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Robust synchronization of heterogeneous robot swarms on the sphere

Johan Markdahl, Daniele Proverbio, and Jorge Goncalves

Abstract— Synchronization on the sphere is important to
certain control applications in swarm robotics. Of recent
interest is the Lohe model, which generalizes the Kuramoto
model from the circle to the sphere. The Lohe model is mainly
studied in mathematical physics as a toy model of quantum
synchronization. The model makes few assumptions, wherefore
it is well-suited to represent a swarm. Previous work on this
model has focused on the cases of complete and acyclic networks
or the homogeneous case where all oscillator frequencies are
equal. This paper concerns the case of heterogeneous oscillators
connected by a non-trivial network. We show that any undesired
equilibrium is exponentially unstable if the frequencies satisfy a
given bound. This property can also be interpreted as a robust-
ness result for small model perturbations of the homogeneous
case with zero frequencies. As such, the Lohe model is a good
choice for control applications in swarm robotics.

I. INTRODUCTION

Synchronization on nonlinear spaces is important to a num-
ber of robotics applications. Many such problem pose special
challanges due to the non-Euclidean topology of the state
space, which also make them particularly interesting from
a control theory perspective [1]-[3]. Consensus protocols
have been developed to achieve synchronization on general
manifolds [4], [5]. However, for particular manifolds, other
algorithms can outperform those protocols [6], [7]. This
includes the so-called Lohe model which is studied in
physics [8]-[15]. The Lohe model is a generalization of
the Kuramoto model of a multi-agent system of coupled
oscillators from the circle to the sphere. Compared to other
methods [4], the Lohe model is less demanding in terms
of computation and communication. As such, it is suitable
for robot swarms where each robot has limited resources
available for control. We have previously proved that the
Lohe model displays almost global synchronization [6], [7].
In this paper we show that this property is also robust under
small drift-like perturbations. Our main result amounts to a
condition on the model parameters under which undesired
equilibrium points remain exponentially unstable.

Roughly speaking, our result can be interpreted as robust-
ness of almost global synchronization. The homogeneous
Lohe model is a driftless system. It becomes a system with
drift (the heterogenous model) after a small perturbation term
is added to the dynamics. Almost global synchronization
becomes almost global practical synchronization [16] (up
to a technicality). The property of almost global sync is
important for two main reasons. First, in reduced rigid-body
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attitude synchronization, the guarantee of almost global sync
is clearly preferable to local sync. In particular, conditions
for local convergence to synchronization on 8" requires all
initial states to belong to an open hemisphere [10], [17].
The probability of drawing such a configuration from a
uniform distribution of all configurations on (S")N goes
to zero exponentially as the number of agents N goes to
infinity. By contrast, almost global sync does not depend
on N. For almost global practical sync, we again find a
dependence on N in our result. Secondly, almost global
practical synchronization for all connected networks distin-
guishes the heterogenous Lohe model from the heterogenous
Kuramoto, model which is multistable. The fact that the
two models behave qualitatively different is intruiging and
motivates further study of the heterogenous Lohe model.

A. Literature review

The Kuramoto model is a popular model of collective be-
havior in multi-agent systems of weakly coupled oscillators
[18]-[20]. Recent years have seen a growing interest in high-
dimensional generalizations of the Kuramoto model, the most
popular of which is the Lohe model of synchronization on
8™ [6]-[15], [21]. The study of this model in physics is
motivated by its relation to synchronization of quantum bits
[8], [9], but it also appears in control systems designed
to achieve reduced rigid-body attitude synchronization, i.e.,
to coordinate the pointing orientations of robots [6], [22],
[23], in bio-inspired models of source-seeking and learning
[12], [24], and in machine learning applications [13]. There
are several variations of the model, including second-order
dynamics [25], [26] and discrete-time maps [27]. A limitation
in our current understanding of the Lohe model is the
restriction to combinations of complete or acyclic networks
[11], [14], [15], [23], [26], homogeneous frequencies [6],
[10], [21], [25], and local behavior [10], [11], [25], [26], [28].
By contrast, this paper concerns the global behavior of the
Lohe model with heterogeneous frequencies over non-trivial
networks. Previous work established almost global sync over
all connected networks for the homogeneous Lohe model
on the n-sphere for n > 2 [6]. This paper generalizes the
results of [6] to the case of heterogeneous frequencies under
a condition on the model parameters.

The literature contains a result for the homogeneous
Lohe model under small homogenous and heterogeneous
perturbations [28]. However, it is limited to local existence
of asymptotically stable sets without further characterization.
This paper studies the effect of perturbations on a global
level and gives an explicit bound on a range of parameter
values that excludes the possibility of critical transitions from
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instability to stability. There is also a robust hybrid feedback
algorithm for global synchronization on the sphere [23], but
convergence results are limited to tree graphs. Furthermore,
there are many general results about small perturbations
in the control theory literature [29], including applications
to synchronization of heterogeneous agents [16]. Moreover,
exponentially stable systems are known to be robust in
general [29]. In terms of perturbation theory, the contribution
of this paper is to provide an explicit relation between
the parameters of the system that, if satisfied, guarantees
exponential instability of undesired equilibria.

II. PRELIMINARIES

The following notation is used in this paper. The inner
product of x,y € R" is denoted by (x,y). Let | - |
denote the Euclidean norm of a vector or induced 2-norm
of a matrix. The n-sphere is S = {x € R"™"| x|, = 1}.
The tangent space of S" is T,,S" = {y e R""" |{y,x) =
0} ~ R". The special orthogonal lie algebra is so(n) =
{Se ]R"HX"+1 |S" = S}. The gradient in Euclidean space
is denoted V : f(x) — Vf(x) € R"", the intrinsic
gradient map at a point x € S is denoted grad : f(x) —
grad f(x) € T, S".

An undirected, simple graph is a pair G = (V, ) where
VY < NN is the node set and £ < {e = V| |e| = 2} is the edge
set. The graph G encodes the communication topology of a
multi-agent system where each 7 € V corresponds to an agent
and each {7, j} € £ indicates a bidirectional information flow
between agent ¢ and agent j. Throughout the paper it is
assumed that G is connected. The set of neighbors of agent
iis N = {j € V|{i,j} € £}. Other objects associated with
agent i also carry i as a subindex, e.g., the state x; € S",
the tangent space of " at x; is T,8" := T, §" etc.

The exponential instability property of an equilibrium is
important for stability analysis. It appears in the the indirect
method of Lyapunov, the Hartman-Grobman theorem, and
the center manifold theorem [30]. In the proof of our main
result we use the center manifold theorem to show that expo-
nential instability, defined in terms of the spectral abscissa
of the linearization matrix, relates to a lack of Lyapunov
stability. For now, we just give a formal definition:

Definition 1: Let A (x) denote the linearization matrix of
a continuous-time, autonomous dynamical system around an
equilibrium x. The spectral abscissa of A (x) is

n(x) = o (xf)’n)ea(X),
where o(-) denotes the spectrum of a matrix. The equilibrium
x is exponentially unstable if n(x) > 0.

A. The Lohe model

The heterogeneous Lohe model on networks is given by
xi) Y kiX;, (1
JEN;

where Q’L € SO(TL), X; € Sn, and klj € (0,0C), klj = Cle-
are the coupling gains. The n-sphere is invariant under these

x; = Qx; + (1

dynamics by Nagumo’s invariance theorem since the right-
hand side of () belongs to the tangent space T,S" [31]. For
n = 1 we obtain the Kuramoto model on networks [20] after
a change from Cartesian to polar coordinates,

9.1' = W + Z k” 81n(9j — 01'), (2)
JeN;
where cosf; = (x;,e;), w; = (e, Q;ey).

The homogeneous Lohe model on networks is obtained by
setting €2; = € and is equivalent to the case of £2; = 0 [7],

Zi Z kl] 5 (3)
JEN;

The model (@) is the gradient flow of the disagreement
function V : (S™)™ — [0, o0) which is given by

V.= % 2 Z kij sz‘ - zyHg

i€V jeN,

Denote z := (z;)7,. Then

2= —gradV(z) = —(grad; V(2))iL,, 4)
where grad and grad; denotes the gradient on the sphere
with respect to z and z; respectively. The gradient
grad, V (z) is calculated in [6] by taking the gradient with
respect to z; € R", Vv,V = de/\/ k; and applying an

ij J’

orthogonal projection operator P; R T,8" to it,
grad; V(z) = P,V,V(z) = BRI
JEN;

The heterogeneous Lohe model () can be written as the
sum of a drift term and a gradient descent flow term,
x; = ;x; — grad; V(x), (5)
The drift term €2;x; cannot be written as the gradient of a
scalar field, since it would result in the Hessian €2, being
skew-symmetric. This, in turn, would contradict Schwarz’s
theorem on the equality of mixed partial derivatives. For the
Kuramoto model @) it is however possible to write this term
as the gradient of a potential function, see [32].
From a control theory perspective, the model (Il) may be
taken to represent a system with input u; : R"** — T,8",

Xi = Qixi + u;,

where x; € §", Q; € so(n), and the feedback law u; =
— grad; V(x) results in (3). The drift term 2;x; is assumed
to be unknown, but small. As such, it can be interpreted as a
form of bias or model error. An observer-based feedback
may be able to estimate and cancel the drift term. Here
we assume that such a feedback, or some other advanced
algorithm (cf. [4], [33]), is not used due to a requirement
that robots in the swarm are relatively cheap in terms of
sensors, communication ability, and computational power.



B. Notions of synchronization

To explain the goal of this paper we need some formal
notions of synchronization for the Lohe model.

Definition 2 (Phase synchronization): The system () is
phase synchronized if |x; — x;|, = 0 for all {i, j} € £.

Note that if the system is phase synchronized then x; =
Q,x; whereby the system will break away from phase
synchronization unless 2, = (2, i.e., unless the system is
homogeneous. Since this paper studies the heterogeneous
Lohe model we need a different notion of synchronization:

Definition 3 (Practical synchronization): The system ()
is practically synchronized if all agents are contained in an
open convex cone with angle less than 7/2.

For the homogeneous Kuramoto model there exists asymp-
totically stable equilibria that are not practically synchro-
nized, e.g., the g-twisted states

S, ={(0)iL, € [0,2m)N |6, = o + 24, p e [0,2m)}.

By contrast, for the homogeneous Lohe model, the only
asymptotically stable equilibrium set is phase synchroniza-
tion [6]. In this paper we show that this results extends to the
heterogeneous model: for sufficiently small frequencies €2,
the only stable configurations is practical synchronization.

Finally, we give a definition of dispersed equilibria. For
this we also need the concept of an open hemisphere. The
intersection of 8" and an open halfspace,

S A fx e R™ [ (x,y) > 0} = {x € 8" |(x,y) > O},

is an open hemisphere for any y # 0.

Definition 4: An equilibrium (x;)), is referred to as
dispersed if it there is no open hemisphere containing the
set {xq,...,xy} of all agents.

Note that a open hemispheres are the largest geodesically
convex subset of a sphere, i.e., there is a unique geodesic
between any pair of points in the set. As such, open
hemispheres are homotopic (topologically equivalent) to R".
There are a number of result about synchronization of various
Lohe models on hemispheres [10], [17]. However, due to
this topological difference, the global analysis of dispersed
equilibria presents additional challanges [1].

III. MAIN RESULTS

Because the full proof of our main result is long, it is easy
to get lost in the details. We provide a brief proof sketch to
explain the main ideas. All the details are in the Appendix.
Theorem 5: Any dispersed equilibrium of the heteroge-
neous Lohe model (@) on 8™ is exponentially unstable if the
frequencies €2, are small in the following sense

1
OlI:12)* < 5 —1-cos F)1—cos E),  (6)
i€V
where K = ming; jjee k;; and n > 2. The bound () is in
O(K/N?) for n = 2 and O(K/N?) for n > 3.
Proof sketch: Let A (x) denote the linearization of (I) at a
dispersed equilibrium x € 8™. The center manifold theorem
can be used to establish the instability of x when the spectral

abscissa of A(x), i.e., the largest real part Re a(x) of all
eigenvalues, is positive [30]. The linearization matrix A (x)
is the sum of a skew-symmetric and a symmetric matrix,

A (x) = diag(Qy,...,Qx) + B(x),

where B(x), the linearization of the homogeneous Lohe
model (@), is given in [6]. We can interpret the matrix A (x)
as a the result of perturbing the matrix B(x).

Let B(x) = max|y|,—1{v,B(x)v) denote the spectral
abscissa of B(x). By matrix perturbation theory [34],

16(x) = Rea(x)| < [A(x) - B(x)|2

1
= (Qlel3)*. @)
i€V
A lower bound for $(x) is given in [6]. Based on this
bound we derive the following inequality which holds at any
dispersed equilibrium x (see Definition [,

B(x) = %(n—l—cos%)(l—cos%). (8)

Suppose that the assumption (@) of Theorem [3] holds, then
oy L
1B(x) = Rea(x)] < (D 1€]3)

i€V
< niﬂ(n —1—cos )(1 —cos )

< B(x),

where we used (@), @). From |3(x) — Rea(x)| < B(x)
we get Rea(x) > 0. It follows that the equilibrium x is
exponentially unstable. [

Remark 6: Theorem [3] can be interpreted as a robustness
result for a previous theorem on almost global synchroniza-
tion of the homogeneous Lohe model [6]. We know that
a set of perturbed equilibria that is close to the consensus
manifold remains asymptotically stable [28]. In this paper we
show that all other equilibria remain exponentially unstable
for all Q; that satisfy (6). Compared to [6], the property
of almost global practical synchronization could not be
established for the heterogeneous Lohe model. The result
[6] utilize that analytic gradient descent flows have very
strong convergence properties [35]. These extend to some
multiplicative perturbations, but not to additive perturbations
like (@). In general, there exist cases where a set of expo-
nentially instable equilibria can be almost globally attractive
[36]. If the dynamics belong to a class of nice functions
(e.g., gradients flows of analytic functions on compact sets),
then such pathological behaviour is not possible. In our case,
the right-hand side of (I) is not a gradient descent flow.
In theory, it can not be ruled out that the behaviour of the
heterogeneous Lohe model (@) is pathological. However, it
is unlikely that (1) is a pathological case. Future work will
explore the convergence behavoir of the Lohe model (1)) near
exponentially unstable equilibria.

IV. FUTURE WORK

We provide an instability result based on the center manifold
theorem for the heterogeneous Lohe model. The litera-
ture already contains local stability results for the desired



equilibria, i.e., practical synchronization for the perturbed
consensus manifold [28]. Taken together, local stability of
desired equilibria and local instability of undesired equilibria
should amount to almost global asymptotical stability of the
desired equilibria. However, some technical issues prevent
this conclusion. The main question is if there exists trajec-
tories that do not converge to equilibria, e.g., limit cycles in
the case of large €2;, and how to account for them in the
stability analysis. Future work will bridge this gap in our
understanding and address the case of large perturbations.

REFERENCES

[1] S.P. Bhat and D.S. Bernstein. A topological obstruction to con-
tinuous global stabilization of rotational motion and the unwinding
phenomenon. Systems & Control Letters, 39(1):63-70, 2000.

[2] R. Sepulchre. Consensus on nonlinear spaces. Annual Reviews in

Control, 35(1):56-64, 2011.

J. Markdahl. Synchronization on Riemannian manifolds: Multiply

connected implies multistable. arXiv preprint arXiv:1906.07452, 2019.

A. Sarlette and R. Sepulchre. Consensus optimization on manifolds.

SIAM Journal on Control and Optimization, 48(1):56-76, 2009.

[5] R. Tron, B. Afsari, and R. Vidal. Riemannian consensus for manifolds
with bounded curvature. IEEE Transactions on Automatic Control,
58(4):921-934, 2013.

[6] J. Markdahl, J. Thunberg, and J. Gongalves. Almost global con-
sensus on the n-sphere. [EEE Transactions on Automatic Control,
63(6):1664-1675, 2018.

[7]1 J. Markdahl, J. Thunberg, and J. Goncalves. High-dimensional
kuramoto models on stiefel manifolds synchronize complex networks
almost globally. Automatica, 113:108736, 2020.

[8] M.A. Lohe. Non-Abelian Kuramoto models and synchronization.
Journal of Physics A: Mathematical and Theoretical, 42(39):395101,
2009.

[9] M.A. Lohe. Quantum synchronization over quantum networks. Jour-
nal of Physics A: Mathematical and Theoretical, 43(46):465301, 2010.

[10] J. Zhu. Synchronization of Kuramoto model in a high-dimensional
linear space. Physics Letters A, 377(41):2939-2943, 2013.

[11] D. Chi, S.-H. Choi, and S.-Y. Ha. Emergent behaviors of a holonomic
particle system on a sphere. Journal of Mathematical Physics,
55(5):052703, 2014.

[12] A. Crnki¢ and V. Ja¢imovi¢. Swarms on the 3-sphere with adaptive
synapses: Hebbian and anti-Hebbian learning rule. Systems & Control
Letters, 122:32-38, 2018.

[13] A. Crnki¢ and V. Ja¢imovi¢. Data clustering based on quantum
synchronization. Natural Computing, 18(4):907-911, 2019.

[14] S. Chandra, M. Girvan, and E. Ott. Continuous versus discontinuous
transitions in the d-dimensional generalized Kuramoto model: Odd d
is different. Physical Review X, 9(1):011002, 2019.

[15] S. Chandra, M. Girvan, and E. Ott. Complexity reduction ansatz
for systems of interacting orientable agents: Beyond the Kuramoto
model. Chaos: An Interdisciplinary Journal of Nonlinear Science,
29(5):053107, 2019.

[16] J.M. Montenbruck, M. Biirger, and F. Allgower. Synchronization of
diffusively coupled systems on compact Riemannian manifolds in the
presence of drift. Systems & Control Letters, 76:19-27, 2015.

[17] J. Thunberg, J. Markdahl, F. Bernard, and J. Goncalves. Lifting
method for analyzing distributed synchronization on the unit sphere.
Automatica, 2018.

[18] F.C. Hoppensteadt and E.M. Izhikevich. Weakly Connected Neural
Networks. Springer, 2012.

[19] F. Dorfler and F. Bullo. Synchronization in complex networks of phase
oscillators: A survey. Automatica, 50(6):1539-1564, 2014.

[20] F.A. Rodrigues, TK.D.M. Peron, P. Peng Ji, and J. Kurths. The
Kuramoto model in complex networks. Physics Reports, 610:1-98,
2016.

[21] R. Olfati-Saber. Swarms on the sphere: A programmable swarm with
synchronous behaviors like oscillator networks. In Proceedings of the
45th IEEE Conference on Decision and Control, pages 5060-5060,
2006.

[22] W. Song, J. Markdahl, S. Zhang, X. Hu, and Y. Hong. Intrinsic reduced
attitude formation with ring inter-agent graph. Automatica, 85:193—
201, 2017.

[3

[ty

4

finar

[23] P. Casau and C. Silvestre. Global asymptotic stabilization of spherical
orientation by synergistic hybrid feedback with application to reduced
attitude synchronization. In Proceedings of the 57th IEEE Conference
on Decision and Control, pages 1536-1541, Dec 2018.

[24] S. Al-Abri, W. Wu, and F. Zhang. A gradient-free three-dimensional
source seeking strategy with robustness analysis. IEEE Transactions
on Automatic Control, 64(8):3439-3446, 2018.

[25] W.Liand M.W. Spong. Unified cooperative control of multiple agents
on a sphere for different spherical patterns. IEEE Transactions on
Automatic Control, 59(5):1283-1289, 2014.

[26] D. Kim. Asymptotic behavior of a second-order swarm sphere model
and its kinetic limit. Kinetic & Related Models, 13(2):401, 2020.

[27] W. Li. Collective motion of swarming agents evolving on a sphere
manifold: A fundamental framework and characterization. Scientific
Reports, 5(13603), 2015.

[28] C. Lageman and Z. Sun. Consensus on spheres: Convergence analysis
and perturbation theory. In Proceedings of the 55th IEEE Conference
on Decision and Control, pages 19-24, 2016.

[29] H.K. Khalil. Nonlinear systems. Prentice Hall, 2002.

[30] S. Sastry. Nonlinear systems: analysis, stability, and control. Springer,
2013.

[31] F Blanchini and S. Miani. Set-theoretic methods in control. Springer,
2008.

[32] R.E. Mirollo and S.H. Strogatz. The spectrum of the locked state for
the Kuramoto model of coupled oscillators. Physica D: Nonlinear
Phenomena, 205(1-4):249-266, 2005.

[33] J. Thunberg, J. Markdahl, and J. Goncalves. Dynamic controllers
for column synchronization of rotation matrices: a QR-factorization
approach. Automatica, 93:20-25, 2018.

[34] W Kahan. Spectra of nearly Hermitian matrices. Proceedings of the
American Mathematical Society, 48(1):11-17, 1975.

[35] C. Lageman. Convergence of Gradient-Like Dynamical Systems and
Optimization Algorithms. PhD thesis, University of Wiirzburg, 2007.

[36] R.A. Freeman. A global attractor consisting of exponentially unstable
equilibria. In Proceedings of the 31st American Control Conference,
pages 4855-4860, 2013.

[37] J. Nocedal and S.J. Wright. Numerical optimization. Springer, 1999.

APPENDIX
A. The center manifold theorem

The indirect method of Lyapunov states that a nonlinear
system is unstable if the matrix that characterizes its lin-
earization has an eigenvalue with strictly positive real part
[29]. However, we must also account for the fact that ()
evolves on 8" « R""'. To this end, we use the center
manifold theorem. Extend the heterogeneous Lohe model
from 8™ to an open neighborhood of 8" in R"*\{0} as

Vi (Vi T Vi
ML) 2 ki, ©

JEN;

where v;(0) € R™"'. Note that |v;|3 is constant along
trajectories of the system since {(v;,v;> = 0. Also note
that @) and the linearization of (@ on (S™)" equals the
linearization of the heterogeneous Lohe model ().

The center manifold theorem states that the unstable
manifold at an equilibrium v of (@) is tangent to the unstable
subspace of the linearization of (@) [30]. Let x € (8")N c
RN be an exponentially unstable equilibrium of the
Lohe mode (1), then x is also an exponentially unstable
equilibrium of (@). Part of the unstable manifold of (@) at
x is tangent to T, (S™)". Note that this part of the unstable
manifold belongs to (Sn)N. To see this, follow a trajectory
on the unstable manifold that satisfies lim,_, ., v(t) = x.
Then ||v;(t)]la = [|x;]2 = 1 or else we contradict {v;,v;) =
0. As such, the equilibrium x of the Lohe model (), i.e.,
the restriction of (@) to (S™)", is not Lyapunov stable.



B. The linearized system

Recall that the Lohe model (1) is the sum of a drift term
and a gradient descent term, i.e., x; = §2,x; —grad; V. The
map from a system to its linearization is itself linear, so we
can linearize the two terms separetly. Note that y, = Q,y;
is linear. The linearization of the gradient descent flow z; =
—grad; V is given in [6].

The linearization of z; = — grad,; V' is given by the N (n+
1) x N(n +1) block matrix B(z) = [B,;] where each (n +
1) x (n + 1) block is

B _ { 2ien, kij(zj,2:)(L, — z;z;) if j =i,
ij

ki (L, — z;2;) (I, — ij—;) otherwise.

(10)

The linearization of (I) is hence characterized by a block
matrix A (x) = [A;;] where the blocks are given by

Q, + B,
-A-Z7 — { 1 + 11

if j =1, (1)

otherwise.

Equation (II) allows us to see the linearization matrix
A (x) as a perturbation of the matrix B(x),

A (x) = diag(Q4,...,Qx) + B(x), (12)

where we assume that || diag(Qy,...,Qx)[s is small. To
analyze the stability of A (x), we first find a specific lower
bound on the largest eigenvalue (the spectral abscissa) of
B(x). Then we use matrix perturbation theory in the case
of small [€2;], to bound the spectral abscissa of A (x)
below by a small positive number. The equilibrium x is then
exponentially unstable by the direct method of Lyapunov.

C. Eigenvalues of the symmetric matrix

The spectral abscissa ((x) := max|y|,—1{v,B(x)v) of

B(x) given by (I0) is bounded below as

B(x) > max —(w, B, w
()2 e, ¢ EZVJEZV ™
1 1
Z NtngD) 2 By > Nr D) >, D trBy
i€V jeV i€V JEN;
2
= W Z kij(—=ndxg, %) +n =1+ (x;,%x;)7),
{i.j}e€
where we have chosen v = %[WT, ...,w'] for any w €
R""" such that [w|, = 1 whereby ||v|, = 1. This expres-
sion is strictly positive for all n > 2 and all (z;)), ¢ C.
For future reference we define the lower bound of §5(x) as
a function

{i.j}e€
ie., B(x) = f(x) holds. Let 0,; denote the angle between

agent i and j, i.e., cosf;; = (x;,x;). Then we can write

fix— m 2 kij(n —1 —cosf;;)(1 —cosb;;).
{i.jte€

D. Optimization of bound

Note that f depends on x. To remove this dependence, we
minimize f over all dispersed equilibria. For an equilibrium
to be regarded as dispersed, by Definition ]l we require that
the set {xy,...,X,} is not contained in an open hemisphere
of §". The minimization must be done both with respect to
the graph G and the configuration x = (x;)2 .

Each term in f is positive, wherefore removing a link from
G leads to a decrease in f. It follows that the graph which
minimizes f is a tree. By definition of z being dispersed,
{x1,...,Xy} is not contained in a hemisphere. There must
hence be a tuple P = (iq,...,14;) for some k < N such that
Z?:l eijijJrl > . Note that f decreases with increasing
0;;. Hence, for any index 7 ¢ P, it is suboptimal to not set
0, = 0, where k is any neighbor of 4. There is no loss of
optimality in assuming that P = (1,...,N), i.e., G is a path.

The choice of agent placements that minimize f solves

min f = W 2 kij(n—1—cosb; ;11)(1 —cosb; ;1)

€V

Z 9i,i+1 =T,

i€V
where addition of indices is modulo N. The inequality in
the constraint has been replaced by an equality since p
decreases with increasing 0,;, i.e., it is suboptimal to chose
(x;)Y, such that Yiey Viiv1 > m. The coupling gains k;;
complicate the next step of the analysis wherefore we let
K := ming; jyee k;; and replace the problem by

min g(x) := ﬁl_{“) E(n —1—cosf; ;1)1 —cosb; ;1)
€V

e(x) =Y 0541 — 7 =0, (NP)
i€V

where 3(x) > g(x) with equality if k;; = K.

E. Solution to optimization problem for large N

To solve the nonlinear programming problem (NP), we use
the Lagrange conditions for optimality [37]. There is only
one constraint ¢(x) = 0, the gradient of which is non-zero.
The optimal solution hence satisfies

Vg(x) + Ae(x) = Vg(x) + A1 =0, (13)
where \ is a Lagrange multiplier and 1 = [1,...,1]". It
follows that

Sin 9i7i+1(n — 2COS 9i,i+1) = _w)\, (14)

where A < 0 is required for 6, ;,, € [0, 7] to exist.

Both factors in the left-hand side of (I4) increase on
[0,7/2] and decrease on [7/2,7]|. As such, the curve of
sin®; ;. 1(n —2cosf; ;1) can intersect a constant at most
twice on [0, 7]. Moreover, one of the solutions is larger than
7/2. However, since ).\, 0; ;11 = 7, at most one 6, ;; is
larger than 7/2. There are hence only two solutions to (I3):
either 0, ,,1 = n/N forall i € Vor 0;,,1 = ¢ > 7/2,
0,01 = (m—¢)/(N — 1), for all i € V\{j} (this is one
solution up to permutations of {1,..., N}).



Consider the case where 6, ;. ; = 7/N. Then the objective
function value is

2K

91 = pop(n—1—cos ) (1 — cos F;).

In the case when 6, ., = ¢, then the objective function
value is

2K(N—-1 ™ T
92 1= Hytaay (n =1 = cos F=8)(1 — cos F=5)+
Noagm (= 1= cos)(1 — cos p)

The value g; belongs to O(K/N?) since 1 — cosm/N €
O(1/N?) if n = 3 (or O(K/N") if n = 2) whereas g,
belongs to O(K/N) due to the second term being bounded
below by 2K (n—1)/(N(n+1)). As such, g is optimal for
sufficiently large N. Note that 6§, ;. = 7/N <1for N >5
and

due to 7> < 2N. Hence 0; i+1 = m/N is optimal for N > 5.

FE. Three special cases

Consider the remaining cases of N € {2,3,4}. If N =
then

2

=

(n—1),

g1 =

gy = n—lz(nf 1+ cosp)(1 4+ cosp)+
n—{il(n -1- cosgo)(l —cos )
=g+ n+1 cos ©.
If N = 3, then
91 = nLH(” i),
o = 3(3151)( —1—sing)(1 —sin £)+
3(251)( —1—cosp)(1—cosyp)
= nLH[n@ — %(28111 2 + cosy))
—2(1—1(1—cosp+ cos® ©))]
> nLH(” - %) > 01,

where we omitted a few steps. Finally, if N = 4, then

g1=Hiln=1-75)01 =)
= 22— V2)n-1),

n+1
go = Q(Ji]il)(n —1—cos 52)(1 — cos 52)+
2(7ﬁ1)(n —1—cosy)(1l —cosyp)
= n—lil[(Q icosgo — Msmcp)n—
(2 sin’ =+ %sm ©)]
(2 - 380 — L(3sin® 732 +sin’ @)
H@-2En -1 >a,

where we have omitted a few steps and V2 >3 \/3/4 can
be verified by numerical calculation.

G. Matrix perturbation theory

We have a lower bound for the spectral abscissa of the lin-
earization of the homogeneous Lohe model at any dispersed
equilibria. It remains to relate this result to the inhomoge-
neous Lohe model. This is done via the characterization
(@) of the linearization of the inhomogenous model as a
perturbation of the homogeneous model.

A Hermitian matrix X equals its conjugate transpose, i.e.,
X* = X. Given an Hermitian matrix X and an arbitrary
matrix Y, the following result from matrix perturbation
theory relates the spectrum of X + Y to the spectrum of
X and Y:

Theorem 7 (Kahan [34]): Let X € C"*" be a Hermitian
matrix with eigenvalues y; < ... < x,, and Y € C"*" be
an arbitrary matrix. Let o; with Reoy < ... < Reo,, denote
the eigenvalues of X + Y. Then

(Y (¢; —Re;)?)? < LY + Y¥|,+
j=1
z 1
GIY =Y* 3= ) (Imoy)*)=.
j=1
Note that for the case we are interested in, Y € so(n),
ie., Y =—Y.The inequality in Theorem [7] allows several
simplifications for Y € so(n), including

IXn = Reoy| < [Y]2.

Note that a sharper inequality could be obtainable if we knew
more about X; and 0. However, we are satisfied with this

rather elegant bound.
The spectral abscissa ((x) of the linearization matrix
B (x) of the homogeneous Lohe model given by (TI0) satisfies
Bx) = Hyn—1- (15)

T cos 7 )(1 —cos ).

The linearization matrix A (x) of the heterogenous Lohe

model is separated from B(x) by
A(x) — B(x) = diag(,...,Qy).

Let Re a(x) denote the spectral abscissa of A(x). By the
matrix perturbation result, Theorem [Z we have

|B(x) — Rea(x)| < | diag(€y, ..., )2 (16)
. 1
Note that || diag(€y, ..., 2y)l> = (X0, [€2;12). By the
assumption of Theorem [3
Z |€2; 15) 2 < n—H(n —1—cos&)(1—cos%). (17)

JjeV

Combine (I3)-(I7) to find |8(x) — Re a(x)| < B(x), which
implies Rea(x) > 0. Since a(x) is an eigenvalue of
the linearization matrix A (x) of the heterogeneous Lohe
model at any dispersed equilibrium x, it follows that the
heterogeneous Lohe model is exponentially unstable at x.
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