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ON THE NEVANLINNA-PICK INTERPOLATION PROBLEM FOR
GENERALIZED STIELTJES FUNCTIONS

D. ALPAY, V. BOLOTNIKOV and A. DIJKSMA
Dedicated to the memory of M. G. Krein

The solutions of the Nevanlinna-Pick interpolation problem for generalized Stielt-
jes matrix functions are parametrized via a fractional linear transformation over
a subset of the class of classical Stieltjes functions. The fractional linear trans-
formation of some of these functions may have a pole in one or more of the
interpolation points, hence not all Stieltjes functions can serve as a parameter.
The set of excluded parameters is characterized in terms of the two related Pick
matrices.

1 Introduction

The objective of this paper is to study the Nevanlinna-Pick interpolation problem in the
class of generalized Stieltjes matrix functions. The Nevanlinna-Pick problem for classical
Stieltjes functions was considered by M.G. Krefn and A.A. Nudelman [8] for the scalar case;
the matrix case appeared in [6] and its tangential and two-sided generalizations in [1], [3].
In these problems the two kernels in (1.2) below are nonnegative. Scalar generalized Stieltjes
functions have been treated by M.G. Krein and H. Langer in [7] under the assumption that
the first kernel in (1.2) below has a finite number of negative squares and the second one is
nonnegative. In this paper we consider the matrix case and assume that both kernels have
a finite number of negative squares. V. Derkach in [4] studied the moment problem in the
same generality.

Throughout this note we work with meromorphic matrix functions, and when S is
such a function, we denote the set of points of analyticity by p(S).

Definition 1.1 An m x m matriz function S belongs to the generalized Stieltjes class S* if
it is meromorhic in C\IR,

S(z) = (=), € C N p(S), (1.1)

and the kernels

Ks(ryw) = S =8@N g ) 252 =08

zZ—Ww zZ—Ww

(1.2)
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have k and § negative squares on C* N p(S), respectively; in formulas:

sq_(Ks) = &, sq_(Ks) = &.

The first equality means that for every choice of an integer r and of r points A,..., A, €
C* N p(S), the Hermitian mr x mr matrix (Ks(Aj, A)); ;=y has at most & and for at least
one such choice it has exactly & negative eigenvalues counting multiplicities. The second
equality is defined in the same way with K replaced by Ks.

We denote the classical Stieltjes class S by S; it consists of all functions S such
that both kernels in (1.2) are nonnegative, that is, have no negative squares. It is well known
that the functions in the class S are analytic in C\IR* and take nonnegative values on the
negative half-axis, while the functions in the class §* have at most 2min{x, %} poles in
C\IR which are symmetric with respect to the real axis.

In the paper we consider the following Nevanlinna—Pick interpolation problem:

Problem 1.2 Given are n distinct points z1,...,2, € Ct and m x m matrices St,..., S,
such that the Hermitian matrices (called Pick matrices)

P.= (M)n P.= (M)n (1'3)
Zi = 2k [ g im ’ % =2 Jpin

are invertible and

sq_(P)=£,  sq_(P)=gK, (1.4)

that is, P and P have £ and % negative eigenvalues (counting multiplicities). Find all
functions S € S% which are analytic at z; and satisfy

S(Z]) = Sj j =1,... , 1. (1.5)

We thank Heinz Langer for bringing this problem to our attention.

We show that there are infinitely many solutions to this problem and that the
solutions can be parametrized via a fractional linear transformation over a subset of the
class 8P of Stieltjes pairs.

Definition 1.3 A pair {p, ¢} of m x m matriz functions p and q is called a Stieltjes pair
(belongs to the class SP) if they are meromorhic in C\IRy,

¢(2)p(z) = p(2)a(2), det(p(2)'p(2) +4(2)"q(2)) #£0, 2€C Np(pg),  (1.6)

where p(p,q) is the set of points in which p and ¢ are holomorphic, and

q(2)*p(z) — z_J(z)*q(z) >0, zq(z)*p(z) ~ %p(z)*q(z) >0, zeCHnp(p,q). (1.7)
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Note that the inequalities (1.7) imply that the kernels
VI =) g, ) e

z—Ww zZ—w

Kp(z,w) :=
are nonnegative, that is, have no negative squares in C* N p(p, q).
Definition 1.4 We say that a Stieltjes pair {p, q} is strict if

9(2)'p(z) — p(2)"q() za(2)"p(2) — Zp(2)"q(2)

>0, >0, z€Crnp(p,g). (1.9)

We introduce an equivalence relation on the set of Stieltjes pairs SP: the pair {p, ¢} is said to
be equivalent to the pair {p1, ¢} if there exists an m x m matrix function X (z), meromorphic
in C\R and satisfying det X(z) # 0, such that pi(2) = p(2)X(2), ¢1(2) = ¢(2)X(2): It is
easily seen that if {p, ¢} € SP and det ¢(z) # 0, then the function S = pg~! belongs to
S. Conversely, every S € § generates a Stieltjes pair {5, I.}. Thus, there is a one to one
correspondence between the elements of S and the equivalence classes of pairs {p, ¢} € SP
such that det ¢(z) # 0. We denote by 8t the class of those matrix functions § € & for
which {5, I.} is a strict pair.

In Section 2 we construct from the data of Problem 1.2 a 2m x 2m rational matrix
function O(z), and we prove in Section 3 that the solutions of Problem 1.2 are obtained
as a fractional linear transformation of Stieltjes pairs whose coefficients are formed by the
four m x m block entries of ©. In general not all Stieltjes pairs may serve as a parameter:
the corresponding fractional linear transformation in that case does not define a solution
of Problem 1.2. In Section 5 we characterize these excluded parameters. For this we use a
description of the solutions of a special one point left-sided interpolation problem for Stieltjes
pairs studied in Section 4. Multipoint problems of this type are studied in [3], but here we
also need a description of the solutions in the degenerate cases. In Section 6 we show that
Problem 1.2 has a solution. We refer the reader who wants to get an impression of our results
to Section 7. There we have spelled out the scalar case and worked out two examples. Closely
related to this paper are the two papers: [1], because many of the formulas in, for example,
Sections 2 and 3 can be traced back to this paper, and [5], where the Nevanlinna-Pick
problem for generalized Nevanlinna functions (scalar case) and in particular the excluded
parameters in the parametrization of all solutions were studied. In [5] it is shown that the
excluded parameters can be divided into two types: either there is only one parameter whose
fractional linear transformation is not a solution and then this parameter is identically equal
to a real constant, or there are infinitely many excluded parameters and then none of them
is identically equal to a constant. According to Theorem 7.1 the same kinds of exclusion
occur here, except that in one of the cases where the excluded parameter is unique, this
parameter is not necessarily a real constant.

2 The parametrizatioh matrix of the problem

In this section we construct the so called parametrization matriz formed by the four coef-
ficients in the fractional linear transformation which describes all solutions of the Problem
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1.2. Throughout the paper J denotes the signature matrix

0 —il,
= (um 0 ) '
A 2m x 2m matrix M is called J-unitary if MJM* = M, or equivalently, M*JM = J.

Definition 2.1 A 2m x 2m matriz function © belongs to the class W, if it is meromorhic
in C\IR, holomorphic and J-unitary on the real axis:

0(2)JO(2)" = J, z € R, (2.1)
and the kernel
I =0(z)J0(w)* -
Kre(z,w) = (@ - z) y Zw € p(0), 2 #w, (2.2)
has k negative squares:
sq_{Kje0) = &. (2.3)
We associate to © the function © defined by
. _ I, 0
0(z) := P(2)0(2)P71(2), P(z):= ( 20 I. ) . (2.4)

Definition 2.2 A 2m x 2m matriz function © belongs to the class W if it belongs to Wi
while the associated function © belongs to W,

In other words, © belongs to W¥ if it satisfies (2.1), (2.3) and the following two conditions
hold N 5
0(z)JO(2)"=J, z€R; sq_(K;5)=k.

The next lemma gives an example of a function from the class Wi,.

Lemma 2.3 Let G € €Y and Z € CV*V be matrices such that o(ZYNIR =0 and
() Ker GZ* = {0}, - (2.5)

i>0
and assume that the Lyapunov equation
Z*P - PZ =:i:G*"JG (2.6)

has an invertible Hermitian solution P € CV*N with sq_(P) = k. Then the 2m x 2m matriz
function

O(2) = I —1G(z] — Z)'P7IG*J (2.7)
belongs to the class Wy. Moreover, for z,w € p(6) with z # @,
' K,5(zw) = G(z] ~ Z) P7H&I - Z7)7'G7, (2.8)

and ~ A
J — O(w)*JO(2)

(o —2)

= JGP™N (@l — Z*)'P(zI - Z)"'PT\G"J. (2.9)
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Proof: Using (2.7) and (2.6) we get (2.8):

J—8(2)J0(w)* = iG(zl — Z) ' P7IG* —iGPV (@ ~ Z¥)7IG".
—G(zI - 2) ' P'\G*JGP Y (w] - 277G
= Gzl - Z) P iP@&I — Z*) —i(2] — Z)P +iZ*P — iPZ}
x P&l - Z2*)7G
= i(0—2)G(z] = Z)7 P Y@l - Z2*)7IG™.

Let M be the space of rational €~ —vector functions spanned by the columns of the matrix

Gzl - Z)™1:
M=spon{fornfods (B fal2) = G(T =~ 2)

The condition (2.5) ensures that the f;’s form a basis for M. We provide M with the
indefinite inner product [- ,-] such that P is the Gram matrix for this basis:

Ui il =priy ki=1,...,n, P =(prj)i=1- (2-10)

Since M is resolvent invariant, it is a reproducing kernel Pontryagin space with reproducing

kernel
k(z,w) = G(zI — Z2)7' P Y (@I — Z*)7'G". (2.11)

The equality sq_(P) = « means that the negative index of M (the dimension of any maximal
negative subspace of M) equals « and therefore, the reproducing kernel (2.11) of M has &
negative squares. From (2.11) and (2.8) it follows that the two kernels k and K, 5 coincide,

and it now easily follows that ® € Wj. Finally, the identity (2.9) follows from (2.8), (2.7),
and (2.6):
J—0w)JB(z) = JGP MBI -2 {i(&] — Z*)P —iP(zI - Z)
LiZ°P —iPZ} (2] — Z)1 PG
= {(@—2)JGP Y@l - Z)'P(z] — Z)'P'G*J.
Using Lemma 2.3 we can construct a function © from the class W¥.
Lemma 2.4 Let Gy, Gy € €N, Z € €V*N be matrices such that o(Z)NR = 0 and
&)7=pe (%)7
Ker < Z' = (] Ker z’ = {0}, 2.12
jQO e J‘DO G 212

and assume that there ezist invertible Hermitian matrices P and P with sq_(P) = & and
sq_(P) = &, such that _
P —-PZ =GiG,. (2.13)

Let M and M be the two J-unitary matrices defined by

B In 0 ~ (I, -G PG
we( g L), ma(BOEE)
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Then the function

_ G GiZ 0 (2]~ Z) PG

belongs to the class WE, and for z,w € p(©), z # @,

7= 9(z)JOw)" f@ézi"fiw - ( o ) (21 - 2 P&l - 277 (G}, G3), (2.16)
i:%”% e ( _Gél ) P @I - 27 P(zI — Z) P (Gl —G) M,

o (2.17)
- ig’_“’g(‘”* ( i ) (oI - 2)7 B~V @l - 277 (2°GS, G3), (2.18)

e fgu_)‘*’_*;’)@(z) - i < &y ) Bl - 21 B(a] - 2)7 B (G}, —2°G}) M.
(2.19)

Moreover, © and © admit the factorizations

0(z) = {Iz,n + ( g: ) (zI — Z2)7'P7 (G, —G;)} M, (2.20)
0(z) = {Izm + ( Géf ) (zI - Z2)7 1P (G, —Z*G;)}M‘, (2.21)

and the first factors on the right-hand sides of these identities are functions from W, and
W, respectively.

Proof: Substituting (2.15) into (2.4) we get

~ _ ZGl GlZ 0 —(ZI - Z)—IP—IG;
@(Z) - I2m + ( G2 G2 ) ( (ZI _ Z)_ljs_IG; 0 . (2.22)

Using the equalities
(Gy, ~GN M = (PZP7'G;, ~G3), (G, ~Z°G))M = (G}, -PP'G]),  (223)
which follow from (2.13) and (2.14), it is easily checked by straightforward verifications that
the formulas (2.15), (2.20) and (2.22), (2.21) define the same functions © and ©, respectively.
It follows from (2.13) that
Z*P - PZ=GG— GG, =i(G}, Gp) J ( gl ) , (2.24)
2

which together with (2.12) means that the matrices

G = < g; ) , (2.25)
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Z, and P satisfy the conditions of Lemma 2.3. Therefore the function © defined via 2.7
belongs to W,,. The equality (2.20) can be written as © = ®M, and since M is J—unitary, we
have Kjo = K ;5. Now (2.16) and (2.17) follow from (2.8), (2.9), and (2.25). In particular,
0 € W,.

Similarly, it follows from (2.13) that

2P BZ = 2°CiGy— CyGh 2 = i (2°CE, G3)J < “s ) :
2

which together with (2.12) means that the matrices

G= ( ZGC? ) , (2.26)

Z, and P also satisfy the conditions of Lemma 2.3. Therefore the function © defined via (2.1
belongs to Wy, & = sq_ (13) Since & = OM (see (2.21)) and M is J-unitary, K;5=K;3.
Now (2.18) and (2.19) follow from (2.8), (2.9), and (2.26). In particular, ® € W.. So by
Definition 2.2, ©® € W2, i

Remark 2.5 Since © and 6 are J-unitary on the real axis, the symmetry relations
O(z) ' =JOE), O(2)'=JB(z)J (2.27)

hold for z € €\ {z1,%1,. .., 2n, Z}. The right-hand sides here define holomorphic functions
on €\ {z,...,2,}, which we denote by ©~(z) and ©7(z), respectively. From (2.16) and
(2.18) it follows that

J - (@;E‘gﬂ_).):)]@-l(z) - — ( _Gél ) (LDI _ Z)-—lp—l(zl_ Z*)—l( ;’ _GI),
(2.28)
J= (@) [ G B et e
i@ — 2) - <~G12 ) (&I = 2)" P (=] - 27)7 (G, —27GY).

In the sequel we now take N = mn and set
Z1Im
G1=(S1, chay Sn), G2=(Im, ey Im), Z = ( ) (229)
znlm

It is easily seen that these matrices and the Pick matrices P and P defined by (1.3) satisfy
the equality (2.13). Relations (2.12) are also in force and by Lemma 2.4, the function ©
defined by (2.15) or equivalently, by (2.20) and with this choice of the matrices, belongs to
the class W#. We show later (see Theorem (3.8) below) that @ is a parametrization matrix
of Problem 1.2. In what follows when we refer to © in (2.20), we assume that the matrices
are given by (2.29) and (1.3).
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Lemma 2.8 Let © be defined by (2.20). Then for every interpolation point z;, j = 1,...,n,

(In, =87) 0(2) =0,  ©7(z;) ( }2 ) =0. (2.30)

Proof: It follows from that (1.3) and (2.29) that

N[ G, -1 p-1 (o .
(Im, —Sj) ( G'; ) (2] — Z)7 PGy, —G%)

§-87 Sp—8* _ If" )
=-(2Z 2P
z=Z; 0 T Zn—%; . :
Im —S%
j-th row of P
In -5}
=—(0,...,0, I, 0,.»..,0)(15 ;~)=_(Im’ —S;).

Hence, on account of (2.20),

(In, =8;) 0(%) = { (Im, =S5) + (Im, —57) ( g; ) (51— 2)"1P1 (G, -G;)}M

= {(In, =8;) = (In, =55) } M = 0.

This implies the first equality in (2.30); the second equality follows from the first by taking
adjoints. |l

3 Description of all solutions

In this section we characterize the set all solutions of Problem 1.2 in terms of a fractional
linear transformation. We begin with some preliminary results.

Lemma 3.1 Let ¥(z,w) be an (N + m} x (N + m) matriz kernel for z, w in an open subset
Q of € defined by .
_( A B
‘II(Z,w) - ( B(w)* K(z’w) ) ?

where A € CN*N is o Hermitian matriz, B(z) is an N x m matriz function on § and
K(z,w) = K(w, 2)* is an m X m matriz kernel with o finite number of negative squares in
Q. If A is invertible then

sq_(¥(z,w)) = sq_(4) +sq_(K(z,w) — B(w)"A™' B(2)).
On the other hand if

Kz, z)
: : ,  Bla)= : ; (3.1)
K(z,20) -+ K(2n,2s) K(z,z,)

K(zi,z1) -+ K{zny2)
A= : :
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then
5q_(¥(z,w)) = sq_(K(z,w)).

Proof: The first assertion follows from the factorization

¥(zw) = ( B(wI)J‘YA‘l I?n ) ( 61 K(z,w) —B(Ew)*A‘lB(z) ) ( Iév A_}f(z) ) :

The second assertion follows from the definition of a kernel having & negative squares. H

Corollary 3.2 Assume that Problem 1.2 has a solution S. Define the kernels Kg andj?s
by (1.2) and the matrices G1, G, and Z by (2.29), and let the Pick matrices P and P be
given by (1.3). Then the two difference kernels

Ds(z,w) := Kg(z,w)—
(S(W)YGe = G) (@I~ Z2) ' P (2] = Z°)(338(2) — G), (3.2)

Ds(z,w) := Ks(z,w)—
(@S(W)* Gy — G1Z) (@I — Z) T P~ (2] — 2*) " (2G38(2) — Z°GY) (3.3)

are nonnegative in C\IR.

Proof: Since S is a solution of Problem 1.2, it belongs to S% and therefore,
sq_ (Ks(z,w)) = &, sq._ (Es(z,w)) =K.
We first apply the second part of Lemma 3.1 with K(z,w) := Ks(2,w). Then, see (3.1),
S(2)-57

A=P B =| ¢ |=GI-297@s6) -6,
S(z)-53

Z—Zn

and hence

P (2] = 297 (G5S(2) - G3) ) k. (34)

- ( (S(w)* Gy — Gh) (@I — 2)7 Ks(z,w)
Similarly, if K(z,w) := Fs(z,w) then
28 z!—fls;

A=P, B(z)= : = (2] — 27 (2G55(2) — Z2*G),
zng)—_EnS;
and the second part of Lemma 3.1 yields

P (2] = 277 (2G38(2) — 2°G;) | _ -
" ( (@S(w)*Ge — G12) (@I - Z)™ | Rs(zw) ) =k  (35)
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Applying the first assertion of Lemma 3.1 to the matrix kernels in (3.4), (3.5) and taking into
account (1.4) we find that the difference kernels in (3.2) and (3.3) have no negative squares. i

Let

011(2) b1z
0(z) = ( o) 0228) (3.6)

be a partition of the function O(z) given by (2.20) into four m x m blocks. The following
two theorems imply that ©(z) is a parametrization matrix. In the first one we use that ©(z)
is defined in z = Z;, 7 = 1,...,n, that is, in the complex conjugates of the interpolation

points.

Theorem 3.3 All solutions S of Problem 1.2 are parametrized by the fractional linear trans-
formation

S(z) = (012(2)p(2) + 612(2)4(2)) (921(2)p(2) + b22(2)q(2)) ", (3.7)
where the parameter runs through the set of those pairs {p, g} € SP which satisfy
det (021(%)p(%) +022(%)9(5)) #0, for j=1,...,n. (3.8)

Under the transformation (3.7), two pairs correspond to the same function S if and only if
they are equivalent.

Proof: Since © is J-unitary on the real axis, the function S of the form (3.7) satisfies
the symmetry relation (1.1) if and only if the corresponding parameter {p, ¢} is subject to
symrmetry relation in (1.6): setting

V(&) = B (2)(e) + b)) 9
we get
s -5t = —i(ser, w7 (7))
= V™66 @) 010 (1) ) V)
=~V e )7 (2 ) v
V(z) ™ {¢*(Dp(2) — p*(2)e(2)} V7 (2).

Let 5 be a solution of the Problem 1.2 and let {p, ¢} be the pair defined by
p(z) -1 S5(z)
< a(2) ) 0 (z) ( L] (3.10)

(4) 50 (5).

Then by (2.4),
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Using the partition (3.6) of © we get from (3.10)
011(2)p(2) + 015(2)g(2) = §(2) and O (2)p(2) + 022(2)4(2) = I (3.12)

In particular, S admits the representation (3.7) and the second condition in (1.6) is in force.
It remains to show that {p, ¢} € SP.
The kernels K5 and K5 can be written as

= Sy Lt [ 5@
Kew) = (560 Iigs (50 ), (313)
Ks(z,w) = (@S(w)* J 25(z)
Ro(w) = @560, Igigs (50 ). (3.19)

Hence by the first relation in (2.28), (3.10) and (1.8), the difference kernel in (3.2) takes the
form

Ds(z,w) = (S(w)", In) X
{_JT _ ( _Gél ) @I—2) P (oI - 2°) (G, —G;)} ( S}:) )

i(z — @)

(S()*, L) (@‘1(«;)):{56‘1(2) ( 5};) ) (3.15)
. o d p(2)

(p(w)*, ¢(w) )z(z - @) ( q(z) )

_ @) ma@pw) g

Z—w

Similarly, by the second relation in (2.28), (3.11) and (1.8), the difference kernel in (3.3) can
be written as

Dis(zvw) = (28(2)", ) X
{—J—— - < &y ) (21— 2y B (a1 - 277N (G, —Z*G;)} ( ) )

i(Z - 2)

@S(wy, L) E IO ( 25(2) ) (3.16)

Z—Ww Im

@bl g()) = (z”_(z) )

i(z — @)

_ zp(z)q(wt = gp(w)*q(z) = Kp(2,0)-

Corollary 3.2 states that these kernels are nonnegative, and therefore {p, ¢} € SP.
Conversely, let {p, ¢} be a Stieltjes pair which is analytic at the interpolation points
25, § = 1,...,n, and satisfies (3.8), and let S be defined by (3.7). Using (3.9) we rewrite

(3.7) as
( S}j) ) V(z) = 0(2) < 28 ) . (3.17)
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By (2.30),
A [5G ) s A oz [ PE) :
(I‘m, _SJ) ( ImJ ) V(ZJ) = (ITN-) —SJ) @(Z]) ( q(fj) = 0’ J= 17' XL
and since det V(Z;) # 0, it follows that .S is subject to the conditions

S(z) = S;

5 j = 1, ceey Ny
which in view of (1.1), are equivalent to interpolation conditions (1.5).
Let K5 and Kg be the kernels as in (1.2). In view of (1.3) and the interpolation

conditions (1.5),

(Ks(z2)pjm =P (Bs(z2)), _ =P,

hi=1

and the relations (1.4) mean that Kg and Ks have at least £ and % negative squares,
respectively. Substituting (3.17) into (3.13) and using the notation (1.8) we get

Ks(z,w) = V(w)™ (p(w)*, qw)?) w ( p(2) > V()

(@~ 2) q(2)

V(W)™ Kpg(2,0)V7(2)

e OW@IIO(E) =T [ p(z) gy
V()™ (o), aw)) ZAERE=E (M ) vie),
where the first kernel on the right-hand side is nonnegative and the second one has at most
k negative squares in view of (2.17). Therefore Kg has at most « negative squares; hence

sq _{Ks) = &. Similarly,

Re(o) = Vi)™ @plol, o) el Z8 (6] Yy

V()™ Ep(z,0)V 7 (2)

FV(0)" @t} o)) 2L (7 Yy,

and in view of (2.19), Kg has at most ¥ negative squares and therefore sq_(Ks) = % By
Definition 1.1, S belongs to 8% and thus, is a solution of Problem 1.2.

Obviously, the transformation (3.7) applied to equivalent pairs give the same func-
tion S. Conversely, assume that S has two different representations S(z) = U(2)V; }(2)
with

Up(z) = 0u1(2)pe(2) + O12(2)qe(2),  Vi(2) = O21(2)pe(2) + 022(2)qe(2),
and such that det V3(2) #£0, £ =1,2. Then

- S(z) p(z) —1 pa(2) -1
1 _ _ )
07 (%) ( I, ) = ( a(z) Vi (=) 02(2) Vo ()
Hence p1 = poX, q1 = X with X = V;7'V4, that is, the pairs {p1, ¢1} and {ps, g2} are
equivalent. l



Alpay, Bolotnikov and Dijksma 391

In the following parametrization theorem we replace the conditions (3.8) in Theorem 3.3
by limit conditions in the interpolation points (see (3.19) below). In these points O(z) has
simple poles.

Theorem 3.4 All solutions S of Problem 1.2 are parametrized by the fractional linear trans-
formation

S(2) = (0u1(2)8(2) + 012(2)4(2)) (0(2)(2) + 022(2)(2)) ™, (3.18)
where the parameter runs through the set of those {p, §} € SP which satisfies

det {ZILII%(Z — 2;) (021(2)p(2) + Hgg(z)g(z))} £0 for j=1,...,n. (3.19)

Under the transformation (3.18), two pairs correspond to the same function S if and only if
they are equivalent.

A pair {p, ¢} € SP is called an ezcluded parameter in the parametrization (3.18) of the
solutions of the Nevanlinna-Pick problem if it does not satisfy (3.19).

Proof: Let S be a solution of Problem 1.2. Without loss of generality we assume
that S is of the form (3.7) with {p, ¢} € §P as in (3.10), hence the relations (3.12) hold.
By the second formula in (2.30),

()=o) )-oe (3 ) =0 i=tem

and therefore @Y - ’ 52)
nz bz
= z—2z;)| L 3.20
( q(2) ) ,-1____11( 2 ( q(z) > (3.20)
for some pair {p, §} € SP which is analytic at the interpolation points z;. The representation

(3.18) follows from (3.7), since the pairs {p, ¢} and {p, 7} are equivalent. In view of (3.12
and (3.20),

)p(2) + 02(2)g(z) _ I
[Tepi(z — 22) Tewi(z — 22)

(z = 2j) (621(2)P(2) + 022(2)3(2)) = B21(2

Therefore the conditions (3.19) are fulfilled.

Conversely, let {7, §} be a Stieltjes pair which is analytic at the interpolation points
z; and satisfies (3.19), and let § be defined by (3.18). Multiplying the numerator and the
denominator in the right-hand side of (3.18) by (z — 2;) and taking into account (3.19) we
conclude that S is analytic at all z;’s. To show that S satisfies the interpolation conditions
(1.5) we note that on account of (2.20) and (2.29),

}Lrg(z—Zj)@(2)=<g n fm " S)P-l(Gz, ~G;) M, (3.21)

and therefore
(Im, —5;) lim (2 ~ 2,)0(z) = 0. (3.22)
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We write (3.18) in the equivalent form

(59) == w0 (52 ) =) Galedte) + bmerato) ™

and multiply both sides from the left by (I, —S;). If we then let 2 — z; we obtain, on
account of (3.19) and (3.22),

(s =5 (57 -
= Uy =) Iim(e= 500 { ) ) (= = ) 0u05le) + m()) ™ =0

Hence S satisfies (1.5). Since © belongs to WE, we conclude as in Theorem 3.3 that the
kernels Ks and Ks in (3.18) have at most x and ¥ negative squares, respectively. Due to
the interpolation conditions (1.5) and the equalities (1.4) these kernels have exactly x and

% negative squares, respectively, and therefore 5§ € S%. i

4 A one point interpolation problem for Stieltjes pairs

This section is auxiliary. We consider a left-sided one point interpolation problem for Stieltjes
pairs which will be the main tool in the investigation of the excluded parameters of the
parametrization (3.7) in the next section. The multipoint version of this problem is discussed
in [1] and [3] for the nondegenerate case (the precise meaning will be given below). Here we
consider also the degenerate cases and we present them in a form which is convenient for
later use.

Problem 4.1 Given two row vectors a, b € C™ and a point w € C*, find all pairs {p, ¢} €
SP which are analytic at w and satisfy the interpolation condition

ap(w) = bg(w). (4.1)

Note that condition (4.1) is invariant with respect to the equivalence relation in the class
SP: if {p, ¢} satisfies (4.1) then every equivalent pair {p1, g1} which is analytic at w satisfies
(4.1) as well.
Problem 4.1 is solvable if and only if the corresponding Pick matrices are nonnega-
tive, that is, . . L
L AP L A (4.2)

w—o T w—w

The description of all solutions of Problem 4.1 relies on the following theorem.
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Theorem 4.2 A pair {p, q} is a solution of Problem 4.1 if and only if it satisfies the fol-
lowing inequalities for all z € C¥,

k ap(z) = ba(7)
p(z)*a—* — ?(z)*b* q(z)*p(zz) :‘;j(z)*q(z) > 0, (4.3)
Ep(z)*a:‘ — L:_Jq(z)*b* zq(z)*p(zz) :?p(z)*q(z) >0 (4.9)

Proof: Let {p, ¢} be a Stieltjes pair satisfying (4.1). From

(0 + iq)(p +iq)" = pp" + q¢" + TE 21

bl

it follows that det (p(z) +ig(z)) # 0 for all z € C* ouside some set of isolated points. The
pair {p, ¢} defined by
B(2) = p(2)(p(2) +ia(=)™  d(2) = q(2)(p(2) +ig(2))™"

is equivalent to {p, ¢} and satisfies (4.1) and p(2) +4§(z) = I,. Therefore it can be assumed
without loss of generality that {p, ¢} apriori satisfies

p(2) +1¢(2) = In. (4.5)
By assumption (4.5), the interpolation condition (4.1) is equivalent to
(b + ia)p(w) = b, (b +ia)g(w) = a. (4.6)
Moreover, the matrix function
R(z) := p(z) —iq(2) (4.7)

is a contraction in C*:

In= RGYRE) = (6(2) +ia(2)) (6(2) +0(2)) = (p(2) — ia(2)(o() — ig()
L 2leE) — P | ws)

4

and satisfies, on account of (4.6),
(b+ ia)R(w) = (b ia). (4.9)
As an analytic contraction B satisfies the inequality
In — Rw)R(w)"  R(z) - R(w)
00 RO v ) SN L NP A ) (4.10)

(o — %) i(z—2)
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(see e.g., [2, p.T7]). We multiplying the matrix in (4.10) from the left by ( b“t)i“ I(r)n ), and

from the right by its adjoint ( o —Ow I?n ) and we obtain, on account of (4.2) and (4.9),

(b+ia)R(z) —b+1a

2 i(z —w)
R(z)*(b* —1a*) — b* — ia* I, — R(z)*R(z) > 0. (4_11)
o —2) iz —2)

By (4.5) and (4.7),
(b+ia)R(z) — b+ ia

il

(b+1a)(p(2) — ig(2)) — (b —ia)(p(2) + iq(z))
2i(ap(z) — bq(z)), '

and we substitute this and (4.8) into (4.11), we get (4.3). Applying the same arguments to
the pair {zp(2), q(2)} we come to (4.4).

Conversely, assume that {p, ¢} satisfies the conditions (1.6) and the inequalities
(4.3) and (4.4) for all z € C* outside some finite set of isolated points. Then, in particular,
the inequalities (1.7) hold and therefore {p, ¢} is a Stieltjes pair. Since p and ¢ are analytic
at w, the diagonal blocks in (4.3) are bounded in a neighbourhood of w. Therefore, the
nondiagonal block 1‘3(52)_——:"‘@ is bounded for z — w and thus (4.1) is fulfilled. K

For the multipoint interpolation problem the inequalities (4.3) and (4.4) were con-
sidered in [3] to construct a recursive Schur process associated with a Nevanlinna-Pick
problem for Stieltjes functions.

To describe the solutions of Problem 4.1 we consider four cases: the nondegenerate
case £ > 0 and £ > 0, and the three degenerate cases in which one of numbers k and £ is
zero or both are zero. _

I. The nondegenerate case: k > 0 and k > 0. In this case the inequalities (4.3)
and (4.4) are equivalent to

(p()", a()") { J 1 < _a;* ) k™ (a, —b)} ( 28 ) >0 (4.12)

(Z—2) |z—wf?

and

e a0 i - o (o )P e} (2 ) 20wy

(Z—2) |z —w?

respectively. Using the function

1 (b e 0 -k
\Il(z)=12m+—_( . w*)<z_1a 0 ) (4.14)

Z—w\ &

and the associated function

W0 = POUere,  Pe= (T L),
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we can rewrite the inequalities (4.12) and (4.13) as follows:

00e), a(e) T () >0

i(z2~2)

U(2)==JU(2)! [ zp(2)
Zp(z)* ) —— >0.
(oo, a2 =z (4 )=
The kernels in these inequalities are "projective” analogues of the kernels (3.15) and (3.16).
The inequalities can easily be solved. The solutions are parametrized via a linear (rather
than fractional linear) transformation, and the parametrization matrix is given by .

Theorem 4.3 Ifk >0 and k > 0, then all solutions {p, q} of Problem 4.1 can be parametrized

by the linear transformation
(29)=w (7). s

where U(z) is the 2m X 2m matriz function defined by (4.14) and the pammeter {p1, a1}
runs through all of SP.

IL. The case k =0 and % > 0. It follows from (4.2) that ab* = ba* and therefore
E=ab>0. (4.16)
Theorem 4.4 Ifk =0 and & > 0, then all solutions {p, q} of Problem 4.1 can be parametrized
by
) (b)) e
where the parameter runs through the set of pairs {p1, g1} € SP for which
bgi(2) = 0. (4.18)

Proof: Let {p, ¢} be a solution of Problem 4.1. By Theorem 4.2, it satisfies the inequalities
(4.3) and (4.4). Since k¥ = 0, (4.3) implies

ap(z) = bq(z), (4.19)

and therefore, (4.3) and (4.4) are equivalent to

Q(z)*P(zg : Iz_?(z)*q(Z) >0, ( p(é?*a* s ‘pazp_(?p)z gt ) >0. (4.20)

Since k > 0, the second inequality in (4.20) is equivalent to

2¢(2)"p(2) — zp(2)"q(2)

z2—z

—p(z)*a*%'lap(z) >0. (4.21)
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Define the pair {p1, 1} by

(Zigg ) - ( —af;’én-la I(,),, ) ( ZES ) : (4.22)

Then the first inequality in (4.20) and the inequality (4.21) can be expressed in terms of
{plv QI}:

a1(2)*pa(2) —2_71(2)*q1(z) >0, z19(2)*p1(z) = »fpl(Z)*ql(Z) >0

, (4.23)

respectively. Thus, the inequalities (4.20) are equivalent to the fact that {p1, ¢} of the form
(4.22) is a Stieltjes pair, or equivalently, that {p, ¢} admits a representation (4.17) for some
{p1, 1} € SP. Finally, it follows from (4.16) and (4.22) that the identities (4.18) and (4.19)
are equivalent:

by (2) = bg(z) — ba*klap(z) = bg(2) — ap(2). N
III. The case k >0 and % = 0. Now it follows from (4.2) that wba* = @ab* and

k= -wlab* > 0. (4.24)
Theorem 4.5 Ifk > 0 and k = 0, then all solutions {p, q} of Problem 4.1 can be parametrized
by
p(2) In —16*k7'b ) p1(2)
= z , 4.25
( q(2) ) ( 0 I, a(z) (4.25)
where the parameter runs through the set of {p1, q1} € SP for which
api(z) = 0. (4.26)

Proof: Let {p, g} satisfy (4.3) and (4.4). Since E=0, (4.4) implies
w .
ap(z) = ;bq(z). (4.27)

Hence (4.3) and (4.4) are equivalent to

k —2ba(2) 2q(2)"p(z) — Zp(2)"q(2)
( ig(aye dee@plran 20 - 20. (4.28)
Since k > 0, the first inequality in (4.28) can be written as
z—Z |z]?

Let {p1, ¢1} be defined by

(23)-(5 ") (3) o
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In terms of this pair, the inequality (4.29) and the second inequality in (4.28) take the same
form as in (4.23). By the arguments following (4.23) we get the representation (4.25) with
{p1, 1} € SP. The equivalence of the identities (4.26) and (4.27) follows from (4.24) and
(4.30): ) )
w
opi(2) = apls) + SabEba(z) = ap(z) — Lba(z). B

IV. The case k = k = 0. It follows from (4.2) that ba* = 0, that is the row vectors a and
b are orthogonal. Now the inequalities (4.3) and (4.4) are equivalent to the fact that {p, ¢}
is a Stieltjes pair such that

w@fww, w@ffM%

or equivalently,
ap(z) =0, bg(z) = 0. (4.31)

Theorem 4.6 If k = E=0, then a pair {p, ¢} € SP is a solution of Problem 4.1 if and
only if it satisfies (4.31).

Note that of the four cases only in this case it can happen that @ or b is zero; then in fact
we have in (4.31) only one condition. If @ = b = 0 then every pair {p, ¢} € 8P is a solution
of Problem 4.1.

If @ and b are orthogonal, it is shown in, for example, [3] that up to equivalence, a
pair {p, ¢} € SP which satisfies the conditions (4.31) has the block diagonal form

1 0
p(2) = Ua ( 0 ) v q(2) = U ( 1 ) , (4.32)
B(2) 4(2)

where Uy € C™*™ is a unitary matrix which depends only on a and b and {$, ¢} is a Stieltjes
pair of smaller size. If in particular a = 0 or b = 0, than we have in (4.31) at most one
condition: bg(z) = 0 or ap(z) = 0, and a pair {p, ¢} € SP which satisfies the remaining
condition has, up to equivalence, the form

p(z):Ub(O ﬁ(z)>, q(z)=U,,(1 é(z)), ifa=0, (4.33)

) p(z;)=Ua(1 ﬁ(z)>, q(z):Ua(O q.(z)>, if b=0. (4.34)

Here U, and U, are unitary matrices which depend only on b and a, respectively. In partic-
ular, the representations (4.33) and (4.34) give a complete characterization of all admissible
parameters {p1, ¢:} in the linear transformations (4.17) and (4.25).

Remark 4.7 Using (4.14) one can easily show that the linear transformation (4.15) maps
a strict Stieltjes pair {p1, ¢1} into a strict Stieltjes pair {p, ¢}. Hence in the nondegenerate
case Problem 4.1 always has strict Stieltjes solutions. From the representations (4.32) and
(4.33), it follows that in the three degenerate cases, none of the solutions of Problem 4.1 is
strict.
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5 Excluded parameters

In this section we describe more explicitly the set of excluded parameters, that is, the set
all pairs {p, ¢} € 8P which satisfy together with all equivalent pairs at least one of the
following n conditions

det {lim (=~ ) 0n(=)p(2) + 6()a(2)) ) = 0, (51
where the z;’s, j = 1,...,n, are interpolation points of Problem 1.2. Set
Ej: (0m>"',0 ,Im’Om"“Om) € grrmn, (52)
e’

J
Then from the block decomposition (3.6) of © and (3.21) we get

(o, By) = lim (z — 2;) (0u1(2), Om(2)) = B;PH (G5, —GY) M,

Z2—z5

where by (2.23),
o; = E;ZP7'Gy e C™™, B = —E;P7'G; e ¢, (5.3)
Thus (5.1) can be written as
det (ajp(z) + Bia(z;)) =0 (5.4)
with o; and §; as in (5.3). Substituting (3.6) into (2.16) we obtain in particular,

922(2)021(&1)* - 921(2})022(&))*

z—w

= Go(z] - Z)'P Y& - Z2*) G (5.5)

The block decomposition

5= (anf) 5203)

follows from (2.4) and (3.6), and if it is substituted into (2.18) we get
2622(2)921(W)* b Gn921(z)922(w)*

z—w

= 20Gy(2] — Z)" PN @I - Z*)7'G:. (5.6)

Let
P = (mie)jeeys P = (Fie)ems  mis, Wi € CFT, (5.7)

be the block decompositions of P~ and P~1 of the inverses of the mn x mn Pick matrices
n (1.8). Consider (5.5) and (5.6) for w = z, multiply by |z — z;[* and let 2 — z;, then, on
account of (2.29) and (5.3), we obtain '

2;B;0 — Zj0; 8]

Z; — % Zj — %

ﬂ'a‘j - a.ﬁ* . * - * ~
~——— = EPTUES = 7y, = |2|"B; P E; = |2*%j;. (5.8)



Alpay, Bolotnikov and Dijksma 399

Of interest here is that =;; and #;; are the diagonal entries in the decompositions (5.7); see
below. Returning to (5.4) we conclude that a pair {p, ¢} € 8P is an excluded parameter in
the fractional linear transformation (3.18) if and only if it satisfies together with all equivalent
pairs which are also analytic at z;, the condition

h{a;p(z;) + B;9(2)) =0 (5.9)

at least for one j € {1,...,n} and for some nonzero row vector A € C**™, To show that
Problem 1.2 has a solution we first verify that the kernels of o; and f§; have a zero intersection,
otherwise each pair {p, ¢}, which is analytic at z;, satisfles (5.9) for & € Kera; N Ker §; and
is therefore, an excluded parameter in the transformation (3.18).

Lemma 5.1 Let o and §; be defined by (5.3). Then

aja;-' + ﬂ]ﬂ; > 0. (5.10)

Proof: Let h € C™ be a row vector such that
ha; = hE;ZP7'Gy =0,  hB; = hE;P7'G; =0. (5.11)

We show that A = 0, which implies (5.10). If we multiply both sides of (2.13) by hE;P~"
from the left and by P~1G% from the right, we get

hE;P7 Gy — hE;ZP71Gy = hE; PT1G;G. PTG,

hence in view of (5.11),
hE;P7'Gy = 0. (5.12)
If we multiplying both sides of (2.24) by AE; P! from the left, by P71 E} from the right and
invoke (5.11) and (5.12), we obtain
RE;P'Z°Ef — hE;ZP7'E} =0, £=1,...,n.

,From the formulas (2.29), (5.7), and (5.2) of the matrices Z, P~1, and F; (and E) the last
equality simply reads:
hﬂ‘jgé@ = thﬂ'jg, f = 1,...,n.

As all interpolation points belong to C*, so in particular z; # Z,
hwig =0, £=1,...,n,

that is, hE; P~t =0, hence h=0. W

We now apply the results from the previous section to describe the set of pairs
{p, q} which satisfy the left-sided interpolation condition (5.9) for each j € {1,...,n} and
nonzero row vector A € C™ separately. The union of all these sets (taken over j and &) will
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form the set of excluded parameters. For fixed j and A the condition (5.9) is of the form
(4.1) of Problem 4.1 with

a = haoy, b=—hp;, w = z. (5.13)

If we substitute (5.13) into the defining expressions (4.2) for the Pick matrices k and & and
use (5.8), we get
;87 — ,?ja; B = —hmh, 7= thO‘Jﬂ — z; B0 B =
Zj —Zj Zj— ZJ

From (5.14) and the solvability criteria (4.2) of Problem 4.1, we conclude that there exists a
pair {p, ¢} satislying (5.9) if and only if &r;;h* < 0 and A%;;A* < 0. In particular, if 7;; > 0
or #;; > 0, then there is no pair satisfying (5.9) and therefore, every pair {p, ¢} € SP is
admissible at z;. According to Remark 4.7, if 7;; > 0 or 7;; > 0, then there is no strict
Stieltjes pair satisfying (5.9) and therefore, every strict Stieltjes pair {p, ¢} is admissible at
zj. We see that the signs of the m x m Hermitian matrices 7;; and 7;; on the diagonal of
the inverse of the Pick matrices P and P play an important role in the description of the
excluded parameters. To describe this role we partition €™ in two different ways:

C"=LFUL; ULy =LFUL; UL,

E=h —|Zj|2h77'jjh*. (514)

where ,Cj', L; and L{ consist of all row vectors h &€ €™ for which h;;h* is positive, negative
and zero, respectively, and where Z;‘, Z]_ and E;’ are defined similarly with respect to 7;;.
In other words, the indiated spaces consist of positive, negative and neutral vectors with
respect to the indefinite inner product in C™ induced by Hermitian matrices 7;; and 7;;,
respectively. -From the previous section we get the following description of all excluded
parameters of the transformation (3.18). That is, every excluded parameter belongs to one
of the sets described by the following four corollaries to Theorems 4.3 — 4.6, respectively.

Corollary 5.2 Assume £ N f]' # {0}. Define for h € L7 N fj_, h#0,
— __1_ —B; "Ejﬂ; 0 h*(hﬂjjh*)_lhﬂj
\I}jvh(z) - I2m + 2 — Ej ( a".‘] za}‘ |z |2h (hﬂ'“ )_1haj 0

7

bl

(5.15)
where a;, B; are given by (5.3). Then dll pairs {p, q} of the form

p(Z) _ (2 pl(z)
. ( q(2) ) = U;n(2) ( a1(2) ) y {p, au} €SP, (5.18)
are excluded parameters.

Corollary 5.3 Assume L3N ZJ“ # {0}. For each h € L3N [IJ_, k # 0, all pairs {p, q} of

the form
(28 ) B ( _lz:lza;h*(ér%jih*)—lhaj I?n ) (zig; ) ’ - (517)

where {p1, 1} is an arbitrary Stielijes pair such that
hB;q(z) =0, (5.18)

are excluded parameters.
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Corollary 5.4 Assume L7 N E;’ # {0}. For each h € L7 N Z;?, h # 0, all pairs {p, q} of

the form
p(2) ) (In LB ()08,  ( () 65.19)
q(2) 0 In, au(z) )’
where {p1, q1} is an arbitrary Stieltjes pair such that
ha;pi(2) =0, (5.20)
are excluded parameters.

Corollary 5.5 Assume L5 N Ej # {0}. For each h € LN Zj, h £ 0, all Stieltjes pairs

{p, ¢} satisfying
ha;p(z) = hB;q(z) =0

are excluded parameters. All other pairs {p, ¢} € SP are admissible: the function S defined
by (3.18) is a solution of Problem 1.2,

6 The existence of a solution

In this section we prove that Problem 1.2 is always solvable.

Lemma 6.1 The Pick matrices

% TR ) = ZTR [

@j‘—‘lﬂ(l—i).[m: (ln
2j

are strictly positive.

with

1- L
2

J

: 1
+ia,rg<1—-z—_))fm, i=1,...,n, (6.1)

J

Proof: It is easily seen that

(t—%n I
-0

: dt ((t=21) " oy (E—20) ) 20,
\ t— %) n

L t—a)n
By = / : tdt ((t = 21) Ly oy (6= 2) L) 20,
*\ (t-z) .
If 9Py = 0 for some row vector ¢ = (g1,...,g,) € C"™ where each g; is a row vector in C"™,

we get

OngQg*=/1 En:-—-——g] zn:—l——g* dt,
o \iZit—5% itz
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and therefore

1
i—z;

Since the functions are linearly independent, each g; = 0, hence P has a zero kernel.

A similar argument proves the strict positivity of Py. W

Theorem 6.2 Problem 1.2 has a solution.

Proof: By Theorem 3.4, it suffices to establish the existence of a pair {p, ¢} € SP which
satisfies the conditions (3.19), or equivalently (see (5.4)), the conditions

det (ayp(z) + Biq(2)) #0, j=1,...,m, (6.2)

where «;, ; € C™*™ are defined by (5.3). As observed in the previous section, after the
formulas (5.14), if 7;; > 0 or @;; > 0, or equivalently, £; N fj“ = {0}, then every pair
{p, ¢} € SP is admissable at z;, that is, the fractional linear transformation (3.18) applied
to this pair yields a Stieltjes function S(z) which satisfies the interpolation condition at
z = z; in (1.5). Thus the Problem 1.2 is solvable if £7 N £; = {0} for all j € {1,...,n}.
Now we assume that not all these intersections are trivial: let J; be the set of those
i €{1,...,n} for which £} ﬂf; # {0}, then J; # (. For j € Jy, let h; € €¥*™ be a matrix
whose rows form a basis in £; N f]_ For 7 € J; and every nonzero row vector f € €7,

fhjﬂ'jjh;f*,< 0, fhj%j]'h;f* < 0. (63)
Therefore, the left~sided interpolation problem
T(z) € S*, hja;T(z) = —h;B; (6.4)

has a solution Tj(z), say, in the strict Stieltjes class ST, because by (5.8) and (6.3), the Pick
matrices corresponding to this problem are positive:

o; 07 — Bial
k= hj%{—_-’?—]h; = —hjﬂ’jjh;-‘ >0,
3T %
~ Ziou BT — 238,00 _
B o= thh; = —h;#;;h} > 0.
Zji— Zj

The matrices
Tj = T,(ZJ) € @me} j € J,

satisfy ) e
Lo, #Lzsh (6.5)

25— 24 Z; — %5

hja;T; = —h;g;,

We set for j € {1,...,n} \ Ji, T; := ®; given by (6.1) (the choice is not important, for
example, T; = 0 would also work). The Pick matrices

L )

25 =2 f pim 2~ % 2,5=1
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have i)ositive diagonal blocks but in general, they are not positive. But by Lemma 6.1, there
exists a 6 > 0 such that ~ ~
Py + 6P >0, Py + 6P > 0. (6.6)

The matrices on the left-hand side are the Pick matrices associated with the following
Nevanlinna-Pick problem in the strict Stieltjes class:

T(z) € S, T(z)=";4+6%;, j=1,...,n. (6.7)

The inequalities in (6.6) are the solvability criteria for this problem, and hence this problem
has a solution T'(z), say. We show that the strict Stieltjes pair {p, q} defined by

p(2) =T(2), g¢(2) = In, (6.8)

satisfies the conditions (6.2). By Theorem 3.4, the fractional linear transformation (3.18)
applied to this pair gives a solution S(z) of Problem 1.2, which completes the proof.

We argue by contradiction. Assume that for some j € {1,...,n}, there is a nonzero
row vector f; € €™ such that

fi(asp(z;) + Bia(z;)) = fi (5T () + B;) = 0. (6.9)

The space €™ is the union of the three (not necessarily disjoint) sets ﬁj’ U Ej’, L£3U f;’, and
£y n EJ_, and accordingly we prove three noninclusions which contradict f; € C™:

() f; € LT U Zj’ A Stieltjes pair {p, ¢} cannot satisfy (6.9) if f; does belong to
this set; see the discussion after (5.14).

(ii) f; ¢ L3 U ZJ° By Remark 4.7, a strict Stieltjes pair {p, ¢} cannot satisfy (6.9)
if f; does belong to this set.

(ifi) f; € £7 N L. Assume that

fieL;nk;. (6.10)

We show that (6.9) implies that then also f; € L3N Ej, which contradicts the inclusion
(6.10). We use the special structure of the choosen pair (6.8). By (6.10), f; = g;h; for some
nonzero row vector g; € €™, Because of (6.7), the first relation in (6.5) and (6.9), we have

0= f; (5T (2;) + B;) = g (hjeyy T + Shje;®; + h;f;) = bg;hj0;9; = 6f;0;P;.

Since ®; is invertible (see (6.1)), fja; = 0. In view of (5.8),

ﬁja* _ ajﬂ? 9 o~ zjetaja‘f — Ejajﬁ’!‘
T =0 |al iR =1 e ha L Ny )
3 2 Z;— 25

Limiifi = F

that is, f; € £3 N E‘; which contradicts (6.10). N
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7 The scalar case

In this section we apply the preceeding analysis to the scalar case: m = 1. Then the
characterization of the excluded parameters in the parametrization of all solutions of the
scalar Problem 1.2 is especially explicit and elegant. For the scalar case the rule

{p, ¢} @ pg™* (¢£0) and {p, 0} & oo,

establishes a one to one correspondence between the equivalence classes on SP and the
elements of the extended Stieltjes class § = S U {oo}. With the data (the interpolation
points 21,..., 2, and the values Si,...5,) and the n x n Pick matrices P and Pin (1.3) we
associate the matrices (see (2.29)):

G1=(S, -+, Sn), Gy=(1, ..., 1), Z = diag (21,...2,),

and the parametrization matrix {2.20):
911 912 2)
0
(=) = ( 0n(z) Baal2) )
— Gl _ -1p-1 ® vk Im 0
= {IZm + ( Gs ) (ZI Z) p (GZa Gl)} ( ngj—lG; I, :

According to Theorem 3.4, all solutions S(z) of the scalar Problem 1.2 are parametrized by
the fractional linear transformation
.S'(z) _ 011(z)T(z) + 012(2)

021(2)T (2) + O22(2)°
where the parameter T(z) runs through the extended Stieltjes class S restricted only by the
n conditions

(7.1)

lim(z = 2) 0n(2)T(2) +622(:)) 20, 5=1,....n
For T' = 00, § = 611/021. These restrictions are equivalent to the conditions (see (5.9)
aiT(z)+B; #0, j=1,...,m,
where the complex coeflicients are defined by
o; = E;ZP7'G;,  B; =—E;P7'G;,
and Ej; is the j-th unit row vector in €™:
E; =(0,---,0,1,0,--+,0)

H

(see (5.2), (5.3)). A function T'(z) € S is called an excluded parameter for the interpolation

problem if the corresponding function S(z) in (7.1) is not a solution of problem 1.2, or
equivalently, for at least one j € {1,...,n} T(2) satisfies the condition

oT(z;) + B; = 0. (7.2)

The excluded parameters can be classified according to the sign of the diagonal entries ;;
and 7;; (they are real numbers) of the inverses of the Pick matrices P and P, respectively.
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Theorem 7.1 (1). Assume at least one of the two numbers 7;; and 7j; is positive. Then
the relation (7.2) is satisfied for no T € S. Therefore for all parameters, the function S
defined by (7.1) is analytic ot z; and satisfies S(z;) =

(2). Assume 7;; and 7;; are both negative. Then the relation (7.2) is satisfied for
infinitely many T € S: they are parametrized by the formula

‘¢11(Z)1j(z) + 11’12(3), (7.3)
Ya1(2)T(2) + $22(2)

T(z)=

where

- ($ui3 4l -

=1, 4+ 1 _ﬂ; —Zjﬁ; 0~_1 T;jlﬂj
mT - Z\ of 2o} T 127" 277 0

J

and T(z) is a free parameter from S. For all other parameters, S is analytic at z; and
satisfies S(z;) = S;.

(3). Assume 7;; = 0 and %5 < 0. Then the relation (7.2) is satisfied for ezactly
one parameter T € S: it is given by

1 -
T(z) = _W (ajvrﬂlozj) > 0.

For all other parameters, S is analytic at z; and satisfies $(z;) = S;.
(4). Assume mj; < 0 and 7j; = 0. Then the relation (7.2) is satisfied for exactly
one parameter T € S: it is given by '

T(z) = ﬂ;‘ 733 Bi-

For all other parameters, S is analytic at z; and satisfies S(z;) = §;
(8). Assume mj; =0 and T;; = 0. Then a;f8; =0 and the only excluded parameter
is

T=0(ifB;=0) oo T=oco (ifa;=0).

Proof: (1) follows from the solvability criterion of the Nevanlinna—Pick problem for Stieltjes
pairs, (2) is a consequence of (5.16), (5.15). It follows from (5.8) that if at least one of the
numbers 7;; and 7;; is not zero, then both «;, §; differ from zero. (3) follows from (5.17),
since (up to equivalence) the only pair {p1, ¢} satisfying (5.18) is {1, 0}. Similarly, (4)
follows from (5.19), since (up to equivalence) the only pair {p;, ¢:} satisfying (5.18) is {0, 1}.
(5) is clear. By Lemma 3.1, the equalities e; = 0, 8; = 0 do not hold simultaneously. N

Example 7.2 Take 21 =1+14, 2, =244, 51 =1+¢and S, =1 —4i. Then

(1 0 s (2 1-i
r=(0 ) 2=(L55)
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a_f(1 0 s 1 11—
g “(0 —1)_’ Fr=ilivi =2 )

PN
— o
SN

and by (2.20),

o= {n+ (7 2) (70 ol ) (0 ZE)E )

. 22 —3z+ % 2
1= (—2—3) zf+3z 22—32+44 ]

—

The solutions of the interpolation problem in the class S} are given by the formula

(22 =3z + g)T(z) +92
EET() 4 (=3 14

S(z) =

Since
22—3244

22— 3z

_ —1+2 and Im_1;22

>0,

z=141

the function S(z) is analytic at z = 1 + ¢ for every parameter T(z). Since

22 =3z +4 1= 22 ~3z+4 _A=3
2?2 — 3z z=2+1._ 3’ T3 z=2+i_ 3
and
1—-2¢ 4—3
ImTZ<O, Im 331<0

there are infinitely many excluded parameters T'(z) which solve the interpolation problem

T2+ =

o |

(=1 +2);
they are described by the fractional linear transformation (7.3).

Example 7.8 Take zy =1+, 2, =24, S1 = 2 and S; = 2i. Then

1/ 0 4+ 5_2( 5 3+4
P‘3<4—2z' 5 ) P—5(3—4¢ 0 )
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sq_(P)=sq_(P) =1, and

L1 -5 4t sy 1( 0 344
1_ - 1 _ -
P ‘4(4—% 0 ) F= 0( )'

According to (2.14) and (2

.20)
2 2 s -2 14+i\ (1 -2 10
z=1~1 4 2
{Iz+( )( 0 z—2z)<1_% 0 1 2 -1-16 1

2z+8  z+6
+62) 22—-2z45 )"

il

0(2)

22—
1
(z2—1414)(2—21) ( L(
The solutions of the interpolation problem in the class 81 are given by the formula

(Z2—224+8)T(2)+2+6
=224 62)T(2) + 22— 32+ 5

S(z) =

where T(z) runs over § except for Ty(z) = —2 (an excluded parameter at z;) and Tj(2) = 2

(an excluded parameter at z;). For these exceptional values of T'(z) we have that
4
S1(2) = - and S3(z) =2,

respectively. These functions are analytic at the interpolation points, but they are only
partial solutions of the problem:

S1(2) =2, Si(1—i)=-2-2#2  S(1—i)=2 Sy(2i)=2+#2,

and moreover, they belong to S? and not to S}.
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