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Abstract—As extreme weather events have become more

frequent in recent years, improving the resilience and reliability of
power systems has become an important problem. In this paper, a
robust preventive-corrective security-constrained optimal power
flow (RO-PCSCOPF) model is proposed to improve power system
reliability under N-k outages. Both the short-term emergency
limit (STL) and the long-term operating limit (LTL) of the
post-contingency power flow on the branch are considered.
Compared with the existing robust corrective SCOPF model that
only considers STL or LTL, the proposed RO-PCSCOPF model
can achieve a more reliable generation dispatch solution. Besides,
this paper also summarizes and compares the solution methods
for solving the N-k SCOPF problem. The computational efficiency
of the classical Benders decomposition (BD) method, robust
optimization (RO) method, and line outage distribution factor
(LODF) method are investigated on the IEEE 24-bus Reliability
Test System and the 118-bus system. Simulation results show that
the BD method has the worst computation performance. The RO
method and the LODF method have comparable performance.
However, the LODF method can only be used for the preventive
SCOPF and not for corrective SCOPF. The RO method can be
used for both.
Index Terms—Benders cut; Bender decomposition; Line outage

distribution factor; N-k security criterion; Optimal power flow;
Power system reliability; Resilience; Robust optimization
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Nomenclature
Sets and indices
, , ,i l b s Indices of generators, transmission lines,

buses, and the segments of piecewise linear
production cost function

G L B S, , ,S S S S Sets of generators, transmission lines,
buses, and the segments of piecewise linear
production cost function

Variables
iF The linearized production cost of generator

i
i ,sF The linearized production cost of generator

i on segment s
G ,iP The active power output of generator i

before the outage
LS ,bP The planned load shedding at bus b before

the outage
L,lP The active power flow on line l before the

outage
l ls e,  The voltage angles of the source bus and the

end bus of line l before the outage
b ref,  The voltage angles of bus b and the

reference bus before the outage
b bP ,P  The slack variables of the power balance

constraint of bus b , which are used to
indicate security violations after the outage

 The objective of the feasibility check
subproblem

G
c
,iP The active power output of generator unit i

after the outage
L
c
,lP The active power flow on line l after the

outage
l l

c c
s e,  The voltage angles of the source bus and the

end bus of line l after the outage
c c
b ref,  The voltage angles of bus b and the

reference bus after the outage
c
lJ A binary variable used in the SEP, SEP1

SEP2 problems to represent the status of
line l (1 normal, 0 outage)

ly The auxiliary variable used in the single
commodity flow method
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The dual variables of the constraints of the
feasibility check problem

 The auxiliary variables used to linearize the
bilinear terms in the SEP, SEP1, and SEP2
problems

Constants and parameters
NG The total number of generators
NB The total number of buses
N The total number of transmission lines
NS The total number of the segments of the

piecewise linear production cost function
k The maximum outage number of lines
bd The cost coefficient of the planned load

shedding at bus b
i ,s i ,sm ,n Coefficients of the piecewise linear

production cost function of generator i
b,i b ,lA ,K Elements of the bus-generator incidence

matrix A and the bus-line incidence matrix
K

D ,bP The active power demand at bus b

lx The reactance of transmission line l
min max,b ,b,  The minimum and maximum voltage

angles of bus b
Gmin Gmax,i ,iP ,P The minimum and maximum active power

output of generator i
D U,i ,iR ,R The ramping up and ramping down limit of

generator i
Lmax ,lP The power flow limit of transmission line l

before the outage
c
lJ A parameter used in the SP problem

indicating the status of line l (1 normal, 0
outage)

 A parameter that defines how much the
post-contingency power flow limit can be
relaxed from the pre-contingency limit

Lmax ,lP .
STL A parameter that defines how much the

post-contingency power flow limit can be
relaxed from the pre-contingency limit

Lmax ,lP for a short-term time period after the
outage, e.g., 120%.

LTL A parameter that defines how much the
post-contingency power flow limit can be
relaxed from the pre-contingency limit

Lmax ,lP for a long-term time period after the
outage, e.g., 100%.

lp The outage probability of transmission line
l

ctp A predetermined threshold for the
probability of a contingency occurring

Δ iP Ramping limit of generator i

I. INTRODUCTION

A. Background and Motivation
HE security-constrained optimal power flow (SCOPF)

problem is one of the important optimization problems in
power system operation [1], which is used to determine an
optimal generation dispatch schedule to supply the system load.
Operation constraints for normal and post-contingency states
are included in the SCOPF problem. A contingency is defined
as an event that removes one or more generators or
transmission lines from the power system. The SCOPF problem
seeks an optimal solution that is feasible in any pre-specified
possible contingency. A comprehensive review and discussion
on the SCOPF problem can be found in [2] and [3].

In general, the SCOPF problem can be divided into three
categories, namely the preventive SCOPF (PSCOPF) problem
[4], the corrective SCOPF (CSCOPF) problem [5], and the
preventive-corrective SCOPF (PCSCOPF) problem [6]. The
PSCOPF problem aims to find an optimal preventive power
dispatch solution that is secure in both normal and
post-contingency states. On the other hand, corrective actions
are allowed in the CSCOPF problem to eliminate the security
violation in the post-contingency state. In the PCSCOPF
problem, both preventive and corrective control actions are
used in the model, because not only the long-term operating
limit (LTL) but also the short-term emergency limit (STL) on
the branch are considered in the problem. Note that STL is
larger than LTL. To answer the question of why it is important
to consider both STL and LTL in the SCOPF problem. As we
know, some transmission system operators may define several
operating limits for a particular device, depending on the
tolerable time frame for violation of the limits. For example,
there are several limits on the current or power flow on a branch.
Indeed, three power flow limits are defined in the French UHV
network, i.e., the STL, the medium-term limits (MTL), and the
LTL with delays of 1, 5, and 20 minutes for line disconnection
[2]. The operating rules assume that the operator cannot react
within one minute, so the STL must be met by preventive
actions. Therefore, without considering the STL and preventive
actions, as the CSCOPF problem does, the reliability of the
resulting scheme is doubtful. We can indeed get the most
reliable solution by considering the strictest LTL in the
PSCOPF problem, but the production cost may be very high.
Due to the long tolerable time for violation of the LTL, we can
use corrective action to eliminate the violation, reducing
generation costs. Therefore, considering both STL and LTL in
the PCSCOPF problem and using different control actions to
satisfy different operating limits can make the resulting
scheduling scheme more practical and reliable.

Some research works have studied the PCSCOPF problem.
However, most of the existing studies only focus on the N-1
security criterion or a small number of contingencies. For
example, a PCSCOPF problem with N-1 security criterion was
studied in [6] and [7]. A stochastic PCSCOPF problem
considering outage probabilities of transmission lines was
proposed in [8]. In [9] and [10], fast-response distributed
battery energy storage was used as post-contingency corrective
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control actions to remove the violation of the STL. N-1
contingency of transmission lines is investigated in the studies.
Few existing studies have investigated the PCSCOPF problem
with the N-k security criterion, especially those based on robust
optimization. However, N-k outages are common during
extreme events. As extreme weather events become more
frequent in the future, this situation might become more severe.
The PSCOPF and CSCOPF problems with the N-k security
criterion have been studied by some authors [11] [12]. In this
paper, an N-k robust PCSCOPF (RO-PCSCOPF) is proposed.

As for the solution methods of the SCOPF problem, since
there could be hundreds of components in a power system, the
SCOPF problem may be computationally challenging because
of the large number of contingencies. The problem is usually
decomposed into an optimal power flow master problem and a
set of feasibility check subproblems for each contingency.
Solution methods based on Benders decomposition (BD),
robust optimization (RO), and line outage distribution factor
(LODF) are widely used. To the best of our knowledge, a
comparative study in terms of solution quality and computation
time of these methods is needed. Therefore, in this paper, we
summarize the solution process of these methods and compare
their solution quality and computational performance by case
studies on the IEEE 24-bus Reliability Test System and
118-bus system.

B. Literature Review
This section reviews the research related to the SCOPF

problem and its solution methods. The studies based on the
Benders decomposition method are reviewed first. References
[13] and [14] gave a review of the early studies and proposed a
general Benders decomposition structure for power system
decision problems including the SCOPF problem. In these
studies, the contingencies in the considered contingency set are
checked one by one through the so-called feasibility check
subproblem. Benders cut was generated and added to the
master problem if there is a violation. However, as the number
of contingency cases increases, the checking process will be
very time-consuming. In this sense, robust optimization is
applied to solve this problem. In the robust optimization
method, a max-min bilevel subproblem [15] is used to identify
the worst contingency case with the largest violation. Reference
[16] proposed a two-stage robust optimization approach to
solve the N-k contingency-constrained unit commitment
problem. Reference [17] presented an energy and reserve
scheduling model with an adjustable robust optimization
approach. Both generator and transmission line contingencies
were considered in the above two references. In [18], the outage
probabilities of the generating units are considered in the
uncertainty set of N-k outages to avoid a conservative solution.
In [19] a robust SCUC considering load and wind uncertainty
as well as generator and transmission line N-k contingencies
was proposed. Reference [20] investigated the distinct
performance of different robust SCUC models considering the
uncertainty of wind power generation. Although this paper did
not consider the security constraint of contingencies, it provides
a good explanation of robust optimization methods for dealing

with power system uncertainty. In the above studies, either the
Benders cut or column-and-constraint generation (C&CG)
cutting plane was added to the master problem to eliminate the
violations. Although almost all of the literature discussed above
focuses on robust SCUC rather than robust SCOPF, the
modeling and solution framework for contingency constraints
used in these papers can also be applied to SCOPF.

In addition to Benders decomposition and robust
optimization methods, the line outage distribution factor is also
used for the PSCOPF problem based on DC power flow.
Although the DC power flow equation does not provide explicit
information on bus voltages and reactive power and has a poor
accuracy in computing the active power flows on the lines with
high R/X ratio, it has been extensively used in both research
works and actual practice because of its high computational
efficiency [21], especially when a large number of
contingencies are considered in the model. Reference [22]
proposed a security-constrained unit commitment in which the
formulation of N-1 security constraint based on the LODF was
used. The same idea was used in [23] and [24] to solve the
resilience-constrained economic dispatch model with N-2
security constraints. Reference [25] proposed a refinement of
the procedures presented in [22] to identify the critical subset of
security constraints efficiently. However, the LODF method
can only be used for PSCOPF with N-k security criterion of
transmission line, but not for corrective SCOPF and generator
contingencies.

Although the BD, RO, and LODF methods have been widely
used in the literature of the SCOPF problem or SCUC problem
to deal with the contingency constraints, to the best of our
knowledge, a comparative study in terms of solution quality
and computation time of these methods are lacking behind. The
computational efficiency of these methods is investigated on
the IEEE 24-bus Reliability Test System and 118-bus system in
this paper.

C. Main Work and Organization
The main work of this paper is summarized below.
1. Summarize the detailed solution procedures of the BD,

RO, and LODF methods for solving the N-k SCOPF
problem. The solution quality and computational
performance of these methods are investigated by the
case studies on the IEEE 24-bus Reliability Test
System and 118-bus system.

2. Propose a RO-PCSCOPF model in which the STL and
the LTL of power flow on the branch are both taken into
account. Compared with the existing RO-CSCOPF
model that only considers STL or LTL, the proposed
RO-PCSCOPF model can achieve a more reliable
solution.

The organization of the paper is as follows: Section II
provides the mathematical formulation of the master problem
and subproblem for solving the SCOPF problem. Section III
introduces the proposed RO-PCSCOPF model. Section IV
presents the computational performance of the BD, RO, and
LODF methods for solving the SCOPF problem with the N-k
security criterion and the simulation results of the proposed
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RO-PCSCOPF model on the IEEE 24-bus RTS and 118-bus
system. Section V draws the conclusions and suggests future
works.

II. MASTER PROBLEM AND SUBPROBLEM OF SCOPF
As explained in the introduction, the SCOPF problem is

usually decomposed into an optimal power flow master
problem for the pre-contingency state and a set of feasibility
check subproblems for each contingency case. This section
presents the mathematical formulation of the master problem
and the feasibility check subproblem. The DC power flow is
used in the model. The N-k outages of transmission lines are
considered in this paper. With the linearized generation cost
function, the master problem is given as follows:

LS
1 1

       min 
NG NB

i b ,b
i b
F d P

 

 MP   ： (1)

G S i i ,sF F , i S , s S     (2)

G G S+  i ,s i ,s ,i i ,sF m P n , i S , s S     (3)

 G L D LS B
1 1

0 S
NG N

b,i ,i b ,l ,l ,b ,b
i l
A P K P P P , b

 

       (4)

L L, Sl ls e
,l

l
P l

x
 

   (5)

Lmax L Lmax LS,l ,l ,lP P P , l     (6)

min max BS
0

,b b ,b

ref

, b ,b ref  


    
 

(7)

Gmin G Gmax GS,i ,i ,iP P P , i    (8)

LS D B0 S,b ,bP P , b    (9)
where

2
G G G

G S 
i ,s i ,i ,s i ,i ,s i i ,s ,i ,sn a P b P c m P

i S , s S
   

   
(10)

2 2
G G G 1 G 1

S

G S 

i ,i ,s i ,i ,s i i ,i ,s i ,i ,s i
i ,s

,i

a P b P c a P b P cm
P

i S , s S

     


   

(11)

G Gmin S G S

G 0 Gmin G

=  ,i ,s ,i ,i

,i , ,i

P P s P , i S , s S
P P , i S

     
   

(12)

Gmax Gmin
S G= ,i ,i
,i
P PP , i S

NS


  (13)

The optimization is to minimize the sum of generation cost
and load shedding cost. Pre-planned load shedding is
considered in the model to ensure the feasibility of the problem
in case of any contingencies. The cost coefficient bd is a
sufficiently large value to avoid load shedding as much as
possible. Constraints - model the system operation in the
normal state, i.e., before the outage.

Once the master problem described above is solved, the
optimal active power output G

*
,iP and load shedding LS

*
,bP will

be passed to the sub-problems which will check the feasibility
of the solution for each contingency. In this work, the
feasibility check subproblem is formed in a well-known way by
introducing slack variables in the nodal active power balance
Equation and taking the summation of the slack variables

which represents the security violation in the contingency state
leading to the optimization objective function. Therefore, the
feasibility check subproblem is formulated as follows:

 
1

   min 
NB

b b
b

w P P 



 SP   ：

 
 

G L D LS
1 1

B

+ =0

S    

NG N
c c *

b,i ,i b,l ,l ,b ,b b b
i l

b

A P K P P P P P

b 

 

 

   

 

  (14)

   

 
1 L 1

L

1 M 1 M

S         

l l

c c
s ec c c

l ,l l
l

l l

J P J
x

l ,

 

  


     

 
(15)

 Lmax L Lmax LS    c c c
l ,l ,l l ,l l lJ P P J P , l ,         (16)

 
 

min max BS  

0  

c
,b b ,b b b

c
ref

, b ,b ref ,    

 

      



(17)

 Gmin G Gmax G S    c
,i ,i ,i i iP P P , i ,      (18)

 D G G U GS  c *
,i ,i ,i ,i i iR P P R , i ,        (19)

B0 0 Sb bP ,P , b     (20)
Constraints - are the operational constraints of the system in

the contingency state, i.e., after the outage. In this paper, we
consider the N-k outages of transmission lines, in which k
represents the number of transmission lines that fail
simultaneously. Referring to [16] and [26], a binary parameter

c
lJ is introduced to model the state (failure or online) of the line

in the event of a contingency. =0c
lJ represents the loss of line

l in contingency c . =1c
lJ means that line l remains online in

contingency c . With the use of and , when =0c
lJ the

post-contingency active power flow on line l is forced to be
zero by , and when =1c

lJ the post-contingency power flow on
line l is calculated based on the DC power flow equation. It is
worth noting that the 1M in is often called the “big M” value
where 1M is large enough to make the constraint nonbinding.
Note that c

lJ is an input parameter of SP, not an optimization
variable. If the N-k outages of transmission lines are considered

in the problem, we have  
1

1
N

c
l

l
J k



  .

Constraint enforces the ramp-up and ramp-down limits of
each generator between the normal and contingency states. If

D ,iR and U ,iR are zero, G
c
,iP will be G

*
,iP , and the SCOPF model

described above is a PSCOPF problem. if D ,iR and U ,iR are not
zero, the SCOPF model described above is a CSCOPF problem
in which corrective generation redispatch is allowed in the
contingency state to mitigate the violation.

If the security violation  is smaller than the predefined
threshold, the feasibility check is passed for the contingency
case, otherwise, the subproblem is considered infeasible. The
infeasibility information will be fed back to the master problem
so that the newly generated master solution becomes feasible.
The above feasibility check subproblem can be used in the
solution methods based on BD and RO. In the BD method,
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contingency cases are checked one by one and Bender cut of
infeasibility cases are fed back to the master, while in the RO
method a bilevel max-min model based on this feasibility check
subproblem is applied to find the worst contingency case with
the largest security violation. As for the solution method based
on LODF, it does not require solving the above subproblem to
perform the post-contingency analysis. It calculates the
post-contingency power flow by using the LODF and the
pre-contingency power flow. Detailed solution procedures or
flow charts for the methods mentioned above are shown in
Appendix A.

III. RO-PCSCOPF WITH N-K SECURITY CRITERION

This section presents the equations of the proposed
RO-PCSCOPF model. The mathematical formulation of the
master and subproblem for solving the SCOPF problem
described in Section II is extended to become a RO-PCSCOPF
problem in this section. Based on the subproblem SP, the
bilevel Max-Min problem used in the RO to find the worst
contingency can be formulated as below:

 
G L 1

max  min  
c c cc

bl ,ib ,l b

NB

b b
P ,P ,P ,P ,J ,y b

P P
 

 



BP：  (21)

 
LS

1 c
l

l

J k


  (22)

  L0 1  Sc
lJ , , l   (23)

L LS  1 S  1
1

l l

l l
l , s l , e

y y NB
   

    (24)

L L

B
S S

1, S 1
l l

l l
l ,s b l ,e b

y y b ,b
   

       (25)

    L+1 +1 , Sc c
l l lNB J y NB J l     (26)

        
L L

log 1 log + log logc
l l l l ct

l S l S

J p p p p
 

     (27)

Constraints: -
It is worth noting that c

lJ is an optimization variable in this
problem and not a parameter as it is in the SP. Constraint
enforces the number of outage lines is less than or equal to k .
The single commodity flow method [27] is used in constraints -
to guarantee that contingencies splitting the network are not
considered in the model. Constraint allows the model to take
into account the outage probabilities of transmission lines. It
represents that only contingency with a probability bigger than
the given ctp is included in the uncertainty set [28]. lp is the
outage probability of line l . Since the inner-level minimization
problem is a linear programming problem, the bilevel model
can be transferred into a single-level problem based on the
strong duality theorem. The single-level equivalent is
formulated as:

     max R , , , , , , ,       SEP : (28)

Constraints:

-

 
  

 

    

B

L

G

+
LS D min max

S

1 2 3 4
1 1 Lmax Lmax

S

G D U G Gmin Gmax
S
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+ M M

+

*
,b ,b b ,b b ,b b
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i
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P P

P R R P P P
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+ 0 Sb,l b l l l l
b

K , l       



      (30)

 

 
L

L

B
S

S

0 S ref

0 ref

b.l
l l b b

l l

b.l
l l b b

l l

K , b ,b
x
K ,b
x

   

    

   



   



       

      




(31)
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S
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b
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B1 1 Sb , b     (33)

   1
2 2 L

1
2 2 L

1 M 1 M  S

M M  S

c c
l l l
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l l l l l
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2 2 L
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2 2 L
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M + M  S
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J J , l



   

      

     
(35)

   
3

2 2 L

3
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c c
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c c
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4
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c c
l l l

c c
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(37)

0 unrestrictedl l l l b b i i i i b, , , , , , , , , ,                     (38)
It is worth noting that the nonlinear terms in the original dual

objective function due to the multiplication of the dual and
integer variables c

lJ are reformulated as a set of mixed-integer
linearization constraints - according to the Big M method [16]
[29]. Since two kinds of post-contingency actions and operating
limits are considered in the proposed RO-PCSCOPF model, we
need two kinds of subproblem SEP to identify the worst
contingency case for different control actions and operating
limits. In the first new subproblem SEP1 considering
preventive actions and STL, the D ,iR and U ,iR are set to zero
and  is set to be the STL.

U D G

   max  (29)
 s.t. (22)-(27), (30)-(38)
            =STL

0 0 S,i ,iR ,R , i


   

SEP1：

(39)

In the second new subproblem SEP2 considering corrective
actions and LTL, the D ,iR and U ,iR are set to the pre-defined
ramping limits Δ iP and  is set to be the LTL.

U D G

max  (29)
  s.t. (22)-(27)  (30)-(38)
                =LTL

Δ Δ S,i i ,i iR P ,R P , i


   

SEP2： 

，
(40)
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With the above two new subproblems, SEP1 and SEP2, and
the master problem MP ， the solution approach for the
proposed RO-PCSCOPF model is shown in Fig. 1.

If the security violation of the found worst contingency c is
larger than the predefined threshold, the BC or C&CG cutting
plane for this contingency will be generated and added to the
master problem until an optimal solution is found.

The infeasible Benders cut for the proposed RO-PCSCOPF
problem can be formulated as follows:

     G G LS LS
1 1

+ + 0
NG NB

* *
i i ,i ,i b ,b ,b

i b
P P P P    

 

     (41)

As for the C&CG cutting plane, actually, for a two-stage
robust optimization problem without objective terms related to
the second-stage variables, the C&CG cutting plane is a set of
constraints of the second stage [30] [31], Therefore, the C&CG
cutting plane for the proposed RO-PCSCOPF model is as
follows:

C&CG for the worst contingency is found by SEP1 below.

 G L D LS B
1 1

0 S
NG N

c c
b,i ,i b ,l ,l ,b ,b

i l
A P K P P P , b

 

       (42)

  =STL (43)
Constraints:-

where c
lJ is the line states determined by SEP1, G

c
,iP , L

c
,lP , and

c
b are a set of new variables for the identified worst

contingency.
C&CG for the worst contingency is found by SEP2 below.

 G L D LS B
1 1

0 S
NG N

c c
b,i ,i b ,l ,l ,b ,b

i l
A P K P P P , b

 

       (44)

  =LTL (45)
Constraints:-

where c
lJ is the line states determined by SEP2, G

c
,iP , L

c
,lP , and

c
b are a set of new variables for the identified worst

contingency.

IV. CASE STUDIES

Two case studies were conducted in this paper. The first case
is to study the computational performance of the four solution
methods for solving the N-k SCOPF problem, i.e., the BD
method, the RO-BC method, the RO-C&CG method, and the
LODF method. Since LODF can only be applied to the
PSCOPF problem, the PSCOPF problem with N-k (1<=k<=3)
security criterion was studied to test the computational
effectiveness of these four methods. The second case is to
validate the reliability performance of the proposed
RO-PCSCOPF model. In this case, the proposed
RO-PCSCOPF model is compared with the existing
RO-PSCOPF and RO-CSCOPF models.

A. Test Systems and Parameter Settings
The case studies were tested on the IEEE 24-bus RTS and

118-bus systems with system data from MATPOWER 5.0.
Since MATPOWER did not provide the power flow limits of
transmission lines in the IEEE 118-bus system, these data are
from http://motor.ece.iit.edu/data/SCUC_118. The STL and the
LTL of all lines are assumed to be 1.2 and 1, respectively. The
ramp-up and ramp-down limits for each generator between
normal and emergency states are set equal to 10% of the
maximum output of the generator in the models considering
corrective control, that is the ΔP in SEP2 is set to Gmax10%P .

1M and 2M are set to 10000. The convergence tolerance for all
algorithms is set to 10^-3 MWh.

All models and methods were implemented in MATLAB
2016a and YALMIP with solver Gurobi 9.1.0 on a personal
computer with an Intel Core (TM) 3.20 GHz i5 processor and 8
GB of RAM. The MIP gap tolerance of Gurobi is set to 0.1%,
and the other parameter is set as default. In all computational
performance tests, the time limit was set to 43,200 CPU
seconds (i.e., 12 h).

B. Case 1: Comparison of Different Solution Methods
1) Comparison of computational performance

Tables I and II summarize the computational times of the
four methods for solving the PSCOPF problem with N-k
(1<=k<=3) security criterion on the IEEE 24-bus RTS and
118-bus system, respectively.

The first column of Tables I and II are the security criterion
and the corresponding number of contingencies of the system
under such criterion. As shown in Tables I and II, there is no
doubt that the classical BD method, which checks all
contingencies one by one, has the slowest convergence speed.

Fig. 1. Flowchart of the solution approach of the proposed RO-PCSCOPF
model.

TABLE I
COMPUTATIONAL TIME OF DIFFERENT METHODS FOR SOLVING THE N-K

PSCOPF PROBLEM OF THE IEEE 24-BUS RTS
Methods BD RO-BC RO-CCG LODF
N-1(37) 14.32s 1.75s 1.73s 0.79s

N-2(659) 5287.92s 4.60s 4.65s 2.45s
N-3(7503) Timeouts 32.16s 26.93s 14.20s

TABLE II
COMPUTATIONAL TIME OF DIFFERENT METHODS FOR SOLVING THE N-K

PSCOPF PROBLEM OF THE IEEE 118-BUS SYSTEM

Methods BD RO-BC RO-C&CG LODF
N-1 (177) 237.25s 10.81s 11.34s 3.21s

N-2 (15502) Timeouts 143.84s 80.77s 75.99s
N-3 (895649) Timeouts 5641.39s 5399.32s 8361.86s
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For the 24-bus RTS, this method fails to obtain the optimal
solution for the N-3 security criterion within the time limit,
while the other three methods still have a fast convergence.

As for the comparison between the RO-BC, RO-C&CG, and
LODF methods, as shown in the tables, the LODF method has
the best computational performance when there are not many
contingencies. The convergence speed of this method slows
down as the number of contingencies increases, as shown in the
case of N-3 for the 118-bus system. This is because the LODF
method is also based on the enumeration algorithm and requires
the calculation of the post-contingency power flow for each
contingency.

As for the comparison of the RO-BC and RO-C&CG
methods, simulation results in [30] show that the convergence
speed of the Benders cuts is much slower than that of the
column-and-constraint generation cutting plane in most
mixed-integer linear programming problems. Because Benders
cuts are very weak feasibility cuts, they lead to an increase in
the number of iterations between the master problem and the
subproblems. However, in solving the linear SCOPF problem
based on the DC power flow, these two methods have a similar
computational performance in all cases, as shown in Tables I
and II. The RO-C&CG method only performs a little better than
the RO-BC method. This is because the master problem for
solving the SCOPF problem is linear and easy to solve. Even if
the number of iterations increases, the total solution time does
not increase much.

Table III shows the detailed computation results of the N-3
case of the 24-bus system and the 118-bus system. Fig. 2 shows
the convergence curves of the RO-BC method, RO-C&CG
method, and LODF method for the N-3 case of the 24-bus RTS
and the 118-bus system. As shown in Fig. 2, all methods
converge after a few iterations, and the LODF method requires
fewer iterations, compared with the robust optimization method.
This is because the LODF method generates and adds the
security constraints for all violating contingencies to the master
problem at each iteration, while the robust optimization method
generates security constraints for only the worst contingencies.
It can be seen in Table III, in the case of the IEEE 118-bus
system, the total computation time to solve the subproblem is
much higher than the total computation time to solve the master
in the RO-BC and RO-C&CG methods. This indicates that the
complexity of the master problem is acceptable. However, the
bottleneck is the subproblem. One reason is that the
subproblem is a mixed-integer linear programming problem,
while the master problem is a linear programming problem. In
particular, it is mainly due to the big-M formulation in the
subproblem, e.g., the big-M formulation usually leads to a big
optimality gap. In addition, too much redundancy/symmetry (in
terms of which component to choose as a contingency) makes it

difficult for the solver to determine. Acceleration techniques
can be developed to improve the computational performance of
the subproblem in future works
2) Comparison of Solution Quality

As for the solution quality, Fig. 3. shows the generation cost
per iteration for the 24-bus system and the 118-bus system in
the N-3 case. All methods achieved the same optimal solution
on the IEEE 24-bus RTS. As for the case of the IEEE 118-bus
system, we can see that not all methods achieve the same
optimal solution. The LODF method found the lowest-cost
operation. Such a result may exist because the constraints
added to the master problem generated by the above methods
are different. The solutions of robust optimization methods are
usually overly conservative because the worst contingencies
are considered in each iteration.

Besides, it can be seen in the third row of Table III that there
is load shedding at the PSCOPF with N-3 security criterion on
the IEEE 24-bus RTS. This indicates that the 24-bus RTS is not
able to operate under the N-3 security criterion without
pre-planned load shedding. In daily operation, the system must
meet load demand at all times, and pre-planned load shedding is
not desirable. However, these results provide system operators
with valuable information about the ability of the power system

TABLE III
THE DETAILED COMPUTATIONAL RESULTS FOR THE N-3 PSCOPF PROBLEM OF THE IEEE 24-BUS RTS AND THE 118-BUS SYSTEM

Systems IEEE 24-bus Reliability Test System IEEE 118-bus system
Methods RO-BC RO-C&CG LODF RO-BC RO-C&CG LODF

Objective ($) 54,241,118.34 54,241,118.34 54,241,118.34 130,621.71 130,621.71 130,480.43
Generation Cost ($) 81,608.29 81,608.29 81,608.29 130,621.71 130,621.71 130,480.43

Load Shedding (MW) 54.15 54.15 54.15 0 0 0
Total Iterations 10 9 3 11 11 4
Total Time (s) 32.16 26.93 14.20 5641.39 5399.32 8361.86

Time for MP (s) 2.63 2.63 3.59 16.85 21.49 314.51
Time for SP (s) 29.53 24.30 10.61 5624.54 5377.83 8047.35

(a) (b)
Fig. 3. Generation cost per iteration of the RO-BC method, RO-C&CG
method and LODF method for solving the N-3 PSCOPF problem of the
24-bus RTS and the 118-bus system.

(a) (b)
Fig. 2. The convergence curves of the RO-BC method, RO-C&CG
method and LODF method for solving the N-3 PSCOPF problem of the
24-bus RTS and the 118-bus system.
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to withstand multiple contingencies. In other words, the
pre-planned load shedding variables considered in this work
can help identifying the system is not able to be operated under
such tight security criteria.

In summary, regarding the computational performance of the
SCOPF problem based on DC power flow equations, the
classical BD method has the worst performance, and the RO
method and the LODF method have comparable performance.
However, the LODF method can only be used for the PSCOPF
problem and not for the CSCOPF problem. The RO method can
be used for both. The bottleneck in solving the SCOPF problem
is the solution of the sub-problem. In the RO method, the
Big-M formulation used to linearize the bilinear terms has a
great impact on the computational efficiency. Acceleration
techniques can be developed to improve the computational
performance of the subproblem in future works. Both Bender
cut and column-and-constraint generation cutting planes are
used in the RO method. In the case studies of this paper, the
computational performance of these two methods is not very
different. The RO-C&CG method only performs a little better
than the RO-BC method. As for the solution quality, in most
cases, these four methods could achieve the same objective
value, but in some cases, the RO method may find an
over-conservative solution.

C. Case 2: Study of The Proposed RO-PCSCOPF
This case is to validate the economic and reliability

performance of the proposed RO-PCSCOPF model. In this case,
the proposed RO-PCSCOPF model is compared with the
existing RO-PSCOPF and RO-CSCOPF models.
1) Comparison of Generation Costs and Computation

Performance
Table IV shows the simulation results for the above three

models with N-1, N-2, and N-3 safety criteria. The generation
costs and load shedding, as well as the computation times for
various models, are demonstrated. It can be seen that the
RO-PSCOPF solution is the most conservative one. It has the
highest generation cost in all cases without load shedding. This
is obvious because the optimal power dispatch scheme for the
RO-PSCOPF must prevent violations of the tightening
long-term limits in normal and contingency states, where
expensive generators may be forced to increase their output.

The high cost makes the scheduling solution the most reliable
and secure solution. However, as the number of outage lines
increases, RO-PSCOPF may result in the largest pre-planned
load shedding, for example, in the case of RO-PSCOPF with
N-3 security criterion on the IEEE 24-bus RTS.

The RO-CSCOPF model has the most economical solution
in all cases, e.g., 15.7% reduction in generation cost and 100.8
MW reduction in load shedding compared to RO-PSCOPF in
the case of N-3 security criterion on the IEEE 24-bus RTS. This
is because CSCOPF allows for corrective generation dispatch
in a post-contingency state to eliminate violations and does not
consider redispatch costs in the objective function. However, if
the generator is not able to ramp up or down quickly in a
post-emergency state, the system may suffer a cascading
blackout. This is why the RO-PCSCOPF model is proposed in
this paper, which considers both preventive and corrective
actions for the post-contingency state. We will analyze the
security and reliability performance of the solutions for
different models in the next section.

As for the proposed RO-PCSCOPF model, it can be seen that
in most cases, its generation cost is between that of the
RO-PSCOPF model and the RO-CSCOPF model. This is
reasonable because the short-term emergency rating is larger
than the long-term operational rating, resulting in a looser
security constraint for the RO-PCSCOPF and therefore a
cheaper solution than the RO-PSCOPF solution. But such a
result is not a certainty, because RO-PCSCOPF also takes into
account corrective actions, which may have some impact on the
cost. Compared to the RO-CSCOPF model, the additional
security constraint of short-term emergency rating is
considered in the RO-PCSCOPF model, then the cost is
increased.

In terms of computation time, the RO-PSCOPF model and
the RO-CSCOPF model have similar computation times when
the same security criterion is considered in the model. The
proposed RO-PCSCOPF takes longer to converge because it
must solve two subproblems to find the maximum violation of
the short-term emergency limit and the long-term operating
limit in each iteration, respectively.
2) Contingency Violations and Reliability Analysis.

As mentioned above, the power dispatch solution of the
RO-PSCOPF model is the most expensive but reliable, with no
violations in the post-emergency state. In this section, the

TABLE IV
COMPARISON OF GENERATION COST AND COMPUTATION TIME BETWEEN DIFFERENT ROBUST SCOPF MODELS OF THE IEEE 24-BUS RTS AND THE 118-BUS

SYSTEM

Systems IEEE 24-bus Reliability Test System IEEE 118-bus system
Models RO-PSCOPF RO-CSCOPF RO-PCSCOPF RO-PSCOPF RO-CSCOPF RO-PCSCOPF

N-1

Generation Costs ($) 61,001.29 61,001.29 61,001.29 127,321.10 126,738.40 126,922.03
Reduced Cost (%) 0 0 0 0 0.5% 0.3%

Load Shedding (MW) 0 0 0 0 0 0
Computation Time (s) 2.33 2.35 3.69 11.22 24.52 37.13

N-2

Generation Costs ($) 73,127.17 68,457.96 69,407.23 128,866.48 127,208.19 128,024.15
Reduced Costs (%) 0 6.4% 5.1% 0 1.2% 0.7%

Load Shedding (MW) 5 5 5 0 0 0
Computation Time (s) 7.45 13.93 14.91 93.23 80.06 437.87

N-3

Generation Costs ($) 81,575.18 68,789.23 84,508.21 132,069.20 129,037.35 130,621.71
Reduced Costs (%) 0 15.7% -3.6% 0 2.2% 1.1%

Load Shedding (MW) 178.17 77.37 93.25 0 0 0
Reduced Load Shedding (MW) 0 100.8 84.92 0 0 0

Computation Time (s) 34.17 27.84 80.75 14,359.90 23,819.87 30,068.81
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reliability of solutions of the RO-CSCOPF model and the
RO-PCSCOPF model is analyzed. Table V shows the number
of violating contingency and the maximum violations for these
two models on the IEEE 24-bus RTS and 118-bus system.

NVS and NVL are the numbers of contingencies that result
in violations of the short-term emergency limit and the
long-term operating limit, respectively, if corrective actions are
not taken after the occurrence of a contingency. MVS and MVL
are the maximum violations of the short-term emergency limit
and the long-term operating limit, respectively. As shown in the
table, there is no doubt that the NVS of the RO-PCSCOPF
model is equal to zero because the short-term emergency limit
has been taken into account in the optimization model.

In terms of NVL and MVL, for the 118-bus system, even
under the N-1 security criterion, the RO-CSCOPF model has 3
contingencies that result in a violation of the long-term
operating limit, with a maximum violation of 115 MW (outage
of line 8). In general, the NVL and MVL of the RO-PCSCOPF
model are smaller than those of the RO-CSCOPF model. For
example, in the N-3 case of 24-bus RTS, the NVL of the
RO-PCSCOPF model is only 20, while it is 266 in the
RO-CSCOPF model. For some cases, for example, in the N-1
case of the 118-bus system, the RO-CSCOPF model and the
RO-PCSCOPF model have the same NVL, but the
RO-PCSCOPF model has a smaller maximum violation
amount. The above results suggest that the power dispatch
solution of the proposed RO-PCSCOPF model not only ensures
that short-term limits are not violated but also reduces
violations of long-term limits in a post-contingency state.

As for the NVS of the RO-CSCOF model, we can see that for
the 118-bus system, even under the N-1 security criterion, the
RO-CSCOPF model has 2 contingencies that result in a
violation of the short-term operating limit, with a maximum
violation of 45 MW and the 24-bus RTS has 4 and 157 violating
contingencies of N-2 and N-3 security criterion, respectively. If
corrective action is not taken quickly, longer violations of
short-term limits could lead to continued outages. We then
consider the example of the outage of lines 23 and 29 on the
IEEE 24-bus RTS. The active power output of the generators on
the IEEE 24-bus RTS obtained from the RO-PSCOPF model,
the RO-CSCOPF, and the proposed RO-PCSCOPF model are
shown in Fig. 4. In the proposed model, most of the generators
have a similar generation dispatch solution to that of the
RO-CSCOPF model while some have different solutions, such
as generators 11, 12, and 13. The power output of some
generators is closer to that of the RO-PCSCOPF, which is
adjusted to avoid security violations of the STL. Fig. 5 shows
the pre-contingency and post-contingency power flows on
transmission lines of this power dispatch solution under the N-2
contingency of lines 23 and 29.

As shown in Fig. 5, the pre-contingency and
post-contingency power flow of the RO-PSCOPF model are all
under the LTL as expected. In the RO-CSCOPF model, the
power flows of lines 6 and 7 are over the STL, as shown in the
second graph in Fig. 5. The violation could be removed by
corrective generation dispatch, as shown in the third graph.

Fig. 4. The active power output of the generators on the IEEE 24-bus
under the N-2 security criterion.

Fig. 5. Pre-contingency and post-contingency power flow on the transmission lines of the IEEE 24-bus RTS under N-2 contingency of lines 23 and 29.

TABLE V
NUMBER OF VIOLATING CONTINGENCY AND MAXIMUM VIOLATIONS OF

THE RO-CSCOPF MODEL AND THE PROPOSED RO-PCSCOPF MODEL OF
THE IEEE 24-BUS RTS AND THE 118-BUS SYSTEM

Systems IEEE 24-bus RTS IEEE 118-bus system

Models RO-CSCOP
F

RO-PCSCO
PF

RO-CSCOP
F

RO-PCSCO
PF

N-1

NVS 0 0 2 0
MVS (MW) 0 0 45 0

NVL 0 0 3 3
MVL (MW) 0 0 115 82.57

N-2

NVS 4 0 179 0
MVS (MW) 70 0 156.25 0

NVL 15 7 180 178
MVL (MW) 230 200 237.72 81.46

N-3

NVS 157 0 Timeouts 0
MVS (MW) 697 0 226.14 0

NVL 266 20 Timeouts Timeouts
MVL (MW) 857 198.68 320.52 103.38
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However, if the generator could not ramp up or down so
quickly, lines 6 and 7 may be on outage due to overload. If lines
6 and 7 are out of service, load levels on lines 28 and 29 will
increase to 1.55 and 1.52 p.u. These two lines may continue to
fail. This may develop into a cascading outage blackout.
However, in the RO-PCSCOPF model, preventive control is
used to limit the power flow in lines 6 and 7 below the
short-term limit to avoid overload.

In summary, compared to the RO-PSCOPF model, in the
proposed RO-PCSCOPF, corrective control is allowed to
respond to a contingency. Therefore, the operating cost is
reduced to some extent. In the RO-CSCOPF model,
contingencies may cause some branch flows to exceed not only
their long-term operating limit but also the short-term
emergency limit. Ignoring such violations may result in
cascading outages. The power dispatch scheme of the proposed
RO-PCSCOPF model is more reliable if corrective controls are
not implemented in a short time.

V. CONCLUSIONS

In this paper, the computational efficiency and solution
quality of the BD, RO, and LODF methods for solving the
SCOPF problem based on DC power flow are investigated on
the IEEE 24-bus Reliability Test System and the 118-bus
system. Simulation results show that the classical BD method
has the worst performance, and the RO method and the LODF
method have comparable performance. However, the LODF
method can only be used for the PSCOPF problem and not for
the CSCOPF problem. The RO method can be used for both.
For the comparison between BC and C&CG, the RO-C&CG
method only performs a little better than the RO-BC method.
As for the solution quality, in most cases, these four methods
could achieve similar results, but in some cases, the RO method
may find an over-conservative solution. Based on the
comparison study, a RO-PCSCOPF model is proposed. The
short-term emergency limit and long-term operating limit of
power flow on the branch in the post-contingency state are both
taken into account in the problem. Compared to the
RO-PSCOPF model, in the proposed RO-PCSCOPF model,
corrective control is allowed to respond to a contingency.
Therefore, the operating cost is reduced to some extent.
Compared with the existing RO-CSCOPF model that only
considers the short-term emergency limit or the long-term
operating limit, the proposed RO-PCSCOPF model can achieve
a more reliable solution. In future work, RO-PCSCOPF based
on AC power flow can be investigated. Uncertainty of
renewable energy generation and energy storage systems for
quick response can also be studied.

APPENDIX A

A. Flowchart of The BD Method for Solving The SCOPF
Problem

With master problem MP and subproblem SP described in
Section II, the flowchart of the BD method for solving the
SCOPF problem is shown in Fig. A1. If the security violation of
contingency c is larger than the predefined threshold, Benders
cut for this contingency will be generated and added to the
master problem. Mathematically, Benders cut is the first-order

approximation of the objective function of the feasibility check
problem around the point determined by the master problem.
The sense of this cut is to force the objective value of the
feasibility check problem to be less than or equal to zero in the
next iteration, therefore, making the subproblem feasible. The
Benders cut for the SCOPF problem described in Section II can
be formulated as follows:

    G G LS LS
1 1

+ + 0
NG NB
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i i ,i ,i b ,b ,b

i b
P P P P    

 

     (46)

In , i  , i  and b are dual variables for constraints and ,
respectively, which can be obtained from the dual function of
the solver or by the dual problem AP1 as follows:
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Fig. A1. Flowchart of the BD method for solving the SCOPF problem.
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B. Flowchart of The RO-BD and RO-CCG Methods for
Solving The SCOPF Problem

With master problem MP and subproblem SEP described in
Section II, the flowchart of the RO-BD and RO-CCG methods
for solving the SCOPF problem is shown in Fig. B1 below.

As shown in Fig. B1, if the security violation of the found
worst contingency c is larger than the predefined threshold, the
BC or C&CG cutting plane for this contingency will be
generated and added to the master problem MP. It is worth
noting that the Benders cut explained in the BD method can
also be used here. As for the C&CG cutting plane, actually, for
a two-stage robust optimization problem without objective
terms related to the second-stage variables, the C&CG cutting
plane is a set of constraints of the second stage [30]. Therefore,
the C&CG cutting plane for RO-SCOPF is as follows:
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where c
lJ is the line states determined by SEP, G

c
,iP , L

c
,lP , and

c
b are a set of new variables for the identified worst

contingency. The C&CG is added to the master problem until
an optimal solution is found.

C. Flowchart of The LODF Method for Solving The SCOPF
Problem

According to the iterative contingency filtering process
proposed in [22] and [23], the flowchart of the LODF method
for solving the SCOPF problem is shown in Fig. C1 below.

As shown in Fig. C1, in the LODF method, the
post-contingency security analysis is performed by calculating
the post-contingency power flow of the remaining online lines
using the LODF, not by a feasibility check subproblem. The
LODF is defined as the incremental active power flow on
monitored lines caused by the lines on outage with a
pre-contingency active power flow of one unit. LODF under a
single-line outage or multi-line outage can be generalized by
using the power transfer distribution factor (PTDF) of a
pre-contingency network with the following equations [32].

0 0 -1
M,O O,OLODF=PTDF (E-PTDF ) (55)

Fig. C1. Flowchart of the LODF method for solving the PSCOPF
problem.

Fig. B1. Flowchart of the robust optimization method for solving the
SCOPF problem.
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M,O

- T -1
MX Φ  B  ΨPTDF = (56)

O
0
O,O

-1 T -1X Ψ B ΨPTDF = (57)

 -1-1 T TB =T TBT T (58)
-1 TB=KX K (59)

where LODF is a line outage distribution factor matrix with
the size of  M ON N . 0

M,OPTDF and 0
O,OPTDF are power

transfer distribution factor matrices with the size of  M ON N

and  O ON N , respectively. E is an identity matrix with the

size of  O ON N . MX and OX are diagonal matrices with
elements representing the reactance of monitored lines and
failure lines with the size of  M MN N and  O ON N ,
respectively. Φ and Ψ are bus to monitored lines and bus to
outage lines incidence matrices with the size of  MNB N and

 ONB N , respectively. MN and ON are the number of
monitored lines and outage lines in a contingency. X is a
diagonal matrix with elements representing the reactance of all
lines with the size of  N N . K is a bus-lines incidence

matrix with the size of  NB N . T is a reduced identity

matrix with the size of  1NB NB    .
After getting the LODF and the pre-contingency power flow

L,lP from the master problem MP, we can calculate the
post-contingency power flow of the remaining online line in a
contingency. For example, for an N-2 contingency of lines u
and v , the following equations can be used to calculate the
post-contingency power flow of any remaining line l .

c
L L L LLODF LODF,l ,uv ,l l ,uv,u ,u l ,uv,v ,vP P P P     (60)

After getting the post-contingency power flow, check if there
are any power flow violations in all contingency cases and all
remaining online lines. If not, stop, otherwise, save violated
contingency scenarios, and then add security constraints of
these scenarios to the master problem. For example, in the
contingency of lines u and v , the post contingency of line l is
larger than the considered post-contingency power flow limit.
Lines u , v and l will form a violated contingency scenario.
The security constraint of this violated contingency scenario
will be added to the master problem MP.

c
L L L LLODF LODF,l ,uv ,l l ,uv ,u ,u l ,uv ,v ,vP P P P     (61)

Resolve the master problem with the security constraint to
update the power dispatch solution, until no violated
contingency scenario exists.
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