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Abstract—In this paper we derive the dynamic model
of a four—cylinder double-acting wobble—yoke Stirling
engine introduced originally by [1, 2]. In contrast with the
classical thermodynamics methods that dominate the liter-
ature of Stirling mechanisms, we present a control system
perspective to obtain a useful model for the analysis and
synthesis of feedback control laws. The main motivation is
the application of this gas engine in a micro—combined heat
and power (CHP) generation system.

Keywords: control, micro-CHP, modeling, Stirling en-
gine, cogeneration system.

Nomenclature

aj connecting rod bearing center,

Ay piston area [m?]

Ar piston rod area [m?]

bi wobble yoke-beam bearing center,

bp; damping coefficient,

Cj nutating bearing center,

d crankshaft bearing center,

en axes of the fixed reference frame,

F¢  force [N],

g acceleration due to gravity [m/s?],

| mass moment of inertia about the pivot O [kgm?],
Kpi piston spring constant [N/m],

13} distance [m],

m piston assembly mass including the connecting rod [kg],
mr total mass of the working gas [kg],

Mi angular momentum with respect to the axis e; [Nm],
(0] center of the fixed reference frame, main pivot center,
P pressure in compression space [N/m?],

Pec crankcase pressure [N/m?],

Pe; pressure in expansion space [N/m?],

R gas constant [J/(K - mol)],

Th hot end temperature [K],

Tk cold end temperature [K],

Ty regenerator effective temperature [K],

Ve compression space volume [m?],

Ve expansion space volume [m?],

Ve dead volume in compression space [m?],
Ve dead volume in expansion space [m3],

Vi heater volume [mq],

Vi cooler volume [m?],

Vewe  Swept volume in compression space [m®],
Vewe  Swept volume in expansion space [m®],

Zi vertical displacement [m],

Zigg equilibrium length of the i-th piston spring [m],
Zmax ~ Maximum piston displacement=hs/2 [m],

Zi velocity [m/s],

7i acceleration [m/s?],

0; beam angle [rad],

9,- beam angular velocity [rad/s],

6 beam angular acceleration [rad/s?],
Ojmax ~ Maximum beam angle [rad],

) crankshaft angle [rad],

T shaft torque [Nm].

1. Introduction

In the recent decades, there has been an enormous interest
in the application of heat engines for conversion of different
forms of heat source into electrical energy [3]. One of the
most promising applications is the micro—combined heat and
power (CHP) generation, or in other words, the simultane-
ous production of heat and power at a small-scale [4]. A
micro—CHP consist of a gas engine which drives an electri-
cal generator. The main purpose of a micro—CHP system is
to replace the conventional boiler in a central heating sys-
tem. Among the technologies that have been proposed for
micro—CHP applications we can mention fuel cells, internal
combustion engines and Stirling engines [4, 5].

Since the invention of the first Stirling engine by Robert
Stirling in 1816, Stirling engines have been heavily studied,
with an increasing interest during the last decades. Never-
theless, most of the studies rely on thermodynamics methods
and intuitive design techniques. There exist few literature on
the application of dynamics and control methods to investi-
gate their stability and dynamic properties, see for instance
[6-9] and the recent work [10]. Moreover, most of the works
analyze free—piston Stirling engines.

In this work, we focus on the Whispergen micro—-CHP
with Stirling engine technology. This micro—CHP unit, de-
veloped by WhisperTech Limited [11], was originally de-
signed as a battery charger for marine applications [1]. In
contrast with most Stirling engines based on free—piston
mechanisms, the Whispergen micro—-CHP unit comprises
a wobble-yoke mechanism with a four—cylinder double—
acting engine configuration.

To the best of the authors knowledge, none of the previ-
ous works, namely [1, 2], have approached the study of the
wobble—yoke Stirling engine from a control system perspec-
tive. Our main contribution is the development of a dynamic
model of the wobble—yoke Stirling engine, that can be use-
ful for the analysis and synthesis of feedback control laws
for micro—CHP systems.

2. Description of the System

Figure 1 shows the schematic representation of the four—
cylinder double-acting Stirling engine. The four cylinders
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Figure 1: Schematic representation and cylinders configu-
ration of the wobble yoke Stirling engine.

are phased at 90° from each other with respect to ¢. The
links connecting the cylinders sketch the wobble-yoke
mechanism whose function is to translate the vertical mo-
tion of the cylinders into the rotational motion through the
shaft angle ¢. The wobble yoke drive is based on the well-
known spherical crank—rocker four—bar linkage [12, 13]. Its
working principle can be explained by reference to Figure 2.
The mechanism is based on a beam which pivots about its
center O in one plane (e;e3 for beam 1, and eje; for beam
2). Each beam is attached to the cylinders with connecting
rods at each end via bearings a; and az. An eccentric
bearing c; is attached to the drive shaft and it is connected
to the beam via two bearings b, and bs. The eccentric
bearing c; is the rotating part of the mechanism. When the
engine is working, the vertical motion of the pistons inside
the cylinders, induces a rotational movement on bearing
ci. Due to the geometrical and physical configuration of
the mechanism, bearing c; describes a circle of radio I q.
The axis of bearings by, bz, ¢; and d must intersect the
center O, so that the kinematic constraints of the spherical
crank rocker are satisfied [12, 13]. An analogous discussion
applies to the second beam. We refer the reader to [1, 2] for
more details about the wobble—yoke Stirling engine.

3. Modeling for control

In this section we derive the equations of motion for
the wobble-yoke Stirling engine depicted in Figure 1. We
make the following fundamental Assumption throughout
the work:

al Small motion: Let —15° < 6 < 15° then coséj ~ 1,
sing; ~ 6j, 6% ~ 0.

During operation of the engine, the beam angle 6; between
the beam and the horizontal axis (e, for beam 1 and e; for
beam 2)—cf. Figure 2—varies between its maximum ;...
and its minimum —6;,,.. Due to physical constraints of the
engine, the maximum beam angle is approximately 10.21°,
thus, Assumption al is physically correct.

3.1. Kinematics

The design of the wobble yoke mechanism is based on the
classical spherical four-bar linkage [2]. These kind of link-
ages, which are well known in robotics, have the property
that every link in the system rotates about the same fixed

Figure 2: Schematic picture of beam 1. 6, is the angle
between the beam and the axis e, the angle ¢ is measured
in the counterclockwise direction from the positive axis e;.

point [12, 13]. Hence, as indicated by its name, the trajec-
tories of the points at the end of each link lie on concentric
spheres. In robotics, only the revolute joint is compatible
with this rotational movement and its axis must pass through
the fixed point. The wobble yoke is indeed a particular class
of the spherical linkage known as spherical crank rocker [2].
The revolute joints are replaced by the spherical bearings lo-
cated at points by, b, ¢; and d (cf. Figure 2). The axis of the
aforementioned bearings must intersect the sphere center O.
Further details about spherical linkages are given in [12, 13].

Consider the schematic representation of beam 1 shown
in Figure 2. We define the reference framee,, n =1,...,3,
which is fixed at the pivot center of the beam O. As was ex-
plained in Section 2, the vertical motion of the pistons (not
shown in Fig. 2) inside the cylinders, leads to a rotation of
the beam around O. This rotation is represented by the in-
stantaneous value of 6;. The variation on 6; causes as well
a rotational movement around the axis ez, which is repre-
sented by the crank angle ¢. Then, the kinematic problem
for the wobble yoke Stirling engine consist in finding the
equations of the angular displacements 6;, j = 1,...,2, and

the vertical displacements z;, i = 1,...,4 of the connect-
ing rod bearing center a;, i = 1,...,4, in terms of the crank
angle ¢.

Following the same procedure as [2], we have that—after
some straightforward but cumbersome computations—the
kinematic equation relating the angular displacement, veloc-
ity and acceleration 6;, 8; and 6; in terms of the crank angle
¢ are given respectively by?

o = [a]-lanial o
o= [Bl-[edel e

i = K¢ COS ¢ — k?(Sin ¢ + 2 tan~*(k sin ¢) cos? @)
- [—/«p sin ¢ — k?(cos ¢ + 2 tan~1(k cos ¢) sin? ¢) ] ’

®)

where x = tané,, . For the vertical displacements z;, we
only have two independent equations, namely, z; and z,

Due to the lack of space, we have omitted the computation details,
but we refer the reader to the companion paper [14] for the complete de-
velopment of the kinematic and dynamic model.

- 545 -



€2

Figure 3: Free—body diagram for the pistons of the Wobble
Yoke Stirling engine.

(z3 = —z1 and z4 = —2,). Therefore, we define the vector
z = [21,2,]". Then we have _
Z = oy, 6,

Z= |0310, 7= |0a1é~ (4)

3.2. Dynamics of the Pistons Motion

In this section we borrow some inspiration from [10] to
derive the motion equation of the piston depicted in Fig. 3.
Consider the free-body diagram shown in Fig. 3. The dy-
namic equation of this system is given by
mZ; = (Ap — Ar)Pe; — ApPe; + ArPec —Kp, (Zi — Zieq) —bpzi— rT(]g),
where the terms (Ap — Ar) P, ApPe;, and A, pe are the force
in the compression space, the force in the expansion space
and the force in the crank space, of the i-th cylinder, respec-
tively. We assume that the pressure in the crank space pe is
constant and equal to 1 atm.

Assume the initial condition zjp to be the point of vertical
static equilibrium, i.e., when the engine is not yet running,
in other words, z; = 0, 7 = 0. Then the equation for the
equilibrium length of the piston spring z;,, can be obtained
from (5) as follows:

kplzieq = —(Ap = A)Pc;y + ApPey — ArPec + KpiZio + mg, (6)
where p¢, and pe, are the initial pressures in the compres-
sion and expansion space of the i-th cylinder, respectively.
Thus, the length of z;,, depends on the force due to the grav-
ity and on the initial pressure difference in the cylinder. This
pressure difference exists if the engine is pressurized prior
to operation [10].

Substituting (6) in (5), we finally obtain the equation for
the vertical motion of the i—th piston as
mZ; = (Ap -A)(pe - pc.o) _Ap(pei - pe.o) - kp. (zi—zio) _bpi(z7i)~

3.3. Thermodynamics

In the Schmidt analysis of the Stirling engine [15] , the en-
gine consist of five serially—connected components, namely,
a compression space, cooler, regenerator, heater and expan-
sion space. These five components form a thermodynamic
cycle. In the case of the wobble-yoke Stirling engine, the
engine is composed of four cycles (cf. Fig. 4). Each cycle
consist of the compression space of cylinder i-th, the expan-
sion space of cylinder (i + 1)-th and the connecting cooler,
regenerator and heater between cylinders i-th and (i + 1)-th.

Since the isothermal analysis does not account for pres-
sure gradients, we assume no pressure drop across the
cooler, regenerator and heater, and thus, the pressure in the
compression space of the i-th cylinder equals the pressure

in the expansion space of the adjacent cylinder (i + 1)-th (cf.
Fig. 4), i.e.,

pel = pCA’ pez = pCp pes = pCz7 p84 = pC3' (8)
By using the ideal gas law and assuming that the mass of the
working gas is constant, it can be shown that the pressure
variation in the compression spaces of each thermodynamic
cycle is given by [15]

Voo VY Voo Vpo Ve,\

Pe, = Mt (Tk+Tk+Tr+Th+Th) 9)
where T, = (Tp — Ty)/ In(Th/Tk) is the effective tempera-
ture of the ideal regenerator assuming a linear temperature
distribution.

From (9), we observe that for a given geometry, gas type
and temperature distribution of the working gas, the pressure
is only function of the volume variations of the compression
and expansion spaces V, and Ve, ,, respectively. The volume
variations depend on the pistAc\)n position according to [14]

- Ar VS

Ve = "Tzi+%+vdc, (10)
A v
Vo, = ——z+ 52W9+vde (11)

Substituting (10) and (11) into the pressure equation (9) and

after grouping the constant terms in B, we have that the in-

stantaneous pressure in the compression spaces is given by

Ap - A Ap 19

pci - pm( - 2,31Tk Z; 2,31Th Z|-+1) ( )

where pn = MR/B; is the mean pressure in the working
spaces, and

Br=3 (Vae+ =) + 4

sze) Vo L Ve 4 Vo
(Vde+ MR R i

3.4. Rotational movement

In this section we apply a slightly modification of the ap-
proach followed by [2] to obtain the equation for the ro-
tational movement. The main differences with [2] are the
damping and spring terms in the force F;, the computation
of the equivalent forces F;,, and F»,, and the output shaft—
torque equation .

We define the net forces acting at the connecting rod
bearing a; as (cf. Fig. 5)

Fi = mZi—(Ap—Ar)(Pc; —Peio) +Ap(Pe; —Peio) +Kp, (Zi—Zio)+Qpi§i)-
1

The difference between the forces F; and F3 acting at the
beam ends a; and a3 (cf. Fig. 5) produces an angular mo-
mentum? in the pivot center O pointing in the e; axis direc-
tion My = lpg (F1 — F3) — 161. Similarly, for the second
beam, we have an angular momentum in the pivot center O
pointing in the e; axis direction My = loa, (F2 — F4) — 162.
To get the equation of the output—shaft torque 7 in the e3
direction, we observe that the angular momenta M; and M,
can be translated into equivalent forces Fy,, and F»,, acting
at the points ¢, and c,, for beams 1 and 2 respectively. If
we constraint the forces Fy,, and F,,, to lie in the plane e;e;
(cf. Fig. 6), it can be shown [14] that Fi, = [0, f,, O]7
and Fp,, = [f,, 0, 0], with fy, = | Land f,, = 2" The
output-shaft torque 7 is then computed as (cf. Fig. 6)

T= K(Ml + Mg) CoS¢ = (M1 + Mg) tan 6,, (14)

2Throughout the document, we follow the right-hand rule for rota-
tional movement, i.e., a counterclockwise rotation produces a positive
momentum about the rotational axis.
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| B Cylinder 1
i

Cylinder 3

Figure 5: Forces and momenta acting on the beams

Te:s
€2

|
U T 10
7 i NG
. | ficosé
N \
|
i

— €1

N

Figure 6: Equivalent forces and output-shaft-torque com-
putation

where we have used l¢,q = logk and (1). By Assumption al,

tan 6, ~ 6, = IOZ—Z Thus, (14) finally becomes
a1
= MZZ. (15)
IOa1

4. Conclusions and Future Work

We have developed a dynamic model of a wobble-yoke
Stirling engine mechanism with a four—cylinder double—
acting configuration. Because of the pressure dynamics (12),
the piston motion equation (7) are nonlinear. However, the
system can be studied via linear analysis methods due to the
linear spring behavior of the working gas [16]. Current re-
search is underway to validate and investigate the stability
properties of the model. See [14] for further details.

Among the issues that are currently being explored
are the application of the wobble-yoke Stirling engine in

micro—-CHP systems, particularly, those composed of an
electricity generator driven by the wobble—yoke Stirling
engine.
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