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ABSTRACT: Lie algebra expansion is a technique to generate new Lie algebras from a
given one. In this paper, we apply the method of Lie algebra expansion to superstring
o-models with a Z4 coset target space. By applying the Lie algebra expansion to the
isometry algebra, we obtain different o-models, where the number of dynamical fields can
change. We reproduce and extend in a systematic way actions of some known string regimes
(flat space, BMN and non-relativistic in AdS5xS®). We define a criterion for the algebra
truncation such that the equations of motion of the expanded action of the new o-model
are equivalent to the vanishing curvature condition of the Lax connection obtained by
expanding the Lax connection of the initial model.

KEYWORDS: Integrable Field Theories, Sigma Models, Global Symmetries

ARX1v EPRINT: 2005.01736

! Address after 01-01-20: Van Swinderen Institute, Groningen University.

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. https://doi.org/10.1007/JHEP07(2020)083


mailto:andrea.fontanella@physik.hu-berlin.de
mailto:lucaromano2607@gmail.com
https://arxiv.org/abs/2005.01736
https://doi.org/10.1007/JHEP07(2020)083

Contents

1 Introduction 1
2 Lie algebra expansion applied to Coset sigma-models 3
2.1 The sigma-model 3
2.2 Lie algebra expansion 5
2.2.1 Decomposition Vg ® V4 5
3 Lie algebra expansion in AdSsxS® superstring
3.1 The flat space case
3.2 The Berenstein-Maldacena-Nastase (BMN) case 10
3.3 The non-relativistic cases 11
3.3.1 The Newton-Hooke case 11
3.3.2 The Galilei case 13
4 Lie algebra expansion and integrability 14
4.1 Integrability of truncated actions 20
4.1.1 The flat space case 20
4.1.2 The BMN case 20
4.1.3 The Newton-Hooke and Galilei cases 21
5 Conclusions 21
A Conventions 23
B Algebras 24
B.1 Super AdS;xS° algebra: psu(2,2[4) 24
B.2 Super Poincaré algebra 25
B.3 Stringy super-Newton-Hooke algebra 25
B.4 Stringy super-Galilei algebra 26
B.5 BMN algebra 26
1 Introduction

During the last 15 years, since the discovery of integrability in the AdS;/CFTy duality [1-3],
a remarkable progress has been made in testing Maldacena’s duality [4]. Despite of this, the

ambitious long term goal to understand quantum gravity would possibly require a better

picture of the holographic principle, which generically states that a theory of gravity is

equivalent to a gauge theory living on the boundary of the spacetime. With this in mind,



there has been a remarkable effort in investigating the integrable AdS,;/CFT,_; duality,
with d < 5, and integrable deformations, [2, 3, 58], see also references therein.

Another interesting and fascinating arena where the holographic principle could be
tested is provided by taking particular physical limits of the string, such that the final
theory shows a different (and possibly simpler) behaviour from the initial one. Some
examples are given for instance by the non- and ultra-relativistic limits, i.e. when the
speed of light ¢ tends to infinity or zero, respectively [9-14]. However, limits where other
physical parameters of the theory are involved (e.g. radius of some spacetime geometry,
string angular momentum) are interesting as well.

During the last decade, aspects of the non-relativistic string have been extensively in-
vestigated [15-19], due also to interesting applications that Newton-Cartan geometry has
found in the context of condensed matter physics and holography [20-25]. As an exam-
ple, in [26] it has been proposed a theory described by a o-model which has a relativistic
worldsheet, and a non-relativistic target space geometry. This theory is unitary, ultraviolet
complete and its S-matrix has a non-relativistic symmetry algebra. Other non-relativistic
theories have been discussed e.g. in [27-29], and aspects such as the equations of motion,
T-duality transformations, and the identification of the spacetime geometry, dubbed as
string Newton-Cartan geometry and its coupling to matter, have received a growing at-
tention [16, 18, 30-33]. Classifying non-relativistic spacetime geometries is also an active
field of research [34-36]. It turns out that a more systematic and rigorous way to discuss
various string regimes is given in the context of the Lie algebra expansion, and this will be
discussed extensively in this paper.

The method of Lie algebra expansion, which was rigorously formulated in [37, 38] based
on the initial work of [39], consists in generating new Lie algebras (usually bigger) from
a given one, once an initial decomposition is defined. A general feature of the method is
that in the lowest order of the expansion, one obtains the Inénii-Wigner contraction of the
initial algebra with respect to the given decomposition. The contracted algebra gives us
information about the physical regime that is inspected by the expansion.

From the mathematical point of view, the idea of Lie algebra expansion consists in
rescaling the group coordinates with a parameter A. From the physical point of view, this
parameter A\ should be identified with a certain function of some physical parameter(s)
appearing in the theory. One of the powerful features of the Lie algebra expansion is that
it comes equipped with the so-called truncation rules, which ensure that the expansion
is truncated consistently. Recently, the Lie algebra expansion has been applied in the
context of the Einstein-Hilbert action [40, 41], later further developed in [31, 42], and also
by including supersymmetry [43, 44]. Lie algebra expansion has been also further extended
to the semigroup expansion method [45-49]. These methods have recently found interesting
applications in several different contexts [50-54].

In this paper we apply the method of Lie algebra expansion to integrable coset o-
models, which typically appear in the context of string theory, to inspect various physical
regimes. The starting point is to write down a 2d action with an associated global and
gauge symmetry, G and H respectively, where formally H C G. The global symmetry
algebra Lie(G) is then expanded and appropriately truncated, which in turns implies an



expansion of the initial 2d action. The action of the initial model is classically integrable.
It is in the aim of this paper to investigate whether classical integrability is also a property
of the expanded actions of the new o-models.

Plan of the paper. In section 2, we define the 2d string c-model and the Lie algebra
expansion, and we fix the notation. In section 3, we apply the Lie algebra expansion to the
AdS5xS® supersting action, where we reproduce and extend in a systematic way actions
of known regimes (flat space, BMN and non-relativistic). In section 4, we give a criterion
for the algebra truncation such that the equations of motion of the expanded action of the
new o-model are equivalent to the zero curvature condition of a Lax connection. We write
the Lax connection for the cases discussed in AdSsxS°.

This paper ends with some appendices, where we give our conventions and the com-
mutation relations of the Lie algebras which appear through the paper.

2 Lie algebra expansion applied to Coset sigma-models

2.1 The sigma-model

In this section we introduce the string o-models that will be of central importance in this
paper, and we set the notation. We consider a 2-dimensional string o-model with target
space G/H, where G and H are Lie (super)groups, whose respective Lie (super)algebras are
g and h. We assume that g admits a Z4 outer automorphism, such that it decomposes as

1) (2) (8 (0)

(0) (1) (3)
g=gdgdgdyg, g=bh. (2.1)

We denote the string world-sheet coordinates as o* = (7,0), and the world-sheet metric
as hy,. The Levi-Civita symbol is taken with the convention €’° = —e;; = +1. The
commutation relations of g are denoted by

(T4, Ts) = fasTc, (2.2)

(k) (k)
where T4 are the generators of g, and we denote by T4 the generators of E The coset

representative g € G is given by
3 (4 (k)
g(1,0) = exp (Z o (T, O’)TA> , (2.3)
k=0

where %?A(T, o), for k = 1,2,3, are the fields carrying the propagating d.o.f. of the o-model.
We introduce the left-invariant Maurer-Cartan 1-form A given by

A=—g g = LTy, (2.4)
which satisfies the Maurer-Cartan equation

dA—%AAAzO, (2.5)

1Classical integrability of the bosonic non-relativistic string has been discussed in [55-58].



where the wedge product between Lie algebra valued forms has been defined in eq. (A.la).
The Maurer-Cartan equation in components reads

1
drt = 3 fecLP A LC. (2.6)

We denote Maurer-Cartan 1-forms with calligraphic letters, and Lie algebra generators
with latin uppercase letters. The Z4 automorphism induces a decomposition of the Maurer-
Cartan 1-form as follows

o @ (2 G
A=A+ A+ A+ A, (2.7)
with
(k) (k)A(k)
A=L"Ty. (2.8)
We consider the string o-model action
1 @ (2 1 @ @ @ @ O @
S = —/ d?a/|h| W str( AL A,) — / str [Ao (ANA)— Ao (AN A)] , (2.9
2 Joms, 2 J vy

with the convention defined in eq. (A.1), where ‘str’ stands for the inner product? on g, M3
is a 3-dimensional manifold, whose boundary is the 2-dimensional string world-sheet, and
the brackets between the currents in the Wess-Zumino term of eq. (2.9) indicate that the
(anti)commutator between the generators must be taken. The relative coefficient between
the kinetic and the Wess-Zumino terms in eq. (2.9) is fixed to be £1 by requiring invariance
of the full action under k-symmetry [60]. Here we choose it to be +1.

The equations of motion for the fields are:

(2) 0) (2) 1 (1) (1) (3) (3)
Ou(V/IIW™ A,) = /TR [ Ay A + S (A A = [A A) =0, (2.108)
3) (2)
(\/]h\h’” + e“") (A, A) =0, (2.10b)

1) (2)

(\mh’” - e“”) Ay A =0, (2.10¢)

It is interesting from the classical integrability point of view of the theory that this set of
equations is equivalent to the condition of vanishing curvature

1
d.,i”—i.ﬁf/\.ﬁfzo, (2.11)
of the following Lax connection [60]
(0) (2) 1 L (2) (1) (3)

Vbl
where the parameters ¢; can be parametrised in terms of a single spectral parameter z as
104 1 104 1 1
Z():l, £1:2<Z +Z2>, €2:—2<Z —z2>, £3:Z, 64:; (213)
Having described the o-model and some aspects of its classical integrability, in the next
section we shall introduce the Lie algebra expansion method.

2This cannot be the Killing form, since the latter one must be identically zero in order to make the beta
function vanish [59].



2.2 Lie algebra expansion

In this section we give a brief introduction to the Lie algebra expansion method, referring
to [37-39] for a more detailed analysis. This method is a fundamental tool that will give
us a general procedure to inspect different physical regimes, e.g. the non-relativistic one,
starting from the AdSsxS® string o-model.

The expansion procedure for a given Lie superalgebra is a systematic way to generate
a new superalgebra, usually bigger that the starting one. The original approach described
in [37] consists in decomposing the initial superalgebra in subspaces Vp, Vi, Va, ..., V,. Such
decomposition is associated with a rescaling of the group parameters by a constant A. This,
in turn, implies that the Maurer-Cartan 1-forms are expanded as power series in A. By
studying the Maurer-Cartan equations term by term in the expansion, it is possible to
define the truncation criteria for the expanded 1-forms, in such a way that the coefficients
in the expansion could be seen as the Maurer-Cartan 1-forms of a new algebra. In this way,
it is possible to generate a new algebra from the initial one, which is in general bigger. For
convenience, we will perform the expansion directly at the level of the generators, where
every term in the corresponding power series plays the role of a new generator in the new
algebra, the structure constant being fixed by the analysis of the Maurer-Cartan equations.

2.2.1 Decomposition Vo & V;

The expansion rules are determined by the decomposition of the algebra, and different
decompositions lead to different physical regimes. We consider the following decomposition

g=VWen (2.14)
where Vy and Vi have a symmetric space structure,
Vo, Vo] € Vo [Vo,Vi] €W Vi, V1] C V. (2.15)

Denoting the generators of each subspaces Vy and Vi by

Vo = span{T4,}, Vi = span{Ty, }, (2.16)
where Ag and A; label the generators in the two subspaces, then the algebra expansion is
given by

No
(k) (0) (2)
Tay= ., M Tuy=Ta+ N Tay+..., (2.17a)
k=0, k even
Ny
(k) (1) (3)
Ta,= >, MNTa =ATa, +XTa +..., (2.17b)
k=1, k odd

where Ny and Np are even and odd natural numbers respectively, and they represent a
truncation of the infinite expansion. The truncated expanded algebra is called g(Ng, N1),
and the truncation is consistent if the following truncation conditions are satisfied [37]

Ny=Ny+1. (2.18)



If we denote the commutation relations of g as in eq. (2.2), then the commutation relations
between the generators of g(Ny, N1) are

(m) (n) (m+n)

[Ta,T8] = faB"~ Tc, (2.19)

which are inherited from eq. (2.2), and are zero when the order in A on Lh.s. does not
match the order in A on r.h.s.. We stress that if the order m + n exceeds the truncation
order then the structure constant vanishes. The lowest order of the expansion, which is
given by g(0,1), corresponds to the Inénii-Wigner contraction of the initial algebra with
respect to the subalgebra Vj. This algebra gives us the information about which physical
regime is inspected in the expansion.

The Z4 grading does not need to be ahgned( 1)n general with the Vo @ V; decomposition.

(k)
This means that any generator T belonging to h will have, in general, a component along
(k)
both Vy and V7. To consider this, we decompose the Maurer-Cartan 1-form A as

) (K (x) (1)
A=B+C, Be Vy, Ce Vi, (2.20)

(k) (k)
where B and C expand as

(k) (k,3)  (k,0) (k 2)

B= Z NB=B+MNB+. (2.21a)
=0, ¢ even

(k) . (k, 2) (k 1) (k,3)

C= Z NC =XC+NC+. (2.21b)
i=1, ¢ odd

The reader should be careful to distinguish the bold index k, which refers to the Z, grading,
and the index ¢, which refers to the expansion in .

(k)
This procedure induces an expansion of the components LA of the Maurer-Cartan

1-form as - - -
LA = M4+ N4, (2.22)
where
(k) (k)A (k) (k) (k)A1 (k)
B=M"Ty,, C=N"Ty,, (2.23)
and the induced expansion is
(k) (k1) (k,0) (k,2)
M4 = Z AMAY = DA 4 N2 M 4 (2.24a)
=0, 7 even
(k)
N4 = Z NN AN sV (2.24D)

i=1, 7 odd

At this point, we are interested in the dynamic of the initial o-model after performing the
Lie algebra expansion described above. In general, the action eq. (2.9), keeping the bilinear
product fixed from the beginning, will expand as

(0) (1)
S=S+AS+..., (2.25)



(0) (k) (k,0) (1)
where S is just the action eq. (2.9) with all L# replaced by M?, while S is the action

eq. (2.9) where all %)A are replaced by (}\(4024 except for one of them, which must be replaced by
(}(\,fl A , and all possible combinations must be considered. In a similar way one can recursively
reconstruct the action S) The equations of motion of the generic action (§) and its classical
integrability, as well as its global symmetries, will be considered later in section 4.

In this paper we shall always apply the Lie algebra expansion to the string action (2.9)
written in terms of the Wess-Zumino 3-form, but not to the equivalent one written in

terms of the Wess-Zumino 2-form. As it will be discussed in section 4, the reason for this is

because the equations of motion for the generic expanded action (g'), obtained from the initial
action S written in terms of the Wess-Zumino 3-form, coincide with the initial equations of
motion for (2.9) expanded up to the n-th order. This is not always the case when the initial
action is written in terms of the Wess-Zumino 2-form, and this is a necessary condition in
order to apply the techniques presented in this paper.

In the method of Lie algebra expansion, one should regard all expanded generators as
new independent generators of a new Lie algebra. Therefore the o-model associated with
this new Lie algebra will have in general a bigger number of physical fields, one for each
independent generator. The general coset representative of this new o-model will be

No M . , ()
4(r,0) = exp Z D (“‘ 407, )T, “‘”%,a)TAI) | (2.26)

= =0 j=1
ieven jodd

where ‘G40 (1,0) and(laj>A1(T, o), for k = 1,2,3, are the fields carrying the propagating
d.o.f. of the new g-model.

So far we have introduced the notion of Lie algebra expansion [37, 39]. Next, we will
apply this method to derive o-model actions which describe physics in different regimes in
the context of AdS5xS® superstring. As we shall see, there are other possible decomposi-
tions of g, such as the three subspace decomposition, which are useful as well. We did not
discussed them here in general, but they will be introduced later, tailored for the particular
cases considered.

3 Lie algebra expansion in AdS5xS® superstring

In the previous section we have introduced the technique of Lie algebra expansion. In this
section we shall apply it to investigate different regimes of the AdS5xS® superstring sigma
model, drawing a systematic way to reproduce and extend known results.

The Green-Schwarz action for a string propagating in AdSsxS® has been constructed
by Metsaev-Tseytlin [61] as a 2-dimensional o-model with target space the supercoset

PSU(2, 2]4)

G/Ho = 56501 1) x 80(5) °

(3.1)



We follow the Metsaev-Tseytlin’s notation, where the psu(2,2|4) superalgebra genera-
tors are

Pd ) Jab ’ Ja’b’ ) Qozo/[ ) (32)

and where the indices run as follows

a,b,é,...=0,...,9 AdS5xS® tangent space indices
a,b,e,...=0,...,4 AdS; tangent space indices
a,b,d,...=5,...,9 S tangent space indices
a,B,v,...=1,...,4 AdSs spinor indices
o, By, .=1,...,4 S® spinor indices
ILJK,...=1,2 N = 2 supersymmetry indices

We use the compact notation for the rotation generators J,;, where the constraint J,, = 0
is imposed. We also denote collectively & = («,’). The Z4 outer automorphism of
psu(2,2]4) induces the decomposition

pu(2,214) = b & @%)@(i?,
(0)
b = span{J;}, f) =span{F;},
[1] = Span{Qaa’ 1} ) (;): Span{Qaa’?} . (33)

The left-invariant Maurer-Cartan 1-forms are given by
A a 1 ab aa’ I
A=L"Ty=L°P; + iL Jdi) + L Qoo I, (34)

where one must impose that L% = 0, as a consequence of J,y = 0. The psu(2,2|4)
superalgebra commutation relations are:

1
[Paypb] J [QI)Pd] = _§GIJQJF5L
[Pa’Pb’]:*J'b' : & ab
[Far Jyel = — nacky {@r.Qs} = —21151JCT Py +e1,CT* T
aiy Jedl = =~ Mg Tage (Qr Jop) = =5 @il (3.5)

The AdS5xS° action is the following

1 _ .
SAdSsxss = —2/ d*o \h|h”VLaLb77ab / (13)17L" AL*Ta ALY, (3.6)
oMs

M3
where 73 is the third Pauli matrix. Having set the notation for the AdS5xS® o-model, now
we shall use the Lie algebra expansion to describe its dynamic in various regimes. The

regimes considered in this paper are the flat space, BMN and non-relativistic (Newton-
Hooke and Galilei).



3.1 The flat space case

As pointed out in [61], from the AdS5xS® superstring action one can recover the flat space
action given in [62]. This is performed by taking the common radius of AdS5 and S° to be
large such that (a subalgebra of) the N/ =2, D = 10 Poincaré superalgebra is obtained as
an Inénii-Wigner contraction of the psu(2, 2|4) superalgebra. However, the two-subspaces
decomposition of psu(2,2|4) as described in section 2.2 is not useful in this case, but we
need the following three-subspaces decomposition®

psu(2,2[4) = Vo @ Vi @ V2, (3.7)
where
Vo = span{J,;}, Vi = span{Qaa' 1}, Vo = span{P;}. (3.8)
A specific analysis of this case leads to the following expansion
No e 8

(0) (2)
To= 3. MUy =Jp NIyt (3.92)

(k) (1) (3)
Qaa’[ = Z Ak Qaa’[ = A Qaa’[ + )\3 an/[ +.oy (39b)

(k)
P, = Z NP,

k=2, k even

2(2) 4(4)
=N PN P+ (3.9¢)

where Ny, N1 and N» are even, odd and even natural numbers respectively. The expanded
algebra is denoted by psu(2,2(4)(No, N1, N2) and there are four different allowed trunca-
tion conditions,

Ny =Ny—1, and No =Ny —2,

N1 =Ng—1, and Ny = Ny,

Ny =Ny+1, and No = Ny, (3.10)
Ny =No+1, and Ny = Ny + 2.

The commutation relations between the generators of the algebra psu(2,2[4)(Ng, N1, N2)
are inherited from the commutation relations of psu(2,2[4) and share the same structure
as in eq. (2.19). The commutation rules for the lower level algebra, i.e. psu(2,2[4)(0, 1, 2),
which corresponds to the generalized Inénii-Wigner contraction, are listed in section B.2.

In order to derive the action describing the flat space regime studied in [62] we consider
the truncation at (Np, N1, Na) = (0, 1,2), i.e.

(0) (1) 2(2)
Jab = Jab> Qr=ACr, Py = A"F;. (3.11)

3The relation between the expansion parameter A and the common radius R is \?> = R.



By doing this, the psu(2,2|4) superalgebra contracts to a subalgebra of the N' =2, D = 10
Poincaré superalgebra.* The first non-zero action is

4 1 9 CNC)S ) O, @, )
¢ —/ o /TH] LMLVU&B—Z/ ()10 L' A LT A LY = Shat spnces (312)
OMs M3

2
which is the flat space action constructed by Henneaux-Mezincescu [62]. So far we discussed
the lowest order expansion, which is sufficient to reproduce the flat space action. However
expansions at higher orders are interesting as well, and would produce different actions
with different symmetries. It is the main part of this paper to show later that integrability
and the symmetries of these higher order actions are under control.

3.2 The Berenstein-Maldacena-Nastase (BMN) case

In the BMN limit, the spacetime geometry seen by the fast spinning point-like string
changes from AdS5xS® to the pp-wave background. The action in the pp-wave background
has been constructed by Metsaev [63], and the contraction that leads from the psu(2,2[4)
superalgera to the pp-wave isometry superalgebra has been found by Hatsuda, Kamimura
and Sakaguchi [64].

The reader should refer to [64] for the notation used in this section. Here the space
indices run as 7, J,... = 1,...,8, while 4+, — indicate the light-cone directions. The gener-
ator P: is defined as PZ* = Jy; if1=1,...,4, or as PZ* = Jgy; if7=5,...,8, and Q4,1 are
the projected supercharges defined by [64]

Qi1 = %(1 +T9'0)Q. (3.13)
The commutation relations are listed in section B.5. We decompose the psu(2,2|4) super-
algera as®
psu(2,2/4) =Vod Vi @ Vs, (3.14)
where
Vo = span{Jgi, P_,Q_ 1}, Vi =span{P;, P, Q4 1}, Vo = span{P; }. (3.15)

The decomposition above induces the following expansion of the generators

No
(k) (0) (2)
k 2
Jg; = Z A ‘]Ej' = J:ij' + A Jij + ..., (3.16&)
k=0, k even
No
(k) (0) (2)
Po= > MNP =P +NP +.., (3.16b)
k=0, k even

4We specify that this is only a subalgebra because generators of the type J,o/ are absent in psu(2,2[4).
However, as it was shown in its construction in [62], the action (3.12) has global symmetry the full NV =
2, D = 10 Poincaré superalgebra.

5The relation between the expansion parameter A and the contraction parameter € in [64] is A = oL

~10 -



Q= Y MNMQi=Q +NQ i+..., (3.16¢)
k=0, k even

P, = glj Akﬁ :A%+A3§2+..., (3.16d)
k=1, k odd

P = glz AP (kz = %i + A3 <3l +..., (3.16¢)
k=1, k odd

Qe S NG BN B (3.16¢)
k=1, k odd

P, = % Ak%ﬁ :AQ%)++A4}3>++..., (3.16g)
k=2, k even

with truncation conditions

N1:N0—1, and NQZN(),
Ni=Nog+1, and No = Ny, (317)
Ny =Ny+1, and No=Ny+2.

By truncating at (No, N1, N2) = (0,1,2), the psu(2,2]|4) superalgebra contracts to the
pp-wave isometry superalgebra. The first non-zero action is

(2) 1 9 y (2)+(0)7 D)) ‘ © , (2)+ 0,
S = —2/ d g |h’h'u' QL“LV +LHLIZ(5%3 — Z/ (7—3)IJ L 5 /\L F+ /\L s
OMs3 M

@ ;7 © 1) ) 7 W 0) © 7 W (€3]
+ LT ALTT ALY + LY ALT; AL + LT A LT A L+7J>

= SBMN, (3.18)

and by recalling the properties of the light-cone projectors, the Wess-Zumino term of
eq. (3.18) can be recombined into the form (7);;LY A LT3 A LY, which is in agreement
with Metsaev [63]. Also in this case, one can consider higher order expansions which go
beyond the contraction.

3.3 The non-relativistic cases
3.3.1 The Newton-Hooke case

A non-relativistic limit of the AdS5xS® action has been taken in [27]. In our approach we
take an expansion procedure instead of a limit, and at the end of this section we comment
how we reproduce the result of [27].

To deal with the non-relativistic cases which will be discussed in this paper, we de-
compose the AdS; index as a = (@,a) where @ = 0,1 and a = 2,3,4. @ are longitudinal
indices, a transverse indices with respect to the string worldsheet. In this section we

5The name longitudinal and transverse is defined in the context of non-relativistic theory by the fact
that in this regime the space is foliated [26, 30, 33].
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are interested in the Newton-Hooke non-relativistic case, which is characterised by the
fact that the subspace decomposition of psu(2,2]4) defines an expansion such that at the
lowest level one gets the Inonii-Wigner contraction that leads from super-AdS algebra to
super-Newton-Hooke algebra. To do this, we need to project the supercharges as

Qx.r = (1) 1sQy, (3.19)
where
(M) = % 1£ToI' ® (13)1]- (3.20)
7

Next, we decompose the psu(2,2]4) superalgebra as
psu(2,2/4) = Vo @ V1,
where

‘/0 :Span{JaEa J@y Ja’b’) Pa7 QJr,I})
Vi = span{Jap, Pa, Pu, Q—1}. (3.21)

The expansion follows the general rules described in subsubsection 2.2.1. We perform the
truncation at (No, N1) = (2,1), i.e

(0) 0 2 1
= +)\2Jag, p.— “+A2(;, Py = AP,
(0) (2) (1)
Jab = J&+AJab, Q+1_Q+I+,\QH, P, =\P,,
(0) (2) 1) (1)
Ja’b’ =J a'b! + )\ J a't! s Jﬁb — )‘Jabv Q—,I — )‘Q—,I . (322)

By expanding, the psu(2,2]4) superalgebra becomes an extension of the stringy Newton-
Hooke superalgebra. The first non-zero action is

(0) 1 © (0L (0)
S = _/ d%c \h\h“”LaLbnab z/ (r3) gL A LG A LH = §div (3.23)
8M3 MJ

2 non-rel »

which reproduces the superficially divergent term of [27], while the first non-zero action
associated with a non-zero power of A is

(1) (1) €Y (1),

(2) 1 (2) ’
S — _2/ A2/ <2L“Lbnab + LALE6, + LY LY 5 ,b,>
OMs3

© (2L (0) (0L eN (0L
—i/ (73)1J<L+f A L°Ts AL+J+L AL Tz AL~ J+2L+1 LTy AL+J
M3

non-rel »

&) ) (0) ) , (0) .
+2L T AL, A LT + 2L ALY ALH)zSﬁmte (3.24)

"In this case, the expansion parameter A cannot be identified straightforwardly with the expansion
parameter w in [27], since in the method proposed in this paper negative powers of A are not considered.
However the actions are related by a global rescaling factor.

- 12 —



@ 0)_ (0)
which matches the finite term of [27], up to the term L A LTz A LT/, The comparison

with [27] should only be made before any limit is taken (i.e. one can make a comparison with
equations (4.2) to (4.5) therein, up to the power shift of A). The global symmetry appearing
in [27] is the stringy Newton-Hooke superalgebra, while in our case the actions eq. (3.23)
and eq. (3.24) are invariant under the extended stringy Newton-Hooke superalgebra, where
in eq. (3.24) it acts fully, while in eq. (3.23) in part trivially. This is a reflection of the fact
that in [27] the fields are rescaled by a parameter w, which in turns implies an expansion of
the Maurer-Cartan 1-forms. However the expanded terms in the Maurer-Cartan equations
do not gain the meaning of coming from new algebra generators, which is on the other hand
the main point of the Lie algebra expansion. For this reason our model has 12 bosonic

fields, while in [27] there are only 10. However we expect that one can truncate our theory
(2)
to a subsector, where for instance in the bosonic sector the two fields associated with Pz

(0)
are identified with the two fields associated with P;. In this way we expect that the global
symmetry can also be reduced to the stringy Newton-Hooke superalgebra.

3.3.2 The Galilei case

In this section we propose the Galilean AdSsxS® action by using the method of Lie algebra
expansion. This case can be obtained in two different ways, one is to start from the
Newton-Hooke case and perform a large radius expansion, the other one is to start from
the large radius expansion and perform a non-relativistic expansion. We remark that the
commutativity of the two expansions are meant at the level of the contraction, while for
higher orders, some attention should be paid in comparing the two procedures. Here we
follow the pattern from super-Poincaré to super-Galilei. The decomposition to consider is
the same leading from psu(2,2[4) to super-Newton-Hooke, i.e.

Super-Poincaré = Vo ® V4
where
‘/E) = Spa'n{Jaga J@7 Ja’b’7 PE? Q+,I}7
Vi = span{Jap, P,, Pu, Q—1}. (3.25)

The projected supercharges Q4 r are defined as in eq. (3.19) and the expansion follows the
same rules of eq. (3.22). Performing a truncation at (Np, N1) = (2, 1), the super-Poincaré
algebra becomes an extension of the super-Galilei algebra. The lowest order action is

(0) 1 (0)_(0)- © (0 (0)
S = —2/ d%o\/|h| " LG LY — 2/ (r3)rg LTI A LT A LT (3.26)
OMs3 M3
and at the next order, we have
(2) 1 9 » (2)6(0)5 (1)a(1)b (l)a,(l)b,
§=-3 / 20 /[jh (208 L0 + L2Lb6,, + L LY Sy
OMs3
© (2. (0) ©) (0 (1) @ (0)_ 0)
—i / (73)1 <L+J ANLTg ALY + LN L Tg AL + 2L P A LT ALY
M3
@ (1) (0) ) (1, (0)
+ 2L I ANLT ALY 4 2L ALY T A LT > . (3.27)
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We remark that these actions look formally the same as the ones in the super-Newton-
Hooke case, although the global symmetry is different. Higher order truncations of the
non-relativistic cases here discussed could also be considered.

4 Lie algebra expansion and integrability

In this section we study the integrability properties of the ¢ models associated with the
expanded algebras. We define the conditions under which the final model is integrable and
derive the expression for the corresponding Lax connection.

Consider a string o-model action S given in (2.9) expressed in terms of the fields,
a®, where a is a generic multi-index (e.g. the Z4 grading, the generator’s label, or both).
Denoting the equations of motion by &,, we write the variation of the action as

08 = E%ay, (4.1)
where the sum over a is understood. We denote the Lax connection by
L= koA + K, %y A”, (4.2)

where £ g, K/a are some coefficients, which in general are functions of a spectral parameter.
We have, by initial assumption, that the equations of motion are equivalent to the zero
curvature condition for the Lax pair, i.e.

1
Z=dY - LNL=0. (4.3)

The equivalence has to be understood between the set of equations of motion, with index
a, and the set of zero curvature equations organized with the same index, i.e.

{5“:0} — Zz=0. (4.4)

Now we can expand both sides and the equivalence should continue to hold, furthermore
it should hold order by order, i.e.

{?31:0} — Z-o, (4.5)

namely the set of equations of motion at order k in the expansion parameter is equivalent to
the set of conditions coming from the zero curvature equation at the same order. However,
the expansion is applied at the level of the action, and not at the level of the equations of
motion. This means that in the variation of a certain expanded action (g')it appears both the
expansion of the equations of motion and the order in A of the associated field. Moreover,
it can be checked explicitly that the equations of motion for the (g’) action obtained from
the expansion of (2.9) coincides with the equations of motion for (2.9) expanded up to the
n-th order. Therefore we have that

e W) i
0§=3" )\k< 3 5@5%@) =0, (4.6)
k=0

it+j=k
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Order Variation of the Action Zero Curvature Equations

(0)

0 £.50 — 0 127 =0
(1)

1 (5 sl + 5@%20) =0 a2 =0
(2)

2 (553>+55%)+558))=o 127 =0
L) () ()

n Yoio&ada® | =0 V,2% =0

Table 1. Comparison between the variation of the action and the zero curvature equations order
by order in .

which must be compared with the expansion of the zero curvature equation
> W
D M2t =0, (4.7)
k=0

where, in view of the expansion to not carry free indices, we contracted the zero curvature
condition with a set of orthonormal vectors v,, which has just the meaning that any
a components of Z should satisfy the equation separately. In order to study the general
behaviour, it is useful to write down explicitly all terms entering in the expansions above, i.e.

(0) (1)
£958, + A(gaé‘&’a + 5@5(&;) + A2 (5%‘5’& +En58) + E5d) ) =0,  (48)
and
(0)
Ve 2% + Auaza + A%aza =0. (4.9)

Comparing order by order we obtain table 1.

By using the equivalence eq. (4.5), we recogmse that at zeroth order the set of equations
(0)
E% = 0 is equivalent to the set of equations Z“ = 0. Moving at first order, we recognise
(0)
that the equations of motion for a>a are equivalent to the zeroth order equations Z¢ = 0,

while the equations of motion for aa are equivalent to the zero curvature condition at first

(1)
order, Z% = 0. If we consider now the equations of motion for the second order action then
we find that they are equivalent to the zero curvature equations up to the second order.
This is a general recursive relation. Thus we learn that considering the expanded action

(n)

at order n, S, the equations of motion for this action are equivalent to the zero curvature
condition up to that order.
This argument suggests us that the initial Lax connection expanded up to order n

(n)
is a good candidate Lax connection for the action S. However in order to apply the
general correspondence above to our models there are some subtleties that we have to
consider. In particular it could happen that, due to the specific expansion or truncation,

~15 —



some fields, while appearing in the zero curvature equations, may not appear in the action
and thus we loose the corresponding equations of motion. This implies that, in these
cases, we cannot consider all the zero curvature equations up to order n, but we need to
refine the correspondence by imposing further conditions. In order to have an equivalence
between the zero curvature equations and the equations of motion we need to make sure
that the equations of motion coming from the action contain the same set of Maurer
Cartan form components appearing in the Lax connection. Considering a truncated algebra
g(No, N1,...) the associated Lax connection is obtained by expanding the original Lax
connection up to the order of truncation. This implies that all the currents appearing
in the algebra will also appear in it and in the zero curvature equations, thus in order
to preserve the equivalence with the equations of motion, after the expansion, we should
require the same to happen in the n-th order term Lagrangian.® We are going to inspect
how this request will put some constraints on the possible choices of n in relation with the
given truncation Ny, Ny, ....

There are two possible mechanisms that could affect the correspondence between equa-
tions of motions and zero curvature equations, the first due to a shift in the lowest order of
the expansion, the second due to the truncation. In order to understand them and derive
the opportune conditions let us consider a simplified model, a Lagrangian term given by
two generic currents, A and B,

L=AB, (4.10)

where contractions of the indices carried by the two currents, with opportune tensors, are
understood; these will not play any role in this context. All the cases we are dealing with
in the present work fall in the following type of expansion

(ng) 1(nA+1)

A=A A+ AT A4 (4.11a)
(ng) inB+1)

B=X"3B+ X5t B+ ] (4.11Db)

where n4,np are the lowest order expansion for currents A and B respectively and are
non-negative integers. We can plug the expansion in the Lagrangian obtaining

(na+1linp) (npalnp+1)
)+ (4.12)

(ny) (np)
L= AmAtns A 133+A"A+”B+1( A B+ A B

The first mechanism spoiling the equivalence could be already understood looking at the
(na) (ng)
lowest order term, at order n4+np. This contains only the currents A and B, thus if we have

considered the Lax connection up to this order, as above, we would have naively included

in it all the currents up to the order n4 4+ npg, but this means that if ng > 1 we would have
(na+1)
considered also A. This current clearly cannot be present in the Lax connection associated

with the lowest order term in the action since this does not produce the corresponding

8We remark that the quadratic term in zero curvature equation could not produce term of order higher
than the truncation order, since commutation relations between expanded generators whose sum of expan-
sion order exceeds the truncation order vanish identically.
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equation of motion. Thus we have a shift between the order of the Lagrangian term we
are considering and the expansion of the zero curvature equations. Our strategy to take
care of this problem is, rather than speaking about zero curvature equation at order n, to
speak about zero curvature equations associated with the truncated algebra g(Ngy, N1, ...)
and then require that all the fields of the algebra appear in the n-th order Lagrangian.
Thus instead of starting from the action and then build the Lax connection we start from
the Lax connection associated with a truncated algebra g(Ny, Ni,...), i.e. obtained by
expanding the original Lax connection . up to the truncation orders, denoted with

Z(No, Ni,...), (4.13)

and then ask ourselves if there is an action term in the expansion of the Lagrangian whose
equations of motion are equivalent to the zero curvature equation of £ (Ny, Ni,...). In
particular this means to investigate if there is an action term at a certain order n containing
all the currents appearing in the Lax connection £ (Ny, Ni,...). To do this we could
consider the n = m 4+ n4 + np order term, where m is a generic natural number, in the
Lagrangian above,

(mtng+np) (mtng)(ng) (mtny—1fng+1) (ng)(np+m)
= A B+ A B+...+ A B. (4.14)

This term contains the A and B currents at order i4 and ip respectively, with
ng<ia<n—ng (4.15a)
ng<ip<n—ny4. (4.15D)

The second mechanism that could affect our correspondence is due to the truncation of the
infinite expansion. Truncating the expansion of A and B at orders N4 and Np respectively
then if N4 > n—np the current A at order N4 cannot appear eq. (4.14). The same is true
for the current B at order Np if Ng > n — na and depending on the specific truncation
more terms could not be present in the Lagrangian term while being part of the truncated
algebra. In particular the set of terms appearing in eq. (4.14) after the truncation is defined
by the following intervals

i in{n —np,Na} (4.16a)

max{nas,n — Np} <ig <m
ip < min{n —n4, Np}. (4.16b)

<
max{np,n — Ny} <

A missing term in the Lagrangian clearly gives a problem in the correspondence between
equations of motion and zero curvature equations since, while not present in the former, it
will continue to appear in the latter. Thus we have to impose that all the currents in the
algebra are present in the n-th order Lagrangian term after the truncation. This amount
to require

max{na,n — Np} =ny

min{n —np, Na} = Ny

max{ng,n — Na} =np

min{n —na4, Ng} = Np,
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corresponding to following conditions

na+ Ng <n<Njgp+np (4.17a)
ng+Na<n<Ng+ny, (4.17b)

were the first condition comes from the A current terms and the last from the B current
terms. In particular the upper bounds of the conditions eq. (4.17) are equivalent to the
condition that the n-th order in the expansion of the Lagrangian is not modified by the
truncation. The set of conditions eq. (4.17) could also be expressed as

max{na + Np, ng+ Na} < n<min{Ng +np, Ng+na}, (4.18)
which in turns is equivalent to
n=ngq+Ng=ng+Nya. (4.19)

We note that these conditions not only could limit the possible value of n but also the
possible truncations of the algebra that we could consider. The form of these conditions
depends on the type of Lagrangian and expansion that we are considering, thus they
should be evaluated separately in all the models we are studying. Let us just remark that
the same argument could be also applied to action terms, like the Wess-Zumino term,
containing more that two currents just grouping them, in turn, into two sets and repeating
the analysis on all the possible sets. The final condition will be given by the intersection
of all the conditions obtained in this way.

By applying the argument just exposed to the specific cases we have considered in the
present work we find that the conditions, analogous to eq. (4.18), that must hold between
the n-th order term and the truncation orders Ny, Ni,... to guarantee integrability for
the Flat space, BMN and non-relativistic regimes are the following

Flat Space
max{Na+2, N; +3} <n < Ny +2 (4.20)
BMN
max{No+2, Ny +1, No} <n <min{No+2, N; +1, Na} (4.21)
Newton-Hooke/Galilei
max{Ny, N1+ 1} <n < Ny. (4.22)

These conditions ensure that the equations of motion coming from the n-th order term of
the expanded action are equivalent to the zero curvature equations of the Lax connection
obtained by expanding the initial Lax connection up to the truncation orders,

Z(No, Ni,...). (4.23)
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Case Integrability Condition Algebra

psu(2,2/4)(n —2,n —3,n —2)
psu(2,2|4)(n —4,n —3,n —2)
BMN max{No+2, N1 +1, No} <n <min{Ny+2, Ny +1, No} psu(2,2|4)(n —2,n —1,n)

Flat max{Na+2, N1 +3} <n<Nay+2

Newton-Hooke/

max{Ny, N1 +1} <n <Ny psu(2,2(4)(n,n — 1)
Galilei

Table 2. We show, in the different cases considered in this work, for an action term at n-th order
in the expansion, the conditions that should hold between n and the truncation orders Ny, Ny, ...
to ensure integrability. In the last column we list the possible truncated algebras fulfilling these
conditions. It is immediate to see that some truncations are ruled out by the conditions.

Case Truncation Integrability Condition
N1 =Np—1and Ny = Ny —2 not integrable
N1 =Ny —1and Ny = Ny n=Ngy+2
Flat Space
N1 =Np+1and Ny = Ny not integrable
N1:N0—|—1andN2:N0+2 TL:N()—l—éL
N1 =Ny —1and No = Ny not integrable
BMN N1 = Nyp+1and Ny = Ny not integrable
N1:N0+1andN2:N0—|—2 n:N0+2
.. NMi=Ny-1 n = No
Newton-Hooke/Galilei
Ni=Np+1 not integrable

Table 3. Relations between n and the truncation to be satisfied in order to have an integrable n-th
order action. We remark that some truncation are ruled out by the request of integrabilty.

The results of the analysis for the different regimes we are investigating in the present work
are summarized in table 2 and table 3. In table 2, for a given n-th order action term, we
show the conditions that should be satisfied to preserve integrability and the truncated
algebras satisfying these conditions. These algebras are the global symmetries of the n-th
order Lagrangian term. In table 3 we show how the truncations are affected by the request
of integrability of the n-th order action term. In particular for any possible truncation we
write if this could give an integrable model and, eventually, which is the condition that the
request of integrability poses between the order n-th and the truncation order Nj.

In building an integrable expanded action and its associated Lax connection there are
two possible approaches. One could start with the algebra g(Ny, Ni,...), produced via
Lie algebra expansion, then the Lax connection is fully defined, and one may wonder if
there is an expanded action term satisfying the integrability relation. On the other hand
one could also start from an n-th order action term picking it from the infinite expansion
of the algebra, since the integrability condition implies that this action term will not be
modified by the truncation, and then look for the truncated algebra g(Ny, N1, ...) fulfilling
the integrability conditions. We note also that, considering an n-th order Lagrangian term,
the algebras fulfilling the integrability condition have a fully non-trival action on it.
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Having discussed the integrability of the generic expanded action, in the next subsec-
tions we give some explicit examples of Lax connection for expanded action, listing them
in the different regimes studied in the previous section.

4.1 Integrability of truncated actions

4.1.1 The flat space case

(4)
The action S in eq. (3.12) is obtained from the algebra truncation at (No, N1, N2) = (0, 1, 2),
and therefore the condition eq. (4.20) required for integrability is indeed satisfied. In the
following notation for the Maurer-Cartan 1-forms

Pu=LiP;, QL =LQr, Ju=L"J;, (4.24)

(4)
where the index I is not summed over, the Lax pair for the action S in eq. (3.12) is

L=+ L+ 2, (4.25)
where
(0) (0)
L =0T,
(1) (1)1 (1)2
L =139, + 149y, (4.26)
(2) @ 1 @)

Ly =UP,+lo——=hu,ePP,.

iz

4.1.2 The BMN case
(2)

With the truncation at (Ng, N1, N2) = (0,1,2), the action S in eq. (3.18) is integrable,
since eq. (4.21) is satisfied. In the notation

793 = LffPi, P = LLP% QZ&,I — Li’lQin Ty = LLjJ%j’ gr = inpz*’
(4.27)

(2)

the Lax pair for the action S in eq. (3.18) is

(0) 1) (2)
L=+ 2L, + 2, (4.28)

where

(0) © O 1 RN © ©
.,Zu = Koju +£1,P,L —I-fgihw,e pfpp +£3Qu’ + €4Qu’ ,

vald
(1) ) 9 1)

* D 1 o +,1 (1)+ 2
gﬂ = éog“ + Elpu + EQ*hMVEVp'Pp + EgQu’ + €4QM’ s (4.29)

VIhl

(2) 2 1 ©)
vpp+
——huePP) .

L= P+l
Vh|
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4.1.3 The Newton-Hooke and Galilei cases
(0)
The action S in eq. (3.23) is integrable since the condition eq. (4.22) is satisfied by the
algebra psu(2,2[4)(0, —1); this is just the subalgebra
Vb = Span{Jagv J@a Ja’b/7 Pﬁy Q-l—,[} . (430)

By introducing the notation

Pl =LiP;, P = LiP,, P, =LY Py, oF = 1F1Qy,

IV =Ly, Tr=L%0, T, =L% Ty Gu= L2, (4.31)

(0)
the Lax pair for the action S is

1

VInl

(2)
With the truncation at (No, N1) = (2,1), the action S in eq. (3.24) satisfies the integrability
condition in eq. (4.22), and its Lax pair is

(0) (01‘ (O)J_ (0), (0>H
L= =0T+ T, +T,)+ 0P, + Ll

» (0)” (0)+ 1 (0)+ 9
hyue PPl + 59771 + 0,072 . (4.32)

(0) (1) (2)
Ly =L+ Lot L, (4.33)

(0)
where .2}, is the same as in eq. (4.32), and

(1) (1) (1)J_ (1), 1 y (1)J_ (1), 1 1 1) 9
L =08, + (P, +P,) +lo—=hue?(Py +P,) +£3Q," +04Q,°,

V|
@) @ @ @

W@ 1
Ly = LTV + T+ T,) + 0P+t

VInl

The same formulas presented above in the context of the Newton-Hooke case also applies

Vp(2)H (2)+1 (2)+ 9
hf,u,u6 Pp +£3Qu7 +€4Qlﬁ7 .

for the Galilei case.

5 Conclusions

In this paper, the Lie algebra expansion has been applied to obtain new o-models from
a given one. The starting point is a generic 2d integrable string o-model with a coset
target space G/H. The isometry algebra g has been expanded by using the method of the
Lie algebra expansion. This in turns implies an expansion of the Maurer-Cartan 1-forms
and therefore an expansion of the action. The expanded Lie algebra contains in general a
greater number of generators if compared with the initial one. In our approach we associate
with each generator of the new Lie algebra an independent field. This implies that the new
o-model will in general have a greater number of fields.

In the context of the AdS5xS® o-model, we reproduced and extended in a system-
atic way the action and the symmetries of some known regimes. In the flat space and
BMN cases, the actions known in the literature are obtained by considering contractions
of psu(2,2[4). This is reproduced as a zero level expansion in our formalism, but the
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advantage of using the Lie algebra expansion method is that one has a complete control
on symmetries and truncations also for higher order. The non-relativistic regimes of the
AdS5xS® superstring have also been explored. We reproduced the action terms in equa-
tions (4.2) to (4.5) of [27], although in our case the global symmetry is an extension of
the stringy Newton-Hooke superalgebra, instead of the stringy Newton-Hooke superalge-
bra of [27]. We commented on a possible truncation to a subsector of our model, which
potentially connects our result to [27].

The main result of this paper is about the classical integrability of the new o-model.
We gave a criterion for the algebra truncation such that the equations of motion of the
actions for the new o-model are equivalent to the vanishing curvature condition of a Lax
connection. The strategy that we followed was to insert a given truncated expansion of
the generators into the Lax pair of the initial o-model, and to look for which n-th order
expanded actions possess the equations of motion equivalent to the vanishing curvature of
the Lax pair so constructed. This brings a set of conditions between the truncation orders
Ny, N1, ... and the order n of the expanded integrable action.

In the context of expansions of Chern-Simons [37, 43| or Einstein-Hilbert [42] actions,
the no-missing terms relation guarantees that any gauge symmetry of the initial action is
preserved also for the expanded action. The 2d o-model action considered in this paper
possesses a fermionic local symmetry, the so-called k-symmetry, however this type of argu-
ment cannot be applied. The main reason is because the world-sheet metric h,, does not
expand, but its k-symmetry variation does, since it depends on a Maurer-Cartan 1-form
and a fermionic current x,. The s-symmetry invariance condition of the initial action will
in general expand in powers of A, however, in contrast to what happens in [37, 42, 43], it
is now not clear how to identify it as the sk-symmetry invariance of the n-order action for
the reason mentioned before.

We hope that this work can provoke new ideas for exploring other regimes of string
o-models. For instance, studying the expansion around the contraction that leads from the
AdS superalgebra to the Caroll superalgebra is a way to investigate the ultra-relativistic
limit of the string o-model. Beyond classical integrability, it would be interesting to explore
the quantum integrability property of these models. By this, we mean to find the R-matrix
invariant under e.g. these non- or ultra-relativistic algebras, such that it satisfies the Yang-
Baxter equation, braiding unitarity and crossing-symmetry, and ultimately, writing down
the Bethe ansatz by using the R-matrix so constructed.”

In this paper, we always expanded the string action written in terms of the Wess-
Zumino (WZ) 3-form, but we did not expand the equivalent one written in terms of the WZ
2-form. The reason for this is because the equations of motion for the generic expanded

(n)
action S, obtained from an initial action S written in terms of the WZ 2-form, do not
coincide with the initial equations of motion for S expanded up to the n-th order. On the
other hand, this happens to be the case when the initial action S is written in terms of the

9This is a program that has not been done in AdSsxS® yet, since only the S-matrix invariant under
the residual centrally extended algebra su(2|2)? has been found [65]. However this has been done for lower
dimensional integrable AdS o-models, e.g. [66—69].
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WZ 3-form, and this is a necessary condition in order to apply the techniques presented in
this paper.

This issue has already been pointed out in [39], where they discuss that the algebra
contraction that leads from AdSsxS® to the flat space makes the WZ 2-form disappearing
from the action, and this clearly affects the equations of motion. The authors propose
that instead of taking the usual algebra contraction that leads from psu(2,2[4) to the
Poincaré superalgebra, one should take a generalised contraction, which was the first idea
of a Lie algebra expansion. In this way, one introduces an extra fermionic generator cubic
in A which compensates the miss-matching order between the kinetic and the WZ 2-form
previously found when only contracting. Perhaps a generalisation of this trick allows to
apply the results of this paper also to a generic action written in terms of a WZ 2-form.

Finally, it is an interesting question whether the expanded o-model is still describing
a string theory. The conditions that need to be checked are given in [59]. If the isometry
algebra of the initial o-model has vanishing Killing form, then this will persist after the
expansion. Regarding the central charge condition, this should be evaluated case by case.
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A Conventions
We define products between Lie algebra valued 1-forms, A = A4T4 and B = BATy as

ANB = (A% A BB) [T, T3] (A.1a)
AoB=(AYABP) TyTs (A.1b)

where A4 A BB = AﬁBf da* A dz¥ is the usual wedge product of differential forms. The

Pauli matrices are:
01 0 —1 10
71 <10>7 T2 <’L 0)) 73 (0_1> ( )
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Levi-Civita symbols:
€ €% =—€ =41,
€1 : € = ¢ = +1. (A.3)
Gamma matrices 7, and v,/ (associated with AdSs and S° respectively):
(Vo W} =1y =diag(—++++),  {v,w}=0wy =diag(+++++). (A4
Spacetime gamma matrices [':

Fa:'ya@]lZl@Tla 1—\a’:]lét®')/a’®7—2- (A5)

The gamma matrices satisfy
CTr,c =1t (A.6)

where C' is the charge conjugation matrix, which is taken to be C' = il'g. This implies that

'l =41y, I’ =_r,. (A7)

m

The Majorana supercharges Q) satisfy the Weyl condition

14Ty

Qr = Qr 5

I'11 = Tora3as6780 = La @ 1) @ 73, (A.8)

B Algebras

In this section we summarise the lowest order expansions which lead to the algebras that
appeared through the paper. For the pp-wave algebra, we refer to [64].

B.1 Super AdS5xS® algebra: psu(2,2|4)

The starting point for all expansions considered in this paper is the psu(2, 2|4) superalgebra,
whose non zero commutation relations are

[Paypb]:t]ab [Pa’vpb’]:_Ja’b’
[Pas Jbe] = 2nap Py [Pars Jyver] = 20011 Peoy
7 1
Q1. Pa] = —§€IJQJ’Ya Qr, Py] = §€1JQJW
1 1
Qr, Jap) = _iQI'Yab Qr, Juy] = —§Q1%/b'

[Jaln ch] = 2nc[b']a}d - 277d[b']a}c
[Ja/bla Jcldl] = 2776’[b"]a’]d’ — 277d’[b“]a’]c’

{Qawr1,Qspra} =901 [ —2iCy 3/ (CY")apPa + Qcaﬂ(cl'ya/)a’ﬁ/Pa’}

—|— €rJg [Oalﬁl(cvab)aﬂjab - Caﬁ(cl’ya/bl)a/BIJa/b/] (Bl)
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B.2 Super Poincaré algebra

By applying the decomposition eq. (3.9) to eq. (B.1), and by considering the lowest level
expansion, we get the following psu(2,2[4)(0,1,2) superalgebra, which is a subalgebra of
the N =2, D = 10 super Poincaré algebra.

[Pm ch] - 277a[bpc} [Pa’7 Jb’c’] = 277a’[b’Pc’}

1 1
Qr, Jap) = _iQI'Yab Qr, Joy) = *QQnafbf

[Jaln ch] = 2nc[b']a}d - 277d[b']a}c
[Ja/bla Jcldl] = 2776’[b"]a’]d’ — 277d’[b“]a’]c’

{Qaa’[v Qﬁﬁ/J} =0r7| — 2’50&’5’(0’}’@)&613& + QCaﬂ(C/'Ya/)a’ﬁ/Pa’ (B'2)

B.3 Stringy super-Newton-Hooke algebra

By applying the decomposition eq. (3.21) to eq. (B.1), and by considering the lowest
level expansion, we get the following psu(2,2|4)(0,1) superalgebra, which contains as a
subalgebra the stringy Newton-Hooke superalgebra.

) P — T - 1
[Pa, Pyl = Jg [QF, P = 2@ ™%
[Pz, B) = Jap 1

B [QF, Pal = 507 m27a
[Pga JL] = QUg[ng] e 2 “
1
[Pas Tie] = 2n3F (Q, Ta) = = 5@
Py, J] = 0P 1
[ b*] "Tab [Qiyja ] 2Q Yab
[Pars Jorer] = 2001 Py . 1
[aps Jeal = 25 Taa — 2agJare Q7 Ja) = =5@ v
[Jabs Jed] = 20epJajd — 2MapJalc Qt, Py] = —%Q*Tﬂa/
[T Jeal = 20 a)a 1
pra [QF, Juw] = _iQi'Ya’b’
[Jabs Jed) = =204 Jaje
| =

{Qza” Q;ﬁ/} - ]]. |: — QiCa//B/(C’yaHi)aﬁPa]

/

+ iTQ |:Ca//3/(0’yabn:t)aﬁ<] b + C ’,8’(C’Yfﬂzl:)aﬂ<]ab (Cﬂi)ag(cl’ya b/)a’B’Ja’b’:|
{Qia” QzﬁFﬁ'} =1 [ —2iCop (CY1lg)ap P + Q(CH:F)aB(C/'Ya/)a’B'Pa,]

+im2 [2Ca’ﬁ/ (CWGbHﬂa,BJab] (B.3)
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B.4 Stringy super-Galilei algebra

By applying the decomposition eq. (3.21) to the algebra eq. (B.2), or equivalently, by
applying the decomposition eq. (3.9) to the algebra eq. (B.3), we obtain the following
Super-Poincaré(0, 1), which contains as a subalgebra the stringy Galilei superalgebra.

[Pg7 Jﬁc] = 277@[QPQ] [Ja’b’7 Jc’d’] = 2nc’[b’<]a/]d’ - 2nd’[b’Ja’]c/
> T — 99 - P 1
Py el = 2P Q% Tl = =30z
[PanE]:nngc 1
[QF, Jap] = —5QVap
[Pa’, Jb/ /] == 2na’[b’PC’} - % _
[Vap Jea = 2775[EJE]E - 2773[5Ja]z Q7 Jap) = _QQi'YEQ
[Jab7 J7d] - 2770[17‘]@]5[ B 2774[QJQ]9 [Qi, Ja’b’] = _%QiVQIb/
[JEW Jid] - 2770[17 ald
[JLIN Jz ] 277d[bJa]c

Qe Qfpr} =1 [ — 2iCorpr (CY 1) ap P

{Qaa,, Q;F@,} =1 [ — 2iCyp (Cy*13)apPa + 2(CH¢)05(C’7“/)Q/5/PM (B.4)

B.5 BMN algebra

In this section we report the pp-wave algebra commutation relations [64]

L5 Thil = 20391 — 2 Ta Qi1 P-] = \}§Q+ glery
o Tl = 2 Q_r1,P] = 1 ——Q4 T+ ;e
(P2 Ty] = 20 P -1 B \f + 04 ITsery
[P, Py] = _\}imjﬂr Q-1 P = fQJr 4T
[P_,P] = —\}ipz* [Q+.1, T3] = Q

1
[P-, Pf] = ﬁpg

{Q+,I) Q+,J} =— 2i51]CF+P+
{Q+,I7 Q—,J} - — Zé[]Cl—ﬁP;F_FJ,_ — ie[JCF_F+ [Fll'PZ* + FZ/JP:;]

{Q_J, Q_7J} =—2i6;;,CT~P_ + %EL]CF_ [FijIJij + Filj,JJi/j/] , (B.5)
where
1
QiJ = 5(1 + FQPO)QI (B.6)
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and

1

F:t = ﬁ(rg ZI: FO)
I =T1934
J = Tsrs - (B.7)
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