP)

Let us denote X_; := (Xo,...,X,), then X_; given X; has a conditional distribution with density
that is proportional to exp(—U,(X_1, X7)), which is a log-concave function of X_;, with Hessian
bounded between m and M. By Theorem 5.2 of [45], £(X_1]|X;) satisfies a log-Sobolev inequality
with constant C' := m™!. The functions |VU, (X)| and |0;U,(X)| are M-Lipschitz in X_; given a
fixed X1, and hence by Herbst’s argument (see equation (5.8) on page page 95 of [45]),

[VUR(X)]

E 3 X,V | < [E[ ‘Xl] . |V1|

P(121U(X)]| — E(|1U(X)[[X1) > HX1) < eXp< s ZH)

P([VUL(X)| - E(VU(X)]1X1) < —t|X1) exp(ﬂj;;).

Conditionally on X7, define the event G; as

Gy := {|01Un(X)| — E(|01Un(X)||X1) < t and |VU,(X)| — E(|VU,(X)||X1) > —t},

then by the above bounds, we have P(G¢|X1) = 1 —2exp (—t2 - M ) for every t > 0. Let G denote
the complement of G;. Assuming that 0 < ¢t < E(|VU,(X)||X1), the quantity of interest can be
bounded as

e 1400 x| _ g [ 20

Xl] CE { 0 U(X)]

. 1Gt

VUL (X)) VU (X)) VU (X))
E(|01Un(X)||X1) + ¢ ( 2 2m>
A3 < +2exp [ —2- ),
) E(VO 01X —¢ 2P\
where we have used the fact that ||%g:((§))‘| < 1. By Lemma 9 and equation (A.2), it follows that

for any n > 2,
E(IVU(X)[[X1) = E(|0-1Un(X)||X1) = v/m(n —3/2),

where 0_1U,(X) denotes the gradient vector without the first component. By Lemma 11,
E(|0yUn (X)) < VL.

Note that [0_1Up(X_1,X1) — 0-1Un(X -1, X])| < M|X; — X{|, and by Proposition 19 of [74], it
follows that o
Wi (L(X_1]X1), L(X_1]X])) < f]X1 - X1,

therefore g(X1) := E(]01U,(X)||X1) is

argument, for any s > 0, we have

—Llpschltz in X;. By log-Sobolev inequality and Herbst’s

P(| X1 —E(X)| = s) <2exp (*82 -2m) .

Therefore, it follows that

0

VM > E[g] = E[g(X1) — g(E(X1))] + 9(E(X1)) = — J_O Plg(X1) — g(E(X1)) < —r]dr + g(E(X1))
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OO m x 52m?
= —f P [\Xl —E(Xy)| = TW] dr + g(E(X4)) = —f 02exp (—r 1\44> dr

r=0 M2
> g(E(X1)) — 24/ (7/2)M*/m3 = g(E(X1)) — 3

Thus g(E(X7)) < 4mMT/22, which implies by the Lipschitz property that implying that

M? M2
E(|01Un(X)||X1) = 9(X1) < 4 sm T |X1 E(X1)].

By simple algebra, ¢ = +/log(n)M2/(2m) satisfies that for n = 3/2 + 2log(n) 22, we have t <
24/m(n — 3/2). By combining the above bound with and using this ¢, we have

g0 ] A s B I 2
VUL(X)| 7] 1y/m(n —3/2) n’
as long as n > 3/2 + 2log(n )MQ2 This tends to 0 as n — c0. O

Lemma A.5. Suppose that U, satisfies Assumption[1] and let X ~ 7,. Then for any o> 0

lim E

s [w&ﬂ -

Proof of Lemma[A.5 We have

(A4) E [m] - foo p [W > t] at = P [|V0,(X)| < 7/

The function |VU, ()| is M-Lipschitz in , so by the log-Sobolev inequality and Herbst’s argument
(see [45]), for any s = 0, we have

PV ()] < E(IVU(2)]) - 5) < oxp (—52 - j}”) .

In the proof of Proposition we have shown that E(|VU,()|) > y/n — §+/m, hence for any s > 0,

(A.5) (yVU( )| < n—f—s> < exp (-ﬁj}ﬁ).

This bound will be used to control P [|[VU,(X)| < t=1/ @] for small and intermediate values of t.
However, for large ¢, the above concentration bound is not sufficiently sharp, as it does not tends
to zero as t — 00. Hence we will use a different argument, that upper bounds the density of 7,, and
the volume of the space where |VU, (X)| < .

First, note that by Assumption |1} we have U,,(0) = 0 and U,, is minimized in 0. Using the lower
and upper bounds on the Hessian of Uy, it follows that Z|z|* < U, (x) < %|az\2 These bounds
correspond to the log-likelihoods of Gaussian densities, so the normalising constant of U,, can be
bounded as

(2m)"/? f B (2m)"/?
(A.6) SO < QEE[Rdexp( Un(av:))dccéimn/2 .

50



Moreover, using the bounds on the Hessian of U,, it follows that |VU,(X)| < r implies that
|X| < . Since the volume of a ball of radius .- in R" is

n/2 n n
Ve T (D) <o (L)
r(g+1)\m m
it follows that

(A.7) P(|VUL(X

.ﬁ

n2
<P (Xl < )\%ﬁiw(m)‘

) —a . By upper bounding P [|VU,(X)| < t—l/a] by 1

g

Let a := (y/n — 1y/m/2)~*, and b = (7;

“1lym2
for 0 <t < a, by exp (—(nzj\?/[)gm ) for a <t < b (using - and by 6t~/ <m%)n for t > b,

by (A.4), for n > «, we have

%

«

o L) o (mY2) (n— 3)m? AN
[ELVUn(X)!a] << ”_2‘%/2> +<2m> P (_ IV )+6<m\/ﬂ> i
1 - my2m\ " (n — Lym?
< < n2\/ﬁ/2> + <2\/M> - exp (2]\;2) +6<
which tends to 0 as n — 0. O
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