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Meta Distribution of SIR in the Internet of Things
Modelled as a Euclidean Matching
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Abstract—The Poisson bipolar model considers user-base sta-
tion pairs distributed at random on a flat domain, similar to
matchsticks scattered onto a table. Though this is a simple
and tractable setting in which to study dense networks, it
doesn’t properly characterise the stochastic geometry of user-
base station interactions in some dense deployment scenarios,
which may involve short and long range links, with some paired
very nearby optimally, and others sub-optimally due to local
crowding. Since the users will pair one-to-one with base stations,
we can consider using the popular bipartite Euclidean matching
(BEM) from spatial combinatorics, and study the corresponding
(meta) distribution of the signal-to-interference-ratio (SIR). This
provides detailed information about the proportion of links in
the network meeting a target reliability constraint. We can
then observe via comparison the impact of taking into ac-
count the variable/correlated short-range distances between the
transmitter-receiver pairs on the communication statistics. We
illustrate and quantify how the widely-accepted bipolar model
fails to capture the network-wide reliability of communication in
a typical ultra-dense setting based on a binomial point process.
We also show how assuming a Gamma distribution for link
distances may be a simple improvement on the bipolar model.
Overall, BEMs provide good grounds for understanding more
sophisticated pairing features in ultra-dense networks.

Index Terms—Matching theory, stochastic geometry, Internet
of Things, random geometric graphs, data capacity, interference,
wireless networks.

I. INTRODUCTION

Geometry plays a fundamental role in the data capacity of
dense wireless networks by requiring the excessive division
of available spectrum into multiple adjacent, non-overlapping
channels [1]. The notion of area spectral efficiency (ASE) has
been introduced to measure the bits per second per Hz per
unit volume the network can move from source to destination.
There is an upper bound representing the fundamental limit
of densification, below which ASE will improve by simply
adding, at financial cost, more base stations [2], [3].

In this setting, stochastic geometry yields simple but in-
sightful expressions for the ASE, rate distribution and coverage
probability of wireless communication networks [3]-[18]. Tra-
ditional spatial models, e.g., the Poisson bipolar model, take
into account the effect of interference on the typical link, but
consider only trivial notions of its length. Put simply, the base
stations in the bipolar model are distributed at random, and
users are then generated at a fixed distance away from each,
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and at a random angle. For example, this distance is either
fixed and known [6], or is variable according to some stan-
dard distribution [19], [20]. Nevertheless, perturbed resource
allocation can change the pair associations, and this may have
a knock-on impact throughout the network. This may lead
to very sophisticated random link distance distributions, and
therefore to a sophisticated meta distribution of the SIR [6].
It is important to develop research in this area along the
lines of more arbitrary pairing ideas between users and base
stations which capture the geometric confinement of ultra-
dense communication, which leads to better understanding of
this scenario generally.

In this paper, and following on from previous work [21],
[22], we consider User Equipments (UEs) and Base Stations
(BSs) modeled by two binomial point processes in the two-
dimensional (2d) Euclidean space without boundary (this will
look like a Poisson process at sufficient density). The two
processes are paired-off in an edge-independent way, i.e., no
edge is incident to more than one point, known as a bipartite
Euclidean matching (BEM), shown in Fig. 1. We pair the
point processes to minimize the aggregate pair distances in this
setting. This leads to significant “ground state entropy”, where
more than one good configuration is possible (though only one
absolutely optimal, due to the continuous link lengths) [23].
Since a BS can be the nearest BS for more than one UEs, the
link distances of nearby communication pairs in this setting
become correlated.

The main argument of this article is that the BEM incor-
porates both variable link distances and Euclidean correla-
tions. These are crucial aspects of engineering geometrical
configurations, making this both novel and significant. It also
resembles very mathematical deep ideas in condensed matter
physics, with the hope of shedding light on the depth of this
sort of communication problem [24]. This makes it much more
realistic than other variable distance models, e.g., based on
the Rayleigh distribution [19], [20]. Forming links in a dense
network according to a BEM also agrees fairly enough with
intuition, i.e., it is natural to assume that every node will try
to pair with a nearby available, i.e., unpaired node. Therefore,
the distribution of link distances in an ultra-dense ad hoc
network shall be better captured by a BEM rather than the
traditional bipolar or variable link distance models. This has



been studied in two other articles, first by Kartun-Giles, Kim
and Jayaprakasam [21], and later by Kreacic and Bianconi
[22]. We attempt to go some way to introducing interference as
a key idea, which is omitted in those works due to tractability
concerns, and using the popular meta distribution framework
of Haenggi [6].

The simplistic bipolar model assumes an equal and known
distance for all communication pairs for the sake of tractability
of, e.g., the statistics of the meta distribution. The study in [26,
Eq. (3.29)] points out that the nearest-neighbor distance, which
scales as A~'/2 in the plane, where \ stands for the point
process intensity, could be integrated into the calculation of the
outage probability. Later, the study in [19, Section 4.2] uses the
contact distribution of planar Poisson point process (PPP), i.e.,
the Rayleigh distribution, and compares the outage probability
with and without variable link distances as A — 0. Both
studies [19], [26], however, neglect the inherent correlations of
link distances in transmitter-receiver (Tx-Rx) pairing in ad hoc
networks. This has subtle but, as we will show, very important
effects on the statistics of the meta distribution.

BEMs are relevant in both machine-to-machine communica-
tions and wireless sensor networks, where a massive number of
spatially embedded devices distribute measurement informa-
tion over their network. An upper bound on the maximum data
rate concerns an effective “transport plan”, which is optimized
given the constraints each interferer places on its neighboring
transmitters. Certain transport plans will lead to some Tx-
Rx pairs failing to meet an SIR with given reliability. The
meta distribution of the SIR is thus an important idea to
introduce in this setting. See also the related spatial outage
capacity studies [27], [28]. The integration of variable and
correlated link distances with fading and interference into the
theory of the meta distribution of the SIR is precisely the
contribution of our work. This constitutes a preliminary but
important step towards the understanding of the impact of
more realistic spatial models into the performance of wireless
ultra-dense networks. Preliminaries are discussed in Section
II. Meta distribution and spatial outage capacity models for
BEMs are investigated in Section III. Section IV concludes
this paper.

II. PRELIMINARIES

With intensity A > 0 and N ~ Binomial(\), consider the
Binomial point process (BPP) Xy C [0,1]% of N points,
and the BPP )y C [0,1]¢9, also of N points, drawn from
the hypercube with periodic boundary conditions, which is
equivalent to a torus when d = 2, with 2N points distributed
uniformly at random over its (flat) surface. The sets X and
YN are independent of each other. Form a perfect bipartite
matching My by assigning N of the pairs with one end in
each of Ay and Yy in such a way that every point is incident
to exactly one pair.

For now, ignore the impact of fading and interference.
Denote the Euclidean lengths of the edges in a BEM by

Fig. 1: An example realisation of a bipartite Euclidean match-
ing of N = 225 pairs of points, distributed uniformly at
random, from a recent work on the Euclidean matching
problem [25]. The sum of the interpoint distances is near
minimal over the set of all matchings between the points.

di,ds,...,dy. For each matching, we therefore have a total
length Ly =), d; and a one-hop capacity

N
Cpm=) logy(l+4d; "), (1)
=1

where 7 is the propagation pathloss exponent. In the ex-
pression of Cy4, various constants like the bandwidth, the
noise and the transmit power levels, for simplicity, have been
omitted. The perfect matching which minimises L does
not necessarily maximize Cys. However, since the function
log,(1 + d; ") is monotonically decreasing and convex in d;
for positive {d;,n}, the Jensen’s inequality yields

Cam > Nlog (1 + <LM> _n> 2)
= 2 N .

Eq. (2) shows that minimizing the sum-distances L g
maximizes a lower bound of the one-hop sum-capacity, with
equality observed for equal d;Vi, i.e., the bipolar model.
Despite its importance from a theoretical point of view, this
analysis, see [21] for further details, is rather trivial. It neglects
the impact of randomness in the fading channel, and the impact
of interference. Also, the lower bound attained by Jensen’s
inequality might not be tight. Nevertheless, its outcome agrees
with intuition: Pairing the communication nodes in a network
such that the parameter L x4 is minimized should be beneficial
for the aggregate one-hop sum-capacity C'aq too.

Next, we turn our attention from the aggregate capacity
to the rate distribution across the network. Mathematically,
the link reliability is defined as the conditional probability of
successful decoding P; (¢) = P (SIR > 6|®), where 0 is the
operation threshold at the receiver, and ® = X'y U Yy, in
our case, corresponds to the point process of transmitters and
receivers in a BEM. Assuming unit-mean exponential random
variables hj for the channel power fading and Bernoulli



variates &, with parameter ¢ for the activity of each interferer,
the reliability of a link in a BEM can be read as [6, Appendix]

hr—"

hirx, "

3)

201® |,

2

zre®\{o}

where h is the channel power fading following a unit-mean
exponential distribution and r is the distance of the Tx-Rx link
whose reliability is computed. Additionally, from the point
process ® we have excluded the Tx of the link which is
assumed to be located, without any loss of generality, at the
origin o. Finally, x;, are the locations of interferers conditioned
on the realization of ®.

After averaging over the activity and fading distributions of
the interferers, Eq. (3) yields
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The complementary cumulative distribution function (CDF)
of the random variable (RV) P, (f) in Eq. (4), ie.,
P (P () > u),u € [0,1] is usually referred to as the mera
distribution of the SIR. Given the operation threshold 6, it
represents the percentage of random spatial realizations where
the Rx of the considered link meets the SIR target 6§ with
probability larger than u € [0, 1]. The probability is calculated
over the distributions of fading and activity as in Eq. (4). For
ergodic point processes, this percentage is also equal to the
fraction of links achieving a reliability higher than u for each
spatial realization, i.e., for fixed but unknown locations of Tx
and Rx in the BEM.

The moments of the meta distribution of the SIR, M, (6) =
E{P; (6)°}, have been investigated for Poisson bipolar and
heterogeneous wireless networks using the probability gener-
ating functional (PGFL) of PPP [6], [7], [27]. Assuming that
the locations of interferers follow a PPP, which is a reasonable
assumption in the ultra-dense limit N — oo, the moments of
the meta distribution can be calculated by raising Eq. (4) to
the b-th power and expressing the spatial average using the
PGFL of the PPP [6].

b
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where A is the intensity of interferers. The above equation
indicates that the statistics of the random link distance r are
therefore central.

III. META DISTRIBUTION FOR BEMS

We consider a perfect BEM My between the transmitters
and receivers minimizing the sum of Euclidean distances
Ly = ) ,d;, and we will seek the proportion of links in
the matching which are able to achieve an SIR greater than
0 with probability at least u. Let us assume a realization of
Xy and Yy modeling the set of transmitters and receivers
respectively in a wireless ad hoc network over the unit square
[0,1]°. Given N, we deploy uniformly at random within
the unit square N transmitters, (N — 1) receivers and we
also add an extra receiver at the origin o = (1/2,1/2).
Under periodic boundary conditions, all receivers experience
the same interference field, after averaging over the point
processes Xn and V. In addition, we assume that the process
of line segments formed by the Tx-Rx communication pairs
in a BEM is ergodic. This is not as straightforward to prove
as in Poisson bipolar or cellular networks [6], [29], because
nearby links span correlated distances in a BEM. Under the
ergodicity assumption, the receiver at the origin is hereafter
referred to as the typical receiver, and the meta distribution of
the SIR at the typical receiver will correspond to the fraction
of links in the BEM experiencing certain reliability.

The bipolar model assumes a fixed and known link distance
r = R. Then, the moments of the meta distribution of the
SIR follow from Eq. (5) after substituting » = R and using
standard steps to calculate the integral therein [6], [29]. Finally,
we get

M, (0) = exp(—Cy(0)R?), (8)

where

Arl(0)I(1 -6
0 = ey

and § = 2/7. Note that the above equation is equivalent to [6,
Eq. (5)] using the diversity polynomials.

The link distance R in the traditional bipolar model is
assigned a value either independent of the intensity A, or



proportional to the nearest-neighbor distance R oc A\~1/2 [26,
Eq. (3.29)]. The latter agrees with intuition, i.e., a higher in-
tensity of interferers should come along with shorter distances
for the Tx-Rx link. Since R? o A\~!, we see from Eq. (8)
that the average success probability for nearest-neighbor com-
munication becomes independent of A\. Moreover, the scaling
R oc A\~1/2 ignores the correlations of link distances inherent
in a BEM.

Searching for more accurate link distance models, we note
that in the ultra-dense limit N — oo, the sum of link distances
in BEMs scales as \/Alog A/27 [31], [32] and [33, Eq. (6)].
Therefore, the mean link distance scales as y/log A\/27w\. One
may substitute this value instead of R in (8) and proceed with
the calculation of the moments. For instance, the first moment
takes the following simple form:

T€Q° 2m
= ——cs

M(0) A — o0, ¢ 07. (10)

=3 ;

Eq. (10) can be seen as a complementary result to [26,
Eq. (3.29)]. It indicates that the average probability of suc-
cessful decoding decreases for denser bipolar networks, while
all other parameters remain fixed. The new bipolar model
still assumes a fixed and known link distance, but unlike the
traditional one, it takes into account some of the correlation
of link distances.

The new bipolar model in Eq. (10) offers an improved
estimate for the link distance in a BEM, but it still neglects
the fact that the link distances would naturally follow a
distribution. Inspired by the void probability of planar PPP,
one popular link distance model in wireless communications
research is the Rayleigh distribution. In our system setup, we
will consider the Rayleigh probability distribution function

(PDF) f(r) with mean equal to y/log (\) /27w A:
7T2 7T2 2
f(r)= log/\)\rexp (_QIOgA)\T )

The moments of the meta distribution for Rayleigh dis-
tributed link distances are calculated after substituting r in-
stead of R in Eq. (8) and averaging over the f(r) above,
yielding

)

T2\
T2+ 2log (A) Cy (0)°

My (9) = (12)

In ultra-dense BEMs, the link distances scale linearly near

the origin, i.e., f(r) ~ r asr — 0,A — oo [24, Eq. (7)].
Therefore, the Gamma distribution

pv—1 efzz:/ B
AL (v)
with scale ¥ = 2 might be a good candidate model for
the distribution of link distances. The shape § can be set

to match the mean value of link distances in a BEM, i.e.,
B = +/log(\)/8mA. For the Gamma distribution model, we av-
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¥ A =1000
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Fig. 2: Approximating the link distance distribution in BEMs
using various models. We use the toolbox ’matchpairs’ in
MatLab (R2019b) which implements an algorithm of Duff
and Koster [30] to generate the Tx-Rx pairs (in the unit
square) conditioned on the realization of the point processes
® = X UY. For the traditional bipolar model the link distance
equals A~'/2, and for the new bipolar model the link distance
is R = /log(X\)/2mA. Since the realizations of the BPPs are
generated within the unit square, we have N = .

erage Eq. (8) over the distribution f (r) = rexp (—r/83) /5%,
yielding

1 VT 1 1

= — exp erfc | —— | .

282Cy  4p3Cy? <4Cbﬁ2> <25\/@>
14
In Fig. 2, we see that the Gamma distribution provides
better fit to the simulated link distance distribution than the
Rayleigh distribution. For completeness, we have also included
in Fig. 2 the link distance distribution models associated
with the exponential distribution, and the unit-step functions
pertinent to the two bipolar models. For the exponential link
distance model, the moments of the meta distribution are
calculated by substituting r instead of R in Eq. (8) and
averaging over an exponential distribution f () = 7 exp(—77)

My, (0)

with rate 7 = y/27\/ log(\). Thus,
M, (0) = e <72 )erfc( T > )
= ex R [ -
b P\ac, 2/C, )\ 4Gy
where C}, (#) = C}, for brevity and
erfc (z) = i/oo e (16)
2) = 7= e

is the complementary error function.

In Fig. 3a we simulate the meta distribution of the SIR
in a BEM and approximate it using the various link distance
models presented above. To generate the approximation for
each model, we calculate the first two moments of the meta
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Fig. 3: The meta distribution of the SIR in BEMs within the unit square using simulations and approximations based on various
link distance models. 10000 random spatial configurations are generated. For each configuration, we simulate the probability of
successful reception (or reliability) at the typical receiver over 1000 independent activity and fading realizations. The transmitter
associated to the typical receiver is always active. The complementary CDF of the histogram of the reliability is plotted with
bin size 0.01. n = 4. For more details, see also the caption of Fig. 2.

distribution and use them to fit a Beta distribution, as suggested
by Haenggi in [6]. We have checked that the Beta distribution
provides a very good fit to the simulated meta distribution
for all considered models. Note that due to the simplicity
of Eq. (12)-(15), higher moments of the meta distribution
can be easily computed and used to numerically invert its
characteristic function [6, Eq: (12)]. We see in Fig. 3a that
the performance of the bipolar models is poor over the full
range of the distribution, and therefore are clearly unsuitable
to model the SIR in BEMs. The other link distance models can
all capture the trend of the meta distribution, with the Gamma
model being almost a perfect fit, given we are not using a
more advanced technique to capture also the variance of the
link distance distribution.

Let us assume that the network intensity A increases while
the product A\¢ and subsequently the first moment of the meta
distribution C4(6) is kept fixed. For a bipolar model with
link distance R independent of the intensity as in Eq. (4),
the average success probability should not change. On the
contrary, in BEMs the average success probability increases
for denser networks. This is because the link distance, on
average, decreases, while the mean interference level remains
the same, compare Fig. 3a with Fig. 3b. Another remark
is that denser networks augment the difference between the
traditional and the new bipolar model. Finally, in Fig. 3c, we
depict the meta distributions for a lower operation threshold
0 illustrating that the performance predictions of the Gamma
distribution model remain good.

The promising results obtained so far have motivated us
to further look into the properties of the meta distribution
in a BEM using the Gamma distribution model for the link
distances and Eq. (14). To give an example, the behavior of
the meta distribution M, () as u — 1 sheds some light on the
fraction of links that can maintain ultra-reliable connectivity
for operation threshold . This behavior might for instance be
useful while determining medium access control parameters in

the network such as the activity probability in Aloha. Follow-
ing similar steps used in [27, Appendix C], we have obtained
the following approximation for ultra-reliable connectivity in
BEMs:

4(1 —u)®
~ log(MI(1 = 0)L(1 + 0)(0€)

The above equation shows that the fraction of successful
communication links in a BEM reduces logarithmically with
the intensity A, while in [27, Eq. (43)] it is found to be
independent of A for an equal intensity of transmitters and
receivers. This is due to the logarithmic correction of the mean
link distance in BEMs [33, Eq. (6)].

Before concluding, it is illustrated in Fig. 4 that the temporal
and spatial distributions of the SIR are close to each other,
providing at least some numerical evidence about ergodicity
in our system model setup. In the same figure, the quality of
the approximation in Eq. (17) is also tested, and it is found to
perform remarkably well in the ultra-reliable regime u — 1.
Despite the various approximations involved in the derivation
of Eq. (17), this simplified expression could be of use in
the design of wireless ad hoc networks modeled by BEMs,
e.g., it can be incorporated into the performance evaluation
framework of the spatial outage capacity [27], [28].

M, (6) <u— 1. (17)

IV. CONCLUSIONS

Two random sets of devices embedded in the Euclidean
plane are paired according to a bipartite Euclidean matching
(BEM), and the meta distribution of the SIR is studied. We ask
what proportion of links have a probability of reliable commu-
nication under random activity and Rayleigh fading. The best
(i.e. shortest) matching introduces correlated link distances,
which, unlike the bipolar model, are all unique. The traditional
link distance distribution models for ad hoc networks, i.e., the
Rayleigh and the bipolar models, are insufficient approxima-
tions in this setting. Moreover, the geometrical configuration of
the nodes and their effect on the communication properties of
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Fig. 4: Comparing the meta distribution of the SIR over time
(temporal average at the origin) and space (spatial average
across the unit square), and also testing the accuracy of the
ultra-dense approximation in Eq. (17) for A = 5000,¢ = 0.5
and n = 4.

the best matching is highly sophisticated, leading to interesting
research questions linking matching theory and the internet
of things. We demonstrate this with analysis and simulations,
using the Gamma distribution as a temporary test model
of the typical link distance. The parameters of the Gamma
distribution are fitted to match the geometric properties of
ultra-dense BEMs. The variance of link distances in BEMs
is an important open problem, allowing us to build better
models for the meta distribution for all intensities. This still
only considers links as independent random variables, so it
is important to involve mathcing theory mor directly, which
would be a key link between statistical physics, and the future
internet of things. We hope that this paper opens a bridge
between complexity science, and communication theory, via
the fascinating Euclidean matching problem which has huge
importance for the theory of future geometrically confined
networking technologies.
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