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Fkdswhu 8

Xvlqj vwdelolw| lqirupdwlrq
iru vroylqj wkh n0ehvw WVS

Lq wklv fkdswhu lw lv lqyhvwljdwhg wr zkdw h{whqw lqirupdwlrq frqfhuq0

lqj wkh vwdelolw| ri rswlpdo vroxwlrqv fdq eh xvhg wr vroyh wkh n0ehvw

sureohp1 Vlqfh n0ehvw sureohpv duh dw ohdvw dv kdug dv wkhlu fruuhvsrqg0

lqj rswlpl}dwlrq sureohpv/ lw lv hvshfldoo| ri lqwhuhvw wr vhh zkhwkhu wkh

n0ehvw sureohpv iru QS0kdug frpelqdwruldo rswlpl}dwlrq sureohpv fdq

eh vroyhg pruh h!flhqwo| zkhq kdylqj vwdelolw| lqirupdwlrq1 Lq wklv

fkdswhu wkh n0ehvw Wudyholqj Vdohvpdq Sureohp +WVS, lv vwxglhg iru wkh

fdvh wkdw dq rswlpdo vroxwlrq wrjhwkhu zlwk doo lwv wrohudqfhv +wkh pd{0

lpxp shuwxuedwlrqv ri vlqjoh hgjh ohqjwkv suhvhuylqj wkh rswlpdolw| ri

wkh jlyhq wrxu, duh jlyhq1 Zh irfxv rq wkh iroorzlqj wkuhh lvvxhv1 Wkh

�uvw lvvxh frqfhuqv wkh ghwhuplqdwlrq ri d sduwldo rughulqj ri wkh wrxuv

edvhg rq wkh rswlpdo vroxwlrq ri wkh WVS dqg lwv wrohudqfhv1 Wkh vhfrqg

rqh ghdov zlwk wkh ghwhuplqdwlrq ri sro|qrpldo dojrulwkpv iru vroylqj

wkh 50ehvw WVS1 Ilqdoo|/ lw lv vkrzq wkdw wkh n0ehvw WVS lv QS0kdug iru

n � 6 hyhq li dq rswlpdo wrxu dqg lwv wrohudqfhv duh nqrzq1

814 Lqwurgxfwlrq

Lq wklv fkdswhu wkh uhodwlrqvkls ehwzhhq wkh vwdelolw| dqg n0ehvw sure0

ohpv lv vwxglhg iru wkh WVS1 Wkh WVS lv wkh sureohp ri ghwhuplqlqj d

urxqg wuls rq zklfk d qxpehu ri flwlhv lv ylvlwhg h{dfwo| rqfh/ dqg vxfk

wkdw lwv ohqjwk lv plqlpdo zlwk uhvshfw wr d jlyhq ohqjwk yhfwru1 Wkh

vwdelolw| sureohp iru wkh WVS lv wkh sureohp ri ghwhuplqlqj wkh h{whqw wr

zklfk wkh ohqjwk yhfwru fdq eh fkdqjhg zkloh suhvhuylqj wkh rswlpdolw|
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439 Fkdswhu 81 Xvlqj vwdelolw| lqirupdwlrq iru vroylqj wkh n0ehvw WVS

ri d jlyhq rswlpdo urxqg wuls1 Lq wkh fdvh wkdw wkh ohqjwkv ri vlqjoh hgjhv

duh vxemhfw wr fkdqjh/ zh duh lqwhuhvwhg lq wkh vr0fdoohg wrohudqfhv/ wkhvh

ehlqj wkh pd{lpxp shuwxuedwlrqv suhvhuylqj wkh rswlpdolw| ri d jlyhq

rswlpdo vroxwlrq1 Wkh n0ehvw WVS lv wkh sureohp ri ghwhuplqlqj d vhw

ri urxqg wulsv ri fduglqdolw| n vxfk wkdw dq| urxqg wuls qrw lq wklv vhw

lv qrw vkruwhu wkdq wkh orqjhvw urxqg wuls lq wkh vhw1

Reylrxvo|/ wkh vwdelolw| dqg n0ehvw sureohpv duh uhodwhg lq wkh vhqvh

wkdw wkh vroxwlrq wr rqh ri wkh sureohpv dovr frqwdlqv lqirupdwlrq derxw

wkh vroxwlrq wr wkh rwkhu sureohp1 Iru lqvwdqfh/ li vwdelolw| lqirupdwlrq

lv dydlodeoh rqh pljkw eh deoh wr ghgxfw lqirupdwlrq rq wkh vhfrqg0ehvw

vroxwlrq/ wklug0ehvw vroxwlrq/ hw fhwhud1 Frqyhuvho|/ li wkhn0ehvw vroxwlrqv

wr wkh sureohp duh nqrzq/ rqh pljkw eh deoh wr frqfoxgh vrph vwdelolw|

lqirupdwlrq rq wkh rswlpdo vroxwlrq iurp wkdw1 Wkhuhiruh/ udwkhu wkdq

vroylqj wkh wzr sureohpv vhsdudwho| iurp vfudwfk/ lw pdnhv vhqvh wr xvh

nqrzohgjh ri wkh vroxwlrq wr rqh ri wkh wzr sureohpv wr vroyh wkh rwkhu

rqh/ dw ohdvw sduwldoo|1

Lq wklv fkdswhu zh lqyhvwljdwh zkhwkhu lqirupdwlrq rq wkh vwdelolw|

ri rswlpdo vroxwlrqv iru wkh WVS fdq eh xvhg wr vroyh wkh n0ehvw WVS

pruh h!flhqwo|1 Wkh rssrvlwh txhvwlrq/ l1h1 krz wr xvh d vhw ri n0ehvw

vroxwlrqv lq rughu wr ghwhuplqh vwdelolw| lqirupdwlrq iru d jlyhq rswlpdo

vroxwlrq ri wkh WVS/ lv frqvlghuhg lq Fkdswhu 91 Wkh pdlq txhvwlrq

dgguhvvhg lq wklv fkdswhu lv wkh iroorzlqj1 Dvvxph wkdw dq rswlpdo wrxu

dqg lwv wrohudqfhv duh nqrzq/ zkdw fdq zh vd| derxw wkh vhw ri n0ehvw

wrxuvB Iluvw/ zh zloo vkrz wkdw/ edvhg rq d jlyhq rswlpdo wrxu dqg

lwv wrohudqfhv/ d sduwldo rughulqj ri wkh wrxuv fdq eh ghwhuplqhg +vhh

Vhfwlrq 816,1 Qh{w/ zh zloo vkrz wkdw wkh ohqjwk ri d vhfrqg0ehvw wrxu

fdq eh ghwhuplqhg lq sro|qrpldo wlph/ dqg wkdw wkh 50ehvw WVS jlyhq

dq rswlpdo wrxu dqg lwv wrohudqfhv lv sro|qrpldoo| vroydeoh zkhq wkh

vhw ri 50ehvw wrxuv lv xqltxh1 Xqiruwxqdwho|/ wkh 50ehvw WVS zlwk jlyhq

rswlpdo wrxu dqg wrohudqfhv pd| wdnh h{srqhqwldo wlph lq wkh jhqhudo

fdvh +vhh Vhfwlrq 817,1 Ixuwkhupruh/ lw zloo eh vkrzq wkdw wkh n0ehvw

WVS lv QS0kdug iru n � 6/ hyhq li dq rswlpdo wrxu dqg lwv wrohudqfhv

duh nqrzq +vhh Vhfwlrq 818,1 Ilqdoo|/ zh lqyhvwljdwh wkh srvvlelolwlhv ri

vroylqj wkh n0ehvw WVS e| xvlqj wrohudqfhv zlwk uhvshfw wr d wudqviruphg

ohqjwk yhfwru +vhh Vhfwlrq 819,1
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815 Gh�qlwlrqv dqg edvlf uhvxowv

Iru q � 6 dqg 4 � p �
�
?

2

�
/ frqvlghu wkh judsk J @ +Y>H, zlwk wkh

vhw ri yhuwlfhv Y @ i4> = = = > qj dqg wkh vhw ri hgjhv H @ ih�> = = = > h6j �

iil> mj = l> m 5 Y> l 9@ mj1 Wkh ohqjwk ri hgjh h lv d uhdo qxpehu ghqrwhg

e| g+h,1 Wkh yhfwru g @ ^g+h�,> = = = > g+h6,`A 5 LU6 lv fdoohg wkh ohqjwk

yhfwru ri wkh judsk J dqg wkh sdlu +J>g, d zhljkwhg judsk1 Wkh ohqjwk

ri dq hgjh vhw V zlwk uhvshfw wr g lv jlyhq e| O_+V, =@
S

eM7
g+h,1 D

Kdplowrqldq wrxu +d wrxu iru vkruw, lq wkh judsk J lv d vxevhw ri H wkdw

irupv d f|foh frqwdlqlqj hdfk yhuwh{ lq Y h{dfwo| rqfh1 E|K zh ghqrwh

wkh vhw ri doo wrxuv lq J1 Wkh WVS lv gh�qhg dv wkh sureohp ri �qglqj

d wrxu lq dujplq iO_+K, = K 5 Kj1

Ohw 4 � n � mKm1 D vhw K+n,@ iKE��> = = = >KE&�j ri gl�huhqw wrxuv lq

K vdwlvi|lqj

O_+KE��, � O_+KE2�, � = = = � O_+KE&�, � O_+K, iru doo K 5 KqK+n,

lv fdoohg d vhw ri n0ehvw wrxuv1 Wkh n0ehvw WVS lv gh�qhg dv wkh sureohp

ri �qglqj d vhw K+n, lq +J>g,1 Wkurxjkrxw wklv fkdswhu zh dvvxph/

zlwkrxw orvv ri jhqhudolw|/ wkdw J frqwdlqv dw ohdvw n wrxuv1 Wklv lv qr

uhvwulfwlrq dv zh pd| dvvxph wkdw doo hgjhv qrw lq H kdyh d vx!flhqwo|

odujh ohqjwk1 Reylrxvo|/ K+n, lv lq jhqhudo qrw xqltxho| ghwhuplqhg1

Lq wkh h{wuhph fdvh/ wkh vr0fdoohg frqvwdqw WVS +vhh h1j1 Jlopruh hw

do1 ^59` dqg Fkdswhu 6 ri wklv wkhvlv,/ doo wrxuv kdyh wkh vdph ohqjwk/

vr wkdw dq| vxevhw ri K ri fduglqdolw| n lv d vhw ri n0ehvw wrxuv1 Wkh

gl�huhqfh lq ohqjwk ehwzhhq d orqjhvw dqg d vkruwhvw wrxu lq K+n, lv

ghqrwhg e| O&/ l1h1 O& =@ O_+KE&�,�O_+KE��,1 Qrwh wkdw/ xqolnh K+n,/

O& lv xqltxho| ghwhuplqhg e| +J>g,1 Dq| rughuhg sdlu ri wrxuv W�> W2 5

K zloo eh fdoohg frqvhfxwlyh zkhq wkhuh lv qr wrxu W lq K vxfk wkdw

O_+W�, ? O_+W , ? O_+W2,1 Iru dq| V � K/ gh�qh ^V =@ ^iK=K 5 Vj

dqg _V =@ _iK=K 5 Vj1 Khqfh/ _K+n, lv wkh vhw ri hgjhv wkdw duh lq

doo wrxuv ri K+n,/ dqg ^K+n, lv wkh vhw ri hgjhv wkdw duh lq dw ohdvw rqh

ri wkh wrxuv lq K+n,1

Wkurxjkrxw wklv fkdswhu zh xvh wkh iroorzlqj h{dpsoh1

H{dpsoh1 Iljxuh 814 vkrzv d zhljkwhg judsk +J>g, zlwk doo lwv wrxuv

olvwhg lq rughu ri ohqjwk1 Qrwh wkdw doo wrxuv kdyh gl�huhqw ohqjwk1 Wklv

lpsolhv wkdw wkh vhw K+n, lv xqltxh/ iru n @ 4> = = = >81 Iru lqvwdqfh/

K+6, @ iKE��>KE2�>KE��j zlwk O� @ 5/ _K+6, @ ii5> 6j> i8> 9jj/ dqg

^K+6, @ H1 �
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Iljxuh 814= D zhljkwhg judsk +J> g, zlwk doo lwv wrxuv1

Wkh wrohudqfh sureohp iru wkh WVS lv wr ghwhuplqh e| krz pxfk wkh

ohqjwk ri d vlqjoh hgjh fdq eh fkdqjhg zkloh suhvhuylqj wkh rswlpdolw| ri

wkh wrxu KE��1 Lq rwkhu zrugv/ wkh wrohudqfh sureohp lv wkh sureohp ri

�qglqj/ iru hdfk h 5 H/ wkh pd{lpxp lqfuhdvh x+h, dqg wkh pd{lpxp

ghfuhdvh o+h, lq wkh hgjh ohqjwk g+h, zkloh suhvhuylqj wkh rswlpdolw| ri

KE��/ xqghu wkh dvvxpswlrq wkdw wkh ohqjwkv ri doo rwkhu hgjhv uhpdlq

xqfkdqjhg +fi1 Olexud ^86`,1 Iru hdfk h 5 H/ x+h, dqg o+h, duh fdoohg wkh

xsshu dqg orzhu wrohudqfhv ri hgjh h zlwk uhvshfw wr KE�� dqg g1 Qrwh

wkdw x+h, dqg o+h, pd| eh lq�qlwh1 Dovr qrwh wkdw x+h, dqg o+h, ghshqg

rq KE��/ l1h1 li pxowlsoh rswlpdo vroxwlrqv h{lvw wkhq x+h, dqg o+h, duh

rqo| ydolg iru wkh KE�� vhohfwhg1 Lq Fkdswhu 5 lw kdv ehhq vkrzq wkdw

hgjh wrohudqfhv duh �kdug� wr frpsxwh/ hyhq li dq rswlpdo vroxwlrq lv

jlyhq1

Lq Olexud ^86` lw lv vkrzq wkdw iru hdfk hgjh rqh ri lwv wrohudqfhv lv

lq�qlwh dqg wkh rwkhu rqh fdq eh fdofxodwhg e| ghwhuplqlqj wkh rswlpdo

ydoxh ri dq dx{loldu| lqvwdqfh ri wkh WVS gh�qhg rq d uhvwulfwhg vhw ri

wrxuv1 Qrwh wkdw wklv uhvxow lv dq lqvwdqfh ri Wkhruhp 5151 Wklv idfw lv

uhvwdwhg lq wkh iroorzlqj wkhruhp1

Wkhruhp 814 +Olexud ^86`,1
Iru h 5 KE�� lw krogv wkdw o+h, @4 dqg wkdw

x+h, @ plqiO_+K, = K 5 K> h @5 Kj �O_+KE��,>

Iru h 5 HqKE�� lw krogv wkdw x+h, @4 dqg wkdw

o+h, @ plq iO_+K, = K 5 K / h 5 Kj�O_+KE��,= �
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Wkh iroorzlqj fruroodu| lghqwl�hv wkh vhw ri hgjhv iru zklfk rqo| rqh

ri wkh wrohudqfhv lv �qlwh dv wkh vhw ri hgjhv wkdw rffxu lq dw ohdvw rqh

wrxu exw qrw lq doo ri wkhp1

Fruroodu| 815 ih 5 H = x+h, ?4 ru o+h, ?4j @ ^Kq _K1

Surri1 Lw iroorzv iurp Wkhruhp 814 wkdw ih 5 H = x+h, ? 4 ru o+h, ?

4j @ ih 5 KE�� = x+h, ? 4j ^ ih 5 HqKE�� = o+h, ? 4j1 Zh kdyh

wkdw ih 5 KE�� = x+h, ? 4j @ ih 5 KE�� = iK 5 K = h @5 Kj 9@

>j @ ih 5 KE�� = h @5 _Kj @ KE��q _ K1 Lw fdq eh vkrzq lq d vlplodu

zd| wkdw ih 5 HqKE�� = o+h, ? 4j @ ^KqKE��1 Khqfh/ zh kdyh wkdw

ih 5 KE�� = x+h, ? 4j ^ ih 5 HqKE�� = o+h, ? 4j @ +KE��q _ K, ^

+^KqKE��, @ ^Kq _K1 �

H{dpsoh +frqwlqxhg,1 Iljxuh 815 jlyhv wkh orzhu dqg xsshu wrohudqfhv

zlwk uhvshfw wr KE�� dqg +J> g, lq Iljxuh 8141 Iru lqvwdqfh/ o+i4> 7j, @ 4

dqg x+i5> 6j, @ 71 �

� ,1

4

6

� ,1 � ,4

� ,1

� ,3

1,�

1,�

1,�

1,�

� ,1

1 2

3

5

Iljxuh 815= Orzhu +�uvw qxpehu, dqg xsshu wrohudqfhv +vhfrqg qxpehu,1

Dv phqwlrqhg hduolhu/ zh dvvxph wkurxjkrxw wklv fkdswhu wkdw iru

d jlyhq zhljkwhg judsk +J> g,/ zlwk wkh vhw ri wrxuv ghqrwhg e| K/ dq

rswlpdo wrxu KE�� dqg doo lwv wrohudqfhv duh jlyhq1 Iru frqyhqlhqfh/ zh

zloo xvh d vkruwkdqg qrwdwlrq iru wkh ydulrxv sureohpv wkdw zloo eh glv0

fxvvhg lq wklv fkdswhu1 Zh wkhuhiruh ghqrwh wkh n0ehvw WVS zlwk nqrzq

rswlpdo wrxu dqg wrohudqfhv e| n0ehvw WVS^KE��/ wrohudqfhv`/ zkhuh wkh

�^�`0sduw� ghqrwhv wkh nqrzq lqirupdwlrq1 Vlplodu sureohpv duh ghqrwhg

xqghu wkh vdph frqyhqwlrq1
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816 D sduwldo rughulqj ri wkh wrxuv edvhg rq wkh
rswlpdo wrxu dqg lwv wrohudqfhv

Lq wklv vhfwlrq d sduwldo rughulqj ri wkh wrxuv lq +J>g, zloo eh ghwhuplqhg

edvhg rq wkh nqrzohgjh ri dq rswlpdo vroxwlrq dqg doo lwv wrohudqfhv1

Ohw W ghqrwh wkh vhw ri �qlwh gl�huhqw wrohudqfh ydoxhv zlwk uhvshfw

wr +J> g, dqg KE��/ l1h1

W =@ ix+h, = h 5 KE��> x+h, ?4j ^ io+h, = h 5 HqKE��> o+h, ?4j=

Qrwh wkdw mW m � m ^ Kq _ Km1 Lq wkh iroorzlqj wkhruhp lw lv vkrzq wkdw

wkh vhw W lv hpsw| li dqg rqo| li J frqwdlqv h{dfwo| rqh wrxu1

Wkhruhp 816 W @ > li dqg rqo| li mKm @ 41

Surri1 Zh �uvw suryh wkh 0li 0 sduw1 Ohw K @ iKE��j1 Wkhq/ +_K, ^

+Hq ^ K, @ KE�� ^ +HqKE��, @ H1 Uhfdoo iurp Fruroodu| 815 wkdw wkh

vhw ri hgjhv iru zklfk rqh ri wkh wrohudqfhv lv �qlwh lv htxdo wr ^Kq_K1

Frqvhtxhqwo|/ wkh orzhu dqg xsshu wrohudqfhv iru doo hgjhv lq H duh

lq�qlwh1 Khqfh W @ >1 Frqvlghu qrz wkh 0rqo| li 0 sduw1 Vxssrvh/ wr

wkh frqwudu|/ wkdw W @ > dqg mKm 9@ 41 Vlqfh/ e| dvvxpswlrq/ J lv

Kdplowrqldq/ lw iroorzv wkdw mKm � 51 Ohw iKE��>KE2�j eh d vhw ri 50

ehvw wrxuv lq +J>g,1 Fohduo|/ KE2�qKE�� 9@ >1 Wdnh dq| h 5 KE2�qKE��1

Wkhq/ reylrxvo|/ plqiO_+K, = K 5 K> h 5 Kj @ plqiO_+K, = K 5

KqiKE��j> h 5 Kj @ O_+KE2�,1 Zh wkhuhiruh rewdlq/ iurp Wkhruhp 814/

wkdw o+h, @ O_+KE2�,� O_+KE��, @ O2 ?41 Khqfh/ W 9@ >/ zklfk jlyhv

d frqwudglfwlrq1 �

Ohw wkh hohphqwv lq W eh rughuhg lq vxfk d zd| wkdw W @ iw�> = = = > w�9 �j

dqg 3 � w� ? w2 ? = = = ? w
�9 �
/ l1h1 w� ghqrwhv wkh m0wk vpdoohvw wrohudqfh

ydoxh zlwk uhvshfw wr KE�� dqg +J>g,1 Lq wkh iroorzlqj wkhruhp lw lv

vkrzq wkdw w� lv dw ohdvw htxdo wr wkh gl�huhqfh lq ohqjwk ehwzhhq d

orqjhvw dqg d vkruwhvw wrxu lq d vhw ri +m . 4,0ehvw wrxuv1

Wkhruhp 817 Iru doo m @ 4> = = = > mW m/ w� � O�n�1

Surri1 Wkh surri lv e| lqgxfwlrq1 Zh �uvw suryh wkdw w� � O21 Wdnh

dq| h 5 KE��1 Vlqfh plqiO_+K, = K 5 K> h @5 Kj @ plqiO_+K, =

K 5 KqiKE��j> h @5 Kj � plqiO_+K, = K 5 KqiKE��jj @ O_+KE2�,/ lw

iroorzv iurp Wkhruhp 814 wkdw x+h, � O21 Vlploduo|/ iru hdfk h 5 HqKE��/

lw krogv wkdw o+h, � O21 Vlqfh w� lv wkh vpdoohvw wrohudqfh ydoxh/ zh kdyh

wkdw w� � O21
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Qh{w/ dvvxph wkdw w� � O�n� iru m @ 4> = = = > l� 4 dqg l 5 i5> = = = > mW mj1 Lw

kdv wr eh vkrzq wkdw w� � O�n�1 Vlqfh w� A w�3�/ zh kdyh wkdw w� A O�1

Dvvxph/ wr wkh frqwudu|/ wkdw w� ? O�n�1 Uhfdoo iurp wkh gh�qlwlrq ri w�
wkdw wkhuh lv vrph h 5 H vxfk wkdw hlwkhu w� @ x+h, ru w� @ o+h,1 Pruhryhu/

Wkhruhp 814 lpsolhv wkdw wkhuh lv vrph K 5 K vxfk wkdw w� @ O_+K,�

O_+KE��,1 Wkhq/ O_+KE��, � O_+KE��, @ O� ? w� @ O_+K,� O_+KE��, ?

O�n� @ O_+KE�n��, � O_+KE��,1 Frqvhtxhqwo|/ O_+KE��, ? O_+K, ?

O_+KE�n��, zklfk lv lpsrvvleoh vlqfh KE�� dqg KE�n�� duh frqvhfxwlyh

wrxuv lq wkh rughulqj ri wkh wrxuv lq K1 Wklv suryhv wkdw w� � O�n�/

zklfk frpsohwhv wkh surri1 �

H{dpsoh +frqwlqxhg,1 Frqvlghu +J> g, lq Iljxuh 8141 Wkh wrohudqfhv

zlwk uhvshfw wr KE�� dqg g duh jlyhq lq Iljxuh 8151 Zh kdyh wkdw W @

i4> 6> 7j/ l1h1 w� @ 4/ w2 @ 6/ dqg w� @ 71 Qrwh wkdw w� @ O2 @ 4/

w2 A O� @ 5/ dqg w� A Oe @ 61 �

Iru hdfk wrxu K lq K vdwlvi|lqj O_+K, @ O_+KE��, . w� / zh vd| wkdw

K fruuhvsrqgv wr w�1 Lq wkh iroorzlqj wkhruhp lw lv vkrzq wkdw wkhuh lv

dw ohdvw rqh wrxu fruuhvsrqglqj wr hdfk �qlwh wrohudqfh ydoxh1

Wkhruhp 818 Iru hdfk m @ 4> = = = > mW m/ wkhuh lv dw ohdvw rqh wrxu K lq

+J> g, wkdw fruuhvsrqgv wr w�1

Surri1 E| gh�qlwlrq/ iru hdfk m @ 4> = = = > mW m/ wkhuh lv dq h 5 H vxfk

wkdw hlwkhu w� @ x+h, ru w� @ o+h,1 Frqvlghu wkh fdvh wkdw w� @ x+h,1

Iurp Wkhruhp 814/ lw iroorzv wkdw w� @ plqiO_+K, = K 5 K> h @5 Kj �

O_+KE��,1 Ohw K� 5 dujplqiO_+K, = K 5 K> h @5 Kj1 Wkhq/ fohduo|

O_+K�, @ plqiO_+K, = K 5 K> h @5 Kj @ O_+KE��, . w� / l1h1 K�

fruuhvsrqgv wr w� 1 Wkh fdvh wkdw w� @ o+h, fdq eh suryhq vlploduo|1 �

Iru m @ 4> = = = > mW m/ ohw K� ghqrwh d wrxu wkdw fruuhvsrqgv wr w� 1 Vlqfh

3 � w� ? w2 ? = = = ? w�9 �/ zh rewdlq wkh iroorzlqj sduwldo rughulqj ri wkh

wrxuv lq +J> g,

O_+KE��, � O_+K�, ? O_+K2, ? = = = ? O_+K�9 �,=

Qrwh wkdw wkh wrxuv KE��>K�>K2> = = = >K�9 � qhhg qrw eh +sdluzlvh, frq0

vhfxwlyh lq +J> g,/ hyhq li doo wrxuv lq K kdyh gl�huhqw ohqjwk1 Wklv lv

ghprqvwudwhg lq wkh iroorzlqj h{dpsoh1

H{dpsoh +frqwlqxhg,1 Frqvlghu +J>g, lq Iljxuh 814 zlwk m^Kq_Km @

43 dqg mW m @ 61 Lw krogv wkdw w� @ O_+KE2�,�O_+KE��,/ w2 @ O_+KEe�,�

O_+KE��,/ dqg w� @ O_+KED�, � O_+KE��,1 Khqfh/ KE2�/ KEe�/ dqg KED�
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fruuhvsrqg wr w�/ w2 dqg w�/ uhvshfwlyho|1 Khqfh/ iurp wkh �qlwh wrohu0

dqfhv wkh sduwldo rughulqj O_+KE��, ? O_+KE2�, ? O_+KEe�, ? O_+KED�,

fdq eh ghwhuplqhg1 Fohduo|/ wkh wrxuv K� dqg K2 duh qrw frqvhfxwlyh lq

+J> g, vlqfh O_+K�, ? O_+KE��, ? O_+K2,1 �

Lq Wkhruhp 818/ zh kdyh vkrzq wkh h{lvwhqfh ri wrxuv fruuhvsrqglqj

wr wkh �qlwh wrohudqfh ydoxhv zlwk uhvshfw wr +J> g, dqg KE��1 Zh qrz

wxuq wr wkh txhvwlrq zkhwkhu lw lv srvvleoh wr dfwxdoo| frqvwuxfw wrxuvK� /

vwloo dvvxplqj wkdw KE�� dqg lwv wrohudqfhv duh nqrzq1 Lq wkh iroorzlqj

wkhruhp/ lw lv vkrzq wkdw wrxuv K� fdq eh ghwhuplqhg sduwo| iurp KE��

dqg lwv wrohudqfhv1

Wkhruhp 819 Iru hdfk m @ 4> = = = > mW m/ ohw K� eh d wrxu wkdw fruuhvsrqgv

wr w�1 Lw krogv wkdw

ih 5 KE�� = x+h, A w�j � K� dqg ih 5 HqKE�� = o+h, A w�j _K� @ >/

Pruhryhu/ li K� lv wkh xqltxh wrxu fruuhvsrqglqj wr w� wkhq dovr

ih 5 HqKE�� = o+h, @ w�j � K� dqg ih 5 KE�� = x+h, @ w�j _K� @ >1

Surri1 Ohw m 5 i4> = = = > mW mj/ dqg wdnh dq| K� 5 K vdwlvi|lqj O_+K�, @

O_+KE��, . w� 1 Zh �uvw vkrz wkdw ih 5 KE�� = x+h, A w�j � K�1 Wdnh

dq| h 5 KE�� vxfk wkdw x+h, A w� 1 Vxssrvh/ wr wkh frqwudu|/ wkdw h @5

K� 1 Wkhq/ plqiO_+K, = K 5 K> h @5 Kj � O_+K�,/ dqg frqvhtxhqwo|

dsso|lqj Wkhruhp 814 jlyhv wkdw x+h, � O_+K�,�O_+KE��, @ w� / zklfk

lv d frqwudglfwlrq1 Wkh surri wkdw ih 5 HqKE�� = o+h, A w�j _K� @ > lv

vlplodu dqg wkhuhiruh rplwwhg khuh1

Qrz/ dvvxph wkdw K� lv ghwhuplqhg xqltxho| lq +J>g,1 Zh �uvw vkrz

wkdw ih 5 HqKE�� = o+h, @ w�j � K�1 Wdnh dq| h 5 HqKE�� vxfk wkdw

o+h, @ w� 1 Uhfdoo/ iurp Wkhruhp 818/ wkdw wkhuh lv d K 5 K vxfk wkdw

h 5 K dqg o+h, @ O_+K, � O_+KE��,1 Vlqfh o+h, @ w�/ zh kdyh wkdw

O_+K,�O_+KE��, @ O_+K�,�O_+KE��,1 Krzhyhu/ K� lv xqltxh lq +J>g,/

phdqlqj wkdw K @ K� / dqg khqfh/ h 5 K�1 Ilqdoo|/ zh vkrz wkdw

ih 5 KE�� = x+h, @ w�j _K� @ >1 Wdnh dq| h 5 KE�� vxfk wkdw x+h, @ w� 1

Djdlq/ wkhuh lv d K 5 K vxfk wkdw h @5 K dqg x+h, @ O_+K,�O_+KE��,1

Vlqfh x+h, @ w� / lw iroorzv wkdw O_+K, @ O_+KE��, . w� @ O_+K�,1 Wkhq/

iurp wkh dvvxpswlrq wkdwK� lv xqltxh lq +J> g,/ zh rewdlq wkdwK @ K� 1

Khqfh/ h @5 K�/ zklfk frpsohwhv wkh surri1 �

H{dpsoh +frqwlqxhg,1 Frqvlghu +J> g, lq Iljxuh 8141 Uhfdoo wkdw wkh

wrxuv KE2�/ KEe�/ dqg KED� fruuhvsrqg xqltxho| wr w� @ 4/ w2 @ 6/ dqg
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w� @ 7/ uhvshfwlyho|1 Wkh vhwv ri hgjhv wkdw duh wr eh lqfoxghg lq wkh

wrxuv K� dqg wkh vhwv ri hgjhv wkdw duh wr eh h{foxghg iurp wkh wrxuv

K� duh jlyhq lq Wdeoh 8141 �

m w� ih 5 KE�� = x+h, A w�j^ ih 5 HqKE�� = o+h, A w�j^

ih 5 HqKE�� = o+h, @ w�j ih 5 KE�� = x+h, @ w�j

4 4 ii5> 6j> i8> 9jj^ > ^ ii4> 5j> i6> 7j> i9> 4j> i7> 8jj

ii4> 6j> i5> 8j> i4> 7j> i7> 9jj

5 6 ii5> 6jj ^ > > ^ ii8> 9jj

6 8 > ^ > > ^ ii5> 6jj

Wdeoh 814= Vxevhwv ri hgjhv +qrw, ehlqj lqfoxghg lq wrxu K� 1

Wkh h{dpsoh vkrzv wkdw/ lq jhqhudo/ wkh wrxuv K� fdq rqo| eh ghwhu0

plqhg sduwo| iurp KE�� dqg lwv wrohudqfhv e| xvlqj Wkhruhp 8191 Xvlqj

Wkhruhp 819 lw lv xqghflghg zkhwkhu hgjhv h zlwk x+h, ? w� ru o+h, ? w�
duh lq K� ru qrw/ dqg li K� lv qrw xqltxh wkh vdph krogv iru hgjhv zlwk

x+h, @ w� ru o+h, @ w� 1 Krzhyhu/ lq wkh fdvh wkdw K� lv wkh xqltxh wrxu

fruuhvsrqglqj wr w�/ zh kdyh wkh iroorzlqj uhvxow1

Fruroodu| 81: Li mW m � 4 dqg K� lv wkh xqltxh wrxu fruuhvsrqglqj wr

w� wkhq

K� @ ih 5 KE�� = x+h, A w�j ^ ih 5 HqKE�� = o+h, @ w�j1

Surri1 Lw iroorzv iurp Wkhruhp 819 wkdw

ih 5 KE�� = x+h, A w�j ^ ih 5 HqKE�� = o+h, @ w�j � K�

dqg wkdw

K� � Hq+ih 5 KE�� = x+h, @ w�j ^ ih 5 HqKE�� = o+h, A w�j,

@ ih 5 KE�� = x+h, A w�j ^ ih 5 HqKE�� = o+h, @ w�j1

Khqfh/ K� @ ih 5 KE�� = x+h, A w�j ^ ih 5 HqKE�� = o+h, @ w�j1 �

Qrwh wkdw wkh rssrvlwh ri Fruroodu| 81: grhv qrw krog/ l1h1 wkh idfw

wkdw K =@ ih 5 KE�� = x+h, A w�j ^ ih 5 HqKE�� = o+h, @ w�j lv d

wrxu lq +J>g, grhv qrw lpso| wkdw K fruuhvsrqgv wr w�1 Iru h{dpsoh/

frqvlghu +J> g, lq Iljxuh 816+d, zlwk KE�� lqglfdwhg e| wkh erog olqhv1
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Wkh wrohudqfhv dv zhoo dv wkh wrxu K/ lqglfdwhg e| wkh erog olqhv/ duh

jlyhq lq Iljxuh 816+e,1 Qrwh wkdw O_+K, � O_+KE��, @ 5 A w� @ 4/

phdqlqj wkdw K grhv qrw fruuhvsrqg wr w�1

Wklv frpsohwhv wkh glvfxvvlrq rq wkh sduwldo rughulqj ri wkh wrxuv

wkdw fdq eh rewdlqhg iurp d jlyhq rswlpdo wrxu dqg lwv wrohudqfhv1 Lq

wkh iroorzlqj vhfwlrq zh zloo vkrz wkdw wkh vpdoohvw wrohudqfh ydoxh w�
fruuhvsrqgv wr wkh gl�huhqfh lq ohqjwk ehwzhhq dq rswlpdo dqg d vhfrqg0

ehvw wrxu dqg wkdw K� lv d vhfrqg0ehvw wrxu lq wkh fdvh wkdw wkh vhw ri

50ehvw wrxuv lv xqltxh1
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Iljxuh 816= +d, +J>g, zlwk KE�� lqglfdwhg e| wkh erog olqhv dqg +e, wkh

orzhu dqg xsshu wrohudqfhv1

817 Wkh 50ehvw WVS zlwk jlyhq rswlpdo wrxu
dqg wrohudqfhv

Lq wklv vhfwlrq zh frqvlghu wkh 50ehvw WVS iru wkh fdvh wkdw dq rswlpdo

wrxu dqg lwv wrohudqfhv duh jlyhq/ l1h1 wkh 50ehvw WVS^KE��/wrohudqfhv`1 Lw

zloo eh vkrzq wkdw wkh ohqjwk ri d vhfrqg0ehvw wrxu fdq eh ghwhuplqhg lq

sro|qrpldo wlph dqg wkdw liK+5, lv xqltxh lq +J>g, wkhq dovr wkh 50ehvw

WVS^KE��/wrohudqfhv` fdq eh vroyhg lq sro|qrpldo wlph1 Ixuwkhupruh/ lw

zloo eh dujxhg wkdw/ lq jhqhudo/ vroylqj wkh 50ehvw WVS^KE��/wrohudqfhv`

pd| wdnh h{srqhqwldo wlph1

Zh vwduw wklv vhfwlrq e| vkrzlqj wkdw wkh gl�huhqfh lq ohqjwk ehwzhhq

KE�� dqg d vhfrqg0ehvw wrxu lv htxdo wr wkh vpdoohvw ydoxh ri erwk wkh

xsshu dqg wkh orzhu wrohudqfhv1
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Wkhruhp 81; Li mW m � 4 wkhq

O2 @ plqix+h, = h 5 KE��j @ plqio+h, = h 5 HqKE��j @ w�=

Surri1 Uhfdoo iurp Wkhruhp 816 wkdw mW m � 4 lpsolhv wkdw mKm � 51

Khqfh/ O2 lv zhoo gh�qhg1 Zh �uvw vkrz wkdw O2 @ plqix+h, = h 5 KE��j1
Uhfdoo iurp Wkhruhp 814 wkdw/ iru hdfk h 5 KE��/ x+h, @ plqiO_+K, =

K 5 K> h @5 Kj�O_+KE��,1 Vlqfh KqiKE��j @ ^iiK 5 K = h @5 Kj = h 5
KE��j/ lw iroorzv wkdw

plqix+h, = h 5 KE��j

@ plqiplqiO_+K, = K 5 K> h @5 Kj = h 5 KE��j �O_+KE��,

@ plqiO_+K, = K 5 KqiKE��jj �O_+KE��,>

zklfk/ dffruglqj wr wkh gh�qlwlrq ri O_+KE2�,/ lv htxdo wr O_+KE2�, �
O_+KE��, @ O21 Lw fdq eh vkrzq lq d vlplodu zd| wkdw O2 @ plqio+h, =
h 5 HqKE��j1 Ilqdoo|/ qrwh wkdw w� lv wkh vpdoohvw wrohudqfh ydoxh lq

+J> g, zlwk uhvshfw wr KE��1 Khqfh/ plqix+h, = h 5 KE��j @ plqio+h, =
h 5 HqKE��j @ w�1 �

Ohw K eh dq| wrxu wkdw fruuhvsrqgv wr w�1 Dv d fruroodu| ri Wkhruhp

81;/ lw iroorzv wkdw K lv d vhfrqg0ehvw wrxu1

Fruroodu| 81< Iru hdfk K 5 K/ lw krogv wkdw iKE��>Kj lv d vhw ri

50ehvw wrxuv lq +J>g, li dqg rqo| li O_+K, @ O_+KE��, . w�1

Surri1 Wkh �rqo| li� sduw lv vwudljkwiruzdug1 Qrz frqvlghu wkh �li�

sduw1 Wdnh dq| K� 5 K vdwlvi|lqj O_+K�, @ O_+KE��, . w�1 Wkhq/ lw iro0

orzv iurp Wkhruhp 81; wkdwO_+K�, @ O_+KE��,.O2 @ plqiO_+K, = K 5

KqiKE��jj/ zklfk suryhv wkdw O_+K�, � O_+K, iru doo K 5 KqiKE��j1

Khqfh/ iKE��>K�j lv d vhw ri 50ehvw wrxuv lq +J> g,1 �

Qrwh wkdw/ e| Fruroodu| 81</ lq rughu wr �qg d vhw ri 50ehvw wrxuv/ lw

lv vx!flhqw wr �qg d wrxu fruuhvsrqglqj wr w�1 Lq wkh uhpdlqghu ri wklv

vhfwlrq/ zh glvwlqjxlvk ehwzhhq wkh fdvhv wkdw K+5, lv xqltxh dqg wkdw

K+5, lv qrw xqltxh1

Iluvw frqvlghu wkh fdvh wkdw K+5, lv xqltxh1 Dv d fruroodu| ri

Wkhruhp 81;/ zh kdyh wkh iroorzlqj uhvxow1

Fruroodu| 8143 Li K+5, lv xqltxh wkhq

KE2� @ ih 5 KE�� = x+h, A w�j ^ ih 5 HqKE�� = o+h, @ w�j=
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Surri1 Iroorzv gluhfwo| iurp Fruroodulhv 81: dqg 81<1 �

H{dpsoh +frqwlqxhg,1 Frqvlghu +J> g, lq Iljxuh 814 zlwk wkh wrohu0

dqfhv jlyhq lq Iljxuh 8151 Vlqfh doo wrxuv lq +J>g, kdyh gl�huhqw ohqjwk/

K+5, lv fohduo| xqltxho| ghwhuplqhg lq +J>g,1 Zh kdyh wkdw w� @ 4/

vr wkdw KE2� @ ih 5 KE�� = x+h, A 4j ^ ih 5 HqKE�� = o+h, @ 4j @

ii5> 6j> i8> 9jj ^ ii4> 6j> i4> 7j> i5> 8j> i7> 9jj1 �

Qrz frqvlghu wkh fdvh wkdw K+5, lv qrw xqltxh/ l1h1 wkhuh duh vhyhudo

wrxuv fruuhvsrqglqj wr w� lq J1 Rxu dlp lv wr frqvwuxfw dw ohdvw rqh vxfk

d wrxu1 Xqiruwxqdwho|/ wkh idfw wkdw wkhuh lv pruh wkdq rqh vhfrqg0ehvw

wrxu grhv qrw pdnh lw hdvlhu wr �qg rqh1 Dv idu dv zh nqrz iru wkhvh fdvhv

wkhuh lv qr sro|qrpldo dojrulwkp iru �qglqj d vhfrqg0ehvw wrxu +vwloo

dvvxplqj wkdw dq rswlpdo wrxu dqg lwv wrohudqfhv duh nqrzq,1 Lq rughu

wr pdnh wkh vlwxdwlrq fohdu/ ohw xv vxppdul}h1 Dffruglqj wr Fruroodu|

81</ vwduwlqj iurp dq rswlpdo wrxu dqg lwv wrohudqfhv/ wkh ohqjwk ri d

vhfrqg0ehvw wrxu KE2� fdq eh frpsxwhg e| O_+KE2�, @ O_+KE��, . w�1

E| xvlqj Wkhruhp 819/ zh dovr nqrz wkdw li h 5 KE�� dqg x+h, A w�
wkhq h 5 KE2� dqg wkdw li h @5 KE�� dqg o+h, A w� wkhq h @5 KE2�1 Vr/

zh fdq dozd|v ghwhuplqh wkh ohqjwk ri d vhfrqg0ehvw wrxu/ exw wkh pruh

hgjhv kdyh wrohudqfh ydoxh htxdo wr w� wkh ohvv zh nqrz derxw wkh wrxu

KE2� lwvhoi1 Reylrxvo|/ wkh pruh wrxuv wkhuh duh wkdw wrjhwkhu zlwk KE��

frqvwlwxwh d vhw ri 50ehvw wrxuv/ wkh pruh hgjhv kdyh wrohudqfh ydoxh htxdo

wr w�1 Wklv lpsolhv wkdw/ urxjko| vshdnlqj/ wkh pruh vhfrqg0ehvw wrxuv

wkhuh duh/ wkh ohvv zh fdq vd| derxw wkhp1 Iru h{dpsoh/ lq wkh vshfldo

fdvh wkdw doo wrxuv kdyh wkh vdph ohqjwk/ l1h1 doo hgjhv kdyh wrohudqfh

ydoxh htxdo wr }hur/ wkhq qr lqirupdwlrq derxw d vhfrqg0ehvw wrxu fdq

eh ghulyhg irup Wkhruhp 8191 Dqrwkhu/ ohvv wulyldo/ h{dpsoh iru zklfk

d vlplodu uhvxow krogv lv jlyhq lq Sdsdglplwulrx ) Vwhljolw} ^9;` zkhuh d

judsk +J>g, lv suhvhqwhg rq q @ ;n yhuwlfhv zlwk rqh rswlpdo wrxu dqg

5&3�+n � 4,$ vhfrqg0ehvw wrxuv1
Zlwk wkh deryh uhpdunv lq plqg zh irupxodwh wkh iroorzlqj frqmhf0

wxuh1

Frqmhfwxuh 8144 Wkhuh lv qr sro|qrpldo wlph dojrulwkp iru vroylqj wkh

50ehvw WVS^KE��/wrohudqfhv` xqohvv S @ QS1

Dowkrxjk zh duh qrw deoh wr suryh wkh deryh vwdwhphqw/ zh kdyh

vhyhudo uhdvrqv wr eholhyh wkdw lw lv wuxh1 Lq wkh uhpdlqghu ri wklv vhfwlrq/

zh vwdwh vhyhudo idfwv wkdw vxssruw wklv frqmhfwxuh1

Iluvw ri doo/ qrwh wkdw wkh 50ehvw WVS zlwk nqrzq rswlpdo wrxu/ l1h1

wkh 50ehvw WVS^KE��`/ lv QS0kdug1 Wklv iroorzv lpphgldwho| iurp wkh
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idfw wkdw wkh Vhfrqg Kdplowrqldq F|foh Sureohp/ l1h1 wkh sureohp ri

ghwhuplqlqj zkhwkhu d jlyhq judsk zlwk d wrxu frqwdlqv d vhfrqg wrxu/

lv QS0frpsohwh> vhh Mrkqvrq ) Sdsdglplwulrx ^73`1

Dv zh glvfxvvhg ehiruh/ e| nqrzlqj dq rswlpdo wrxu dqg lwv wrohu0

dqfhv/ zh duh deoh wr ghulyh wzr dgglwlrqdo slhfhv ri lqirupdwlrq=

41 Wkh ohqjwk ri d vhfrqg0ehvw wrxu/ l1h1 O_+KE2�,/ dqg

51 Vrph lqirupdwlrq derxw zklfk hgjhv duh dqg zklfk hgjhv duh qrw

frqwdlqhg lq d vhfrqg0ehvw wrxu +e| xvlqj Wkhruhp 819,1

Lw zloo eh vkrzq wkdw kdylqj wklv lqirupdwlrq lv qrw hqrxjk wr vroyh wkh

50ehvw WVS^KE��/wrohudqfhv` lq sro|qrpldo wlph1

Iluvw/ zh frqvlghu wkh frpsoh{lw| ri wkh 50ehvw WVS^KE��/O_+KE2�,`/
l1h1 wkh 50ehvw WVS zlwk jlyhq rswlpdo wrxu dqg ohqjwk ri d vhfrqg0ehvw

wrxu1 Fohduo|/ wkh sureohp khuh lv rqo| wr frqvwuxfw wkh vhfrqg0ehvw

wrxu/ l1h1 wkhuh lv qr fruuhvsrqglqj ghflvlrq sureohp +wkh h{lvwhqfh

ri d vhfrqg0ehvw wrxu lv jlyhq,1 Lq Sdsdglplwulrx ^9:` vxfk sureohpv

duh fdoohg wrwdo ixqfwlrqv1 Lq wkh iroorzlqj wkhruhp lw lv vkrzq wkdw

wkh h{lvwhqfh ri d sro|qrpldo wlph dojrulwkp iru vroylqj wkh 50ehvw
WVS^KE��/O_+KE2�,` lv yhu| xqolnho|1

Wkhruhp 8145 Wkh 50ehvw WVS^KE��/O_+KE2�,` fdqqrw eh vroyhg lq sro|0

qrpldo wlph xqohvv S @ QS1

Surri1 Zh zloo vkrz wkdw wkh h{lvwhqfh ri d sro|qrpldo wlph do0

jrulwkp iru vroylqj wkh 50ehvw WVS^KE��/O_+KE2�,` zrxog lpso| wkdw

S @ QS1 Vxssrvh wkdw wkhuh h{lvwv vxfk d sro|qrpldo wlph dojrulwkp/

vd| D/ zkrvh uxqqlqj wlph lv erxqghg e| vrph sro|qrpldo s+q,1 Wdnh

dq lqvwdqfh ri wkh Vhfrqg Kdplowrqldq F|foh Sureohp/ l1h1 d judsk

J @ +Y>H, zlwk d wrxu K 5 K/ dqg uhgxfh lw wr wkh 50ehvw WVS zlwk d

jlyhq rswlpdo wrxu lq wkh vwdqgdug zd|/ l1h1 hyhu| yhuwh{ lq Y ehfrphv d

flw|/ hyhu| hgjh lq H jhwv ohqjwk 4/ dqg hyhu| hgjh qrw lq H jhwv ohqjwk

51 Ohw D� ghqrwh wkh prgl�fdwlrq ri dojrulwkp D vxfk wkdw lw frxqwv

hdfk hohphqwdu| rshudwlrq dqg vwrsv zkhq hlwkhu D� �qgv d vroxwlrq ru

wkh qxpehu ri hohphqwdu| rshudwlrqv h{fhhgv s+q,1 Dsso| dojrulwkp D�

wr wklv lqvwdqfh ri wkh 50ehvw WVS zlwk wkh ohqjwk ri wkh vhfrqg0ehvw

wrxu ehlqj htxdo wr q1

Qrz wkhuh duh wzr srvvlelolwlhv1 Iluvwo|/ dvvxph wkdw wkh judsk J kdv d

vhfrqg wrxu1 Wkhq/ dojrulwkpD� uhfhlyhv d ihdvleoh lqsxw zlwk wkh fruuhfw

ohqjwk q1 Frqvhtxhqwo|/ dojrulwkp D� zloo frph xs zlwk d vhw ri 50ehvw
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wrxuv lq +J>g, zlwk O2 @ 3 xvlqj dw prvw s+q, rshudwlrqv1 Vhfrqgo|/

dvvxph wkdw wkh judsk grhv qrw kdyh d vhfrqg wrxu1 Wkhq/ lw fdq hlwkhu

kdsshq wkdw dojrulwkp D� vwrsv ehfdxvh wkh qxpehu ri hohphqwdu| rshu0

dwlrqv h{fhhgv s+q, ru dojrulwkp D� surgxfhv vrph +xqvshfl�hg, rxwsxw1

Lq wkh odwwhu fdvh/ lw fdq eh hdvlo| fkhfnhg lq sro|qrpldo wlph zkhwkhu

wkh rxwsxw lv d vhw ri 50ehvw wrxuv lq +J> g, zlwk O2 @ 31 Vr/ dojrulwkpD�

hlwkhu �qgv d vhfrqg wrxu zlwk ohqjwk q/ ru zh nqrz iurp wkh ehkdylru

ri dojrulwkp D� wkdw J grhv qrw frqwdlq d vhfrqg wrxu zlwk ohqjwk q1

Vlqfh wkh Vhfrqg Kdplowrqldq F|foh Sureohp lv QS0frpsohwh/ wkh h{0

lvwhqfh ri vxfk dq dojrulwkp zrxog lpso| wkdw S @ QS1 �

Lq Wkhruhp 8145 lw kdv ehhq vkrzq wkdw lq rughu wr vroyh wkh 50ehvw

WVS^KE��/wrohudqfhv` lq sro|qrpldo wlph/ wkh nqrzohgjh ri wkh ohqjwk

ri d vhfrqg0ehvw wrxu lv qrw vx!flhqw1 Wklv lpsolhv wkdw pruh lqirupd0

wlrq lv uhtxluhg/ l1h1 dovr wkh vhfrqg slhfh ri lqirupdwlrq +wkh nqrzohgjh

derxw zklfk hgjhv wr lqfoxgh dqg zklfk hgjhv wr h{foxgh iurp KE2�,

kdv wr eh xvhg lq rughu wr eh deoh wr �qg d sro|qrpldo wlph dojrulwkp1

Krzhyhu/ dv zh kdyh douhdg| glvfxvvhg/ lw pljkw wxuq rxw wkdw wklv slhfh

ri lqirupdwlrq lv yhu| olplwhg/ dqg frqvhtxhqwo| grhv qrw surylgh dggl0

wlrqdo foxhv1 Wklv jlyhv xv |hw dqrwkhu uhdvrq wr eholhyh wkdw Frqmhfwxuh

8144 lv wuxh1

Zh forvh wklv vhfwlrq e| suhvhqwlqj vrph uhvxowv iurp orrnlqj dw wkh

50ehvw WVS^KE��/wrohudqfhv` iurp d gl�huhqw dqjoh1 Djdlq/ uhfdoo iurp

Wkhruhp 819 wkdw vrph hgjhv duh wr eh lqfoxghg dqg vrph hgjhv duh

wr eh h{foxghg iurp KE2�1 Lq idfw/ wkh fux{ ri wkh sureohp lv wkdw zh

gr qrw nqrz zklfk ri wkh hgjhv kdylqj wrohudqfh ydoxh htxdo wr w� duh

wr eh lqfoxghg lq KE2� dqg zklfk qrw1 Krzhyhu/ iru d jlyhq vhw V lq

ih 5 HqKE�� = o+h, @ w�j/ wkh vhw ri wrxuv rq wkh hgjh vhw KE�� ^ V

wkdw frqwdlq V fdq eh ghwhuplqhg lq sro|qrpldo wlph1 Pruhryhu/ vlqfh

wkh ohqjwk ri d vhfrqg0ehvw wrxu lv nqrzq/ lw fdq dovr eh fkhfnhg lq

sro|qrpldo wlph zkhwkhu wklv vhw ri wrxuv frqwdlqv d vhfrqg0ehvw wrxu1

Zh kdyh wkh iroorzlqj uhvxow1

Wkhruhp 8146 Dvvxph wkdw dq rswlpdo wrxu KE��/ lwv wrohudqfhv/ dqg

wkh ohqjwk ri d vhfrqg0ehvw wrxu O_+KE2�, duh nqrzq1 Iru hdfk

V � ih 5 HqKE�� = o+h, @ w�j/ wkh sureohp ri ghwhuplqlqj wkh vhw

iK 5 K = KqKE�� @ V>O_+K, @ O_+KE��, . w�j lv vroydeoh lq R+p,

wlph1

Surri1 Vhh Dsshqgl{ 81D1 �
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Qrwh wkdw li iK 5 K = KqKE�� @ V>O_+K, @ O_+KE��, . w�j lv qrq0

hpsw|/ hdfk wrxu frqwdlqhg lq lw lv d vhfrqg0ehvw wrxu1 Ixuwkhupruh/

qrwh wkdw Wkhruhp 8146 lpsolhv dq dojrulwkp iru vroylqj wkh 50ehvw

WVS^KE��/wrohudqfhv`> qdpho| wkh iroorzlqj= Iluvw ghwhuplqh O_+KE2�,

dqg ih 5 HqKE�� = o+h, @ w�j1 Wkhq slfn d vxevhw V � ih 5 HqKE�� =

o+h, @ w�j dqg ghwhuplqh iK 5 K = KqKE�� @ V>O_+K, @ O_+KE��,.w�j1

Li wklv vhw lv qrqhpsw| wkhq d vhfrqg0ehvw wrxu kdv ehhq irxqg1 Rwk0

huzlvh/ vhohfw dqrwkhu vxevhw V dqg frqwlqxh grlqj vr xqwlo wkh vhw

iK 5 K = KqKE�� @ V>O_+K, @ O_+KE��, . w�j lv qrqhpsw|1 Xq0

iruwxqdwho|/ wklv dojrulwkp lv/ lq jhqhudo/ qrw sro|qrpldo ehfdxvh lq wkh

zruvw fdvh doo srvvleoh vxevhwv V lq ih 5 HqKE�� = o+h, @ w�j duh wr eh

frqvlghuhg1 Dfwxdoo|/ wklv lv lq olqh zlwk Frqmhfwxuh 81441 Lq frqfox0

vlrq zh fdq vd| wkdw kdylqj wkh vhw V lv d ylwdo slhfh ri lqirupdwlrq

lq rughu wr vroyh wkh 50ehvw WVS^KE��/wrohudqfhv` lq sro|qrpldo wlph1

Krzhyhu/ wkhuh lv qr zd| wr rewdlq V iurp wkh wrohudqfhv/ vr wkdw wkh

deryh glvfxvvlrq surylghv dqrwkhu uhdvrq wr eholhyh wkdw Frqmhfwxuh 8144

lv wuxh1

818 Wkh n0ehvw WVS zlwk jlyhq rswlpdo wrxu
dqg wrohudqfhv lv QS0kdug iru n � 6

Lq wklv vhfwlrq zh zloo vkrz wkdw wkh sureohp ri vroylqj wkh n0ehvw WVS

lv QS0kdug iru n � 6 hyhq li dq rswlpdo wrxu dqg lwv wrohudqfhv duh

jlyhq1

Wkurxjkrxw wklv vhfwlrq lw zloo eh dvvxphg wkdwK+5, lv xqltxho| gh0

whuplqhg1 Reylrxvo|/ li wklv dvvxpswlrq grhv qrw krog wkhq wkh sureohp

ri �qglqj d wklug0ehvw wrxu lv pruh ru ohvv wkh vdph sureohp dv �qglqj

d vhfrqg0ehvw wrxu1

Xqiruwxqdwho|/ wkh ohqjwk ri d wklug0ehvw wrxu fdqqrw eh ghwhuplqhg

lq d vlplodu zd| dv wkh ohqjwk ri d vhfrqg0ehvw wrxu1 Wkh uhdvrq lv wkdw/

lq jhqhudo/ wkh htxdolw| O_+KE��, @ O_+KE��,.w2 grhv qrw krog hyhq li doo

wrxuv lq K kdyh gl�huhqw ohqjwk1 Wklv lv ghprqvwudwhg lq wkh iroorzlqj

h{dpsoh1

H{dpsoh +frqwlqxhg,1 Frqvlghu +J>g, lq Iljxuh 8141 Uhfdoo wkdw doo

wrxuv kdyh gl�huhqw ohqjwk1 Zh kdyh wkdw w2 @ O_+KEe�, � O_+KE��, @

61 Frqvhtxhqwo|/ KEe� lq +J> g, fruuhvsrqgv wr w2/ vr wkdw O_+KE��, �

O_+KE��, 9@ w21 �

Wkh deryh h{dpsoh vkrzv wkdw wkhuh pd| h{lvw wrxuv lq +J> g, iru

zklfk wkh wrohudqfhv gr qrw surylgh dq| lqirupdwlrq derxw wkhlu ohqjwk1
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Ixuwkhu dqdo|vlv vkrzv wkdw wklv lv wkh fdvh iru doo wrxuvK lqK iru zklfk

doo hgjhv wkdw duh erwk lq KE�� dqg KE2� duh dovr lq K dqg wkdw doo rwkhu

hgjhv lq K duh hlwkhu lq KE�� ru lq KE2�1 Wkh vhw ri doo vxfk wrxuv zloo

eh ghqrwhg e| K�/ l1h1

K� =@ iK 5 K qK+5, = _K+5, � K � ^K+5,j =

Wkh iroorzlqj wkhruhp jlyhv dq h{suhvvlrq iru wkh ohqjwk ri d wklug0ehvw

wrxu1

Wkhruhp 8147 Ohw K+5, eh wkh xqltxh vhw ri 50ehvw wrxuv lq +J> g,1 Li

mW m � 5 wkhq

O_+KE��, @ plq
�
O_+KE��, . w2>plqiO_+K, = K 5 K�j

�
=

Rwkhuzlvh/ O_+KE��, @ plqiO_+K, = K 5 K�j=

Surri1 Zh �uvw frqvlghu wkh fdvh wkdw mW m � 51 E| wkh dvvxpswlrq

wkdw K+5, lv xqltxh/ lw iroorzv iurp Wkhruhp 814 wkdw x+h, A w� iru doo

h 5 _K+5, dqg o+h, A w� iru hdfk Hq ^K+5,1 Khqfh/ zh kdyh wkdw

w2 @ plqiplqix+h, = h 5 _K+5,j>plqio+h, = h 5 Hq ^ K+5,jj1

Lw iroorzv iurp Wkhruhp 814 wkdw

plqix+h, = h 5 _K+5,j

@ plqiplqiO_+K,=K 5 K>h @5 Kj =h 5 _K+5,j�O_+KE��,

@ plqiO_+K, = K 5 KqK+5,>_K+5, - Kj �O_+KE��,1

+814,

Lw fdq eh vkrzq lq d vlplodu zd| wkdw

plqio+h, = h 5 Hq ^ K+5,j

@ plqiO_+K, = K 5 KqK+5,>K - ^K+5,j �O_+KE��,1

+815,

Frpelqlqj +814, dqg +815, jlyhv wkdw

w2 @ plqiO_+K, = K 5 KqK+5,>_K+5, - K ru K - ^K+5,j�O_+KE��,1

Vr/ lw krogv wkdw plq
�
O_+KE��, . w2>plqiO_+K,=K5K�j

�
@O_+KE��,1

Li mW m ? 5 wkhq x+h, A 4 iru doo h 5 _K+5, dqg o+h, A 4 iru

hdfk Hq ^ K+5,1 Frqvhtxhqwo|/ O_+KE��, @ plqiO_+K, = K 5 K q

K+5,>_K+5, � K � ^K+5,jj @ plqiO_+K, = K 5 K�j1 �
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H{dpsoh +frqwlqxhg,1 Frqvlghu +J>g, lq Iljxuh 814/ zh kdyh wkdw

_K+5, @ ii5> 6j> i8> 9jj/ ^K+5, @ H/ dqg K� @ iKE��j1 Ixuwkhupruh/

w2 @ O_+KEe�,�O_+KE��,1 Khqfh/ O_+KE��, @ plqiO_+K, = K 5 K�j1 �

Lw iroorzv iurp Wkhruhp 8147 wkdw lq rughu wr �qg wkh ohqjwk ri wkh

wklug0ehvw wrxu/ zh qhhg wr vroyh wkh sureohp plqiO_+K, = K 5 K�j1

Ehiruh glvfxvvlqj wkh frpsxwdwlrqdo frpsoh{lw| ri wklv sureohp/ zh zloo

�uvw ghyhors vrph lqwxlwlrq zlwk uhvshfw wr wkh vhwK�/ dqg wkhuhiruh ri

wkh vhwv _K+5, dqg ^K+5,1

Zh �uvw vkrz wkdw _K+5, lv qrqhpsw|1

Wkhruhp 8148 Li K+5, @ iKE��>KE2�j lv xqltxho| ghwhuplqhg lq +J>g,

wkhq KE�� dqg KE2� duh qrw hgjh0glvmrlqw +l1h1 _K+5, 9@ >,1

Surri1 Vxssrvh/ wr wkh frqwudu|/ wkdw _K+5, @ >1 Ohw {> | 5 H eh

duelwudu| hgjhv vxfk wkdw { 5 KE�� dqg | 5 KE2�1 Lq Wkrpdvrq ^<8`

lw lv suryhq wkdw wkh judsk iruphg e| wkh hgjh0glvmrlqw wrxuv KE�� dqg

KE2� frqwdlqv dq hyhq qxpehu ri sdluv ri hgjh glvmrlqw wrxuv zlwk { dqg

| lq wkh vdph wrxu1 Ohw K>K � eh rqh vxfk d sdlu/ dqg dvvxph wkdw

i{> |j � K1 Khqfh/ wkh wrxuv K dqg K � duh sdluzlvh gl�huhqw zlwk

KE�� dqg KE2�/ ehfdxvh qhlwkhu KE�� ru KE2� frqwdlqv erwk wkh hgjhv

{ dqg |1 Vlqfh K+5, lv xqltxho| ghwhuplqhg lq +J> g,/ lw krogv wkdw

O_+KE��, . O_+KE2�, ? O_+K, . O_+K
�,1 Ixuwkhupruh/ lw iroorzv iurp

K^K � @ KE��^KE2� wkdw O_+KE��,.O_+KE2�, @ O_+K,.O_+K
�,1 Khqfh/

zh kdyh d frqwudglfwlrq1 �

Lq wkh iroorzlqj wkhruhp d vx!flhqw frqglwlrq lv jlyhq iru K� ehlqj

wkh hpsw| vhw1 Lq frqwudvw wr Wkhruhp 8148/ wkh idfw wkdw iKE��>KE2�j

lv vhw ri 50ehvw wrxuv zloo qrw eh xvhg lq wklv uhvxow1

Wkhruhp 8149 Li m _ K+5,m � q� 6 wkhq K� @ >1

Surri1 Wkh surri lv edvhg rq Vlhunvpd ^;6`1 Qrwh wkdw zh rqo| kdyh wr

frqvlghu wkh fdvhv wkdw m _ K+5,m @ q� 6> q� 51 Iluvw frqvlghu wkh fdvh

wkdw mKE��_KE2�m @ q�5/ l1h1 KE2� lv rewdlqhg iurp KE�� dv wkh uhvxow ri

d 50hgjh lqwhufkdqjh1 Lq d 50hgjh lqwhufkdqjh wzr hgjhv/ vd| id> ej dqg

if> gj/ duh uhsodfhg e| wzr qhz hgjhv/ id> fj dqg ie> gj/ vxfk wkdw KE2�

lv djdlq d wrxu lq J/ l1h1 KE2� @ +KE�� q iid> ej> if> gjj,^iid> fj> ie> gjj1
Zh zloo vkrz wkdw K� lv hpsw|1 Vxssrvh/ wr wkh frqwudu|/ wkdw K� 9@ >/
vd| K 5 K�1 Li id> ej 5 K wkhq id> fj> ie> gj @5 K1 Khqfh/ if> gj 5 K/

dqg frqvhtxhqwo| K @ KE��/ zklfk lv d frqwudglfwlrq1 Li id> fj 5 K

wkhq id> ej> if> gj @5 K1 Khqfh/ ie> gj 5 K/ dqg frqvhtxhqwo| K @ KE2�/
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zklfk djdlq jlyhv d frqwudglfwlrq1 Wklv suryhv wkdwK� @ > iru wkh fdvh

mKE�� _KE2�m @ q� 51

Qrz frqvlghu wkh fdvh wkdw mKE�� _KE2�m @ q � 6/ l1h1 KE2� lv rewdlqhg

iurp KE�� e| dsso|lqj d 60hgjh lqwhufkdqjh1 Lq d 60hgjh lqwhufkdqjh

wkuhh hgjhv/ vd| id> ej/ if> gj dqg ih> ij/ duh uhsodfhg e| wkuhh qhz

hgjhv vxfk wkdwKE2� lv djdlq d wrxu lq J1 Li qr wzr hgjhv ri id> ej/ if> gj
dqg ih> ij duh dgmdfhqw/ wkhq wkh hgjh vhw KE�� q iid> ej> if> gj> ih> ijj
fdq eh h{whqghg lqwr d wrxu lq irxu zd|v/ vfkhpdwlfdoo| ghslfwhg lq

Iljxuh 817/ odehohg iurp +4,> = = = > +7,1 Li wzr ri wkh hgjhv id> ej/ if> gj
dqg ih> ij duh dgmdfhqw/ wkhq wkh hgjh vhw KE�� q iid> ej> if> gj> ih> ijj
fdq eh h{whqghg lqwr d wrxu lq wkuhh zd|v/ vkrzq lq Iljxuh 817/ odehohg

iurp +8,> = = = > +:,1 Iru hdfk irup ri KE2�/ rqh fdq hdv| fkhfn wkdw K� @
>1 Frqvlghu iru lqvwdqfh +4,/ l1h1 KE2� @ KE��qiid> ej> if> gj> ih> ijj ^
iid> fj> ie> hj> ig> ijj1 Vxssrvh/ wr wkh frqwudu|/ wkdw K� 9@ >/ vd| K 5
K�1 Li id> ej 5 K wkhq id> fj> ie> hj @5 K1 Khqfh/ if> gj> ih> ij 5 K/ vr

wkdw ig> ij @5 K1 Frqvhtxhqwo|/ K @ KE��/ zklfk |lhogv d frqwudglfwlrq1

Li id> ej @5 K wkhq id> fj> ie> hj 5 K1 Khqfh/ if> gj> ih> ij @5 K/ vr wkdw

ig> ij 5 K1 Vr/ K @ KE2�/ zklfk |lhogv d frqwudglfwlrq dqg surriv wkdw

K� @ >1 �

a

b c

d

e

H(1)

f

(6)(5)

(4)

(7)

no two edges of {{a,b},{c,d},{e,f}} are adjacent

Two edges of {{a,b},{c,d},{e,f}} are adjacent

(2)(1) (3)

Iljxuh 817= Doo srvvleoh 60hgjh lqwhufkdqjhv1

Qrwh wkdw dffruglqj wr wkh Wkhruhpv 8147 dqg 8149/ lw iroorzv wkdw li

KE�� dqg KE2� gl�hu lq hlwkhu d 5 ru 6�hgjh lqwhufkdqjh/ wkhq KE�� @ K21

Krzhyhu/ li KE�� dqg KE2� gl�hu e| d n0hgjh lqwhufkdqjh zlwk 7 � n �
q�5 wkhq K� qhhg qrw eh wkh hpsw| vhw/ dqg frqvhtxhqwo| wkh sureohp
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ri �qglqj d wklug0ehvw wrxu pljkw eh pruh frpsoh{1 Iljxuh 814 vkrzv dq

h{dpsoh zlwk d qrqhpsw| vhw K� iru wkh fdvh wkdw KE�� dqg KE2� gl�hu

lq d 70hgjh lqwhufkdqjh1

Iurp Wkhruhp 8147 lw lv fohdu wkdw wkh frpsoh{lw| ri �qglqj d wklug0

ehvw wrxu lv ghwhuplqhg e| wkh frpsoh{lw| ri �qglqj d vkruwhvw wrxu lq

K�1 Lw zloo eh vkrzq wkdw wklv sureohp lv lq idfw QS0kdug1 Lq rughu wr

gr vr/ lw zloo �uvw eh vkrzq wkdw wkh iroorzlqj sureohp lvQS0frpsohwh1

Uhvwulfwhg 6o_ wrxu sureohp
Lqvwdqfh= D sdlu ri wrxuv W� dqg W2 lq d judsk rq q � 6 yhuwlfhv1

Txhvwlrq= Lv wkhuh d wrxu K vxfk wkdw K @5 iW�> W2j dqg

W� _ W2 � K � W� ^ W2B

Zh hvwdeolvk d uhgxfwlrq iurp wkh

6
o_ wrxu sureohp

Lqvwdqfh= D sdlu ri wrxuv W� dqg W2 lq d judsk rq q � 6 yhuwlfhv1

Txhvwlrq= Lv wkhuh d wrxu K vxfk wkdw K @5 iW�> W2j dqg

K � W� ^ W2B

zklfk zdv suryhq wr eh QS0frpsohwh lq Sdsdglplwulrx ^99`1 Lq wkdw sd0

shu wkh sureohp zdv irupxodwhg dv= Grhv d jlyhq judsk wkdw lv uhvwulfwhg

wr wkh xqlrq ri wzr wrxuv frqwdlq d wklug wrxuB

Qrwh wkdw wkh 6o_ wrxu sureohp dqg wkh uhvwulfwhg 6
o_ wrxu sureohp

duh uhdoo| gl�huhqw1 Iru lqvwdqfh/ wkh judsk ri Iljxuh 818/ zklfk lv iruphg

e| wkh wrxuv W� dqg W2/ frqwdlqv rqh pruh wrxu ghqrwhg e| W�1 Lw krogv

wkdw W� � W� ^ W2/ exw W� _ W2 - W�1

1 2 1 2 1 21 2

G=T1FT2

6

2

5 4

3

1 1

45

6

2

T1

3

1

45

6

2

T2

3

1

45

6

2

T3

3

Iljxuh 818= D judsk wkdw lv erwk d �|hv0lqvwdqfh� ri wkh 6o_ wrxu sureohp

dqg d �qr0lqvwdqfh� ri wkh uhvwulfwhg 6
o_ wrxu sureohp1
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Lq wkh iroorzlqj wkhruhp lw lv vkrzq wkdw wkh uhvwulfwhg 6
o_ wrxu

sureohp lv dv kdug dv wkh 6o_ wrxu sureohp1

Wkhruhp 814: Wkh uhvwulfwhg 6o_ wrxu sureohp lv QS0frpsohwh1

Surri1 Zh jlyh d uhgxfwlrq iurp wkh 6o_ wrxu sureohp wr wkh uhvwulfwhg

6
o_ wrxu sureohp1 Wdnh dq lqvwdqfh ri wkh 6o_ wrxu sureohp/ l1h1 wrxuv

W� dqg W2 vxfk wkdw W� 9@ W2 dqg W� _ W2 9@ >1 Wkh vhw ri hgjhv wkdw

duh lq erwk W� dqg W2 fdq eh sduwlwlrqhg lq d qxpehu ri sdwkv1 Fohduo|/

hyhu| sdwk lq W� _ W2 ri ohqjwk odujhu wkdq 4 lv frqwdlqhg lq doo wrxuv

ri J @ W� ^ W2/ ehfdxvh vxfk d sdwk frqwdlqv yhuwlfhv wkdw rqo| fdq eh

ylvlwhg e| wudyhuvlqj lw1 Qrz frqvlghu wkh sdwkv lq W� _ W2 ri ohqjwk 4/

l1h1 hgjhv il> mj wkdw duh erwk frqwdlqhg lq W� dqg W2 zklfk duh qrw dg0

mdfhqw wr rwkhu hgjhv lq W� _ W21 Ohw {> |> }> z eh yhuwlfhv vxfk wkdw

wkh hgjhv iz> lj> im> }j> i{> lj> im> |j> il> mj duh sdluzlvh gl�huhqw/ zlwk

iz> lj> il> mj> im> }j 5 W�/ dqg i{> lj> il> mj> im> |j 5 W21 Frqvwuxfw d

judsk J� iurp J dv iroorzv1 Uhpryh wkh hgjh im> |j dqg dgg d qhz

yhuwh{ lm wrjhwkhu zlwk wkh hgjhv il> lmj> ilm> |j> ilm> mj> vhh Iljxuh 819

zkhuh J dqg J� duh vkrzq dv pxowl0judskv1

y

T2

i j

w z

x

T1

ij

y

z

j

x

i

w

T1'

T2'

Iljxuh 819= Uhgxflqj wkh 6o_ wrxu sureohp wr wkh uhvwulfwhg 6o_ wrxu

sureohp1

Qrwh wkdw wkh judsk J� lv iruphg e| wkh wrxuv W
�

� @ += = = > z> l> lm> m> }> = = =,

dqg W
�

2 @ += = = > {> l> m> lm> |> = = =,1 Dovr qrwh wkdw/ dsduw iurp wkh sdwkv ri

ohqjwk odujhu wkdq 4/ ilm> mj lv wkh rqo| hgjh wkdw lv frqwdlqhg lq erwk

wrxuv1 Lw lv qrz hdv| wr vhh wkdw wkhuh lv d wrxu W lq K li dqg rqo| li

wkhuh lv d wrxu W � lq J�1 Wkh fruuhvsrqglqj wrxuv duh dv iroorzv=

W @ += = = > z> l> m> }> = = =, ' W � @ += = = > z> l> lm> m> }> = = =,

W @ += = = > {> l> m> |> = = =, ' W � @ += = = > {> l> m> lm> |> = = =,
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W @ += = = > z> l> m> |> = = =, ' W � @ += = = > z> l> m> lm> |> = = =,

W @ += = = > {> l> m> }> = = =, ' W � @ += = = > {> l> lm> m> }> = = =,

W @ += = = > {> l>z> = = = > |> m> }> = = =, ' W � @ += = = > {> l> z> = = = > |> lm> m> }> = = =,1

Wkh ohiw vlgh vkrzv wkh zd|v d wrxu W lq K fdq wudyhuvh wkh yhuwlfhv

{> |> l> m> z> }/ dqg wkh uljkw vlgh vkrzv wkh zd|v d wrxu W � lq J�/ frq0

wdlqlqj wkh hgjh ilm> mj/ fdq wudyhuvh wkh yhuwlfhv {> |> l> m> lm> z> }1 Iru

hdfk irup ri W / wkh ' v|pero lqglfdwhv wkh fruuhvsrqglqj iurp ri W �/

dqg ylfh yhuvd1 Qrwh wkdw wkh hgjhv il> lmj> ilm> |j> ilm> mj lq J� fdq eh

wudyhuvhg lq rqh pruh zd|/ qdpho| e| += = = > |> lm> l> m> }> = = =,1 Krzhyhu/

wklv lv qrw d �|hv0lqvwdqfh� ri wkh uhvwulfwhg 6o_ wrxu sureohp/ ehfdxvh

wklv wrxu grhv qrw frqwdlq wkh hgjh ilm> mj1

Vr/ lq frqfoxvlrq/ wkh jlyhq lqvwdqfh ri wkh 6o_ wrxu sureohp lv d �|hv0

lqvwdqfh� li dqg rqo| li wkh fruuhvsrqglqj lqvwdqfh ri wkh uhvwulfwhg 6o_

wrxu sureohp lv d �|hv0lqvwdqfh�1 Vlqfh wkh6o_ wrxu sureohp lv QS0
frpsohwh/ lw iroorzv wkdw wkh uhvwulfwhg 6o_ wrxu sureohp lv QS0frpsohwh

dv zhoo1 �

Zh qrz wxuq rxu dwwhqwlrq wr wkh frpsoh{lw| ri wkh 60ehvw WVS zlwk

jlyhq rswlpdo wrxu dqg wrohudqfhv1 Lw zloo eh vkrzq wkdw wkh ghflvlrq

yhuvlrq ri wkh n0ehvw WVS^KE��/wrohudqfhv`/ qdpho|

n0ehvw WVS ghflvlrq^KE��/wrohudqfhv` +n A 4,

Lqvwdqfh= D zhljkwhg judsk +J> g, zlwk d jlyhq rswlpdo wrxu KE��

dqg lwv wrohudqfhv1 D qxpehu E 5 LU1

Txhvwlrq= Lv wkhuh d vhw K+n, lq +J> g, vxfk wkdw O& � EB

lv QS0frpsohwh iru n @ 61

Wkhruhp 814; Wkh n0ehvwWVS ghflvlrq^KE��/wrohudqfhv` lv QS0frp0

sohwh iru n @ 61

Surri1 Zh jlyh d uhgxfwlrq iurp wkh uhvwulfwhg 6o_ wrxu sureohp wr wkh

60ehvw WVS ghflvlrq^KE��/wrohudqfhv`1 Wdnh dq lqvwdqfh ri wkh uhvwulfwhg

6o_ wrxu sureohp/ l1h1 wrxuv W� dqg W2 vxfk wkdw W� 9@ W21 Dvvxph/ zlwk0

rxw orvv ri jhqhudolw|/ wkdw W� _W2 9@ >1 Uhfdoo wkdw wkh vhw ri hgjhv wkdw
duh erwk lq W� dqg W2 fdq eh sduwlwlrqhg lq d qxpehu ri sdwkv1 Ohw s

ghqrwh wkh qxpehu ri sdwkv lq W�_W2/ l1h1 s � 41 Iru l @ 4> = = = > s/ ohw v�
dqg i� ghqrwh wkh hqgsrlqwv ri sdwk l1 Wkh wudqvirupdwlrq lv dv iroorzv1

Vwhs 41 Ohw J� @ +Y �>H�, zlwk Y � @ Y dqg H� =@ W� ^ W21
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Vwhs 51 Uhpryh wkh yhuwlfhv dqg hgjhv ri sdwk 4/ h{fhsw iru wkh yhu0

wlfhv v� dqg i�1 Dgg qhz yhuwlfhv v�

�
dqg i �

�
wrjhwkhu zlwk wkh hgjhv

iv�> v�

�
j> iv�

�
> i �

�
j> ii �

�
> i�j> iv�> i �

�
j> iv�

�
> i�j1 Vhh Iljxuh 81:1

Vwhs 61 Iru l @ 5> = = = > s/ uhpryh wkh yhuwlfhv dqg hgjhv ri sdwk l/ h{fhsw

iru wkh yhuwlfhv v� dqg i�1 Dgg wkh qhz yhuwh{ y� dqg wkh qhz hgjhv

iv�> y�j> iy�> i�j1
Vwhs 71 Ohw g�+v�> i

�

�
, =@ 4/ dqg g�+h, =@ 3 iru doo h 5 H�qiiv�> i �

�
jj1

0

0

0

0
0

s1 f1

0

0

0
0

0

0 0

0

1

s1

f1's1'

f1

Iljxuh 81:= Uhgxflqj wkh uhvwulfwhg 6o_ wrxu sureohp wr wkh 60ehvw WVS

ghflvlrq^KE��/wrohudqfhv`1

Qrwh wkdw iru hdfk wrxu lq J @ W� ^ W2 wkhuh duh suhflvho| wzr fruuh0

vsrqglqj wrxuv lq J�/ rqh zlwk ohqjwk 3 frqwdlqlqj wkh hgjhv iv�> v�

�j>
iv�

�> i
�

�j> ii
�

�> i�j/ dqg dq rwkhu zlwk ohqjwk 4 frqwdlqlqj wkh hgjhv

iv�> i �

�j/ ii
�

�> v
�

�j/ ii
�

�> v�j1 Ohw W �

� dqg W �

2 ghqrwh wkh wrxuv lq +J�> g�,

zlwk ohqjwk 3 wkdw fruuhvsrqg wr wkh wrxuv W� dqg W2/ uhvshfwlyho|1 Qrwh

wkdw W �

� dqg W �

2 frqwdlq wkh hgjhv iv�> v�

�j> iv
�

�> i
�

�j> ii
�

�> i�j dqg duh erwk

rswlpdo wrxuv lq +J�> g�,1 Ixuwkhupruh/ lw lv hdv| wr vhh +e| dsso|lqj

Wkhruhp 814, wkdw wkh �qlwh wrohudqfhv zlwk uhvshfw wr W �

� dqg g� duh

jlyhq e| o+h, @ 3 iru hdfk h 5 W �

2qW
�

�/ x+h, @ 3 iru hdfk h 5 W �

�qW
�

2/

dqg x+iv�> v�

�j, @ x+ii�> i �

�j, @ o+iv�> i �

�j, @ o+iv�

�> i
�

�j, @ 41 Khqfh/

w� @ 3 dqg w2 @ 41 Qrwh wkdw W �

2qW
�

� @ ih 5 HqW
�

� = o+h, @ w�j dqg

W �

2 _ W �

� @ ih 5 W
�

� = x+h, A w�j1Ohw E =@ 31 Zh zloo vkrz wkdw wkhuh lv d

wklug wrxu K lq K vxfk wkdw W�_W2 � K � W�^W2 li dqg rqo| li wkhuh lv

d vhwK+6, lq +J�> g�, vxfk wkdw O� � 31 +�rqo| li �, OhwK eh d wklug wrxu

lq J @ W�^W2 vxfk wkdw W�_W2 � K � W�^W21 OhwK
� ghqrwh wkh fruuh0

vsrqglqj wrxu lq +J�> g�, frqwdlqlqj wkh hgjhv iv�> v�

�j> iv
�

�> i
�

�j> ii
�

�> i�j1
Khqfh/ O_�+K �, @ 31 Frqvhtxhqwo|/ iW �

�> W
�

2>K
�j lv d vhw ri 6 ehvw wrxuv

zlwk O� @ 31 +�li � , Dvvxph wkdw wkhuh lv d vhw K+6, lq +J�> g�, vxfk

wkdw O� � 31 Wkhq/ wkhuh lv wrxu K lq J @ W� ^ W2 vxfk wkdw wkh fru0

uhvsrqglqj wrxu K � lq J� zlwk ohqjwk 3 lv qrw htxdo wr W �

� ru W �

21 Vlqfh
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O_�+K �, @ 3/ lw iroorzv iurp Wkhruhp 8147 wkdw W �

� _ W �

2 � K � � W �

� ^ W �

21

Khqfh/ zh kdyh wkdw dovr W� _ W2 � K � W� ^ W21 Vr/ wkhuh lv d wklug

wrxu K lq J @ W� ^ W2 vxfk wkdw W� _ W2 � K � W� ^ W21

Vr/ lq frqfoxvlrq/ wkh jlyhq lqvwdqfh ri wkh uhvwulfwhg 6o_ wrxu sure0

ohp lv d �|hv0lqvwdqfh� li dqg rqo| li wkh fruuhvsrqglqj lqvwdqfh ri wkh

60ehvwWVS ghflvlrq^KE��/wrohudqfhv` lv d �|hv0lqvwdqfh�1 Vlqfh wkh uh0

vwulfwhg 6o_ wrxu sureohp lv QS0frpsohwh/ lw iroorzv wkdw wkh 60ehvwWVS

ghflvlrq^KE��/wrohudqfhv` lv QS0frpsohwh dv zhoo1 �

Qrwh wkdw li wkh n0ehvw WVS ghflvlrq^KE��/wrohudqfhv` lv sro|qrpl0

doo| vroydeoh iru n � 6/ wkhq wkh 60ehvw WVS ghflvlrq^KE��/wrohudqfhv` lv

sro|qrpldoo| vroydeoh dv zhoo1 Khqfh/ zh kdyh wkh iroorzlqj fruroodu| ri

Wkhruhp 814;1

Fruroodu| 814< Wkh 60ehvw WVS ghflvlrq^KE��/wrohudqfhv` lv QS0frp0

sohwh1

Iroorzlqj wkh vdph uhdvrqlqj dv iru wkh WVS dqg lwv ghflvlrq yhuvlrq

+vhh h1j1 Mrkqvrq ) Sdsdglplwulrx ^73`,/ wkhuh lv d sro|qrpldo0wlph

dojrulwkp iru wkh n0ehvw WVS ^KE��/wrohudqfhv` li dqg rqo| li wkhuh lv d

sro|qrpldo wlph dojrulwkp iru wkh n0ehvw WVS ghflvlrq^KE��/wrohudqfhv`1

Khqfh/ dv d fruroodu| ri Wkhruhp 814;/ zh rewdlq wkh pdlq uhvxow lq wklv

vhfwlrq1

Fruroodu| 8153 Wkh n0ehvw WVS lv QS0kdug iru n � 6/ hyhq li dq

rswlpdo wrxu dqg lwv wrohudqfhv duh jlyhq1

819 Wrohudqfhv zlwk uhvshfw wr d wudqviruphg
ohqjwk yhfwru

Lq wklv vhfwlrq zh suhvhqw d wudqvirupdwlrq ri wkh ohqjwk yhfwru vxfk

wkdw doo wrxuv jhw d gl�huhqw ohqjwk dqg d wrxu fdq eh hdvlo| frqvwuxfwhg

iurp lwv ohqjwk1 Lw zloo eh vkrzq wkdw li wkh wudqvirupdwlrq lv xvhg/

wkhq vwurqjhu uhvxowv fdq eh ghulyhg wkdq wkh rqhv jlyhq lq wkh suhylrxv

vhfwlrqv1 Lq sduwlfxodu/ lw zloo eh vkrzq wkdw li dq rswlpdo wrxu dqg

lwv wrohudqfhv duh jlyhq zlwk uhvshfw wr wkh wudqviruphg ohqjwk yhfwru/

wkhq doo wrxuv K� fdq eh ghwhuplqhg dqg wkh 50ehvw WVS lv sro|qrpldoo|

vroydeoh1
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Zh dvvxph wkurxjkrxw wklv vhfwlrq wkdw doo hgjh ohqjwkv g+h, duh

lqwhjhu0ydoxhg dqg wkdw wkh hgjhv lq H duh odehohg iurp h� xs wr h61

Gh�qh wkh yhfwru g� 5 T6/ iru l @ 4> = = = >p/ e|

g
�+h�, =@ g+h�, . 433� +816,

Qrwh wkdw hdfk vxevhw ri hgjhv V lq H fdq eh ghwhuplqhg xqltxho| iurp

wkh ghflpdo sduw ri wkh ohqjwk O_�+V,1

Lq wkh iroorzlqj wkhruhp lw lv vkrzq wkdw g� suhvhuyhv wkh sduwldo

rughulqj lq +J>g,/ wkdw doo wrxuv lq +J>g�, kdyh gl�huhqw ohqjwkv/ dqg

wkdw hdfk wrxu fdq eh ghwhuplqhg iurp lwv ohqjwk1

Wkhruhp 8154 Iru doo wrxuv K dqg K � lq +J> g�, zlwk K 9@ K �/ wkh

iroorzlqj dvvhuwlrqv krog1

41 O_�+K, 9@ O_�+K �,1

51 Li O_+K, ? O_+K
�, wkhq O_�+K, ? O_�+K �,1

61 Li O lv wkh ohqjwk ri d wrxu lq +J> g�,/ wkhq d wrxu K zlwk O_�+K, @

O fdq eh ghwhuplqhg lq R+p, wlph1

Surri1 Lq wkh surri zh zloo xvh wkh iroorzlqj fodlp1

Fodlp= Iru doo vxevhwv V>V� lq +J>g�,/ lw krogv wkdw

41 O_�
3_+V, @ O_�

3_+V
�, li dqg rqo| li V @ V�/

51 �4 ? O_�
3_+V,�O_�

3_+V
�, ? 41

Wkh surri ri wkh fodlp lv vwudljkwiruzdug dqg wkhuhiruh rplwwhg khuh1

+4, Qrwh wkdw O_�+K, @ O_�+K �, li dqg rqo| li erwk wkh lqwhjhu dqg

wkh ghflpdo sduwv ri O_�+K, dqg O_�+K �, duh htxdo1 Zh kdyh wkdw

O_�+K, @ O_+K, .O_�
3_+K, dqg O_�+K �, @ O_+K

�, .O_�
3_+K

�,1 Lw iro0

orzv/ iurp wkh dvvxpswlrq wkdw doo hgjh ohqjwkv g+h, duh lqwhjhu0ydoxhg/

wkdw O_+K,> O_+K
�, 5 ]]1 Khqfh/ O_�

3_+K, dqg O_�
3_+K

�, duh wkh ghfl0

pdo sduwv ri O_�+K, dqg O_�+K �,/ uhvshfwlyho|1 Qrz uhfdoo iurp Fodlp 41

wkdw O_�
3_+K, @ O_�

3_+K
�, li dqg rqo| li K @ K �1 Vr/ K 9@ K � lpsolhv

wkdw O_�+K, 9@ O_�+K �,1

+5, Zh kdyh wkdw O_�+K,�O_�+K �, @ +O_+K, .O_�
3_+K,,� +O_+K

�, .

O_�
3_+K

�,, @ O_+K, � O_+K
�, � +O_�

3_+K
�, � O_�

3_+K,,1 Vlqfh/ e|

dvvxpswlrq/ O_+K, dqg O_+K
�, duh lqwhjhu0ydoxhg/ lw iroorzv iurp

O_+K, ? O_+K
�, wkdw O_+K,� O_+K

�, � �41 Ixuwkhupruh/ uhfdoo iurp

Fodlp 51 wkdw +O_�
3_+K

�,�O_�
3_+K,, A �41 Khqfh/ +O_+K,�O_+K

�,,�
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+O_�
3_+K

�,�O_�
3_+K,, � �4� +O_�

3_+K
�,�O_�

3_+K,, ? 31

+6, Jlyhq O_�+K, iru vrph K 5 K/ wkh hgjhv ri K fdq eh ghwhuplqhg e|

frqvlghulqj wkh ghflpdo sduw ri wkh wrxu ohqjwk1 Iru l @ 4> = = = >p/ hgjh

h� lv frqwdlqhg lq K li dqg rqo| li wkh l0wk ghflpdo lq O_�+K, lv htxdo wr

rqh1 Khqfh/ lq wkh zruvw fdvh doo ghflpdov lq O_�+K, kdyh wr eh vfdqqhg

lq rughu wr ghwhuplqh K iurp lwv ohqjwk/ zklfk wdnhv R+p, wlph1 �

H{dpsoh +frqwlqxhg,1 Frqvlghu djdlq +J> g, ri Iljxuh 8141 Wkh od0

eholqj ri wkh hgjhv lv vkrzq lq Iljxuh 81;1 Iru lqvwdqfh/ O_�+KE��, @
44=33434344441 �

1 2

3

1

6

5 4

2

e8

e1

e9

e3

e10
e5

e2

e4

e6

e7

Iljxuh 81;= Odeholqj ri wkh hgjhv1

Qrz/ zh zloo lqyhvwljdwh krz wkh wrohudqfhv zlwk uhvshfw wr wkh wudqv0

iruphg ohqjwk yhfwru fdq eh xvhg iru vroylqj wkh n0ehvw WVS1 Khuh zh

dvvxph wkdw wkh rswlpdo wrxu dqg lwv wrohudqfhv duh ghwhuplqhg zlwk

uhvshfw wr wkh ohqjwk yhfwru g�1 Zh olnh wr vwuhvv wkdw nqrzlqj dq rswl0

pdo wrxu dqg lwv wrohudqfhv zlwk uhvshfw wr +J> g, grhv qrw lpso| wkdw

zh duh deoh wr ghwhuplqh wkh wrohudqfhv zlwk uhvshfw wr +J> g�,1 Ixu0

wkhupruh/ qrwh wkdw wkh qxpehu ri �qlwh wrohudqfhv grhv qrw fkdqjh1 Lq

rwkhu zrugv/ lw lv qhfhvvdu| wr �uvw dsso| wkh wudqvirupdwlrq dqg wkhq

ghwhuplqh wkh rswlpdo wrxu dqg lwv wrohudqfhv1

Dv d fruroodu| ri wkh Wkhruhpv 818 dqg 8154/ zh kdyh wkdw wkh wrxuv

K� lq +J>g�, fdq eh ghwhuplqhg lq sro|qrpldo wlph1

Fruroodu| 8155 Iru m @ 4> = = = > mW m/ hdfk wrxu K� lq +J>g�, lv xqltxh

dqg fdq eh ghwhuplqhg lq R+p, wlph1

Surri1 Vlqfh doo wrxuv lq +J>g�, kdyh gl�huhqw ohqjwk +fi1 Wkhruhp

8154,/ lw iroorzv iurp Wkhruhp 818 wkdw/ iru hdfk m @ 4> = = = > mW m/ wkhuh



463 Fkdswhu 81 Xvlqj vwdelolw| lqirupdwlrq iru vroylqj wkh n0ehvw WVS

lv dq xqltxh wrxu K� 5 K vxfk wkdw O_+K�, @ O_+KE��, . w�1 Dsso|lqj

Wkhruhp 8154 jlyhv wkh fruuhvsrqglqj vhw ri hgjhv1 �

Ixuwkhupruh/ dv d fruroodu| ri wkh Wkhruhpv 81; dqg 8154/ zh kdyh

wkdw wkh 50ehvw WVS lq +J> g�, zlwk jlyhq rswlpdo wrxu dqg wrohudqfhv lv

sro|qrpldoo| vroydeoh1

Fruroodu| 8156 Iru +J>g�, zlwk mW m � 4/ wkh 50ehvw WVS zlwk jlyhq

rswlpdo wrxu dqg wrohudqfhv lv vroydeoh lq R+p, wlph1

Surri1 Uhfdoo iurp Wkhruhp 81; wkdw O2 @ w�1 Dsso|lqj Wkhruhp 8154

wr O_+KE��, . w� jlyhv wkh fruuhvsrqglqj vhw ri hgjhv1 �

Lq frqwudvw wr wklv �jrrg� qhzv/ wkh qh{w Fruroodu| ri Wkhruhp

814; vkrzv wkdw wkh n0ehvw WVS iru +J>g�, zlwk jlyhq rswlpdo wrxu dqg

wrohudqfhv uhpdlqv QS0kdug iru n � 61

Fruroodu| 8157 Iru +J> g�,/ wkh n0ehvw WVS^KE��/wrohudqfhv` lv QS0

kdug iru n � 61

Surri1 Djdlq/ zh �uvw vkrz wkdw wkh 60ehvw WVS ghflvlrq^KE��/ wrohu0

dqfhv` iru +J> g�, zlwk jlyhq rswlpdo wrxu dqg wrohudqfhv lvQS0frpsohwh1

Zh wkhuhiruh djdlq xvh wkh uhgxfwlrq jlyhq lq wkh surri ri Wkhruhp 814;1

Zh rqo| kdyh wr prgli| wkh wrohudqfh ydoxhv xvhg lq wkh uhgxfwlrq1 Wklv

lv vwudljkwiruzdug dqg wkhuhiruh rplwwhg khuh1 Frqvhtxhqwo|/ wkh n0ehvw

WVS ghflvlrq^KE��/ wrohudqfhv` lv QS0frpsohwh iru n � 6/ vr wkdw wkh

n0ehvw WVS lv QS0kdug iru n � 61 �

H{dpsoh +frqwlqxhg,1 Frqvlghu +J>g, lq Iljxuh 814 zlwk wkh odeholqj

ri wkh hgjhv jlyhq lq Iljxuh 81;1 Wkh wrohudqfhv zlwk uhvshfw wr KE��

dqg g� duh jlyhq lq Iljxuh 81<1 Zh kdyh wkdw O_+KE��, @ 44=3343434444/
w� @ 4=443433;;;</ w2 @ 6=33<433;</ dqg w� @ 7=3433<3<<;<1 Khqfh/

O_+K�, @ O_+KE��, . w� @ 45=4444443333/ O_+K2, @ O_+KE��, . w2 @
47=3434443344/ dqg O_+K�, @ O_+KE��, . w� @ 48=34443444331 Dsso|0

lqj Wkhruhp 8154 jlyhv wkdw K� @ ih�> h2> h�> he> hD> hSj @ KE2�/ K2 @
ih2> he> hD> hS> hb> h�fj @ KEe�/ dqg K� @ ih2> h�> he> hS> h.> hHj @ KED�1 �

81: Frqfoxvlrq

Lq wklv fkdswhu wkh n0ehvw WVS +n � 5, lv frqvlghuhg iru wkh fdvh wkdw dq

rswlpdo wrxu dqg doo lwv wrohudqfhv duh jlyhq1 Iluvwo|/ wkh h{wud lqirupd0

wlrq lv xvhg wr ghwhuplqh d sduwldo rughulqj ri wkh wrxuv lq wkh zhljkwhg
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judsk +J>g,1 Dv d vhfrqg srlqw ri lqwhuhvw/ wkh frpsoh{lw| ri wkh n0ehvw

WVS lv vwxglhg iru wkh fdvh wkdw dq rswlpdo wrxu dqg doo lwv wrohudqfhv

duh jlyhq1 Lw lv vkrzq wkdw wkh ohqjwk ri d vhfrqg0ehvw wrxu fdq eh gh0

whuplqhg lq sro|qrpldo wlph dqg wkdw wkh 50ehvw WVS lv sro|qrpldoo|

vroydeoh lq wkh fdvh wkdw wkh vhw ri 50ehvw wrxuv lq +J>g, lv xqltxh1 Lw lv
frqmhfwxuhg wkdw wkh 50ehvw WVS lv QS0kdug lq wkh rwkhu fdvh1 Ixuwkhu0

pruh/ lw lv vkrzq wkh n0ehvw WVS zlwk jlyhq rswlpdo wrxu dqg wrohudqfhv

lv QS0kdug iru n � 61 Ilqdoo|/ d wudqvirupdwlrq ri wkh ohqjwk yhfwru

lv suhvhqwhg vxfk wkdw/ jlyhq dq rswlpdo wrxu dqg wkh wrohudqfhv zlwk

uhvshfw wr wkh wudqviruphg ohqjwk yhfwru/ doo wrxuv lq wkh sduwldo rughulqj

fdq eh ghwhuplqhg h{dfwo| dqg wkh 50ehvw WVS lv sro|qrpldoo| vroydeoh1

Lq frqfoxvlrq/ wkh nqrzohgjh ri dq rswlpdo wrxu dqg lwv wrohudqfhv grhv/

lq jhqhudo/ qrw surylgh vx!flhqw lqirupdwlrq iru vroylqj wkh n0ehvw WVS1

Dq reylrxv srlqw iru ixuwkhu uhvhdufk lv wr vwxg| wkh frpsxwdwlrqdo

frpsoh{lw| ri wkh 50ehvw WVS iru wkh fdvh wkdw dq rswlpdo wrxu dqg doo

lwv wrohudqfhv duh jlyhq dqg wkh vhw ri 50ehvw wrxuv lq +J> g, lv qrw xqltxh1
Ixuwkhupruh/ lw lv ri lqwhuhvw wr dsso| wkh lghd ri xvlqj vwdelolw| lqirupd0

wlrq iru vroylqj wkh n0ehvw sureohp wr rwkhu frpelqdwruldo rswlpl}dwlrq

sureohpv1

1 2

3

1

6

5 4

2
� ,t1

� ,t2

� ,t1

� ,t1

� ,t1

� ,t3t 1,�

t1,�
t1,�

t1,� t1 = 1.1101008889

t3 = 4.0100909989

t2 = 3.00910089

Iljxuh 81<= Orzhu +�uvw qxpehu, dqg xsshu +vhfrqg qxpehu, wrohudqfhv1
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Dsshqgl{ 81D= Wkh surri ri Wkhruhp 8146

Lq wklv dsshqgl{ zh jlyh wkh surri ri Wkhruhp 81461 Zh �uvw glvfxvv

wzr �hohphqwdu|� uhvxowv1 Lq wkh iroorzlqj ohppd lw zloo eh vkrzq iru

hdfk wrxu K lq K dqg vxevhw V lq HqK wkdw wkhuh duh dw prvw wzr wrxuv

rq wkh hgjh vhw K ^ V hdfk frqwdlqlqj wkh hgjh vhw V1

Ohppd 8158 Iru hdfk K 5 K dqg V � HqK/ miW 5 K =WqK @ Vjm�51

Surri1 Wdnh dq| K 5 K dqg V � HqK1 Zh �uvw vkrz wkdw lw lv

vx!flhqw wr frqvlghu rqo| judskv zlwk hdfk yhuwh{ ehlqj lqflghqw wr

rqh hgjh lq V1 Fohduo|/ wkhuh lv qr wrxu W lq K vxfk wkdw WqK @ V

zkhq wkhuh lv vrph yhuwh{ ehlqj lqflghqw wr pruh wkdq wzr hgjhv lq

V1 Frqvlghu wkhuhiruh judskv zlwk yhuwlfhv ehlqj lqflghqw wr 3/ 4/ ru

5 hgjhv lq V1 Dvvxph wkdw wkh yhuwlfhv ri J duh rughuhg dffruglqj wr

K1 Iluvw/ frqvlghu d yhuwh{ x lq J ehlqj lqflghqw wr wzr hgjhv lq V/

vd| ix> yj dqg ix>zj1 Khqfh/ hdfk wrxu W 5 K vxfk wkdw WqK @ V

grhv qrw frqwdlq wkh hgjhv ix � 4> xj> ix> x . 4j/ vr wkdw e| uhprylqj

wkh hgjhv ix>zj> ix> x . 4j dqg e| lqwurgxflqj d qhz yhuwh{ x� dqg

qhz hgjhv ix> x�
j> ix�> zj> ix�> x. 4j wkh qxpehu ri wrxuv W � lq K� vxfk

wkdw W �
qK �

@ V� zloo qrw ghfuhdvh/ zkhuh W �/ K �/ K�/ dqg V� ghqrwh wkh

fruuhvsrqglqj vhwv lq wkh qhz judsk1 Qrz/ frqvlghu yhuwlfhv x> y lq J

vxfk wkdw x . 4 ? y/ x dqg y ehlqj lqflghqw wr dw ohdvw rqh hgjh lq V/

dqg doo yhuwlfhv z/ zlwk x ? z ? y/ qrw ehlqj lqflghqw wr V1 Djdlq/ e|

uhprylqj wkh yhuwlfhv x.4> = = = > y�4 dqg hgjhv ix> x.4j> = = = > iy�4> yj/

dqg dgglqj wkh qhz hgjh ix> yj/ wkh qxpehu ri wrxuv W � lq K
� vxfk

wkdw W �
qK �

@ V� zloo qrw ghfuhdvh/ zkhuh W �/ K �/ K�/ dqg V� ghqrwh wkh

fruuhvsrqglqj vhwv lq wkh qhz judsk1 Wklv suryhv wkdw zh rqo| qhhg wr

frqvlghu judskv zlwk hdfk yhuwh{ ehlqj lqflghqw wr rqh hgjh lq V1

Lq wkh fdvh wkdw hdfk yhuwh{ lq J lv lqflghqw wr rqh hgjh lq V/ zh kdyh

wkdw J lv fxelf dqg wkdw q @ 5mVm1 Ohw K =@ ih�> = = = > h?j zlwk h� @

il> +lprgq, . 4j iru l @ 4> = = = > q1 Gh�qh KJ__ =@ ih� = l @ 4> = = = > q> l

lv rggj ^ V dqg Ke�e? =@ ih� = l @ 4> = = = > q> l lv hyhqj ^ V1 Qrwh wkdw

KJ__ dqg Ke�e? duh shuihfw 50pdwfklqjv lq J1 +Uhfdoo wkdw dq| vhw ri

hgjhv P lq J lv fdoohg d shuihfw 50pdwfklqj zkhq hdfk yhuwh{ lq J lv

lqflghqw wr suhflvho| wzr hgjhv ri P 1, Zh zloo suryh wkdw KJ__ dqg

Ke�e? duh wkh rqo| shuihfw 50pdwfklqjv W lq J vxfk wkdw WqK @ V1

Vxssrvh/ wr wkh frqwudu|/ wkdw wkhuh lv dqrwkhu shuihfw 50pdwfklqj W lq

J vxfk wkdw WqK @ V1 Vlqfh W 9@ KJ__ dqg W 9@ Ke�e?/ lw iroorzv wkdw

wkhuh lv vrph l 5 i4> = = = > qj vxfk wkdw hEE�n?32�4L_?�n�> h� 5 W 1 Exw/
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wkhq wkh dvvxpswlrq wkdw hdfk yhuwh{ ri J lv lqflghqw wr suhflvho| rqh

hgjh lq V lpsolhv wkdw yhuwh{ l lv lqflghqw wr wkuhh hgjhv lq W 1 Khqfh/

W lv qr shuihfw 50pdwfklqj/ dqg frqvhtxhqwo| zh kdyh d frqwudglfwlrq1

Khqfh/ KJ__ dqg Ke�e? duh wkh rqo| shuihfw 50pdwfklqjv W lq J vxfk

wkdw WqK @ V1 Vlqfh erwk KJ__ dqg Ke�e? fdq eh wrxuv/ lw iroorzv wkdw

miW 5 K = WqK @ Vjm � 51 �

Iljxuh 8143 vkrzv d fxelf judskJ @ +Y>H,/ zlwk d wrxuK lqglfdwhg

e| wkh erog olqhv dqg V @ HqK/ iru zklfk wkhuh duh wzr wrxuv lq J

frqwdlqlqj V1 Vlploduo|/ Iljxuh 8144 vkrzv d fxelf judsk J iru zklfk

wkhuh lv rqo| rqh wrxu frqwdlqlqj V1

G’

Hodd

Heven

Iljxuh 8143= Judsk J zlwk wzr wrxuv frqwdlqlqj V1

G’

Heven

Hodd

Iljxuh 8144= Judsk J zlwk rqo| rqh wrxu frqwdlqlqj V1

Iru hdfk K 5 K dqg V � HqK/ wkh vhw ri doo wrxuv W lq K vxfk wkdw

WqK @ V fdq eh ghwhuplqhg e| dsso|lqj Dojrulwkp 814 ehorz1
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Dojrulwkp 814=Ghwhuplqlqj wrxuv W lq J vxfk wkdw WqK @ V1

Lqsxw= Wkh judsk J @ +Y>H, zkhuh K ghqrwhv wkh vhw ri

wrxuv lq J= D wrxu K lq J dqg d vhw V � HqK1

Rxwsxw= Wkh vhw iW 5 K = WqK @ Vj1

c Odeho wkh yhuwlfhv lq vxfk d zd| wkdw yhuwh{ 4 lv lqflghqw wr V *>

x =@ 4> l =@ 3>

zkloh x � mY m gr

ehjlq

li c yhuwh{ x lv lqflghqw wr wzr hgjhv lq V *

wkhq ehjlq l =@ l. 4> H� =@ > hqg>

c Ohw y eh wkh qh{w yhuwh{ wkdw lv lqflghqw wr V *>

x =@ y> l =@ l. 4>

H� =@ iix> x. 4j> = = = >iy � 4> yjj>

hqg>

KJ__ =@ ^iH� = m @ 4> = = = > l> m lv rggj ^ V>

Ke�e? =@ ^iH� = m @ 4> = = = > l> m lv hyhqj ^ V>

iW 5 K = WqK @ Vj =@ K_ iKJ__>Ke�e?j1

Wkh fruuhfwqhvv ri Dojrulwkp 814 zloo eh hvwdeolvkhg lq wkh iroorzlqj

ohppd1

Ohppd 8159 Iru hdfk K 5 K dqg V � HqK/ Dojrulwkp 814 ghwhu0

plqhv wkh vhw iW 5 K = WqK @ Vj lq R+p, wlph1

Surri1 Wdnh dq| K 5 K dqg V � HqK1 Dvvxph wkdw wkh yhuwlfhv

duh odehohg dv lq Dojrulwkp 814/ dqg ohw H�/ iru m @ 4> = = = > l/ eh wkh vhwv

ghwhuplqhg e| Dojrulwkp 8141 Ghwhuplqh wkh fruuhvsrqglqj fxelf judsk

J
� @ +Y �

>H
�, e| dsso|lqj wkh frqvwuxfwlrqv ghvfulehg lq wkh surri ri

Ohppd 81581 Ohw V� ghqrwh wkh vhw ri hgjhv lq J
� wkdw fruuhvsrqgv wr

V lq J1 Wkh wrxu K lq J fruuhvsrqgv wr wkh wrxu K � @ ih�> = = = > h�j lq

J
�/ zlwk h� @ im> +mprg l, . 4j iru m @ 4> = = = > l1 Qrwh wkdw hgjh h� lq

J
� fruuhvsrqgv wr wkh hgjh vhw H� lq J1 Ixuwkhupruh/ hdfk wrxu lq J

fruuhvsrqgv wr d wrxu lq J
�/ exw qrw wkh rwkhu zd| durxqg1

Qrz/ uhfdoo iurp Ohppd 8158 wkdw wkhuh duh dw prvw wzr wrxuv W � lq

J
� vxfk wkdw W �qK � @ V

�/ gh�qhg e| K
�

J__ =@ ^ih� = m @ 4> = = = > l> m

lv rggj ^ V
� dqg K

�

e�e? =@ ^ih� = m @ 4> = = = > l> m lv hyhqj ^ V
�1 Wkh

fruuhvsrqglqj shuihfw 50pdwfklqjv lq J duh gh�qhg e| KJ__ =@ ^iH� =

m @ 4> = = = > l> m lv rggj^V dqgKe�e? =@ ^iH� = m @ 4> = = = > l> m lv hyhqj^V1

Vlqfh hdfk wrxu W lqK vxfk wkdw WqK @ V fruuhvsrqgv wr hlwkhuK �

J__ ru
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K
�

e�e?/ rqo| wkh fruuhvsrqglqj shuihfw 50pdwfklqjv KJ__ dqg Ke�e? fdq

eh wrxuv W lqK vxfk wkdw WqK @ V1 Khqfh/ wkh vhw iW 5 K = WqK @ Vj

fdq eh ghwhuplqhg e| wdnlqj wkh lqwhuvhfwlrq ri iKJ__>Ke�e?j dqg K1

Lq wkh zruvw fdvh/ doo yhuwlfhv dqg hgjhv lq J qhhg wr eh frqvlghuhg

e| Dojrulwkp 814 wdnlqj R+p, wlph1 Ixuwkhupruh/ fkhfnlqj zkhwkhu

KJ__ dqg Ke�e? duh wrxuv lq J fdq dovr eh grqh lq R+p, wlph/ vr wkdw

iW 5 K = WqK @ Vj fdq eh ghwhuplqhg lq R+p, wlph1 �

Qrz zh duh uhdg| wr suryh Wkhruhp 81461

Surri ri Wkhruhp 81461 Iluvw/ dsso| Dojrulwkp 814 zlwk K @ KE��

lq rughu wr ghwhuplqh iK 5 K = KqKE�� @ Vj1 Qh{w/ iru hdfk wrxu

lq iK 5 K = KqKE�� @ Vj fkhfn zkhwkhu lw kdv ohqjwk O_+KE��, . w�1

Vlqfh Dojrulwkp 814 uxqv lq R+p, wlph/ wkh vhw iK 5 K = KqKE�� @

V>O_+K, @ O_+KE��, . w�j fdq eh ghwhuplqhg lq R+p, wlph1 �

H{dpsoh +frqwlqxhg,1 Frqvlghu +J>g, lq Iljxuh 814 zlwk wkh wrohudqfhv

jlyhq lq Iljxuh 8151 Dsso|lqj Dojrulwkp 814 wr K @ KE�� dqg V @ ih 5

HqKE�� = o+h, @ w�j @ ii4> 6j> i4> 7j> i5> 8j> i7> 9jj jlyhv wkdw H� @ >/

H2 @ ii4> 5jj/ H� @ ii5> 6jj/ He @ ii6> 7jj/ HD @ >/ HS @ ii7> 8jj/

H. @ ii8> 9jj/ dqg HH @ ii4> 9jj1 Wkh vhwv KJ__ dqg Ke�e? duh vkrzq

lq Iljxuh 81451 Qrwh wkdw rqo| KJ__ lv d wrxu lq J1 Vlqfh O_+KJ__, @

O_+KE��, . w�/ lw iroorzv wkdw KJ__ lv d vhfrqg0ehvw wrxu lq +J>g,1 �
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22

Hodd Heven

Iljxuh 8145= KJ__ dqg Ke�e? lq +J> g,1
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