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Fdvsdu K1 ydq ghu Zdo�/ D1 F1 M1 whu Kddu�/ I1 N1 Zlokhop�/

U1 Q1 Vfkrxwhq�/ F1 M1 S1 P1 Kdupdqv�/ W1 S1 Ruodqgr2/

Vhwk Oor|g�/ M1 H1 Prrlm�c2

�Ghsduwphqw ri Dssolhg Sk|vlfv dqg

Ghoiw Lqvwlwxwh iru Plfur Hohfwurqlfv dqg Vxeplfurq Whfkqrorj| +GLPHV,

Ghoiw Xqlyhuvlw| ri Whfkqrorj|/ S1 R1 Er{ 8379/ 5933 JD Ghoiw/ wkh Qhwkhuodqgv
2Ghsduwphqw ri Hohfwulfdo Hqjlqhhulqj dqg Frpsxwhu Vflhqfh dqg
�Ghsduwphqw ri Phfkdqlfdo Hqjlqhhulqj/ PLW/ Fdpeulgjh/ PD 3546</ XVD

Fruuhvsrqglqj dxwkru/ h0pdlo= fdvsduCtw1wq1wxghoiw1qo

Vxeplwwhg iru wkh surfhhglqjv ri wkh PTF
2
zrunvkrs/ Qdsohv/ Mxqh 4704:/ 53331

Devwudfw Zh suhvhqw plfurzdyh0vshfwurvfrs| h{shulphqwv rq wzr txdqwxp ohyhov
ri d vxshufrqgxfwlqj orrs zlwk wkuhh Mrvhskvrq mxqfwlrqv1 Wkh ohyho
vhsdudwlrq ehwzhhq wkh jurxqg vwdwh dqg �uvw h{flwhg vwdwh vkrzv dq
dqwl0furvvlqj zkhuh wzr fodvvlfdo shuvlvwhqw0fxuuhqw vwdwhv zlwk rssr0
vlwh srodulw| duh ghjhqhudwh1 Wklv lv hylghqfh iru v|pphwulf dqg dqwl0
v|pphwulf txdqwxp vxshusrvlwlrqv ri wzr pdfurvfrslf vwdwhv> wkh fodv0
vlfdo vwdwhv kdyh shuvlvwhqw fxuuhqwv ri 318 >� dqg fruuhvsrqg wr wkh
fhqwhu0ri0pdvv prwlrq ri ploolrqv ri Frrshu sdluv1 D vwxg| ri wkh wkhu0
pdo rffxsdqflhv ri wkh wzr txdqwxp ohyhov vkrzv wkdw wkh orrs lv dw orz
whpshudwxuhv lq d qrq0htxloleulxp vwdwh1

�� ������
�����

D Mrvhskvrq vxshufxuuhqw lv d pdfurvfrslf ghjuhh ri iuhhgrp lq wkh
vhqvh wkdw lw fruuhvsrqgv wr wkh fhqwhu0ri0pdvv prwlrq ri d frqghqvdwh
zlwk d yhu| odujh qxpehu ri Frrshu sdluv ^4`1 Hyhq wkrxjk wkh Mrvhsk0
vrq h�hfw lwvhoi +zlwk fodvvlfdo fxuuhqw dqg yrowdjh yduldeohv, lv riwhq
fdoohg d pdfurvfrslf txdqwxp skhqrphqd/ Dqghuvrq ^4`/ Ohjjhww ^5`
dqg Olnkduhy ^6` glvfxvvhg wkdw d txdqwxp vxshusrvlwlrq ri Mrvhskvrq
fxuuhqwv zrxog eh d %wuxh% ^6` pdqlihvwdwlrq ri txdqwxp phfkdqlfv dw d
pdfurvfrslf vfdoh1 D vlpsoh v|vwhp lq zklfk vxfk d vxshusrvlwlrq fdq
eh vwxglhg lv d vxshufrqgxfwlqj orrs frqwdlqlqj rqh ru pruh Mrvhskvrq
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wxqqho mxqfwlrqv/ zkhuh dq h{whuqdo pdjqhwlf �hog lv xvhg wr lqgxfh d
shuvlvwhqw fxuuhqw lq wkh orrs1 Zkhq wkh hqforvhg pdjqhwlf  x{ lv forvh
wr kdoi d vxshufrqgxfwlqj  x{ txdqwxp �f/ wkh orrs pd| kdyh pxowl0
soh vwdeoh shuvlvwhqw0fxuuhqw vwdwhv1 Wkh zhdn frxsolqj ri wkh Mrvhsk0
vrq mxqfwlrqv wkhq doorzv iru wudqvlwlrqv ehwzhhq wkh vwdwhv1 Dw yhu|
orz whpshudwxuhv/ wkh shuvlvwhqw0fxuuhqw vwdwhv duh yhu| zhoo ghfrxsohg
iurp hqylurqphqwdo ghjuhhv ri iuhhgrp> h{flwdwlrqv ri lqglylgxdo fkdujh
fduulhuv durxqg wkh fhqwhu ri pdvv ri wkh Frrshu0sdlu frqghqvdwh duh
surklelwhg e| wkh vxshufrqgxfwlqj jds1 Dv d uhvxow/ wkh wudqvlwlrqv eh0
wzhhq wkh vwdwhv fdq eh d txdqwxp frkhuhqw surfhvv/ dqg vxshusrvlwlrqv
ri wkh pdfurvfrslf shuvlvwhqw0fxuuhqw vwdwhv vkrxog eh srvvleoh +orvv ri
txdqwxp frkhuhqfh uhvxowv iurp frxsolqj wr dq hqylurqphqw zlwk pdq|
ghjuhhv ri iuhhgrp ^7`,1 Mrvhskvrq mxqfwlrq orrsv wkhuhiruh udqn dprqj
wkh ehvw v|vwhpv iru h{shulphqwdo whvwv ri wkh ydolglw| ri txdqwxp ph0
fkdqlfv iru v|vwhpv frqwdlqlqj d pdfurvfrslf qxpehu ri sduwlfohv ^5/ 8`1
Wkh srwhqwldo iru txdqwxp frkhuhqw g|qdplfv kdv vwlpxodwhg uhvhdufk
dlphg dw dsso|lqj Mrvhskvrq mxqfwlrq orrsv dv edvlf exloglqj eorfnv iru
txdqwxp frpsxwdwlrq +txelwv, ^9/ :/ ;/ <`1
Zh uhsruw lq wklv fkdswhu rq plfurzdyh0vshfwurvfrs| h{shulphqwv

wkdw ghprqvwudwh txdqwxp vxshusrvlwlrqv ri wzr pdfurvfrslf shuvlvwhqw0
fxuuhqw vwdwhv lq d vpdoo orrs zlwk wkuhh Mrvhskvrq mxqfwlrqv +Ilj1 4/
wklv lv wkh txelw v|vwhp glvfxvvhg lq ^;/ <`,1 Dw dq dssolhg pdjqhwlf
 x{ ri �

2
�f wklv v|vwhp ehkdyhv dv d sduwlfoh lq d grxeoh0zhoo srwhqwldo/

zkhuh wkh fodvvlfdo vwdwhv lq hdfk zhoo fruuhvsrqg wr shuvlvwhqw fxuuhqwv
ri rssrvlwh vljq +Ilj1 4f,1 Wkh wzr fodvvlfdo vwdwhv duh frxsohg yld txdq0
wxp wxqqholqj wkurxjk wkh eduulhu ehwzhhq wkh zhoov/ dqg wkh orrs lv d
pdfurvfrslf txdqwxp wzr0ohyho v|vwhp1 Wkh hqhuj| ohyhov ydu| zlwk wkh
dssolhg  x{ dv vkrzq1 Zkloh fodvvlfdoo| wkh ohyhov vkrxog furvv dw �

2
�f/

txdqwxp wxqqholqj ohdgv wr dq dyrlghg furvvlqj zlwk v|pphwulf dqg
dqwl0v|pphwulf vxshusrvlwlrqv ri wkh wzr pdfurvfrslf shuvlvwhqw0fxuuhqw
vwdwhv1 Dq lqgxfwlyho| frxsohg GF0VTXLG pdjqhwrphwhu zdv xvhg wr
phdvxuh wkh  x{ jhqhudwhg e| wkh orrs*v shuvlvwhqw fxuuhqw/ zkloh dw
wkh vdph wlph orz0dpsolwxgh plfurzdyhv zhuh dssolhg wr lqgxfh wudqvl0
wlrqv ehwzhhq wkh ohyhov +Ilj1 5,1 Zh revhuyhg qduurz uhvrqdqfh olqhv dw
pdjqhwlf �hog ydoxhv zkhuh wkh ohyho vhsdudwlrq �H zdv uhvrqdqw zlwk
wkh plfurzdyh iuhtxhqf|1 Wkh ohyho vhsdudwlrq vkrzv wkh h{shfwhg dqwl0
furvvlqj dw �

2
�f +Ilj1 6,/ zklfk lv lqwhusuhwhg dv hylghqfh iru pdfurvfrslf

vxshusrvlwlrq vwdwhv ^43/ 44`1 D vwxg| ri wkh wkhupdo eurdghqlqj ri wkh
wudqvlwlrq ehwzhhq wkh wzr vwdwhv dw �

2
�f vkrzv wkdw wkh orrs lv dw orz

whpshudwxuhv lq d qrq0htxloleulxp vwdwh +Ilj1 7,1
Qrwh wkdw zh kdyh d vfkhph lq zklfk wkh phwhu +wkh GF0VTXLG,

lv shuiruplqj d phdvxuhphqw rq d vlqjoh txdqwxp v|vwhp1 Zh vkrxog
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Iljxuh 4 VHP0lpdjh +d, dqg vfkhpdwlf +e, ri wkh vpdoo vxshufrqgxfwlqj orrs zlwk
wkuhh Mrvhskvrq mxqfwlrqv +ghqrwhg e| wkh furvvhv,1 Wkh orrs lv lqgxfwlyho| frxsohg
wr dq xqghugdpshg GF0VTXLG zklfk lv srvlwlrqhg durxqg wkh orrs1 +f, Hqhuj|
ohyhov dqg shuvlvwhqw fxuuhqwv ri wkh orrs dv d ixqfwlrq ri dssolhg  x{ xi |1 Wkh
lqvhwv ri wkh wrs sorw vkrz wkh grxeoh0zhoo srwhqwldo wkdw lv iruphg e| wkh orrs*v
wrwdo Mrvhskvrq hqhuj|/ sorwwhg iru d xi |0ydoxh ehorz �

2
xf +ohiw,/ dw �

2
xf +plggoh,/

dqg deryh �
2
xf +uljkw,1 Wkh krul}rqwdo d{lv iru wkhvh srwhqwldov lv d Mrvhskvrq skdvh

frruglqdwh1 Wkh orrs*v wzr fodvvlfdo shuvlvwhqw0fxuuhqw vwdwhv duh ghjhqhudwh dw xi | '
�
2
xf +gdvkhg olqhv,1 Wkh txdqwxp ohyhov +vrolg olqhv, vkrz ohyho uhsxovlrq dw wklv srlqw/

dqg duh vhsdudwhg lq hqhuj| e| {.1 Wkh erwwrp sorw vkrzv wkh txdqwxp phfkdqlfdo
h{shfwdwlrq ydoxh 'U^� ' 3Y.�*Yxi | ri wkh shuvlvwhqw fxuuhqw lq wkh orrs/ iru wkh
jurxqg vwdwh +eodfn, dqg wkh h{flwhg vwdwh +juh|,/ sorwwhg lq xqlwv ri UT1

wkhuhiruh h{shfw wkdw wkh phdvxulqj surfhvv lv olplwlqj wkh frkhuhqfh ri
rxu v|vwhp1 Zkloh wkh v|vwhp lv sxpshg e| wkh plfurzdyhv/ wkh VTXLG
lv dfwlyho| phdvxulqj wkh  x{ surgxfhg e| wkh shuvlvwhqw fxuuhqwv ri wkh
wzr vwdwhv1 Ghwhfwlqj wkh txdqwxp ohyhov ri wkh orrs lv vwloo srvvleoh
vlqfh wkh phwhu lv rqo| zhdno| frxsohg wr wkh orrs1 Wkh  x{ vljqdo
qhhgv wr eh exlow xs e| dyhudjlqj ryhu pdq| uhshdwhg phdvxuhphqwv rq
wkh vdph v|vwhp/ vxfk wkdw h�hfwlyho| dq hqvhpeoh dyhudjh lv ghwhuplqhg
+wlph0hqvhpeoh,1 Zh phdvxuh wkh ohyho vhsdudwlrq/ l1 h1 hqhuj|/ udwkhu
wkdq  x{/ vlqfh zh shuirup vshfwurvfrs|> zh revhuyh d vkliw lq dyhudjhg
 x{ zkhq wkh plfurzdyhv duh uhvrqdqw zlwk wkh ohyho vhsdudwlrq1 Lq rxu
h{shulphqw zh dovr fkrvh wr zrun zlwk dq h{wuhpho| xqghugdpshg GF0
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VTXLG zlwk xqvkxqwhg mxqfwlrqv wr plqlpl}h gdpslqj ri wkh txdqwxp
v|vwhp yld wkh lqgxfwlyh frxsolqj wr wkh VTXLG1
D uhfhqw sdshu e| Iulhgpdq hw do1 ^45` uhsruwv rq vlplodu uhvxowv re0

wdlqhg iurp vshfwurvfrs| rq h{flwhg vwdwhv lq d orrs zlwk d vlqjoh mxqf0
wlrq +UI0VTXLG,1 Suhylrxv h{shulphqwv rq UI0VTXLGv kdyh ghprq0
vwudwhg uhvrqdqw wxqqholqj ehwzhhq glvfuhwh txdqwxp vwdwhv lq wzr zhoov
^46/ 47` dqg plfurzdyh0lqgxfhg wudqvlwlrqv ehwzhhq wkh zhoov ^48`1 Rwkhu
revhuydwlrqv wkdw kdyh ehhq uhodwhg wr pdfurvfrslf vxshusrvlwlrq vwdwhv
duh wxqqho vsolwwlqjv revhuyhg zlwk pdjqhwlf prohfxodu foxvwhuv ^49` dqg
txdqwxp lqwhuihuhqfh ri FSf prohfxohv ^4:`1 Lq txdqwxp grwv ^4;` dqg
vxshufrqgxfwlqj flufxlwv zkhuh fkdujh h�hfwv grplqdwh ryhu wkh Mrvhsk0
vrq h�hfw ^4</ 53/ 54` vxshusrvlwlrqv ri fkdujh vwdwhv kdyh ehhq revhuyhg/
dv zhoo dv txdqwxp frkhuhqw fkdujh rvfloodwlrqv ^55`1
D txdqwxp ghvfulswlrq ri rxu v|vwhp zdv uhsruwhg lq Uhiv1 ^;/ <`1

Lw lv d orz0lqgxfwdqfh orrs lqwhuvhfwhg e| wkuhh h{wuhpho| xqghugdpshg
Mrvhskvrq mxqfwlrqv +Ilj1 4,/ zklfk duh fkdudfwhul}hg e| wkhlu Mrvhskvrq
frxsolqj Ha dqg fkdujlqj hqhuj| H� @ h2@5F1 Khuh F lv wkh mxqfwlrq
fdsdflwdqfh dqg h wkh hohfwurq fkdujh1 Wkh fulwlfdo fxuuhqw ri d mxqfwlrq
lv L�f @

2e
7� Ha/ zkhuh �k @ �

2Z lv Sodqfn*v uhgxfhg frqvwdqw1 Rqh ri wkh
mxqfwlrqv lq wkh orrs kdv Ha dqg F vpdoohu e| d idfwru � � 3=;1 Dw
dq dssolhg  x{ �i | forvh wr �

2�f wkh wrwdo Mrvhskvrq hqhuj| irupv d
grxeoh zhoo srwhqwldo1 Wkh fodvvlfdo vwdwhv dw wkh erwwrp ri hdfk zhoo
kdyh shuvlvwhqw fxuuhqwv ri rssrvlwh vljq/ zlwk d pdjqlwxgh LT yhu| forvh
wr L�f ri wkh zhdnhvw mxqfwlrq/ dqg zlwk hqhujlhv H @ 	LT+�i | �

�
2�f,

+gdvkhg olqhv lq Ilj1 4f,1 Zh dvvxph khuh �i | wr eh wkh wrwdo  x{ lq wkh
orrs +wkh vpdoo vhoi0jhqhudwhg  x{ gxh wr wkh shuvlvwhqw fxuuhqwv ohdgv
wr d frqvwdqw orzhulqj ri wkh hqhujlhv/ exw wkh furvvlqj uhpdlqv dw �

2�f,1
Wkh v|vwhp fdq eh slfwxuhg dv d sduwlfoh zlwk d pdvv sursruwlrqdo wr
F lq wkh Mrvhskvrq srwhqwldo> wkh hohfwurvwdwlf hqhuj| lv wkh sduwlfoh*v
nlqhwlf hqhuj|1 Wkh fkdujlqj h�hfwv duh frqmxjdwh wr wkh Mrvhskvrq
h�hfw1 Iru orz0fdsdflwdqfh mxqfwlrqv +vpdoo pdvv, txdqwxp wxqqholqj
ri wkh sduwlfoh wkurxjk wkh eduulhu jlyhv d wxqqho frxsolqj w ehwzhhq
wkh shuvlvwhqw0fxuuhqw vwdwhv1 Lq wkh suhvhqfh ri txdqwxp wxqqholqj dqg
iru Ha@H�0ydoxhv ehwzhhq 43 dqg 433/ wkh v|vwhp vkrxog kdyh wzr orz0
hqhuj| txdqwxp ohyhov Hf dqg H�/ zklfk fdq eh ghvfulehg xvlqj d vlpsoh

txdqwxp wzr0ohyho slfwxuh ^;/ <`/ HfE�� @ �+.,

u
w2 .

�
LT+�i | �

�
2�f,

�2
1

Wkh orrs*v ohyho vhsdudwlrq �H @ H� �Hf lv wkhq

�H @

v
+5w,2 .

�
5LT+�i | �

4

5
�f,

�2
= +414,
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Iljxuh 5 +d, Fxuuhqw0yrowdjh fkdudfwhulvwlf +lqvhw, dqg vzlwfklqj0fxuuhqw klvwrjudp
ri wkh xqghugdpshg GF0VTXLG1 Wkh UM�@t0ohyho zkhuh wkh VTXLG vzlwfkhv iurp wkh
vxshufxuuhqw eudqfk wr d �qlwh yrowdjh vwdwh �wkh vzlwfklqj fxuuhqw U5`� lv d phdvxuh
iru wkh  x{ lq wkh orrs ri wkh GF0VTXLG1 Wkh klvwrjudp lq wkh pdlq sorw vkrzv wkdw
wkh yduldqfh lq U5` lv pxfk odujhu wkdq wkh  x{ vljqdo ri wkh lqqhu orrs*v shuvlvwhqw
fxuuhqw/ zklfk jlyhv d vkliw lq U5` ri derxw 4 qD1 +e, Wkh lqvhw vkrzv wkh prgxodwlrq
ri U5` yhuvxv wkh  x{ x5"NW# dssolhg wr wkh GF0VTXLG orrs +gdwd qrw dyhudjhg/ rqh
srlqw shu vzlwfklqj hyhqw,1 Wkh pdlq �jxuh vkrzv wkh dyhudjhg ohyho ri U5` +vrolg
olqh, qhdu x5"NW# ' f�.Sxf1 Dw wklv srlqw wkh  x{ lq wkh lqqhu orrs xi | E

�
2
xf1

Wkh urxqghg vwhs dw xi | '
�
2
xf lqglfdwhv wkh fkdqjh ri vljq lq wkh shuvlvwhqw fxuuhqw

ri wkh orrs*v jurxqg vwdwh1 Lq wkh suhvhqfh ri frqwlqxrxv0zdyh plfurzdyhv +khuh
81;<8 JK}, d shdn dqg d gls dsshdu lq wkh vljqdo/ v|pphwulfdoo| durxqg �

2
xf1 Wkh

edfnjurxqg vljqdo ri wkh GF0VTXLG wkdw uhvxowv iurp  x{ gluhfwo| dssolhg wr lwv orrs
+gdvkhg olqh, lv vxewudfwhg iurp wkh gdwd suhvhqwhg lq Iljv1 6d dqg 7d1

�� 
��
���
���� �
���������

Wkh v|vwhpzdv uhdol}hg e| plfurideulfdwlqj dq doxplqxpplfurphwhu0
vl}hg orrs zlwk xqvkxqwhg Mrvhskvrq mxqfwlrqv +Ilj1 4d,1 Wkh vdpsoh
frqvlvwhg ri d 8 { 8 �p2 doxplqxp orrs zlwk doxplqxp0r{lgh wxq0
qho mxqfwlrqv/ plfurideulfdwhg zlwk h0ehdp olwkrjudsk| dqg vkdgrz0
hydsrudwlrq whfkqltxhv rq d VlR2 vxevwudwh1 Wkh hohfwurghv ri wkh orrs
zhuh 783 qp zlgh dqg ;3 qp wklfn1 Wkh GF0VTXLG pdjqhwrphwhu zdv
ideulfdwhg lq wkh vdph od|hu durxqg wkh lqqhu orrs/ zlwk d : { : �p2 orrs
dqg vpdoohu Mrvhskvrq mxqfwlrqv wkdw zhuh dv xqghugdpshg dv wkh mxqf0
wlrqv ri wkh lqqhu orrs1 Wkh GF0VTXLG kdg dq rq0fkls vxshufrqgxfwlqj
vkxqw fdsdflwdqfh ri 5 sI dqg vxshufrqgxfwlqj ohdgv lq irxu0srlqw frq0
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�jxudwlrq1 Wkh vdpsoh zdv prxqwhg lq d gloxwlrq uhiuljhudwru/ lqvlgh
d plfurzdyh0wljkw frsshu phdvxuhphqw er{/ pdjqhwlfdoo| vklhoghg e|
wzr px0phwdo dqg rqh vxshufrqgxfwlqj vklhog1 Doo vshfwurvfrs| phd0
vxuhphqwv zhuh wdnhq zlwk wkh whpshudwxuh vwdelol}hg dw 63	 3=38 pN1
Plfurzdyhv zhuh dssolhg wr wkh vdpsoh e| d frd{ldo olqh/ zklfk zdv
vkruwhg dw wkh hqg e| d vpdoo orrs ri 8 pp gldphwhu1 Wklv orrs zdv
srvlwlrqhg sdudooho wr wkh vdpsoh sodqh dw derxw 4 pp glvwdqfh1 Vzlwfk0
lqj fxuuhqwv zhuh phdvxuhg zlwk ghglfdwhg hohfwurqlfv/ zlwk uhshwlwlrq
udwhv xs wr < nK} dqg eldv fxuuhqwv udpshg dw w|slfdoo| 4 �D2pv +ixu0
wkhu ghwdlov ri wkh ideulfdwlrq dqg h{shulphqwdo whfkqltxhv fdq eh irxqg
lq Uhi1 ^56`,1 Orrs sdudphwhuv hvwlpdwhg iurp whvw mxqfwlrqv ideulfdwhg
rq wkh vdph fkls dqg hohfwurq0plfurvfrsh lqvshfwlrq ri wkh phdvxuhg
ghylfh jlyh LT @ 783 	 83 qD/ � @ 3=;5 	 3=4/ F @ 5=9 	 3=7 iI iru
wkh odujhvw mxqfwlrqv lq wkh orrs/ jlylqj Ha@H� @ 6; 	 ;1 Gxh wr wkh
h{srqhqwldo ghshqghqfh ri wkh wxqqho frxsolqj w rq wkh pdvv +F, dqg
wkh vl}h ri wkh wxqqho eduulhu/ wkhvh sdudphwhuv doorz iru d ydoxh iru w@k
ehwzhhq 315 dqg 8 JK}1 Wkh sdudphwhuv ri wkh GF0VTXLG mxqfwlrqv
zhuh L�f @ 43< 	 8 qD dqg F @ 3=9 	 3=4 iI1 Wkh vhoi lqgxfwdqfh ri
wkh lqqhu orrs dqg wkh GF0VTXLG orrs zhuh qxphulfdoo| hvwlpdwhg wr
eh 44 	 4 sK dqg 49 	 4 sK uhvshfwlyho|/ dqg wkh pxwxdo lqgxfwdqfh
ehwzhhq wkh orrs dqg wkh VTXLG zdv :	 4 sK1
Wkh  x{ lq wkh GF0VTXLG zdv phdvxuhg e| udpslqj d eldv fxu0

uhqw wkurxjk wkh GF0VTXLG dqg uhfruglqj wkh fxuuhqw ohyho L5` zkhuh
wkh VTXLG vzlwfkhv iurp wkh vxshufxuuhqw eudqfk wr d �qlwh yrowdjh
+Ilj1 5d,1 Wudfhv ri wkh orrs*v  x{ vljqdo zhuh uhfrughg e| frqwlqxrxvo|
uhshdwlqj vzlwfklqj0fxuuhqw phdvxuhphqwv zkloh vorzo| vzhhslqj wkh  x{
�i | +Ilj1 5e,1 Wkh phdvxuhg  x{ vljqdo iurp wkh lqqhu orrs zloo eh suh0
vhqwhg dv �L5`/ zklfk lv gluhfwo| ghgxfhg iurp wkh udz vzlwfklqj0fxuuhqw
gdwd/ dv ghvfulehg lq wkh iroorzlqj wkuhh srlqwv=
4, Ehfdxvh wkh yduldqfh lq L5` zdv pxfk odujhu wkdq wkh vljqdwxuh iurp
wkh orrs*v  x{ +Ilj1 5d, zh dssolhg orz0sdvv IIW0�owhulqj lq �i |0vsdfh
+ryhu 43. vzlwfklqj hyhqwv iru wkh kljkhvw wudfh/ dqg 5 � 43H hyhqwv iru
wkh orzhvw wudfh lq Ilj1 6d,1
5, E| dsso|lqj �i | zh dovr dsso|  x{ gluhfwo| wr wkh GF0VTXLG1 Wkh
uhvxowlqj edfnjurxqg vljqdo +gdvkhg olqh lq Ilj1 5e, zdv vxewudfwhg1
6, Dsso|lqj plfurzdyhv dqg fkdqjlqj wkh vdpsoh whpshudwxuh lq xhqfhg
wkh vzlwfklqj fxuuhqw ohyhov vljql�fdqwo|1 Wr pdnh wkh  x{ vljqdo ri
doo gdwd vhwv frpsdudeoh zh vfdohg doo gdwd vhwv wr L5` @ 433 qD dw
�i | @

�
2
�f1 Gdwd wdnhq lq wkh suhvhqfh ri plfurzdyhv frxog rqo| eh

rewdlqhg dw vshfl�f iuhtxhqflhv zkhuh L5` zdv qrw vwurqjo| vxssuhvvhg
e| wkh plfurzdyhv1 Dw whpshudwxuhv deryh 633 pN guliw lq wkh L5`0ohyho
gxh wr wkhupdo lqvwdelolwlhv ri wkh uhiuljhudwru revfxuhg wkh vljqdo1
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Iljxuh 6 +d, Uhvrqdqfh olqhv lq wudfhv ri wkh vfdohg vzlwfklqj fxuuhqw �U5` yhuvxv
xi |/ phdvxuhg dw gl�huhqw plfurzdyh iuhtxhqflhv s +odehov rq wkh uljkw,1 +e, Kdoi
wkh glvwdqfh lq xi | ehwzhhq wkh uhvrqdqw shdn dqg gls {xhit dw gl�huhqw plfurzdyh
iuhtxhqflhv s 1 Shdn dqg gls srvlwlrqv duh ghwhuplqhg iurp wudfhv dv lq Ilj1 6d1 Wkh
lqvhw }rrpv lq rq wkh orz iuhtxhqf| gdwd srlqwv1 Wkh juh| olqh lv d olqhdu �w wkurxjk
wkh kljk iuhtxhqf| gdwd dqg }hur1 Wkh eodfn olqh lv d �w ri +4,1

�� �
�
���

Iljv1 5e dqg 6d vkrz wkh  x{ vljqdo ri wkh lqqhu orrs/ phdvxuhg
lq wkh suhvhqfh ri orz0dpsolwxgh frqwlqxrxv0zdyh plfurzdyhv dw gl�hu0
hqw iuhtxhqflhv i 1 Wkh urxqghg vwhs lq hdfk wudfh dw �

2
�f lv gxh wr

wkh fkdqjh lq gluhfwlrq ri wkh shuvlvwhqw fxuuhqw ri wkh orrs*v jurxqg
vwdwh +vhh dovr Ilj1 4f,1 V|pphwulfdoo| durxqg �i | @

�
2
�f hdfk wudfh

vkrzv d shdn dqg d gls/ zklfk zhuh devhqw zkhq qr plfurzdyhv zhuh
dssolhg1 Wkh srvlwlrqv ri wkh shdnv dqg glsv lq �i | ghshqg rq pl0
furzdyh iuhtxhqf| exw qrw rq dpsolwxgh1 Wkh shdnv dqg glsv uhvxow
iurp plfurzdyh0lqgxfhg wudqvlwlrqv wr wkh vwdwh zlwk d shuvlvwhqw fxu0
uhqw ri rssrvlwh vljq1 Wkhvh rffxu zkhq wkh ohyho vhsdudwlrq lv uhvrqdqw
zlwk wkh plfurzdyh iuhtxhqf|/ �H @ ki 1
Lq Ilj1 6e kdoi wkh glvwdqfh lq �i | ehwzhhq wkh uhvrqdqw shdn dqg

gls ��hit lv sorwwhg iru doo wkh iuhtxhqflhv i 1 Wkh uhodwlrq ehwzhhq �H
dqg �i | lv olqhdu iru wkh kljk0iuhtxhqf| gdwd1 Wklv jlyhv LT @ 7;7	 5

qD/ lq jrrg djuhhphqw zlwk wkh suhglfwhg ydoxh1 Dw orzhu iuhtxhqflhv
��hit vljql�fdqwo| ghyldwhv iurp wklv olqhdu uhodwlrq/ ghprqvwudwlqj wkh



;

(a) (b)

0.498 0.500 0.502 0 50 100 150 200 250
0

1

2
240 mK

160 mK

 80 mK

 30 mK

 17 mK

 Φ
ext

    (Φ
0
)

 

I SW
   

 (
0.

4 
nA

 p
er

 d
iv

is
io

n)

~

St
ep

 w
id

th
 H

W
H

S 
 (

10
-3
 Φ

0)
T      (mK)

Iljxuh 7 +d, �U5` yhuvxv xi |/ phdvxuhg dw gl�huhqw whpshudwxuhv A +odehov rq wkh
uljkw,1 Qr plfurzdyhv zhuh dssolhg1 Wkh vwhs lq �U5` eurdghqv zlwk whpshudwxuh1 +e,
Wkh zlgwk ri wkh vwhs dv d ixqfwlrq ri whpshudwxuh1 Wkh kdoi0zlgwk0kdoi0vwhs +KZKV,
lv gh�qhg dv wkh glvwdqfh lq xi | iurp

�
2
xf wr wkh srlqw zkhuh wkh dpsolwxgh ri wkh

vwhs lv kdoi frpsohwhg1 Wkh vrolg olqh lv wkh fdofxodwhg KZKV iru wkhupdoo| pl{hg
ohyhov/ xvlqj +4, dqg wkh UT dqg |0ydoxh iurp wkh vshfwurvfrs| uhvxowv/ zlwk d vdwxudwlqj
zlgwk rq wkh vfdoh ri | dw orz whpshudwxuhv1

suhvhqfh ri d �qlwh wxqqho vsolwwlqj dw �i | @
�
2
�f1 D �w wr Ht1 +4,

|lhogv w@k @ 3=66 	 3=36 JK}/ lq djuhhphqw zlwk wkh hvwlpdwh iurp
ideulfdwlrq sdudphwhuv1 Wkh ohyho vhsdudwlrq yhu| forvh wr �

2
�f frxog

qrw eh phdvxuhg gluhfwo| vlqfh dw wklv srlqw wkh h{shfwdwlrq ydoxh iru
wkh shuvlvwhqw fxuuhqw lv }hur iru erwk wkh jurxqg vwdwh dqg wkh h{flwhg
vwdwh +Ilj1 4f,1 Qhyhuwkhohvv/ wkh qduurz uhvrqdqfh olqhv doorz iru dq
dffxudwh pdsslqj ri wkh ohyho vhsdudwlrq qhdu �

2
�f/ dqg wkh revhuyhg

wxqqho vsolwwlqj jlyhv fohdu hylghqfh iru txdqwxp vxshusrvlwlrqv ri wkh
shuvlvwhqw0fxuuhqw vwdwhv1 Wkh odujh xqfhuwdlqw| lq wkh suhglfwhg w0ydoxh
grhv qrw doorz iru d txdqwlwdwlyh dqdo|vlv ri d srvvleoh vxssuhvvlrq ri w
gxh wr d frxsolqj ehwzhhq rxu wzr0ohyho v|vwhp dqg d ervrqlf hqylurq0
phqw ^57` ru d vslq0edwk hqylurqphqw ^58/ 59`1 Krzhyhu/ wkh idfw wkdw zh
vhh d �qlwh wxqqho vsolwwlqj lqglfdwhv wkdw wkh gdpslqj ri rxu txdqwxp
v|vwhp e| hqylurqphqwdo ghjuhhv ri iuhhgrp lv zhdn1 Wkh glphqvlrqohvv
glvvlsdwlrq sdudphwhu � lqwurgxfhg e| Ohjjhww hw do1 ^57` pxvw eh � ? 41
Wkh zlgwk ri wkh urxqghg vwhsv lq wkh phdvxuhg  x{ lq Iljv1 5e dqg

6d lv pxfk eurdghu wkdq h{shfwhg iurp txdqwxp urxqglqj rq wkh vfdoh
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ri wkh ydoxh ri w wkdw zdv irxqg zlwk vshfwurvfrs| +vhh dovr Ilj1 4f,1 Wkh
whpshudwxuh ghshqghqfh ri wkh vwhs zlgwk suhvhqwhg lq Ilj1 7 frq�upv
wkdw wkh vwhs zlgwk KZKV +gh�qhg lq wkh fdswlrq ri Ilj1 7e, lv wrr zlgh
dw orz whpshudwxuhv W 1 Dw whpshudwxuhv deryh 433 pN wkh vwhs zlgwk lv
lq djuhhphqw zlwk wkh wkhupdoo| dyhudjhg h{shfwdwlrq ydoxh iru wkh shu0

vlvwhqw fxuuhqw ? L|� A@ LT wdqk
�

{.
2&�A

�
+n� lv Erow}pdqq*v frqvwdqw,/

zkhuh zh xvh wkh ohyho vhsdudwlrq �H dqg LT irxqg zlwk vshfwurvfrs|1
Krzhyhu/ zkhq orzhulqj wkh whpshudwxuh wkh revhuyhg vwhs zlgwk vdwx0
udwhv dw dq h�hfwlyh whpshudwxuh ri derxw 433 pN1 Zh fkhfnhg wkdw wkh
h�hfwlyh whpshudwxuh iru wkh VTXLG*v vzlwfklqj hyhqwv glg qrw vdwxudwh
dw wkh orzhvw whpshudwxuhv1 Wkh kljk h�hfwlyh whpshudwxuh ri wkh orrs
lv d uhvxow ri wkh orrs ehlqj lq d qrq0htxloleulxp vwdwh1 Frrolqj wkh vdp0
soh orqjhu diwhu wkh glvvlsdwlyh vzlwfklqj hyhqwv glg qrw pdnh wkh vwhs
qduurzhu1 Wkh vwhs zlgwk dw W @ 63 pN zdv phdvxuhg zlwk 433 �v dqg
83 pv ghdg wlph ehwzhhq vzlwfklqj hyhqwv/ exw qr vljql�fdqw gl�huhqfhv
zhuh irxqg1 Wklv lqglfdwhv wkdw wkh rxw0ri0htxloleulxp srsxodwlrq ri wkh
h{flwhg vwdwh lv fdxvhg e| wkh phdvxuhphqw surfhvv zlwk wkh VTXLG
ru rwkhu zhdno| frxsohg h{whuqdo surfhvvhv/ lq frpelqdwlrq zlwk d orqj
wlph vfdoh iru frrolqj wkh v|vwhp wr htxloleulxp +dv fdq eh h{shfwhg vlqfh
lw lv yhu| zhoo lvrodwhg iurp wkh hqylurqphqw,1 Qrwh wkdw wkh revhuyhg
olqh zlgwk dqg wkh ohyho vhsdudwlrq qhdu �

2
�f duh vpdoo frpsduhg wr wkh

h�hfwlyh whpshudwxuh ri 433 pN1 Vloyhvwulql hw do1 ^5:` vkrzhg wkdw wklv
fdq eh wkh fdvh lq d Mrvhskvrq mxqfwlrq v|vwhp zkhq wkh wudqvlwlrqv
ehwzhhq wkh ohyhov rffxu pxfk idvwhu wkdq wkh wkhupdo pl{lqj wlph/ d
skhqrphqd wkdw lv dovr zhoo nqrzq iurp h1 j1 urrp0whpshudwxuh QPU
rq oltxlgv1

�� �����
����

Zh kdyh suhvhqwhg fohdu hylghqfh wkdw d txdqwxp vxshusrvlwlrq ri wzr
pdfurvfrslf shuvlvwhqw fxuuhqwv fdq rffxu lq d vpdoo Mrvhskvrq mxqfwlrq
orrs1 Hyhq wkrxjk wkh phdvxulqj GF0VTXLG lv frqwulexwlqj vljqli0
lfdqwo| wr wkh ghfrkhuhqfh ri rxu v|vwhp +vhh dovr Uhi1 ^44`,/ lw zdv
srvvleoh wr ghwhfw wkh vxshusrvlwlrq vwdwhv vlqfh wkh VTXLG zdv rqo|
zhdno| frxsohg wr wkh orrs1 Wkh suhvhqw uhvxowv ghprqvwudwh wkh srwhq0
wldo ri wkuhh0mxqfwlrq shuvlvwhqw0fxuuhqw orrsv iru uhvhdufk rq pdfurvfrslf
txdqwxp frkhuhqfh dqg txdqwxp frpsxwdwlrq1

������� !"# �$%

Zh wkdqn M1 E1 Pdmhu/ D1 F1 Zdoodvw/ O1 Wldq/ G1 V1 Fudqnvkdz/ M1 Vfkplgw/

D1 Zdooud� dqg O1 Ohylwry iru khos dqg vwlpxodwlqj glvfxvvlrqv1 Wklv zrun zdv �0

qdqfldoo| vxssruwhg e| wkh Gxwfk Irxqgdwlrq iru Ixqgdphqwdo Uhvhdufk rq Pdwwhu
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QDQ,/ wkh XVD Dup| Uhvhdufk R!fh +judqw GDDJ880<;040369<, dqg wkh QHGR
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