W) Check for updates

Received: 3 December 2020 Revised: 12 November 2021 Accepted: 14 February 2022

DOI: 10.1112/jlms.12619

Journal of the London
RESEARCH ARTICLE Mathematical Society

Robust edge modes in dislocated systems of
subwavelength resonators

Habib Ammari' | Bryn Davies’ | Erik Orvehed Hiltunen?

IDepartment of Mathematics, ETH

Ziirich, Ziirich, Switzerland Abstract

2Department of Mathematics, Imperial Robustly manipulating waves on subwavelength scales

College London, London, UK can be achieved by, first, designing a structure with

3 3 . .

Department of Mathematics, Yale a subwavelength band gap and, second, introducing a

University, New Haven, Connecticut, X . L.

USA defect so that eigenfrequencies fall within the band gap.
Such frequencies are well known to correspond to local-

Correspondence

X X ized modes. We study a one-dimensional array of sub-
Habib Ammari, Department of

Mathematics, ETH Ziirich, Ramistrasse

101, CH-8092 Ziirich, Switzerland. length band gap, and show that by introducing a disloca-
Email: habib.ammari@math.ethz.ch

wavelength resonators, prove that there is a subwave-

tion we can place localized modes at any point within the
band gap. We complement this analysis by studying the
stability properties of the corresponding finite array of
resonators, demonstrating the value of being able to cus-
tomize the position of eigenvalues within the band gap.

MSC (2020)
35J05, 35C20, 35P20 (primary)

1 | INTRODUCTION

Recent breakthroughs in the field of wave manipulation have led to the creation of structures
that can guide, localize and trap waves at subwavelength scales (that is, at spatial scales that are
significantly smaller than the operating wavelength) [2, 5, 7, 13, 40, 47-50, 52, 57, 58]. The building
blocks of these structures are subwavelength resonators: objects exhibiting resonant phenomena
in response to wavelengths much greater than their size. Examples include plasmonic particles,
Minnaert bubbles and high-index dielectric particles. The highly contrasting material parameters
(relative to the background medium) of these objects are the crucial mechanism responsible for
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FIGURE 1 We start with an array of pairs of subwavelength resonators, known to have a subwavelength
band gap. A dislocation (with size d > 0) is introduced to create mid-gap frequencies
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FIGURE 2 As the dislocation size d increases from zero, a mid-gap frequency appears from each edge of the

subwavelength band gap. These two frequencies converge to a single value within the subwavelength band gap as
d—>

their subwavelength response (see [6], also [3] for a general review). The goal for researchers, now,
is to develop robust versions of these designs, that retain their wave-manipulation properties even
in the presence of structural imperfections [4, 41, 42, 63, 64].

An approach to creating materials with low-frequency localized modes is to start with an array
of subwavelength resonators that exhibits a subwavelength band gap, that is, a range of frequencies
within the subwavelength regime that cannot propagate through the material. We then introduce
a defect to the structure. If done correctly, this perturbation creates subwavelength resonant fre-
quencies that are inside the band gap and correspond to resonant modes whose amplitude decays
exponentially away from the defect 7, 13, 18, 48, 54]. We will refer to these resonant frequencies
as mid-gap frequencies and the associated modes as localized modes.

It is widely understood that both the rate at which the localized mode decays and the stability
of the mid-gap frequency depend on the location of the frequency within the band gap [20, 46].
Typically, the localization is stronger if the frequency is closer to the middle of the band gap. More-
over, eigenvalues in the middle of the band gap are more robust to imperfections of the material,
particularly since a small perturbation is likely to keep the eigenvalue inside the band gap. With
this in mind, our aim is to introduce defects in such a way that we are able to place a mid-gap
frequency at any given point in the subwavelength band gap, enabling controllable and robust
wave guiding at subwavelength scales.

In this work, we will begin with a one-dimensional array of pairs of subwavelength resonators
which, we prove, exhibits a band gap within the subwavelength regime. We will then introduce a
defect by adding a dislocation within one of the resonator pairs (see Figure 1). We will see that, as a
result of this dislocation, mid-gap frequencies enter the band gap from either side and converge to
a single frequency, within the band gap, as the dislocation becomes arbitrarily large (see Figure 2).

The localized modes studied in this work are, in particular, edge modes. Localized modes are
known as edge modes when the defect responsible for their existence is the interface between
two materials with different bulk indices. Edge modes will propagate along the interface without
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entering the bulk of the material. The bulk index of a material is a topological quantity associated
with a periodic structure and it is well known that the interface of two materials with different
indices supports robust edge modes [4, 16, 33-35, 51, 53, 56, 62, 65]. A typical example of an edge
mode is that occurring at the interface between a material with non-zero bulk index and free space
(corresponding to the fact that free space has a bulk index of zero). It is in this sense that the two
localized modes studied here are edge modes, since it was proved in [4] that the corresponding
array of resonator pairs has non-zero bulk index.

There are a plethora of different ways to introduce an interface capable of supporting edge
modes. An example from the setting of the Schrédinger operator is to introduce dislocations to
periodic potentials. This has been widely studied in both one [21, 22, 25, 43, 44] and two dimen-
sions [36-39].

There are some important differences between the dislocation of an array of resonators (as
studied here) and the dislocation of a periodic potential. Most notably, when a periodic potential
is dislocated, the original configuration will be recovered periodically. Then, a quantity of interest
is the edge index, which can be defined as the net number of eigenvalues which cross a band gap
over a period of dislocation (see, for example, [17, 22]). If the edge index is non-zero, it means that
a mid-gap frequency can be placed at any given position within the band gap (which, we said,
is our goal). Moreover, according to the bulk-edge correspondence [22-24, 29-31], the edge index
coincides with the bulk index of the structure without dislocation.

In our setting, we will not periodically recover the original structure as we increase the dislo-
cation and will, instead, produce two coupled half-space arrays. As the dislocation is increased,
the coupling between the two halves will diminish and both mid-gap frequencies will converge to
a single frequency. This single frequency corresponds to the edge mode of a half-space array, the
existence of which is predicted by the bulk-edge correspondence. In contrast to the dislocation
of a periodic potential (as in [21, 22, 25, 43, 44]), there will always be either O or 2 edge modes in
the present case. There are two main results of our analysis of the dislocated infinite structure.
First, we will show that when a dislocation is introduced, a mid-gap frequency enters the band
gap from each edge (Theorem 3.18). Following this, we prove that there are two mid-gap frequen-
cies which converge to a single frequency within the band gap as the dislocation becomes large
(Theorem 3.36). These two frequencies correspond to the hybridized modes of two semi-infinite
arrays.

Physical realizations of the infinite structures studied here are arrays of finitely many res-
onators, corresponding to truncated versions of the infinite structures. To complement the afore-
mentioned analysis, we also study a finite array of resonator pairs to which a dislocation is intro-
duced (Section 4). We show that, similar to the infinite structure, the finite array decouples into
two half-systems as the dislocation increases and the two half-system hybridize for intermediate
dislocations. We also conduct a stability analysis to demonstrate that the edge-mode frequencies
are more stable with respect to physical imperfections than frequencies in bulk of the bandgap.
We also demonstrate that the optimal stability is achieved when the frequency is in the middle of
the band gap.

2 | PRELIMINARIES

In this section, we briefly review the layer potential operators and Floquet-Bloch theory that will
be used in the subsequent analysis. More details on this material can, for example, be found
in [8].
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2.1 | Layer potential techniques

Let Q C R? be a bounded domain such that 6Q is of class C'* for some 0 < s < 1. Let G° and G¥
be the Laplace and outgoing Helmholtz Green’s functions, respectively, defined by

eiklx=yl

Gr(x,y) := x,y € R% x # y,Re(k) > 0.

Camlx -yl

We define the single layer potential Sg 1 L2(0Q) — Hlloc([R3) by

SE[B1x) 1= /a G0 o). xR

Here, the space Hlloc(lR3) consists of functions that are square integrable on every compact subset
of R3 and have a weak first derivative that is also locally square integrable. It is well known that
the trace Sg : L2(3Q) — H'(3Q)is an invertible operator (see, for example, [8, 55]). Here H'(dQ)
denotes the set of functions that are square integrable on Q and have a weak first derivative that
is also square integrable.

We also define the Neumann-Poincaré operator ]Clé’* 1 L2(0Q) — L*(3Q) by

KL g]x) 1= /a ) 2 G b0 oy, x €00,

where d/dv, denotes the outward normal derivative at x € dD.
The following so-called jump relations describe the behaviour of the trace of Sg on the boundary
0Q (see, for example, [8]):

SE#]], = SKlell_,

and

9 sk [qb]|i = <i%1 + ;cg*)[m,

3y -0

where |, and |_ are used to denote the limits from outside and inside Q, respectively, and I is the
identity. When k is small, we have the following low-frequency expansions [6, Appendix A]:

Sk =83 +0k), K& =Ky +0K?). 2.1)
Here, the error terms are with respect to the operator norms in B(L?(8D), H' (D)) and B(L?*(dD)),
respectively, where B(A, B) (respectively, 3(A)) denotes the space of bounded linear operators
A — B (respectively, A — A).

2.2 | Floquet-Bloch theory and quasiperiodic layer potentials

A function f(x) € L?(R) is said to be a-quasiperiodic, with quasiperiodicity a € R, if 1% f(x)
is periodic. If the period is L € R*, the quasiperiodicity a is an element of the torus
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Y* = R/ZT”Z ~ (—r /L, /L], known as the Brillouin zone. Given a function f € L*(R), the Flo-
quet transform of f is defined as

FIflx,a) i= Y fx — Lm)ell™,

mezZ

F[f]is always a-quasiperiodic in x and periodic in «. Let Y, = [-L/2,L/2) be the unit cell for
the a-quasiperiodicity in x. The Floquet transform is an invertible map F : L*(R) — L*(Y, X Y*),
with inverse (see, for instance, [8, 45])

FHglx) = % /* g(x,a)da, x€R,

where g(x, @) is the quasiperiodic extension of g for x outside of the unit cell Y.

We will consider a three-dimensional problem which is periodic in one dimension. Define the
unit cell Y as Y := Y, x R%. The quasiperiodic Green’s function G%¥(x, y), for x,y € R3, is for-
mally defined as the Floquet transform of Gk(x, ¥) in the x; direction with fixed y, that is,

eiklx—y—(Lm,0,0)I
e
4r|x —y —(Lm,0,0)|

ialm

G k(x,y) 1= — Z

mez

Ifk # o+ 2T"ml for all m € 7, it is known that this series converges uniformly for x in compact
sets of R3, x # 0 (see, for example,[8, Section 2.12]).

Let Q be as above but with the additional assumption that Q € Y. The quasiperiodic single
layer potential Sg’k is defined analogously to S¥, by

SEH[B1(x) i = /5 G0 do), ¥ e R

It is known that Sg’o 1 L2(6Q) — H'(3Q) is invertible if a # 0 [8]. There are also jump relations
for the quasiperiodic single layer potential, given by

S]], = SE 91|, 22)

and
2 sakigl|, = (251 + 07 )ig] ond0, 23)

—ct ks s e . . . .
where (K Qa )* is the quasiperiodic Neumann-Poincaré operator, given by

(K=Y [p)x) 1= /6 2 Gk x, p)p(y) do(y).

Q avx
For small k, we have the following expansions [8]:

SEk =S50+ 00, ()" = U™ + 06k, @9
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FIGURE 3 Example of the array in the case d = 0. The resonators are drawn to illustrate the symmetry
assumptions

As before, the error terms are with respect to the operator norms in B(L?(dD), H'(3D)) and
B(L?*(dD)), respectively.

3 | INFINITE DISLOCATED SYSTEM

We will now study the problem of the dislocation of an infinite array of resonators. We will show
that, in the case corresponding to non-zero bulk index, there are two mid-gap frequencies. These
cover an interval in the middle of the band gap as the dislocation is varied. In Section 3.1 we study
the periodic system, that is, the system without dislocation, and prove that it has a subwavelength
band gap. In Section 3.2, we study the dislocated system in the asymptotic case when the dislo-
cation d is arbitrarily small. We show that as the dislocation increases from zero, two mid-gap
frequencies appear, one from each edge of the band gap. In Section 3.3, we study the case when
the dislocation size is an integer number of unit cell lengths L, using the fact that this special
case is equivalent to removing a finite number of resonators from the periodic structure. Here,
we prove the existence of two mid-gap frequencies in the simplest case d = L, which corresponds
to removing two resonators. We also show that in the limit when d — oo, any mid-gap frequency
corresponds to two, hybridized, frequencies when d is finite. Finally, in Section 3.4, we study the
dislocated system for a general dislocation that is larger than the width of one resonator. These
values of d include those in Section 3.3, but the corresponding integral operator is significantly
harder to analyse. The main goal of this section is to prove that all mid-gap frequencies will be
bounded away from the edges of the band gap. In Section 3.5, we combine the results of Section 3.3
and Section 3.4 to conclude that the two mid-gap frequencies found in Section 3.3 will converge
to a single point as d increases and therefore fill an interval in the middle of the band gap.

We first describe the geometry of the periodic structure, that is, the case without dislocation,
depicted in Figure 3. Let Y = [—L/2,L/2] x R? be the unit cell, Y; = [-L/2,0] x R?> and Y, =
[0,L/2] X R?. For j = 1,2, we assume that Y j contains a resonator D, which is a bounded domain
D; cY;suchthatdD; € C LS for some 0 < s < 1. We denote a pair of resonators, a so-called dimer,
by D = D; U D,. We assume that the resonators in each dimer are separated by distance l and that
each individual resonator has reflection symmetry. More precisely, we assume that

RD,=D,, R,D=D, (€R))
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where R, is the reflection in the plane {—1/2} x R? and R, is the reflection in the plane {0} X R
Observe that R, := R,R, R, describes reflection in the plane {I/2} x R? and therefore the assump-
tions (3.1) also imply that

R,D, = D,.

Starting from the periodic system, we assume that half of this structure is dislocated along the
X;-axis. Let v = (1,0,0) and let d denote the dislocation size. We then define the periodic and
dislocated systems, respectively, as

Go=UDpr = dr|v|lDpr+av|

mez mez~ meN
Jj=12 j=1,2 j=12

Here, we use the notation
m __ 7 —
D}. _Dj+va, j=12, mez,

for the resonators in the mth unit cell. We introduce the notation I, = [/L, that is, [, is the ratio
of the separation of the resonators to the unit cell length. There are two fundamentally different
cases: [, < 1/2and [, > 1/2.In the first case, the dislocation occurs between dimers of resonators,
keeping each pair of resonators intact. The second case corresponds to the dislocation occurring
within a dimer, splitting one pair of resonators into two ‘edge’ resonators. The case [, > 1/2 was
illustrated in Figure 1, which, we will show, is the only case with mid-gap frequencies.

Wave propagation inside the infinite dislocated system is modelled by the Helmholtz problem

Au+a*u=0 inR3\ 4C,,
ul, —ul_=0 on dC,,
3 3.2)
56_u - 6_u =0 onadCy,
av|, OJvi_
u(xy, X5, X3) satisfies the outgoing radiation condition as / x% + x§ - 0.

Here, 8/9v denotes the outward normal derivative and |- indicates the limits from outside and
inside D, respectively. Moreover, w corresponds to the frequency of the waves. The outgoing radi-
ation condition for the scattering from non-compactly perturbed structures amounts to choosing
the outgoing Green’s function in Section 3.2 and thereafter [59, 60]. We refer to [1, 32] for the def-
inition of the outgoing radiation condition for the scattering from compactly perturbed periodic
structures. The material parameter d represents the contrast between the material inside the res-
onators and the background medium.
We assume that & satisfies the high-contrast condition

k1.
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This assumption is crucial for subwavelength resonant modes to exist, see for example. [3, 6]. Phys-
ically, it means that the resonators interact strongly with waves whose wavelength is considerably
larger than the resonators themselves.

We denote the spectrum corresponding to the problem (3.2) by A(d), and w such that w? € A(d)
are called resonant frequencies. We say that a resonant frequency w is subwavelength if w scales as
O(\/g) as § — 0. By a mid-gap frequency, we mean a value w > 0 that is in the subwavelength
regime and is such that w? € A(d) but w? ¢ A(0). Here, the condition w? ¢ A(0) means that w is
within the band gap of the periodic system. Corresponding edge mode u is L?-localized in x,, that

is, [, lu(xy,x,,%3)|? dx; < o0, and satisfies the outgoing radiation condition as \/xg + x§ — 0.

It is worth emphasizing that, due to radiation in x,- and x;-directions, the resonant frequencies
are complex with negative imaginary parts when the quasiperiodicity « is around the origin. Nev-
ertheless, as we will see in Theorem 3.2, the resonant frequencies are real at leading order and,
moreover, the mid-gap frequencies are real.

3.1 | Periodic system

This section concerns the infinite system in the case of no dislocation. We first state some prelim-
inary results from [4] concerning the capacitance matrix. In Section 3.1.2, we prove the existence
of a band gap between the first and the second band, which is a strengthening of a result from
[4]. Moreover, we derive the asymptotic behaviour of the integral operator corresponding to the
periodic problem as the frequency w approaches the first or the second band.

Taking the Floquet transform of the solution u to (3.2), the a-quasiperiodic component u* sat-
isfies the Helmholtz problem

Au® + *u® =0 inY \éD,
u*|l, —u*|_=0 on dD,
a a
du _ Gu =0 ondD,
ov |y ov

' _ 3.3)
e—loleua(xl’ Xy, X3) is periodic in x;,

u®(xy, x5, X3) satisfies the a-quasiperiodic outgoing radiation

condition as | /xZ + x§ - 0.

It is well-known (see, for example, [9, 12, 14]), that (3.3) has two subwavelength resonant fre-
quencies w;?‘, j =1,2. We refer to [8] for the definition of the a-quasiperiodic outgoing radiation
condition. Crucially, when w is real and || > w, the a-quasiperiodic outgoing radiation condition

L

states that the function is exponentially decaying as 4/ x% + x§ — o0. Recall that we are studying

the subwavelength regime w = O( \/5)_ Therefore, when |a| > K > 0 for some constant K, and for
small enough &, the subwavelength resonant problem (3.3) can be viewed as the spectral problem
for a self-adjoint operator. Consequently, the subwavelength resonant frequencies coj‘, j=1,2,are
real-valued for |a| > K > 0 (see also [3] for a detailed discussion of this).
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Next, we formulate the quasiperiodic resonance problem (3.3) as an integral equation. The solu-
tion u® of (3.3) can be represented as

Sp [$71100,  x €Dy,
u*(x) = Sh. [¢7'1(x), xe€D,,
SPC[901(x), x €Y \D,
for some densities ¢f’i € L*(dD,), ¢;"i € L?(dD,) and ¢*° € L*(8D) (here, the superscripts i
and o indicate inside and outside, respectively). Throughout, we will identify L*(D) = L*(D;) X
L*(8D,). With this identification, we write $*' = (¢, ¢5).

Using the jump relations (2.2) and (2.3), it can be shown that (3.3) is equivalent to the boundary
integral equation

A%(w,8)[®%] =0,

where
K —S%e ¢oc,i
AY@,8) = 1, "o Lo ), @Y= < ) (3.4)
SRIEY —5(51 + (K@) ) $0
and the operators $2 and K" are defined on L?(8D) = L*(3D,) x L*(3D,) as
S® 0 k20
o — [ "D ) Gl (3.5
’ w3 | - .

Here, and throughout this work, the block-matrix definition is used to reconcile the domains of
the operators; both S'CD" and Sg’“’ are operators on L?(dD), however, S’g is defined piecewise on
L?(dD,) and L?(dD,) through (3.5).

Remark 3.1. Here, we use the standard single-layer potential to represent the solution inside the
resonators. This leads to a block 2 X 2 integral equation, which might seem more complicated than
the scalar integral equation studied in [4]. However, this representation will, in fact, simplify the
analysis of the fictitious sources used later in this paper. Another advantage of this representation
is that it easily generalizes to the case of different wave speeds inside and outside the resonators.

3.1.1 | Quasiperiodic capacitance matrix

In this section, we state some results from [4] on the quasiperiodic capacitance matrix. Let VJO.‘ be
the solution to

AVE =0 in Y\D,
a _
Vi= 8ij on 0D,
Qe Vj‘(xl, X5, X3) is periodic in x,
a _ 1 2 2 : :
Vi (x1, %5, x3) = O< x2+x2> as 4/x5 + x; — oo, uniformly in x;,
2 3
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where §;; is the Kronecker delta. We then define the quasiperiodic capacitance matrix C% = (le"j)
by

Cf‘.:=/ VVE.VVEdx, i) =1,2
J o j

The main motivation for studying the capacitance matrix is given in the following theorem, proved
in [9, 10].

Theorem 3.2. The subwavelength resonant frequencies w;‘ = w;‘(é), j =1,2, of the operator
A% (w, 8), defined in (3.4), can be approximated as

5/1;‘
¥ =1/ — + 0(9),
J V |D, |

where A%, j = 1,2, are eigenvalues of the quasiperiodic capacitance matrix C* and |D, | is the volume
of each individual resonator.

In other words, this theorem says that the continuous spectral problem (3.3) can be approxi-
mated, to leading order in J, by the discrete eigenvalue problem for C*.

Lemma 3.3. The matrix C* is Hermitian with constant diagonal, that is,
a _ a _ o
CL=CLER, C},=C] €C.

Using the jump conditions, in the case a # 0, it can be shown that the capacitance coefficients
C;"j are also given by

a _ a s s
Cij_ ADZP] dO', l,J_lsz,
where z,b;?‘ are defined by
¥l = (SS’O)‘I[)(aDj]-
Since C“ is Hermitian, the following lemma follows directly.

Lemma 3.4. The eigenvalues and corresponding eigenvectors of the quasiperiodic capacitance
matrix are given by

a_ o _ |«
Al_cll C12’

L
N

a 1
g-cselerl (§)- 7
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where, for a such that C;‘Z #0, 0, € [0,2n) is defined to be such that

C(X
12

=—=.
ICY,

i6

Using these eigenvectors, we define bases {u{, u3}, {x7, x5} of ker (—%I + (ICB“’O)*)

and ker (—%I + IC%’O), respectively, as

uf = L(_eiealp? + %X) ug = L(eiem,bi‘ + ¢c21>
V2 V2
a 1 i6 a 1 i6
X = —(—e or)(aDl + )(aDZ), Xy = —(e or)(aDl + X@DZ).

V2 V2

Observe that (x 7', u;‘) = —6; jA" for i, j = 1,2. Here, (-, -) denotes the L?(8D) inner product

(u,v) = /a D) do0)

In the so-called dilute regime, the capacitance coefficients can be computed explicitly. This
regime is defined by expressing the two resonators D; and D, as rescalings of the two fixed
domains B; and B,:

for some small parameter € > 0.
We define the capacitance Capyp, of the fixed domains as

Capy. = —/ Pp. do,
] aBl L

where ¢ 1= (Sg.)_l[ )(aBi]. Due to symmetry, the capacitance is the same for the two domains
and therefore will simply be denoted by Capy;

Cap.p, = Cap.p, =: Capgp.
Rescaling the domain, we have that
Cap.p, =¢Capg 1=1,2.
Similarly, by rescaling, we find that the capacitance coefficients satisfy
|Cffj| <eC i,j=1,2, 3.7)

for some constant C independent of « € Y*.
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Lemma 3.5. We assume that the resonators are in the dilute regime specified by (3.6). Then, for
every &, > 0 and p € N there exists a constant A, such that we have the following asymptotics of the
capacitance matrix Cf‘j fore <¢,:

elmaL

(eCapp)?
C* =¢C — E + o(e?),
11 — €-2app . P [mL| o(e”)
(eCapp)? - elmal
C% = — + o(e?),
12 4r Z |mL + 1| )

m=—oo

uniformly in a for |a| > ApeP.

Lemma 3.5 is a generalization of a result from [4] and shows, essentially, that for smaller ¢, the
asymptotic formulas are valid for « closer to 0. Lemma 3.5 can be proved by following the steps
in [4] under the additional observation that the sums have a logarithmic behaviour as ¢ — 0:

eimaL
2 = —log (2 — 2 cos(aL)).

3.1.2 | Bandgap opening and singularity of .A*
The next theorem describes the subwavelength band gap opening and the edge points of the bands.
Theorem 3.6. In the dilute regime, we have

max A% = A7/E

. /L
] U min A% = A7/
aey* aey*

2T M o
for € small enough.

Proof. Observe first thatif [, > 1/2, we can redefine the unit cell so that [, < 1/2, without chang-
ing the band structure. Therefore, it is enough to consider the case [, < 1/2. We have

Af = Cizl - |C§x2
< Cf} +Re (CY,)

1
= ECap%,

where Cap{) is the capacitance of D defined by

-1
Cap, = / (55°) Lxspldo.
oD

Using the variational characterisation of Capj), in the same way as in [14], it is shown that the
/L

12 1S a non-positive

maximum of Cap, is attained at « = 7r/L. Moreover, in the dilute regime, C
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real number [4]. We therefore have

/L _ 1 /L
Al = ECapD s

so the maximum of A7 is attained at @ = 7 /L.
We now turn to the second eigenvalue A7. Similarly, we have

A3 =CH +ICy
> C§ —Re (CY)). (3.8)

We can formulate a variational characterization for C{| — Re(CY,) in terms of the Dirichlet energy.
Let C° be the set of functions in C*(Y) that can be extended to a-quasiperiodic functions in

C*(R?) decaying as O((x3 + xg)‘l/z) as 4/x3 +x3 — oo. Let

H= vGHlloc(Y))v(xl,xz,xQ:O 1 as\/x§+x§—>oo

and let 7, be the closure of C3° in H. Then define (see, for instance, [55])

Va:{veHa

We then have the variational characterization

v=—i ondD;,v = LonaDz}.
V2 V2

CY —Re(CY)) = min/ |Vu|? dx. (3.9)
Y\D

VEV,

Indeed, the minimiser v, satisfies Av, =0 in Y \ D and therefore v, = %(—V{‘ + V%). Equa-
tion (3.9) then follows by expanding the integral.

Define V = Uy« V,. From (3.9), we find

min [Cf; - Re(CF; )] = min /Y Vol ax

Because of the symmetry of D, the corresponding minimizer v, is an odd function in x;. In other
words, v, is a 7 /L-quasiperiodic function, so

. L L
min [C, —Re (€%)] = C}/* —Re (/). (3.10)

At a =7 /L, (3.8) is an equality. This, together with (3.10), proves that the minimum of 17 is
attained at « = 7 /L. O
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Corollary 3.7. In the dilute regime and with & sufficiently small, there exists a subwavelength band
gap between the first two bands if |, # 1/2, that is,

/L
1

max Re(w]) = /t

T
<w,
agy

— 1 a
= orcrenyn Re(w?),
for e and & small enough.

Proof. Again, it is enough to consider the case [, < 1/2. Given a constant K > 0, we know that we
can choose § small enough so that o] and w] are real-valued for |a| > K. Corresponding Bloch
modes are exponentially decaying away from the resonators. From Theorems 3.6 and 3.2, it follows
that

max Re(w]) = max o], min Re(w)) = min wj.
agey* |a|>K aey* |a|>K

Let C2° be the set of functions in C*(Y) that can be extended to a-quasiperiodic functions in
C*(R?) decaying exponentially as 1/x2 + x3 — oo. Let H be the set of functions in H'(Y) which

decay exponentially as /x5 + x5 — co and let H,, be the closure of C2° in H. Let p(x) =1+
(67! = 1)xp, and let R(v) denote the Rayleigh quotient

o|Vu|? dx
Jy plvl? dx
The Bloch mode vf/ Lata =7 /Lis an even function and hence vf/ L lsy = 0. Therefore vf/ Le H,

for each a with |a| > K, and so

a

/L
1 1 -

¢ = min R(v) < min R(v) =w

vEH, VEH /1,
Next, take v € span(vi‘)l and write

v=w, +w, W € span(vf/ by /by,

, Wy € span(v1

where (-% denotes the orthogonal complement with respect to H,,. Since R(v) > R(w,) we have

wj = min R()> min R(@) > min R() = co;z/L.
vespan(v§)t vespan(uf”‘)(lv“) Uespan(vf/")(i,n/L)
Finally, from [4], we know that if [, # 1/2, then /1711/ L« A;T/ L Hence, Theorem 3.2 gives us that
cof/ L« wg/ L, which concludes the proof. O

Remark 3.8. If I, = 1/2, it follows using arguments analogous to those in [9] that the band gap
closesata = 7 /L:
m/L _ w?T/L.

@ 2



ROBUST EDGE MODES IN DISLOCATED SYSTEMS OF SUBWAVELENGTH RESONATORS | 15

Next, we will explicitly describe the behaviour of (A%(w, §))~! as w approaches the edge of the
first or the second band. The results are similar to Lemmas 4.1 and 4.2 of [13], but generalized to
the case when D consists of two connected domains of general shape. Throughout the remainder
of this section, we assume that |a| > K > 0 for some K.

. . . . 1 —a,0
Using uf, ug, x{ and x5 as defined in Section 3.1.1, we decompose the operator ST+ K,

as

ey =P 40

2 D —Ta a’
where

X X3 1 e Ona
P, =- 27 uf — 2@ us, Qa=5+(lCD“’) -P,.
1 2

Then it follows that Q,, [u;."] =0and Q}[ )(l.“] = 0 for i = 1,2. Here, Q}, denotes the L?(dD)-adjoint
of Q,. As we will see, the reason for using this decomposition is that Q. will only contribute to
higher order terms when computing the inverse (A%(w, §))~!.

We consider the limit as & goes to zero. Recall that for w inside the corresponding band gap, we
have w = O(\/g). Using the operators P, and Q,, along with the expansions in (2.1) and (2.4), we
can decompose the operator A%(w, §) as

S —g%e 0 0 0 0
a _ D D | _ _ 3/2
A%(@,8) <—%I+IC;;’* ! > 5(0 Pq) 5(0 Qa> +0(8%2),

with respect to the operator norm in B((L?(D))?, L*(dD) x H*(dD)). We define

sy S5 0 0
AO(CO) = 1 D a0, % b , Al(CU, 6)=1- sA-T < > .
(_EI + ICD 0 0 \o P,

We introduce the basis {u,,u,} of ker (—%I + I@OD’*) C L?(dD) as

é<_eiea¢1 + z,b2>, U, = é(ew“/’l + ¢2>’

u1=

where ¢; are defined by
— (g0 -1
'(,bj = (SDj) [X@Dj]'
We then have the following result.

Lemma 3.9.

(i) Forw # 0, A, : (L*>(dD))* — (L*(dD))? is invertible and, as w — 0,
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(Xop,» )1 + (Xap,» )92
0 - > +0
Aal = o D | o ’
—(Sg"))_l 0@ _ Wap,» Y7 + Kop,» %5 N O(
w?|D, |

g~

g~
N—— N——

with respect to the operator norm in B(L*(3D)), where | D, | denotes the volume of D,.

a

B 28
(ii) For w # ID_JI’ A, : L*(dD) — L?(dD) is invertible. As § — 0 and w = C\/gfor C+# L
1

[Dy
we have
L1 —P(Pl)‘l)
ATl = ( a/ + O(w)
1 1 .
0 (Py)
with respect to the operator norm in B((L?>(dD))?), where
P= 2 (G + () P L = (G + G ).
Cl)2 |D1 | 1 2 a 0)2 |D1 | 1 1 2 2
Proof of (i). Using block matrix inversion, we find that
1 poe\
0 (—51+%57)
Ayl = 2 (3.11)

_(Sa,w)*l (Sa,w)*lg-w(_ll_i_léw,*)_l ’
D D D 2 D

which is well defined since —%I + K" : L*(6D) — L*(dD)is invertible for w # 0 forbothi = 1,2,
see, for instance, [8]. Here, $2 and K" are defined in (3.5).
From the low-frequency expansion (2.4) of Sg’” we have

(529 = (529) "+ o o)

in the operator norm. The operator (—%I + K"~ is known to be singular at w = 0, see [8].
Explicitly, we have

1 w*)—l (Xop;»*)
—=I+ K] =——9; + Ri(w),
(51 + x5 AT YRARRAC)

where R;(w) = O(1) as w — 0. Since |D; | = |D,|, we have

B (Xap,» )1+ (Xop,> P2
w?| Dy

(~2r+ ;e;;’*)_l - +o(), (3.13)
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with respect to the operator norm in B(L?(8D)), where we, as before, identify L>(6D) = L*(8D,) X
L?(8D,). Moreover, we know that SE gl = Xop, O(w) and so

[e4 a
wn—law( 1 sws\" _ Xapg 0T+ (Xap, )P3 1
(55°)7"Sp(—51+K5") = D] +0(-). (3.14)
Combining equations (3.11), (3.12), (3.13) and (3.14) proves (i). O

Proof of (ii). From (3.13), we have

Oy u + (x5, My +O( >

1 Aco*)_l
—ZI+KR%") P =-—
( 2 D “ w?|D; |

1
=)

Similarly, we have

—1 A 1 N -1 (X%’>ui(+<)(g’>ug 1
S 13‘”(—-1+1€“’**) P, =— +o(—).
( D ) D 2 D a wlell w
We then find that
é
m((%fv)% +<Xg,'>”2)
A = @ + O(w).
(04 o4 a a
0 I+ m((%l,'wl + (x5, us)
Define
— 5 a a
P = m((%l oy + (xS ),
and
L é
PO( =I+ C()ZID1| (<X?’ '>u(f + <Xg’.>ug)'

The leading order of A, is invertible precisely when P(Jx- is invertible. This occurs precisely when
Pj;uf‘ #+ 0fori = 1,2, that is, when

4 5/1;" ;
W — fori=1,2.
| Dy
Moreover, we have
1 —p(PH)™"
Al_l = J_a—l + O(CU)
)

o (P

This shows (ii). O

The following result can be proved by using the same arguments as those in [13].
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a

22
Lemma 3.10. As§ - Oandw = C\/gforC # ID] > we have
1

(A%(w,8) " = AT AT + 0(6)),
where the error term is with respect to the operator norm in B((L*(dD))?).

Based on this lemma, we can explicitly compute (A%(w,5))"!. We have as § — 0 with w =
C51/2’

(A%(w,8))" = ATTASI(I + O(5))

) (1 —P(P;)'l> 0 _<X5Dl’.>zil2|;<}|(w2’.>¢2 +0(3)

o (P ~(52) " + 0(w?) oy '>¢£2|+D21)|(6DZ">¢3 + o(i)

P(PL) 7 (529) ™ + O(w) _ ep,» ')lf:z';i)'(auz, Rh2 (P1)” (Xop,> ')Abjz;i)lfapz, b3 N O<é>
e s 0w () W oL |

where the error terms are now with respect to the operator norm in B(L?(dD)). We will simplify
the elements in the right column in the above expression, which is the part of (A%*)~! that is
relevant for the rest of the work. Define

_ A A
.A“(co, 5) 1_ < 11 12) )
( ) A21 A22

‘We can compute

—i6

(a) 1/’1 \/5(602—(60?)2 U \/5 COZ—(CO?)Z L) @

(PL) s = ﬁ%) .

with respect to the L>(dD)-norm. Then we obtain

a)2 )2
Py = — (a::z) u; + O(w), Puj = —(C:);)uz + O().

Consequently, we have

(XaDl">¢12+ (Xap,» )2 ( l)_1<',)(anl>¢?+<X5D2,'>1/’§‘ +O( >
w?|D | “ w?| D |

elr

12= —
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_<X5D17'>¢1 +(Xop,» V%2 SR (wf)z RaRLT (cug‘)2
@?| Dy | @Dy \ w2 - (w2)* ) @Il \ @ = (w%)

2

+o(=), (3.15)

1
w

and

Ay =—(P;)

—1{Xap,> W+ ()(aDz,‘Wg N O< 1 )

502|D1|

R SR w? (X%, yus o2 .

2

w

with respect to the norm in B(L?(dD)). The singularity of A% as w — @] orw — @ is, to leading
order, described by the operator Poit. Defining

o [ o —du;’.‘
“’() ‘I’f‘<x5‘ |

the above computations imply the following result.
Proposition 3.11. Asw — coj‘, Jj =1,2, we have

(D%, - )YP*
L S + R (w),

%, S -1 _
(A (@, 8)) 2cu;’.‘|D1| w—w;’.‘

where Rj‘ (w) is holomorphic for w in a neighbourhood of cu;?‘.

3.2 | Dislocated system for small dislocation

In this section, we study the problem when a dislocation is introduced so that half of the array of
resonators is translated in the x;-direction. We will model the defect problem using the fictitious
source superposition method [7].

3.2.1 | Fictitious sources for dislocated resonator with a small dislocation

Here, we briefly describe the method of fictitious sources for a single translated resonator, in the
asymptotic limit when the translation d — 0. This will be developed for use on a dislocated array
in Section 3.2.2. Throughout this subsection, Q denotes a bounded domain such that 6Q € C Ls,
Qg :=Q+dv and U is a neighbourhood of Q U Q. Although this subsection is phrased for a
general domain Q, we think of Q as a pair of resonators in the dislocated array (Figure 4).
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U

FIGURE 4 A dislocated pair of resonators in the case of a small dislocation d. Legend: = resonator with
fictitious sources, - - - dislocated resonator

We define the maps
p:0Q—-0Qq x> x+dv,  q:L*0Q) = L(9Qy), ¢()») = ¢(p~ (). (3.17)

Since the gradient of the single-layer potential potential has a jump across 6Q2, we introduce the
notation

V58[¢]|+ v, -V 20,

VSQ[¢]|1 = {V58[¢]|— V-V <0,

where v, is the outward unit normal to 0Q at x. We remark that if v, - v = 0 we have that [19]
V- VSS[9]|,(x) = v - VSE|_[$](x). (3.18)

Lemma 3.12. Let x € 0Q and let p be defined as in (3.17). For ¢ € L*(Q), and for d small enough,
we have

S2[Bl(p(x)) = S2P1(x) + dv - VSZ[¢]],(x) + O(d?).
This estimate is valid in L2(0Q) in the sense that there is a constant C, independent of d, such that

|salelop - (Sgl1 +av - VSalell.) ?

<
L2(8Q)
for d small enough.
Proof. We let U_ C dQ be the set of points x such that x + dyv € Qfor all d, < d, and U be the

set of points x such that x + dyv ¢ Q for all d, < d. Moreover, we let V = 9Q \ (U, U U_). Since
9Q € C! we have the following implications:

xeU,=v,-v20, xeU_=>r,-vgO.

In U, (and U_), we have Taylor expansions in the L*-sense (see, for example, [66, Theorem 3.4.2]),
so that

”sgmo p— (S2[¢]+dv - VS&gl|,) <C.d? (3.19)

Uy
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for some constants C, and C_. Moreover, we have that v, - v = O(d) uniformly for x € V. From
(3.18), we therefore have

v - VSO[9]|,(x) = v - VSE[¢]|_(x) + O(d),
with respect to the norm in L?(V). Therefore, for some constant C,,,

|saielop = (S518] + dv - VS ).y, < Cod?

L2(V)

which, together with (3.19) proves the claim. O

We now assume Q = Q; U Q, for two connected domains Q;, i = 1, 2. To study the problem for
the dislocated resonator, we consider the problem when the resonator Q has its original position,
along with fictitious sources f, g on the boundary. Explicitly, we consider the problem

AL+’ =0 inU \ 09,
ul,—ul_=f on 9Q, (3.20)
ou ou
—| —=—| = on 9Q.
av|, Oov|_ g
We assume we have a reference solution u satisfying
Au+w’u=0 inU\ 3Qy,
ul, —ul_=0 on 0Q, (3.21)
ovly Ov|_
We want to determine the fictitious sources f, g such that
u=u inU\((QuUQy), (3.22)
u=u inQnQ,. (3.23)
Inside U, the two solutions u and u can be, respectively, represented as
S@ [¢4] inQ,,
u=17% ¢ d (3.24)

d :
Sg [¢°41+H inU\ Qg

and

7= Sale'l _ G, (3.25)
Se¢el+H inU\Q,
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for some functions H and H satisfying AH + w?H = 0 and AH + w?*H = 0in U. H and H can be
thought of as background solutions, while the single layer potentials account for the local effect
of the resonators. From (3.22), it follows that H = H. Using the jump relations and the boundary
conditions in (3.21) and (3.20), we find that

Ay(w,8)®, = <56HI|3%Q > A(w,8)® = < 5 aHllji Q) - <]; ) , (3.26)
v d v

where

W _Qw Sw _cw
Ag(e 5)—( i *a, > Aw 5)—( . %o )
d 5 - 1 Do), 3% 1 % 5 ) - _l ZIORS _ l * )
I o _5<5”(’C3d) ) DY s 5(21+(1c;;) )

and

id i
w=(Ga) 0=(2)

By equations (3.22) and (3.23), we have

6 [ = $p19'1(®), TeoQunQ, (3.27)

g 144100 = $3[¢'1(x),  x €00 Q. (3.28)

We decompose the boundaries of the resonators as 69; =0Q,NQ and 0Q7 = an\ani
and define Q! = 802 —dv and 0Q° = an — dv. Because of translation invariance, we have
S id — dw[y—1(pid = _ ; :

Sgd [¢4](%) = So [g71(¢"*)](x), where X = p(x). Therefore, using Lemma 3.12, we obtain

S2[q M ()] = Se[$'] + dv - VS2[¢']|_ + O(d?) on 3Q,

S2lg (gt —dv - VE2 g (@D |- = $2[¢'] + 0(d*) ondQNnQy,
where q is defined in (3.17) and the error terms are with respect to corresponding L?>-norm. This
transformation is depicted in Figure 5. The boundary Q is decomposed into disjoint parts 4Q'
and 0Q°, and (since dQ is C') the length of the ‘missing’ part of the boundary, 3Q° \ (6Q N Q,),

scales as O(d). Moreover, on this part (3.28) holds to order O(d). Using the Neumann series, we
can invert the second equation to obtain

gl @) = ¢ +d(52) v - VLS| + 0w,

with respect to the L?(dQ)-norm. We define Q : L?(dQ)> — L?(dQ,)* by

_ (q(w)
Qu,v) = (q@)) .
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by Lemma 3.12
_

FIGURE 5 In the fictitious sources approach, for the case of a small dislocation, we seek solutions that
match on the shaded region. In (3.27) and (3.28), equality is imposed on the region highlighted in the left image.
Using Lemma 3.12, this is mapped to a subset of dQ. After this transformation, the length of the part of 6Q not
included will be O(d), where d is the size of the dislocation. Legend: —— original resonator, - - - dislocated
resonator, region of enforced equality

d
}—>\ }—)\ }—)\ }—>_\
-0 00O ©OQ QQr Q-
fOug(J f07g[) fl)Ql fl:gl

FIGURE 6 The dislocated system is equivalent to the original array with the addition of so-called fictitious
sources f,,, g,,, on the boundary of D™ for m € N. Legend: —— untouched resonator, = resonator with
fictitious sources, - - - dislocated resonator

By analogous computations for SS[¢°’d](x) as those for 5‘8 [¢"?](x), we find that

$2) v vse| 0

“lo, = P,®, P, =1+d ( _
Cta=h ! ( 0 (s2)7'v-vse

) +0@d?, (329
|+

where P; : L*(6Q)* — L?*(dQ)*. We denote the linear term in d by Pfl), sothat P, =1+ dPiD +
0O(d?) with respect to the operator norm in B(L?(6Q)?) (Figure 6).

‘We now use Taylor series expansions to relate H| 3 and H| 3Q," Ifwelet % =(v—-(v-vp)-V
denote the tangential derivative in the direction specified by v, we have that

Hlsq = Hlsq, —dv - VH|3q, + O(d?)
=Hls —d[ - ZLH + 2H, ) + 0
- an v av an aT an ’

where the error term is a continuous function of x in the compact domain 9Q, and hence valid
uniformly in x. Moreover,

O oo = S Hsy —d(v-9)2Hg + 2 H|s ) +0(d)
3y 1lea = 778 s, V‘Vﬁ 04 T Fra, 199 .

The Laplacian in local coordinates defined by the normal and tangential directions of 0Q, can be
written as
62

d
A= ﬁ + 2T(5Cj£ + Aan’
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where 7 denotes the mean curvature of 6Q and A;q  denotes the Laplace-Beltrami operator on
8Q,. Since H satisfies the Helmholtz equation (A + w?)H = 0, we get

92 0
ﬁHlan = _(wz + Asq, >H|aﬂd —2t5 Hlsq,-

Hence, we have

H|aQ ) -1 H|6Q
=P d R 3.30
<aavH|m 20 50,y (330

where the operator P, : L?(dQ)? — L*(9Q)? is given by

P, =1+dP" +od*, PV = ~Or -5 ,
2 2 (v -v)(w? +Azq) 27—0r

with respect to the norm in B(L?(dQ)?). Since Q; and Q only differ by a translation, we have that
Ay =QAQ L (3.31)
Combining (3.26), (3.29), (3.30) and (3.31), we arrive at the following result.

Proposition 3.13. The layer densities ¢' and ¢° and the fictitious sources f and g satisfy

(1) =p@oa (L), Beod=rur -4

3.2.2 | Integral equation for the dislocated system

In this section, we use Proposition 3.13 to derive an integral equation for the dislocated system
when the dislocation size is small.

To study the dislocated problem (3.2), we consider the problem with periodic geometry, along
with fictitious sources f,,, g,, placed on the boundary of D™ = DT* U D}". Explicitly, we consider
the problem

AT +a*T =0 in R3\ 4C,,
ul, —ul_=fn ondD"™, m € N,
40U ou (3.32)
—| —-=| = ondD™ m e N,
ovl, adv|_ Im
Uu(xy, Xy, X3) satisfies the outgoing radiation condition as \/xg + xg - 0.

\

Assume we have a non-zero solution u to (3.2). Inside Y™ :=Y + mdv, we can represent the solu-
tion as in (3.24) with the choices Q = D" and U = Y. In this way, we define the layer densities
¢4 and ¢°4. Since P, is invertible for small enough d, we can define the layer densities ¢£n and
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¢, as

i id
(5)-or (2

We then set the fictitious sources as

0 m <O,

W\ _ )
<gm>— Bm<¢M>, - (3.33)

P

where B™ is defined as in Proposition 3.13 with the choice 2 = D"'. We then define the solution &
by (3.25) with H = H, and because of (3.33) this coincides with u in (Y™ \ (D™ U (D™ + dv))) U
(D™ N (D™ + dv)).

Conversely, if we have a non-zero solution # to (3.32), represented as (3.25) in Y and with
sources satisfying (3.33), we can define ¢*¢ and ¢° to get a non-zero solution u to (3.2) coinciding
with @ in (Y™ \ (D™ U (D™ + dv))) U (D™ N (D™ + dv)).

From the above arguments, it follows that the spectral problem (3.2) is equivalent to (3.32). So,
in the remainder of this subsection, we will only study the latter problem. For simplicity, since the
solutions coincide, we will omit the superscript ~and simply write u for u.

We define u“ as the Floquet transform of u, that is,

u® = 2 u(x — mLv)e'*™.

mez
The transformed solution u“ satisfies
Au® + w*u* =0 inY \dD,
u®|, —u%|_ = f¢ on 4D,
out| _oul =g¢% ondD,
iy Ovi- (3.34)
e U (xq, X5, X3) is periodic in x;,
u®(xy, x5, X3) satisfies the a-quasiperiodic outgoing radiation condition
as /X3 + x5 = oo,
where
fE= ) fmeT gt = ) gueT (3.35)

mez mez

From now on, we identify functions u,, € L*(D™), for any m, with u, € L?>(D) by translating the
argument, that is, by u,(x) = u,,(x + mLv). Observe that under this identification, all operators
B™, m € N coincide and will be denoted by 5.
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The solution u® can be represented using quasiperiodic layer potentials as

P il in D,
S$H%[¢“°]  inY \D,

where the pair (¢%/, $*°) € L?(dD)? is the solution to

¢cx,i \SA'S —5;’60 ¢cx,i —fe
A% (w,8 = s o = . (336
? )<¢°""> —%I+1Cla;’ —5(%1+ (K,%%) ) <¢“’°> (—g"‘> )

Then the original solution u can be recovered by the inverse Floquet transform

u(x) = % /Y* u®(x) da.

Because of the quasiperiodicity of u%, the solution u inside the region D" satisfies

u=32, [% / clamge doc]. (337)
Y*

Similarly, inside the region Y™ \ D, we have

1 a,wr 4o,0
u=— S g e le4
37 . S5

= S]‘D"m [L /Y* ei"‘mqb“"’ dcx] + L/Y Z S‘g[gb“"’](- —nLv)e™ da. (3.38)

2w 27 Jy« nesmgm

The last term in the right-hand side of (3.38) satisfies the homogeneous Helmholtz equation (A +
w?)u = 0in Y™, Therefore, combining (3.37) and (3.38) together with (3.25), we can identify ¢' =
I ,¢°=¢° and H as follows:

i 1 iam ga,i o 1 iam ga,0
= i da, = — © da, 3.39
¢ 27 Jye e da, ¢, o ¢™° da (3.39)

and

A=L /Y Z S2[¢*°](- — nLv)e'™ da.

2m * nezZ,n#m

We define the operator I,,, : L?(8D x Y*) — L*(D), by

Llel(x) = % /Y* o(x, a)e!*" da.
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Since the operator A, is invertible for w in the band gap, we have from (3.36) that

a,i —fa
(;’:a ) — A%, 8)"! ( fq) .
’ —g
Combining this together with (3.39) and (3.35), we obtain the following result.

Proposition 3.14. For small enough d > 0, the mid-gap frequencies of (3.2) are precisely the values
w such that there is a non-zero solution ¢!, ¢%° € L?>(dD x Y*) to the equation

¢a’i a - = —ima ¢oc,i
<¢a,o> = —(A%(@,8)) 1(mz_‘,oe Bolm> <¢a,o>‘ (3.40)

It is clear that B, = O(d). As d — 0, it follows from Proposition 3.11 that any subwavelength
resonant frequency w = w(d) satisfies w(d) — w‘j" for some co‘j’.‘ . Denote

o a o : a
w] = 0r£rg/}g Re(wy), w3 = OI(IEHYQ Re(w?).
The following lemma follows from Theorem 3.6.

Lemma 3.15. The critical values w} and w3 are attained at a® = 7 /L. Further, for « close to a® we
have

2 3 2 3
of =) —cj(a—a) +O0(la—a’’), wf =@ —cya—a’) +O0(la—a’l’),

for some constants cy, c,.

In what follows, we will consistently use the superscript ® to denote corresponding quantity
evaluated at the critical point a® = 7 /L.

Lemma 3.16. Assume that D; and D, are strictly convex. Then, in the dilute regime, we have the
following:

Casely <1/2: (7, B¥]) <0 and (®3,B,%5) >0,

Casely>1/2: (7, B¥]) >0 and (P5,B,%5) <0,
for small enough €, 6 and d.
We refer to Section A.1 for the proof of Lemma 3.16. We will also need the following lemma.

Lemma 3.17. We have

o 2
1 lm“ 1 1 1
Re e ima / d/ | =z ———— + arctan e
<2n Z o 1+ cz(oc’ — )2 2\ 1+ c2(a—m)? (7e) ).

m=0
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Proof. Define I(«) as

: !
ima
e

e 27
1 .
I(a) = — e‘lm“/ ————dd.
2 mz=o o l+cX(a —m)?

Completing the Fourier series, we have

- 2
I(a) + (@) — = /0 1 da’ 1

27 14 cX(a — )2 T 1+cX(a—n)?

Since I(x) + _@ = 2Re(I(a)), and since

2
L / 1 qw=2L arctan(zc),
2 Jo 1+ c2(a’ —m)? e

the lemma follows. O
From Lemma 3.17, we find that

[<3) 27 Sl
1 elma 1 1

— -1)" — =  dda’ = = + — arctan(ze). 3.41
27 mzzo( ) /0 1+ c2(a! — 7)? 2 27c (7e) (341

The next theorem, which is the main result of this section, describes how the mid-gap frequen-
cies emerge from the edges of the band gap. At this point, we observe that any mid-gap frequency
is necessarily real-valued. This can be seen from (3.34): a mid-gap frequency w is a solution to
this equation for any o« € Y*. At a = 7/L, and small enough &, this correspond to a self-adjoint
spectral problem, and it is clear that any subwavelength resonant frequency is real-valued.

Theorem 3.18. Assume that D, and D, are strictly convex. For small enough d and &, and in the case
lo > 1/2, there are two mid-gap frequencies w,(d), ,(d) such that w;(d) — co}?,j =1,2asd - 0.
In the case ly < 1/2, there are no mid-gap frequencies as d,d — 0.

Proof. We seek solutions to (3.40) as d — 0, corresponding to solutions w in a small neighbour-
hood of cu}? for j = 1 or j = 2. By Proposition 3.11 and Lemma 3.15, (A%)~! has a pole at w°. Recall

that we seek solutionsw = O(\/E )asd — 0.Atd = 0and w = 0, the problem (3.2) decouplesintoa
Neumann problem on each resonator, with constant solution inside each resonator. Since $'g [u j]
is constant inside D, we find that

¢% = ¢y (uy + c)(@u,
for some coefficients c;(cr) and c, (o). It follows that the root function is such that the singularity

of (A%)~! does not vanish. Hence, from Proposition 3.11 and Lemma 3.15, we can find a non-zero
h = h(w, 8, d) such that the solution can be written, for « close to «®, as

¢a,i 1}1;
= h ,5,d + K , ’5’d ,
(¢0¢,o> CU—CO;+CJ~|0(—O(<>|2 (@ ) (o, a )
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where K, (w, «) is bounded uniformly in d for (w,«) in a neighbourhood of (co;?, a®). Applying
(3.41), we then find that

i e—iamBOI ¢! - ﬂh(w,é, d)+K,
" 2( co}?)

a,o _
m=0 ¢ @

for some K, with norm of order O(d) in a neighbourhood of (co;?, a®). We then have

1 o ¢a,i \P; (CD;,BO‘P}»
—(A%(w, 6))” elvmp I = h(w,d,d) + K.
(.00 mzz“o 0 m<¢“’o> co—co;?+cj|0(—oc°|2 4co;?|D1|(co—co;?) ( ) 3
Equation (3.40) then reads
<> <o
@J"Bolpﬂ d

=1+0| —|,

which has precisely one solution w = w;(d), expanded as

L
COJ()—COJ‘FW'F( )

From Lemma 3.16, it follows that w;(d) is inside the band gap precisely in the case [, > 1/2. []

Remark 3.19. It should be noted that the assumption of convexity made in this section is not an
intrinsic part of the fictitious source method. This assumption was only needed for the arguments
in the proof of Lemma 3.16. Indeed, the fictitious source method is repeatedly used in the rest of
this work without any assumption of convexity.

3.3 | Integer unitlength dislocation

In this section, we study the problem when the dislocation is an integer number of unit cell
lengths. This is equivalent to the case when an integer multiple of dimers are removed from the
original, periodic structure, thus creating a cavity. We will model this defect cavity problem using
the fictitious source superposition method [7].

3.3.1 | Fictitious sources for a removed resonator

Here, we describe the method of fictitious sources when a single resonator is removed. Through-
out this subsection, Q denotes a connected, bounded domain such that 3Q € C1* and U denotes
a neighbourhood of Q. Although the argument can be made for general Q, we assume that Q
consists of two connected components Q = Q; U Q,.
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To study this problem, we consider the problem when the removed resonator Q is reintroduced,
along with fictitious dipole sources g on the boundary. We assume we have a reference solution u
satisfying

Au+o’u=0 inU.

Let u satisfy the fictitious source problem

AT+ *T =0 inU \ 0Q,

ul,—ul_=0 on 9Q,
ou ou

0—| ——| = on 0Q.
av|, OJv|_ g

We want to determine the fictitious sources g such that u = u inside U. Any solution % can be
represented as

= SAg '] in &, (3.42)
S2[¢°1+H inU\Q,

for some H satisfying AH + w?H = 0 in U. Imposing % = u in U is equivalent to
i Ay —1
¢ =(S3) lulsals $°=0, H=u.
Moreover, using the jump conditions, we find the following expression of g.
Proposition 3.20. The fictitious sources g and the layer density ¢' satisfy
. 1 -
g =B(w,8)¢, Bw8)=(— 1)(—51 + R )

Conversely, by the unique continuation property of the Helmholtz equation, if g satisfies Propo-
sition 3.20, then# = uin U.

3.3.2 | Integral equation for the dislocated system

We now assume that 2N resonators are removed, so that u satisfies (3.2) with

N-1
Cp=0Cy\ (U D’">. (3.43)
m=0

Again, we model this using the fictitious source method as in (3.32), following the approach of
Section 3.2.2. We put f,,, = 0 for all m. Moreover, g,, will be defined as in Proposition 3.20 for all
the removed resonators (Figure 7).
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O OO O O O
O 00O OO 90O O -

fos 90 fo, 90

FIGURE 7 The dislocated system with dislocation equal to a multiple of the length of the unit cell (that is,
d = NL) is equivalent to the original array with the addition of so-called fictitious sources f,,, g,,,, on the
boundary of D™ for m = 0,...,N — 1. The case N = 1 is depicted here. Legend: —— untouched resonator, —

resonator with fictitious sources, - - - dislocated resonator

Assume we have a non-zero solution u to (3.2). Inside Y™, m = 0,1, ..., N — 1, we can define
the layer density ¢! as

; Ay —1
b = (S5) [ulapm].
We then set the fictitious sources as
gn=Bppl, 0<m<N-1, (3.44)

and g,, = 0 otherwise. Here, B}, are the operators defined in Proposition 3.13 with the choice Q =
D. Then, putting ¢° = 0 and H = u, we obtain a solution & defined by (3.42), which coincides with
uonY™\ D™

Conversely, if we have a non-zero solution # to (3.32), represented as (3.42) in Y™ and with
sources satisfying (3.44), then we can define a non-zero solution u = # to (3.2) coinciding with u
on Y™\ D™.

We introduce the extended operator on (L*(3D))?,

0 O
B = .
<BD 0)
For a € Y*, define B* : (L>(6D))*N — (L2(6D))? block-wise as
B* = (B e—ich e—(N—l)ich),
and define E* : (L2(8D))? — (L%(8D))*N block-wise as
I
elef
E% =| e%ar

o(N-Diag

Next, we follow the approach of Section 3.2.2 to derive the integral equation for the dislocated
system. By taking the Fourier transform, we obtain (3.34) together with the relation (3.39) for ¢fn
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and ¢; . Putting

%

%
(I)N = : P
N1
1

we then obtain the following result.

Proposition 3.21. For C, as in (3.43), the mid-gap frequencies of (3.2) are precisely the values w
such that there is a non-zero solution ®y, € (L?>(dD))?N to the equation

oy = —L < /Y E(A%(@,8)) B da>cpN. (3.45)

2

In order to analyse (3.45), we will need the following lemma, which is an immediate conse-
quence of the structure of B.

Lemma 3.22. We have

a -1p _ AIZBD 0
(A*(w,8)) B = <A22BD 0) . (3.46)
Asd - 0andw = O(\/g), the operator A, can be approximated by (3.15) and (3.16), respectively.

Due to the zero column in (3.46), it is clear that (3.45) reduces to an equation for ¢£n, s ¢§V—1
only. In fact, from (3.45), it follows that

1 el e—ig—lia Ap,Bp 0 0
) 1 el 1 veo e~ (N=2)ia 0 A,B 0 i
d =2 127D ®' . da,
N 27 Jy+ : : : : S : !
eWN-Dia ,(N-2jia ., 1 0 0 = ApBp
(3.47)
where
?)
. ¢l
), = 31
PNt

From Lemma 3.22, we obtain that, to leading order, ¢£n is a linear combination of ¢; and ,:

¢:’n = C'm1101 + dm¢2 + O(w),
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with respect to the L2(dD)-norm. Define, for j = 1,2,

1 .
Ly = 27 Jye elma<)(aDi,(I +A123D)[¢j]> da.

Then, taking inner products (x; D> -} in equation (3.47), we find

1 gima XD, I+ A;,Bp [¢'£1] do =T <Cn >
. m >
27 Jy+ Xop,» I+ ABple, ]

where T, denotes the 2 X 2 matrix (timj). We thus have

where we have defined
C
Ty T - T_(n-p d(())
T T e TN
Tn(w) = :1 :0 . (]:V 21, Cv=| a
Tnoy Ty o T, dl\; )

Observe that 7y is a block Toeplitz matrix generated by the symbol ¢,

=9 = (gol’l ¢1’2> ; @i = (Xopp I+ ApBp)l)l), i,j=1,2.
P21 P22
In the following lemma, we compute ¢.
Lemma 3.23. We have
Capp m+ —ei%(n, — 1) 2
(@) = — 1< A 1 2), detp(a) = (Ca ,
4 2 —e™ 1%, — 1) nt+n v ( le) i

Proof. As computed in [6], we have
1
<)(5Dj, (—51 + ]ng*)l,bj> = —a)2|D1| + 0(w?),
and therefore,

<X3Di’BDz/’j> = @’|D,16;; + O(@*), i,j=1,2.

(3.48)
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From this, using Lemma 3.22 and (3.15) we find that

n+n _ie.hh —7
ApBplY] = (—1+ ! > 2>¢1 —e 16“%%"‘0(@),

io, 1. — 7 m+n
ApBply] = % ==, + (—1 + %)z/)z +0(e),

with respect to the L?(dD)-norm. The result now follows from the facts that ( Xop»¥j) =
—Capp,6; j and Cap, = Capp,. O

Observe, in particular, that ¢ is a Hermitian matrix and, therefore, the Toeplitz matrices 7, are
also Hermitian. We define the ‘exchange’ matrix J,, € RZ™ m € N, as

0 0 1
1
5= o
1 0 0

The following lemma describes the centrosymmetry property of Hermitian Toeplitz matrices.
Lemma 3.24. We have
Tm =J1T_m.]1, TN =JNT_NJN

Proof. We have J,¢J,; = ¢ and therefore

1 .
T, =— e (o) da
mo2m [y p@)

1 _
=— [ Jeimipa), da
27 /s 1€ p(a));

= ]1T_mJ1.

The second equality of the statement follows from the first one together with the Toeplitz structure
of Ty. ]

We will study the solutions to (3.48) in the two cases N = 1 and N — 0. The following propo-
sition characterizes the solutions in the case N = 1, corresponding to two removed resonators.

Proposition 3.25. If N = 1, equation (3.48) has a non-zero solution if and only if w is a solution to
one of the two equations

1



ROBUST EDGE MODES IN DISLOCATED SYSTEMS OF SUBWAVELENGTH RESONATORS | 35

Ifl, < 1/2, there are no solution to the equations (3.49), while if [, > 1/2, each equation has exactly
one solution.

Proof. In the case N = 1, equation (3.48) reads

()=

which has a non-zero solution if and only if det T, = 0. We have

2
Cap
detT, = #((11)2 - |12|2)’

where

1 .
I = py. / (m +1n,) da, I el@a(m —1ny)da.
7T Y*

27 Jy+

By time-reversal symmetry, we have coj_“ = co?‘, Jj =1,2, which implies I, € R. Hence detT, =0
is equivalent to

ILL-1,=0,orl; +1, =0.

The remaining part of the proofis given in Appendix B. It is shown that each of these equations has
a unique solution in the case [, > 1/2, while no solutions in the case [, > 1/2. O

Denote by 7 (w) the infinite Toeplitz matrix corresponding to 7, (w), that is,

TO T—l T_2
T(Cl)) — Tl TO T—l

T2 T1 TO .

which defines a bounded operator on the space lg of sequences of two-dimensional vectors. More
precisely, lg consists of sequences {x,}° € lg of vectors x,, € R? such that

. 1/2
(2 ||xn||2> < o,

n=0

where || - || denotes the Euclidean norm.

Proposition 3.26. Given w, inside the band gap such that T (w,) has eigenvalue 0, there are two
frequencies w;(N), w,(N) — w,, as N — oo, such that Ty is not invertible at w;(N), w,(N).
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Proof. LetX = {x,,}*° / € L2 be an eigenvector with 7 (w.,)X = 0 and let x € R*N be a truncation
of X. Since 7 (w,, )X = 0, we have

[s9)
Y TienX, =0 (3.50)
n=0

for all k € N. Define z;,z, € R*V,

zZ1 = X Zy = X
7 \uNx )’ 27 =)

Then, using Lemma 3.24, we have

N-1 N-1 N-1 N-1
TZN(wOO)Zl - 2 ThnXn + 2 Tk N-nINXN-1-n | T Z Ty_pxy +Jn Z Ton_1-k—nXn
n=0 n=0 n=0 n=0

for k=0,...,2N — 1.
In view of (3.50), given ¢ > 0 we can choose N such that

1Tonz:1l <,

which implies that 0 is in the e-pseudospectrum of 7,5 (w,,) (see, for example, [61] for a thorough
discussion on the definition and properties of pseudospectra). Since 7,y (w,, ) is Hermitian, it fol-
lows that there is an eigenvalue p; of 7,5 (w,,) With |, | < €. From this, it follows that there is a
value w; such that 7,y (w;) is not invertible, satisfying |w, — w,| < K¢ for some K independent
on ¢ [8].

In the same way, we can show that given € > 0 we can choose N such that

TNzl <&,

and therefore there is a value w, such that 7,5 (w,) is not invertible, satisfying |w, — w, | < K¢ for
some K independent on ¢.

The above argument shows that w;(2N) — w,, as N — oo. The case of the sequence w;(2N —
1), corresponding to odd indices, follows similarly by choosing the truncation x € R?V~1 and
constructing z,, z, analogously. O

Remark 3.27. The values of the non-zero solutions Cy to (3.48) correspond to the values attained
by the mid-gap modes inside the dislocation region. The two pseudomodes z; and z, can be
interpreted as approximations of the monopole and dipole modes, respectively, arising from the
hybridization of the two semi-infinite half-structures. As the dislocation increases, that is, as
N — o0, the strength of the hybridization decreases and the frequencies corresponding to these
modes converge to the same value w_,.
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Remark 3.28. The work in this section shows the intimate connection between localized edge
modes and the fact that Toeplitz matrices with sufficiently smooth symbols have eigenvectors
which are exponentially localized to the edges (that is, the first and last entries) of the vector [61].

3.4 | Dislocation larger than resonator width

In this section, we assume that the size of the dislocation is larger than the width of one resonator.
In other words, this means that each dislocated resonator does not overlap with corresponding
original, undislocated, resonator.

We begin by stating some facts from [15] on the eigenfunctions of the Neumann-Poincaré oper-
ator IC?i* for a domain Q with dQ € C!%,0 < s < 1. Here, we additionally assume that Q is con-
nected, which means that Q can be thought of as a single resonator D]’." in the dislocated array.

The operator IC(();k is known to be self-adjoint in the inner product (-, -)_; /, on H~/%(3Q) defined
by

(W, 0)_yp = —<u, Sg[v]>—1/z,1/2’

where (-,-)_; /5, denotes the duality pairing of H~1/2(3Q) and H'/2(3Q). Then, by the spectral
theorem, the eigenfunctions zpj ,j=1,2,3,..,0f ]Cg* form a basis of H~1/2(3Q) that is orthonor-

mal with respect to (-, -)_; ,, while the functions Sg[l,bé] form a basis of H'/2(3Q) that is orthog-
onal with respect to the inner product (-, -), /, defined by

w0} = =((53) " [ul.v)

-1/2,1/2

The following addition theorem gives an expansion of Green’s function G“(x, z), with the origin
shifted by z ¢ 69, in terms of S2[3/ 1(x).

Proposition 3.29. For x € 9Q, z ¢ 0Q and w small enough, we have
G°(x,2) = — ) SAIEL12)SAIYE1(x),
i=1

where £L = (S2)71S2 %L .

Proof. The proof follows the same arguments as those in [15], where an analogous result was
proven for Laplace Green’s function G°. We include the proof for the sake of completeness.

Since Sg[gbg] is a basis of H/2(3Q)), and since Sy H~Y2(8Q) — HY2(3Q) is invertible for w
small enough, we can expand G for fixed z as follows,

G°(2) = ) (2SI, (3.51)
i=1
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for some coefficients c¢; with
(o]
z |ci(z)|2 < oo, z¢&OodQ.
i=1
Moreover, ¥; are orthonormal in H~'/2(3Q) equipped with (-, -)_; /2- From (S58)* = S_g we have

~(Gpsal), | = —<(s_g)'1sg[¢g], sg[ng]>

-1/2,1/2
=3 (3.52)
Therefore,
£0:G¥(,2)) = SY[£L](2). 3.53

(Epeca) |, =selle (3:53)

Combining (3.51) together with (3.52) and (3.53) shows the claim. O
We denote Q; = Q + dv. We then have the following proposition.
Proposition 3.30. Assume QN Q, = @. Then, for ¢ € H-/2(3Q,), we have
S5 [$10x — dv) = S [V9l(x),  x €30y,
where V : H-1/2(6Q,) — H~'/2(3Q,) is given by
Joq_ i _ ; j ..
V1= D Vith, V== / o SEIERJO =V, 1) de0), ]2 1
Proof. Since
Sg Bl —av) = [ 6oy +avpo) do)
Qq

and since y + dv ¢ 0Q,, the proposition follows from Proposition 3.29. O

We will also need the following addition theorem for the normal derivative of the single-layer
potential. We let D¢ denote the double-layer potential (for details on this operator we refer, for
example, to [8]).

Proposition 3.31. Assume Qn 5d = (. Then, for p € H-'/2(3Q,), we have
0S¥ 05%

——L[gl(x—dv) =W av"j’ B, x €00,

x—dv
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where W : H™1/2(6Q,) — H1/2(3Q,) is given by
1 * () i i PR
w(lexz) 1 Z Wit Wi = [ D, 58,100,100+ 49, 0)de, 1721

Here, 0/0, _, denotes the normal derivative with respect to Q.

Proof. Analogously to the proof of Proposition 3.29, we can show that

Z DS, ]0PL(x),  x €00, y & 0Q.

The result now follows by the same argument as the one in the proof of Proposition 3.30, using
the jump relation

65‘8d 1

_ (2 W, 3%
5|, 141= (5 +x5 el -
3.41 | Fictitious sources for the non-overlapping resonators

Here we describe the method of fictitious sources when a single resonator Q is dislocated by d
such that Q N Q, = @, where Q; = Q + dv.

The arguments follow closely those of Section 3.2.1. Again, we consider the two problems (3.20)
and (3.21) corresponding, respectively, to the original geometry with sources and to the dislocated
geometry without sources. Representing the solutions as (3.24) and (3.25), we again arrive at the
equations given in (3.26). Next, we will use Proposition 3.30 to study these equations.

Let U, be a neighbourhood of Q not containing Q. Imposing u = % in U, \ Q, we find from
Proposition 3.30 that

V—l
®, =P, P, where P, := ( 0 V(L) Q.

As before, since Q; and Q only differ by a translation, we can easily see that
Ay =QAQ™ L.

In U, we can represent H as
(o)
H(x) = Zcngd(x), x € U,,
i=1

for some constants ¢;, i = 1,2, ... This gives

H|s ) H|sq : <V* o)
=P d , where P, :=Q .
(55,,H|aQ 2\ 80,H|s0, 2 0o W
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Here, V* : H'/2(0Q,) — H'/?(3Q,) is defined by

J
velss )| = Z VisSa [9h,
Combining this together with (3.26) gives the following result.

Proposition 3.32. The layer densities ¢' and ¢° and the fictitious sources f and g satisfy

<J; ) = B(w,5.d) (;’;) . B@,8,d) = PyAP, — A.

3.4.2 | Integral equation for dislocations larger than the resonator width

We define d,, as the width of one resonator in the x;-direction, that is,

dy = inf {d € R* | D, D, +dv =4}.

We define
By =P, AP, — A,
where
A:( " fsgm*), 751=(V_1 f’), ﬁ:(V“ E’),
“HH Ryt —s(3+ Ry 0o v 2\o w
with

N |4 0 . Vi o0 - w 0
V= 1 , V*: 1 , W = 1 ,
(0 v =06 ) = (0 w)

where Vj, v, Wj are defined as in Section 3.4.1 with Q = Dj, Jj =1,2. Then B, describes the
fictitious sources for the dimer. Following the same arguments as those in Section 3.2.2, we obtain
the following result.

Proposition 3.33. Ford > d,,, the mid-gap frequencies of (3.2) are precisely the values w such that
there is a non-zero solution ¢!, ¢*° € L?(dD x Y*) to the equation

¢0¢,i a - < —ima ¢0c,i
(¢a,o> = ~(A%(@,9)) 1<m§=loe Bd1m> (¢a,0>- (3.54)

Our next goal is to show that as d increases, any mid-gap frequency will remain inside the band
gap. We begin by stating the following lemma, which is the analogue of Lemma 3.16.
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Lemma 3.34. Assume that the resonators are in the dilute regime specified by (3.6). Then, ford €
(dy, ) and for small enough € and §

|(<I>;?,Bdlpj>| >K >0, j=12,
for some constant K independent of d.

The proof of this result is given in Section A.2. We are now ready to state and prove the main
result of this section. Recall that we denote the edges of the band gap by
o CC)7Z/L

W, = ’

o 7T/L
1 1 w w .

27 %
We then have the following proposition.

Proposition 3.35. Ford > d, and § small enough, any mid-gap frequency w(d) is bounded away
from the edges of the band gap, that is,

jo(d) - ¢ ¢, j=1,2,
foralld > d, and for some positive constant c independent of d.

Proof. We want to show that there are no solutions to (3.54) that approaches the edges of the
band gap. Assume the contrary, that is, that we have a solution w — co;?. Following the proof of
Theorem 3.18, we obtain

< <o
(@2, ByW?)

—— =1+0(1),
wDle-ay oW

asw — w;?. But since |(<1>;?, Bd‘P‘;)l > K > 0 for all d, this equation has no solution. O

3.5 | Theorem on mid-gap frequencies

We now combine the results of the two previous sections, namely Propositions 3.25, 3.26 and 3.35,
into the following theorem.

Theorem 3.36. Assume that the resonators are in the dilute regime specified by (3.6) and that l, >
1/2. Then, for small enough & and ¢, there exists some d, = O(¢) such that there are two mid-gap
frequencies w,(d) and w,(d) for all d € [d,, ), both of which converge to the same value w, as
d — 0.

Corollary 3.37. Assume that the resonators are in the dilute regime specified by (3.6) and that L, >
1/2. Then, for small enough & and ¢, there is an interval T = [w,(d,), w,(d,)] within the band gap
such thatifw € I \ {wy}, then there exists some d > d, such that w € {w;(d), w,(d)}.

Corollary 3.37 says that any frequency w € T \ {w,,} is a mid-gap frequency of the structure for
some dislocation d. From Proposition 3.25, we have an explicit way to compute the interval 7 and,



a2 | AMMARI ET AL.

as we will see from the numerical computations, this interval contains the middle region of the
band gap. What we have shown is that we can choose a frequency in the middle of the band gap
and create a structure having this as a resonant frequency, thus corresponding to exponentially
localized edge modes that are stable under perturbations.

Proposition 3.26 and Theorem 3.18 hint to the physical origin of the two mid-gap frequencies.
For infinitely large dislocations, the system corresponds to two identical semi-infinite systems
which each support edge modes with frequency w,,. As these two semi-infinite systems approach
each other, they hybridize and w_, splits into two frequencies, corresponding to monopole and
dipole modes.

Seen from the other direction, d = 0 corresponds to the periodic structure, which is known to
have a band gap and no mid-gap frequencies. As d increases from 0, two mid-gap frequencies will
emerge, one from each edge of the band gap.

Remark 3.38. The requirement that d > d, in Theorem 3.36 was used in Section 3.4. We assumed
that the dislocation was sufficiently large that the translated resonators do not overlap with the
originals. Since we are assuming that the structure is dilute and the size of each resonator is O(¢),
dy, = O(¢). The non-overlapping assumption was made purely to simplify the analysis and not for
any physical reason. Based on this, we conjecture that Theorem 3.36 is true for all d € (0, ),
which is in accordance with our numerical experiments. In this case, the interval 7 in Corol-
lary 3.37 would include all of the band gap.

4 | FINITE ARRAYS OF RESONATORS

In this section, we will study the finite array of resonators which is a truncation of the system
studied in Section 3. We will see that this structure, which represents the physical manifestation
of our above analysis, shares the important properties of the infinite system. We will also conduct
a stability analysis of the structure.

Consider the structure D, consisting of M resonators, that is a truncation of the infinite, dislo-
cated array C; studied in Section 3. Let M = 4K + 2 for some K € Z_ and assume that D is given
by

—-K K-1
D=D;*'u ( U D" UD;") U (U(D{” uDJ) +dv> U (DF +dv), (4.0)

m=-1 m=0

where D", D7 are as in Section 3, so that the symmetry assumptions (3.1) are satisfied and v
is, again, the unit vector along the x,-axis. Moreover, we assume [, > 1/2 (recall that [, = [/L),
corresponding to the case where the array supports edge modes.

We model wave scattering by D with the Helmholtz problem

-

Au+w*u=0 inR3\ dD,
ul, —ul_=0 on oD,

) a_u _6_u =0 on oD,
iy Jv|_
|x|<ﬁ—ia))u—>0 as |x| = oo.
“
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The resonant frequencies and eigenmodes of this finite system of resonators can be expressed
in terms of the eigenpairs of the associated capacitance matrix. LetV;, j = 1, .., M, be the solution
to

— hR3
AV; =0 inR’\D,

VJ=5U OnaDl’,i=1,...,M,

Vix) = O(ﬁ) as |x| = oo.

We then define the capacitance matrix C = (C;, j) as

/ 6Vj q
C,.:=— —| do, i,j=1,..,M.
b op, 9V |+

The following theorem, first proved in [11], shows that the eigenvalues of C determine the res-
onant frequencies of the finite structure.

Theorem 4.1. The subwavelength resonant frequencies wj=w; ), j=1,...,M, of A(w, 5) can be
approximated as

w; = |D_1|+ (%),

wherel;, j =1,...,M, are the eigenvalues of the capacitance matrix C and |D, | is the volume of each
individual resonator.

4.1 | Behaviour for large dislocations

As the separation distance d becomes large, the capacitance matrix converges to a block diagonal
form. This is because, for large d, we have two systems of M /2 resonators, the interactions between
which diminish with increasing d. This is made precise by the following lemma.

Lemma 4.2. As the dislocation size d — oo, the capacitance matrix has the form

C o _
C=<O 5*>+O(d b,

where C is the capacitance matrix of the M /2-resonator system Dy U --- U Dy, /> and C* is the rear-
ranged matrix given by

1 S
Ci,j T CM+1—i,M+1—j'

Proof. We can use the jump conditions to show that the capacitance coefficients C; ; are given by

Ci,j=—/ p;do, i,j=1,..M,
aD;
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where the functions ¢; are defined as

¥ = (S xan, )

We make the identification 0D = dD; X --- X dD,, and use this to write the single layer potential
Sg in a decomposed matrix form, as
Sg = SI + SII’ (42)

where S; and S;; are linear operators defined block-wise as

S/, SBAIaDj, ifi,j <M/2ori,j>M/2+1,
I 0, otherwise,

—_—r ifi,j <M/2ori,j>M/2+1,
11lij Sgl_|aDj, otherwise.

The decomposition (4.2) has been chosen so that S; contains precisely the parts of Sg that are
unaffected by varying the parameter d. Conversely, based on the decay of Green’s function G° we
can see that, ifi < M /2 and j > M /2 + 1 or vice versa, it holds that

IISBJ. lap, Il 5L2ap;)1@aDy) = od™),

asd — oo, hence

IS111l 52y, m1 oDy = O@™).

Therefore, ||SI_ISH | = 0(d~') so we may use a Neumann series to see that
(53)_1[)(5Dj] =(S; + Su)_l[)(aDj]
=+ 51_1511)_15[_1[)(61)].]
= (I - S;'S)le;]+0d™),

where ¢; 1= S| Xop,]- Therefore,

C.y=- /5 , (5D lsn, 1 do = - /a , 057" Slgy] do +0@™),

Suppose thati < M/2and j > M/2 + 1, or vice versa. Then since (S;)~! is also block diagonal
we can see that ¢;|5p, = 0 s0 Jip. ¢;do =0.Thus, C; ; = 0(d™1). Conversely, if i, j < M /2, then
(Sf_lsn)[qu“api = 0 so we find that

Cpj=— /w ¢;do+0(d™")
=C,;+0d™).

In the case that i, j > M /2 + 1 the result with C* follows similarly. O
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FIGURE 8 An array of 14 spherical resonators formed by separating an array of 7 dimers in the centre by a
dislocation distance d > 0

Remark 4.3. At its heart, Lemma 4.2 is a consequence of the decay of the Helmholtz Green’s
function in free space and not a particular property of the system studied here. The dislocation
of any general collection of (finitely many) resonators would yield a similar result (albeit without
such elegant notation for the two blocks, which is a consequence of the structure’s symmetry).

Remark 4.4. C* corresponds to the capacitance matrix of the M /2-resonator system D, Jo41 YU
D,,. This is the same system as that for which Cis the capacitance matrix, but with the resonators
labelled in the reverse order. That they have the same eigenvalues is easy to see from the fact that
C* = JCJ, where J is the exchange matrix (1 on the off-diagonal and 0 elsewhere). Thus, in the
limit as d — oo the eigenvalues of C converge pairwise to M /2 values.

The behaviour for large d can be understood by examining the eigenmodes, examples of which
are given in Figure 9. The dislocation splits the structure into two ‘half structures’ which interact
with one another. This coupling leads to the creation of two resonant modes, with monopole- and
dipole-like characteristics (cf. [11]), which are the two edge modes.

4.2 | Stability analysis

We consider the simplest example of a resonator array of the form (4.1), which has just six res-
onators arranged as three pairs. The geometry of this structure is parametrized by [ and L (as in
Figure 8). We wish to study how robust the system is with respect to variations in these parameters.

We know from Lemma 4.2 that as d — oo this system will behave like two separate three-
resonator systems. Even in the case of a three-resonator system, finding explicit representations
for the entries of the capacitance matrix (with a view to, for example, calculating its eigenvalues) is
a challenging problem. Consider the case of a dilute array of resonators: that is, a structure where
the distances between the resonators (I and L) are much larger than the size of each individual res-
onator. In this case, we can recall the following representation of the capacitance matrix, proved
in [4].

Lemma 4.5. Consider a dilute system of M identical subwavelength resonators with size of order e,
given by

D =

=

(eB+z;),

[
Il
—
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w = 0.0572
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FIGURE 9 Left: The two edge modes for an array of 42 spherical resonators with unit radius. Here, we
simulate an array with parameters L = 9,1 = 6, d = 30 and § = 1/7000 and plot the real parts of the edge modes
along the line x, = 0, x; = 0. Below, we plot the w = 0.0572 mode in the plane x; = 0, noting that the field has
rotational symmetry about the x; axis. Right: For comparison, the edge mode of the corresponding ‘half system’ is
shown, which can be thought of as the d = o case

where 0 < ¢ < 1, B is a fixed domain of unit size and z; represents the translated position of each
resonator. In the limit as ¢ — 0, the capacitance matrix is given by

eCapy + O(e?), ifi=j,

Cij = EZ(Cap )2 (43)

> B 3 aps .

- . _ O I 2
Tn 2] TOE) i)

where Capy := — [,,(S)) ™[ x3] do.

In the case of a three-resonator system with |z; — z,| =1 and |z; — z3| = L, we can use the
expansion (4.3) to show that the eigenvalues of the capacitance matrix are given, as ¢ — 0, by

C 2 —
Ay = eCapy + gZM cos | 1{ arccos 3—\/—33 + 2k || 4+ 0(), (4.4)
2\/577: 3 lL(L — l))/

for k =1,2,3, where y =y(l,L) := \/l—2 + L2 + (L —1)72. The convergence of the six res-
onant frequencies of the six-resonator system to these three values is demonstrated in
Figure 10(a).

We know, from Section 3.1, that the undislocated structure (d = 0) has a subwavelength band
gap ifitis asymmetric, thatis, /L # 1/2. In the case of a sufficiently asymmetric structure, we can
show that the middle eigenvalue is more stable with respect to changes in the parameter [, which
controls the relative positions of the two repeating resonators. This is achieved by Lemma 4.6,
which describes the extent to which the eigenvalues (4.4) are affected by variations in the param-
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(a) Resonator array with 6 resonators. (b) Resonator array with 42 resonators.

FIGURE 10 Simulation of the resonant frequencies of different subwavelength resonator arrays as the
dislocation d is increased

eters [ and L. In particular, it says that if I’ := L — [ is sufficiently small, then

aa,
3l

5

F@

oA,
ol "

ol

oA,
'm

and that the dependence of all three eigenvalues on L is comparatively negligible.

Lemma 4.6. Letl’ :=L — 1. Asl' — 0%, it holds that

oA oA oA
Sl |5 |G-
Meanwhile, fork =1,2,3,
Ok
— | =o0".
3L )

Proof. Define the functions

—34/3
c(',L, k) :=cos l%(arccos( \/— > + 2k7r>], 0<I'<L, k=1,2,3,

VL(L =1y (U, L)

and

—34/3
s(',L,k) :=sin l%(arccos( \/_ ) + 2k7r>] , 0<Il'<L, k=1,23.

VL(L =1y, L)

Asl’ = 0%, it holds that

V3 V3

C(l,5L’ 1) - - C(l’sL5 2) - O’ C(l/’L’ 3) - >
2 2 (4.5)

SWLDa%, sw¢mﬁ—LsmLma§
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(a) Increasing imperfection deviation o, for d = 10. (b) Increasing dislocation d, for o = 0.2.

FIGURE 11
resonators with dislocation size d is repeatedly simulated after random imperfections, drawn from the
distribution N'(0, o2), are introduced to the resonator positions. An arrow indicates the position of minimum

Analysis of the stability of the resonant frequencies of a system of six resonators. An array of six

variance

In addition to this, for fixed L and k we see that, asl’ — 0,

\/—

(1/)2 L=

oA,
ar

%(Capp)?

2\/571'

where the notation ~ is used to mean that f ~ g if and only if lim f /g = 1. From this and (4.5),
we can see that, as !’ — 0%,

s(',L, k)|,

d‘Al
ar - 00,

da,
ar

Conversely, using Taylor series expansions, we can see that, as I’ — 0T,

V3

el'.L.2) = UV +0(U),

hence as I’ — 0% it holds that

dA,
ar

gz(CapB)Z
- —.
27L?

Likewise, the result for dA;/ dL follows from the fact that, as I’ — 07,

\/_/

da,
dL

N ¢%(Capp)? 21

2\/571'

fork =1,2,3. [l

cl',L, k) — s(,L, k)|,

The stability that is predicted by Lemma 4.6 can be investigated numerically by repeatedly intro-
ducing random imperfections to the structure. In Figure 11, we show the resonant frequencies for
structures with random (Gaussian) perturbations added to the x; coordinate of the resonators’
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positions. It can, firstly, be observed that the middle eigenvalues (which both converge to 4,, as
defined in (4.4), as d — o) are more stable, as expected. It is also interesting to observe how the
stability varies as a function of the dislocation d. The minimal variance of any resonant frequency
is observed for w, when d = 8, as indicated by the arrow in Figure 11(b). At this point, w, is in the
centre of the band gap so it is as far as possible from the other (unlocalized) modes, consistent with
the general principle, for example, [20, 46]. This demonstrates the value of being able to control
the position of mid-gap frequencies within the band gap.

In Figures 10, 11, simulations were performed on spherical resonators with radius 1 arranged
with distances L = 9 and [ = 6 (as depicted in Figure 8) and material contrast § = 1/7000. The
multipole expansion method was used to find the subwavelength resonant frequencies associated
to A (see the appendix of [4] for details).

5 | CONCLUDING REMARKS

In this paper, we have studied a one-dimensional array of subwavelength resonators capable of
robustly manipulating waves on subwavelength scales and have proved that its properties can be
fine tuned by adjusting geometric parameters. This takes advantage of the principle that eigen-
modes corresponding to mid-gap frequencies that are far from the edges of that band gap will be
strongly localized in space and will be robust with respect to structural imperfections. Thus, the
goal was to design a structure that could be manipulated so as to place a mid-gap frequency at
any given point within the band gap. This was achieved by introducing a dislocation to an array
of subwavelength resonator pairs. We proved that the mid-gap frequencies emerge from the edges
of the band gap and span an interval in the middle of the band gap.

Our study of the periodic structure was complemented by an analysis of the corresponding
finite array of resonators. Created by truncating the infinite array, this physically realizable struc-
ture shared the spectral behaviour of the infinite array. Further, a stability analysis confirmed the
value of being able to fine-tune the structure in order to optimise robustness.

In the setting of the Schrodinger operator, two-dimensional structures exhibiting edge modes
have been studied via the bulk-edge correspondence. It is well known that materials with non-
zero bulk index can be achieved, for example, by perturbing honeycomb-like materials exhibiting
Dirac cones [23, 27, 28]. Dirac cones have also been shown to exist in two-dimensional honey-
comb structures of subwavelength resonators [12], suggesting the potential for analogous results
in this setting.

APPENDIX A: PROOFS OF LEMMAS 3.16 AND 3.34

Here, we give proofs of Lemmas 3.16 and 3.34. Qualitatively, these results describe the strength of
the fictitious source interactions in the two cases studied in Sections 3.2 and 3.4, respectively.
A.1 | Proofof Lemma3.16

We will expand S} and ICICS’* in the dilute regime specified by (3.6). To keep the order of the norms
in L2(dD) and H'(3D) constant as ¢ — 0, we let £ and H, respectively, denote the spaces L*(3D)
and H'(dD) along with the inner products

1 1
(e = m(" V12(3D)> (o = M(" Ve16D)-
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Recall the matrix form of S]‘J":

w _ Sgl nglaDl _ &w 0 nglaDl
SD - S | S - >D + S | 0 .
D, 10D, D, D, 10D,

We define the centres z;, z, of the resonators in the dilute regime specified by (3.6):

Then, as ¢ — 0, we have fori # j,

ngIaDi[¢](X)=/a (GO(x,2)) + (v = 2)) - V,Gx, %)) $(») do ()

D;

Xop,(X)
—— /aD,. ¢<y>do-<y>+0(s /wj |¢<y>|da<y>>.

Here, y, means a point on the line segment joining y and z;. By the Cauchy-Schwarz inequality
we have [; ¢ = O(e*||¢|| ;). Hence we have
J

A 1 0 (Xap,» ) XaD >
SY = 0——< 2 1) +0(e?)
b P 4xl \(xep,» ) Xop, 0
=389 +5W 40, (A1)

where S’O O(¢) and S(U O(g?). Here, the error terms are with respect to the operator norm in
B(L, H) In the same way, we can compute

> . 0 _<X3 9'>
Ko = g0 LY ( D7) 4+ 0(e?)
D " axl (Xap,>*) 0
_ 0% (1) 3
=K, + K5 +0(E), (A.2)

with respect to the operator norm in 3(L). Following the computations in the proof of Lemma 3.3
of [4], we have for a # 0

1maL 1mOtL
PS =9, +eCapy Z ZrpmiL Y+ €Caps Y b+ 00,
4m|l — mL|
mez
imal 1mo¢L
“ =3, +¢C S — +0
¥, =¥, +eCapy z an|l + L| pBZ ype Ilez'bZ (e),

mezZ
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where the error terms are with respect the norm in L. In these equations, observe that ||¢;]|, =
O ). Ata =n/L, u;? and u; correspond to either monopole or dipole modes:

W= (gt ayl),  w = é(ﬂbl +92).

V2

The sign is positive, corresponding to a monopole mode, if [y < 1/2 and j=1orl, >1/2 and
J =2,and negative if [y < 1/2and j = 2 orl, > 1/2and j = 1. Hence, from the expansions of {
and 7 it follows that

— (€8]
u;? =uj e u; + O(e), (A.3)

in £, where

(=" log(2) , ,
Capg - ly<1/2,j=1 or ly;>1/2,j=2,
NOM (W;Z 47|l + mL| 4rL

(=" log(2) . .
C — - l 1/2,j=2 l 1/2,j =1.
apB< WEZ 47|l + mL)| 4rL 0<1/2] or lp>1/2,]

From [4], we have that

{u;1)<0, ly<1/2,j=1 or ly<1/2,j=2,

ul>0, ly<1/2j=2 or ly>1/2j=1.

We are now ready to compute BIP}?. Recall that B = P, AP; — A. Since
P =1+dP" +0(d?),
with respect to the operator norm in B((L?(8D))?), we have
B=d(PVa+aP) + o).

Moreover, we compute
4P () [ v (VS t) - V3L L))
1 - (_

where
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Hence

(@5, APWS) = —6(us,v - (V3 [y - VSB[, fus1) ) + (=3 + K5 x50 )
—o((5 + kb )ixj1t2)
= 6(us,v- VDI [us1) + w2 (R olx7, (85) 'S5 1)
= 5((88) gl v - VY| [us1) + O(@?)
- 6<u}?,v : ng|+[u;?]> - 5((33)‘1[;(;],v : ng|+[u7]> +0(a?).
Using the expansions in the dilute regime, we have to leading order in ¢

(@5, APVWS) = 8 uj,v - V8D uy1) = 8 (35) " Lxgh v - VSS| 1) + O + wie)

=8(u;, (v -vu;) —6(u;, (v-vu;) + O(w® + w?e)

= 0(w® + w?e).
Passing to higher orders in € we have, after simplifications,
(@°, APV gy = 5£u(1)<u- (V-vu;)+ 5<($‘0)_15(1)[u-] (v- v)u-> + 0(w® + w?e?)
PARG W joNTR J D p b J
(O
_5£< ;o )(uj,(v ;) + 0w’ + w’e?),

where + is chosen as positive if u; is a monopole mode and negative if u; is a dipole mode. Due
to the reflection symmetry of D, and D,, we have (u;,(v - v)u;) = 0, and hence

(@5, APW) = O(w® + we?).
Next, we compute ((I)}?, P;DA\P;?). Using (A.1)-(A.3), we can write
A=A+ AV 10, v =wO+9W 1 0(),

where the error terms are with respect to the norms in B(£2, £ X H) and L2, respectively. At
W= co;?, we have AW = O(w?), and hence

We can see that

1 S
ADPO = _ SI(’)[uj] , AOgD) = _gy D SDA[MJ] .
5K, ) 7 \8(5 + 857l

N =
+
%3
e
*
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Observe that S](Jl)[u ;] and S'g’[u j] are constant on dD. Combining these results, we arrive at

(@0, PVAYS) = _5<uj, 1c§§>[uj]> - 5( 2521 - aT)lcg>[uj]> - 5su§.”< 2521 - aT)uj> +0(w® + ea?)

= —5£u§.1)<)(}’, (27 — 6T)uj> + O(w® + €w?)
= —5£u§1)<)(;?, ZTuj> + O(w® + €?).

Consequently, we obtain that

((D;, BOIP;) = —5£u§1)<)(}’, 2‘[uj> + O(w> + ew?).

Observe that { )(;?, u j) < 0 and, in the case D, and D, are strictly convex, we have 7(x) > 7, > 0 for

all x € D, hence ( )(;?, 2Tu j) < 0. Combining this with the sign of uﬁ.l), the result follows. O

A.2 | Proofof Lemma 3.34

We begin by computing the expansion of V in the dilute regime. Using ; as in the previous
sections, that is, ; = (ﬁg)‘l[xDj], we have

Y; = veCapg ]Bj, Jj=12.
Then

(Vi) pn =~ /a N /a p, 70— AV 095, () do) do )
- / / (G¥(dV,0) + (x — ) - V,.G°(dv, O)ET (2, () do(2) do(y) + ()
aDj aDj J J

= —\/EC&pBGw(dV,O)an’lf é—l}’;’l do + 0(53)
op; !

_ €Capg

= m%,ﬁm + 0(e® + we), (A.4)

where we have used symmetry in the integration together the orthogonality relation
/ Y7 do = y/eCapgd,y, ;.
ap;

Observe that at m = 1 we have D%_ [ )(Dj] = 0 outside D, and so
J

(Wj)l’n = 0(w?) (A.5)
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for all n. Recall the expansion, from the proof of Lemma 3.16,

) 0
lIJ}? — p©) + V/1¢Y) + 0(e), w0 — (ZJ> , p) — (su(l)u) ,
J i Y

where, at w = cu;?, AP = O(w?). Also, recall that
R —5u;?
(Dj = )(j .

(05, 2,4P, 90 = 0(@?).

Then we can compute

Turning to higher orders of ‘Pj we have

(07, (PadPy = 4)w) = el ({5 w (5 + £57 )7~} = (3 (5 + 257 w)
+ {u VSVt )) = (up, SSluy1) ) + 0.
From (A.5), it holds that
<)(;?, W(% + I@%*>[V_1uj]> = 0(w?).
Moreover, (A.4) yields
<u}?,V*SJg[V—1u]]> - (uj,Sg[ujD = 0(? + w?).
Finally, since (}(}?, (% + I@%’*)[uj]) = ()(;?,uj) = eCappg, we have
<<1>}?, Ble;?> = 6£2Cap3u§1) +0(® + 3w?).
Since the leading order is independent of d, the conclusion follows. O

APPENDIX B: PROOF OF PROPOSITION 3.25

We will restrict the analysis to the equation

L[ (=) en (i) =0,

since the proof of the equation in (3.49) with the other sign is similar. Define

a __ a a a __ a a
/11 _Cll - |C12’ ’12 - C11 + |C12'
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Then,as d — 0,

= v+ (m(1=¢%) +m(1+e ))d“:%/*A(C;Jr_i?;‘()fai)xg)lmd +0(8'/?),

(B.2)

where the imaginary part vanishes due to symmetry. Observe that for w inside the band gap, we
have 1 — A7 > 0and 1 — A7 < 0. Define

fa) = A(C§, + Re(CY)) — A{45.

We will now study the two cases [, < 1/2and [, > 1/2 separately. We will show that the right-hand
side of (B.1) is always positive in the first case, while in the second case it has a sign depending
on A. We will do so by splitting the integral into two parts, one with « close to 0 and one with «
bounded away from 0, and show that the first part is negligible.

B.1 | Casel,<1/2
In the dilute regime, as ¢ — 0, it follows from Lemma 3.5 that the width of the band gap scales as
0O(g?). Moreover, if w is inside the band gap, then we are able to write that

A = eCapy + £%(Capy)*4, + O(e?)

for some 1, € R. From the expansions of the capacitance coefficients in Lemma 3.5, and the fact
that A7 (respectively, 17) attains its maximum (respectively, minimum) at & = 7 /L, we have the
following bounds on 4:

iamL iamL iamL 0 iomL
Ly Ly £ q<-=YE 4+ LY £ g3
47L o |m| nL | & |m+ 1| 4L Ko |m]| 4L o Im+ 1]

We fix constants C > 0, p € N. Then, for a such that |a| > CeP, f(a) can be expanded in the dilute
regime as

3 3 1 cos(mal) 1 cos(malL) 3
f(@) = &(Capy) (’10 aml T anl & ml anl & Tmt lo] o)
_ .3 3 1 1 2 1 1 3
=¢°(Capp) </10 = + Z cos(mocL)< o N — lo)) +o(e’). (B4)

Define g(a) as

imaL [ & _ 1 _ 1
9(@) = Ze <m m+ 1, m—lo>'
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We can rewrite g as

[Se]
g(a) = eiaL 2 eimal 2 _ 1 _ 1
= m+l m+1l+ly m+1-I

= e (20(e',1,1) — d(e'%F, 1,1 + [y) — @(e'*F, 1,1 - 1)).

Here, ®(z, s, a) denotes Lerch’s transcendent function, defined by the power series

Zm

®(z,s,a) = z::O Grmy’

for z € C where this series converges, extended by analytic continuation elsewhere (for details on
this function we refer, for example, to [26]). For arguments in the regime Re(s) > 0, Re(a) > 0 and
z € C\ [1, o), this function admits an integral representation as

0 (s—1,—at
d(z,s,a) = L/ t—e_l dt,
r's) Jo 1—ze

where I is the Gamma function. From this, we have a representation of g(«), « # 0, as

[se] —_ — —(1—
2et—e I+t _ e (1=Ip)t
g(O() - /0 1-— eiocLe—t d

@ (cosh(lyt) — 1)(e™" — cos(aL)) q
/0 cosh(t) — cos(aL) g

From (B.4), using the bounds on 4, from (B.3) and for « such that |a| > CeP, we have

fl@ < M( ' (cos(malL) - (—1)'")(3 - - >> + o)

4rL m m+l, m-—=I

m=1
3 C 3

= Z0) Re(g(a)) — gl/1) + 0(e")

_ e3(Capp)® [ . 1 1 3

T 4zl /0 (cosh(lyt) — 1)sinh(t) < cosh(t) +1 B cosh(t) — cos(ocL)) + ()

= A (@)e® + o(e?)

for some A, () < 0 independent of ¢, with A,(a) = 0 precisely when a = 7 /L. It follows that

3 T e U LA (B3)
T Y*\[—CeP,CeP] (l - AT)(A - /‘lg) 3

for some constant A, > 0. From the scaling property (3.7), we know that | f(at)| < £2K; for some
K; > 0 independent on a. The minimum of |(4 —A7)(4 —A7)| is attained at /L and, from
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Lemma 3.5, we have [(1 — A])(4 —25)| > K,&*. Therefore, we have

o ay) _ qaga
l/ A(C11+Rea(C12)) a/ll/lz da| < AzeP2,
7T Ji—cep,cep] A =2ADA=25)

for some constant A;. Choosing p > 2, and combining this with (B.5), we find that

1 / A(C§, +Re(CE)) — 4525

1772
da >0
- A-AH@a—-2a3

/L

for € small enough. Therefore, when [, < 1/2, by (B.2) we find that, for 1 sufficiently close to /11 s

we have

1 . .
7 )y <171<1—e‘9a> +n2<1+e‘9a)> da > 0,

when ¢ and & are small enough.

B.2 | Casel,>1/2
We will show that (B.1) has a solution. We denote the left-hand side by

IA) := %/Y* <n1<1—eiea> +n2<1+eiea)> da.

/L
12
SOI(1) > —oasd — A;/ L Next, we will show that I(1) is positive for 4 sufficiently close to /1717/ L

From Lemma 3.5, we find that for € small enough, C > 0inthecasel, > 1/2. Hence e/ = 1,

Since sz/ Lis positive, we now have the following bounds for A,:

1 iamL 1 iamL 1 iamL 1 b iamL
S lyem Ly e - Lyem Loy et
4rL o |m| arl A |m+ ] 47L oo |m| arl A |m+ ]
Fix some small x > 0 and choose 4, as
iamL iamL
4rL 0 |m| AL e m+ 1|

Observe that ¥ — 0 corresponds to 4 — Af/ L Using (B.4) and following the same subsequent
steps, we find that

f(a) = 3(Capp)’*x + A, (a)) + o(e?).

Then, analogously to (B.5), we have

+o(e™),

1 / A(C¥ +Re(CE)) — A%AS q A, + Ay
a =
Y*\[-CeP,CeP]

™ A= 2HA =19
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where, again, A, is a constant A, > 0 and A, is a constant A, < 0. Thus, for x¥ small enough, we
have that A, + A,x > 0, so we can proceed as in Section B.1 to show that

IA) >0,

for A sufficiently close to lf/ L and for small enough ¢ and §. This, combined with the fact that

I(1) < 0 for A sufficiently close to /I;T / L, allows us to conclude that I(1) = 0 for some lf/ i<
/L
A0 .
In order to show that this solution 4 is unique, we show that I(1) is strictly monotonic for

AT/M < 2 < 27/". Differentiating (B.2) gives

regy 1 (C% +Re(CE))A-A)(A-A5)—(A(CE +Re(CE))-2%25) (22—AF—A3) 12
r'@) = 7T Jy= =25 PA—-25)? da + O(6°/9).

Then we have that

(CF) +Re(Cy) (A = A1A = 25) = (A(CFy + Re(CTy) — 4143 (24 = 4] = 43)
= (C% + Re(C%))(—A% + AZAZ) + 4922 (24 — A% — 25)

AZ(=A2 4+ 2928 + 28 (24— 2% = 23)), A2 <A - 25,
AF(=A2 42928 + 25 (24— 2% = 2Z)),  ifA2> 2% - 25,
“AS(A=-2%)%, A2 <A% -8,

=< 5 (B.6)
-4 (A-25)7, L

Using the bounds (B.6), we have that if /lf/ Lea< i /L then I'(1) < 0, provided § is sufficiently
small. Therefore, if |, > 1/2, then (B.1) has a unique solution, when ¢ and & are small enough.
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