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Chapter 1

Introduction

Algebraic curves over finite fields is a fascinating topic in number theory and
algebraic geometry. Moreover, it has applications in different fields such as
cryptography, coding theory. Namely, such curves can be used to construct
error-correcting codes (see, e.g., [31]), and also for devising secure protocols
for data communication (see, e.g., [18]).

By a curve we mean a smooth geometrically irreducible curve. Let C be
a curve of genus g over a finite field IF,. Triggered by the applications, math-
ematicians such as Ihara, Serre, Vladut and Drin’feld studied the maximal
number of points on such curves. The maximal number of rational points
for a fixed finite field and genus is

Ny(g9) = max {#C(F,) : C is a curve over F, of genus g} .

An explicit formula for Ny(1) follows from results of Deuring and Water-
house [34]. Jean-Pierre Serre in [23] determined N,(2). For higher genera
it is unknown whether a formula for N,(g) exists. Concerning N4(3), T.
Ibukiyama [10] proved

Nz (3) = p*" + 1+ 6p"

whenever p is prime and n > 1 is odd. Serre calculated N, (3) for ¢ < 25.
Moreover he stated the conjecture that a real constant e exists such that

NyB3)>q+1+6/qg—¢

for all g. J. Top in [30] extended Serre’s table to all ¢ < 100. Moreover he
proved Serre’s conjecture for the case ¢ is a power of 3. J-F. Mestre proved
Serre’s conjecture for ¢ a power of 7. The general case is still open.

1



2 1. INTRODUCTION

In 1991, Gerard van der Geer and Marcel van der Vlugt [32] started a
table of N4(g) for ¢ < 50 and ¢ a small power 2 or 3. In 2005, this was
embedded in a larger project of determining N,(g) for all g < 50 and many
small prime powers ¢. This project is moderated by Gerard van der Geer,
Everett Howe, Kristin Lauter and Christophe Ritzenthaler. All the results
on Ny(g) are gathered on the website www.manypoints.org. The tables are
still incomplete. The work of this present thesis project has added a lot of
data to this website for cases g < 5.

1.1 Upper bound

Let C be a curve of genus g over a finite field F;, where ¢ = p" for p a
prime number an n > 1 and integer. A point on the curve C' is said to be
[F m-rational if it is defined over Fym; if it is defined over F,, then it is called
rational point. The zeta function of a curve C over finite field [F, is defined

2ot = 32 #OCNT).
m=1

In 1948 A. Weil in his book [35] published a proof of the fact that

Py(t)

2 = 51— qn)

for a polynomial Pj(t) € 1+ tZ[t] of degree 2g. Substituting ¢ = ¢~* for
s € C, the function ((s) := Z¢(¢™*) has its zeros on the line

1
- +iR CC.
2
This is the Riemann Hypothesis for curves over finite fields. Writing
29
Pi(t) =[] - eit)
i=1

for a; € C, it means that all a; have absolute value ,/q. From the definition
of the zeta-function and the properties above, it follows that

29
#COFy) =q+1-)
i=1
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so the Riemann-hypothesis implies

2g 29
~29/q ==Y _|ou| S#CFy) —q— 1< |ou| = 29v/7,

=1 =1

ie.,

|#C(Fq) —q—1 < 294

E. Artin’s thesis (1921) contains the “Riemann-hypothesis for the zeta
function of a hyperelliptic curves over F,”. However, no proof appears. F.K.
Schmidt’s thesis (1931) extends this to arbitrary curves over finite fields. In
particular this implies the conjecture that

Nq(g) <qg+1+ 29\/6-

H. Hasse settled the special case of genus one in 1933, so he showed in
particular

Ny(1) < q+1+2y4.

A. Weil proved the general case in 1942/1948. It is called Hasse-Weil bound.
An interesting survey of the history of this “Riemann hypothesis for the

zeta function of curves over finite fields” was written by Peter Roquette
[19, 20, 21]. An improvement by J-P. Serre is from 1982/83 [34], and reads

No(9) < a+1+g[2v/4].

This is a nontrivial improvement. For example, taking ¢ = 5 and ¢ = 41
then Weil’s result states N4j(5) < 106 while Serre’s improvement shows
N41(5) < 102. This general bound is now called Hasse-Weil-Serre bound.

The curve C has an Abelian variety associated to it. It is called Jacobian
variety of C' and denoted by Jac(C'); this is a principally polarised Abelian
variety of dimension g. Let T;(Jac(C)) be the Tate module of Jac(C') where
[ is prime different from p. Then the characteristic polynomial Po(t) of the
F,-Frobenius Frob, acting on T;(Jac(C)) is a degree 2¢g monic polynomial
in Z[t]. The a; in Pi(t) in zeta function of curves over finite fields have
another interpretation in terms of the Tate module of the Jac(C). The
following holds (see [28]).

Proposition 1.1.1 (Tate). The F,-Frobenius Frob, acting semi-simply on
T;(Jac(C)) and has eigenvalues a, ..., ay.
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The polynomial Pc(t) is the reciprocal polynomial to the polynomial P;(t)
in the zeta function of curves over finite fields. The number of rational
points on C' is completely determined by the action of Froby on T;(Jac(C)).
Denote the trace of Frob, by t. Since the trace is the sum of roots of the
eigenvalues, we can write

#COF) =q+1—t.

Generally, the Riemann hypothesis for Abelian varieties over finite fields
implies that for an Abelian variety A the polynomial Py(t) lies in Z[t]; it
has degree twice the dimension of A, and its complex roots lie on the circle
|z| = \/q. The polynomial P4(t) contains more information.

Theorem 1.1.2 (Tate). Let A and B be Abelian varieties over F,. Then
Py(t) = Pp(t) if and only if A and B are isogenous over F,,.

1.2 Maximal Curves

Definition 1.2.1. A curve is called maximal if the number of rational points
attains the Hasse-Weil-Serre bound, i.e.,

#C(Fg) = q+1+g(2V4q].

The following proposition shows that C/F, can not be maximal if the
genus is large with respect to q.

Proposition 1.2.2. Suppose that C'/F, is a maximal curve. Then g < g.

Proof. Y. Thara in [11] showed that

VBa+1)g2+ 4 — q)g 9,
5 .

No(9) < q¢+1+]|

If C'/F, has genus g and is maximal, then

VBi+ 12+ 42— qg—g
912vq] < 5 ,

hence

2

1 q° —q 1
2 <412 - - —.
QL\/ZJJ_\/CJ+4+ ; 5
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Now assume g > ¢q. Then

1 ¢2—q 1 3
2 + - < 3g-2
\/q+4+ g 2=V Yy

which yields a contradiction. O

Example 1.2.3. Take ¢ = 41 and g = 5. Then the Hasse-Weil-Serre bound
equels 102 while Thara’s bound is 140. So here the Hasse-Weil-Serre bound
is much better.

Increasing the genus in this case, for all ¢ < 21 the Hasse-Weil-Serre
bound in better, and for g = 22 both bounds are 306. For g > 23 the
Thara bound is better. In particular, this indicates that the bound given in
Proposition 1.2.2 is not the best possible.

The classical example of a maximal curve is the Hermitian curve H over

F 2. The curve H is the curve in P? given by the equation

q
Y17 4+YZ9 = X9t

This curve has genus q(q —1)/2 and #H(F2) = ¢* + 1+ 29q = ¢* + 1.
Suppose we have a curve C over F, of genus g and a surjective morphism

¢ : C — D defined over F,. If C'/F, is maximal, then so is D/F,. Namely,

maximality is equivalent to the statement that the set {a,..., a4} equals

{a,a} with a + & = |\/4q|. The eigenvalues of Frobenius corresponding to

D/F, are a subset closed under complex conjugation of those of C'/F,, and

this implies the assertion.

Vice versa, suppose that one has surjective morphisms

¢i:C—>Di,

defined over F,, and that
P o HO (D, Op,) ~ HO(C,Q8).
Then the sum of induced morphisms

Jac(¢;) : Jac(D;) — Jac(C)

of group varieties, i.e.,

ZJaC(qbl-) :Jac(Dq) X -+ x Jac(D,) — Jac(C)
i=1
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defines an isogeny. Therefore if ¢; denotes the trace of Frobenius of D;/IF,
then

#C(Fg) =q+1+ Zti-
=1

In particular if the curves Dy,..., D, are maximal then the curve C is
maximal. For example, the curve D of genus 7 given by the equations

y ="+,
2=xb—z

See Example 4.2.5 for more details.

Definition 1.2.4. A curve C over [, is called “good” if the number of
rational points on the curve is within 10 percent of the Hasse-Weil-Serre
bound.

For example, taking g = 5 and g = 41 as above, a good curve of genus
over Fy; would be a curve C/Fy4; of genus 5 with #C(F41) > 92. At present
we do not know any good curve C'/F4; of genus 5.



Chapter 2

Elliptic curves with many
points over small fields

We denote by N, (1) the maximal number of rational points that an elliptic
curve I over a finite field IF, of cardinality ¢ can have. This is the special case
g = 1 of more general notation N,(g) for the maximal number of rational
points that a curve over F, of genus g can have. A result of Deuring and
Waterhouse (see [34, Thm. 4.1]); for an exposition see also [23, p. 15-16])
states that

(1) = qg+m if g=p° & e>5is odd & p|m;
Tl g+m+1  otherwise.

Here p is the characteristic of F, and m = [2,/q] is the largest integer less
than or equal to 2,/q.

In this chapter we present, for many small ¢, a maximal elliptic curve, i.e.,
elliptic curve over [, attaining this bound. More precisely this is done for
every ¢ = p" with p < 19 a prime number and 1 < n < 5 and also for all ¢ =
p < 97 a prime number. The examples were computed using the computer
algebra packages Maple, Magma and the free mathematics software system
Sage. The results obtained below were used to complete the data for g = 1
in the tables maintained on the website http://www.manypoints.org.

2.1 The prime fields

Over Fy the equation y2+y = 2%+ defines an elliptic curve with No(1) =5
rational points. For odd prime numbers p, we search over equations 32 =
x3 + ax + b satisfying 4a3 + 276> # 0 in order to find an example with

7
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Np(1) = p+ 1+ [2,/p] rational points. Using Maple this is very simple for
small p. The result is given in the following table.

p | Np(1) Elliptic Curve
2 ) v 4y=a3+z
3 7 =23 +22+1
5 10 y? =23 + 3z
7 13 y?=234+3
11| 18 Vv =x>+x+3
13| 21 y?=a3 44
17| 26 y? =23 + 32
19 | 28 y? =23 48
23 33 =23+ +11
29 40 y? =23 4 4x
31| 43 yP=a3+3
37 | 50 y? =23 + 22
41 | 54 yP=a3+22+4
43 | 57 yP=a23+9
47 | 61 y? =23+ 2+ 38
53 | 68 P =x+x
59 | 75 | yP=a 420422
61| 77 |y?=2a>+62+29
67 | 84 =23 +1
71| 88 Vv =x>+x+9
73] 91 y?=2345
79 97 y?=23+3
83| 102 |2 =a23+22+19
89 | 108 Vv =x3+x+8
97 | 117 y? =342

2.2 Fields of cardinality p2

To find examples of elliptic curves over F,» having N,2(1) = P>+ 14+ 2p
rational points, we use the following lemma.

Lemma 2.2.1. Suppose E/F, is an elliptic curve. Then
#E([Fp) =q" +1429 #E(F) =q+ 1.

Proof. (Compare [26, Chapter V, § 2] and [33, Chapter 4,§ 3].) Let #E(F,) =



2.2. FIELDS OF CARDINALITY P? 9

q+1—a. Write X? —aX +q= (X — a)(X — B) with a, 3 € C . Then
#EFp ) =q"+1—a" — "

for all n > 1. So in particular one has #E(Fp2) = ¢ +1—a?— % This
implies

#EFp)=¢*+1+2¢ & o?+p%=-2
a?>+p%24+2a8=0
(a+8)2=0
a+p=0
#E[F,) =q+1,

which proves the lemma. ]

teTe

More generally, any elliptic curve over F,, having precisely ¢+ 1 rational
points, will have ¢" + 1 + 2¢"/2 rational points over the field Fy» whenever
n =2 (mod 4).

To have explicit examples, first note that for p = 2 the equation y?+y =
x3 defines an elliptic curve with exactly 3 = p + 1 rational points over [Fy.
Next, for every prime number p = 5 (mod 6) the equation y? = 23 +1 defines
an elliptic curve with precisely p + 1 rational points over F,, (This is well-
known; compare, e.g., [27, Exerc. IV-4.10]). Similarly (see [27, Exerc. IV-
4.8]) for every prime number p = 3 (mod 4) the equation y? = 23+ z defines
an elliptic curve whose number of rational points over F,, equals p + 1.

With these remarks we have examples for every prime # 1 (mod 12).
In particular, we have such a curve for all p < 19 except p = 13. One has
#E(F13) = 14 for the elliptic curve E : y? = 23 4+ x + 4.

This discussion is summarized in the following table.

p | Np2(1) | Elliptic Curve
2 9 v +y=2a>
3 16 v =234z
5 36 y?=a341
7 64 =234
11| 144 =23+
13 196 |y =a3+z+4
17 | 324 =23 +1
19 | 400 P =x+x

Alternatively, one may extend the argument as follows, using [25, Prop.
2.3.1]. The elliptic curve E given by 3? = 23 +42%+ 2z has an endomorphism
¢ satisfying ¢? = —2. As a consequence, F defines a supersingular elliptic
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curve in every odd characteristic p such that —2 is not a square modulo p,
i.e., p=5,7 (mod8). Similarly, £ : y? = 2% — 352+ 98 has an endomorphism
W) satisfying 12 + 1 + 2 = 0. So E is surpersingular in every characteristics
p such that the polynomial X? + X + 2 € F,[X] is irreducible, i.e., for
p=3,5,6 (mod 7). In particular #E(FF,) = p + 1 for such p.

Combining the curves given here, only for primes p = 1,25, 121 (mod 168)
we did not present an explicit elliptic curve over I, with p + 1 points. The
smallest such prime is 193.

2.3 Fields of cardinality p3

We used two methods for finding elliptic curves E/F,s with #E(F,) =
Nps(1) =p® +1+ [2p/D).

2.3.1 Using curves over F,

If E/F, satisfies #E(F,) = p+ 1 + a, then
#E(Fps) = P> +1+a®— 3pa.

So if a satisfies
a’ — 3pa = [2p\/p],

this reduces the problem of finding a maximal elliptic curve over Fs to the
problem of finding one with p + 1 + a points over F,,.

This works for p € {2,3,5,11,17}, with a = —1, -2, —2, —3, —4, respec-
tively. For p € {7,13,19} this method does not work, since in that case the
equation a® — 3pa = |2p,/p] has no solution in a € Z satisfying |a| < 2,/p.
We return to this equation a® — 3pa — [2p,/p] = 0 in Section 2.7.

2.3.2 Using a family with j-invariant j

Let jo € Fy. There exists an elliptic curve over F(jo) whose j-invariant is
equal to jg. It is given by the equation
X 36 1

2
— 8 _ 2.1
Yoy = s T jo— 1728 (2.1)

provided jo # 0, 1728(see [26, Chap.III, Prop.1.4]). We searched for elliptic
curves with many points in this form (2.1). This made the search much more
efficient; because, every j-invariant # 0, 1728 occurs in this family only once.
Our algorithm searches jo € F;,\{1728} such that the curve given by (2.1)
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has p3 + 1+ |2p/p] rational points. Once this is found, Lemma 2.4.1 or
Lemma 2.4.2 below explains how to obtain a curve with p3 + 1 + |2p./p)
rational points, if necessary.

Write F,s = F[a] in which « satisfies g(a) = 0 for a monic irreducible
g € Fy[X] of degree 3. Note that if E is defined over F,s, then the p-
power Frobenius map defines an isomorphism E(F,s) = E® (Fps). Here
E®) denotes the elliptic curve obtained from E by raising the coefficients of
its equation to the power p. In particular, in an equation involving « the

number of points does not depend on which zero of g in [F, o] is taken.

p | Nps(l) Elliptic Curve Minimal Polynomial of «
2 14 4+ aoy+y=a>+1

3 38 y? =23 4+ 222 + 22

5 148 V=23 +a+2

7 381 y? =23+ a? X3 4+6X%2+4

11| 1404 v =23+ +4

13| 2291 | 2 =23 +a?z+a™ X3 +2X +11

17 | 5054 =23+ +4

19| 7025 | y? =23+ a’zx+a’ X3 44X +17

Here we give some simple Magma code for checking the number of points
of the elliptic curves in the above table. We illustrate this for the case p = 7.
First we define the field extension using an irreducible polynomial in F5[X]
and then we find the number of points on the specified elliptic curve over
the obtained field.

Fp:=GF(7);
P<X>:=PolynomialRing(Fp) ;
Fp3<alpha>:=ext<Fp|X " 3+6%X"2+4>;
#EllipticCurve([Fp3|0,alpha~2]);

2.4 Fields of cardinality p4

If an elliptic curve E over a finite field F, satisfies #E(F,;) = ¢ + 1, then,
by the same calculation as is done in Lemma 2.2.1, one can prove that
#E[Fpu) = q* +1 — 2¢%. Using the following two lemmas one can see that
the “quadratic twist” E*™ of E over [F 4 satisfies #EtW(IFq4) =¢*+142¢ =

Na(1).

Lemma 2.4.1. Suppose ¢ is odd, and let C/IF, be the hyperelliptic curve
corresponding to an equation y? = f(z) with f € F,[X] square free. Suppose
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a € Fy is not a square. Define the hyperelliptic curve C™ /F, corresponding
to the equation ay? = f(x). Then

#C(F,) + #C™(F,) = 2q + 2. (2.2)

Proof. Let z9 € Fy; If f(xo) = 0, then this contributes one point (xg,0) to
both curves. If f(xg) € IF‘ZQ, then this contributes 2 points to C and 0 points

to C™. If f(xo) € F} \Ff, then this contributes 0 points to C' and 2 points
to C'v,

Finally, consider points at infinity. If f has odd degree, then both C' and
O™ have one rational point at infinity. If f has even degree and leading
coefficient in F 22, then C has 2 points at infinity, but C*" has no point at
infinity. In the remaining case C*" has 2 points at infinity and C' has none.

Therefore #C(F,) + #C™(F,) = 29 + 2. O

For instance, take an elliptic curve F : y?> = 23 + Axz? + Bx + C over
a finite field IF; of odd characteristic. If #E(F;) = g + 1, then #E(F) =
q* +1—2¢>. We take a nonsquare o € FZ4 and write another elliptic curve

EW : ay? = 23+ Az? 4+ Bx + C, equivalently 32 = 23+ aAz? +o?Bx +a3C.
Since

#E(Fpa) + #Etw(lﬁ‘q4) =2¢* +2,
by using Lemma 2.4.1, this implies
H#EV(F ) = q* + 14 2¢%

Hence E'Y is the required maximal elliptic curve over Fga.

Lemma 2.4.2. Suppose ¢ = 2". Furthermore, assume that
E[Fq:y* + (a1z + az)y = f(z),

with f(x) monic of degree 3, defines an elliptic curve over F,. Write F . =
F,(B), where 3 satisfies the irreducible polynomial X? + X + a for some
a € IFy. Then

E™ i n? + (1€ + az)n = f(€) + a(aré + as)®

defines an elliptic curve over [F, which is over F4(3) isomorphic to E and
satisfies

#E(Fq) + #EtW(Fq) =2q+2.
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Proof. The map
(&n) = (& + a1Bg + asp)

defines an isomorphism E™ 2 E over F,(8). In particular, this shows that
E'Y is an elliptic curve.
It remains to show the assertion on the number of points. Take xg € [Fy;
let ayzo + a3 = A and f(z9) = . So with yg,n0 € Fq one finds (zg,yo) € E
iff
Y2 + \yo + 6 = 0, (2.3)

and (xg,n0) € E™ iff
ne + M + 6 4+ arX? = 0. (2.4)

For each z¢ € F,, we have one of the following four cases.
1. 5 =0 and A = 0;
2. §=0and X #0;
3. #0and A = 0;
4. § #£0 and A # 0.

We consider these cases one by one.

1. § =0 and A = 0: In this case we obtain one rational point, namely
(20,0), on both E and E*™.

2. 0 =0 and X # 0: In this case the equations (2.3) and (2.4) imply

ya + Ayo = 0, (2.5)

ne 4 Ao = ar? (2.6)

Clearly (2.5) has precisely 2 solutions, namely yo = 0 and yop = A in F,.
The equation (2.6) has no solution 7y € [y, since if 1y were a solution, then
no/A would be a zero of X2 4+ X + a = 0, contradicting the fact that the
polynomial X2 4+ X + a is irreducible over F,.

3. 0 # 0 and A = 0: In this case the equations (2.3) and (2.4) become

Since 2t"-power Frobenius Fry : F, — I, is an automophism, we get precisely

one rational point on each curve.
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4. 6 # 0 and X # 0: In this case equations (2.3) and (2.4) reduce to
Yo + Ayo = 6, (2.7)

ne 4+ Mo = 6 + ar? (2.8)

Both equations (2.7) and (2.8) can not simultaneously have solutions in I,
since if yo and 1y were solutions of these equations in Fy, then (yo+mn0)/A €
F, would be a zero of X2+ X +a=0.

Suppose the equation (2.7) has no solution in [Fg; then it has 2 solutions
in Fp2 =Fy(B). Let §o = y1 + y28, where y1,92 € Fy and y2 # 0, be one of
the solutions of the equation (2.7) in F, (/). Hence,

(1 4+ 28)% + Ay1 + y28) = 0,

which can be written, by using that %2 = 8 + a, as
1>+ y2” B+ ya+ yid + 1A = 6. (2.9)
Comparing coefficients of 3 shows
y2? + Ay2 = 0.
Since y2 # 0, this implies y, = \. Hence, equation (2.9) gives
y12 + Ay = 6 + a2,

Therefore y;, and also y; + A, is a solution of the equation (2.8) in F,. In
this case, we see that if I/ does not have any point over [F, with z-coordinate
xo, then E*™ will have two such points. Vice versa, if (2.7) would have a
solution in Fy, then it has 2 such solutions. Since (2.7) and (2.8) cannot
simultaneously have a solution, we now have that (2.8) has no solution in
F,. Hence in this case E has two rational points with z-coordinates g, and
E™ has none.
Consequently, for all z¢ € F,,

#{P € E(F,)|e(P) = 20} + #{P € E™(F,)|¢(P) = xo} = 2.

Finally, both the curves have one point at infinity. Therefore #E(F,) +
#E™(F,) = 2q + 2. Hence the lemma follows. O

Remark 2.4.3. The curve E™/F, is the “quadratic twist” of E corre-
sponding to the class in H! (Galﬁq /]Fq,Autﬁq(E)> of the cocycle defined by
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Fr, — [—1], where Fr, € Gaqu /F, denotes the ¢''-power Frobenius automor-
phism. See [26, Chapter X] and [17] for more details on this. In Section 2.6
below we consider the question whether E*W can be isomorphic to E over
the ground field. Note that Lemma 2.4.2 implies that a necessary condition
in the case of Fy, to have E = E™ is that #FE(F,) = ¢ + 1.

For instance, for ¢ = p odd we have the curves over F,, with precisely
p + 1 rational points, in Section 2.2. Take a curve E : 32 = 2% + z, having
#E(F3) = 4, and o € Fgu, satisfying X*4+2X3+2 = 0. Since X% +2X64-2 ¢
F3[X] is irreducible, this means that « is not square in Fgs. Then the elliptic
curve E™Y : a? = 23 + z, equivalently y? = 22 + oz, is the required curve,
i.e., #E™ (Fg4) = 100 = Naa(1).

For ¢ = 2, the curve E : y? +y = 23 has #E(F3) = 3. Write Fos = Fa(a)
in which a is a zero of X4+ X +1 € Fo[X]. Since X2+ X +a? is irreducible
over Fos, then

EY 2 4y =a% 4o

is the required elliptic curve, i.e., #E"W(Fy1) = 25 = Nji(1). This curve
E™ is isomorphic to E over L = Fy1(3), where 3 is a root of X? + X + a3.
This discussion is summarized in the following table.

p | Npa(1) Elliptic Curve Minimal Polynomial of
2 25 v +y=a%+a’ Xt X+1

3 100 y? =23 + o’z X4 +2X3 42

5 676 y? =23 +ad X4 44X?2 44X 42
7 | 2500 y? =23 + o’z X4 +5X24+4X+3
11 | 14884 y? =23 + o’z X 4+8X24+10X +2
13 | 28900 | y? =3 +a?r+4a® | X +3X%2+12X 42
17 | 84100 y? =23+ X4+ 7X%2 410X + 3
19 | 131044 y? =23 + o’z X4 42X2 411X +2

2.5 Fields of cardinality p5

We searched for elliptic curves over F,s with N,s(1) points using the two
methods also described in Sections 2.3.1 and 2.3.2.

The first method reduces the problem of finding a maximal curve over
F,s to the problem of finding one with p + 1 + a points over Fj, where

s -3 .o [ |22°vBl—1 ifp|[20%/5);
a” — dpa” + dp a—{ | 2p2 N otherwise.



16 2. ELLIPTIC CURVES

This method works for p € {2,3,11}, with, respectively, a = 1,1,2. For
p € {5,7,13,17,19} this method does not work.

The elliptic curves in the following table were found by using the math-
ematics software systems Sage and Magma.

p | Np(1) Elliptic Curve Minimal Polynomial of z
2 44 y2+xy+y:x3+x2+x

3 275 VY =x3+2% +x+1

5 3237 =23+ +1 X5 4+4X 43

7 | 17066 y? = a3 + 2 + oS0 X+ X +4

11 | 161854 =3+ +1

13 | 372512 y? = 23 + ax + 333760 X5 44X +11

17 | 1422241 | y? = 23 + 5 + 1351944 4 198311 X° 4+ X +14

19 | 2479247 | y? = 23 + 5a? 4 P08237y 4 1608725 X5 4+5X +17

To verify these results for p € {5,7,13,17,19}, one may use a simple
Magma program similar to the one presented in Section 2.3.

2.6 Quadratic twists of an elliptic curve

Let E/K be an elliptic curve over a field K. A twist of E is an elliptic curve
E™ /K that is isomorphic to E over a separable closure of K. Two such
twists are considered equal if they are isomorphic over K. We denote the set
of twists by Twist(E/K). The elements of Twist(E/K) are in one-to-one

correspondence with the classes in H! <GK/K, AutR(E)) [26, § X.2].

Remark 2.6.1. Note that we consider elliptic curves, i.e., pairs (E,0)/K,
where E is a curve of genus one and O € E(K), and we consider Autz(E),
i.e., the group of isomorphisms from F to E that send O to O. The set of
twists over K we consider are denoted as Twist((F,0)/K) in Silverman’s

book [26].
The set of quadratic twists of E, i.e.,
QT (E) = {E™/K elliptic curve | 3 L/Kofdeg?2 s.t. E™ = E} [~

is a subset of Twist(E/K); this subset of quadratic twists corresponds to
the image of H! (GI-(/K, < -1 >) in the set H! (GR/K,Aut[_{(E)), under
the map induced by the inclusion < —1 > C Auti(F). Here < —1 >=
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{id, =1} is the subgroup of Autj(E) generated by the —1 map. Here we
consider the question whether E* can be isomorphic to E over the ground
field. In other words, when does E'W correspond to the trivial element in

H! (G &K, Aut R(E)), assuming that it comes from a nontrivial element in

H! (GK/K,< —1 >) = Hom (GK/K,< —1 >).

Proposition 2.6.2. Suppose that Autz(FE) is abelian, which means we
exclude the case j(E) = 0 in char(K) € {2,3}. Then the map

i H (GK/K,< 1 >) L H! (GK/K,AutK(E)>

is injective except in the case when char(K) ¢ {2,3}, j(E) = 123 and Gg/k
acts nontrivially on Autz(F).

Proof. We have the following long exact sequence of groups.

1—— H (G g, < =1 >) — H° (GK/K,AutK(E)))

™

( O (GK/K’ Aut g (E) )

<—1>

7

H! (GK/K,< -1 >>}

<—1>

Cm (G Aute(B)) —— H' (G 2252 )

Note that HO (GI—(/K,< 1 >> —< —1 >. By [26, Chap. IIL, Cor. 10.2],
we have the following automorphism groups of an elliptic curve.

1. Autg(E) = Z/27Z, when j(E) # 0,123;
2. Autg(FE) = Z/4AZ, when j(E) = 123 and char(K) ¢ {2,3};
3. Autz(E) = Z/6Z, when j(E) =0 and char(K) ¢ {2, 3}.

We consider each case separately.
1. Since #Autz(E) = 2, the Galois group G i acts trivially on

Autz(E). Therefore, #H° (G i A )

injective. This proves the proposition in this case.

) = 1. Hence, the map i is
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2. First, suppose G /i acts trivially on Autg (E) = Z/4Z = {0,1,2,3}.

Again, here we see #H" (GK/Ka Aiz(f)

in the above long exact sequence have the following orders, respectively.

) = 2. Hence, the first four groups

™

1 2 4 2

This implies that 7 is surjective, and, therefore, 7 is injective. The proposi-
tion follows.

Now, suppose Gk acts nontrivially on Autz(E). If p € Gg - acts
nontrivially on Autz(E), then we must have

Therefore, # H° (GK/Ka Autz(E) 2. Now, the action of p on

Autg(E)

ﬁ - {{07 2}7 {17 3}}
p({0,2}) = {0,2},
p({1,3} = {1a3}'

This implies that #H" <GK/K7 Azt_fi(f)

in the long exact sequence have the following orders, respectively.

)
)

> = 2. Hence, the first four groups

™

1 2 2 2

This implies that 7 is the zero map, and, therefore, ¢ is not injective. In fact
#Ker(i) = 2. The proposition follows in this case.

3. First, if Gg /i acts trivially on Autz(F) =2 Z/6Z = {0,1,2,3,4,5},
then #H° <GR/K,Autf<(E)) — 6 and #HO (GR/K,A%I(E)) — 3. The
first four groups in the long exact sequence have the following orders, re-

spectively.
s

1 2 6 3

This implies that 7 is surjective; therefore, because the sequence is exact, i
is injective.
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Now, suppose Gk acts nontrivially on Autz(E). If p € Gg /i acts
nontrivially on Autz(E), then we must have

Therefore, also in this case, #H° (GK/K,AutR(E)) = 2. Now, the action

of p on
Autg(E)
i = 0.3}, 41,4142, 53}

is

p({O, 3}) = {O’ 3}a
p({1,4}) ={2,5};
p({2,5}) ={1,4}.

This implies that #H° (Gf(/Kv %@

above long exact sequence have the following orders, respectively.

) = 1. The first four groups in the

™

1 2 2 1

Therefore, we see that 7 is surjective, and, hence, i is injective. This com-
pletes the proof of the proposition. O

Example 2.6.3. Take
EB/Q:y* =213 -z
Then
Autg(E) = {1, £},

where ¢ : B — E is defined by (z,y) — (—,v/—1y) for a fixed choice of
v—1€Q.
For d € Q* write
E@ . y? =23 — dPx.

Then E@ is a twist of E /Q, since g : E — E@ defined as
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defines an isomorphism.
If p € Gg/g, then

1 if p(vd) = Vd;

(p¢d>_1 0 g :{ 1 T p(\/g) V.

So E@ corresponds to the cocycle class of
p(Vd)
Vd
In case d = —1, this cocycle is a coboundary, since
p(v—1)
v—1

So EC-Y =~ E over Q, which is, of course, evident from the equation.

€ Auty(E).

= () o

Example 2.6.4. Take ¢ a power of an odd prime, and
E/F,:y* =2° —x.

The Galois group GFq /F, acts nontrivially on Autﬁq(E) &V-1¢F,eq=
3 mod (4). For d € [y, define E@ /F, as before. This defines a quadratic
twist as in Example 2.6.3.

If d is not a square and ¢ = 1 mod (4), then E(9) defines the (unique)
nontrivial quadratic twist of E/F,. If d is not a square and ¢ =3 mod (4),
then —d is a square, and E(@ = F(=4) >~ F ove Fq. So for ¢ =3 mod (4),
a nontrivial quadratic twist of E//F, does not exists.

Example 2.6.5. Take
E/Fy:y? +y=a.
Then j(E)=0. First, we find Autg, (E). By using the formulae given in [26,
Table 3.1] one finds all 24 automorphisms. They are described as
Cyri: E—E

Dyry: (2,y) = (Vo +r,uy +u’r’a + 1),

where v € Fj,r € Fy and t2 +t+r3 = 0. Note that with » € Fy one has
3 =1ifr # 0 and 3 = 0 for »r = 0. In particular for given r the two
possibilities for ¢ are in F4\Fs when r # 0 and in Fy otherwise.

AUtFQ(E) = {(I)u,r,t’U € Fy,r € F) and 22t = ()} )
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By [17, Prop. 9] we see that there is a bijection between the set

H (G % /K,AutE(E))

and the set of Frobenius conjugacy classes of AutFQ, ie.,

H' (G Aut, (E)) = {Cuna}
where Cy, ,; Tuns over the Frobenius conjugacy classes of AutF2 (E), ie.,
Cums = {@;;i@u,mcbﬁzig,p |G € Fy,7 € F} and i € Fyg satisfies 2+ + 7 = 0} .
The identity in AutF2 (E) is ®1,0,0, and the inverse of an element ®,,,, €
AutFQ(E) is @2 4y 1403. We compute the class C 90, the conjugacy class of

identity.

Cio0 = {<I>u,T7t<I>170,0<I>u27r27t2|u, r and ¢ are as above}

= {(Du2,ur2+r,ur} .

So the identity class C1,,0 consists of the following automorphisms.

u\r 0 1 w w?

1 ®10,0 ®q0,1 D10 Dy 2
w @44,'2,0,0 ¢w27w27w ¢w27w27w2 (PUJQ,O,I

2
w (I)w,O,O (I)w,w,w2 (bw,O,l (bw,w,w

Here, w is the primitive cube root of unity in F4. Since —1 = ®;; is in
this class, the elliptic curve E/Fy has no quadratic twist.

Now, if we consider E over Fy4, then the action of Gg, p, on Autg, (E)
is trivial. Here C190 = {®1,0,0}, so Fr —= —1 = ®1 1 defines a nontrivial
cocycle class. The corresponding twist is given by

E™ . y? +y=2°+uw,
since
Vi(zy) = (z,y+7),

with 7 € Fy satisfying 72 + 7 +w = 0, defines an isomorphism 1 : E — E',
and

(M) Toy = —1.
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2.7 The polynomial X3 — 3nX — |nv/4n]

In Section 2.3, one method for finding a maximal elliptic curve over 3 was
to find an elliptic curve over I, having p + 1 + a rational points, with a
satisfying a® — 3pa = |py/4p|. In this section we consider the polynomial

f(X)=X3—-3nX — |nV4n| € Z[X]
and study its zeros in Z.

Proposition 2.7.1. For infinitely many n € Zs the above polynomial
f(X) has a zero b € Z with |b| < 2¢/n.

Proof. First note that
f(0)=0< [nV4n| =0« 4n® < 1.

Since n > 0, this is impossible. Hence 0 cannot be zero of the polynomial
f, for all n € Z~g.

Note that X?—3nX —nv4n = (X +/n)%(X —2/n). We will look for an
integer zero of f(X) close to —y/n. Suppose a € Z~o and write a®> — n = t.
Note that by choosing a € Z within distance 1 from —y/n, it is guaranteed
that 1 — 2y/n < t < 1+ 2y/n. We assume a is chosen in this way. We will
show that if ¢ satisfies the stronger inequalities t* < t +n = a?, then indeed

f(a) =0.

Observe that

fa) = a® = 3a(a® —t) — [2(a® — t)V/a? — t]
= —2a® + 3at — [\/(2a3 — 3at)? + 3a2t2 — 413 .

This implies that f(a) =0 <

| V(203 — 3at)? + 3a2t2 — 4t3| = —2a> + 3at.

The above equation is equivalent to the following system of inequalities.
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1. 3a%t? — 43 > 0;
2. 2a3 — 3at < 0;
3. (2a® — 3at)? + 3a*t? — 43 < (—2a3 — 3at + 1)2.

Using a® — n = t, we see that the first inequality is equivalent to t = 0
or t < 3n. Since we assume ¢t < 1+ 2y/n and since 1 + 2y/n < 3n holds for
all n > 1, this condition is fulfilled. The second inequality is equivalent to
t < 2n. For n > 2 we have 1+2y/n < 2n, so for such n, the condition ¢t < 2n
holds. Moreover, n = 1 is a square so then we have ¢ = 0. Hence condition
2 holds for all n. The third inequality can be written as

4a® — 4> + 3a*t*> — 6at — 1 < 0. (2.10)

Rewriting the inequality (2.10) as

3 3t t 1
4a3<1—,+3—3—,)<0, (2.11)

-t =53 135>0 (2.12)

By taking a = —[1/n] we have —a — 1 < \/n < —a, hence 0 <t < 2y/n+ 1.
Moreover we assume t > 0 since the case t = 0 is already dealt with. Since
the two terms —t3/a® and —1/4a® are positive in the left-hand-side of the
inequality (2.12), this means that the inequality (2.11) is certainly true if

32 3t
1+ - 2 >0,
* 4a  2a? ~
Assume n < 10 so that a < —4. This implies that the function
. 322 3z 1
da 242

attains positive values at x = 0 and x = y/—a. Hence this quadratic function
is positive for all ¢ such that 0 < t < y/—a, implies (2.12) for such ¢. This
proves that f(a) = 0. The zero given here satisfies

la] = [v/n] < 2v/n,

which proves the proposition. In fact similar reasoning applies for ¢ < 0,

provided t > —y/—a.
O
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Remark 2.7.2. Although Proposition 2.7.1 shows the existence of a zero
of f(X) in [-2y/n,0] N Z for infinitely many n, our application asks a zero
for n a prime number. We do not know whether a similar result holds in
that case. In fact, the Proposition 2.7.1 shows that —b € Z¢ is a zero of
X3 —3nX — |nv4n|, for every n € Z in the interval [b?> — v/b,b* 4+ Vb].
Denoting the set of integers in this interval by S, and S = |J,~, Sp, one has

1 1
that Z — converges whereas Z — diverges. So in this sense the set S is
s

seS p prime
much smaller then the set of prime numbers.

Remark 2.7.3. At the 1912 International Congress of Mathematicians
(ICM), Edmund Landau listed four basic problems about prime numbers.
One of the problem was as follows.
Are there infinitely many primes of the form m? + 1?7

This is still unsolved problem. If this were true, then we would have a zero
of f(X) for infinitely many primes n. For primes of the form m? + 1, the
method in Proposition 2.7.1 always gives a zero of the polynomial f(X),
namely, —|m]|.

2.8 The polynomial X° — 5nX3 + 5n?X — |n?V/4n|

In our attempt to find elliptic curves E/F, which are maximal over F,s, we
needed that (cf. Section 2.5) a :=p+1— #E(F,) was a zero of

f(X) = X5 —5nX? +5n%X — |[n®Vin|

for n = p a prime number. Similar to the situation in Section 2.7, this leads
to the question whether f(X) has a zero a € Z satistying |a| < 2y/n.
Observe that

X° —5nX? 4+ 502X — n*Vin = (X — ayv/n) (X% 4+ vVnX —n)2

The zeros of the latter polynomial are 2,/n (a simple zero) and
# -y/n (two double zeros). If n is a square, then 2y/n is a zero as
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required. Reasoning as in the previous section we see that if a € Z is a
“very good” approximation to one of @\/ﬁ or #\/ﬁ, then f(a) =0
and |a| < 2+v/n.

Examples: For n := 3, we get @\/3 ~ 1.070466, and indeed a =1 is
a zero of f(X).

For n := 6, we get #\/@ ~ —3.963357, and indeed a = —4 is a zero
of f(X).

For n := 10, we get @\/ﬁ = 1.954395, and indeed a = 2 is a zero of
f(X).

For n := 1241, we get —Yo=11/1241 ~ —56.999826, and indeed a = —57
is a zero of f(X).

For n := 1042399, we get —2=1./1042399 ~ 630.999990, and indeed
a = 631 is a zero of f(X).
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Chapter 3

Genus Two

3.1 Introduction

A formula for the maximal number of points IN4(2) that a genus 2 curve
C/F, can have was found by Serre [22, 23]; see also [24].

In this short chapter we recall a method described in a paper by Howe,
Leprévost, and Poonen [9] to find an explicit equation of a genus two curve
with many points from an equation of an elliptic curve with many points.
We illustrate this by giving an example. We also provide Magma code for
the calculations.

An immediate consequence of [9, Corollary 6] is the following.

Proposition 3.1.1. Suppose ¢ is a power of an odd prime p, and E/F, is
an elliptic curve with #E(F;) = ¢ + 1+t and j(E) # 0,1728. Then there
exists an explicit C//IF, of genus 2, such that

#CO(Fy) =q+1+2t.

Propositions 3 and 4 in the same paper [9] explain how to find an equa-
tion for C' in terms of a Weierstrass equation for E. For convenience of the
reader we also present this here.

We consider two cases, as in the proof presented in [9, Corollary 6].

Case 1. Suppose j(E) ¢ F,. Then in this case the curve F' in Proposition
3 is E®), obtained by raising the coefficients of the equation of E to the
power p. The curves E and E®) are isogenous. Suppose E/F, :y* = f(x)
and «a; are zeros of f(x) in its splitting field. Then the isomorphism v :
E[2] — F[2] is just p-th power Frobenius, i.e.,

¥ (a;,0) — (a?,0).

27
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Now Proposition 4 gives us an explicit equation of C.

Case 2. Suppose j(E) € F,,. Then there exists Ey/F, with j(E) = j(Ejp).
Then the curve E is a twist of Ey. Since Aut(Ep) = {£1} this means that E
is a quadratic twist of Ey. We discussed this in Section 2.6. If Ey : y? = f(x),
with f € F,[X] monic, then E can be given as

E:dy* = f(z),

for some d € F,.

In this case the curve F' in Proposition 3 is again E. Since the Aut(F) =
{£1}, this implies that any non-trivial automorphism ¢ : E[2] — E[2]
cannot be the restriction of an automorphism of E. Now if we find this
automorphism 1 then by using Proposition 4 we can find the curve C.

If f has three zeros in F,, then

E[2] ={0, (a1,0), (az2,0), (a3,0)}.

Therefore, 1 is just any non-trivial permutation of the points.
If f has exactly one zero say o in Fg, then

E[2] = {0, (a1,0), (@2,0), (a3, 0)}.

Therefore,
¥ (a;,0) = (aF,0).

If f has no zero in Fy, equivalently, no zero in F,, then
E[2] = {0, (,0), (a®,0), (¥, 0)}.
Therefore, 1 just raises the power of coordinates of points to the power p.
Remark 3.1.2. If f € Fp[z] a cubic polynomial, then

e f has no zero in F, = if f has one zero in [y, then it has 3 zeroes in

F

qs

e f has one zero in F, = if 2 { [F, : IF,] then f has one zero in Fy, or if
2| [F, : Fpl, then f has 3 zeroes in Fy;

e f has 3 zeroes in F, = f has 3 zeroes in F,.
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3.2 Example
In the table in Section 2.5 we have
E/Fs: y? =23+ 2 +1,

where « satisfies an irreducible polynomial X° + 4X + 3 in F5[X]. The
number of points on this curve is 3237, so in this case t = 111; therefore,
we require a curve of genus two with 3348 points. Note that the j(E) =
a'3?* ¢ Fs. So this is Case 1 in the above discussion.

In the following Magma code we first find the splitting field of f =
22 4+ o’z + 1; note that in the code we have a = a. Then we find roots
of f in the splitting field. The roots of fP are just the p-th power of the
roots of f. By using these roots we define ai,b1,a9,b2, A and B, as they
are defined in Proposition 4 in the paper [9]. Then we find the polynomial
h, and we define the hyperellitic curve C by this polynomial, which is the
required curve of genus two, with the required number of points.

p:=5;

Fp:=GF(p);

P<X>:=PolynomialRing(Fp) ;

k<a>:=ext<Fp|X"5+4*X+3>;

P1<x>:=PolynomialRing(k);

f:=x"3+a"97*x+1;

K<b>:=ext<k|f>;

P2<Y>:=PolynomialRing(K) ;

alpha:=[Roots(f, K)[1][1],Roots(f, K) [2][1],Roots(f, K) [31[1]];
beta:=[alphal[1] “p,alphal[2] “p,alphal3]~p];
al:=(alpha[3]-alphal[2])~2/(betal[3]-beta[2])+(alphal[2]-alphal[1])\
~2/(beta[2]-betal[1])+(alphal[1]-alphal[3])~2/(betal[1]-betal3]);
bl:=(betal[3]-betal2])"2/(alphal[3]-alphal[2])+(beta[2]-betal1])\
~2/(alpha[2]-alpha[1])+(beta[1]-betal[3])~2/(alphal1]-alphal3]);
a2:=alpha[1]*(beta[3]-beta[2])+alphal[2]*(betal[1]-beta[3])+alpha[3]*\
(beta[2]-betal1]);
b2:=beta[1]*(alpha[3]-alpha[2])+beta[2]*(alpha[1]-alpha[3])+betal[3]*\
(alpha[2]-alphal1]);

D:=Discriminant(f); A:=D"p*al/a2; B:=D*bl/b2;
h0:=-(A*(alpha[2]-alpha[1])*(alpha[1]-alpha[3])*Y"2+Bx(beta[2]-\
betal[1])*(betal[1]-betal[3]))* (A*(alpha[3]-alpha[2])*(alphal[2]-alphal[1]\
) *Y~2+B* (beta[3] -beta[2])*x(beta[2] -beta[1]))* (A*(alpha[1]-alpha[3])*\
(alpha[3]-alpha[2])*Y"2+B*(beta[1]-beta[3])*(beta[3]-betal2]));
h1:=Polynomial (k,h0);

Poly<x1>:=PolynomialRing (k) ;

h:=0;
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for i in [0..6] do
h:=h+Coefficient (hl,i)*x17i;

end for;
C:=HyperellipticCurve(h);
n:=#C;

print "The curve is y172=",h1,"\n and the number of points on this\
curve is",n,"\n The genus of this curve is",Genus(C);



Chapter 4

Curves of higher genus with
many points

In this chapter we consider some special curves of genus > 4 over [y, with
q odd. All curves considered have a large automorphism group.

4.1 Some curves admitting a platonic map

Let X be a curve defined over C and ¢ : X — P! be a rational function.
A point z € X is called a critical point if ¢/(2) = 0, and w € PY(C) is
called a critical value if w = ¢(z) for some critical point z € X. We call
¢ a Belyl map if its set of critical values is contained in {0,1,00}. In his
thesis [8] Maxim Hendriks has listed all pairs (X,G) where X/C is curve
of genus < 15 and G is a subgroup of Aut(X), such that the quotient map
X — X/@ is actually a Belyi map. This condition implies that X/G = P!;
the resulting morphism X — P! is called a platonic map. Any such curve
can be defined over some number field. In this section we decompose the
Jacobians of some curves admitting such a platonic maps, as given in his
thesis [8]. We consider reduction modulo primes to obtain curves over finite
fields.

4.1.1 Curves of genus 4

We first study the curve C' in P? given by the equations

XY +2ZW =0,
X34+ 73 =Y3+ W3,

31
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This corresponds to the curve denoted by Ry 3 in [8], on page 172 — 173.

Remark 4.1.1. Up to a linear isomorphism, this example is the same as
the one denoted by (A —1)(2) in the paper [14].

Proposition 4.1.2. The curve C, in every characteristic # 2, 3, is a smooth
curve of genus 4. Its automorphism group contains the elements

10 0 0 01 0 0 0001
01 0 0 10 0 0 0010
“=1o 0w ol oo -1 o' o100
00 0 w? 00 0 -1 1000

in PGL(4). Here w is a root of unity of order 3. The subgroup generated by
¢1, 92 and ¢3 has order 72.

Proof. We check the smoothness of the curve C' at all points with W = 0.
The points are (1,0, —£,0) and (0,1, £,0), where €3 = 1. These points are
smooth if the characteristic is not 3. The affine equations of C corresponding
to W =1 are
zy +2 =0,

23— 2B =P 41,
that can be written as 23(1 —y?) = y> + 1. The derivatives of this equation
with respect to x is

3% — 3:L‘2y3 =0

and with respect to y is
—323y% = 3y°.

These equations will have a simultaneous solution only if the characteristic
is 2 or 3. Hence, the curve is smooth except when the characteristic is 2 or
3. To verify that C' has genus 4, observe that C' is a complete intersection
of a quadratic and a cubic surface in P3, so [7, Chapter 2, Exercise 8.4(g)]
implies that the genes equals 4.

Now we prove that the order of the group generated by ¢1, @2 and ¢3 is
72. Let G be the subgroup of PGL(4) generated by ¢1, ¢2 and ¢2. The action
of G on the 4 points e; = (1,0,0,0),e2 = (0,1,0,0),e3 = (0,0,1,0),e4 =
(0,0,0,1) € P? yields

Yv:G—-HCS,

where H is generated by the permutations (1,2) and (1,4)(2,3). The sub-

group
Vy= {(1)7 (17 2)(374)7 (173>(274>7 (174)(27 3)}
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is normal in Sy. We see that Vj C H since conjugating (1,4)(2,3) by (1,2)
we get (1,3)(2,4). Therefore Vj is normal in H, and the image of

H—)H/V4

has order 2, so #H = 2 x 4 = 8. Note that ¢; and

w2 0 0 0
0 w 0 0
G4 1= P3P103 = 0 0 1 0
0O 0 0 1

are in ker(¢). The subgroup < ¢1, ¢4 >= Z/3Z x Z/3Z is normal in G. The
quotient group G/ < ¢1, ¢4 > is generated by the images of ¢2 and ¢3. We
have the following diagram.

G

.7

_ G
<¢1,4>

H

It is easy to verify that G/ < ¢1, ¢4 >— H is an isomorphism. Therefore,
#G =9 x 8 = 72. This completes the proposition.
O]

Theorem 4.1.3. Let k be a field of characteristic # 2,3. Over k, the Jaco-
bian of C is isogenous to E? x E3, where Ej is the elliptic curve corresponding
to

Ey 9y = a3 — 5lay + 142;

By :y2 = a3 + 21xy — 26.
Moreover, Fj is isogenous to the quadratic twist by —3 of Fjs.

Proof. The affine equation of C' corresponding to X =1 (i.e, in terms of the
affine coordinated z = Z/X and w = W/X)

1+ 2% = —(2w)® + w?,
which may also be written as

3 1+23
we = —.
1—23
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Note that y = —zw. On this model the automorphism ¢; is given by
1(z,w) = (wz,w?w). We find the quotient curve D of C by ¢;. The
invariant functions under the action of ¢ are generated by n := 23 and

& := wz, which satisfy

_1—|—z3 3 1+n

3_ .33 _ _ '
& =uz 123" 1—1777

This is rewritten as

n?+n =& —ne,
or

A? + 41+ &%)n = 487,
ie.,
2n+1+&)2=¢5+66° + 1.

So using 1y := 2n + &3 4 1, the quotient curve D is given by the equation

=€+ 66 + 1,

which is clearly a hyperelliptic curve of genus 2. And the quotient map ¢ :
C — D is given by ¢(z,w) = (¢ = zw,n; = 223 + 23w + 1). The pull-backs
of the regular 1-forms d¢/n; and £d€/n; on D under ¢ are (1 — z3)dw /222
and w(1 — 23)dw/222, respectively.

Furthermore, to get other regular 1-forms on C', we use the composition
of the automorphism ¢3 and the map ¢

c- 202 p.

On our affine model of C' the automorphism ¢3 is given by ¢3(z,w) =
(—z,1/w). Therefore,

(@0 d3)"(dé1r/m) = ¢5((1 — 2°)dw/22%) = —w?(1 + 2°)dw/22
and
(60 ¢3)"(Erdér/m) = P3(w(1 — 2°)dw/22%) = —w(1 + 2°)dw/2z.
Here ¢* represent the map induced by ¢ on 1-forms. These 1-forms

(1—-23)dw  w(l—2%)dw
222 7 222 ’
—w?(1+ 23)dw  —w(l+ 23)dw
2z ’ 2z
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are linearly independent on C'; therefore
Jac(C) ~ Jac(D) x Jac(D),

with the isogeny defined over k (see 1.2).
We now consider the curves D. We have two involution on D, namely,

pr:(&m)— (1/&m/E),  p2:(&m)— (1/&—m/€%).

Now we find the quotient curve of D by p; and ps. Firstly, the functions
on D which are invariant under p; are generated by & := £ + 1/ and
no :=m (1 + 1/€3), which satisfy

1+1/8%)? = (€ +6+1/%)(& +2+1/¢°)

ns =1

((€+1/)° =3(6+1/&) +6) ((€+1/8)° —3(§+1/¢) +2)
= (

= (&

5 —3&+6)(& 35 +2)
—3& +6)(&2 — 1)%(& +2).

Replacing 2 by 72 = 12/(§2 — 1) yields the equation
il = (& — 3& +6)(&2 + 2).

This clearly defines an elliptic curve over k, which by using the coordinates
z1 1= (362 4+ 10)/(&2 + 2) and y; = 472/ (&2 + 2)? is put in Weierstrass form

Secondly, to find the quotient curve of D by p2, we see the functions on
D which are invariant under po are generated by &3 := £ + 1/€ and n3 :=
m (1 —1/€3), which satisfy

ms = (& —3& +6)(&5 — 3¢ —2) = (& — 3& +6)(& + 1)%(& — 2).
Replacing 73 by 73 = 13/ (&3 4 1) yields
i3 = (€3 — 3& +6)(& — 2).

This is clearly an elliptic curve, which by using the coordinates x2 := (33 +
2)/(€3 — 2) and yo := 8ij3 /(&3 — 2)? is put in Weierstrass form

By :y3 = a3 + 21zo — 26.

To prove that D ~ E; x E, we use the following theorem given in [12].
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Theorem 4.1.4 (Theorem B, [12]). Given a curve X, let G < Aut(X) be
a finite group such that G = Hy U Ho U --- U H,,, where the subgroups H;
satisfy H; N H; = {1¢} if i # j. Then we have the following isogeny relation

m—1 h hm
Jx X J}(](/G ~ JXI/Hl Koo X JX/Hm

where g = |G| and h; = |H;| and J" = J x --- x J (n times).

Since the composition of p; and py is the hyperelliptic involution, we
have < py,p2 >= (Z/27Z)?. The quotient of D by < pips > is P!, and its
Jacobian variety is zero dimensional. Therefore

Jac(D) ~ E1 X EQ.

Hence
Jac(C) ~ E? x E3,

with the isogeny defined over k.

Now we show that the curve Ej is isogenous to the quadratic twist by
—3 of Ey. Note that (3,4) is a point of order three on Fj. Let T be the
subgroup of E; generated by this point. We use the method given in [29] to
find the quotient curve E;/T. Using the substitution

T = T+ 3,
we get the equation of Fp in the form
yi =27+ 9(1 — 4/3)%
Therefore the quotient curve E7/T is given by the equation
s% =13 —243(t — 72)%

where ¢ := (18y$ — 923 — 5422 +288)/x1 and s := —27y; (v3 +48x1 —128) /3.
Again by using t; := (¢t — 81)/9 and s; := s/27, we can write

57 = t3 + 189t; + 702.

The quadratic twist by —3 of this curve is Fy. This completes the proof of
the theorem. ]

Corollary 4.1.5. Let Ey is defined over a field F, of characteristic not equal
to 2,3. If aq4 is the trace of elliptic curve Eq, then
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(1) #C(F,) =q+1—2a, 2 (—73) ag.
(2) The C reaches Hasse-Weil-Serre bound iff E; does and ¢ = 1 (mod 6).

The j-invariant of F; is
3%.173
5

So in particular, in characteristic 0 the curve E; has no complex multipli-
cation (CM curves have algebraic integral j-invariant). By result of Elkies
[4], there are infinitely many primes, such that £} (mod p) is supersingular.
For each of them, the curve C' is maximal over F,» whenever n = 2 (mod 4).
Indeed, given such a prime p, we have p > 3 and hence #E;(F,) = p + 1.
This implies (see 2.2) that Ej/F,» is maximal whenever n = 2 (mod 4).
Moreover, in this case p™ = 1 (mod 6), so part (2) of the Corollary 4.1.5
implies that C'/Fp» is maximal. The smallest such primes are

{17,71,251, 647, 847, 827, 1889, 3527, 3617, 4409}

A search among prime numbers p < 4-10° did not result in any example
for which p =1 (mod 6) and #E1(Fp) =p+ 1+ [/4p].
The prime number p = 1069 is = 1 (mod 6), and

#E1 (Fro60) = 1069 + |2v/1069,
only one below the Hasse bound. Hence
#C (F1069) = 1069 + 4[2v/1069] — 3,
just 4 below the Hasse-Weil-Serre bound.

Now we study the curve C in P? given by the equations

X2+ X3+X3=0
X1X2X3+ X3 =0.

This corresponds to the curve denoted by Ry in [8], on page 170.

Theorem 4.1.6. Let k be the field of characteristic # 2,3. Over k the
curve (' is smooth. Its genus is 4, and the Jacobian of C splits into four
elliptic curves of j-invariant 0.
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Proof. First we check the smoothness of the curve at all points with X4 = 0.
The points are (0,1,4+/—1,0),(1,0,+y/—1,0) and (1,4+/—1,0,0). These
points are smooth if the characteristic # 2. Now we need to consider points
with X4 # 0. Because of the second equation of curve, for each such point
we have X; # 0. So we need only consider the affine equations of C
corresponding to X7 = 1. Therefore in affine coordinates (i.e., in terms of
the affine coordinates xo = X9/ X1, 23 = X3/X; and x4 = X4/X1) we have
the equations

l+25+23=0
zox3 + x5 = 0.

This curve is singular if the characteristic is 3 (for example, the point
(x2,x3,24) = (1,2,1) is a singular point). The rank of the matrix

aFi o T2 I3 0
ox;)  \ a3 xy 3a}

is 2 for all points on the curve in all characteristics# 2,3. Hence the curve
is smooth in all characteristics except 2 and 3.

Using w3 = —x3 /3, the remaining equation of the curve is 1 + CL‘E/$§ +
23 = 0, which yields

28+ 234+ 25 =0. (4.1)

Note that we we have an automorphism ¢(x3,x4) = (3, wx4). The invariant
functions under the action of ¢ are generated by x3 and s := x3. Therefore
the quotient curve of C; by ¢ is

32+x§—|—x§:().

The function field of the quotient curve is also generated by = = 1/z3 and
y = s/x3 satisfying
4y’ +1=0.

Hence this is a rational curve. So the curve C is a cyclic, degree 3 cover
of a rational curve. Since only 6 points with X4 = 0, given above, are fixed
points of ¢, the Hurwitz formula shows that the genus of Cj is 4.

Now we prove that the Jacobian of ' splits, upto isogeny over k, in
4 elliptic curves of j-invariant 0. On the affine model of C; we have an
automorphism ¢ (z3,4) = (23, —x4), and the invariant functions on Cj
under the action of ¢; are generated by w3 and s := z3. Therefore the
quotient curve Dy of C} by ¢; is given by the equation

s?%—xé—f—x%:o.



4.1. SOME CURVES ADMITTING A PLATONIC MAP 39

By the substitution s; = tax3, we get the above equation in the form t3z3 +
23 +1 = 0, which can be written as

(2z3 +t3)? = t§ — 4.
So using sy := 2x3 + t3, we obtain
52 =15 — 4.

Hence D; is a hyperelliptic curve of genus 2. The pull-backs of the regular
1-forms dta/se and tadts/se on Dy are xjdrs/3z3 and xf‘ldxg/?;xg on Cq,
respectively.

Now we consider the curve Dj. It has an automorphism ¢ given by
1 (ta, s2) = (—ta, s2). The invariant functions D; under the action of ¢, are
generated by sg and 71 := t%. The quotient curve Fq of Dy by 1 given by
equation

s3=13 4

which is indeed an elliptic curve of j-invariant 0. The pull-back of the
regular 1-form dr/se on Ej is 2tadta/sy on Di. Now we find the other
quotient curve Fy of Di by an automorphism ,(t2, s2) = (—ta, —s2). The
invariant functions on D; under the action of 19 are generated by tg := t3
and S9 := soty, which satisfy

52 = 522 =5 — 412 = 15 — 4ty

Using new coordinates s3 := §2/2£§ and 15 := —1/fs, we get the equation of
FE5 in the form
53 =75 +1/4,

which is also an elliptic curve of j-invariant 0. The pull-back of the regular
1-form d19/s3 on Es is 4dte /sy on Dq. Since the pullbacks of regular 1-forms
from F7 and E5 are independent over D1, this implies, over k,

Jac(Dl) ~ E1 X EQ.

Furthermore, on the affine model (4.1) we have another automorphism
¢2(x3,24) = (—w3,24). We find the quotient curve Dy of Cy by ¢2. The
invariant functions under the action of ¢ are generated by x4 and t3 := :zg
Hence the quotient curve D; is given by the equation

2§+ 13 +t3 = 0.
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This can be written as
(2t3 +1)/23)? = 1/25 — 4.

So, using the new coordinates s4 := (2t3 + 1)/z3 and 73 := 1/24, the above
can be written as

which shows D; = Dy. Using
Cl — D2 = D1 — E1

one obtains the differential —x4dxs/3(23 + z3) on Cy, which is independent
from the two differentials on C already obtained. This means that, upto
isogeny over k, Jac(C7) contains a subvariety E? x Es.

Next, we see that we have an automorphism ¢3 on C which interchanges
X1 and X3. On the affine model (4.1) the automorphism ¢3 is given by
¢3(x3,xq) = (1/x3,24/23). We find the quotient curve of Cy by ¢3. The
invariant functions under the action of ¢3 are generated by t5 := x5 + 1/x3
and s5 := x4(1 4 1/x3), which satisfy

2§(1+1/23)% = (a3 — 23)(1 + 1/x3)°
= —(z+1/2}) — 6(z3 + 1/23) — 16(22 + 1/22)
— 26(z4 + 1/24) — 30.

In the new coordinate ss and t5, this is written as

88 = —t5(t2 + 6t 4+ 12t5 + 8)
= —t5(ts + 2)°.
Let & =t5 + 2, then
s5=6(2-6).
By dividing through by &6, we get

2 1

&g e
Let s5/§ =n1 and 1/ = &. Therefore,

ns =26 — €.
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Let & = &n3. Then the above equation yields

1 1
— =2 — —.
5T 6
Again let & = 1/&. Then by dividing &3 the above equation can be written
as 5
1
1=20 _ .
& &3

Again by using X = 21n;/& and Y = 2/&3 we get
V?=X3 4.

This defined the elliptic curve Ej. The pull-back of the 1-form dX/Y on E;
is (v3+1)(1 — x3)w3dw3/3(z5 +23). Since the 4 pull-backs to C; are linearly
independent over k, this shows that

JaC(Cl) ~ Ei)’ X Fy.
]

Corollary 4.1.7. Over Fy, ged(6,q) = 1, write #E1(F;) = ¢+ 1 —a; and
#E>(Fy) =q+1—az. Then

#Cl(Fq) =(q + 1-— 3&1 — a9.

Recall that we call a curve over a finite field good if the number of
rational points on the curve is within 10 percent of the Hasse-Weil-Serre
bound. This curve C'; provides an example of a good curve over some finite
fields; for example,

#C1(Fy15) = 161052
#C1(Fy35) = 373350
#C4 (Fyq5) = 1419858
#C, (Fpg5) = 2467824.

Corollary 4.1.8. Let [F, be the finite field with characteristics # 2,3. If
q¢ =5 (mod 6), then the curve C/Fy» is maximal whenever n = 2 (mod 4).

Proof. Let F), be the prime field of characteristic relatively prime to 6. The
elliptic curves F of j-invariant 0 over IF,, can be given by an equation of the
form

y2 =3+ c,
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where ¢ € F). This curve has p + 1 rational points whenever p =5 (mod 6)
(cf. [23, Exercise 4.10]). This implies (see 2.2) that E/Fpm is maximal
whenever m = 2 (mod 4). Hence, using Corollary 4.1.7, the curve Cy/Fpm
will also be maximal.

Write ¢ = p/. The assumption ¢ = 5 (mod 6) implies that p = 5 (mod 6)
and f is odd integer. Since ¢" = p"/ and n (mod 4) = nf (mod 4), this
proves the corollary. O

4.1.2 Curves of genus 5

In this section we study two examples of genus 5 curves. Our first example
is the curve Cy in P* given by

X?+X3+X7=0
X1Xo+ X2 =0,
X7 -X3+X7=0.

If one replaces X4 by v/—1X4, this corresponds to the curve denoted by R 1
in [8], on page 175.

Theorem 4.1.9. Let k be the field of characteristic # 2. Over k the curve
Cy is smooth. Its genus is 5, and the Jacobian of Cy splits (upto isogeny,
over some extension of k) into 5 elliptic curves. From these elliptic curves,
three have j-invariant 1728 and two have complex multiplication by Z[v/—2]
(hence with j-invariant 8000).

Proof. First we check the smoothness of the curve Cy at all points with
X5 = 0. The points are (0,4+v/—2,4+v/—1,1,0), (£v/—2,0,4£1,1,0). These
points are smooth if the characteristic # 2. So we need to consider points
with X5 # 0. Because of the second equation of the curve, for each such
point we have X; # 0. So we need only consider the affine equations of Co
corresponding to X; = 1. Therefore in affine coordinates (i.e., in terms of
the affine coordinates xo = Xo/X;, 23 = X3/X1, v4 = Xy4/X1 and 25 =
X5/X1), using ¥y = —x2, we have the equations

l1+z3+25=0
xé—m%—l—x?l:().

The rank of the matrix

OF;\ _ 2r3 2x4 O
or;)  \ —4daxs 0 dad
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is 2 for all points on the curve in all the characteristics except 2. Hence the
curve is smooth in all characteristic except 2.

Now, by subtracting and adding the equations, we write these affine
equations of Cy in the form

227 =23 +1
21‘§:$§—1.

Hence the curve Cs is a fibre product of two curves of genus one. We treat
fibre products in the next section. For the proof of remaining parts of this
theorem see Proposition 4.2.1 and Example 4.2.4. O

Corollary 4.1.10. Let [, be finite field with odd characteristic. If ¢ =
7 (mod 8), then Cy/Fyn is maximal whenever n = 2 (mod 4).

Proof. The condition ¢ = 7 (mod 8) implies that the elliptic curves with
j-invariant 1728 and with j-invariant 8000 are both supersingular. Hence
so is Jac(Cy) over F,. From Example 4.2.4 we see that over the prime field
F, C Fq we have

Jac(Cy) ~ E? x Ey x Jac(Dy),

where E; : y?> = 23—z and Ej : y?2 = 234 and D> is the genus 2 curve with

equation y? = 2% — 2. Note that since ¢ = 7 (mod 8), also p = 7 (mod 8).
Using [5, Theorem 9] one obtains that the eigenvalues of Frob, on the Tate
module of Jac(D2) are £+/—p, each with multiplication 2. Since £./—p are
also the eigenvalues of Frob, on T;E; (j = 1,2), one finds

#Co(Fpn) = p* +1=5(v=p)" = 5(=v~=p)"
for p =7 (mod 8). This implies the corollary. O

This curve also gives some examples of good curves. For example,

#Co(Fyp2) = 216
#Cy(F72) = 376
#C(Fpq5) = 161052
#C(Fy75) = 1409304
#C(Fg5) = 2476100

Now we study the curve C3 in P4 given by the equations
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X2+ X34+ X34+ X3+X2=0
X7+AXZ2 - X7 -2X2=0
X3 - X2+ AX]-)2X2=0,

where \ satisfies A2 + XA — 1. This corresponds to the curve denoted by Rs3
in [8], on page 176 — 177.

Theorem 4.1.11. Let k be a field of characteristic # 2,5 containing .
Then the curve Cs over k is smooth, and Jac(C3) ~ E°, with

E:(2-\y* =23+ 522 + 5z

Proof. First we check the smoothness of the curve C3 at all points with
X5 = 0. The points are (£v1—X : £v/~X—1 : £v/—1 : 1,0). These
points are smooth if the characteristic # 2. So we need to consider points
with X5 # 0. Therefore in affine coordinates (i.e., in terms of the affine
coordinates x1 := X1/ X5, 20 = Xo/X5,23 = X3/X5 and x4 = X4/ X5) the
equations are

i+ ad+ai+ai+1=0
2+ At -2 - A=0
r3—23 4+ i-A=0.

Now the rank of the matrix

2r1 219 213 21y
OF;
< ’): 201 0 2X\x3 —214
8$j

0 2xy —2x3 2)\14

is 3 for all points on C5 unless either 2 = 0 or A = 2, and the latter only
happens when the characteristic is 5. Therefore the curve C3 is smooth in
characteristics # 2, 5.

Now we prove that Jac(C3) splits into the products of 5 copies of E. Let
(1, x9,x3,24,x5) be a point on C3. The curve C3 has five automorphisms
1; which send z; to —z;. The quotient curve of C5 by t; is just projection
to P3 given by deleting the variable X;. We can find the equations of the
quotient curves of C3 by v; by eliminating X; from the equations of Cj.
Therefore it is easy to check that the quotients of C3 by ; are the Y;’s.
Following are the defining polynomials of the Y;’s.

Vi (X2 X244 AX7 - AX2, X2 - (A - 1D)X2+2X7+ (A +1)X3)

Yo (X§—AX3 — X7 - AX2, X7 4+2X3 - (A —DXi+ (M +1)X3)

Va: (A= DXF+AXT+ A+ D)X+ 20X X7 +2X3 + (AN +DXE — (A= 1)X3)
Vit (X2 - X2+ A+ DX2 - (A= DXZAXZ+ (A= DX2 4+ (A +1)X2 +20X3)
YVs: (A +D)X? = AXT+220X2 + (A= DX AXT+ (A= DX5 + (A= 1) X3 +20X3)
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Now we check the independence of the pull-backs of regular 1-form of Y; on
C3. With the help of Magma [1] we find the basis of regular 1-forms {w;} of
Cs.

33‘2.7}36133‘4
w1 =
! i+ 22+ )z + 1
r1r3dxy
Wy 1=
SRR SN 5 ED R W
T1T2dTy
w3 = ,
3 zi+ A+ D)z + A
1‘133‘2.7)36133‘4
Wy =
T a2+ Dt 20+ D22+ 1
T1X9x3T4d x4
Wy =

2§+ 20+ Dzf+ 20+ Dz + 1

The pull-backs of regular 1-form on Y; are, for ¢ = 1,2, 3,4, 5, respectively,
Awi /4, —Awa/4, (A — Dws/4, (A — 1)ws/4 and (A — 1)ws/4. The pull-backs
are constant multiples of the linearly independent 1-forms on C'5. Hence, if
E; = Jac(Y;), then

JaC(Cg) ~Fy x--x E5.

Now we prove that the F;’s are isogenous to £. Magma, using a point
on Yj over Q(v/—1,v/A + 1) over which the map ramifies, finds an equation
for E; over Q(\) = Q(v/5). Denote these curves by I,

E: =224+ 22+Ne=z@+N)(z+1-N\)

Ey: P=z(z+Nz+1+)N)

Es: =242 - dez=z(—-N(z+1)

z(z 4+ \)(z — N?)

23— 20222 — 2N+ M =z + N+ 1+ N

y2
. y2

Note that Eg = E5. Both F; and Ei are isomorphic over an extension
field of Q(\). Moreover the j-invariant of these curves is 21 & {0,1728}.
This implies E; and E; are quadratic twists. By construction, E; has good
reduction except possibly at the primes (\/5) and (2). This is also true for
E;; in fact, these curves have good reduction at (v/5) as well. Over Q a
model of the elliptic curve with j-invariant 2! is E y? = x3 + 522 4 bx.
This curve has bad reduction only at 2 and 5. So F;/Q(v/5) has an equation

dy* = 23 + 52° + b,
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and since the reduction of E; is good away from (2), (v/5) = (2A + 1), this
implies

de{1,—1,A, —X,2,-2,2), —=2X\, 2 + L A(2A + 1), —(2A + 1), —A(2\ +
1),2(2A + 1), 202X + 1), —=2(2A + 1), —2A(2A + 1)}

We count the number of rational points on E@ : dy? = 23 + 522 + 5z and
Y; over finite fields. This yields that for all d except d = A(2\+1) =2 — A
we find prime p such that

#Yi(F,) # #ED(F,).

The following table gives some values of (g, \) for which #Y;(F,) # #E@(F,).

q d
9 | 1,-1,2,-2,2X\+1,-2(2A + 1)
289 A
29 —2A(2A +1)
Hence, E; ~ E2=_ This completes the theorem. O

Corollary 4.1.12. With ¢ such that gcd(10,¢) = 1 and A € F, satisfying
N\ =1, write E : (2—A\)y? = 23+522+5x over F, and #E(F,) = g+1—t.
Then

#C3(F,) = q+ 1 — 5t

Remark 4.1.13. Over Fy, because of the bound #C(F,) > ¢+1—-[2,/q] > 0
for genus one curve C, the Y; have a rational point and hence Jac(Y;) ~ E; ~
E over F,.

Remark 4.1.14. Over Q(v/5), the equation of E can be written as
2-Ny? =z +A+2)(x—\-3).

So all points of order 2 on E are rational. In particular, over F, it follows
that

#C3(Fy) =5- #E(Fy) —4g —4 =0 (mod 4).

And the maximal number of rational points on a curve of genus 5 over F 2 is
¢®> +1+45q¢ =2+ q (mod 4) since ¢ is odd. Hence C3 will never be maximal
over [Fpo.
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This curve C5 also gives some examples of good curves. For example,

#C3(F114) == 15672
#C3(Fy35) = 160672.

Also #C3(F,) = 0 for ¢ € {9, 19,49, 59}.

4.2 Fibre products of curves of genus one

Let F, be a finite field of odd characteristic. Suppose we have two genus
one curves having equations of the form

By’ = f(x),
By y?

over Fy. Here we assume that f(z) and g(x) are polynomials of degree 3 or 4,
and f is not a constant multiple of g. The curve F; and F» are considered as
degree 2 covers of P! via (z,y) + 2. Then the fibre product C' = Ey xp1 Ey
is defined by the affine equations

Proposition 4.2.1.
Jac(C) ~ Jac(E1) x Jac(E2) x Jac(D),
where D is the curve given by the equation y? = f(x)g(z).

This can be proven in several ways; for example, it follows from Theorem
4.1.4 with the group G C Aut(C) generated by o1 : (z,y, z) — (x, —y, 2) and
o9 : (x,y,2) — (z,y,—z). We can also prove it by calculating the pull-backs
of regular 1-forms to C.

Note that genus of D is given by (using h(z) := ged(f(z), g(x)) € Fqlx])

deg(f) + deg(g) — 2deg(h) — IJ ,
5 :

Genus(D) = {

If the deg(h) = 3 the Genus(D) = 0. Since dim(Jac(X)) = Genus(X) for
any curve X, it follows that
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Corollary 4.2.2. Genus(C) = Ldeg(f)ereg(gQ)—zdeg(h)+3J.

Using the maps of degree 2 from C' to each of the genus one curves, i.e.,

C 2:1 El
2:1\L
Ey

it is clear that
#C(Fq) < min{2#E(Fy), 24 E5(Fq) }-

Here we present examples of such fibre products genus 4 and 5 with many
points produced by fibre product of elliptic curves having many points. Our
motivation to study such fibre products was the observation that several
genus 4 examples on manypoints.org found by E. Howe are of this type.

Example 4.2.3. Take the following elliptic curves (in characteristic # 2, 3).
Ei: s =1+1,

Es : r2=13—1.

The fibre product of these elliptic curves is a smooth curve C' of genus 4 in
IP3, given by the equations of the elliptic curves E; and Fs. From the above
discussion we see that

Jac(C) ~ E1 X E2 X Jac(D),
where the curve D is given by
u? =15 —1.

Now we find the quotient curve of D by the automorphism p; on D which
sends (t,u) to (—t,—u). The functions on D which are invariant under p;
are generated by wu; := tu, t; := t> which satisfy

ut = t2u? =18 — 12 =t} —t.

Again by using ug := u1/t? and ty := —1/t; we get the equation of the
quotient in the form
u% = t% + 1.


manypoints.org
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Hence the quotient of D by p; is isomorphic to Fj.

We also have another automorphism ps on D which sends (¢, u) to (—t,u).
The functions on D which are invariant under py are generated by ty := t?
and ue := u. Then we can see the quotient of D by ps is the curve isomorphic
to E5. Now the composition of p; and ps is hyperelliptic involution; hence,
< p1,p2 >=2 (Z/27)2. Therefore by using Theorem 4.1.4, we have

JaC(D) ~ E1 X E2.

Consequently, Jac(C) = E? x E2. These elliptic curves E; and Fs are
supersingular over [, whenever ¢ = 5 (mod 6). If p = 5 (mod 6) is prime
number, then #E;(F,) = p + 1; hence the eigenvalues of Frob, on T;E; are
+,/—p. As a consequence, #C(Fpn) = p" +1—4(y/—p)" — 4(—/—p)". In

particular, for n = 2 (mod 4) the curve C'/Fp» is maximal.

Consider the two curves of genus one

Cy: 82 = f(1),
Co 12 = g(t),

by

has genus 5 and
Jac(C) ~ Jac(Ch) x Jac(Ca) x Jac(D),

where D is given by the equation u? = f(t)g(t), as was shown in Proposition
4.2.1.

Example 4.2.4. Take the following two curves of genus one.
Cy: 282 =t*+1,
Cy: 20 =t* — 1.

The fibre product of these curves is the curve C, given by the equations of
curves C7 and Cy. The degree two map (t,s) — (2t2,4st) maps C; to the
elliptic curve E; : 42 = 23 +4x and Cj to the elliptic curve Fy : y? = 23 — 4.
Hence Jac(C;) ~ E;. We have

Jac(C) ~ Jac(Ch) x Jac(Cy) x Jac(D) ~ Ey x Ey x Jac(D).
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It remains to split the Jacobian of curve the D given by equation
u? =18 — 1.

In fact over some extension field, D can by given % = ¢8 4 1, and in this
form it is studied in [13], proving ([13, Proposition 2|) that its Jacobian is
isogenous to the product of one elliptic curve with j-invariant 1728 and two
elliptic curves with j-invariant 8000.

It is easy to see that the quotient of D by the automorphism o : (¢,u) —
(—t,u) is the elliptic curve isogenous to the elliptic curve given by the equa-
tion y? = 2% — 2. This curve is isogenous to F;. Now we find the quotient
curve D of D by 7(t,u) — (—t,—u). The invariant functions under the
action of 7 are generated by ¢ := t? and u; := ut which satisfy

W22 = 10 _ 42

In new coordinates it is written as
ud =13 —ty.

Using [5, Theorem 9] one obtains that if p = 7 (mod 8) then the eigenval-
ues of Frob,, on the Tate module of J ac(D) are +.,/—p, each with multiplicity
2. Since g = p" and the eigenvalue of Frob, on T;F; and T;FE5 are +/—p for
p =7 (mod 8), it implies that if ¢ = 7 (mod 8), then Jac(C') is supersingular,
and C/F 2 is maximal.

Example 4.2.5. This is an example of maximal curves of genus 7. Take
the following two curves of genus two.

Dy: y? =2+,

Dy: 22 =2°—1z.

The fibre product of these curves is denoted by D, and it is given by the
equations of the curves Dy and Ds. The Genus of the curve D is 7 and

Jac(D) ~ Jac(Dy) x Jac(Ds) x Jac(D),

where the curve D is isomorphic to the curve given by the equation

2=t —1.
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Since Jac(D) ~ Jac(D2) x E, where E is the elliptic curve given by the
equation y? = z® — =, we obtain

Jac(D) ~ Jac(Dy) x Jac(D2)? x E.

Now by using [5, Theorem 9] one obtains that if p = 7 (mod 8) then the
eigenvalues of Frob,, on the Tate module of Jac(D;) and Jac(D2) are /—p;
each with multiplicity 2. Also the eigenvalue of Frob, on T;F; are £/—p
for p =7 (mod 8). Therefore one obtains

#D(Fpn) = p" + 1= 7(v/=p)" = 7(=V/=p)".

Consequently, the curve D is maximal over F,» whenever p = 7 (mod 8)
and n = 2 (mod 4).
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4.3 Good curves of genus 4

In the following table we present some examples of good genus 4 curves over
F,. In Chapter 2 we have obtained equations of maximal elliptic curves.
By translating the z-coordinate and then taking a fibre product, we obtain
genus 4 curves with 2 copies of the given elliptic curves in their Jacobian.
we then adjust the translation in order to make the number of points on the
genus 4 curves as high as possible. The discription of a € F, is the same as
given in Chapter 2.

#IF, Equations of curve C' #C(F,)
53 v =a%+x+2, 196
22=(x+2)>3+(x+2)+2— 22
73 y? = 2> + a?, 454
2?2 = (v +a'1)® +a?
113 y?=a% +x+4, 1580
22 = (x4 a*)3 + (v +a??) + 4
133 y? =23 +a’x +ad", 2510
22 = (2 + a3 + a?(z + a®) + a7
17 P =2 +ta+4, 5414
22 = (24 a%")3 + (z + a%7) + 4
19° y? =2+ a’x +a® — 2, 7470
22 = (2 + a®%)3 + a2(z + a%%0) + o°
3° v =23 +227 x4+ 1, 338
2 =(x+dt)P+2x+at)+r+al +1
193 y? =2 +a’x +ad® — >, 7470
22 = (2 + a?0)3 + a2(z + a?¥3) + o
3° Y= +22° +x+1, 338
Z=(@+at)P+2x+at) 2+ +al +1
57 yP =23+ a2+ 1, 3522
22 = (2 + a3 + a9 (z + a*%%) + 1
70 y? =23+ + a1, 17780
22 = (z + a'9%)3 4 (z + a1098) 4 601
11° =2+ +1, 164072
22 = (z + a?01)3 4 (2 4+ a27101) 41
135 y? = 2° + ax + a>33700 375698
22 = (2 + a%19)3 1 gz + a8410) 4 333760
17 y? = 2% + 5a? + oMy 1 oI5 1422542
22 — (CE + a1247700)3 + 5(CC + a1247700)2 + a1351944(x + a1247700) + a198311
19° y? = 2 + 5a” + " 4 o105 2481878
22 — (I + a2085476)3 + 5((2 + a2085476)2 + a508237(:1: + (l2085476) + CL1608725




4.4. GOOD CURVES OF GENUS 5 53

4.4 Good curves of genus 5

In the following table we present some good curves of genus 5. With the
help of Magma, we counted points on curves of genus 5 given in the thesis
of Maxim Hendriks [8] and on some of their twists. Note ¢; is a primitive
ith root of unity in F,, and the minimal polynomial of a is the Conway
polynomial ( used in Magma by default for the construction of Fp» us-
ing FiniteField(p, n) or its synonyms). To obtain such a polynomial using
Magma, simply use the following command.

F<a>:=GF(p,n);
MinimalPolynomial(a) ;
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#IF, | #C(F,) Equations of curve C
5 64 X7+ Xi+X5=0, 064
132 280 X2+ (G-D)X2+(EZ-1)X2=0,
172 | 448 X2+ (G- 1)X2+ (G- 1)X2=0.
74 2696 Xi+Xi+X:=0,
193 | 7352 aX?+ (G- DX2+ (G -1)X2=0,
X3+ (G -DXF+ (G -1)X3=0.
54 712 aXi+ X3+ X2 =0,
7 | 17280 X2+ (¢ —1aX3+ (G -1)X2=0,
X3+ (63 — DaX3 + (¢ —1)X3 = 0.
5° 3536 X3+ X3+ X5+ X2 =0,
13° | 377296 X2+ X2+ X2-X2-X2=0,
175 | 1426584 X3 — X2 —izi+iX2=0.
53 192 X3+ X5+ X5+ X2=0,
133 | 2496 aX?+ X3+ X2-X}-X2=0,
173 | 5384 X3 — X2 —izi+iX2=0.
113 | 1536 X2+ X3 +aXs+X7+X2=0,
11° | 161280 | X2 — (B + 2+ 1)aX2 — X2+ (B + (2 +1)X2 =0
X3 —aXi— (G+E+ DX+ (G +E+1)XE=0.
73 384 aXi+ X5+ X5+ X;+X2=0,
oX?— (@ + G+ 1D)X3 - X7+ (G + @ +1)X2 =0,
X3 - X3 (G+E+ DX+ (G +E+1)XE=0.
19% [ 131912 aX3 + X3+ X;+X2=0,
X +aX3+X2-X2-X2=0,
aX?— X2 —ix?2 +iX2=0.
114 15247 X? +(3XaX5 =0,X1X2 + X3X5 = 0,X1 X3 — (3X2X4 =0,
X1X?+X3X3+X2=0,X1X2 - XoX2—(3X3=0
19° | 2485456 X2 4+ (3X4X5 = 0, X1 Xo + X3X5 = 0, X1 X3 — (3X2X4 =0,
X1X?+ X2X3+ X2 =0,X1X2 — X2X2 - (3X3=0




Chapter 5

An elementary proof of
Hasse’s theorem

5.1 Introduction

Let ¢ = p°, for a prime number p and an integer e > 1. Suppose E/F, is an
elliptic curve.

Theorem 5.1.1 (Hasse). If N, denotes the number of rational points of
E/F,, then

[Ng—q—1] <24

This is well-known; proofs are presented in e.g., [26, 33]. An elementary
proof, for the case p # 2, 3, was provided by Manin in [16]; see also [2], [3] and
[6] which in particular includes the easy observation that manin’s argument
also works in characteristic 3. The aim of this chapter is to compare this
elementary proof to the other ones. As a result, we are able to show how
Manin’s elementary proof extends to the case of finite fields of characteristic
2. We describe this for ordinary elliptic curves in Section 5.4.1 and for
supersingular elliptic curves in Section 5.4.2. For convenience we also recall
Manin’s proof in Section 5.3.

5.2 Interpreting Manin’s proof
Suppose ¢ = p® and p # 2. Let E/F, be given by an equation
E: ¢’ =f(x)=a23+ax® + bz +c

55
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Consider
E™: f(t)y* =2 + az® + bx + c. (5.1)

The curve E™ is a quadratic twist of E/F,(t) [26, Chapter X, § 2]; see also
Section 2.6 of this thesis. The two curves E and E*W are isomorphic over
K =T,(t,s), where s> = f(t). The isomorphism is defined as follows:

EY — E

(z,y) — (x,8y).

It is easy to see that the points Q = (,1) and Py = (z0, y0) = (t9, f(t)(4=1)/2)
are in E™(F,(t)). We define

P,=Py+nQ, VnelZ.

If P, is not the point at infinity O, set P, = (, yn). We write x,, = fr/9n,
where f,, g, € Fg[t], with ged(fn, gn) = 1. We get a well-defined function

d:7— {0,1,2,3,...}

given by
0 if P, = O;
d(n) = dn = { deg(fn)  otherwise.

We now explain how one may interpret P, and Q). The group E(K)
consists, apart from the point at infinity O, of points (x(¢, s), y(¢, s)), such
that x(t,s) and y(t, s) are in the function field K over F, of the curve with
equation

s2 = f(t). (5.2)
Moreover

y(t,s)* = f(x(t,5)).

Since (5.2) defines the curve E/F,, this means that such a point corresponds
to a morphism defined over Fy : (t,s) — (z(¢,5),y(t, s)) from E to E. Hence
E(K) = Mory, (E, E) (Note that the addition on E yields a group structure
on Morr, (V, ), for any variety V/F,). By composing with the isomorphism
E™(K) = E(K) one obtains

E"™(K) = Mory, (E, E),
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given explicitly by

(x(t;5), y(t, 8)) = [(t, 5) = (2(, 5), sy(L, 5))]

We consider the subfield Fy(t) C Fy(t,s) and ask the question: which ele-
ments ) € Morg, (E, E) corresponds to the subgroup E™ (F,(t)) € E™(K)?

Lemma 5.2.1.
B (F, (1)) = W = { € Morg, (E, B) | [~1] o % = %o [1]}.

Proof. Suppose a point (x(t),y(t)) € E™(F,(t)); the corresponding mor-
phism ¢ € Morg, (E, E) sends (t, s) to (x(t), sy(t)). Since

([=1 e )(t, 5) = [=1](x(t), sy(t)) = (x(t), —sy(t))

and
(Vo [-1])(t, s) = ()(t, —s) = (x(t), —sy(1)),

it follows that [—1] o ¢ = 1) o [—1]. This proves ¢ € V.

Now suppose ¢ € Mory, (E, E), satisfying [~1] o ¢ = ¢ o [~1], maps a
point (t,s) on E to (x(t,s), (t,s)). By the isomorphisms Mory, (E, E) =
E(K) and E(K) = E™(K), we get the point P = (z(t,s), “%)) ¢ E™(K)
corresponding to ¢.

The action of the Galois group Gk r, (1) = = {id, p} on K is determined
by t¥ =t, s = —s, and the fixed field of Galois group is Fy(t).

The assumption [—1] o ¢ = ¢ o [—1] means that ((x(¢,s),—y(t,s)) =
(x(t,—s),y(t,—s)). This implies that the point P is fixed by the action
of the Galois group, and P € E"(F,(t)). This proves that elements of ¥
indeed correspond to points in the subgroup E™ (F,(t)) of E™(K).

]

It is easy to see that ¢**-power Frobenius ¢, € Endp, (£) is in ¥. So by
Lemma 5.2.1, ¢4 corresponds to a point in E™(F,(¢)). Since ¢4 : (t,s) —
(t7,5%) = (¢4, sf( )(a=1)/2) this yields the point Py introduced by Manin. In
fact, not just ¢, but the whole group Endp, (F) C ¥. Since Endp, (E) is
torsion free, in particular ¢, and hence Py is an element of infinite order.
Similarly, the identity endomorphism, id € Endg, (E) C ¥, yields a point
of infinite order of E™(F,(t)). Since id : (¢,s) — (t,s), this is the point
@ = (t,1) which Manin uses.
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Proposition 5.2.2. The group E™(F,(t)) and Endg, (E) have the same
rank.

In case the Frobenius endomorphism ¢, equals multiplication by an in-
teger (which happens precisely when ¢ is square and #(E(F,) = (/g + 1)2)
this rank is 4. In all other cases it equals 2.

Proof. Notice that we have a group homomorphism:

v —s E(F,)

¥ = (0).

The kernel of this homomorphism is
{ € T[(0) = O} = Endg, (E).

Since the group E(F,) is finite and U = E™(F,(¢)), this implies that
rank(E"™(Fy(t)) = rank(Endp, (F)). The remaining assertions of the propo-
sition follows from [34, Theorem 4.1]. O

Except in the case of a supersingular elliptic curve E with #E(F,) =
(Va=E 1)2, the two endomorphisms id and ¢4 are linearly independent which
implies that @ and Py generate a rank 2 subgroup of E*™(F,(¢)). Indeed, id
and ¢, generate the subring Z[¢,] C Endg, (E) and ¢, satisfies ¢; —aq¢,+q =
0, where a; = ¢ +1 — N,. The condition on #E(F,) implies ag —4q < 0,
hence Z + Z¢, = Z[py] 2 Z[X]/(X? — a,X + q), which has rank 2 over Z.

Example 5.2.1. Consider E : y?> = 2° — x over Fo. In this case ¢, = [-3]

and #E(Fg) = 16 = (V9 + 1)2. By Proposition 5.2.2 this implies that
E™(F9(t)) has rank 4. We present 4 independent points by first giving 4
independent elements in Endp, (E) in the following table.

Indep. elements of Endp,(F) | Corresponding points on E™ (Fg(t))
id (t,1)
b3 (13,13 — 1)
p: (Z’,y) = (—1', \/jly) (_t7 \/jl)
p¢3 (7t37 \/j]-(tg — t))

We set ©,, = ¢, + [n] and get a well-defined function

d:7— {0,1,2,3,..}
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given by

d(n):gn:{o ife, =0

deg(0©5,) otherwise.

Lemma 5.2.3. With notation as above, for every integer n one has d,, = dp.

To prove this lemma we use “dual isogenies”. For more detail see [26,
Section II1.4].

Definition 5.2.4 (The Dual Isogeny). Let ¢ : By — Es be an isogeny of
degree m. The dual isogeny to ¢ is the unique isogeny

b: Ey— Ey satisfying dod = [m].
Theorem 5.2.5. Let ¢ : E1 — Ep be an isogeny.
(a) Let m = deg(¢). Then ¢ o ¢ = [m] on E; and qb ¢ = [m] on Es.
(b) Let A : E; — E3 be another isogeny. Then Xod op=go
(c) Let ¥ : By — EQ be another isogeny. Then ¢ + 1) = ¢ + 1.
(d) For all m € Z, [ ] = [m] and deg[m] = m?.
()
(f

>

e deg gb deg ¢.
) ¢
Proof. See [26, Chapter 3, Theorem 6.2]. O

Proof of Lemma 5.2.3. In Section 5.3, we will see that d,, satisfies the fol-
lowing properties.

(1) do =gq,
(2) d—1 = Ny (see Lemma (5.3.3)),
(3) dn—1+ dpt1 = 2dy, + 2. (see Lemma (5.3.4))

To prove the theorem it suffices that we prove that d,, also satisfies the above
properties. This is shown as follows.

(1) do = deg(¢y) = .
(2) d_; = deg(¢y — 1) = N,(see [26, Chapter 5]).
(3) Here we use the properties of dual isogeny;
Ay + o = (6 + 1= 1) (@ + 1 — 1) + (6 +n+1)(¢ +n+1)
= (¢ +n—1)(dg+n—1)+ (dg + 1+ 1)(dg +n+1)
= 240 + 2n(Pg + ¢g) + 202 + 2
= 2(¢g +n)(pg +n) +2 = 2d, + 2.
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This proves the Lemma 5.2.3. O

5.3 Recapitulation of details of Manin’s proof

In Manin’s proof, E*™ is considered as an elliptic curve over F(¢). Since
E"W is not in the standard Weierstrass form, there will be modifications in
the usual addition and duplication formulae.

(i) If O # Pj = (xj,yj) € E™(Fy(t)) and P; # +P,, then

T2 — I

_ 2
2(Py + Py) = f(t) <M> —a— (21 + 12) (5.3)

(ii) If P = (x,y) € E™(F,(t)) and y # 0, then

2t — 2022 — 8cx + b% — dac

5.4
423 4+ dax? + 4bx + 4c (5-4)

z(2P) =

Now we present the properties of d,,.

Lemma 5.3.1. If P, = (2, yn) # O, write z,, = fn(t)/gn(t) with f,(t), gn(t) €
Fq[t]. Then deg(fy,) > deg(gn).

Proof. Suppose 7 = 1/t and view E™ over F,((7)). We change coordinates
as follows:
E=T1randn=y.

In these new coordinates the equation for E'W is
(L+ar + b2 + ) = € + ar&® + br2¢ + o’
By reduction modulo 7, we obtain the curve
E"™[F,: n*=¢&

We have an exact sequence of abelian groups (see [26, Chapter VII, Prop:
2.1])

W W mod T tw
0 — By (Fy((7))) = Eg" (Fe((7))) —— Ep¢(Fg) — 0,
where Ef” (F,((7))) is the group of points in E*(FF,((7))) whose reduction

modulo 7 is in E%(F,), the group of non-singular points of E'. Moreover,
E¥(F,((7))) is the kernel of the reduction modulo 7.
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Let P = (f/g,y) € E™(Fy(t)), where f and g are polynomials. We
denote by v(f/g) the valuation of f/g seen as an element of F,((7)). We
know that v(f/g) = v(f) —v(g) and if f € Fy[t] then v(f) = —deg(f).
Namely, if f = aqt? + - -- + ag with ag # 0, then

f=agm ™+ +ag

=7 Yag + ag_17 + - + apt?).

Since v(779) = —d and ag + ag_17 + - -+ + agr? € Fy[[7]]*, we have v(f) =

—d = —deg(f).
In new coordinates &, 7, the point P = (7f/g,y) € E™(F,(t)) C E™(F,((1)))-
Note that

P e B (F (1) & v (;;) <0

< deg(f) > deg(g).

Clearly the points P = (t9, f(¢){@1/2) and Q = (t,1) are in the group
E{v (F,((7))) for all q. Therefore, P, = Py + nQ € E§* (Fy((7))). This
proves the lemma. ]

Corollary 5.3.2. If P, # O then d,, > 0,V n € Z.
The following lemma gives the connection between N, and d,,.

Lemma 5.3.3.
d_1 = Ny.

Proof. We compute d_j. By the addition formula (5.3)

2(P_1) = 2(Py — Q)

(@-1)/2 4 1]?
W [fgz L P s
F)T+ 20D/ 4 (1) = altt — 1) = (9 — P — 1332 1 )
- (14— 1)?
291 1 a polynomial of lower degree
N (t7 —t)?

t—t= T (t-a).

a€cl,

We can write
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Therefore,
d_1 = 2q+ 1 — #{Cancellations of degree one factors}.

Now we count #{Cancellations of degree one factors}. Suppose

£ [F @2 1] = N,
We have

N(t) —a HaGFq (t - CM)Q - (tq - t) HaEFq (t - 04)2
[oer, (t —a)? ’
so t — a cancels (from both numerator and denominator) if and only if

N(a) =0. Fort = a € Fy, if f(a) = 0, then we have one cancellation. From
equality

a:(P_l) =

Fla)an/2 = —1  if f(a) # 0 is a non-square
1 if f(a) # 0 is a square,

we see for f(a) # 0 non-square we have a double cancellation. Also, if
f(a) # 0 is a square, there is no cancellation. Therefore

d_1 =142 — #{a € F,[f(a) = 0} — 2- #{a € F,[f(a) # 0, # O}
—1+2-{a €F,} — #{a € F,[f(a) = 0} — 2- #{a € F,[f(a) # 0, 0}
= 1+2-#{a € F|f(a) £ 0,= O} + #{a € F | f(a) = 0}
=N,

This proves the lemma. O

Lemma 5.3.4. The integers d,, satisfy the identity
dn—1+ dpy1 = 2d, + 2.

Proof. Here we follow the exposition of Manin’s proof as given by Chahal in
his Nieuw Archief paper [2]. Note that at some minor points, our argument
slightly simplifies Chahal’s treatment.

Take P,_1, P, and P,t1. We consider the following two cases.

Case 1: One of P,_1, P, and P,y is O. By definition, P, = P,_1 + Q =
Poi1— Q, for every n € Z.
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(i) If P, =0, then P,_1 = —(t,1) and P11 = (t,1). Therefore, d,,—; =
1 and dy41 = 1. The lemma follows.
(#) If P,—1 = O, then P, = (¢,1) and P41 = 2(¢,1). By the duplication
formula (5.4),
t4 — 2bt2 — 8ct + b% — dac

5.5
43 + 4at? + 4bt + 4c (5:5)

T(Pot1) =

We can write this as

G _ (40 + 20/ (t)

#(Prr1) = Vi)

Since f(t) does not have multiple roots, we have (5.5) in lowest form and
dn4+1 = 4. This proves the lemma.

(¢91) If P41 = O, then the same argument proves the the lemma in this
case.

Case 2: None of P,_1, P, and P,11 is O. Recall that we introduced the
notation P; = (fi/gi,y:) whenever P; # O, where f;, g; € F,[t] are coprime,
and y; € Fy(t). By the addition formula (5.3), applied to P,,_; = P, — @,
one has

o1 —(tgn + fn)(tgn — fn)2 — agn(tgn — fn)2 + f(t)gg(l + yn)2

9n—1 gn(tgn - fn)2
_ (tgn + fn)(bgn + tfn) + 2gn(atfn + an) + 2f(t)gr%yn
(tgn - fn)Q
R
= 7@971 — fn)Q’ (5.6)

say. Replacing y, by —y, in the formula above, one obtains z(—P, — Q) =
x(—Ppt1) = (Pyy1). Therefore,

for1  —(tgn + fn)(tgn — fn)? = agn(tgn — fn)* + F(t)gn (1 — yn)®

In+1 gn(tgn - fn)2
_ (tgn + fn)(bgn + tfn) + 2gn(at fr + cgn) — 2f(t)97zzyn
(tgn - fn)2
S
- (tgn - fn)27 (5.7)

say.
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Remark 5.3.5. The assumption P,+1 # O is equivalent to P, # +Q), or
x(P,) = fn/gn # t. Since in Case 2 above P, # O, this means z(FP,) =

In/gn # 1, 1e., fn # tgn.

Suppose P, # O, so that coprime polynomials f,, and g, € [F[t] exist
with 2(P,) = fun/gn. Put y, := y(P,) as above. Then

3 2 f
fyn =% + a2 +b" +,
In n n

hence (f(t)g2yn)? € Fy[t], which implies f(t)gnyn € Fy[t]. Therefore, R and S
are also polynomials. Moreover, f,_1/gn—1 and fni1/gn+1 are in lowest
form; by multiplying them, we get

fn—1fnt1 . RS _ (tfn - bgn)2 — 4egn [(t + a)gn + fn]
= 1= 5 (5.8)
In—19n+1 (tgn - fn) (tgn - fn)
B T
(tgn - fn)27
say. If we show that, up to a non-zero constant,
In—-19n+1 = (tgn — fn)Qa (5.9)

up to the same constant, then

fn—lfn-H = (tfn - agn)2 - 4an [(t + a)gn + fn] :

Using Lemma 5.3.1, it follows that the right-hand-side of this expression has
the same degree as t2f2. Hence we get

dn—1 + dpg1 = deg(frn—1fns1)
= deg(t*f7)
= 2d,, + 2.

Now we prove (5.9). It follows from the second equality in (5.8) that
(tgn — fn)? | RS. Write (tgn — fn)? = R151 for certain Ry, S € [F4[t] such
that Ry | R and Sp | S. Since

fnfl o R R o R/R1

gn—1  (tgn — fn)? T RS S
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we get gn—1 | S1. Similarly, we get g,+1 | R1. Therefore,

In—19n+1 ’ (tgn - fn)2

The equality (5.9) will follow if we prove that also

(tgn - fn)2 | In—19n+1- (510)

Suppose (5.10) is not true, then an irreducible polynomial \(¢) € F,[t] exists
such that vA((tgn — fn)?) > va(gn—19n+1), where vy is valuation on F,(t)
corresponding to A(t). We claim that A and the valuation vy have the
following properties.

(@) vA((tgn — fn)?) > 0;
(0) A1 gn;

(¢) oaA(T) > 05

(d) vA(R) > 0 and v5(S) > 0.

Property (a) is immediate from the assumption

oA((tgn — fn)?) — VA (gn-19n+1) > 0.

Since v ((tgn — fn)?) > 0 by Property (a), the condition A | g, would imply
A | tgn — (tgn — fn) = fn, violating the fact that g, and f, are coprime;
hence, Property (b) follows.

To see Property (c), note that (5.8) implies

OA(fa—1fat1) = UA(Gn—19n+1) = OA(T) — A ((tgn — fn)?);

hence,

U)\(T) - U)\(fnflfﬂri’l) = U)\((tgn - fn)2) - 'U)\(gnflgn+1)a

which by our assumption is strictly positive. This implies that vy(7") > 0.
Finally, to prove Property (d), note that we already saw that (tg, — fn)? |
RS; hence, Property (a) implies that A | RS. Therefore A | R or A | S.
Suppose At R, then from (5.6), we get

'UA(gnfl) - U/\(fnfl) = U,\((tgn - fn)2) > 0.

Since ged(fn—1,9n—1) = 1, this implies v)(fn,—1) = 0; hence, the equality
above reduces to
'U/\(gn—l) = 'U)\((tgn - fn)z)
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From (5.8), we now deduce

OA(fr41) — VA(gn+1) = 0A(T) > 0.

Since the polynomials f,, 11 and g,41 are co-prime, it follows that vy(gn+1) =
0. Therefore,
UA(Gnt19n-1) = vA((tgn — fn)?),

contradicting our initial assumption. Hence, indeed A | R. An analogous
argument shows that A | S. Indeed, if A1 S, then (5.7) shows

OA(Gn+1) — OA(fat1) = va((tgn — fn)z) >0,

which implies v (fn41) = 0 and vx(gnr1) = vA((tgn — fn)?). Again applying
(5.8) shows in this case that

UA(fr=1) = oA(gn-1) = va(T) > 0

and v)(gn—1) = 0. Therefore,

U)\(gn+1gn71) = U)\((tgn - fn)2)>

which is a contradiction. This finishes the proof of the Properties (a), (), (¢)
and (d).
Properties (a) and (d) imply that the valuations at A of

f(t)gi(l - yn)2 =S+ (tgn + fu)(tgn — fn>2 + agn(tgn — fn)2

and of

f(t)gg(l + yn)2 = R + (tgn + fn)(tgn - fn)2 + ng(tgn - fn)2

are both positive, as is seen by considering the right-hand-side. Also, vy ((1—
yn)?) and vy ((1+y,)?) can not both be positive: since (1—y,)+(1+y,) = 2
and the characteristic is not equal to 2, this would yield a contradiction. If
we suppose vx((1—y,)?) < 0, then vy (f(t)) > 0since vy(f(t)gs (1—yn)?) > 0.
Similarly, if vx((1 + y,)?) < 0, it follows that vy(f(¢)) > 0. So we conclude
in all cases that A | f.

By computing modulo (tg,, — fy) one clearly has f,, = tg, mod (tg, — fn);
hence,

T = [(t*gn — bgn)® — 4cgn((t — a)gn + tgn)]  mod (tgn — fn),

ie.,
T = g2(t* — 2bt* — 8ct — 4ac +b*) mod (tg, — fn).
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Properties (a), (b), and (c) therefore show
A (t* = 20t2 — 8ct — dac + b%) = 4(t),

say. A calculation reveals that the resultant of § and f equals the square of
the discriminant of f, which is nonzero constant in [F,. Since the resultant
is an [Fy[t]- linear combination of f and ¢, this contradicts the fact that f
and ¢§ are divisible by A. So the lemma follows in this case. O

Remark 5.3.6. Note that the polynomial 9, appearing in the proof above,
is precisely the numerator appearing in the formula for z(2P).

From the above identity, we obtain that the function d,, can be expressed
as a polynomial in n, as follows.

Lemma 5.3.7. The function d,, satisfies
dy, = n? + agn +q.
Proof. This follows by induction on n, using the Lemmas 5.3.4 and 5.3.3. [

Proof of Hasse’s theorem. Consider the quadratic polynomial
d(z) = 2> + agz + q.

Assume that Hasse’s theorem were false for E/F,. This is equivalent to the
statement ag — 4q > 0, which implies that d(z) has two zeroes. Suppose
x1 < xg are two zeroes of the above polynomial. Note that the quadratic
function d(z) is negative at all values x between z; and z2. By Lemma
5.3.7 and the definition of the number d,,, d(x) takes non-negative values at
all integers x. In particular, this implies that the interval (z1,x2) does not
contain any integer. Hence taking n = x| (the largest integer < z), we
have

n<z <xy<n-+l. (5.11)

It is not possible that both x1,zs € Z since this would imply
nn+1) =zixe =g,
contradicting the fact that n(n+1) in even and ¢ is odd. As a consequence,
O0<a9g—21 < 1.

This is impossible since ag —4q = (71 — 12)? is assumed to be a positive
integer. Therefore,
ag —4q < 0.

This completes the proof of Hasse’s theorem. O
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5.4 In Characteristic two

In the case of odd characteristic we saw that the main theorem followed
from the Lemmas 5.3.1, 5.3.3 and 5.3.4. The same line of reasoning will be
applied in characteristic two, with suitable adaptations. Suppose ¢ = 2€,
for e € Z and e > 0. Let E/F, be an elliptic curve. To keep the formulas
from becoming too lengthy, we will treat the two cases, namely ordinary and
supersingular, separately.

5.4.1 The ordinary case

Suppose the elliptic curve E/F, has non-zero j—invariant. The equation of
such a curve can be given as

E:y?+ay=2>4ax® +b= f(z),

where b # 0 [26, See Appendix A]. The quadratic twist of E//F,(t) associated
to the quadratic extension K = F,(t, s) with s? +ts =3 + at? + b is

E™ :y? +toy = 2 f(x) + 22 f(1).

Note that t2f(z) + 22f(t) = t223 + t32% + bx® + bt?. The two curves B
and E are isomorphic over K. The isomorphism is given as follows:

E — EW

(z,y) — (x, sz + ty).

The addition and duplication formula on E*W are as follows.
(i) If O # Pj = (xj,yj) € E™(Fy(t)) and P; # £P,, then

2
(y1+yz> +t(y1+yz>+t3+b
xr1 + T2 1+ T2

(ii) If O # P = (z,y) € E™(Fy(t)), then

1
1’(P1 + PQ) = —

2 —+ x1 + 9. (5.12)

z(2P) = . (5.13)

We will now explain a correspondence between points on E™(F,(t))
and morphisms in Morg, (E, F), as we did in the odd characteristic case. By
doing so, we can find points on E*™(F,(¢)) and then repeat Manin’s method.

The group F(K) consists, apart from the point O, of points
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(z(t, ), y(t,s))

with coordinates in the function field K over F, of the curve with equation
s2 4 ts = f(t). (5.14)

Moreover
y(t, 5)2 + $(t7 S)y(tv 3) = f (ac(t, S)) .

Since (5.14) defines the curve E/F,, this means that a point (z,y) € E(K)
corresponds to a morphism in Morg, (E, E), sending (¢, s) to (z(t, s), y(t, 5)),
as in the odd characteristic case. Therefore E(K) = Mory, (E, E). The
composition of the isomorphisms E™(K) = E(K) and E(K) = Morg, (E, E)
implies that

E™(K) = Moy, (E, E)

(t,s) + sx(t,s)
t

(x(t,5),y(t, 8)) = |(t,5) > (2(t,s), 2 )| .

The analogue of Lemma 5.2.1 is the following.

Lemma 5.4.1. Restricted to the subgroup E*(F,(t)) C E™(K), the above
isomorphism defines

E™(Fy(t)) = ¥ = {4 € Morg, (E, E)|[-1] ot = o [-1]}.

Proof. Suppose a point (z(t),y(t)) € E™(F4(t)), and the corresponding
morphism in Morg, (E, E) is ¢, which sends (¢, s) to (z(t), (y(t) + sz(t))/t).
Since

y(t) + sz(t)

POLD) _ at),ap) + L0220,

(=1 e 9)(t, 5) = [=1](x(?), ;

(Yo [=1])(t,8) = ()(t, t + 5) = (x(t), y(t) + (tt—i- s)x(t)

which shows [—1] 0 ¢ = 1) o [—1]. This proves that ¢ € V.
Suppose ¢ € Mory, (E, E), satisfying [~1] 0 ¢ = ¢ o [~1], maps a point
(t,s) on E to (z(t,s),y(t,s)). The corresponding point in E™(K) is

Q = (x(t,s), sx(t,s) + ty(t,s)).

The action of the Galois group G/, (1) = {id, p} on K is determined
by t# =t, s” =t + s, and the fixed field of Gk r, (1) is Fq(t).
The assumption ¢ € ¥ translates into

);




70 5. AN ELEMENTARY PROOF OF HASSE’S THEOREM

(x(t,s),x(t,s) + y(t,s)) = (z(t,t +s),y(t,t + 5)).

This says exactly that the point @ is fixed by the action of the Galois group.
This proves that elements of ¥ indeed correspond to points in the subgroup
E™(F,(t)) of E™(K). O

The identity map on E via the isomorphism becomes the point
Q= (t,0)
on E™(F,(t)). The ¢*®-power Frobenius map on E becomes the point
Py = (zo,y0) = (9, st? + ts?)

on E™(F,(t)). Note that by construction the point Py € E*™(F4(¢)); equiv-
alently, st9 + ts? € Fy(t). We define

P,=Fy+n@Q, VnecZ.

Suppose P, = (z,yn) and write ,, = f,/gn, where f,, g, € Fy[t] with
ged(fn, gn) = 1. We get a well-defined function

d:7— {0,1,2,3,..},
given by
d(n) =d, = deg(fn).

The analogue of Lemma 5.3.1 is the following.

Lemma 5.4.2. If P, = (2, yn) # O, write z, = f,(t)/gn(t) with f,,(¢), gn(t) €
F,[t]. Then deg(fy,) > deg(gn).

Proof. Suppose 7 = 1/t and view E*™ over F,((7)). On F,((7)), and there-
fore on its subfield Fy(t), we use the valuation v corresponding to 7 (this is
described in more detail in the proof of Lemma 5.3.1). We change coordi-
nates as follows:

¢ =712z and n = 1.

In these new coordinates the equation for E*W is
4 7én = &+ 7 + b + b7°.
The reduction modulo 7 of this equation is the curve

E"™[F,: n* =&
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Since E§¥(Fq4((7))) is the subgroup of points in E™(F,((7))) whose reduction
modulo 7 is in EI¥(F,), it is easy to see that E{¥(F,((7))) consists of the
point O at infinity and all points which, in the (£,7) coordinate, satisfy
v(€) < 0. In the (x,y) coordinates this means 2 + v(z) < 0. So a point
(z,y) € E™(F,(t)) is in E§¥ (F,((7))) precisely when, writing z as a quotient
of polynomial in ¢,

deg(numer(z)) > deg(denom(x)) + 2.

The above discussion implies that the point Py € EfV(F,(t)), but Q ¢
E{(F,(t)). Using formula (5.13) we obtain

Clearly, this implies 2Q € E{¥(F,(t)). Therefore, if n is even, then
P, = Py +nQ € EV (Fy(t)).

So for n even the lemma is true.

If n is odd, then write P, = P,_1 + ). Since n — 1 is even, the above
argument implies that P,_1 € E{¥(Fy(t)).

We claim that if a point P € E§V(F,(t)), then

deg(numer(x(P 4 Q))) = deg(denom(z(P + Q))) + 1.

This is obvious when P = O. Hence assume P # O and write P = (f/g,y)
for polynomial f, g € F,[t]. By addition formula (5.12), we get

2 2 2
gy+tifg+tf
P =

Since the assumption P € E{¥(F,(¢)) means deg(g) < deg(f)—2, this implies
that the degree of the denominator of the given expression for z(P + Q) is
deg(f?). Now we find the degree of the numerator of in the same expression.
The point P satisfies the equation of E*W, and this can be written as

(0%y)* +tfg(g%y) + 2 f3g + bt g* + 3 f2¢* + bf?g* = 0. (5.15)

This implies g%y € Fy[t]. We now show that (5.15) implies that the poly-
nomial g%y € Fy[t] has strictly smaller degree than tf2. Since deg(g) <
deg(f) — 2, this implies

deg(gy) < deg(tf?).
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Namely, if not, then the first term in the left-hand-side of (5.15) would have
strictly larger degree than any of the other terms, which is impossible. It
follows that the degree of g%y + t2fg + tf? is deg(tf?). Hence, our claim
follows.

The above claim proves the lemma for n odd. Consequently, the lemma
is true for all n € Z.

O
Lemma 5.4.3.
d_y = N,.
Proof. By the addition formula (5.12)
o(Poy) =2(P - Q)
2
_ t% (st‘l J;qtiq: t2) o <stq Jtrqtiq;r t2) FIFE TN T
B o A o A o i ts? (5.16)

(t9 + )2

We claim that st9+ ts? is a polynomial in ¢ of degree (3¢ + 2)/2, this would
imply that the degree of numerator of x(P_1) is 2¢ + 1.

Note that st? + ts? belongs to F,(t) C K = F,(E). Moreover, st? + ts4
has no poles outside the point at infinity O, because s and t have a pole of
order 3 and 2, respectively, at O and no other poles. Therefore st? + ts? €
[Fy[t](otherwise it would have poles outside O).

Suppose v is the valuation on K corresponding to O. Therefore v(st? +
ts?) = —3q — 2, because v(t) = —2 and v(s) = —3. Since the non-zero
polynomial f € Fy[t] has valuation v(f) = —2deg,(f), it follows that

3g+2

deg,(st? + ts?) = <2q+1.
Consequently, the numerator in (5.16) has degree 2¢ + 1, and
d_1 = 2q + 1 — #{Cancellations of degree one factors}.
We now count #{Cancellations of degree one factors}. Write

N(t) = 2+ 4 a+2 g0t 41 159 € Ty (1],

for numerator of (5.16). Since (t9+t)? = [Lyer, (t+1t0)?, we need to examine
which ¢y € [, are zeroes of N(t), and if they are, whether the multiplicity
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of such a zero is 1 or > 2. To evaluate N(t) at ¢y € F,, pick so € F, such

that Q¢ = (to, So) € E(]Fq) Then
N(to) = t% + soto + tosg.

The fact that N(t) € F,[t] implies that this value is independent of the
choice of sg.
(i) If Qo is a F-rational point, then N (ty) = tZ; hence,

N(to) =0&1ty=0.
(ii) If Qo is not Fy-rational, then s} # so. Since s satisfies

Sg + tgsg = f(to),

this implies s{ is the conjugate of sg, i.e., s§ = so + to. Therefore, N(ty) =
t% + sotg + tU(So + to) =0.

It follows that we get a cancellation ¢ty € Fy in (5.16) if t9 = 0 or ¢y is
not the x-coordinate of a rational point (x-CRP).

To see whether we have a single or a double cancellation at such ¢y, we
need to compute N'(tg). To this end, first extend the derivative d/dt on
F,(t) to a derivative on K = F,(t,s). Since s +ts = f(t), this means we
have to define s’ such that 2s-s' + s't +s = f'(¢), i.e., s = (f'(t) +s)/t. As
a consequence,

aN

= 20 419 4§t 4 51
dt *

= 20 4T g0 st s

For tog = 0, we have sg = b%/2; hence, N’(0) = b%/? # 0. We get one
cancellation. For non-zero to € I, such that ¢y is not an x-CRP, we have
N'(tg) = to + so + so + to = 0. This implies that we get two cancellation.
Hence,

d1=2¢q+1-1 —2-#{t0 € Fq|0 75 to #X—CRP}

Since
q =1+ #{to € F4|0 # tog = x-CRP} + #{to € 4|0 # to # x-CRP},
this implies
d_1 =2+2 #{to € F4|0 # to = x-CRP} = N,.

This proves the lemma. ]
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Lemma 5.4.4. The integers d,, satisfy the identity
dn—1+dpy1 = 2d, + 2.

Proof. Take P,_1, P, and P,1. We consider the following two cases.

Case 1: One of P,_1, P, and P, is O.
(i) If P, = O, then P,_1 = —(¢,0), and P,+1 = (¢,0). Hence d,,_1 = 1
and d,4+1 = 1. The lemma follows.
(ii) If P,—1 = O, then P, = (¢,0) and P,41 = 2(¢,0). By the duplication
formula (5.13), we have
t*+b
r(Poy1) = 2
This is in lowest form, since b # 0; therefore, d,,11 = 4. Hence, the lemma
follows in this situation.
(#i7) If P41 = O, then the same argument proves the lemma.

Case 2: None of P,_1, P, and P,y1 is O. Recall our notation, i.e., P; =
(fi/gi,yi) whenever P; # O, where f;,g; € F4[t]. By the addition formula
(5.12), applied to P,,—1 = P,, — @, one has

frn—1 _ tfn(tgn + fn) +tfngn + g%yn
gn—1 (tgn + fn)2

R
= lign + 7 10

say. Replacing P, by —P, is the same as replacing vy, by y + tf/g, in the
formula above. One obtains in this way

Jn+1 _ tfn(tgn + fn) + ggyn

9n+1 B (tgn + fn)2

S
RS (5.18)

say. Since g2y, is a polynomial, also R and S are in F,[t]. By multiplying
the expressions (5.17) and (5.18), we get

Jn-1fn+1 RS A fE4bg2 T (5.19)
In—19n+1 (tgn + fn)4 (tgn + fn)2 (tgn + fn)27 '

say. If we show that, up to a non-zero constant,

In—19n+1 = (tgn + fn)27 (5'20)
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then, upto the same constant,

fae1fot1 = t2f2 + bg2.

Using Lemma 5.4.2, it follows that the degree of the right-hand-side of this
expression is deg(t?f2). Hence, we get

dp—1+ dpt1 = deg(frn—1fnt1)
= deg(t*f7)
= 2d, + 2.

Now we prove (5.20). It follows from the second equality of (5.19) that
(tgn + fn)? | RS. Suppose (tgn + fn)? = R1S; for certain Ry, Si € F,[t]
such that Ry | R and S; | S. Since

fn—l o R R R/Rl
gn—1  (tgn + fn)? T RS S

we get gn—1 | S1. Similarly, we get g1 | R1. Therefore

In—19n+1 ’ (tgn + fn)2

The equality (5.20) will follow if we prove that also

(tgn + fn)* | Gn—1gn+1- (5.21)

Suppose (5.21) is not true, then an irreducible polynomial A(t) € F[t] exists
such that v)((tgn + fn)?) > vA(gn-19n+1), where vy is valuation on F[t]
corresponding to A\. We claim that A and the valuation vy have the following
properties.

(@) vA((tgn + fu)?) > 0;

(0) At gn;

(c) vA(T) > 0;

(d) vA(R) > 0 and vy(S) > 0.

These properties can be proved using exactly the same reasoning we used
in the proof of Lemma 5.3.4.
Properties (a) and (d) imply that the valuations at A of

gg(yn + tfn/Qn) =R+ tfn(tgn + fn)
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and of
giyn =5+ tfn(tgn + fn)

are both positive, as is seen by considering the right-hand-side. This and
Property (b) imply that vy(yn + tfn/gn) > 0 and vx(y,) > 0. It follows
that vy(tfn/gn) > 0; hence, vy(tf,) > 0, and therefore, because of (c),
vA(bgn) > 0, contradicting (b) since b # 0. This contradiction proves the
lemma in this case. O

Hasse’s inequality, for an elliptic curve E/F, with ¢ = 2¢ and j(F) # 0,
follows by combining the Lemmas 5.4.2, 5.4.3 and 5.4.4. The argument is
the same as the one presented on page 67, except for one detail: to see why
1,22 € Z leads to a contradiction, note that it would imply

nn+1) =x1x9=q=2°

in this case. As a consequence, e = 1 and either 9 = —1 or 1 = 1. If
x9 = —1, this would mean 0 = d(—1) = d_1 = #E(F,;) > 0, a contradiction.
Furthermore, note that when ¢ = 2 we have

t+at> +b

w(P) =~

hence, 3 < d; <4, so d(1) # 0 in this case.

Alternatively, note that d(z) cannot be 0 at two consecutive integers
since it would imply d,, = dimy1 = 0 for some m € Z. Using Lemma 5.4.2
this implies P, = Pp,4+1 = O, which is absurd since P41 = P, + Q.

5.4.2 The supersingular case

Suppose as before ¢ = 2¢ with e > 1, and assume that the elliptic curve E/F,
has j—invariant 0; this is equivalent to E being a supersingular elliptic curve.
The equation of such a curve can be given as

E:y’+ay=a>+bx+c= f(z),

where a # 0, and note that a® is the discriminant [26, Appendix A](note
the misprint in the Second Edition; the formula as presented in the original
First Edition are correct). The quadratic twist of E/F,(t) associated to the
quadratic extension K = F,(t, s) with s* +as = f(t) is

E™ g +ay = f(x) + f(1).
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Note that f(x) + f(t) = 23 + bz + 3 + bt. The two curves E™ and E are
isomorphic over K. The isomorphism is given as follows:

E — E™
(x,y) = (z,s +y).
The addition and duplication formula on E*™ are the usual ones (compare

[26, Section II1.2 ])
(i) If O # P; = (acj,yj) S EtW(Fq(t)), and P; # +P», then

Y1+ Y2

2
+ 1 + 0. 5.22
x1+x2> ! 2 ( )

2(PL+ Py) = <

(it) If O # P = (x,y) € E™(F,(t)), then

xt + b2
a?

2(2P) = (5.23)

Just as we saw in the odd characteristic case and in the case of ordinary
curves in characteristic 2, we have isomorphism between the groups F(K)
and Morp, (E, E). By composing this isomorphism with the isomorphism
between E'Y and E we get the following isomorphism

E™(K) = Mory, (E, E),

(x(t, 8),y(t,s)) — [(t,8) — (z(t,s),s + y(t,s)].

Lemma 5.4.5. Restricted to the subgroup E™(F,(t)) C E™(K), the above
isomorphism defines

E™(Fy(t)) = ¥ = {4 € Morg, (E, E)|[-1]o¢p = o [-1]}.

Proof. This is completely analogous to the cases we already discussed. Note
that here [—1] : E — E is given by (z,y) — (z,y + a). O

The identity map on E via the isomorphism of Lemma 5.4.5 becomes
the point

Q= (t> O)

on EY(F,(t)). The point corresponding to ¢'"-power Frobenius is

Py = (z0,90) = (7,5 + s7)
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on E™(F,(t)). Note that by construction the point Py is Fg(¢)-rational,
equivalently s + s? € F,(t). We define

P,=FPy+nQ, necZl.

Suppose P,, = (xy,yn) and write z,, = f5,/gn, where f, g, € F,[t], with
ged(fn, gn) = 1. We get a well-defined function

d:7— {0,1,2,3,..}

given by
0 if P, =0;
d(n) = dn = { deg(fn)  otherwise.

In this case, the analogue of Lemma 5.3.1 is the following.

Lemma 5.4.6. If P, = (zp,yn) # O, write z, = fn(t)/gn(t) with f(t), gn(t) €
F4[t]. Then deg(f,) > deg(gn)-

Proof. Suppose 7 = 1/t and view E*™ over F,((7)). On F,((7)), and there-
fore on its subfield F,(t), we use the valuation v corresponding to the place
with uniformizer 7. So in particular for g € F[t] one has v(g) = — deg(g).
We change coordinates as follows:

¢ =72z and n = 3y.
The equation of E*V in these new coordinates is
4 ardn = + bt + 73 + brd.
The reduction modulo 7 of this equation is the curve
E™ [Fq: n? =&

It is easy to see that a point (z,y) € E™(F,(¢)) is in E§¥(F,((7))) precisely
when, writing x as a quotient of polynomial in ¢,

deg(numer(x)) > deg(denom(x)) + 2.

In particular, it follows that the point Py € Ef¥ (F,(t)), and Q ¢ ESV (F,(t)).
Using formula (5.23) we obtain
th+b?
r(2Q) = —5—.

a
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This implies that 2Q € E§¥(F,(t)). Therefore, if n is even, then
P, = Py+nQ € Ef¥(F,(1)).

So for n even the lemma is true.

If n is odd, then write P, = P,_1 + Q. Since n — 1 is even, the above
argument implies that P,_1 € E§V (F,(t)).

We claim that if a point P € E§V(F,(t)), then

deg(numer(xz(P 4 Q))) = deg(denom(z(P + Q))) + 1.

This is obvious when P = O. Hence assume P # O and write P = (f/g,y)
for polynomial f, g € Fy[t]. By the addition formula (5.22), we get

tf2+t2fg+bfg+ btg®> + ag’y
f2 —|—92t2 :

x(P+ Q)=

Since the assumption P € E{¥(F,(t)) means deg(g) < deg(f)—2, this implies
that the degree of the denominator of the given expression for z(P + Q) is
deg(f?). Now we find the degree of the numerator of in the same expression.
The point P satisfies the equation of E*W, and this can be written as

(7%y)? +tg*(g*y) + fig + bfg® + t3g* + btg* = 0. (5.24)

This implies g*y € Fy[t]. We now show that (5.24) implies that the polyno-
mial g%y € F,[t] has strictly smaller degree than tf?. Namely, if this were
false, then the inequality deg(g) < deg(f) — 2 would imply that all but the
first nonzero terms in (5.24) have degree strictly smaller than deg((g%y)?).
Clearly this would contradict (5.24). It follows that the degree of tf? +
t2fg +bfg + btg® + ag?y is deg(tf?). Hence, our claim follows.

The above claim proves the lemma for n odd. Consequently, the lemma
is true for all n € Z.

[
Lemma 5.4.7.
d_1 = Ny.
Proof. We compute d_;. By the addition formula (5.22)
x(P_1) = (t9, s+ s7) + (t,a)
_ P 402 4 (T + ) + a(s? + 5) + @ (5.25)

(t+1)?
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We claim that s+s? € F,(t) is a polynomial in ¢ of degree 3¢/2, and therefore
the degree of numerator of the expression given above equals 2¢ + 1.

As a function on F, s 4 s? has no poles outside the point at infinity, O,
because s has only one pole of order 3 at O. Therefore s+s? € F[t](otherwise
it would have poles outside O).

Suppose v is the valuation on Fy(E) corresponding to O. Then v(s +
s9) = —3q. Since a nonzero polynomial g € Fy[t] C F,(E) satisfies v(g) =
—3deg,(g), it follows that

3
deg,(s + s?) = ?q <2q+1.
Consequently,

d_1 = 2q + 1 — #{Cancellations of degree one factors}.

Write
N(t) = 29T 14972 4 p(t7 4+ 1) + a(s7 + s) + a?,

for the numerator in (5.25). Since (t7 +t)? = [Lper, (t + tp)2, we need to
examine which tg € F, are zeroes of N(t), and if they are, whether the

multiplicity of such a zero is 1 or > 2. B
Let t =ty € Fy. Pick sg € F, such that Qo = (t9, s0) € E(F,). Then

N(to) = a(sd + so) + a*.
(1) If Qo is a rational point of E//F,, then
N(to) = a® #0.
(4i) If Qo is not rational, then s§ # so. Since sg satisfies
st 4 aso = f(to),

s¢ is the conjugate of sg, i.e., s§ = so + a. It follows that N(to) = a(so +
a+ sg) +a?=0.

Therefore, we get a cancellation at tg € I, iff ¢ is not an x-CRP.

To calculate the derivative of N(t), we first extent the derivative d/dt to
F,(t,s). Since s? + as = t3 + bt + ¢, the extension is given by

as’ =2 +b.
As a consequence,

dN
E:t2q+b+t2+b:t2q+t2.
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It follows that we have two cancellations for every to € Iy, which is not an
x-CRP. Consequently,

d1=2q+1-2- #{to S Fq’to 75 X—CRP}.
On the other hand
q= #{to € Fq’to = X—CRP} + #{to € Fq’to #* X—CRP}.

Therefore,

since if ¢y is the z-coordinate of (to,sg) € E(Fy), then also (to,so + a) €
E(F,). This proves the lemma. O

Lemma 5.4.8. The integers d,, satisfies the identity
dn—1+ dpt1 = 2d, + 2.

Proof. Take P,_1, P, and P, 1. We consider the following two cases.
Case 1: One of P,,—1, P, and P41 is O.

(1) If P, = O, then P,_; = —(t,0) and P,y1 = (¢,0). Hence d,—1 =1
and dnp4+1 = 1. So the lemma follows in this case.
(#9) If P,—1 = O, then P, = (¢,0) and P,4+1 = 2(¢,0). By the duplication
formula (5.23)
th+v?
a2

2(Ppy1) =

hence d_1 =0, d, = 1 and d,4+1 = 4. So also in this case the lemma follows.
(7i1) If Py+1 = O, then the same reasoning proves the lemma.

Case 2: Now assume that none of P,_1, P, and P,41 is O, then by the
addition formula (5.22)

2(Pai) = Jn-1 _ (tfn"‘bgn)(tgn‘i'fn)+a9721(yn+a> _ R
" In—1 (tgn + fn)2 (tgn + fn)27
(5.26)
say. Also
SU(Pn—i—l) _ fn+1 _ (tfn + bgn)(tgn + fn) + ag%yn _ S (527)

gn+1 (tgn + fn)2 (tgn + fn)Q’
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say. Note that R and S are in Fy[t]. By multiplying the expression of
2(Py—1) and z(P,41), we get

fn—lfn-i—l o RS . tgfg + b2g% + a29n(tgn + fn) . T

9n—19n+1 (tgn + fn)4 - (tgn + fn)2 (tgn + fn)Q,
(5.28)

say. If we show that, up to a non-zero constant,
Gn19n+1 = (tgn + fn)?, (5.29)
then, upto the same constant,
forfni1 = E 7 + Vg5 + a*gu(tgn + fn)-
Hence, by comparing degrees and using Lemma 5.4.6, it follows that

dp—1+ dyi1 = deg(t*f2)
= 2d, + 2.

Now we prove (5.29). It follows from (5.28) that (tg, + f.)? | RS. Write
(tgn + fn)? = R1S1, where Ry, S1 € Fy[t] and Ry | R, S1|S. Since

o1 R R R/Ry
gn—1  (tgn+ fn)? R1S1 S

it follows that g, 1 | Si. Similarly, gni1 | R1, 50 gn_1Gni1 | (tgn + fn)?.
The equality (5.29) will hold if we prove that also

(tgn + fn)2 | In—19n+1- (5.30)

Suppose (5.30) is not true. Then a irreducible polynomial A(t) € Ft]
exists such that vy((tgn — fn)?) > va(gn_1gns1). This vy is valuation on
[F,(t) corresponding to A(t). We claim that A and the valuation vy have the
following properties.
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These properties can be proved using exactly the same reasoning we used
in the proof of Lemma 5.3.4.
Properties (a) and (d) imply that the valuations at A of

ag2(Yy +a) = R+ (tfn + bgn)(tgn + fn)

and of
agnYn =S+ (tfn +bgn)(tgn + fn).

are both positive, as is seen by considering the right-hand-side. This fact
and Property (b) imply that vy(y, + a) > 0 and vy(y,) > 0. It follows that
vx(a) > 0, contradiction a # 0. This proves the lemma in this case. O

Hasse’s inequality, for supersingular elliptic curve E/F, with ¢ = 2°,
follows by combining the Lemmas 5.4.6, 5.4.7 and 5.4.8. The argument is
the same as the one presented in the end of the case of ordinary elliptic curve.
This complete elementary proof of Hasse’s theorem in all characteristics.

Remark 5.4.9. Note that, regardless of the characteristic, in the definition
of the number d,, two cases are distinguished: P, = O and P, # O.

Furthermore, the following holds.

Proposition 5.4.10. Suppose I, is an arbitrary finite field of cardinality
q. Let E/F, be an elliptic curve, and define (dy),cz as in sections 5.2, 5.4.1
and 5.4.2. The following statements are equivalent.

1) d, =0

2
3) ¢ = [-n]

(
(
(
(4) rank(E®™ (Fy(t))) = 4 and #E(Fy = g +2n + 1

)
) b
)
)

Proof. Tt is to easy to the equivalence of (1), (2) and (3); we show the equiv-
alence of (3) and (4).
(3) = (4). We know that

rank(E" (Fy(t))) = rank(Endp, (E)).
Furthermore, #FE(F,) = deg(¢,—[1]) = deg[-n—1] = n®4+2n+1 = g+2n+1

since ¢ = deg(¢,) = deg([—n]) = n?. In particular this implies that E/F,
is supersingular. Hence rank(Endr, (%)) = 4. Endp,(F) is the subring of
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Enqu(E) consisting of all endomorphisms commuting with ¢4. Since here
¢q = [—n], it follows that

Endy, (E) = Endg, (E).

This proves (4).
(4) = (3). From rank(E™ (F,(t))) = 4 it follows that Endp, (F) has rank
4. This implies that

Endg, (E) ® Q = Endg, (E) ® Q.

hence ¢, commutes with every endomorphism. The center of the quaternion
ring Endp, (E) consists of Z, hence ¢, = [m] € Z. It follows

qg—2m+1=#EF,) =q+2n+1,

S0 g = [—nl. O

5.5 Magma

In this section we will illustrate Manin’s proof and our extension of it to

all characteristic, using the Magma algebra system [1]. More precisely, we

provide Magma-code that takes a ”random” elliptic curve E over a ”"random”

finite field F,, and then defines E™ /F,(t) and the points Py, @ on it. The

values d,, and, in particular, d_1 = #FE(FF;) can be found using Magma.
We do this in the three cases

1. Odd characteristic,
2. Characteristic two and E ordinary,
3. Characteristic two and FE supersingular,

separately. In the first two cases, isomorphisms between a curve E*V as
given in the preceding section, and a curve given in the usual Weierstrass
form are needed. Note that in the last case, E* is already a Weierstrass
equation.

5.5.1 0Odd characteristic

n:=Random(1,5) ;
rn:=Random(2,7) ;
p:=NthPrime(rn);
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q:=p n;
Fq<g>:=GF(q);
a:=Random(Fq); b:=Random(Fq); c:=Random(Fq);
EO:=EllipticCurve([Fql|0,a,0,b,c]);
Fqt<t>:=FunctionField(Fq);
R<Y>:=PolynomialRing(Fqt) ;
K<s>:=quo<R| (Y"2-(t"3+a*t"2+b*t+c))>;
P2<x,y,z>:=ProjectiveSpace(K,2);
Ctw:=Curve (P2, (t"3+a*t ™ 2+bxt+c) xy~2%z-(x"3+a*xx"2*z+b*x*z"2+c*z"3) ) ;
0:=Ctw![0,1,0];
Etw, phi:=EllipticCurve(Ctw,0);
Q:=Ctw![t,1,1];
PO:=Ctw! [t"q,s"(q-1),1];
d:= function(m);

Pm:=Inverse (phi) (phi(PO)+m*phi(Q));

if Pm[3] eq O

then return 0;

else return Degree(Numerator(Fqt! (Pm[1]/Pm[3])));

end if;

end function;
d(-1); #EO;
d(15);
for 1:=1 to 10
do print(d(1-1)+d(1+1)-2%d(1)-2);

end for;

5.5.2 Characteristics two and E ordinary

n:=Random(1,12);
q:=2"n;
Fa<g>:=GF(q);
a:=Random(Fq); b:=Random(Fq);
E0:=EllipticCurve([Fql1,a,0,0,bl);
Fqt<t>:=FunctionField(Fq);
R<Y>:=PolynomialRing(Fqt) ;
K<s>:=quo<R| (Y"2+t*Y+(t"3+a*xt”~2+b))>;
P2<x,y,2z>:=ProjectiveSpace(K,2);
Ctw:=Curve (P2, (y"2*z+t*x*y*z+t~2%x "3+t " 3*x " 2*z+b*x " 2*xz+b*t"2%273) ) ;
0:=Ctw![0,1,0];
Etw, phi:=EllipticCurve(Ctw,0);
Q:=Ctw![t,0,1];
PO:=Ctw! [t"q,s*t"q+t*s"q,1];
d:= function(m);

Pm:=Inverse(phi) (phi(PO)+m*phi(Q));

return Degree(Numerator (Fqt! (Pm[1]/Pm([3])));
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end function;
d(-1); #EO;
d(15);
for 1:=1 to 10
do print(d(1-1)+d(1+1)-2%d(1)-2);
end for;

5.5.3 Characteristics two and F supersingular

n:=Random(1,12);
q:=2"n;
Fq<g>:=GF(q);
a:=Random(Fq); b:=Random(Fq); c:=Random(Fq);
E0:=EllipticCurve([Fql|0,0,a,b,cl);
Fqt<t>:=FunctionField(Fq);
R<Y>:=PolynomialRing(Fqt);
K<s>:=quo<R| (Y"2+a*Y+(t"3+b*t+c))>;
Etw:=EllipticCurve([K|0,0,a,b,t 3+b*t]);
Q:=Etw![t,0,1];
PO:=Etw! [t"q,s"q+s,1];
d:= function(m);

Pm:=P0+m*Q;

if Pm[3] eq O

then return O;

else return Degree(Numerator (Fqt!(Pm[1]/Pm[3]1)));

end if;

end function;
d(-1); #EO;
d(15);
for 1:=1 to 10
do print(d(1-1)+d(1+1)-2%d(1)-2);

end for;



Samenvatting

In dit proefschrift geven we constructies van krommen met veel punten over
een eindig lichaam. Het maximale aantal punten dat een kromme van ges-
lacht g gedefinieerd over een eindig lichaam van cardinaliteit ¢ kan hebben,
wordt als Ny(g) genoteerd.

In het eerste hoofdstuk geven we een historisch overzicht van resultaten
betreffende Ny(g). We noemen een kromme C over het eindige lichaam [,
“goed” als het aantal rationale punten binnen 10% van de Hasse-Weil-Serre
grens ligt. Dat wil zeggen:

#0(F,) > - (a-+1+g[V/3a)).

waarbij g het geslacht van de kromme C' is.

In het tweede hoofdstuk beschouwen we het geval van de elliptische krom-
men (geslacht 1 krommen met een aangewezen rationaal punt). Uit werk van
Deuring (1941) en van Waterhouse (1969) volgt een algemene formule voor
Ny(1). We geven voor g klein, expliciete geslacht 1 krommen met N, (1)
punten erop. In Sectie 2.6 beantwoorden we de vraag: onder welke om-
standigheden zijn een elliptische kromme en een kwadratische twist daarvan
isomorf over het grondlichaam? Bovendien bestuderen we in de twee laatste
secties van dit hoofdstuk de nulpunten in Z van de veeltermen

X3 —3nX — |nV4n],
X5 —5nX3 +5n%X — |nV4n)|.

Deze veeltermen komen voor in een van de methoden voor het vinden van
maximale elliptische krommen.

In het derde hoofdstuk behandelen we het geval van krommen met ges-
lacht twee. Jean-Pierre Serre vond in 1985 een expliciete formule voor Ny(2).
In dit korte hoofdstuk gebruiken we een methode beschreven in een publi-
catie van Howe, Leprévost en Poonen (2000) waarmee in veel gevallen een
expliciete vergelijking van een geslacht twee kromme met Ny(2) punten erop
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kan worden gevonden, uitgaande van een elliptische kromme die Ny (1) pun-
ten bevat.

In het vierde hoofdstuk beschouwen we krommen met een hoger geslacht
en met een grote groep van automorfismen. Maxim Hendriks (2013) gaf in
zijn proefschrift modellen van krommen die een zogeheten platonische af-
beelding toelaten. Door de Jacobiaan van deze krommen te ontbinden en
door ze te reduceren modulo priemgetallen, vinden we een heleboel voor-
beelden van maximale en van goede krommen. We geven bovendien in dit
hoofdstuk een flink aantal voorbeelden van maximale en van goede krommen
van hoger geslacht, die verkregen zijn als vezelproduct van twee krommen
van geslacht 1. We geven twee tabellen met goede krommen. De eerste bevat
voorbeelden van goede krommen met geslacht vier, verkregen als vezelprod-
uct van elliptische krommen die N,(1) punten bevatten. De tweede tabel
bevat voorbeelden van goede krommen die met behulp van het proefschrift
van Maxim Hendriks zijn gevonden.

In het vijfde hoofdstuk tenslotte, breiden we een elementair bewijs gevon-
den door Yuri I. Manin (1956), uit naar een meer algemene situatie. Dit
betreft het klassieke resultaat van Helmut Hasse (1933) dat zegt dat voor
een elliptische kromme E over het eindige lichaam [F, geldt dat

[#E[Fq) —q—1] <24



Summary

In this thesis we propose constructions of curves with many points over a
finite field. The maximal number of points that a curve of genus g over a
finite field with cardinality ¢ can have is denoted Ny(g).

In the first chapter we give a small historical survey of results on Ny(g).
We call a curve over F, “good” if the number of rational points is within
10% of Hasse-Weil-Serre bound. That means

#O(Fy) > 1(a+1+g/a))

where g denotes the genus of the curve.

In the second chapter we consider the case of elliptic curves (genus one
curves with a rational point). A general formula for N, (1) follows from a
result of Deuring (1941) and of Waterhouse (1969); we find explicit curves
reaching N, (1) points for small ¢. In Section 2.6, we answer the question:
when are an elliptic curve and its quadratic twist isomorphic over the ground
field? Moreover, in the last two sections of this chapter we study the zeros
in Z of the polynomials

X3 —3nX — |nV4n],
X5 —5nX3 +5n%X — |n?V4n)|.

These polynomial play a role in one of the methods for finding maximal
elliptic curves.

In the third chapter we consider the case of curves of genus two. Jean-
Pierre Serre in 1985 found an explicit formula for N, (2); in this short chapter
we recall a method described in a paper by Howe, Leprévost, and Poonen
(2000) which in many cases can be used to find an explicit equation of a
genus two curve with N, (2) points from an equation of an elliptic curve with
N,4(1) points.

In the fourth chapter we consider curves of higher genus with large au-
tomorphism group. Maxim Hendriks (2013) has given models of curves
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admitting so-called platonic maps in his thesis. By decomposing the Jaco-
bian of these curves and reducing them modulo primes we obtain lots of
examples of maximal and good curves. Moreover, in this chapter we give
lots of examples of maximal and good curves of higher genus obtained as the
fibre products of genus one curves. We give two tables of good curves. The
first table contains examples of good curves of genus 4 obtained as the fibre
products of elliptic curves with N, (1) points, and the second table contains
examples of good curves obtained using the thesis of Maxim Hendriks.

Finally, in the fifth chapter we extend an elementary proof due to Yuri
I. Manin (1956) of the classical result of Helmut Hasse (1933) stating that
for an elliptic curve E over the finite field I, one has

[#E[Fq) —a—1] <2V/4.
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