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Basic Boundary Interpolation for
Generalized Schur Functions and Factorization
of Rational J-unitary Matrix Functions

Daniel Alpay, Aad Dijksma, Heinz Langer and Gerald Wanjala

Abstract. We define and solve a boundary interpolation problem for gene-
ralized Schur functions s(z) on the open unit disk D) which have preassigned
asymptotics when z from D tends nontangentially to a boundary point z; € T.
The solutions are characterized via a fractional linear parametrization for-
mula. We also prove that a rational J-unitary 2 X 2-matrix function whose
only pole is at z; has a unique minimal factorization into elementary factors
and we classify these factors. The parametrization formula is then used in an
algorithm for obtaining this factorization. In the proofs we use reproducing
kernel space methods.

Mathematics Subject Classification (2000). Primary: 47A57, 46C20, 47B32;
Secondary: 47A15.

Keywords. Generalized Schur function, Boundary interpolation, Rational J-
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1. Introduction

Recall that s(z) is a generalized Schur function with s negative squares (for the
latter we write sq_(s) = k), if it is holomorphic in a nonempty open subset of the
open unit disk D and if the kernel

1—s(2)s(w)*

1— zw*

K(z,w) = . z,w € D(s), (1.1)

has k negative squares on D(s), the domain of holomorphy of s(z). We denote
the class of generalized Schur functions s(z) with sq_(s) = k by S, and set S =
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Research NWO (grant B61-524).
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Uk>0Sk. The function s(z) € Sp has a holomorphic and contractive continuation
to all of D and is called a (classical) Schur function. In fact, the following three
statements are equivalent:

(a) s(z) € So.
(b) s(z) is holomorphic on D and bounded by 1 there.
(¢) s(z) has the form

loj| 2 /2” et 4 2
— ) du(t 1.2
WZHajlfazeXp o et—z ue) ) (1.2)

where n is a nonnegative integer, the «;’s are the zeros of s(z) in D\ {0}
repeated according to multiplicity, v is a number of modulus one, and pu(t)
is a nondecreasing bounded function on [0, 27]. The Blaschke product on the
right-hand side of the first equality in (1.2) is finite or infinite and converges
on D, because > (1 — |a;|) < co.

By a result of M.G. Krein and H. Langer [24], a function s(z) € S,; has a
meromorphic extension to D and can be written as

-1

s(z) = Hlf_ﬁﬂ;jz s0(2), (1.3)

where so(z) € So, and the zeros §; of the Blaschke product of order x belong
to D and satisfy so(8;) # 0, j = 1,..., k. Conversely, every function s(z) of the
form (1.3) belongs to S,. It follows from (1.3) that any function s(z) € S has
nontangential boundary values from D in almost every point of the unit circle T.
In particular, a rational function s(z) € S of modulus one on T is holomorphic on
T, and it is the quotient of two finite Blaschke products.

A nonconstant function s(z) € Sg has in z; € T a Carathéodory derivative ,
if the limits

7o = lim s(z) with |9] =1, 7 = lim 5(z) =70 (1.4)
2521 z>z1 2 — 2]
exist, and then

lim s'(z) = 7.
221

Here and in the sequel 2521 means that z tends from D non-tangentially to
z1. The relation (1.4) is equivalent to the fact that the limit

1—
L 1= 1s(2)
25z 1 — |Z‘

exists and is finite and positive; in this case it equals 7371 21; see [33, p. 48]. The
following basic boundary interpolation problem for Schur functions is a particular
case of a multi-point interpolation problem considered by D. Sarason in [34]: Given
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z1 € T and numbers 7, 71, |79| = 1, such that 7571 21 is positive. Find all functions
s(z) € Sg such that the Carathéodory derivative of s(z) in z; exists and
s(z) — T

lim s(z) = 7, lim =T
2521 zoz1 2 — 21

The study of the Schur transformation for generalized Schur functions in [14],
[1], and [3] motivates the generalization of this basic interpolation problem for
generalized Schur functions, which we consider in this note.

Problem 1.1. Let z; € T, an integer k > 1, and complex numbers 1o, Tr, Tr+1,
.., Tok—1 with |T0| =1, 7, # 0 be given. Find all functions s(z) € S such that

2k—1
s(z) =70+ Y mi(z—21) +0((z — 21)*), 25z (1.5)
i=k

We solve this problem under the assumption that the matrix

P:=73TB (1.6)
is Hermitian, where
Tk 0 0 0
Th+1 s . 0 0
e (L7)
Tok—2 T2k—3 Tk 0
Tok—1 T2k—2 Th+1 Tk
and
0 0 0 (71)k71 (kal)szﬂ
0 0 ( 1)k72<k52)2%k—3 (71)k71(kI1)Z%k—2
B = : (1.8)
0 —(p)ef i Ve £ S b Vi e
a —(;)4 D A ) G D (A 2
Evidently, for k¥ = 1 the expression in (1.6) reduces to 737121 from above. In

Theorem 3.2 we describe all solutions of this problem by a parametrization formula
of the form
a(z)s1(z) + b(z) a(z) b(z)
S(Z) @(Z)(Sl(z)) c(z)sl(z) +d(z)’ (Z) C(Z) d(Z) 5 ( )
where the parameter s;(z) runs through a subclass of S. The matrix function ©(z)
is rational with a single pole at z = z; and J-unitary on T for

(),
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Recall that a rational 2 x 2-matrix function O(z) is J-unitary on T if
©(2)JO(2)* =J, zeT\{polesof O(z)}.

We prove the description (1.9) of the solutions of the Problem 1.1 by making
use of the theory of reproducing kernel Pontryagin spaces, see [19], [4], [5], [6] for
the positive definite (Hilbert space) case and [2], [3] for the indefinite case. The
essential tool is a representation theorem for reproducing kernel Pontryagin spaces
which will be formulated at the end of this Introduction.

Boundary interpolation problems for classical Schur functions have been stud-
ied by 1.V. Kovalishina in [23], [22], by J.A. Ball, I. Gohberg, and L. Rodman in
[12, Section 21] and by D. Sarason [34], and for generalized Schur functions which
are holomorphic at the interpolation points by J.A. Ball in [11]. In these papers
different methods were used: the fundamental matrix inequality, realization theory
and extension theory of operators.

Problem 1.1 is similar to the basic interpolation problem for generalized Schur
functions at the point z = 0 considered in [3]. There, given an arbitrary complex
number oy, one looks for generalized Schur functions s(z) which are holomorphic

in z = 0 and satisfy s(0) = o0¢. In the case that |og| = 1 a certain number of
derivatives has to be preassigned in order to find all solutions. In Problem 1.1 this
additional information comes from the preassigned values 7;, j = k, k+1,...,2k—1,
and 7 =7 =---=71,_1 =0.

The Problem 1.1 is equivalent to a basic boundary interpolation problem
for generalized Nevanlinna functions at infinity, where one looks for the set of all
generalized Nevanlinna functions N(¢) with an asymptotics of the form

So S1 S9k—2 1 .
N(C):_C_CQ_“'_CQIC1+O<<2k>7 C:Z77777—>00~
In fact, these problems can be transformed into each other via Cayley transfor-
mation, and we mention that the cases 757121 > 0, = 0, or < 0 correspond to

the cases sg > 0, = 0, or < 0, respectively, and the hermiticity of the matrix P
in (1.6) corresponds to the reality of the moments s;. On the other hand, each
of these problems has special features and it seems reasonable to study them also
separately. Moreover, the boundary interpolation problem for generalized Nevan-
linna functions at infinity is equivalent to the indefinite power moment problem as
considered in (see [25], [26], [27], [28] [17], [18]). We shall come back to the basic
versions of these problems in another publication.

Basic interpolation problems are closely related to the problem of decompos-
ing a rational J-unitary 2 x 2-matrix function as a minimal product of elementary
factors. For the positive definite case these results go back to V.P. Potapov ([30],
[31] and the joint paper [20] with A.V. Efimov); see also L. de Branges [16, Prob-
lem 110, p 116]. In the indefinite case, for a J-unitary matrix function on the
circle T with poles in D) this was done in [2], and for the line case in [7]. Here we
prove a corresponding factorization result for a rational J-unitary 2 X 2-matrix
function ©(z) with a single pole on the boundary T of D. In fact, with the given
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matrix function ©(z) a basic boundary interpolation problem can be associated,
such that the matrix function which appears in the description of its solutions is
an elementary factor of O(z).

A short outline of the paper is as follows. In Section 2 we study the asymp-
totic behavior of the kernel K(z,w) near z; for a generalized Schur function s(z)
which has an asymptotic behavior (1.5) with not necessarily vanishing coefficients
Ti,...,Tk—1. 1t turns out, that an expansion of s(z) up to an order 2k implies
a corresponding expansion of the kernel up to an order 2k — 1 only if a certain
matrix P is Hermitian. This matrix P, in some interpolation problems called the
Pick or Nevanlinna matrix, is the essential ingredient for the solution of the basic
interpolation problem. It satisfies the so-called Stein equation (see (2.17)) which
is a basic tool for the definition of the underlying reproducing kernel spaces.

In Section 3 the main result of the paper (Theorem 3.2) is proved, which
contains the solution of Problem 1.1. In Section 4 we consider a basic boundary
interpolation problem with data given in several points z1, z2, ..., zny of the circle
T and describe all its solutions via a parametrization formula. In Section 5 the
existence of a minimal factorization of a J-unitary matrix function on T with a
single pole on T is proved. Finally, in Section 6 we show how by means of the Schur
algorithm, based on the parametrization formula of Theorem 3.2, such a minimal
factorization can be obtained.

For the convenience of the reader we formulate here a basic representation
theorem for reproducing kernel Pontryagin spaces, see [9], which will be essentially
used in this paper. Infinite-dimensional versions of this result were proved by
L. de Branges [15] and J. Rovnyak [29] for the line case, and by J.A. Ball [10] for
the circle case. For a rational J-unitary 2 x 2-matrix function ©(z) on D we denote
by P(O) the reproducing kernel Pontryagin space with reproducing kernel

_J- O(2)JO(w)*

1— zw*

Ko(z,w) ) z,w € D(O).

Theorem 1.2. . Let M be a finite-dimensional reproducing kernel Pontryagin space.
Then M = P(0O) for some rational J-unitary 2 x 2-matriz function ©(z) which is
holomorphic at z = 0 if and only if the following three conditions hold:

(1) The elements of M are 2-vector functions holomorphic at z = 0.
(2) M is invariant under the difference quotient operator

(B2 =10 O pem

(3) The following identity holds:

(frg)m — (Rof, Rog)m = g(0)* T f(0), f,g € M. (1.10)

In this case M is spanned by the elements of the form R{©(z)c, where n runs
through the integers > 1 and c through C2.
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In the sequel, for s(z) € S we denote by P(s) the reproducing kernel Pon-
tryagin space with reproducing kernel K(z,w) given by (1.1). The negative index
of this space equals the number of negative squares of s(z).

2. Auxiliary statements

For given numbers 79, 71, ..., 72r—1 we introduce the following k x k-matrices:
T = (tér)z;ioa bor = Toqrst, (2.1)
~ _ E—1—
Bl b =otte (M1 (22)
and
k—1 *
Q = (Csm)s,m:O ’ Csm = Ts+m7(k71)' (23)

Here B is a left upper, ) is a right lower triangular matrix.

Lemma 2.1. Suppose that the function s(z) € S has the asymptotic expansion
2k—1
s5(z) =10+ Z Te(zle)éﬂLO((Z*Zl)%), z=>21, (2.4)
=1

with |7o| = 1, and that the matriz P := TBQ is Hermitian. Then the kernel
K (z,w) has the asymptotic expansion
Ki(zmw)= > om(z—2)(w=-2)™
0<l4+m<2k—2

+0 ((max{|z — 21|, Jw — zl|})2k71) . Z,wSozy,  (2.5)
where the coefficients agpmy for 0 < £,om < k — 1 are the entries of the matrix
P: P = (Com)ymo
Proof. The asymptotic expansion (2.5) will follow if we show that the relation

1—s(z)s(w)” — Z m (2 — 21)(w — 21)"™(1 — zw™)
0<l+m<2k—2
= 0 ((max{]z — 21, Jw— = [H*)  (26)

holds, where the symbol O refers again to the non-tangential limit z, w=z;. To
see this we consider only the radial limits of z and w and observe that then for z
and w sufficiently close to z; the relation
|1 — zw*| > max{|z — z1]|, |w — 21|}
holds. Dividing (2.6) by 1 — zw* we obtain
O ((max{|z — z1|, |lw — z1|})?*
Kaw) = 3 am(e—a)(w—aym = Ol alble =2 D)

0<tsZons max{|z — z1], Jw — z1|}

and this is (2.5).
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To prove (2.6) we set u = z — z1, v = w* — z§. Then the expression on the
left-hand side of (2.6) becomes

1— (10 +mu+nu? + -+ Ow?)) (7§ + 7fv + 7302 + -+ - + O(v?*))
(2.7)

- Zoge+m§2k—2 apmufo™(—uzt — vz — uw).

Comparing coefficients we find that the following relations are equivalent for (2.6)
to hold:

* * *
u: ToT1 = o1, Vi ToTT = (Q0%1, (28)
2. * * . * _ * 2. *
Ut ToTy = 0uozy, UV: TyTI = Qpoo+Qo12] 1021, VT ToTy = o121, (2.9)
3. * * 2 .. * *
ui T3Ty = Qi20Z1, UV ToTy = Qo + 1127 + 2021,
2. * * 3. *
UVt T1Ty = Qo1 + 1121 + o2z, VI TpT3 = 221,
etc. The general relation is
* *
TeTo = Qg—1,m2] + Qe m—121 + Q—1,m—1, (2.10)
Ibm=0,1,...,2k—2, 1 </l+m <2k — 2,

where all o’s with one index = —1 are set equal to zero, and we have to find
solutions g, of this system (2.10). The relation (2.10) can be written as

Qo = _Zfal—l,m_ZTQO‘Z—l,m-ﬁ-l"’_Z}lleT:m-i-h 0</l+m<2k—2, (2.11)
and also as
Qpm = =210 m—1 — 21004 1m—1 + 21Te11T, 0<L4+m<2k—2.  (2.12)

The numbers agp, 0 < £+ m < 2k — 2 in (2.6) or (2.10) can be considered as the
entries of a left upper triangular matrix ﬁ, which has the matrix P as its left upper
k x k diagonal block. According to the assumption, P is a Hermitian matrix. The
elements of the last row of P determine according to (2.11) the left lower k x k
block of ﬁ, which is a left upper triangular matrix, and, similarly, the last column
of P determines by the relations (2.10) the right upper k x k block of P. These
relations and the hermiticity of P imply that also the matrix P is Hermitian.
From (2.12) we find successively

o = TERTe+1, 0=0,...,2k—2,
_ 2 3 _
ap = TraTer1 — 78 (2801 + 23 Tesa), £=0,...,2k -3,
2 3 3 4 5
ez = T32Ter1 — 71 (20 Ter1 + 20Ter2) + 76 (21 Te41 + 221 Teg2 + 20Te43),

0=0,...,2k—4,
_ * k(N2 3 k(3 2 4 5
Qu3z = T321T¢+1 — Ty (Z1 Tor1 + 27 TZ+2) 1 (Zl Te41 + 227Tp42 + 27 Tg+3)

—73(23 701 + 32100 + 329703 + 2870 44), £=0,...,2k — 5,
(2.13)
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and so for m =0,...,2k — 2, we have
. * - S S S+
Qpm = ZOTW—S Zo(*l) (r) Zl+ +17—Z+r+17 0=0,...,2k=2—-m.

With the convention that 7, = 0 for £ < 0, observing that <8> =0if r > s, and
r
substituting s by k — 1 — s we find for 0 </, m < k-1

k—1 k—1
1 . (k—1—s _ .
Apm = Z TZJrT’Jrl(il)k ! S< r >Zf S+T7_m+57(k71) = Z tlrbrscsm

r,s=0 7r,5=0

and hence (see (2.1)-(2.3))
(atm)mmo = TBQ.
These considerations also imply that if a solution of the equations (2.10) exists, it
is unique.
As to the existence of a solution, the first relation in (2.13) determines the

elements of the first column of ﬁ, and the following columns are successively deter-
mined by the other relations of (2.13) or by (2.12). Because of the symmetry of P,

the resulting elements «y are the complex conjugates of ayg, £ =1,2,...,2k — 2,
and «qq is real. Thus, these o’s satisfy all the relations of the system (2.10) and
hence are its unique solution. O

The relation (2.10) implies that
ag_l,mzf +agm-1z1 +tp_1m-1 = TgT:;L, 1<l m<k-1. (2.14)

If we introduce the k& x k-matrices

01 ... 00

Si=10 o 1 0] A=2zIy + S, (2.15)
00 0 1
0 0 0 0

and the 2 x k-matrix

o_<1 o ?)7 (2.16)

T Tha
then the relation (2.14) is equivalent to the relation (2.17) below, and hence we
have:

Corollary 2.2. Under the assumptions of Lemma 2.1 the matriz P satisfies the
Stein equation

P — A*PA = C*JC. (2.17)
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Remark 2.3. 1) Formula (2.8) implies a condition on 79 and 71: the number 77 2
has to be real. As was mentioned in the Introduction, for Schur functions this
number must be nonnegative if it is finite. In (2.9) the first and the last equation
determine a9 and «g1, the second equation is an additional condition. Similarly
in the relations following (2.9): the first and last equation determine agg and agg,
then there are 2 equations left for to determine 1. These additional conditions
are automatically satisfied since the matrix P is Hermitian.

2) If the equations (2.10) have a solution oy, 0 < £+ m < 2k — 2, then these
numbers must be symmetric in the sense that oy, = a,,, 0 < +m < 2k —2,
since they are the coefficients of the expansion of the Hermitian kernel K(z,w).

3) For a function s(z) € S with an expansion (2.4), such that the correspond-
ing matrix P is not Hermitian, the kernel K (z,w) does in general not have an
expansion (2.5). An example is the function

—1
NERS)
which has at z = 1 an expansion (2.4) with any & > 1 but for the corresponding
kernel we obtain, for example, for real z, w,

1 1(z-Dw —1) 1

Kyzw) =+, 0 0 T = v 0(max{l - 2, 1 - wl}),

and the order of the last term cannot be improved. For this example it holds

1/2 k=1,

LR YY) e

4) For a function s(z) which is analytic on an arc around z; and has values of
modulus one on this arc the matrices P are Hermitian for all £ and the kernel
K;(z,w) is analytic in z and w* near z = w = z;. To see this we observe that
the function s(z) satisfies in some neighborhood of this arc the relation s(1/z*) =
1/s(2)*. Now it follows that in this neighborhood, for each fixed w the function
K;(-,w) and for each fixed z the function K,(z, - )* is holomorphic. According to
a theorem of Hartogs [32, Theorem 16.3.1] the kernel K(z,w) is holomorphic in z
and w and the claim follows. We mention, that a function s(z) € S, has the above
properties if and only if in its representation (see (1.2) and (1.3))

-1
) laj| 2 — oy /27r et + 2
_ n _ T
5(2) H 1-7522 7z H o; 1—alz P o et —z uet)
j=1 J j j

the nondecreasing function p(t) is constant at t; where z; = exp(it1). In particular,
all rational functions in S, which are of modulus one on T, have these properties.
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Lemma 2.4. Under the assumptions of Lemma 2.1 the functions

_ 1—s(2)7g
foz) = 1— 22}
and
folz) = 2fer(z) - i(zm L =12, k-1,
1— 227
are elements of P(s) and (fe, fm)p(s) = Cme.
Proof. First we note that for z € Dand ¢ =0,1,...,k—1,
.10
fe@) = i gy gy a0
This implies that for all w’ € D
, 1 o .10
o <£! guree Kol W) Kol ’w/)>p<s> = gy et K0 0) = o),
(2.18)
and for {,m=0,1,...,k—1
1 o r om
I Ko(-,w), Ko(-,w 2.19
WS T Sz <€! Ow*t (w) m! dw'*m (-w )>P(s) (2.19)
1 l+m
= lim 0 Ks(w',w) = e, (2.20)

wz w5z £lm! 6w*€8w’m
The claim follows now from [21, Theorem 2.4] and [8, Theorem 1.1.2]. In fact,
(2.18) and (2.19) imply fer € P(s), ¢ =1,2,...,k — 1, and (2.19) also yields the
formula for the inner product between the f;’s. g

In Section 4 below we also need the following generalization of Lemma 2.1.
To formulate it, we suppose that at two points z1,22 € T, 21 # 2o, the function
s(z) € S has the asymptotic expansions

2k —1
s(z) = 11,0 + Z Ti0(2 — Zl)Z +0 ((Z - Zl)%l) 2oz, (2.21)
(=1

2ko—1
s(z) = 120 + Z Tom (2 — 22)™ + 0 ((2 — 22)*2), 252, (2.22)

m=1

and we introduce for ¢ = 1,2 the k; x k;-matrices

A = Z;Iki + Sk,

1 0 .- 0
Ti;o Tl Tik;—1

and the 2 x k;-matrices
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Lemma 2.5. Suppose that at two points z1, 29 € T, 21 # 29, the function s(z) € S
has the asymptotic expansions (2.21) and (2.22). Then the kernel Kq(z,w) has the
asymptotic expansion

Ky (z,w) = Z (2 — 21) (w — 22)*™
0<l<k —1,
0<m<ky—1
+0 ((max{|z — 21", Jw — 20|"})), 2521, w2,

where e
. 1 05 o™
b = Z%ZIIITS%ZZ 'm) azz Sw*m KS(Z7 IU)
Moreover, the ki X ka-matriz P1g = (o), 0 < £ < ky—1,0 < m < ko —1, satisfies
the relation

Plg — A}lk]:PlQAQ = C:TJOQ (223)

Proof. Similar to the proof of Lemma 2.1 we set now u = 2z — 21, v = w* — 23, and
equate the coefficients of their powers in the analog of the expression in (2.7):

1= (110 + Tiw + Ti0u® + - + O(u?)) (30 + 7300 + 7550 + - + O(v*2))

Z m * *
- Zogegkl—l,ogmgkg—l QU™ (—uzd — vz —uv + 1 — z123).
This gives
1= 71,0730 = a0,0(1 — 2123),
and for 0 </ <k —1,0<m<ky—1,and £+ m > 0,
TLTo g = QU—1,mZ5 + Qm—121 + Qe—1.m—1 + aem(1 — 2123),

which is easily seen to be equivalent to (2.23). O

3. The basic interpolation problem at one boundary point

With the data of the Problem 1.1 the k x k-matrix T" was defined in (1.7), and
we recall the definition of B in (1.8). Then the matrix P from Lemma 2.1 can be
written in the form

P=7TB. (3.1)
Observe that P is a right lower triangular matrix, which is invertible because of
To, Tk, 21 # 0. We define the vector function

1 z 2kt
R(z) = .
&) <122T (1— 222 <1zzf)k>’
fix some zg € T, 2zp # 21 and introduce the polynomial p(z) by
p(2) = (1 — 221)* R(z)P~ R(z0)". (3.2)

It has degree at most k — 1 and p(z1) # 0.
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Lemma 3.1. With p(z) from (3.2) we have that

(1= zzf)* - i 2k ~
70 (1= 22)p(2) =— ; Ti(z—21)'+ 0 ((z —21)%"), 252
Proof. Since 1 — zzf = —z}(z — z1), it suffices to show that if
(1)Lt

70 x = ohtorr1(z—21)+Fow-1(z—21)"+0 (2 — 2)*), (3.3

et (=) (=21 140 (= 1)), (33)
theno; = 75,5 =k, k+1,...,2k—1. An expansion of the form (3.3) exists because
the quotient on the left-hand side is rational and the denominator does not vanish
at z = z1. Write

L= 22y = —25l(2 = =) + (21— 20)],
Po
k—1 . o
p(2) =Y pilz—2y =1 z—z - (-2 . |,
Jj=0 :
Pr—1
and define
Ok 0 0
T Ok+1 Ok ... 0
O2k—1 02k—2 Ok
From
(Jk}+JI§+1(Z_21)+~..+J2k_1(z_zl)k—1)(1 B
:(1 z—27 - (Zle)k_l)TlJrO((zle)k),

the definition of the shift matrix Sy from (2.15), and (3.3) we obtain

To(—l)k_IZOZikk

Po
k—1 * / P
=1 (-21) - E-2)""N (-2 k+S)T| . |,
Prk—1
and it follows that
1
Po 1
D1 1)kl gk 20— %
(o IR e I (3.4

: 20 — 21 .
Pk—1 1
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On the other hand, from the definition of p(z) it follows that

p(z) =70 (1 —22)F 1 2(1—zzp)2 ... k1)
1
1
« B 171 20 20 — 21
20 — 21
1

A straightforward calculation shows that

(1 —zzp)F 1 21— 222 -0 2F1)
= (1 Z—z1 - (zle)k_l)B(fl)k_lsz
and hence

1

Po 1

P || o
: 20 — 21 :
Pk—1 1

(ZO _ Zl)k—l

This equality and (3.4) imply

o 0 - 0 Po Tk 0 - 0\ [/ p
Ok+1 Ok ... 0 P1 Th+1 T ... 0 D1
O02k—1 O2k—2 -+ Ok PE—1 T2k—1 T2k—2 *°° Tk PE—1

From this relation, because of pg = p(z1) # 0, it readily follows that o; = 7,
j=kk+1,...,2k—1. O

For a Hermitian matrix P, by ev_(P) we denote the number of negative
eigenvalues of P.

Theorem 3.2. Given z; € T and 79, Tk, ...,Tor—1 as in Problem 1.1 such that the
matriz P in (1.6) is Hermitian, and let ©(z) be the J-unitary rational matric
function

o= (8 55) - w06 8). ve ()

with p(z) from (3.2) and fized zo € T, zg # z1. Then the fractional linear trans-
formation

5(2) = Toge(s1(2)) = 22 * (3:6)
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establishes a bijective correspondence between all solutions s(z) of Problem 1.1 and
all s1(z) € S with the property

liminf |sq(z) — 79| > 0. (3.7
Moreover, if s(z) and s1(z) are related by (3.6) then
sq_(s) =sq_(s1) + ev_(P). (3.8)
Proof. With the given numbers 7, 7k, . . . , Tox—1 We define the space M as the span
of the functions
¢
z
f, = (=0,1,...,k—1. 3.9
[(Z) (1 . ZZik)£+1 u, s Ly ) ( )
Then
(fo(z) fi(z) ... fec1(2)) =C(I — zA), (3.10)
where the matrix C from (2.16) specializes now to
1 0 -+ 0
C‘(Tg 0 0), (3.11)

and A = 2 + Sy as in (2.15) with S being the k& x k shift matrix. Endowing
the space M with the inner product

<fﬂ’L7 f€>/\/l = (]P))[ym = Qym (312)

we have that M is a reproducing kernel Pontryagin space with reproducing kernel
equal to

C(I, — zA) '"P~ (I}, —wA)~*C™. (3.13)
Evidently, the negative index of this space is equal to ev_(P).
On the other hand, according to (2.17) the matrix P satisfies the Stein equa-
tion
P— A*PA = C*JC,
where now the expressions on both sides are equal to zero. Therefore for M all the
conditions of Theorem 1.2 are satisfied, and hence there exists a J-unitary rational

2 x 2-matrix function
_ (al(z) b(z)
o= () 1)

such that M = P(©), the reproducing kernel Pontryagin space with reproducing

J—0(z)JO(w)*
1 — 2zw*

coincide with the kernel from (3.13):

kernel . By the uniqueness of the reproducing kernel it must

Cllp — 2A) 1P 1 (I — wA) 0+ = 7~ OO
1 — zw*
Thus if we normalize ©(z) by O(z9) = I we obtain

O(2) = I, — (1 — 228)C(Iy — zA)'P I — 29A)*C*J.
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By (3.9) and (3.10) this matrix function can be written as
O(2)=1I — (1 —zz)uR(2) P~ R(2)* u*J,
and this coincides with the formula for ©(z) in the theorem.
Now we consider a solution s(z) of Problem 1.1:
2k—1
s(z) =m0+ Z (2 — 21)  + O((z — 21)%K), 252,

=k
According to Lemma 2.1 the corresponding kernel K(z,w) admits the represen-
tation (2.5):

K(z,w) = Z om(z — 21) (w — 21)™
0<l4+m<2k—2
+0 ((max{|z — 21|, Jw — 21|})2k71) . Z, w2,
with
) 1 al-‘rm .
Qm = M0y gm0 ) = Qe (3:.14)

From

1
Ko(ew) = 1 —1s£zifu(:u)* _ (1 —s(z)) gs_(u;);g
we see that
. 1 o™
lim K(z,w) = (1 —5(2)) fn(z), m=0,...,k—1.

w>z, ml Qw*™
On the other hand, according to Lemma 2.4 the elements

fm(z) = lim Lo Ki(z,w)= (1 —s(2))fm(z), m=0,1,....k—1,

w21 m! Qw*™

belong to the reproducing kernel Pontryagin space P(s) with reproducing kernel
Ky(z,w) and
1 8m+£

(1 =s) £y, (1 —s) f€>'P(s) = Bnélzl Sl S m st Kg(z,w). (3.15)

By (3.15), (3.12), and (3.14) the map 7 of multiplication by (1 —s(2)) is an
isometry from M into P(s). Setting

s1(2) =

we have that s(z) is of the desired form:

()  Am(2) +0(2)

e(2)s1(2) + d(z) (3.16)
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From
TEORIOWT G e
+ (a(z) — c(2)s(2)) Ky, (2, w)(a(w) — c(w)s(w))”,

and since 7 is an isometry, it follows that s1(z) is a generalized Schur function
and

Ki(zw) = (1 —s(2))

P(s) =TM® (a—cs)P(s1)-
By the observations at the end of the Introduction and after formula (3.12) this
implies the equality (3.8).
From the definition (3.5) of O(z):

0(z) = (1 —0(z)  100(2) > . 0(2) = (1 —225)p(2) _ (1—ZZS)R(Z)P_1R(Z())*7

—750(2) 140(z) (1 — zz7)k
(3.18)
and (3.16) we obtain
(1 —zz})k
o= (1= )
_ 10(1 — z2})%* (3.19)
(1= 228)p(2) {(1 = 22])% — 75 (1 = 225)p(2)(s1(2) —70)}

By Lemma 3.1 the expression on the left is O((z — z1)?¥), 221, and this can only
be the case if (3.7) holds. Thus, every solution of the Problem 1.1 is of the form
given in the theorem.

As to the existence of solutions, the equality (3.19) readily implies that any
function s(z) of the form (3.6) has the desired asymptotics and since ©(z) is J-
unitary and rational, the formula (3.17) implies that if s;(z) belongs to the class
S then also s(z) belongs to this class. O

Remark 3.3. 1) The J-unitarity of ©(z) implies that
* — 1 ’

ple) = (e o (L) (3:20
2) Note that the matrix function ©(z) in Theorem 3.2 is normalized such that
©(z0) = I>. Replacing zg by another point zy € T, Zy # 21, amounts to multiplying
©(z) from the right by a J-unitary constant matrix. This follows from the fact
that the fractional linear transformations with the corresponding matrix function
©(z) and with ©(z) have the same range. It can also be shown directly using the
equality (3.22) below.
3) For 0(z) as in (3.18) we have

0(z) = (1—225)R(2)P'R(z0)*, R(z)=(1 0 --- 0)(I-zA4)"", (3.21)

where A = Si+27I. If the point zg is replaced by another point Zg € T, Zy # 20, 21,
then for the corresponding function 6(z) the difference 6(z) — 6(z) is independent
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of z. In fact, a direct calculation using (3.21) and (2.17) with C*JC = 0 shows
that

0(z) — 0(z) = —0(z0). (3.22)
4) For rational parameters s1(z) the condition (3.7) is equivalent to the fact that
the denominator in (3.6):
c(2)81(2) + d(2) = =75 (s1(2) = 70)0(2) + 1
has a pole of order k (see (3.18)).
5) The matrix P in (1.6) is right lower triangular and the entries on the second
main diagonal are given by

(P)igp_1_i = (D)2 2l i =0,1,... k- 1. (3.23)

If P is Hermitian, then by (3.23), 2757, is purely imaginary if k is even and real
if k£ is odd, and we have

k/2, k even,
ev_(P) = (k—=1)/2, k odd, (71)(]671)/22{67'5% -0,
(k+1)/2, kodd, (=1)F=D/2zfmm <0.

Recall that the Schur algorithm is originally defined for a Schur function s(z).
Theorem 3.2 allows us to define an analog for functions s(z) in the class S which
have an asymptotics (1.5) at z; with a Hermitian matrix Py and 75, # 0. The
Schur transform of s(z) is the function 5(2) := s1(2) = Tg(.)-1(s(2)) with O(z)
as in Theorem 3.2. By this Schur transformation the set of functions in S with
the above mentioned properties is mapped into S. The Schur algorithm consists
in iterating the Schur transformation. It will be considered in Sections 5 and 6.

4. Multipoint boundary interpolation

We generalize Problem 1.1 to an interpolation problem with N distinct points
Z1,...,2N on the unit circle.

Problem 4.1. Let N > 1 be an integer, let z1,...,zn be N distinct points on
T, let k1,...,kn be integers > 1, and let Ti.0, Tisky s Tiski+1, - - - 5 Tis2k;—1 De complex
numbers such that |7.0] = 1 and 1.5, # 0,1 =1,...,N. Find all generalized Schur
functions s(z) € S such that
2k;—1
s(2) =10 + Z Tio(z — 2) 4+ O((z — 2)%%), 25z, i=1,...,N.
o=k,

Let P;, C;, A;, and ©;(z) be related to z; as in Section 3 the matrices P, C,
A, and O(z) in formulas (3.1), (3.11), (2.15) and (3.5) are related to z;. Set

C:(Ol 02 CN), A:diag (Al,Ag,...,AN),
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and denote by P = (Pij)f\fj:l the N x N block matrix with P;; = P; and P;; €
CFi*ksi being the matrix given by (2.23) for 21 = z; and 22 = 25, 4, = 1,2,..., N.
Then, according to (2.17) and (2.23) the matrix P satisfies the Stein equation

P—- A"PA=C"JC. (4.1)
We note that the relation (2.23) in the situation of this section reads as
* * 1-— Ti;oTik. o 0 --- 0
PiinPijAj_Ci‘]Cj_< 0 70 00 --- 0)'
1-— Ti;OT;;()

If no derivatives are involved, IP;; is a complex number and equal to

*
1—2zfz;

Theorem 4.2. Assume that the matriz P is invertible and Hermitian and define
the J-unitary matriz function ©(z) by

— a(z) b(Z) — _ _ * _ —1p—1 _ — % Yk
O(z) = (c(z) i) = I, — (1= 225)C(I — 2zA) " P (I — 20A)~"C"J,
where zg is any point in T different from the interpolation points. Then the frac-
tional linear transformation

a(z)s1(2) +b(2)
c(2)s1(2) +d(2)

establishes a bijective correspondence between all solutions s(z) of Problem 4.1 and
all s1(z) € S with the properties

5(2) = To(z)(s1(2) = (4.2)

a b;
lim inf | 2)s1(2) + bilz —Tio| >0, i=1,...,N, (4.3)
2=z ¢i(2)s1(2) + di(2

where

In the correspondence (4.2),

sq_(s) =ev_(P) +sq_(s1)- (4.4)

Proof. As in the proof of Theorem 3.2, to each of the interpolation points z; is
associated the finite-dimensional resolvent invariant space M; of C2-valued ra-
tional functions spanned by the columns of the matrix function C;(I — zA4;)~ 1.
Then the space M = @Y ; M, is spanned by the columns of the matrix function
C(I — zA)~. We endow M with the inner product defined by P. It follows from
Theorem 1.2 that M = P(0) with O(z) as in the theorem.

Assume that s(z) is a solution of the interpolation problem. We claim that
the map 7 : f(z) — (1 —s(2)) f(2) is an isometry from P(©) into P(s). Indeed,
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because of the Stein equation (4.1) and the relations

TCz(I — ZAi)71 =

| . N A
11}141};1[(3(27 w) u}l—lgz ow* Ks (Z’ w) o wlg},lzl (kz - 1)‘ Ow*(ki=1) KS(Z7 w) ’
where i = 1,2, ..., N, the entries of the Gram matrix associated with the basis of

the space M, which is the union of the bases of the spaces M, coincides with the
Gram matrix of the images under 7. Hence
P(s) =TP(O) & (a—cs)P(s1)

and s(z) = Te(z)(s1(2)) for some generalized Schur function s;(z) satisfying (4.4).
Since M, is a non-degenerate Rp-invariant subspace of M, O(z) admits the factor-
ization ©(z) = ©,(2)0;(2), see [9]. Hence s(z) = To(z)(s1(2)) = To,(z)(51(2)) with

ai(2)s1(2) + bi(z)

Gi(2)s1(2) + di(z)

This shows that s(z) is a solution of the interpolation problem at z; with parameter
$1(2), therefore, according to (3.7), $1(z) satisfies (4.3).

Conversely, let s(z) = Tg(:)(s1(2)) be given with a function s;(z) as in the
theorem. If we write s(z) = Te,(z)(51(2)), then, since 0,(2) = 0; 1 (2)0(z) is J-
unitary, §1(2) is a generalized Schur function and by (3.7) it has all the properties
of the parameters in Theorem 3.2 and hence s(z) is a solution of Problem 4.1 O

s1(2) = T@i(z)(sl(z)) =

Remark 4.3. 1) There exist rational parameters s1(z) satisfying the conditions
(4.3) for i=1,...,N. Indeed for each i there is a unique constant s; =Tg.,)-1(7i;0)
such that in (4.3) there is equality rather than inequality. It suffices to take for
s1(z) any constant of modulus 1 which is different from these s;, i =1,2,..., N.

2) It k; = 1,4 = 1,2,..., N, a description of all rational Schur functions which
satisfy the given interpolation conditions was given by J.A. Ball, I. Gohberg, and
L. Rodman [12, Theorem 21.1.2]: in this case the conditions (4.3) reduce to the fact
that ¢(z)s1(z) + d(z) has poles of order 1 at z = z;, i = 1,2,..., N. Indeed, with

(o [ai(z)  bi(z)
0= (o) a3
and the relations in the proof of the theorem we have

o(2)s1(2) + d(2) = (ci(2)81(2) + di(2))(@(2)s1(2) + di(2)).
According to Remark 3.3, 4) the first factor on the right-hand side has a pole of
order 1 at z; and the second factor is rational and nonzero at z;.

3) We give an example where P is not invertible while its diagonal entries are
invertible. For such matrices the assumptions of Theorem 4.2 are not satisfied. Take
N = 2, two distinct points z; and zo on T , ky = ko =1, 71,0 = 1, 72,0 = —1, and
numbers 7.1, 72,1 such that 21711, 20721 € R and 212271.172.1 = 4/|1—2125|%. Then
Py and Py are invertible, P satisfies the Stein equation (4.1) but is not invertible.
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5. J-unitary factorization

In this section zg and z; are two distinct points in T. By U,, we denote the set of
all rational J-unitary 2 X 2-matrix functions ©(z) with a pole only at z = z1, and
by UZ° the set of all matrix functions ©(z) € U, which are normalized such that
©(zp) = I1. In particular, the matrix functions of U, are bounded at cc.

Lemma 5.1. If O(z) € U,, then det O(z) = ¢ for some c € T, and O(2)~* € U,,.

Proof. The J-unitarity of ©(z) on T and the analyticity outside z = z; imply the
identity

0(2)JO(1/z*)"  =J, ze€C\{0,21}.
For the rational function f(z) = det©(z) it follows that |f(z)| =1, z € T. There-
fore f cannot have a pole at z1, and since it is also bounded at oo it must be
constant. g

By the degree of a rational J-unitary matrix function ©(z) we mean the
McMillan degree (see [13]) and we write it as deg ©(z). If ©(z) € U,, and

= ZT’(Z — Zl)ii,
=0

where the T;’s are constant 2 x 2-matrices and T, # 0, then

T, 0 --- 0

Toy T, -~ 0

deg © = rank . .
n T, - T,

A product ©1(2)02(2) - O,(z) = ©(z) of rational J-unitary matrix func-
tions is called minimal if the degrees add up, that is,
deg©1(z) + deg©2(2) + -+ - + deg ©,(2) = deg O(2).
In this case the product on the left-hand side is also called a minimal factor-
ization of ©(z). An example of a nonminimal product is given by the equality
0(2)0(z)~! = I, for any nonconstant ©(z) € U,,, since, because of Lemma 5.1,
the inverse ©(z) ! also belongs to U, .

A matrix function O(z) € U,, is called elementary if in any minimal factor-
ization ©(z) = ©1(2)O2(z) at least one of the factors is a J-unitary constant.

Theorem 5.2. Assume zg,z1 € T and zg # z1. Then:
(i) The matriz function ©(z) € UZ° is elementary if and only if it is of the form

Oz) = I, — (( ZZO)p)kz)uu*J, J= (é _01>, u= (2) (5.1)

where k is an integer > 1, ¢ € T, p(2) s a polynomial of degree < k — 1
satisfying (3.20) and p(z1) # 0.
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(ii) Every ©(z) € UZ° admits a unique minimal factorization
O(2) = ©1(2) -+ On(2), (5:2)
in which each ©;(z) is an elementary normalized factor of the form (5.1).

The theorem implies that the matrix function ©(z) in (3.5) belongs to the
class UZ° and is elementary. The proof of Theorem 5.2 hinges on the fact that
the reproducing kernel space P(0O) consists of one Jordan chain for the difference
quotient operator Ry, which makes the elementary factors unique. In case of higher
dimensions this uniqueness does not hold.

Proof of Theorem 5.2. Let ©(z) € UZ°. We claim that P(©) is spanned by a single
chain for Ry at the eigenvalue A = z;. To see this, let A be an eigenvalue of Ry
with eigenelement f(2): Rofo(z) = Afp(z). Then

co
= = f
fO(Z> 1_ )\27 Co O(O) 7& 07
and since the elements of P(©) have a pole only at z = 21, we conclude that
A = z]. The identity (1.10) and |z;| = 1 imply that cg is J-neutral:
coJeo = (fo, fo)p(e) — (2110, 21f0) p(@) = 0.

If
do

= dy € CQ,
1—227

go(2)

is another eigenfunction, then also dg is J-neutral and (1.10) yields c¢§Jdo = 0.
Since J is invertible, this implies that dg is a multiple of ¢y and hence the geometric
multiplicity of the eigenvalue A = 2} is 1. This proves the claim. It follows that
there are vectors ¢; € C?, ¢ being J-neutral, such that P(0) is spanned by

f](z) _ ij_l(Z) +c;

1— 22}
Since c¢( is nonzero and J-neutral, its components have the same nonzero abso-
lute value and hence we may suppose without loss of generality that for some

unimodular number (g,
1
o= (<o> '

Let k be the smallest integer > 1 such that (fo, fr_1)p(e) # 0, hence, if k > 2,
(fo.fj)pe) =0, 7=0,....,k—2.

. j=0,....N—1, f_i(z)=0.

Then the subspace
M= span{fo, fl, ey fkfl}
is the smallest Ry-invariant subspace of P(©) which is non-degenerate and hence,
by Theorem 1.2, it is a P(O1)-space for some rational J-unitary 2 x 2-matrix
function ©1(z). We prove that ©1(z) is of the form described by (5.1).
To this end we first show that without loss of generality we may assume that

Ci =" =Cp_1 = 0. (53)
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By the identity (1.10) we have
CSJCJ' = <fjaf0>p((~)) - <Zikfj + fjflvsz0>p((~)) =0

and, since cjJcyp = 0 and J is invertible, c; is a multiple of cy. Successively for
j=1,...,k—1, we may replace c; in f;(z) by zero by subtracting from f;(z) a
suitable multiple of the eigenfunction f(z). Thus we obtain a chain which satisfies
(5.3) and still spans M. By (5.3), this new chain coincides with the columns of
the matrix C(Iy — 2A)~! with C' and A as in (3.11) and 7¢ = ¢. Denote by P the
corresponding Gram matrix:

P= (i) to. Pij=Ef)pey id =01, k—1.
For the reproducing kernel ©1(z) of the space M we obtain
OB _ o1y — 2 (1 - w0,
and hence
01(2) =Ir — (1 — 252)C(I, — zA) " 'P~H (I}, — 29A) " *C*J.

As in the proof of Theorem 3.2 one can show that ©1(z) is of the form (5.1). From
its construction it follows that ©1(z) is elementary: Assume on the contrary, that
©1(z) = ©'(2)0”(z) is a minimal factorization with nonconstant factors. Then
P(©1) = P(O©) @ ©P(O") and P(©’) is a proper non-degenerate Ry-invariant
subspace of P(0©1) and hence also a subspace of P(©). The construction above
and the minimality of k imply that P(©’) is spanned by the same chain as P(01),
that is, P(©’) = P(©1). The normalization implies ©'(z) = ©1(z) and 0" (z) = L.

Now we prove (i) and (ii).

(i) The arguments above imply that if ©(z) is elementary, then ©(z) = 04 (z).
We now prove that if ©(z) is given by (5.1), then it is elementary. The formula
(5.1) implies that ©(z) is J-unitary, rational with only one pole of order k at
z = z1 and normalized by ©(z9) = Iz. The space P(0) is spanned by the elements
Ry©(z)c, n=0,1,..., and these are 2-vector functions of the form z(z)u, where
x(z) is a rational function with at most one pole at z = z;. The chain argument
above shows that the space P(©) is spanned by the following chain of Ry at 21

1 k—1
(2) = wo g =, L ., gl =, u
BT (1™ (1—z27)2" ’ (1 zz2p)k

We claim that the Gram matrix G associated with this chain is right lower tri-
angular. Then, since the space P(©) is non-degenerate, the entries on the second
diagonal of G are nonzero. The triangular form of G implies that the span of any
sub-chain of the given chain is degenerate and hence ©(z) is elementary.

It remains to prove the claim. For this we use the matrix representation of
the operator Ry relative to the basis g;(z): it is the matrix A = 271 + Sk from
(2.15). From (1.10) and since u is J-neutral, we have that

G — (21Ix + Sk)*G(27 I, + Sk) = 0,
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and hence

SpG =G (=218k + 288y + - (1) sty
The triangular form of G can be deduced from this equality by comparing the
entries of the matrices on both sides.

(ii) If ©(z) and ©1(z) are as in the beginning of this proof, then by Lemma
5.1, ©2(z) = ©1(2) 'O(z) € UZ°. From the orthogonal decomposition

P(O) =P(01) © 6:P(02)

it follows that deg ©® = deg ©® — k. The minimal factorization mentioned in part
(ii) of the theorem now follows by repeating the foregoing arguments. O

Since rankuu*J = 1, the elementary factor ©(z) in Theorem 5.2 (i) has
McMillan degree k, which, evidently, is the order of the pole of O(z) at z = 2.
The function ©(z) in (5.1) is a generalization of a Brune section in the positive
definite case where it is of the form

1
I+ 2y,

Yz—a

with a normalizing constant J-unitary factor V, a € T , u € C? with u*Ju = 0,
and v > 0.

6. A factorization algorithm

In this section we show how the factorization of a matrix function
_ (a(z) b(z) 20
O(z) = (c(z) d(2) eu:

with 21, z9 € T, zg # 21, can be derived from the Schur algorithm described at
the end of Section 3. Similar arguments were presented in our previous papers [2]
and [7] for polynomial matrix functions which are J-unitary on the unit circle or
on the real line. We proceed in a number of steps.

Step 1: Choose a number T € T such that (i)

() = a(z)T + b(2)

is not a constant, (ii) ¢(0)7 + d(0) # 0, and (iii)
Ogr4b = max {Om Ob}a O¢r a4 = max {Om Od},

where, for example, O, stands for the order of the pole of the function a(z) at
z = z1. Then s(z) € S, it is a rational function holomorphic and of modulus one
on T and hence the quotient of two Blaschke factors.



24 D. Alpay, A. Dijksma, H. Langer and G. Wanjala

There are at most five distinct points 7 € T for which (i)—(iii) do not hold:

Assume that for three distinct points 71, 72, 73 € T the function s(z) is a constant.
Then, since O(zg) = I,

a(z)7j +b(z)

c(2)7j + d(2)
and we obtain that ¢(z) = 0, b(z) = 0, a(z) = d(z). Hence ©(z) = a(z)Iz. Since
det ©(z) is a constant, we have that a(z) is a constant, and so that O(z) is a
constant matrix, which is a contradiction. Hence (i) holds with the exception of at
most two different values of 7 € T. The condition in (ii) holds with the exception

of at most one 7 € T, since |det ©(0)| = 1. Finally, the conditions in (iii) hold,
each with the exception at most one point 7 € T.

Step 2: Let s1(z) = 5(z) be the Schur transform of s(z) (see the end of Section 3).
Then s1(z) = Te, (2)-1(5(2)) and ©1(2) is an elementary factor of ©(z).

:Tj? j:172,37Z€C,

From the proof of Theorem 3.2 we know that the map 7 : f(z) — (1 —s(2)) f(z)
is an isometry from P(©1) into P(s). We first show that 7 is a unitary mapping
from P(©) onto P(s). The fact that 7 in (6.1) is a constant of modulus one implies
the identity

1—s(z)s(w)* — (1 —s(2)) J = 0(2)JO(w)" ( 1 ) _ (6.2)

1— zw* 1— zw* (w)*

This in turn implies that 7 is a partial isometry from P(©) onto P(s), which is
unitary if its kernel ker 7 is trivial, see [8, Theorem 1.5.7]. Suppose

0¢f_(£>eker7,

that is, (1 —s) f =0, then

_ (3 _ T _ g
f—<1>g—@<1>x€73(@), =

Note that since det ® # 0, we have that © <7l—> # 0. Apply Ro to © (I) T to

obtain (Re0) G) 2(0) + © G) Rox € P(O).

The first summand belongs to P(©) and hence the second summand also belongs
to P(©). By repeatedly applying Ry, we find that

@G)R{;xep(@), j=0,1,2,....

Since z is a rational function there is an integer n > 0 such that the span of the
functions R}z, j = 0,1,...,n, is finite-dimensional and Ro-invariant. It follows
that Ry has an eigenvector v which has one of three possible forms: either v = 1
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or v(z) = 1/(z— 2z9) with 2o # 21 or v(z) = 1/(1 — zz7). All three possibilities lead
to a contradiction:

v = 1: This implies that © <7l—> € P(0©), and hence, since the elements in P(O)

T

all tend to 0 as z — oo, we see that ©(c0) (1

det ©(c0) # 0.

> = 0, but this cannot hold since

1
v(z) = 1/(z — 2z2): This implies that © <T> € P(0), and hence, since the

1) 22— 2z
elements in P(0) are all holomorphic at z = 22, we see that ©(z3) <71-) =0, and
again this cannot hold since det ©(z3) # 0.
v(z) = 1/(1 — zz7): This implies that

a(z)T + b(2)

T r 1—2zz}
© (1) =2z | ele)r+d(z) | €PO)
1— 227

but this cannot hold because of conditions (iii) in Step 1 and because, according
to the last statement in Theorem 1.2, if (g) € P(0O) then Oy < max{O,, O}
and Oy < max{O, Oq}.

These contradictions imply that 7 has a trivial kernel and hence 7 is unitary.

We now claim that P(0;) C P(O) and that the inclusion map is isometric.
Let Ny = dim P(©1) and go,...,gn,—1 be a basis of P(©1) such that Rog; =
218; + gj—1. One can choose g; =f; for j =1,...,N; — 1. Indeed, let

1 1
go(2) = 1— zz* <77> ’
1

_s(2)(Co—n)

*
1—227

then the function
(1 —s(2)) (fo(2) — &o(2)) =
belongs to P(s), and thus ¢, = 7 since the elements of P(s) are holomorphic in

z1. Hence fy(2) = go(z). Moreover,

(fo,fo)pe) = (THo, THo)p(s) = (fo,fo)p(e,)-
In the same way it follows that f,(z) = g¢(z), £ = 1,..., N1 — 1, and that for
1,7 =0,..., N1 — 1 the inner products satisfy

(i, f5)po) = (TH, THj)p(s) = (Fi, Tj)p(o1)-

We conclude that P(0) is isometrically included in P(0), and the claim is proved.
According to [9], ©1(z) is an elementary factor of O(z).
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Step 3: If s1(z) is a constant, then ©(z) = ©1(2). If s1(z) is not a constant,
let s2(z) = 51(2) be the Schur transform of s1(z) and denote the corresponding
coefficient matriz by ©2(2). Then O2(z) is an elementary factor of ©1(z) 1O(2).
We iterate n times until sp(z) = Sp—1(2) s a unitary constant and conclude that
O(z) = 01(2) -+ - O, (2).

Because of (6.2) and the relation

1—s(z)s(w)* — (1 —s(2) J—0(z)JO(w)* < 1 )

1—zw* 1—zw* —s(w)*
Han@) —a@se) Y 0 w) - e @)s(w)”

we have the following equalities:

P(s) = (1 s) P(©), (6.3)
P(s) = (1 —8) P(O1) ® (a1 — c18)P(s1).
In particular, the map
f— (a1 —c19)f (6.4)

is an isometry from P(s1) into P(s).

If s1(2) is a constant then P(s1) = {0} and (6.3) implies that P(©) = P(O1).
Since ©(z) and O1(z) are normalized they must be equal.

If 51(2) is not a constant, we define ©2(z) via s1(2) = Te,(:)(52(2)). Then
O2(2) € UZ° and we have the decomposition

P(s1) = (1 —s1) P(O2) & (az — c251)P(s2).
Since (6.4) is an isometry and
(@) a@s) (1 —s1(2)) = (1 —s(2)) ©1(2)
we obtain that
(a1 —c18)P(s1) = (1 —s) ©1P(02) @ (a1 — c15)(az — c251)P(s2).
Thus
P(s)=(1 —s)PO1)@® (1 —s)O1P(O2) ® (a1 — c15)(az — c251)P(s2)
=(1 —5)(P(©1) ®O1P(02)) ® (a1 — c15)(az — c251)P(s2)
(1 —s) P(©102) ® (a1 — c18)(az — c251)P(s2).

It follows as above that P(©102) is isometrically included in P(0), and, if s2(z)
is constant, that ©(z) = ©1(2)O2(z). If s2(z) is not constant, we observe that

(a1 — 615)(0,2 — 6251) (1 —82) = (a1 — 615) (1 —81) @2 = (1 —S) @1@2.
and define ©3(z) via s2(2) = Te,(z)(s3(2)). Then we have

(a1 — c18)(az — c281)P(s2)
= (1 — S) @1@27)(@3) D (a1 — 018)(a2 - 0281)(a3 — 0382)7)(83).

and the factorization (5.2) follows by repeating the arguments.
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