Journal of Combinatorial Theory, Series A 190 (2022) 105638

Contents lists available at ScienceDirect

Journal of Combinatorial Theory,

www.elsevier.com/locate/jcta

Series A

Generalized polygons and star graphs of cyclic )

presentations of groups ™

Check for
updates

Ihechukwu Chinyere, Gerald Williams *

Department of Mathematical Sciences, University of Essex, Wivenhoe Park,

Colchester, Essex CO4 35Q, UK

ARTICLE INFO

ABSTRACT

Article history:

Received 1 July 2021

Received in revised form 18 January
2022

Accepted 4 May 2022

Available online xxxx

Keywords:

Cyclically presented group
Generalized polygon
Projective plane

Star graph

Building

SQ-universal

Groups defined by presentations for which the components
of the corresponding star graph are the incidence graphs
of generalized polygons are of interest as they are small
cancellation groups that — via results of Edjvet and Vdovina
— are fundamental groups of polyhedra with the generalized
polygons as links and so act on Euclidean or hyperbolic
buildings; in the hyperbolic case the groups are SQ-universal.
A cyclic presentation of a group is a presentation with
an equal number of generators and relators that admits
a particular cyclic symmetry. We obtain a classification of
the concise cyclic presentations where the components of
the corresponding star graph are generalized polygons. The
classification reveals that both connected and disconnected
star graphs are possible and that only generalized triangles
(i.e. incidence graphs of projective planes) and regular
complete bipartite graphs arise as the components. We list the
presentations that arise in the Euclidean case and show that
at most two of the corresponding groups are not SQ-universal
(one of which is not SQ-universal, the other is unresolved).

* This work was supported by the Leverhulme Trust Research Project Grant RPG-2017-334.

* Corresponding author.

E-mail addresses: ihechukwu.chinyere@essex.ac.uk (I. Chinyere), gerald.williams@essex.ac.uk

(G. Williams).

https://doi.org/10.1016/j.jcta.2022.105638

0097-3165/© 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.jcta.2022.105638
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcta
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcta.2022.105638&domain=pdf
mailto:ihechukwu.chinyere@essex.ac.uk
mailto:gerald.williams@essex.ac.uk
https://doi.org/10.1016/j.jcta.2022.105638
http://creativecommons.org/licenses/by/4.0/

2 I. Chinyere, G. Williams / Journal of Combinatorial Theory, Series A 190 (2022) 105638

We obtain results that show that many of the SQ-universal
groups are large.
© 2022 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

An (m, k)-special presentation is a group presentation in which the relators have length
k > 3 and whose star graph is the incidence graph of a generalized polygon, a generalized
m-gon, where (necessarily) m € {2, 3,4, 6,8} [27]. (Definitions will be given in Section 2.)
This generalizes the concept of special presentations (from [37]) which corresponds to the
case (m, k) = (3,3), and so the star graph is a generalized triangle (or the incidence graph
of a projective plane). Polygonal presentations (for pairs of natural numbers v, k) were
introduced in [60] (see also [61]) as a tool for constructing polyhedra with specified links.
The concept was generalized in [27], where it was shown that a polyhedron (obtained by
identifying edges of a set of k-gons) has v vertices with links Iy, ...,T",_; if and only if
the polyhedron corresponds to a polygonal presentation for v, k over these links and that,
given a concise (m, k)-special presentation with star graph I', there exists a polygonal
presentation over I' whose corresponding polyhedron has I' as its link.

The (3, 3)-special presentations whose star graph is the smallest generalized triangle
(the Heawood graph) were classified in [26]. It was shown in [37] that for any prime
power ¢ — 1 there is a (3, 3)-special presentation whose star graph is the incidence graph
of the Desarguesian projective plane over the Galois field of order ¢ — 1, and an example
machine for their construction was provided. Polygonal presentations for k = 3, v = 1
and where T' is the smallest or second smallest generalized triangle (or generalized 3-
gon) were classified in [18,19] (where they are called triangle presentations). An example
of a polygonal presentation for £k = 3, = 1 that corresponds to a non-Desarguesian
projective plane (the Hughes plane) was given in [54]. Polygonal presentations for k =
3,v =1 and where T is the smallest generalized quadrangle (or generalized 4-gon) were
obtained in [42], and all such polygonal presentations were classified in [43,17] (subgroups
of the groups acting on the corresponding polyhedron were studied in [44]). As noted
in [27, page 924] these results therefore implicitly provide examples of (3,3) and (4, 3)-
special presentations. Burger-Mozes groups [13-15] are groups that act properly and
cocompactly on products of trees (see [16, Section 4] for a survey) and Burger-Mozes
presentations furnish examples of (2,4)-special presentations. Problem 1 of [27] asks if
there are general methods for producing (m, k)-special presentations for m € {4, 6,8} and
it remains an open problem as to whether there are any examples of such presentations
for m € {6, 8}.

SQ-universality (a measure of the complexity of an infinite group) of groups defined
by special presentations was studied in [27], where the problem of when such groups are
large (another such measure) was posed [27, Problem 2]. We generalize the concept of
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(m, k)-special presentations to (m, k, v)-special presentations by replacing the condition
that the star graph is a generalized m-gon with the condition that it has v > 1 isomorphic
components, each of which is a generalized m-gon. We give the first examples of (m, k, v)-
special presentations with v > 1 (that are not unions of (m, k)-special presentations),
from which explicit examples of polygonal presentations for v, k with v > 1 can be readily
obtained.

A cyclic presentation is a group presentation with an equal number of generators
and relators that admits a particular cyclic symmetry and the corresponding group is a
cyclically presented group (]40]). A (3,3, 1)-special cyclic presentation, whose star graph
is the Heawood graph was found in [26] and it was shown in [50, Theorem 3.5] and [38,
Theorem 10] that (up to relabelling of generators) this is the only (3,3, 1)-special cyclic
presentation. A group presentation is concise if there is no redundancy amongst its
relators. In this article we show that if a concise cyclic presentation is (m, k, v)-special
then m = 2 or 3; we classify the concise (3, k, v)-special presentations in terms of perfect
difference sets (in particular these only arise if the relators are positive or negative words),
and we classify the concise (2, k, v)-special presentations. Except in one unresolved case,
we determine which of the groups defined by these presentations are SQ-universal.

We now describe the structure of this article. In Section 2 we give definitions, ter-
minology and background on group presentations, the star graph, special presentations,
and polygonal presentations. In Section 3 we give examples of (m,k,v)-special cyclic
presentations, prove a theorem concerning the structure of the star graph of a cyclic pre-
sentation, and obtain corollaries that are needed for later results; in particular, we show
that if P, (w) is concise and (m, k, v)-special, where v > 1 and w is positive or negative
then the corresponding group G, (w) is large. In Section 4 we show that if P,(w) is a
concise cyclic presentation where w has length at least 3 then the girth of its star graph
is at most 8 (with girth > 6 only attainable if w is a non-positive and non-negative word
of length 3) and show that if such a presentation is (m, k, v)-special then either m = 2,
or m = 3 and w is a positive or negative word. In Section 5 we classify the concise
(3, k,v)-special cyclic presentations in terms of perfect difference sets, and in particular
the (3,3, v)-special cyclic presentations, and we show that a group defined by a concise
(3, k, v)-special cyclic presentation is SQ-universal if and only if (k,v) # (3,1) (and that
there is precisely one such group that is not SQ-universal, which is just-infinite). In
Section 6 we classify the concise (2, k, v)-special cyclic presentations, and in particular
the (2,4, v)-special presentations; we show that, with one possible exception, the corre-
sponding groups are SQ-universal, and we identify which of them define Burger-Mozes
groups.

Many of the results from Sections 3, 5, 6 concerning cyclic presentations P, (w) will
be expressed in terms of multisets of differences of subscripts in length 2 cyclic subwords

of w. For convenience we define these multisets here:



4 I. Chinyere, G. Williams / Journal of Combinatorial Theory, Series A 190 (2022) 105638

A = {a | there is a cyclic subword x;x; _:a of w, with multiplicities},

B = {b | there is a cyclic subword x; ‘z; ., of w, with multiplicities},

Q1 = {q | there is a cyclic subword x;z;;, of w, with multiplicities}, (1)
Q™ = {q | there is a cyclic subword z, Jrqui_ L of w, with multiplicities},
Q=0TUQ,

where U denotes multiset sum and the entries are taken mod n.
2. Preliminaries
2.1. Presentations of groups

A word w in generators xzg,...,x,—1 is said to be positive (respectively negative)
if all of the exponents of generators are positive (respectively negative). We shall say
that w is cyclically alternating if it has no cyclic subword of the form (xixj)il. A word
w = w(xg,...,Tn_1) is freely reduced if it does not contain a subword of the form xixi_l
or x;lmi; it is cyclically reduced if all cyclic permutations of it are freely reduced. If w
is a cyclically reduced, non-empty, word in a free group F(X) then the unique word
v € F(X) such that w = v with ¢ maximal is called the root of w. We shall write /(w)
to denote the length of w in F(X).

Following [10] given a group presentation P = (X | R), an element r € R is said
to be freely redundant if it is freely trivial or if there exists s € R such that r and s
are distinct elements of the free group with basis X and either r is freely conjugate to
s or to s~!. A presentation is said to be redundant if it contains a freely redundant
relator and is concise otherwise ([21, page 8]). The deficiency of the presentation P is
defined as def(P) = |X| — |R| and the deficiency of a group G, def(G), is defined to
be the maximum of the deficiencies of all finite presentations defining G. A group G is
SQ-universal if every countable group embeds in a quotient of G and it is large if it has a
finite index subgroup that has a non-abelian free homomorphic image; every large group
is SQ-universal [52]. A group is just-infinite if it is infinite and every proper quotient is
finite; in particular, just-infinite groups are not SQ-universal.

2.2. Clyclic presentations and cyclically presented groups
For a positive integer n, let F;, be the free group with basis X = {zo,...,z,—1} and
let 6 : F,, — F,, be the shift automorphism given by 0(x;) = x;11 with subscripts taken

modulo n. If w is a cyclically reduced word that represents an element in Fj, then the
presentation

Po(w) = (xg, ..., 2n_1 | w,0(w),...,0" (w))



I. Chinyere, G. Williams / Journal of Combinatorial Theory, Series A 190 (2022) 105638 5

is called a cyclic presentation and the group G, (w) it defines is a cyclically presented
group. Without loss of generality we may assume that the generator z is a letter of w,
and we make this assumption throughout this article. Then P, (w) is said to be irreducible
if the greatest common divisor of n and the subscripts of the generators that appear in
w are equal to 1 [25].

The shift automorphism 6 of a cyclically presented group G, (w) satisfies ™ = 1 and
the resulting Z,-action on G, (w) determines the shift extension E,(w) = Gy (w) Xg Zn,
which admits a presentation of the form E, (W) = (z,t | t", W (z,t)) where W = W (x,t)
is obtained by rewriting w in terms of the substitutions x; = t'at=% 0 < i < n (see,
for example, [41, Theorem 4]). Thus there is a retraction v° : E,(W) — Z,, given by
W(t) =t,1%(x) =t = 1 with kernel G,,(w). Moreover, as shown in [10, Section 2], there
may be further retractions v/ for certain values of f (0 < f < n). Specifically, by [10,
Theorem 2.3] the kernel of a retraction v/ : E, (W) — Z,, given by v/ (t) = ¢, v/ (z) = tf
is cyclically presented, generated by the elements y; = t'zt~(+/) (0 <i < n).

2.8. Star graph

Let P = (X | R) be a group presentation such that every relator r € R is a cyclically
reduced word in the generators. Let R denote the symmetrized closure of R, that is, the
set of all cyclic permutations of elements in RUR ™. The star graph of P is the undirected
vertex-labelled graph I' where the vertex set is in one-one correspondence with X U X 1
and vertices are labelled by the corresponding element of X U X! and where there is
an edge joining vertices labelled 2 and y for each distinct word 2y~ 'u in R [47, page 61].

lu € R implies that yz—'u~! € R. These pairs

Such words occur in pairs, that is zy~
are called inverse pairs and the two edges corresponding to them are identified in I'. It
follows that replacing any relator of a presentation by its root, or removing a redundant
relator from a presentation, leaves the star graph unchanged. We refer to vertices in X
as positive vertices and vertices in X ! as negative vertices.

We now set out our graph theoretic terminology. We allow graphs to have loops and
to have more than one edge joining a pair of vertices. Given a graph I' we write V(I")
to denote its vertex set. If I is bipartite with vertex partition V(I') = V4 U Vo where
each edge connects a vertex in V7 to a vertex in V5 then Vi, V5 are called the parts of
V(T'). The neighbours of a vertex v, denoted by Nr(v) is the set of all vertices that are
adjacent to v in T'. A graph T is r-reqular if |[Np(v)| = r for all v € V(T') and it is regular
if it is r-regular for some r.

A path of length | in T' is a sequence of vertices (u = ug,uq,...,u; = v) with edges
u; — u;4q1 for each 0 < < [ it is a closed path if uw = v. The path is reduced if the edge
Uj+1 — Ui+2 18 not equal to the edge w11 —u; (0 < i < 1 —1). The distance dr(u,v)
between vertices u,v of I' is [ > 0 if there is a path of length [ from u to v, but no shorter
path, and dr(u,v) = oo if there is no path from u to v. The girth, girth(T') of a graph T
is the length of a reduced closed path of minimal length, if I' contains a reduced closed
path, and girth(I") = oo otherwise. The diameter, diam(T") of a graph I" is the greatest
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distance between any pair of vertices of the graph (which may be infinite). If " is a graph
with finite girth then girth(T") < 2diam(T") 4 1.

2.4. Special presentations

The concept of (m, k)-special presentations was introduced in [27], generalizing the
concept of special presentations, introduced in [37] (which corresponds to the case m =
k = 3). We extend this to define (m, k, v)-special presentations, which reduces to (m, k)-
special in the case v = 1.

Definition 2.1. Let m > 2,k > 3,v > 1. A finite group presentation P = (X | R) is said
to be (m, k,v)-special if the following conditions hold:

(a) the star graph ' of P has v isomorphic components, each of which is a connected,
bipartite graph of diameter m and girth 2m in which each vertex has degree at
least 3;

(b) each relator r € R has length k;

(¢) if m = 2 then k > 4.

Note that the presentations considered in [27] are concise; however, our definition of
(m, k, v)-special (as with the definition of special in [37]) does not require the presentation
to be concise. Note also that if a presentation is (m, k, v)-special then it has at least 3
generators and the relators are cyclically reduced (for otherwise the star graph contains
loops, so is not bipartite). We reiterate and expand on some remarks from [27] concerning
(m, k, v)-special presentations and their star graphs.

Remark 2.2. Let P be an (m, k, v)-special presentation with star graph T'.

1. By [59, Lemma 1.3.6] condition (a) is equivalent to I' having v isomorphic compo-
nents, each of which is the incidence graph of a generalized m-gon and thus, by [29],
m € {2,3,4,6,8}. The incidence graph A of a generalized 2-gon is a complete bipar-
tite graph ([59, page 11], [45, Section A.1]) so if, in addition, A is k-regular, then it
is the complete bipartite graph Ky 5. The incidence graph of a generalized 3-gon (or
projective plane) of order ¢ — 1 (for some ¢ > 3) is bipartite, ¢g-regular, each part
has ¢ — ¢ + 1 vertices and any two vertices from the same part have exactly one
common neighbour (see, for example, [8, page 373], [45, Section A.1]). Moreover, if A
is a bipartite graph of girth greater than 2, in which every vertex has degree at least
3 and every pair of vertices from the same part have exactly one common neighbour
then A has girth 6 and diameter 3. As described in [57], given a perfect difference
set of order ¢, it is possible to construct a projective plane of order ¢ — 1. (A set of k
integers dy, ..., dy is called a perfect difference set (of order k) if among the k(k —1)
differences d; —d; (i # j) each of the residues 1,2,. .., (k% —k) mod k? —k +1 occurs
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exactly once. For instance {1,2,4} and {0,1, 3,9} are perfect difference sets; further
examples can be found in [58, Section 7].)

2. Since each vertex of I' has degree > 1 each generator and its inverse is a piece and
since girth(I') > 2 there are no pieces of length 2 (see, for example, [53, Section 5])
and therefore P satisfies the small cancellation condition C(3) [47, Chapter V].

3. By [36], if a presentation satisfies C'(3) then the T'(¢) condition is equivalent to the
statement that its star graph does not contain any reduced closed path of length [
where 3 < I < ¢. Therefore the (m, k, v)-special presentation P satisfies the small
cancellation condition C'(k) — T'(2m).

As in [27, Proof of Theorem 2|, every group defined by an (m, k, v)-special presentation
with 1/m + 2/k < 1 is non-elementary hyperbolic (by [32, Corollary 4.1], [22,26]), and
hence SQ-universal (by [23, Théoréme 3.5], [51, Theorem 1]). We shall refer to the cases
1/m +2/k =1 (that is, the cases (m,k) = (3,3) and (m,k) = (2,4)) as the Fuclidean
cases. It was shown in [27, Theorem 2] that groups defined by concise (3,3, 1)-special
presentations are just-infinite (and hence not SQ-universal) and that, by [22], groups
defined by concise (2, 4, 1)-special presentations contain a non-abelian free subgroup and
that there are examples (from [56,55]) of (2,4, 1)-special presentations defining both
SQ-universal and non-SQ-universal groups.

Since the direct product of two free groups F,, x F,, (n > 2) contains a finitely generated
subgroup that has undecidable membership problem [49] (or see [47, IV, Theorem 4.3]),
groups that contain Fy x Fy as a subgroup are of interest as they fail to satisfy certain
properties, such as subgroup separability [48] and coherence [34]. Moreover, as hyperbolic
groups cannot contain Z x Z (i.e. F; x F;) as a subgroup, and Fy X F5 contains a
wealth of Z x Z subgroups, groups that contain an Fy x Fy subgroup are considered
in [7] to “strongly fail” to be hyperbolic. Groups defined by C(3) — T'(6) presentations
do not contain the subgroup Fy x Fy ([6, Theorem 9.3.1]) so if a group defined by
an (m, k,v)-special presentation contains Fy x Fy then (m, k) = (2,4). Groups defined
by (2,4, v)-special presentations, such as Burger-Mozes presentations, can contain this
subgroup however.

If v is the root of a cyclically reduced word w and I(u) > 2, w = vP then the star
graph I’ of P,(w) is equal to the star graph of P,(v), and if v has length 2 then the
vertices of I have degree at most 2, so P, (w) is (m, pk, v)-special if and only if P, (v) is
(m, k,v)-special. Thus, in classifying (m, k, v)-special cyclic presentations P, (w) we can
assume that w is not a proper power.

2.5. Polygonal presentations

In [60,27] A-polygonal presentations were defined, and a process for obtaining a cor-
responding 2-complex K from such a presentation was given; we refer the reader to [27]
for the precise definition. In that article, a polyhedron is defined to be a closed, con-
nected 2-complex K obtained by identifying edges of a given set of k-gons (k > 3); if
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the 2-complex K obtained from a A-polygonal presentation KC is a polyhedron, we say
that K corresponds to K. Lemma 1 of [27] constructs a A-polygonal presentation, and
a polyhedron that corresponds to it, from any concise (m, k)-special presentation. This
can be readily extended to deal with (m, k,v)-special presentations, as in Lemma 2.3,
below. (The hypothesis that the presentation does not decompose as the disjoint union of
two non-trivial sub-presentations ensures that the set of tuples K also does not properly
decompose in such a manner, and so the resulting 2-complex K is connected.)

Lemma 2.3 (Compare [27, Lemma 1]). Let P = (X | R) be an (m, k,v)-special presenta-
tion that does not decompose as the disjoint union of two non-trivial sub-presentations,
and suppose that Ty, ..., T',_1 are the components of the star graph T" of P. Then there is
a A-polygonal presentation IC over T'g, ..., ', _1 with corresponding polyhedron K having
v wvertices vy, . . .,v,—1 such that the link of v; is T; (0 <i<v).

Let P, K be as in Lemma 2.3, let K be the universal cover of K, and let G be the
group defined by P. Then, as explained in [61,27], the following hold. The group G is the
fundamental group of K, so GG acts cocompactly on K. When equipped with the metric
introduced in [1, page 165], K is a complete metric space of non-positive curvature in the
sense of [33], and it is a hyperbolic building if 1/m+2/k < 1 and a Euclidean building if
(m, k) = (2,4) or (3,3) [30,2,4]. Hence G is non-hyperbolic if and only if (m, k) = (3,3)
or (2,4) by [30, page 119], [12].

3. Star graphs of cyclic presentations

The following example shows that irreducible (m, k, v)-special presentations are preva-
lent within the class of cyclic presentations.

Example 3.1.

(a) Pr(zozizs) is (3,3,1)-special ([26, Example 3.3], [37, Example 6.3]); its star graph
is the Heawood graph (the incidence graph of a projective plane of order 2). The
corresponding triangle presentation appears in [18, Section 4], [19, Section 4] and the
group Gr7(xox123) also appears in [3, Section 3], and the proof of [27, Theorem 2]. In
particular, it is known that G7(zoxi23) is just-infinite (so is not SQ-universal) and
non-hyperbolic — see [50, Example 3.8] for a discussion.

(b) Pai(zozis) is (3,3, 3)-special; its star graph has 3 components, each of which is the
Heawood graph — see Fig. 1. The group Gai(zoz125) is large (by [28, Lemma 2.3])
and is not hyperbolic see [20, Corollary 2.10]. The free product of three copies of
Gr(xoxix3) is the group Gop(xorsxg) and the shift extension of Gay(xoxszg) is
isomorphic to the shift extension of Ga1(zox125), so the structures of G7(zoz13)
and Gai(xox125) are related through this shift-extension. For example, in [20,
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Fig. 1. The star graph of Pa1(zoz125) (the disjoint union of three Heawood graphs).

Corollary 2.10] the fact that G7(zoz1z3) is non-hyperbolic is used to prove that
Ga1(zox125) is non-hyperbolic.

(c) Pi3(xdx124) is (3,4,1)-special; its star graph is the (4,6)-cage [62] (the incidence
graph of a projective plane of order 3) — see Fig. 2.

(d) Py(zorixy ' zy!) (defining Fy x Fy) is (2,4, 1)-special; its star graph is the complete
bipartite graph K4 4.

(e) The presentation Pr(z2zi23xs503r00206732302707374) is redundant (as applying 6%
to any relator produces a cyclic permutation of another relator) and (3,21, 1)-special;
its star graph is the Heawood graph.

We use Example 3.1(b) to give an example of a A-polygonal presentation over a
disconnected graph:

Example 3.2 (A polygonal presentation over the union of three copies of the Heawood
graph). Let T be the graph in Fig. 1 and let Uy = {z; | 0 <4 < 21}, Uy = {z;' | 0 <
1 < 21}, and X : Uy — Us be the bijection given by A(z;) = xi_l. Then the set

K ={(zi,xit1,Tiys), (Tit1, Tivs, i), (Tigs, Ti, Tip1) | 0 < i < 21}

(subscripts mod 21) is a A-polygonal presentation over T'.
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Fig. 2. The star graph of Pi3(z2z1x4) (the (4,6)-cage).

Let 6 denote the greatest common divisor of n and the subscripts of the generators
that appear in w (recall that by our standing assumption ¢ is involved in w). Then the
cyclic presentation P = P, (w(wo,Zs,...,2(m/s5-1)5)) decomposes as the disjoint union
of ¢ cyclic presentations R = P, /s(w(wo,21,...,2Zn/5—1)). Hence the star graph of P
decomposes as the disjoint union of ¢ copies of the star graph of R, and so P is (m, k, 0v)-
special if and only if R is (m, k,v)-special. Thus, it is often convenient to assume that
P, (w) is irreducible (i.e. that 6 = 1).

The following theorem (compare [39, Lemma 2.3]) describes the components of the
star graph of a concise cyclic presentation P,(w). For an integer n > 2 and subset
A CH{0,1,...,n—1}, the circulant graph circ, (A) is the graph with vertices v, ..., vp—1
and edges v; — v, for all 0 < i < n, a € A (subscripts mod n).

Theorem 3.3. Let I be the star graph of a concise cyclic presentation P, (w) where w is
cyclically reduced and is not a proper power, let A,B,Q be the multisets defined at (1),
let dg = ged(n,a (a € A)), dg = ged(n,b (b € B)), and if w is not cyclically alternating
let go € Q and set d = ged(n,a (a € A),b (b€ B),qg—qo (¢ € Q)). ThenT' is l(w)-regular
and has vertices xi,xi_l (0 < i < n) and edges x; — xi+a,mi_1 — x;rlb,xi — a:;qu for all
acAbeB geQ,0<i<n.

(a) If w is not cyclically alternating then T’ has d isomorphic connected components
Lo, ..., Tq—1 where for 0 < j < d the graph I'; is the induced labelled subgraph of I’
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with vertex set V(I';) = V(l";“) UV(L'}) where 1"? and I'; are the induced labelled
subgraphs of T' with vertex sets

V(L)) ={xj41a | 0 <t <n/d},
VIT7) = {j pea | 0 <t <n/d}

(subscripts mod n). In particular |V(1"j+)| = [V(I';)| = n/d for all 0 < j < d and
the subscripts of the positive (respectively negative) vertices in any component are
congruent mod d.

(b) If w is cyclically alternating then T has d 4+dg connected components Ty, ... 7F}'A71
and L'y, ..., Ty | which are, respectively, the induced labelled subgraphs of T' with
verter sets

V(F;r) = {xj+tdA ‘ 0<t< n/d-A}v

V(7)) = {2}, | 0<t <n/ds}
(subscripts mod n). Moreover each graph ]."j is isomorphic to the circulant graph
cire,ja,({a/da (a € A)}) and each graph T'; is isomorphic to the circulant graph

cire, as ({b/ds (b€ B)}).

Proof. Observe first that each positive vertex has the same degree and, since in the star
graph of any finite presentation vertices corresponding to a generator and its inverse have
the same degree (see [36, Section 2.3.3]), the graph T is regular. Moreover, the number
of edges of the star graph of a concise presentation that has no proper power relators,
and where the relators are cyclically reduced, is equal to the sum of the lengths of the
relators, so the number of edges of T is equal to nl(w), and hence T" is I(w)-regular.

Let I't, I'" denote the induced subgraphs of I with positive and negative vertices, re-
spectively. Then I'* has vertices zg, ..., z,_1 and edges z; —x; 4, foreacha € A, 0 < i <
n, so is the circulant graph circ, (A). Therefore its connected components are the graphs
rd,...,I't

05 - rtds—1
A)}) (see, for example, [9], [35, page 154]). Similarly I'~ is the circulant graph circ, (B),
and its connected components are the graphs I'y, ..., I'; ., each of which is isomorphic
to the circulant graph circ, /4, ({b/ds (b € B)}). Thus part (b) is proved so consider
part (a). Fix a j, 0 < j < d and consider the graph I';. Identifying the endpoints of

each of which is isomorphic to the circulant graph circ,,q,({a/da (a €

the edges x4 — x;_&qﬁtd (0 <t < n/d) of T'j leaves the circulant graph A; with
vertices j, Tjid, .- Tjyn—d and edges T j1tq — Tjttds Tj+td — Tjttd+ar Tj+td — Tjt+td+b
Tjytd — Tjt((q—qo)/d+t)d for all a € A,b € B,qg € Q, 0 <t < n/d (subscripts mod n).
Setting u; = x;44q for each 0 < ¢ < n/d the graph A; has vertices ug, ..., u,/q—1 and
(multi-)edges u; — wg, Uy — Upgayds Ut — Upyb/ds Ut — gt (q—qo)/d (SUbscripts mod n/d),
which is connected since ged(n/d,a/d (a € A),b/d (b € B),(¢ — q0)/d (¢ € Q)) = 1.
Therefore A;, and hence I';, is connected, as required. O
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As an immediate corollary we have:

Corollary 3.4. Let P,(w) be a concise cyclic presentation in which w is not a proper
power. Then

(a) P,(w) is (3,k,v)-special if and only if k* —k + 1 = n/v and each component of its
star graph is the incidence graph of a projective plane of order k — 1;

(b) Pp(w) is (2, k,v)-special if and only if k = n/v and each component of its star graph
is the complete bipartite graph K j.

Note that the ‘concise’ hypothesis cannot be removed from Corollary 3.4, as can be
seen by Example 3.1(e). We also have the following:

Corollary 3.5. Suppose that P,(w) is a concise (m,k,v)-special cyclic presentation in
which w is non-positive, non-negative, and not cyclically alternating, and is not a proper
power. Then n/v is even and, in particular, P,(w) is not (3, k,v)-special for any k > 3,
v>1.

Proof. Since w is not cyclically alternating, in the notation of Theorem 3.3, v = d son/v
is an integer. Let a € A (which is non-empty, since w is non-positive and non-negative)
and let r = ged(n/v,a). Then xg — 24 — T24 — -+ — T((n/v)/r—1)a — To is a closed path
in the star graph T' of P,(w) of length (n/v)/r, which is even, since each component of
I is bipartite. Hence n/v is even. If P,(w) is (3, k, v)-special for some k > 3, v > 1 then
by Corollary 3.4(a) n/v = k? — k + 1, which is odd, a contradiction. 0O

Corollary 3.6. Let P,(w) be a concise cyclic presentation and let A be the number of
components of the star graph of P,(w) and let o be the exponent sum of w. If either

(a) w is not cyclically alternating and A > 1 and (A, |o|) # (2,2); or
(b) w is cyclically alternating and A > 2

then G (w) is large. In particular, if P,(w) is (m, k,v)-special where w is a positive or
negative word and v > 1, then G, (w) is large.

Proof. The values of 0 and A do not depend on whether or not w is cyclically reduced,
so we may assume that it is. Moreover, if v is the root of w then if G, (v) is large then
so is Gp(w), and the star graph of P,(w) is equal to that of P,(v) so we may assume
that w is not a proper power.

Suppose first that w is cyclically alternating. Then, in the notation of Theorem 3.3,
d4 > 1or dp > 1. By adjoining the relators xixij_ldA (0 < i < n) we see the group G, (w)
maps onto the free group of rank d 4, and adjoining the relators xia:i__:dg (0<i<mn)it
maps onto the free group of rank dg, and hence G,,(w) is large.
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Suppose then that w is not cyclically alternating, so that (in the notation of Theo-
rem 3.3) A = d. By inverting and cyclically permuting w, if necessary, we may assume
that the exponent sum o > 0 and the initial letter of w is 9. Now a = 0,b = 0,9 =
qo mod d for all a € A,b € B,q € Q, so if xiux? is a cyclic subword of w, where u is
cyclically alternating and €;,¢; € {£1} then i = j mod d if ¢, = —¢j, j =i+ go mod d
ife; =¢; =1, and j =i —qo mod d if ¢, = ¢; = —1. Therefore, by adjoining the relators
xix;_ld (0 <4 < n) the group G(w) maps onto Gg(w'), where w' = Toxg, ... T(o—1)qo
which has shift extension E = Gg(w') x Zg = (z,t | t4, (2t%)°) = Z 4% Z,. Thus E, and
hence G, (w), is large if 0 # 1 and (d,0) # (2,2). O

Note that Corollary 3.6(a) cannot be directly extended to include the case (A,0) =
(2,2) since, for example, for even n the group G, (xox1) = Z, and, similarly, part (b)
cannot be directly extended to A = 2 since, for example, Gn(:coxl_l) 2 7. In the following
example we give an infinite family of (2, k, 1)-special cyclic presentations that define large
groups.

Example 3.7. Let w = 29Zo+1204+142 - - - Lo41+2+---+n—1, Where n > 4 is odd and com-
posite. Then the star graph of P, (w) is the complete bipartite graph K, ,,. Let d be a
proper divisor of n. Adjoining the relators a:i:n;_:d (0 <i < n) to P,(w) shows that G, (w)
maps onto Gy(w'), where w’ = (£oTo41T04142 - - Top142+..+d—1)" L. Since either d > 3
or d =2 and n/d > 3 the group Gy4(w') is large by [24].

4. Girth of the star graph of a cyclic presentation

In this section we prove:

Theorem A. Let P,(w) be a concise cyclic presentation where w has length at least 3
and is not a proper power. Then,

(a) if Pn(w) satisfies T(q) where ¢ > 7 then ¢ < 8 and w is a non-positive and non-
negative word of length 3;

(b) if w is a non-positive and non-negative word of length k = 3 then P,(w) is not
(m, k,v)-special for any m > 2, v > 1.

Hence, if P,(w) is (m,k,v)-special for some m > 2, k > 3, v > 1 then either m = 2 or
(m =3 and w is positive or negative).

The ‘concise’ hypothesis is necessary in Theorem A(a) since, for example, P =
Ps(zox12324) is redundant and its star graph is a 12-cycle and so P satisfies T'(12).

Lemma 4.1. Let T be the star graph of a concise cyclic presentation P,(w) where w € F,
is cyclically reduced and is not a proper power. Then
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(a) if w contains non-overlapping cyclic subwords of the form x;x5, (ka;+p)i1 (for
some 0 < j, k,p < n), where e = £1, then girth(I') < 2

(b) if w is a positive word of length 3 then girth(T") < 6;

(c¢) if w contains a cyclic subword of the form x]xj+px]+p+q ]ﬁerqur (for some 0 <
J,p,q,m < n) then girth(T") <

(d) if w contains a positive cyclic subword of length / then girth(F)

(e) if w contains a cyclic subword of the form x]x]+pxj+p+qxj+p+q+7 (for some 0 <
4,0, q,m < n) then girth(T") < 6;

(f) if w contains non-overlapping cyclic subwords of the form x;x j+p and xkxkﬂ for
some 0 < j, k,p,q < n, then girth(T') <

Proof. (a) Here the edges of I' include the distinct edges z; —;.,, zi —x;, (0 <i <n)
so I' contains the reduced closed path zo — z, — z¢ of length 2.

(b) We may assume w = xoxp&p+q for some 0 < p,q < n where p, ¢ are not both 0 and
PZEqp+2¢£0,2p+ g # 0 mod n (by part (a)). Then I' contains the reduced
closed path xy — x;l —Tp_q — qu —T_p_og— x:zl,_q — x¢ of length 6.

(¢) By part (a) we may assume p + r # 0 mod n. Then I' contains the reduced closed
path 2o — ;1 = Tpyr — Tpigar — Tpg — Tq — 2o of length 6.

(d) We may assume w contains the cyclic subword xoxpZp+qZp4q+r for some 0 < p,q,r <
n, where p #Z q, ¢ Z r, and p Z r mod n (by part (a)). Then I' contains the reduced
closed path ¢ — xgl — Xp_q — x;_lq_” —

(e) By part (a) we may assume p Z ¢ mod n. Then I' contains the reduced closed path

T_gir — ;' — x0 of length 6.

ro—xy =Ty g — Ty gy — x;i, — x, — ¢ of length 6.
(f) By part (a) we may assume p # ¢ mod n. Then I' contains the reduced closed path
To — Tp — Tpq — Tq — Zo Of length 4. O

Corollary 4.2. Let I" be the star graph of a concise cyclic presentation P, (w) where w is
cyclically reduced of length at least 3 and is not a proper power. Then girth(T') < 8 and
if w is cyclically alternating then girth(T') < 4; moreover, if girth(T') > 6 then w is a
non-positive, non-negative word of length 3.

Proof. We refer to parts (a)—(f) of Lemma 4.1. By replacing w by its inverse, if necessary,
we may assume that w is non-negative. If w is cyclically alternating then girth(T") < 4
by part (f). If {(w) = 3 and w is positive the result follows from part (b). If [(w) = 3 and

1 —1

w is non-positive and non-negative, w = xox,x,,, say, then xg — Ty — Ty —Top—gq—

+ )

T_p—xyt— xqu Zq — T is a reduced closed Il))a(‘]uh in I of length 8. Thus girth(I") <S8.

Suppose I(w) = 4. If w is positive the result follows from part (d) so assume that w

is non—positive By part (f) we may assume that w has exactly one cyclic subword of the

form z;z; +p and therefore has a cyclic subword of the form of part (c) or (e), and the
result follows.

Suppose then that [(w) > 5. If w is positive then the result follows from part (d) so

assume that w is non-positive. By part (f) we may assume that w has exactly one cyclic
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subword of the form xj:vjjp, but then w or its inverse has a cyclic subword of the form

given in part (e). O

We note that girth 8 can be attained in Corollary 4.2; a presentation that demonstrates
this is Plg(acoxgxfl). We now prove Theorem A.

Proof of Theorem A. (a) If P,(w) satisfies T'(q) with ¢ > 7 then every piece has length
1 so P, (w) satisfies C(I(w)), so it satisfies C(3), and hence the star graph I' of P, (w)
contains no reduced closed path of length [ where 3 <1 < g. Moreover, since every piece
has length 1 there is no reduced closed path of length 2 in I". Then by Corollary 4.2
q < 8 and w is a non-positive and non-negative word of length 3.

(b) Suppose that w is a non-positive and non-negative word of length k¥ = 3 and that
P, (w) is (m, k,v)-special for some m > 2, v > 1. Then, since k = 3 we have m # 2,
and by part (a) m < 4. By Theorem 3.3, each component of " has 2n/v vertices and is
3-regular, and since it is the incidence graph of a generalized m-gon it has 14 vertices if
m = 3 and 30 vertices if m = 4 (see [59, Corollary 1.5.5]). Therefore n/v = 7 or 15, a
contradiction to Corollary 3.5.

If P,(w) is (m,k,v)-special where m > 4 then it satisfies T'(8) so by part (a) w is
a non-positive and non-negative word of length 3, in which case P, (w) is not (m, k, v)-
special by part (b). It remains to show that if P, (w) is (3, k, v)-special and k > 3 then w
is positive or negative. This follows from Corollary 4.2 when w is cyclically alternating
and from Corollary 3.5 otherwise. 0O

We obtain our classifications of the concise (m, k,v)-special cyclic presentations for
m = 3 and m = 2 in Sections 5 and 6, respectively.

5. Classification of concise (3, k, )-special cyclic presentations

In this section, in Theorem B, we classify the concise (3, k, v)-special cyclic presen-
tations in terms of perfect difference sets of order k. In Corollary 5.1 we consider the
Euclidean case and list explicitly the (3, 3, v)-special cyclic presentations. By Theorem A
we may assume that w is a positive or negative word and, by replacing it by its inverse,
we may assume that it is positive.

Theorem B. Suppose that w is a positive word of length k > 3 that is not a proper power,
let Q be the multiset defined at (1) and suppose that the cyclic presentation P,(w) is
irreducible and concise. Then P, (w) is (3,k,v)-special if and only if

(a) n=vN, where N = k* —k +1; and
(b) Q is a perfect difference set; and
(¢c) ¢q=q mod v, forallq,q € Q.
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Proof. Let @ = {q1,...,qx}. Suppose first that P,(w) is (3, k,v)-special and let T" de-
note the star graph of P,(w). Condition (a) holds by Corollary 3.4 and (c) holds by
Theorem 3.3.

Let A be the component of I' that contains x; ! By Theorem 3.3 the subscripts of
the negative vertices in A are all congruent to zero mod v. Since there are N negative
vertices in this component, they are precisely the negative vertices whose subscripts are
the elements of the set {0,v,...,(N —1)v}. On the other hand, a vertex x;l is a vertex
of A if and only if Np(zy') N Np(mj_l) = {z,} for some vertex x,, say. Then j = u + ¢,
0 = u+¢qs mod n for some 1 < s,t < k, so j = q¢: —qs mod n. That is, the subscripts of the
negative vertices in A are precisely the elements of the set {(¢ —¢s) modn |1 <s,t < k}.
Therefore,

{jrmod N|0<j<N}={(qt —¢qs) mod N |1 <s,t <k}

By (c) for all 1 < ¢ < k we have ged(v,q;) = ged(v,q1,...,qr) which divides
ged(n, q1,- ., qx) = 1, since P, (w) is irreducible. Thus ged(v,¢q;) = 1 for all 1 < i < k.
Then, again by (c), kg; = Zle ¢, = 0 mod v, and since ged(v,q;) = 1 we have
k = 0 mod v. Therefore gcd(N,v) = ged(k? — k + 1,v) = 1, and hence

{0,1,...,N =1} ={(¢: —gs) mod N | 1 < s,t < k}.

Then, if g5 = ¢ mod N for some s # t the set {(q: — ¢s) mod N | 1 < s,t < k, s # t},
which has at most k% — k elements, is equal to the set {(q; — qs) mod N | 1 < s,t < k},
which has N = k% — k + 1 elements, a contradiction. Therefore ¢, = ¢; mod N if and
only if s =t so

{1,...,N—=1}={(¢t —¢s) mod N | 1 < s,t < k,s £t}

and hence {q1,...,qx} is a perfect difference set and so (b) holds.

For the converse, suppose that (a)—(c) hold and let " be the star graph of P, (w). We
must show that [ has v components, each of which is bipartite, has girth 6 and diameter
3, and each vertex has degree at least 3.

Since w is positive the graph T' is bipartite. Condition (b) implies that q,..., g are
distinct mod N and hence are distinct mod n, so by Theorem 3.3 I' is k-regular (and
hence each vertex has degree at least 3) and has no reduced closed path of length 2.
By Theorem 3.3 T has d = ged(n, g1, - . -, qx) isomorphic components Ty, ..., Tq_1, each
with 2n/d vertices. If we show that T'g has girth 6 and diameter 3 then each component
has 2(k? — k + 1) vertices, so 2n/d = 2(k®> — k + 1) so n/d = k? — k + 1. But condition
(a) implies that n/v = k> — k+1so d = v, i.e. I has v components.

We now show this. It suffices to show that |Np(u) N Nr(v)| = 1 whenever u,v are
distinct vertices belonging to the same part of I'g (see Remark 2.2(1)). Let e = +1 and

suppose zf, 75 € V(I'g) (i # j). Then
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Nr(27) = {2, | 1 <5 <k},

Ne(xf) = {5, [ 1<t < B}

so |Nr(zf) N Nr(z§)| = 1 if and only if i + €gs = j + €g; mod n for some unique pair gs, g;
(1 <s,t<k). By Theorem 3.3 i — j = pr mod n for some 1 < p < N. Now (a), (b), (c)
imply that

{(gi—q;)modn |1<4,j<k, i#j}={v,2v,...,(N —1)v mod n}

so there exists a unique pair gs,¢: € {q1,...,qr} such that e(¢: — ¢s) = pr mod n;
i.e. e(qt —qs) =i — j mod n, or i + eqs = j + eq; mod n, as required. 0O

We remark that, as shown in the proof, a consequence of conditions (a), (c) of The-
orem B is that v divides k. Note that the ‘concise’ hypothesis cannot be removed from
Theorem B; a presentation that demonstrates this is given in Example 3.1(e).

Corollary 5.1. Let w = 2o%q, Zq,+q, Where 0 < g1,¢g2 < n and suppose that Pp,(w) is
irreducible. Then P, (w) is (3,3, v)-special if and only if either:

(a) n="T,v=1, and {q1,92,(—q1 — g2) mod 7} = {1,2,4} or {3,5,6}; or
(b) n = 217 v = 37 and {Q1aQ27 (7q1 - q2) mod 21} = {]‘ﬂ47 16}’ {238711}7 {57 173 20}7
or {10,13,19}.

Proof. If w is a proper power then w = z3 and the star graph I' of P,(w) consists of
vertices z;,z; ' and edges x; — x; ' (0 < i < n). If P,(w) is redundant then n = 3 and
g1 = g2 = +1 mod 3, so I" consists of vertices aci,:v;l and edges x; — ac;_i_ll (0 <i<3).
Therefore, in each case, P,(w) is not (3,3, v)-special so we may assume that w is not a
proper power and P, (w) is concise.

By Theorem B the presentation P, (w) is (3,3, v)-special if and only if n = 7v, v =1
or 3, {q1,q2, —q1 — g2} is a perfect difference set and ¢1 = g2 = —(q1 + ¢2) mod v. The
only possibilities for g1, g2, —q1 — g2 mod n such that ged(n, g1, g2) = 1 (for irreducibility)
are those in the statement. O

The isomorphisms in [28, Lemma 2.1] show that the presentations in Corollary 5.1 (a)
each define the group Gy (zox123) while those in part (b) define the group Gay(zoz125).
These groups are discussed in Example 3.1.

Note that if P,(w) is a concise (3, k, v)-special cyclic presentation where v > 1 then
G is large by Corollary 3.6 and recall from Section 2.4 that a group defined by a (3, k, 1)-
special presentation is SQ-universal if and only if ¥ # 3. Thus there is precisely one
cyclically presented group defined by a concise (3, k, v)-special cyclic presentation that
is not SQ-universal, namely G7(zox123), which is just-infinite.
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6. Classification of concise (2, k, )-special cyclic presentations

In this section, we classify the concise (2, k, v)-special cyclic presentations P, (w): in
Theorem C we do this for positive words w, in Theorem D we do this for cyclically
alternating words w, and in Theorem E for words w that are non-positive, non-negative,
and not cyclically alternating. In Corollaries 6.1, 6.2, 6.4 we consider the Euclidean
case, and classify the (2,4, v)-special cyclic presentations. Except in one case (given in
Corollary 6.4(b)(iii)) we show the groups defined by these (2, 4, v)-special presentations
are large; it follows that, with that one possible exception, groups defined by concise
(2, k, v)-special cyclic presentations are SQ-universal.

6.1. The positive case

Theorem C. Let w be a positive word of length k that is not a proper power and let Q be
the multiset defined at (1). Suppose also that the cyclic presentation P, (w) is irreducible
and concise and let T be the star graph of Py,(w). Then P,(w) is (2,k,v)-special if and
only if either

(a) k>5isodd, n=Fk,v=1, Q@={0,1,2,...,n— 1}, in which case T is the complete
bipartite graph K, ; or

(b) k>4 is even,n =2k, v=2,Q={1,3,...,n— 1}, in which case T is the disjoint
union of two copies of Ky, 2. /2-

Proof. Suppose that P,(w) is an irreducible and concise (2, k, v)-special cyclic presen-
tation (so k > 4). By Corollary 3.4 n = vk and the star graph T' of P,(w) has v
components each of which is a complete bipartite graph K} ;. Then by Theorem 3.3
g = ¢ mod v for all ¢,¢ € Q. Note that for two elements ¢,q" of the multiset Q
we have ¢ Z ¢’ mod n for otherwise I has a reduced closed path of length 2. Thus
Q = {q0,v + 0,2V + qo,-..,(k — 1)v + qo} for some qo € Q. Now ged(qo, v) divides
ged(n, q (¢ € Q)) =1 (since P, (w) is irreducible) so ged(go,v) = 1.

Summing the elements of Q gives k(kv — v + 2qg)/2, so k(kv — v + 2¢p)/2 = 0 mod
vk. Hence k(kv — v + 2qg) = 2vkt for some integer ¢, and so k = 2t + 1 — (2go/v) so
v divides 2¢qp. But ged(v, qo) = 1 so v divides 2. Therefore v € {1,2} and k is odd if
and only if v = 1. If v = 1 then @ = {q0,1 + 90,2 + qo,-..,(n — 1) + qo}, that is,
0=1{0,1,2,...,n— 1}, and if v = 2 then Q = {q0,2+ ¢0,4+ qo,---,2(n/2 —1) 4+ qo},
that is, Q = {1,3,...,n — 1}.

For the converse suppose that (a) or (b) hold and let A be a connected component
of T. Then since no two distinct elements of {1,v + 1,2v + 1,...,(k — 1)v + 1} are
congruent mod n Theorem 3.3 implies that the graph A is k-regular (so each vertex has
degree > 3) and contains no 2-cycles and I' has v components. When v = 1 the set
Q = {0,1,...,n — 1} so every positive vertex is adjacent to every negative vertex and
hence T" is the complete bipartite graph K, ,,. Suppose then that v = 2. Then k = n/2 and
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Q=1{1,3,...,n — 1}. By Theorem 3.3 two positive vertices are in the same component
if and only if their subscripts are of the same parity. Moreover, the set of neighbours
of any even (respectively odd) positive vertex consists of all odd (respectively even)
negative vertices and hence each component is the complete bipartite graph K, /2 /2,
as required. O

Corollary 3.6 implies that the groups G,,(w) corresponding to part (b) are large while
those in part (a) are SQ-universal (see Section 2.4); Example 3.7 gives examples of large
groups G, (w) that correspond to part (a). Restricting to the Euclidean case, we now
classify the concise (2,4, v)-special cyclic presentations P, (w), where w is positive. This
classification will reveal that, up to isomorphism, such presentations define exactly three
groups.

Corollary 6.1. Let P = P, (20%q, T gy +¢sTqu+qa+qs) b€ trreducible and concise, where 0 <
q1,92,q3 < n and let G be the group defined by P. Then P is (2,4, v)-special if and only
ifn=8,v=2,q €{1,3,5,7} and one of the following holds:

(a) (g2 = 3q1 and g3 = 5¢1 mod n) or (g2 = Tq1 and g3 = 5q1 mod n) in which case
G = Gg(xor12421) Which contains a subgroup isomorphic to Fy X Fy;

(b) (g2 = 5q1 and q3 = 3q1 mod n) or (g2 = Tq1 and g3 = 3q1 mod n) in which case
G G8($0l‘1$61‘1);

(c) (@2 = 3q1 and g3 = Tq1 mod n) or (@2 = 5q1 and g3 = 7q1 mod n) in which case
G Gg($0$1$4$3).

Proof. Let g4 = —(q1 + ¢2 + ¢3) mod n. By Theorem C we have v = 2, n = 8,
{¢1,92,93,94} = {1,3,5,7}. Since 1 € {1,3,5,7} it has a multiplicative inverse mod n,
;' € {1,3,5,7}. Define Qs = q¢; g2, Q3 = q7'q3, Qs = ¢ 'qs mod n. This im-
plies that (Q2,Q3) = (3,5),(3,7),(5,3),(5,7),(7,3), or (7,5), and hence the stated
values of g2, ¢3. Then by multiplying the subscripts of generators z; by gq; ! the group
G = Gp(T0T17140,T1+0,+0Q;5)- In the cases (Q2,Q3) = (7,5),(7,3),(5,7) the isomor-
phism to the stated group comes about by subtracting 1 from the subscripts of generators,
multiplying them by 3 or 5 (mod 8), and cyclically permuting.

It remains to show that G = Gg(xpx12421) contains a subgroup isomorphic to F X Fy.
A computation in GAP [31] shows that the subgroup of G generated by the set of elements

2 2 2 1 —1.-1 1 1 1 1 -1
{z§, 27, x5, T2, Ts, TaTg T, Ty ,T5T] L7y, ToT1T3 , LoL, Ty )

is of index 4 and has a presentation whose set of generators contains elements a, b, ¢, d
and whose set of relators contains the commutators [a, b], [b, ¢], [¢, d], [d, a] and that the
quotient obtained by killing all other generators has precisely these four generators and
four relators, so defines Fy x F5. Therefore a,b, c,d generate a subgroup of G that is
isomorphic to Fy X F5. O
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The groups in Corollary 6.1 are pairwise non-isomorphic, as can be readily seen by
computing their abelianisations, and they are large by Corollary 3.6. We have been
unable to determine if the groups in parts (b), (¢) contain a subgroup isomorphic to
Fg X FQ.

6.2. The cyclically alternating case

Theorem D. Let w be a cyclically reduced, cyclically alternating word of (even) length
k>4, let A, B be the multisets defined at (1) and suppose that P,(w) is irreducible and
concise. Then P, (w) is (2, k,v)-special if and only if n = 2k, v =2, and A, B are each
sets of the form {£1,£3,... ., £(k— 1)}.

Proof. Let ' be the star graph of P,(w) and let ", T~ be the induced subgraphs of
I" whose vertex sets are the positive and negative vertices of I', respectively, and let
da =ged(n,a (a € A)),dg = ged(n,b (b € B)).

Suppose first that the given conditions hold. Then +1 € A so d4 = 1 and hence, by
Theorem 3.3, I'" is the circulant graph circ,, (A), which is the complete bipartite graph
K )2.n/2 with vertex partition {xo,z2,...,2n—2} U {21, 23,...,2,-1}. Similarly I'" is
the circulant graph circ, (B), which is the complete bipartite graph K, /5 ,, /o with vertex
partition {zy ', x5t .. o oYUyt et ..o 2t ) Thus Py (w) is (2,n/2,2)-special.

Suppose then that P, (w) is (2, k, v)-special. Since w is cyclically alternating of length
k we have |A| = k/2. Then by Corollary 3.4 each component of I' is the complete
bipartite graph K}, ;. Then Theorem 3.3 implies d4 = dg, and since P, (w) is irreducible
1 =ged(n,a(a€ A),b(be B)) =ged(da,dp)sods =dg =1. Thus I' has 2 components
so v = 2, and each of these components must therefore be the complete bipartite graph
K, )22, and hence k = n/2. If a = £a’ mod n for some a,a’ € A then I' contains
a reduced closed path of length 2, contradicting the girth, so a Z +a’ mod n for all
a,a’ € A, and similarly b # 40’ mod n for all b,b’ € B. Since d4 = 1 the set A contains
an odd element, o, say. Suppose it also has an even element, a, say. Then the graph I't
contains a closed path xo —To —T2a =+ — T(a—1)a — Taa — Ta(a—1) — " T2a — Ta — T0 of
length a + a, which is odd, a contradiction (since I' is bipartite). Therefore all elements
of A are odd, so A consists of k/2 odd integers such that if a € A then n —a ¢ A, so is
of the form {#1,+3,...,+(k — 1)}. Similarly, B is of the same form. 0O

Restricting to the Euclidean case, we now classify the concise (2,4, v)-special cyclic
presentations P, (w) where w is cyclically alternating.

Corollary 6.2. Let P = Pn($0$;11$a1+b1$;11+b1+a2) be an irreducible and concise cyclic

presentation, where 0 < ay,b1,a2 < n and let G be the group defined by P. Then P is
(2,4, v)-special if and only if n =8, v =2 and one of the following holds:
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(a) (az = bay, by = 3a; mod n) or (ay = bay, by = Ta; mod n), in which case G =
Gs(ror17471);

(b) (a3 = 3a1, by = 5a; mod n) or (aa = 3ay, by = Ta; mod n), in which case G =
Gs(ror17671);

(¢) (a3 = 3ay1, by = a1 mod n) or (ay = 3a1, by = 3a; mod n), in which case G =
Gs(zor1243).

Proof. If w = $0$;11$a1+b1$;11+b1+a2 is a proper power then w = (9170:U;11)27 in which
case each vertex of the star graph of P,(w) has degree 2, so P,(w) is not (2,4,v)-
special. Hence we may assume that w is not a proper power. Let by = —(a; + by +
az) mod n. By Theorem D the presentation P,(w) is (2,4,v)-special if and only if
v =2 n =8, a,as,by,by are odd, and a3 # +az, by Z +by mod 8. Since a; €
{1,3,5,7} it has a multiplicative inverse mod n, a;' € {1,3,5,7}. Define B; = aj ‘b1,
Ay = aflag, By = aflbg mod n. By multiplying the subscripts of generators x; by
ay;t the group G = Gn(ﬂioxl—lIHleﬁBﬁAz)- Further By, A2, By € {1,3,5,7} and
Ay # +1, By # +Bs and 1+ By + Ay + By = 0 mod n. This implies (A4s, By) =
(3,1),(3,3),(3,5),(3,7),(5,3), or (5,7), and hence the stated values of as, b. In parts (a),
(b) isomorphisms Gs(zor; ey ") = Gs(woz17671), Gs(T07] '3 ") = Gs(T017073),
G8(330131_1114.’L'1_1) ~ Gs(xor1Ta21), and G8(1'0$1_11'0$5_1) ~ Gs(zoxiwoxs) are obtained
by replacing each odd numbered generator by its inverse. Then we have Gg(zor1z621) =
Gs(zoxi1zor3) and Gg(xorizar1) = Gs(zoxi12075) as in Corollary 6.1. In part (c) the
isomorphism Gg(ﬂ:omflxgxgl) = Gg(xomflmac;l) is obtained by inverting the relators
and negating the subscripts. Then Gg(zoz) 'zows') = Gs(zor17675) is obtained by
inverting the odd numbered generators and interchanging x2 and zg and interchanging
x3 and x7 and then Gg(xor1z62s5) = Gs(xox12423) as in the proof of Corollary 6.1. O

Note that the groups appearing in Corollary 6.2 are the same as those in Corollary 6.1,
in particular they are large and Gg(zox1x421) contains a subgroup isomorphic to F X
F,. We now show that all the groups defined by the (2, %, v)-special presentations in
Theorem D are large.

Corollary 6.3. Let P,(w) be a concise and irreducible (2, k,v)-special cyclic presentation
where w is a cyclically alternating word of length at least 4. Then the cyclically presented
group Gp(w) defined by P, (w) is large.

— —1 -1 —1
Proof. Let w = %oz, Ta1+6,%5, 1p, 1a, "'foﬁ_l(aﬁbi)zzfﬁ”(a,;+b,<)+ak/2 and let
bz = — Zfﬁfl(ai + b;) — aj/2 mod n. Then the shift extension F = Gp(w) xg Zy,

has a presentation E = (z,t | t?*, Hfﬁ (wt*x~1¢%)) where each a;, b; is odd, so E maps

onto the generalized triangle group T = (z,t | 7,12, (xtz~'t)*/2) which, by [5, Theorem
BJ, is large if k/2 > 3. Thus we may assume k = 4, in which case G is one of the groups
in Corollary 6.2, which are large by Corollary 3.6. O
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6.3. The non-positive, non-negative, and not cyclically alternating case

Theorem E. Let w be a cyclically reduced word of length k > 4 that is non-positive,
non-negative, not cyclically alternating and not a proper power and let A, B, Q, Qt, 0~
be the multisets defined at (1) and suppose that P,(w) is irreducible and concise. Then
P, (w) is (2, k,v)-special if and only if the following hold:

(a) n=vk, and k is divisible by 4;
(b) A, B are each sets of the form {+v,+£3v,...,+(k/2 — 1)v};
(c) QT NQ~ =0 and Q ={qo,q0 +2v,...,q0 + (k — 2)v} where ged(qo,v) = 1.

Proof. Suppose first that P, (w) is (2, k, v)-special. Then by Corollary 3.4 n = kv and
each component of the star graph I' of P, (w) is the complete bipartite graph Kj, 4.

In the notation of Theorem 3.3, I' has v isomorphic components I'; (0 < j < v)
where, in particular, I'g is the complete bipartite graph K}, with vertex set V(I'g) =
V() UV([y) where T'§ and I'y are the induced labelled subgraphs of I' with vertex
sets

V(F(J)r) = {l’o,l’l,, e 7x(k}—1)l/}7
V(Ty) = {2l 7x;)l+(k71)u}

for some gy € Q. Suppose for contradiction that v,n — v ¢ A. Then for each 0 <
i < m, vertices x;,z;+, are not joined by an edge. Therefore the vertices of V(T'g)
all belong to the same part of I'y, and hence no two positive vertices of I' are joined
by an edge, and so A = (), a contradiction, since w is non-positive and non-negative.

Therefore v or n — v € A and, similarly, v or n — v € B. Thus I'y contains closed paths
T — Ty — " —T(—1)y — To and a:q’ol —x;)ﬂ_u — = x;}ﬂ_(k_l)y —x;ol of length k which is

even since I'g is bipartite. Therefore the vertices x,, %3y, ..., Z_1), are precisely those

positive vertices of I’y that belong to a different part of T’y to x¢ (and so are neighbours

—1

. —1 . . .
of xp) and the vertices z_ ~ ,, Tyhays - are precisely those negative vertices

q0
of I'g that belong to a different part of I'g to 2~ (and so are neighbours of x;}l) and
hence A, B C {v,3v,...,(k — 1)v}. Moreover, for each odd ¢ either tv or (k —t)v € A

(resp. B), and precisely one of tv or (k —¢)v € A (resp. B), for otherwise I'g contains

—1
’x(Io-i-(k—l)lV

a reduced closed path of length 2, a contradiction. Therefore A, B are each sets of the
form {£v, +3v,...,£(k/2—1)v}, and as these have k/4 elements, k is divisible by 4 and
(a), (b) are proved.

Since a:,;)l and x;O1+V belong in different parts of I'g, and (since gy € Q) o and x;}l
belong in different parts, the negative neighbours of zy are {x;}l, x;}lﬁu, e ‘T;(,{F(k72)u}
so @ ={q0,q0+2v,...,q0 + (k — 2)v}. Also QT N Q™ = 0, for otherwise I'y contains a
reduced closed path of length 2, a contradiction. Finally, ged(qo, v) divides ged(n, a (a €
A),b (b € B),q (g € Q) =1, since P,(w) is irreducible, so ged(go,v) = 1, and (c) is
proved.
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Now suppose that the conditions in the statement hold. By Corollary 3.4(b) we
must show that the star graph T' of P,(w) consists of v connected components, each
of which is a complete bipartite graph K}, . By Theorem 3.3 the graph I' has v isomor-
phic components. Consider the component I'y whose vertex set is {zg, 2., . .. 7x(k_1)u} U
{x(;)l,xq_oﬂ_b, e 7x<;)1+(k—2)u}' The set of neighbours of z;, (0 <j < k) is Np(zj,) =

1,1 —1 e s
{{x,,,xg,,,, s Ty U{T o Ty - ,xq0+(k_2)y} if j is even,

{70, T2ps o, T(k—2) } U {x;)l_s_y, x;{)ﬂrgy, e ’mti)i(kq)y} if j is odd,
and so I'y is bipartite with vertex partition

-1 -1 -1
{1’0, Lovs -5 T(k—2)v) xq0+1/7 $q0+3y7 ce 7mq0+(k—1)y}

. —1 —1 —1
@0, T30, Tl 1)y Ty s Tggp2ur - - - ,xq0+(k_2)y}.

Further, for each 0 < j < k the sets Np(x;#(jﬂ)y) and Np(z;,) are equal so I'y is a
complete bipartite graph, as required. O

Note that with A, B, Q%, Q@ as defined at (1)

Za—i—Zb—i—Zq—ZqEOmodn. (2)

acA beB geQt qeEQ~

Recall (from Section 2.4) that if k > 4 then any group defined by a concise (2, k, v)-
special presentation is SQ-universal. Restricting to the Euclidean case, we now classify
the concise (2,4, v)-special cyclic presentations P,(w) where w is non-positive, non-
negative, and not cyclically alternating. By cyclically permuting and taking the inverse

1 1

of w, if necessary, we may assume that either w = xoz, x, 'z, or w = xomglxqm‘r for

some 0 < p,q,r < n.

Corollary 6.4.

(a) Let P = Pn(xoxljlx(;lxr) be irreducible and concise and let G be the group defined
by P. Then P is (2,4,v)-special if and only if n = 4v, and (p,q,r) = (v, —8,v — 3)
or (3v,—s,3v —3s) (mod n) where ged(s,v) = 1, in which case G contains a subgroup
isomorphic to Fy X Fy and admits an epimorphism onto the free group of rank v so

is large if v > 1. Moreover, if v = 1 then one of the following holds:

(i) G= G’4(mox1_1zo_1x1) = [y x Fy; or
(i) G = G4(acoxf2x2) which has F5 X F5 as an index 16 subgroup;
(i) G = G4(xox1_1x2_1x3) which has F3 X Fy5 as an index 8 subgroup.

(b) Let P = P, (xox, ' zqx,) be irreducible and let G be the group defined by P. Then P
is (2,4,v)-special if and only if v =1, n =4, and one of the following holds:
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(i) (p,q,7) € {(1,0,1),(3,0,3)}, in which case G = Gy(xox] ' zox1) and the (index
16) derived subgroup G' = F5 X Fs;
(i) (p,q,r) € {(1,0,3),(3,0,1)}, in which case G = Gy(woxy wox3) and G has
F5 x F5 as an index 16 subgroup;
(iii) (p,q,r) € {(1,2,0),(3,2,0),(1,2,2),(3,2,2)}, in which case G = Gy(x3x] 22).

Proof. (a) With the notation (1) we have A = {p}, B = {r —q}, Q" = {-r}, Q= =
{p—q}. Then by Theorem E the presentation P is (2, k, v)-special if and only if n = 4v,
p=r—qe{v,3v}, {p—q,—p—q} = {s +v,s+ 3v} for some ged(s,v) = 1. That is,
(p,q,r) = (v,—s,v—13), (Bv,—s,3v —3), (v,2v—s,3v —s), (3v,2v — s,v — s). Replacing
s by 2v + s in the last two cases transforms them to the first cases. If v = 1 then
+(p,q,7) = (1,0,1),(1,1,2),(1,2,3),(1,3,0) (mod n) and G is isomorphic to one of
the stated groups. A computation in GAP reveals the subgroups claimed. Suppose then
that v > 1. Then G maps onto G,,(xowglxglxr), which is free of rank v, so G is large.
Moreover, the shift extension of G is the group E = (z,t | t*, xtVx= 1~ W) g=1tv pts—v)
(by replacing s by —s, if necessary). Therefore G is the kernel the epimorphism ¢¢ : £ —
(t | t®) given by ¢o(t) = t, ¢o(z) = 1. On the other hand, the kernel of the epimorphism
b_s: B — (t |18 given by ¢_4(t) =t, ¢_s(x) = t~° is the cyclically presented group
G4y(y0y;1yo_1yu), where y; = 'zt~ which is isomorphic to the free product of v
copies of G4(y0y1_1y0_1y1) > Fy x Fy. In particular, the subgroup of ker(¢_;) generated

by Yo, Yvy Y2v, Y3v is the group

H = (Y0, Yo Y20, V3w | Yoy Yo Yo Yo¥z Yy Yous Y2uYan Yoo Ysws Y30 Yo - Yam Yo)
= Wo,v2u | ) X (Yusy3u | ) = Fo x Fy.

Therefore the subgroup K of H generated by y{, v, , y5,, Y4, is isomorphic to F» x Fj,
and since ¢o(y}*) = 1, K is a subgroup of ker(¢g) = G, as required.

(b) By Theorem E P is (2, k,v)-special if and only if n = 4v, A = {p}, B = {q — p},
9 =0,9"={r—q,—r}={s+v,s+3v}, for some 0 < s < n and ged(s,v) =1, and
AUB C{v,3v},sop=qg—por p=—(q—p) modn.

Suppose p = —(¢ — p) mod n; then (2) implies 2s = 0 mod n so s = 0 or
2v mod n, and then ged(s,v) = 1 implies v = 1, son = 4 and s = 0 or
s = 2 mod 4. Then (mod 4) p € {1,3}, {r — ¢,—r} = {1,3}, which has solutions
(p,q,7) = (1,0,1),(1,0,3),(3,0,1),(3,0,3), as in parts (i), (ii). Computations in GAP
reveal the F5 x F5 subgroups. Suppose p = ¢—p mod n; then (2) implies 2(s+v) = 0 mod n
so s = v or 3v mod n, and then ged(s,v) = 1 implies that v =1, son =4 and s =1 or
s =3 mod 4. Then (mod 4) p=q—p € {1,3} and {r — ¢, —r} = {0, 2}, the solutions of
which are (p,q,7) = (1,2,2),(1,2,0),(3,2,2),(3,2,0), in which case G = Gy(zdz] 22),
as in part (iii). O

The argument in the proof above for the existence of the Fy x Fy subgroup in the
groups arising in part (a) has its origins in [11, Example 3(b)]. We have been unable to
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determine if the group Gy(x2z; x2) (from Corollary 6.4(b)(iii)) is SQ-universal or if it
contains a subgroup isomorphic to Fo x F5.

We now determine which groups from Corollaries 6.1, 6.2, 6.4 are Burger-Mozes
groups, as defined in [46], whose notation 2 x 2.j we use. Since these groups have defi-
ciency at least zero, if they are Burger-Mozes groups then they have degree (4,4), by [56,
Proposition 4.26]; the Burger-Mozes groups of degree (4,4) are classified in the Table
in [46]. First consider the groups in Corollaries 6.1, 6.2. A comparison of abelianisations
of these groups with those of [46] shows that the only possible pair of isomorphic groups
is Gg(xpx12423) and the group 2 x 2.38, but these can be distinguished by comparing
abelianisations of index 2 subgroups. We now turn to the groups in Corollary 6.4. Con-
sider first the case v > 1, so G is a group from part (a). If v > 3 then G maps onto the
free group of rank 4 so G* maps onto Z*, but the only group from the Table in [46]
whose abelianisation maps onto Z* is the group 2 x 2.41 = F, x F,, which does not
map onto the free group of rank 4. When v = 3, a computation in GAP shows that the
abelianisation G®P is distinct from the abelianisations of the groups in [46]. When v = 2,
a comparison of abelianisations shows that if G is isomorphic to a group H from the
Table in [46] then H is the group 2 x 2.32; but then G can be distinguished from H by
comparing abelianisations of index 2 subgroups. The groups in parts (a)(ii) and (b)(iii)
can be distinguished from the groups in the Table in [46] by considering their abelian-
isations, or the abelianisations of their index 2 subgroups. The groups in parts (a)(i),
(a)(iii), (b)(i), (b)(ii) are the Burger-Mozes groups 2 x 2.41 & Fy X Fy, 2 x 2.51, 2 x 2.12,
2x 2.36, respectively. Thus, if a Burger-Mozes group is defined by a (2, 4, v)-special cyclic
presentation, then it is one of these four groups.

The results of Sections 5, 6.1, 6.2 and Corollary 6.4 show that there are at most two
groups defined by concise (m, k, v)-special cyclic presentations that are not SQ-universal,
namely Gr(xox1x3) (which is just-infinite so is not SQ-universal) and Gy(x3z; z2)
(which remains unresolved).
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