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Bisimulation Theory for Switching Linear Systems

Giordano Pola, Arjan J. van der Schaft and Maria D. Di Benedetto

Abstract— A general notion of hybrid bisimulation is pro-
posed and related to the notions of algebraic, state-space and
input-output equivalences for the class of switching linear
systems. An algebraic characterization of hybrid bisimulations
and a procedure converging in a finite number of steps to the
maximal hybrid bisimulation are derived. Bisimulation-based
reduction and simulation-based abstraction are defined and
characterized. Connections with observability are investigated.

I. INTRODUCTION

Bisimulation theories were historically introduced by
the computer science community for analyzing and reduc-
ing topological complexity of concurrent processes (e.g.
[41,[7]). The rise of interest in hybrid systems led to a
growing reapproachment of those computer science notions
in the control system community. In fact, extensions of
the notion of bisimulation to dynamical systems have been
explored before in [2] and in a series of papers by Pappas
and co-authors (e.g. [1], [11], [12], [14]). The common
denominator of those works is to associate a transition
system [7] to the process under consideration that preserves
reachability properties. Furthermore in [15],[16], the general
definition of bisimulation for dynamical systems has been
elaborated.

Inspired by classical notions of bisimulation for concur-
rent processes [4] and by the new notions given in [15],[16]
for dynamical systems, we propose a general notion of
hybrid bisimulation for the class of switching linear sys-
tems, including also continuous external variables as control
laws, disturbances and outputs. The given definition seems
particularly appealing since it clearly links to well-known
concepts of state-space, algebraic and input/output equiv-
alences [3] for dynamical systems: in fact bisimulation-
based equivalence will be proved to be implied by algebraic
equivalence and to imply state-space equivalence. Moreover
connections with observability [6] are addressed, devoting
particular attention to the preservation of this property
under bisimulation-based reduction and simulation-based
abstraction. The results are given without proofs for lack
of space. A full version of this paper can be found in [13].

The paper is organized as follows. In Section II, the
notion of hybrid bisimulation is proposed, characterized
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and related to algebraic, state-space and input/output equiv-
alences. In Section III, a procedure converging to the
maximal hybrid bisimulation is proposed. In Section IV, re-
duction via bisimulation is performed. Section V is devoted
to simulation and abstraction. Section VI addresses connec-
tions between observability, reduction via bisimulation and
abstraction via simulation. Finally, Section VII offers some
concluding remarks.

II. BISIMILAR SWITCHING LINEAR SYSTEMS
A. Preliminaries and basic definitions

The class of switching systems we consider in this paper
are defined following [6].

Definition 1: A Switching Linear System (SLS) S is a
uple (5,U,D,Y,X¥,v, E, M) where, = = [J,co{q} %
X(q) is the hybrid state space, being Q={q1, q2, ..., qn, }
the discrete state space, N1 € N, dim : Q—N, Vg € Q,
X (q) € RY™(@) i the linear continuous state space; U is
the linear input space; D = V x W is the hybrid disturbance
space, being V' = {v1,vs,...,un, } the set of the discrete
disturbances, No € N, IV the linear continuous disturbance
space; Y = P x H is the hybrid output space, being
P = {p1,p2,...,DN, ; the discrete output space, N3 € N,
H the linear continuous output space; Y is a function that
associates to any discrete state ¢ € (), the linear dynamical
system

#(t) = A(q)z(t) + B(g)u(t) + G(g)w(?),
h(t) = C(g)z(t), t = 0;

v : @ — P associates a discrete output to each discrete
state; ¥ C Q x V x @ is a collection of discrete transitions;
M is a function that associates to any e = (q,v,q¢’) € E,
the reset matrix M (e) € Rdim(a)xdim(d’),

Any £ = (q,x) € Z is called hybrid state, any d =
(v,w) € D hybrid disturbance and any y = (p,h) € Y
hybrid output of S. Given S, the tuple Ds = (Q, P, V, E,~)
can be viewed as a Discrete Event System (DES) [8], having
state space (), output set P, input set V/, transition relation
E and output function ~y. The set succ(q) is composed by
the successors of the discrete state ¢ € Q, i.e. succ(q) =
{€Q|FweV:(quvq)e€E} Given aset Z C Zy X
Z3, the operator II|, (Z) is the projection of the set Z
onto Z;, 1 = 1,2. We assume throughout the paper that
the hybrid disturbance is not measurable and that multiple
instantaneous transitions are allowed.

We recall that a hybrid time basis T [10] is an infinite
or finite sequence of time intervals I;, j € {0,1,...,J},
ie. 7 = {I; }JJZO, satisfying the following conditions:
Ij:{tERg:tj Stgt;},ifj<J;IJmaybe
of the form {t € Rg tty <t <t} or of the form



{tGRg 1ty <t < oo} and t'; = oc; for all j, t; St’j and
forj >0,t; = 753'—1- Denote by 7 the set of all hybrid time
bases. Since SLSs under consideration are time-invariant,
there is no loss of generality into assuming ¢y = 0, for all
7 €T. Given 7 € T, denote by [7] := U ¢, I; x {j} the
set of all hybrid times (¢,j), t € I;, I; € 7, and define
the ordering relation < on [7] such that (¢,5) < (¥,7') if
t <t and j < j'. Given 71, 79 € 7, such that sup{t :

(t,7) € [T1]} = sup{t : (¢,7) € [r2]} denote by [T1,T2] C
[T1] X [T2] any relation, satisfying the following conditions:
H|[7— ([7_177_2] = [T’L] > Z = 1729 v((t(l?.]:a)?(tb?j.b)) €
ras7als ta = b3 H((tar o)y (i) (). (0 ) €

[7—177—2] if (taaja) (tlvja) then (tb7jb) < (t;n]ll;) and
vice versa; the last condition ensures that any relation
[T1, T2] preserves the ordering relation < into each hybrid
time basis [71] and [73].

Given two sets Z1, Za, denote by C(Z1,Z;) and by
C°(Z1, Z5) the class of functions and respectively of piece-
wise continuous functions z : Z; — Z5. The switching
system temporal evolution may be now formally defined.

Definition 2: An execution x of an SLS S is a col-
lection (&, 7,u,d,&,y) with &, = (go,x0) € Z, T €
T, u € CO(R{,U), d = (v,w), where v € C
w € CORY,W), & = (g,z), where ¢ € C(N,Q
C(R{xN, X(.), y = (p,h), where p € C(N,

C(Ry xN, H), such that, by setting £(¢, 5) = (¢(4), z(t, 7))
and y(t,j) = ((j)h(t.j)), for all (t,5) € [, the
following conditions are satisfied: ¢ (j) = qo; ¢(j + 1) is
such that e; = (¢(j),v(j +1),q(j+1)) € E; p(j) =

'Y(q(]))s z (t(),O) = 2o, x(tj+17 Jj+ 1) = M(€j+1)$(t3,]),
moreover z (t,7) and h (¢, j), for all t € I; are respectively
the unique solution and output at time ¢ of the dynamical
system ¥ (g (j)), with initial state x (¢;, j), initial time ¢;,
input function u’ and disturbance function w’ such that,
uw'(t) = u(t —t;) and w'(t) = w(t —t;) for all t > ¢;.

We now propose the notions of bisimulation and simula-
tion for SLSs, obtained by merging the classical notions
for concurrent processes (e.g. [4]) with new definitions
introduced in [15], [16] for linear dynamical systems.

Definition 3: Given two SLSs S; = (5;,U;, D;,Y;, %,
Vi Biy M;), i = 1,2 such that Uy = Us, a hybrid bisimu-
lation between S; and S, is a subset R C Z; X =5 such
that V (£, &20) € R and Yuy = ug the following property
holds. For any dy and for any x; = (£10,71,u1,d1,&1,%1)
of Sy, there exists da and x5 = ({90, T2, U2, d2, &5, y2) of So
such that (51 (taj)7§2(tlajl)) €R and yl(taj) = yQ(tlvjl)’
Y((t,9),(t,5") € [T1,T2], for some [r1, T2]. Moreover the
same holds with d; replaced by dy and vice versa.

Definition 4: Sy and Sy are bisimilar, and we write S; ~
So, if there exists a hybrid bisimulation R C =; X =9 such
that Tl|z (R) = Z;,1=1,2.

Definition 5: Given two SLSs S; = (2;,U;, D;,Y;, X,
Yis Biy M;), i = 1,2 such that Uy C Us, a hybrid simulation
between S; and S, is a subset R C Z=; X Zs such that
YV (€19,€20) € R and Yu; = wuy the following property
holds. For any dy and for any x; = (§10,71,u1,d1,&1,%1)

of Sy, there exists da and x5 = (§90, T2, U2, d2, €5, y2) of So
such that (51 (taj)7§2(tlajl)) € R and yl(taj) = yQ(tlvjl)’
Y((t,4), (¥, 4") € [r1,T2], for some |71, T2].

Definition 6: S is simulated by S (or equivalently S,
simulates S1), and we write So ~» S;, if there exists a
hybrid simulation R C Z; x Z2 of S; by Sy such that
Mz, (R) = =1.

Bisimilarity between SLSs is an equivalence relation on
the space of SLSs. Hybrid simulation is reflexive, transitive
but not symmetric and hence it is not an equivalence relation
on the space of SLSs. An equivalence notion, based on
hybrid simulations can be formalized as follows.

Definition 7: S and Sy are similar if S; ~» Sg ~~ S7.

B. Equivalent Switching Linear Systems

Aim of this section is to define some control system
theory equivalence notions for the class of SLSs and then to
compare them with bisimilarity and similarity. The follow-
ing definitions extend well known concepts given for the
class of linear dynamical systems [3] and DESs [4].

Definition 8: Sy and Sy are algebraically equivalent if
there exists an invertible mapping T : ()1 — ()2 and for
any ¢1 € @, invertible linear mappings T, : Xi(q1) —
X3(To(qr)) such that, v, (q1) = 72(Tolqr)), Va1 € Qu;
Ver = (q1,v1,q)) € Ei, there exists va € V5 such that
ea = (To(q1),v2,To(qy)) € E2 and vice versa; Vg, €
Q1, X1(q1) and X2(Tp(q1)) are algebraically equivalent [3]
with transformation matrix T, ; Mi(e1) =T, Y My(e2)T,,,
Ver = (q1,v1,q1) € Er where ez = (T(qu), U27TQ(Q1))
FEs, for some vy € V5, and vice versa.

Definition 9: Given S; and Sy with Uy
and £, € =9 are said to be state-equivalent if for any u,
for any dy, for any x; = (&40, 71, U, d1, &1, y1) Of Sy, there
exists dg and x5 = (€59, T2, U, d2, &5, y2) of So such that
yi(t, ) = ya(t', 5", V(£ 5), (', 5')) € [r1,72], for some
[T1,T2]. Moreover the same holds with d; replaced by d
and vice versa.

Definition 10: S, and So are state-space equivalent if
Ui = U, and for any &; € = of Sy, there exists £, € Eo
of Sy, equivalent to &; and vice versa.

Definition 11: Sy and So are Input-Output (I/0O) equiva-
lent if Uy = Uy and for any &, € =, for any v € Uy,
for any dy, for any x; = (&40, 71, %, d1,&;, y1) of Sy, there
exist o9 € Eg, do and Xy = (€99, T2, U, d2, &5, y2) of So
such that 91 (£,5) = ya(t',5"), Y(t,4), (¢ 7)) € [r1,72);
for some [r1,72]. Moreover the same holds with &, and
d; replaced by £,, and dy and vice versa.

Algebraic, state-space and input-output equivalences are
equivalence relations on the space of SLSs. Moreover the
following result holds.

Theorem 1: Two algebraically equivalent SLSs are
bisimilar. Two bisimilar SLSs are similar. Two bisimilar
SLSs are state-space equivalent. Two similar SLSs are
input-output equivalent. Two state-space equivalent SLSs
are input-output equivalent.

=Us, & €5



Converse implications of the result above are not true
in general but are true for deterministic SLSs (hybrid
disturbance void) as remarked in [13].

C. Characterizing Hybrid Bisimulations of SLSs

The semantics of SLSs allow a complete characterization
of hybrid bisimulations for SLSs as this section shows.

Proposition 2: If R is a hybrid bisimulation between two
SLSs S and S,, there exists Qr C Q1 xQ2 and V(q1,¢2) €
Qr suitable sets R(q1,q2) C X1(q1) X Xa(g2) such that
((q1,21) , (g2, 22)) € Riff (q1,42) € Qr and (z1,22) €

R(q1,q2)-
Moreover if R(q1,¢z) is a bisimulation relation between

¥1(q1) and X3(q2) then the linear closure [9] of the
R(q1,q2) is still a bisimulation relation between ¥;(q1)
and X5(g2). Therefore w.l.o.g. from now on, any hybrid
bisimulation R between two SLSs S; and So will be
represented as:

{((q1, 1), (g2, 22)) | (q1,92) € Qr, (z1,22) € R(q1,2)}

ey
where Qr C Q1 X Q2 and R(q1,¢2) is a linear subspace
of X1(q1) X Xa(q2), ¥(q1,q2) € Qr. The following result
gives an algebraic characterization of hybrid bisimulations
for SLSs.

Theorem 3: Given S; and So, a set R of the form (1)
is a hybrid bisimulation between S; and S, iff V(q1,¢q2) €
Qr the following property holds: Vq; € succ(qr), 3¢5 €
succ(g2) U {gz2} : (41,42) € @r and
3B v1(q1) = 72(g2) and R(q1,q2) is a bisimulation

relation between 1 (¢1) and X2(g2);

(3,ii) diag(Mi(e1), M2)R(q1,92) C R(q},q5), where
e1 € E takes ¢p into ¢f and ey € E5 takes go into
qé, and M2 = Mg(eg) if qé 7’5 q2, M2 =1Tif qé = Q2

and vice versa, Vg5 € succ(qa), 3¢; € suce(qr) U{q}:
(¢1,9%) € Qr and conditions (3,i) and (3,ii) are satisfied.

A consequence of Theorem 3 is given in the following.

Corollary 4: S; and Sy are bisimilar iff there exists a
set R C E; x Ep of the form (1) satisfying conditions of
Theorem 3 and such that II|= (R) =E;, i = 1,2.

Finally the following holds.

Proposition 5: Let S; and So be bisimilar and let R
be a hybrid bisimulation between S; and Ss such that
H|Ei (R) = Z;, ¢ = 1,2. For any ¢1 € @1, there exists
g2 € @2 such that El(ql) ~ EQ(QQ) and (ql,QQ) € Qg and
vice versa; for any (q1,q2) € Qr, X1(q1) ~ X2(g2) or
E1(q1) ~ Ba(qe) or Ea(g2) ~ Zi(q1).

III. MAXIMAL HYBRID BISIMULATION

The maximal hybrid bisimulation between bisimilar SLSs
S;1 and Ss is a hybrid bisimulation R* such that, for all
hybrid bisimulations R, R C R*. In order to prove the
existence of R* we define the sum R of two hybrid
bisimulations R® and R® between two bisimilar SLSs Sy

and S, as
R =R+ R = {((q1,21), (g2, 2)) € Eq x o

(q1,42) € Qrav, (71, 22) € R*(q1,q2}),  (2)

where Qrab := Qra UQgs and R%®(qy, q2) :=

RY(q1,q2) + R%(q1,q2), if (¢1,¢2) € Qra N Qre;
R(q1,q2), if (q1,q2) € Qra\Qre;
R (q1,q2), if (q1,92) € Qrv\QRe.

Proposition 6: Let R® and R® be hybrid bisimulations
between bisimilar SLSs S; and S,. Then R® + R? is a
hybrid bisimulation between S; and Ss.

This immediately ensures the existence of the maximal
hybrid bisimulation:

Proposition 7: Let S; and Sy be two SLSs and let R #
& be a hybrid bisimulation between S; and Ss, then the
maximal hybrid bisimulation exists.

The key idea is to first compute the maximal bisimulation
Q" between Ds, and Ds, and then, to compute R* on the
basis of @*. The computation of Q* may be performed by
using standard algorithms as for example the one in [4]
which converges in a finite number of steps to the maximal
bisimulation relation for DESs. Note that Qr+ C Q*.

The computation of R* may be done by combining
Algorithm 2 of [15], computing the maximal bisimulation
and/or simulation relation for linear dynamical systems,
with Procedure Switching of [5] for the computation of
maximal safe sets for switching systems. Computing R*
requires the analysis of the topological properties of DESs
Ds, and Ds, associated to SLSs S; and So. For this purpose,
it is useful to define the DES D* = (Q*, P*,V*, E*,v*),
naturally induced by the bisimulation relation QQ*, where

o P*=P UPy;

o VF=V1xVy

o " ={((q1,q2), (v1,2),(q1,43)) : (q1,v1,41) € En,

(42,02, 43) € B2, 71(q1) = 72(q2) M (q1) = 72(a3)}:

« 7 (q1,42) = 71(q1) = 72(q2); (g1, ¢2) € Q"

Before explaining the basic steps of the proposed pro-
cedure for the computation of R*, we need to recall
well known facts about DESs [8]. A Strongly Connected
Component (SCC) of D* is the maximal set of mutually
reachable states. We denote by F, the set of all SCCs
associated to D*. SCCs determine a Directed Acyclic Graph
(DAG). Moreover F° C F denotes the set of all SCCs not
reached by any SCCs, F? C F denotes the set of all SCCs,
reached in one step by a SCC in F?~! and so on. Let ng be
the maximal integer 7 for which F? is nonempty. Any SCC
in FO (resp. in F"F) is called a root (resp. a leaf) of the
DAG associated to D*. For any F' € F, we denote by Qr C
Q1 X Q2, the set of extended discrete states belonging to F'.
Moreover Y(q1, q2) € QF for some F, succ(qy, g2) denotes
the set of all extended discrete states that are successor of
(g1,¢2) in F'. For any F' of D*, the set succ(F') is composed
by those SCCs, reached by F' in one step and S;(F),
1 = 1, 2 denote the pair of bisimilar SLSs naturally induced
by the DES D* and by continuous dynamics associated to
its extended discrete states. G(F'T, F~) C Qp+ denotes
the set of extended discrete states of F'*, reachable in
one step by an extended discrete state in F'~. Moreover



M denotes the Moore-Penrose pseudo-inverse of a given
matrix M. The computation of R* is based on Theorem
3 and is carried out using a two step procedure: at the
lower-level, we give a procedure for the computation of
the maximal hybrid bisimulation between bisimilar SLSs
S1(F) and So(F'), constrained to a given subspace Init(F);
at the higher-level, the computation of R* is proposed and
based on the lower-level procedure. In view of Proposition
5, for any pair ¥1(¢1) and X2(ge) such that (¢1,¢2) € @*
denote by rel(X1(q1), X2(gz2), Init) a function computing
the maximal linear bisimulation of ¥ (¢1) and Y2 (g2) (resp.
simulation of ¥1(q1) by X2(g2), simulation of ¥2(g2) by
Y1(q1)) constrained to Init, if X1(q1) ~ Ya2(ge) (resp. if
El(ql) ~ Eg(gz), if Eg(qz) ~ 21(q1)) on the basis of
procedures of [15]. We start by describing how to compute
the maximal hybrid bisimulation BisimSCC(Init(F'),F’)
between SLSs S;(F) and Sy(F') induced by the SCC F'
of D* and constrained in the hybrid subspace Init(F) =
Uigrancor 1(@1:a2)} x Init"(q1,¢2). We will define
an appropriate recursion which, by exploiting topological
structure of F', computes a sequence of sets K (i), i =
0,1, ..., converging to the maximal hybrid bisimulation be-
tween Sy (F') and So(F'). At first we set ¢ = 0 and the initial
maximal hybrid bisimulation K(0) between S;(F') and

Sa(F) as K(0) := U(ql,q2)6QF {(a1,42)} x Z((q1,42),0),
where Z((q1,q2),0) := Init"(q1,q2) for any (q1,q2) €
Qr. For any (q1,¢q2) € Qp, we first update the con-
straining subspace Z; where rel(X(q1), Y2(q2), Zo) lies:
for any (¢i,q5) € succ(qi,qz), thanks to condition
(3,ii) of Theorem 3, rel(X1(q1),%2(¢2), Zo) has to be-
long to M'(eq,e2)Z((q},45),0), where e; and e con-
nect discrete states (g1,92) to (qi,q5). Compute Zy :=
ﬂ(qi,qé)ésucc(ql,qg) Mt (617 62)Z((q/1, qé)’ 0) Then it is pos-
sible to compute Z((q1,q2),0) := rel(X1(q1), X2(g2), Zo)
between X1 (q1) and Y(ge). Finally we update K(0) :=
Ugr.a2)eor 1a1,42)} X Z((q1,¢2),0) and i := i+ 1. By
iterating this step again the maximal hybrid bisimulation
between S;(F') and S(F') corresponds to a fixed point
K (i) = K(i — 1), for some i € N, of the recursion above.
The proposed approach is formalized in the following
Function.

Function 8: R(F') :=BisimSCC(Init(F), F)

set 1:=0

Y(q1,42) € Qr, set Z((q1,q2),%) == Init" (q1, q2)

set K(i) == Uy, peqr L@, @)} x Z((q1,¢2),9)

while K(i) # K(i — 1) repeat

for any (¢1,42) € QF do

We can now provide the high-level algorithm. The com-
putation of the maximal hybrid bisimulation starts from the
leaves ' € F™F and going backwards, ends to the roots
F € FO of the DAG associated to D*. For any F' € F,
Init(F') represents the constraining subspace where the
maximal hybrid bisimulation has to be computed. Firstly
we set Init(F) == Uy, g)e0p 1(a1,22)} X Init™ (g1, 2),
VEF € F. Note that any F' € F"F has no successors.
The first step consists of computing for any F' € F"F,
the maximal hybrid bisimulation BisimSCC(Init(F'),F’)
associated to SLSs Sy (F') and Sy(F'), induced by F'. Then
we need to update the constraining subspace Init(F~)
of SCCs F~ € succ™!(F"F): consider all SCCs FT €
succ(F~) and all extended discrete states (q1,¢q2) €
Qr- that reach in one step the extended discrete states
(q1,45) € G(Ft,F~) C Qg+ of FT. By condition
(3.ii), for any fixed F't € succ(F~) and for any fixed
(q4,¢5) € G(FT,F~), the set rel((qi,q2), Zo) has to
belong to a(qlla qé) = MT(61762)rel((q117q12)7‘[nit(F+))’
where e; and ez connect (q1,92) € Qp- to (¢i,4¢5) €
Qr+. By considering all extended discrete states (¢}, q5) €
G(F*,F~) and all SCCs F'* € succ(F~), the maximal
hybrid bisimulation between S;(F~) and Sy(F ™), has
to belong to Init(F~) := Init(F~)I°(F~) where

I°(F~) = Np+esuce(r-) ﬂ(qg,q;)eg(FtF)Of(q'uqlz)g-
Finally it is possible to go backwards and consider the
SCCs of F*"*~! and so on. This procedure ends when all
SCCs are visited. The proposed approach is formalized in
the following Algorithm.

Algorithm 9: Maximal Hybrid Bisimulation

set ¢ := np, R=0

VF e F

set Init(F) == Uy, g)e0r 1(a1,92)} X Init? (g1, q2)

while ¢ >0 repeat

VF € F'

compute R(F) :=BisimSCC(Init(F),F)

set R:==RUR(F)

VE~ € succ™1(F)

compute Init(F~) := Init(

end while

end Algorithm

Proposition 10: Given a SCC F' and an initial subspace
Init(F), Function BisimSCC(Init(F'), F') converges in at
most N(F') steps, where R(F) = max{dim X;(q1) +
dim X5(¢2), (q1,q2) € Qr}. Algorithm 9 converges in
at most N steps to R=R* or to the empty set, where

N = ZFeF N(F)

FYNI(F-

IV. REDUCTION VIA HYBRID BISIMULATION

In this section, we extend the results in [7] and [15] in
order to reduce the complexity of SLSs. We therefore will
consider an SLS S and a copy of itself and we show how to

compute Z —ﬂ(quq yEsuce(qi,g2) M (e, e2)Z((q},45), )
where e = (qk,vk,qkz) vp € Vi, k=1,2

compute Z((q1,92),1) = rel(X1(q), %) (g2), Zo)

end do

set K(1) == U(ql,qQ YEQF {(a1,92)} x Z((q1,92), 1)
seti:=1+1

end while
return R(F) := K (i)
end Function

perform a hybrid state space reduction of S. The following
obvious facts hold:

Lemma 11: Given an SLS S, the identity relation R ;4 :=
{(&1,&5) | &1 = &5} is a hybrid bisimulation between S and



itself and for any hybrid bisimulation R between S and
itself, R == {(£,,&,) | (£1.&) € R} is a hybrid
bisimulation between S and itself.

Every R C E x = induces a relation on = by saying
that £;,£, € E are related by R iff ({;,&,) € R. For
performing the hybrid state space reduction of S, we need
an equivalence relation on = such that, all hybrid states
belonging to the same equivalence class induced by the
equivalence relation, are reduced to the same hybrid state.

Proposition 12: For any hybrid bisimulation R between
S and itself there exists a hybrid bisimulation R’ between
S and itself that is also an equivalence relation on =.

We therefore may assume w.l.o.g. that hybrid bisim-
ulations are also equivalence relations on =. Moreover
it is easy to see that R* between S and itself is also
an equivalence relation. Given a hybrid bisimulation and
equivalence relation R, we now show how to perform a
hybrid state space reduction and how to define the reduced
SLS bisimilar to S. Denote by €;, the equivalence class
induced by Qr such that g;,qr € Q; iff (¢;,qx) € Qr.
For any (2; choose its canonical representative g; € () such
that $(q}) ~ ¥(q),Vq € ©; and denote by Q™ the set of
all canonical representatives of the sequence €2;,7 = 1,2, ....
ForanquQR define £(q) == {¢ € Q : (q, )G
QR}, R(q) = {x1—x2 | (xl,xg) € R(q,q)} and ﬁnally
R = quQR E(q) x R(q). = may be now factorized by
R. We write =/ to denote the reduced hybrid state space
of S, naturally induced by R, ie. Z/5 = Uyeor {a} %
X(q9)/=(q)- Let HS : Q@ — Q% be the canonical pro-
jection map associating to each element of (), its unique
canonical representative in Q™ and Vg € QR let II% :
X(q) — X (q)/ﬁ(% be the canonical projection. Define
the reduced SLS S* = (ER,U,D,Y, X% ~R E® M7R),
where X™(q) = X (q)/ (g and dim™(q) = dim(X%(q)),
Vg € QF; XR(q) is deﬁned as in [15], V¢ € QF;

R . QR—P such that vR*(q) = v(q), Vg € Q%; e =
(¢1,v,q5) € ER iff 31 € £7(q}),q2 € £ (gh) such
that (q1,v,q2) € E; Ve = (¢,v,¢") € E®, M%(e )HR
I M (e). The reduced SLS S™ actually depends on QR
however the following holds:

Proposition 13: Let 'R be a hybrid bisimulation and
equivalence relation between S and itself. Then for any
canonical representative Q%, S and S™ are bisimilar.

Let us investigate the reduction of a SLS to a SLS with
minimal dimension. A minimal bisimilar SLS of S is a SLS
S’ such that the cardinality of its discrete state space ()’ and
the dimensions of its continuous state space X’(q),q € @,
are minimal among all S’ which are bisimilar to S. Denote
by min(S) the class of minimal bisimilar SLSs of S. The
following result holds:

Corollary 14: S®* € min(S).

Since R* depends on the set Q%", then also SR
depends on QR" and therefore it is not unique; however
the following result holds.

Proposition 15: The family of S®°, parametrized by
Q™" is composed of SLSs that are algebraically equivalent.

V. SIMULATION AND ABSTRACTION

Aim of this section is to characterize the notion of
simulation and to introduce the notion of abstraction [1],
[12], [14] for the class of SLSs. By specializing Theorem
3, the following result is obtained.

Theorem 16: Given S and Sy, R of the form (1) is a
simulation of S; by Ss iff V(¢1,92) € Qr, Vq} € succ(qr),
Aqp € suce(qa) U{qz} : (¢4, ¢3) € @r and
(16,0)) v1(q1) = v3(q2) and R(q1,¢=) is a simulation rela-

tion between X1 (q1) and X2(g2);

(16,ii) diag(Mi(e1), M2)R(q1,92) C R(q},q5), where
e1 € F; takes ¢ into ¢} and ey € Fy takes g2 into
¢h, and My = Mo (es) if ¢ # qo, Mo = T if ¢ = qo;

By specializing results of Section III, it is possible to
give also a procedure for the computation of the maximal
hybrid simulation S; by S by replacing the algorithms
computing the maximal bisimulation of DESs and of linear
dynamical systems with the ones in [4] and [15], computing
the maximal simulation of I; by D, and respectively
of ¥; by 3. The proposed procedure converges to the
maximal simulation of S; by S in a finite number of steps.
The notion of simulation is very close to the notion of
abstraction. The main idea is to "simplify" the given process
such that the resulting process simulates the original one.
Following [12], [15], it is possible also to define abstractions
of SLSs. Consider a SLS S = (E,U,D,Y,X,~,E, M).
Define a suitable set =4 = = Ugegn {a} x X (q), such that
QAcQ and 4(Q*) = (Q) and for any g € Q*, let X(q)
be a linear subspace of X (q). Define a surjective map M :
= — =4, such that M(q,z) = (Mg(q), M,z),¥(q,7) €
E, where Mg : Q—Q* and Vg € Q, Mz is linear in
x. Suppose that Vg € @, ker M, C kerC(q). Map M
induces the SLS S# := (24,U, D,Y, Y4, A, BA, MA),
where: Vq € Q*4, 4(q) is defined as in [15]; v4(¢') =

(Mg (q)) for some ¢ € Q; e = (ql,v qy) € BAiff
there exist ¢; € MQ (q1) and g2 € MQ (¢h) such that
(41,0, a2) € B3 M*A(e) = MyM(e)My, ¥(q,w.q') € EA.

We think of S as an abstraction of S. Moreover,

Proposition 17: S~SA.

VI. CONNECTIONS TO OBSERVABILITY

In this section, we analyze the preservation of observ-
ability under bisimulation-based reduction and simulation-
based abstraction. The class of SLSs that we consider are
SLSs with W = {0}, U =R™, H =R*, m,s € N, and a
minimum dwell time 6,,, > 0, such that V7 € 7, VI; € T,
t;‘ - 75j 2 9m-

Definition 12: [6] S is observable if 3o : (R xN, Rs)
xC(N, P)xCO(R§,U) — Z, 5 > 0, 0 € (0,0,)
such that V¢, € vr e T, Yv € C(N V),

= (&0, 7, u,d, &, y) such that So(y| [(to,0),(,j ],u| to,t)) =
f( 7)., Vt € (t; +9t] j*]j+1 CCL?"dJT)*l,

where Yl o) 0y = Y& 5) i 5 < y|[(t070)7(t,j/)] =
0, otherwise. S is unobservable if it is not observable.

‘—"9
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Theorem 18: [6] S is observable iff Vg, € @, X(g;) is
observable and Vg;,q; € Q, ¢; # ¢; Ik € NU {0} :
C(gi) Alg:)*B(i) # C(a;)A(g)*B(g;) or 7(a:) # 7(a5)-

The following preliminary result holds.

Proposition 19: If S is observable then S € min(S).

Unobservable SLSs may give rise to reduced observable
or unobservable SLSs. Therefore we introduce the following

Definition 13: S is nonproperly unobservable if it is
unobservable and S™ is observable, for some R; properly
unobservable if it is unobservable and S® is unobservable
for any R.

Some examples may be useful to clarify those notions.

Example 1: Consider So whose DES Ds, = Do is
depicted in Figure 1 and where Yo(q3) = Xa(qs) =
35(gs) and observable and May(e) = I, Ve € Es. Sy
is unobservable and any S, € min(S;), whose DES is
algebraically equivalent to D, is observable. Then Sy is
nonproperly unobservable.

Example 2: Consider S3 whose DES Ds, = Dj is
depicted in Figure 1 and where Y3(qs) = X5(¢7) =
Y3(gs) = X3(q9) and M3(e) = I, Ve € E3. Suppose that
33(q;) are observable Vg;, i = 6,...,9. S3 is unobservable
and S3 € min(Ss3). Therefore S5 is properly unobservable.

Nonproper and proper unobservability can be character-
ized as follows.

Proposition 20: S is nonproperly (resp. properly) unob-
servable iff S is unobservable and any S’ € min(S) is
observable (resp. unobservable).

Conditions of Propositions 20 may be checked easily in
view of Corollary 14 and procedures of Section III. Thanks
to the discussion above, reduction via hybrid bisimulation
is a good tool to extract the observable SLS of any non-
properly unobservable SLS but not the right one for doing
the same for properly unobservable SLSs: the key idea in
this last case is to use abstraction of SLSs.

Proposition 21: For any properly unobservable S, there
exists an abstraction S# of S that is observable.

Example 3: Consider S3 of Example 2. Define S4, whose
DES Ds, = Dy is depicted in Figure 1 and where
Y4(q10) = Xa(q11) = Za(qr2) := E3(ge) and My(e) = I,
Ve € E4. Sy is observable and is an abstraction of Ss.

VII. CONCLUSION

We studied bisimulation for switching linear systems.
We compared equivalence by bisimulation, algebraic, state-
space and I/O equivalences. An algorithm converging to the

maximal hybrid bisimulation was presented. Reduction by
bisimulation and abstraction by simulation were addressed
and connections to observability were provided. Future
work will concentrate on extensions of these results to more
general hybrid systems.
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